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ITEPEIMOBA

Kypc Teopil ¢yBEKIIN KOMIIEKCHOD 3MIHHO] € SAKMIOYHNM 3 IUKIY YHI-
BePCHTETCHEKHX Kypcie MaTeMmaTHyHOrO aHamiay. B ocraumi gecaTupivus
NOWMPHAACA 1HIIa HOro Haapa & KoMnmekcHni amania”.

MaremaTuynuin amams y gliicuin o0AacTi B OCHOBHOMY BHBYAE Helle-
pepBHO mHdepeHIinoBH] ¢hyHKOI Ha iHTepBani. BignosifHO, KOMILIEKCHHMH
aHaJl3 BHABYa€ (PYHKINI, AKl MalOTh HENEPEePBHY MOXLAHY B OeBHiH 06JacTi
KOMILIEKCHOI MAONTHAKM, — aHaniTrani dyuxnil. Ien xrac dyHkuii anauno
BYACUME BLI KIacy yHKILIN, 10 MAIOTE HENEPEPBHY NOXIIHY Ha IHTepBaJl,
1 TOMY aHaJTH4YHI (yHKII MawTek 6araTo JOOPHMX | BAaMIMBHX BJIACTH-
BOCTEH, AKHX He MaloTh (YHKII B giHcHIA obaacTi. 3 iHmoro GOKY, KIac
AHATITHYHUX GYHKOIM HACTIIBKHA IIMPOKHH, IO Mae DAraTOYHCEIBH] 3ACTO-
CYBAHHA AK B IHIINX PO3JLIAX CYy9acHOl MaTeMaTHKH, Tak 1 6eanocepeHno
B IPUPOJHAYHY HAYKAX.

¥ upomMy MiAPYHHHKY BHKIAZEHO KYPC, Axud nporarom 30 pokie “mTa-
au apTopu v JIBBIBCEKOMY YHiBepcHTeTi. B HROMY BHCBITJIEHO Bl OCHOBHI
MHTAHHA OporpaMi. bBaraTo pakJIHBHX IIMTAaHR MH 0OMHHYIM 4epe3 obMe-
JKEHHH 9ac, M0 BHALTEHI Ha BUBYeHHA Kypcy (70 aexuifmmx i 35 mpaxTug-
Hux roguH). Ilpore maBegeno mpuxaadn 3acToCyBaHh Teopil aHATITHYHEX
yHKImiH ¥ BEmiE atrefpl (KiIBKA NPOCTHX JOBEIEHE OCHOBHOI TEODEMH
aqre6bpu) Ta B aepoguHaMiml (dopmysa gas mialiivansHOl cuad miTaka).
CrTygeAT, AKHM BUBYHTH IeH KYPC, 3MOKE HPALBATH 3 OyAb-AK0I0 Cleli-
AMLHOK MOHOMpadielo 3 KOMIMEKCHOTO AHATI3Y.

Iliapyusuk ckaajaeTsca 3 geox Jactus. Ilepma 3 mux, mo BignoBigae
JeKLINHOMY KYPCOBI, 33 BMHATKOM nigposairy 8.4, e TOYHOW KOMIEKD HaB-
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Hepedmosa

ganeHoro nociberka lomegfepra A. A. 1 Hlepemern M. M. AwamiTuam
dyuxmii. — K.: YMK BO, 1991. — 116 c. Iligpoagin 8.4 sxiouenuit y
miapyuauuk [Mlepemeron M. M.

¥ npyry yacTHHY migpyuHUKa, AKY Hanucaan 3abononsxmn M. B. i Ckac-
kis . B., ysiimuin Bopasn, mo OpONOHYIOTBCA CTYAEHTAM A1 NPaKTH9-
HEX 3aHATE Ta camocTinuol pobGorn. Ha npuxkiagax exaszaHo MeTOZW IX
PO3B'A3yBALHA.

Mu Haglemocsd, Mo Haml MiAPYYHUE OYJe KOPHCHMM JJIA CTYASHTIB ycix
MATEMATHYHUX CHELIATLHOCTEH YHIBEPCUTETIB TA NeJArOriYHHX IHCTHTY-
Tin.

ApTopr BaavHI KaHmWTaTam disuko-maremaTHuHun Hayk M. T. Bop-
avaak Ta [ E. HmkukoBy 3a gJonoMory, HATAHY IIPH MiACOTOBLI KHETH 10

APYEY -



Poadia 1
KOMIIJIEKCHI 3MIHHI TA AHAJIITWYHI SYHKIII

1.1. KOMILNTEKCHI 9HICJIA

He gupnauuce Ha Te, MO KOMILIEKCH] 9MCI4 BABYAIHCA ¥y Kypel BMOIO]
anre0pH, TYT HAraJaeMoO OeAKI DOHATTA, MOB'A3AHI 3 HUMH.

Komnnexcne gucno sanumemo v Burass z =z + iy, ez € B, y € R
Ta 12 = —1. e e Tak apauwmit anreSpaltdAni 3AITHC KOMILICKCHODO THCTA.
Tyt & = Re z 1 y = Im z HASHBAIOTBCA BIAMOBIAHO XIMCHOK Ta YHBHOIO
JacTHHAMHA qacaa z. Axmo y = 0, o z — giacue umcno; axup ¢ = 0, y # 0,
TO 7 HA3HBAETBCA YABHMM wucaoM. 14 KOMILIEKCHWX YHCGE] BCTAHOBIIO-
IOTHCA BIJHOIOEHHA =, # aJje He > 1 <. Jamic z; < 23 O3HA4Yae HHCIA 2
1 zo AIMCHI 1 2] MeHIIe Big z2". YHciao 7 = 2 — 1y HA3HBAETHCA KOMILIEKCHO
COPANMERNM 0 YHCIA 2 = & + Y.

Ockiabky KOMILIEKCHE HHCA0 z = & -+ iy posyMi€Tbes Ak mapa (&, y),
TO NOMY MOMKHA IIOCTABHTH Y BlANOBIAHICTE TOUKY Ha miommui. “uciy 0
CTABUTLCA ¥ BIANOBLHICTD TOYATOK KOOpAMHAT, TaKy MIOLMHY HA3MBATH-
MEMO KOMILIEKCHOIO TLIOHINHOW (2 — ILIOMUHOK) 1 no3nayaTumemo 1epes L.
ITpn upoMy Bich abCUMC HA3MBATHMEMO NIFICHOIO, BiCh OPAMHAT — YABHOI.

Skuio gua pusHadveHHs TOYKM z # () HA KOMILIEKCHIN INTOINMHI BUKOPH-
CTATH TOMAPHY CHCTEMY KOODAUHAT (7, (), TO MATHMEMO & = T COS@ T4
y = rsing, Tobro z = r{cosy + ising). e ¢ TPArOHOMETPHIHHH 3AITHC
KOMILIeKCHOr O “ucaa. [Ipy npomy r HasuBaeTsCcA MOAYJIEM YHCIA Z, & ©
HOro ApryMeHToM, MO 3alucyBaTHMeMo Tak: (2] =r iy € Arg 2. 3a Teo-
pemoto [Midbaropa |z| = /22 + y2. Jlerxo nobasury, mo |21 — 23| Kopisxioe
BIJCTAHI MIK TOUKAMH 2] 1 2. APryMeHT BH3HAYAETHCA HE OJHO3HAYHO, &
3 TOYHICTIO A0 §OjaHKa, KpaTHoro 2r. €nuHe ¢ 3 MHOKMHE Arg z, z # 0,




Peadia 1

axe mamemwTs (BIKCOBAHOMY HNPOMIKKY [,a + 27), HO3HAYATHMEMO 4Yepes
arg ; z. Uucao arg _, 2z HASHBATHMEMO COJOBHMM 3HAYeHHAM apryMeHTY
1 mosHavaTHMemo 4depe3 arg z. [OJIOBHHMM 3HAYEHHAM APCYMEHTY HACTO
HA3MBAIOTL 1 arg o z. AprymesT uncaa z = () Bsaran He puaHaveHmi. [IBa
BIAMIHHMX B () KOMILIEKCHMX HMCIA PIBHL, AKDIO PiBHI 1X MOAV.IL, a apry-
MeHTH abo pisxi, ab0 BIAPIsHAIOTHCA HA AIMCHE 9HCA0, KpaTHe 2. PiBHiCTE
kiArg z1 = koArg za, by € Z, ks € Z, BBaxkacThCA CIPABEIIMBOIO, AKIIO
kiarg z1 = koarg zo + 2mn, n € Z. Mogy/ie 1 apryMeHT MOXHA BHIHAUYNTH
yepea HIACHY Ta YABHY YACTHHM 3a JomoMoroio dopMmya r = /22 + 42 Ta
tg ¢ = y/x. [lpn poas’asyBanHi 0CTAHHLOrO PIBHAHHA Tpeba 06OR’AIKOBO
BPaxOBYBATH 3HAKH 4ucena € 1 y. Tak, Hanpukaan:

arctg (y/x) (z > 0),
arg z = { arctg (y/z)+wsigny (z <0),
(v/2) sign y (z = 0)

KoMmmiekcHo cpaeHl HCIA MalOTE OJHAKOBI MOIYIL, & 1X TOJOBHI 3Ha-
YeHHA apTYMEHTIB BiDIIHAIOTLCA 3MAKOM. JayBaxumo, mo |z2 = z - =

Hdovoemvoca Hajgani Ge3 NOAATKOBMX NOACHEHB BAHMBATH IO3HAYEHHA
z=x+1iy, w=u+iv, ,y,u,v € R, z = r(cosyp + ising) Ta w =
= pl(cos# + isinf), r >0, p > 0, ¢, # € R; ananoridal nosHa“eHHA JITep
3 IHAexcaMu (HANPHKIAM, Wy = ty + iv1).

OCKITEKH KOMILIEKCHE “IACHO MOMKHA PO3YMITH AK BEKTOP, JETKO AICTa-
TH HEpIBHOCT]I TPHKYTHHMKA ¥y BUDAAm |z1 + 22| < |z1]| + |z2] 1 |21 = 22| 2
> ||z1] — |22]|. 3 nepmoi 3 uux HepiBHOCTER BEIMIMBAE, mp |z| = |z + iy| <
< |z| + |y]. 3 inmoro Goky, |z| = vE2 < /22 + % = |2] i |y| < |2|. Orxe,

IPHXOAMMO [0 HepIBHOCTEH

|Re z|

|Imz|}£ |z} < |Re z| 4+ |Im 2. (1.1)

1.2. IIOCJIJOBHOCTI I 9MCJIOBI PA AN
KOMIIJIEKCHHUX YHCEJI

¥ xoMmMmoexcHOMY AHANIZI MOHATTA rpaHWl, GyHKOl, obJacTi, KpHBOI,
TOIMO BEOJATHCSA AK ¥ JIMCHOMY aHANI31, & TeopeMHu, AKl JOBOJATHCA B KypP-
¢l MaTeMaTHYHOr'O aHANI3Y, YacTe 3aJHINAIOTLCA COPaBelIMBHME 1 B KOM-




KomnaexcHi 3Minnl ma anaaimuuni gynnyii

TIEKCHOMY aHaJIi3l, MpHYoMYy JOBEIeHHA LUX TeopeM ado UIIKOM aHatoriy-
Hi, ab0 IX MOMXHa JICTATH AK HACHAJKH 3 BlIOMHAX TeopeM AIfiCHOrO aHAIIY,
BHKOPHCTOBYROHA HepisHocTi (1.1).

IlocaigoBRHICTIO KOMIMIEKCHRX YHCeM HAsuBaeThed dyHkmia M — €. 06
paz n € N mosEammMo €epes z,, a CaMy MOCILIOBHICTh NMO3HAYATHMEMO
CAMBOJIOM (2y, ). “IMcno 2z HABHBAETLCA MPAHMIIEIO NOCHLI0BHOCTI (2, ), AKINO
(Ve > 0}(Ing € N)(Vn > ng){|zn — 2| < £}, 1 ue sanucyeTbCa Tak:

z= lim 2z, abo z, = z(n— o0o).

The=p 20

ITocoigoBHICTE, AKA Mac MDAHKIO, HASKBAETLCS 30lkHow0. Kommexcuin
TIOCIILTOBHOCT] (2, ) MOXHA IOCTABMTH ¥ BiJNOBIIHICTE AB1 AIHCHI MOCTIAOB-
HOCTI (Ty) 1 (Yn) Ze 2 = Re 2, 1 Yy = I'm 2.

Teopema 1.1. HeobxigHoo | JOCTATHEOCK YMOBOK 30IKHOCTI MOCTI JOBHO-
¢TI (2,) € 30LKHICTE moCTigoBHOCTEH (Ty) I (Yn ).

Hosedenna. CropasennusicTs Hiel TeopeMH BHILIMBAE 3 HEDIBHOCTEH

| — x| }
<lzgp —z| < |2, — 2|+ - Y|, 1.2
o0 8 < Ja = 21 < o= 2l + b = (1.2
Akl € Hacaigkom HepiBHocred (1.1). Copaegl, axmo lim z, = z, To

R—Fo0
|zn — 2] = 0 (n — o0) i, oTxe, 3riguo 3 Aisow wactunoo (1.2) |z, —z| = 0

i |y — ¥l = 0 (n = oco). Hogibuo, BukopucToByOuM Npasy YacTumy (1.2},
NOBOJUMO JOCTATHICTE.

[ocaigosricTs z, HasmBaeThea obmexenow, axmo (M > 0) (Vn €
€ N)({|zn| < M}. Buxopncrosyodn eignosigay TeopeMy 3 Kypcy MaTeMa-
THYHOrO aHam3y 1 Teopemy 1.1, merko JoBecTH HACTYNHe TEep[KCHHA:
3 KOXHO] 0OMeXeHOol MoCHJ0BHOCT] MOXKHA BUALIMTY 301KHY MAnocH 108-
HICTE.

YucnoBui pax

> (1.3)

HASHBAETBCA 30IKHAM, AKNIo 300HA TTOCIIIOBHICTE MO0 JACTKOBHX CyM:
==
S, = 3. z;. Ilpu promy S = lim S5, uasusaeThca cymowro pazy (1.3).

=1 T O
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Onmpaoyncs Ha Kpurepist Komi 36ixmocti giffcEol wucaopol moctigosso-
cti 1 HepirHocTi (1.1), Ak npm goeefeHHi Teopemm 1.1, Jerko oTpuUMaTH
kpurepin Komi 36ixH0cT KOMIIeKcHOl nocaigoenocTi. AKimo sacTocyeMo
HeH KpUTepin o nocafoBHocTI (S, ), TO MATHMEMO TAKe TBEDKEHHA: A
roro mob pag (1.3) 6ye abixuuM, Heo6XigHO 1 ZOCKHTE, W06

T
(Ve > 0)(3ng € N)(Vn > ng)(Vm € N) {| > < E} :
h=n+1

Beanocepegaro 3 oagagesss 36ixuocTi paxy (1.3) suninsae, mo Heofxig-
HOIO YMOBOI Horo 3blxboctl € hm zp = 0.
L]

[ )

Pag (1.3) HasusaeThCA abCOMOTHO 361KHUM, AKINO 36LKHWI paAg ¥ |2k,
k=1

Ina mocmigxeHHA 36DKHOCTI OCTAHHBOTO PANY MOXKHA BHKOPHCTOBYBATH

O03HAKH, BIJOM] 3 KYPCY MaTEeMATHYHOTO aHamay. TyVT MH 3YIHHEMOCE Ha
oauan Komi.

Teopema 1.2, Hexait ¢ = kﬂ i/ |zk| (TyT Gepersca apudmeruune sHa-
- O

gyepHA kopena). Togl, axmo g < 1, To pag (1.3) abcoimoTHO 301KHHH,
a gAKMo ¢ > 1, To BiH po3BINKHHI.

Hoaedenuna. Axmo ¢ < 1, To 3a 03HAYMEHHAM BEPXHBOL I'PAHMI]

(V= € (0,1 — g))(3ko € N)(Vk > ko) {Maﬁm 1}

1, OTHe, pAL Z |2k | MadKOpYETBCA YHCTOBAM pALOM E (g+€)* i e 36ixEmmM.
k=1 k=1

ﬂ:{m\olx‘: g > 1, To icHye IIOCJII,EFOBHICTI: (kj) — oo raxa, mo §/|z,| — ¢ >
> 1 (j = co). Orxe, fua HeckiHYeHHOI MHOXHHHE k; MaeMo |zi,| > 1, i He
BHKOHYETBCA HeoOXigHa yMoBa 30LKHOCTI PAY.

1.3. ®GYHKIIII, KPUBI, OBJIACTI

Byaemo rosoputn, mo #a muoxuni E C C 3agaHa GyHKITIA KOMIIEKCHO]
AMIHHOI, AKINO KokHOMY z € F nmocrasseHe y BiAnosiIgicTE ynciao w € C.
lle samicyBaTUMEMO HACTYIHAM wHHOM W = f(z).

10
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— — —

O6nacTio HasWBaeTECA BigKpHTa 38'a3Ha mMHOoXkuHA 3 C. [lonsrTa BHYT-
PIMIHbOI | 30BHIMMHELOI TOY0K MHOMKHHM, 4 TAKOXK KDAIO BBOIAThCH, AK i 8 B2,
SaMKHEHOI 061acTI0 HASHBAETHLCHA 3aMHKaHHA 06aacTi, To6To 06'e pHannA
obaacTi 3 il Kpaem.

Oszmavenss rpanmul Gyaxmil f 8 Toum 2 € C e TakuM

(lim f(z) = A)= (Ve > 0)(36 > 0)(V2){0 < [2—z]| < d = |f(z)—A|] <e}.

e
Teopema 1.3. Hexair f(z) = u(z,y) + iv(z,y). Toai

I[gle flz)=A4) = {zliﬂlu u(z,y) = Re A) A (IILIED v(x,y) = Im A).
#0 W= up y—=un

Josegenna niel TeopeMu Take caMe, AK 1 goBejeHHA Teopemu 1.1.

OyHKUiA [ Ha3HBAETHCA HEMEPEPBHOIO B TOMII zp, AKmO lim f(z) =
=¥ ZQ

= f(z0). 3 Teopemn 1.3 Bunmmeae, mo f HemepepeHa B TOHI Zp TOA
i Tineku TOAl, Kom ¢yHKUI u i v HenepepeHi B To4ui (xg,yo). PyHKUIA
HASUBAETHLCA HOTIEPEPBHOK HA MHOXKHHI, AKIIO BOHA HEMEPEPBHA B KOMHIM
To4il uiel maoxunn. Hapemrri, ¢yuxuia f HazupaeTbca o6MeEXKEHOIO HA
muoxkuni B, axmo (IM > 0)(Vz € E)|f(2)] € M}.

Teopema 1.4 (Beuepmrpacca). fAxmo ¢yrkuis [ HemepepBHA Ha KOM-
MAKTHIH MHOHHI, TO BORA O0OMexkeHa, a Il MOgY/Ib JOCArae CBOIX HAMOLIb-
moro | HAHMEeHIIONo 3HAYEHE.

Hoeedenna. 3 HemepepBHOCTI (PYHKINI [ BUILINBAE HEICPEPBHICTE QYHK-
oii |f| = vu? 4 v?, 1 Ham gocuTs fo |f| 2acTocyBaTn BigoMmi 3 Kypey maTe-
MATHYHOrO AHAIIAY TEOpPeMH.

Pyuxngia f HAZHBAETECA PIBHOMIPHO HEIIEPEPBHOK Ha MHOMUHI F, axmo
(Ve > 0)(38 > 0)(V(21,22) € E*){|z1 — 22| < 8 = |f(21) — f(z2)| < €}

Teopema 1.4 (KanTopa). Axmo ¢yexygia f HenepepsHa HA KOMIAKTHIN
mHoxuHI E, To BoHA Ha O MHOXHHI € DIBHOMIPHO HEIEDEPBHO.

Hdosedenna. 3 nenepepsrocti f Ba E Bunnmeae HenepepsHicTe Re f Ta
Im f 5a E. 3a Teopemoro KanTopa 3 mareMaTuyHOr0 aHamsy ¢yakuil Re f

11
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i Im f pisroMipHO nenepepsni Ha E. DBmxopucTOByIOMM Temep HepiBHOCTI
(1.1), nerxo googuMmo pisHoMipHY HenepepsricTs f Ha E.

Ioxigmowo dyakull f 8 Tounl zp € C HasusaeThCA BenlM<HHA

ff{zn): lim f{z}_f[?f'ﬂ}

E=rE &£ — ,Z!U

3 HBOrO O3HAYEHHA, AK 1 1A QYHKII JIMCHOI 3MIHHOI, JETKO OTPHMATH
OpPMYIH ONA 3HAXOMMKEHHA NOXiAHOl CyMM, 1oOyTKY, YaCTKH ABOX yHK-
min. Ii dopryam Taki &, AK 1 B KyPCl MATEMaTHYHOD aHAMIZY.

Axmo z = z(t) — xoMIekcHO3HAMHS GYHKIIA gifcHOl amivEOI t € [a, b),
TO, NoKNajaloun z(t) = x(t) + iy(t), maemo 2'(t) = 2'(t) + iy'(2).

Hexait x = z(t), y = y(t), pe x(t) i y(t) ¢ BenepeppHUME dYHKLI-
AaMH Bif Tt £ [a,b], — mnapaMerpuyuHe 300paxkKeHHA Jeskol Kpueoi B RZ.
Axmo nepengemo go C, To ne mapamerpuuse 306paKeHHA MATHME BH-
rang z = z(t), t € [a,b], npuwaomy z(t) — menepepena Ha [a,b] dyuxois.
daxT, mwo xpusa C Mae napaMerpuuse sobpawenna z = z(t), t € [a,b],
samacysaTuMemo y surasgi ¢ = (z = z(t),t € [a,b]). “lepes C~ mo-
sHagaTuMemo kpuey C 3 mpoTMIexKHMM HAIpamom obxomy, Tobro O~ =
=(z=zla+b-1), t € [a,b]). Axmo z(a) = z(b), To xpura C nasu-
BACTHCA 3aMKHeHO0. epes [C] nosmauaTumemo obpas siapiska [a, b] npu
pigobpaxkenui z = z(t), Tobro [C] = {z : z = z(t), t € [a,b]}. Axmo 1e
Bigobpaxenna GlEKTUBHE, TO KPHUBA HABMBAETLCA XKOPAAHOBOW. fximo funa
a <t <ty < b BuxkoHyeThes HepipHicTE 2(f1) # 2(t2), KpiM BEOAAKY, KOIM
t1 = a, t2 = bi z(a) = z(b), TO XPUBA HASHBAETLCA IAMKHEHOKI YKOPJa-
HOBOIO KDHBOIO. J3a3HA4MMO, [0 3aMKHEHa JKOpPJaHOBA KPHBEA HE € KO-
naHoBol0 xpupol. Axmo [ —— saMxHeHa XOpJaHOBA KPHBA, TO MHOMXKHHA
C\ '] cxnagaerses 3 apox obnacteil: obumexerol int I 1 HeoGmexerol ext T
Braxkaemo, mo 3aMKHeHa JKOP,JaHOBa KPHBA OPIEHTOBaHA Tak, IO UpH 0b-
xomi I' obractb int ' sammmaereca 3aipa. Kpusa [C] nasmsacTbea raag-
KOK (KYCKOBO-TWIAJKOI0), AKIO A1 Hel icHye napamerpeyHe 300paxeHH:

= z(t), t € [a,b], Aixe Mae HemepepBHy (KycKOBO-HENEpepBHY) NOXIIHY,
pigMinHy Ha [a,b] Big Hyaa (y BUDAJKy KyCKOBO-HeNepepBHOl MOXiTHOI BH-
MaraeTsed, mob y Toukax il DO3PMBY OJHOCTOPOHHI MOXijHI iCHyBamd Ta
He AOPIBHIOBAIN HYIIO).

Teopema 1.6. [Jua koxrol kpupoi C' muoxkuza [C] € KOMIAKTHOW.

12
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Hosedenna. Hexan C' = (z = z(t),1 € [a,b]). Ockineku Bigpisok [a,b] —
KOMIAKTHA MHOXIHA, Horo obpas [C] npu menepepeHOMy Bigo6paieHHi
z = z(t) € TAKOK KOMIOAKTHOW MHOKIHOK.

Hagani guasa cnpomenss (hopMya0BaHE TEEPIMKEHL TOMOBHMOCH PO3Iif-
JATH TLUIBKHM KYCKOBO-TJIAK] KPHEL, He BII3HAYAIOYH CIENIATEHO K JOMOE-
JEHICTh, X0U ¥ 0araTsboX BHOAJKAX MH HE BUKODHCTOBYBATHAMEMO BJIACTH-
BOCTI KYCKOBOI NVIAJAKOCTI, a B JeAKMX BHIIAJIKAX MODVIM § JHIOIE BUMATATH
cupaMmosanocTi kpusol. [Joexmuy xpusol C nosHavaTumemo wepes |C|
(unraersea ” nopxnaa”, a He "MogyaL").

O6macts G C C Ha3MBacTLCA OJHO3E A3HOIO TOIl, KOAH AKY O 3aMKHEHY
KopgaHOBY KpuBY I’ 3 miel oGmacTi He B3aTh, To int I' C &, Ha pue. 1.1
noJaHi OPRKIALW OJHO3B M3HWX ofracTen: a) — kpyr {z : |z — zp) < R}
pagiyca R 3 nerTpoM y Toumi zp; 6) — BepxHA miBmrommsa {2 : Imz > 0};
B) — mpaBa mismiommsEa {z : Rez > 0}.

Y W

A

Pnc. 1.1

1.4. TOYKA HECKIHYEHHICTL. CDEPA PIMAHA

Joci mu ropopman npo ckigvensy miommsy C. Byge surigHo o Hel
[OAATH CHOeIaIBHY TOYKY 00, £-0KOJIOM AKOl € {00} I {z cC:lz] > Lfe}

Beaxaemo, mo |oo| = 400, a pisricTs nl-i-d-H-:}c Z, = 0O O3HAYAE, IO

(Ve > 0)(Ing)(Yn > ng){|za| > 1/}

Anaroriuno lim f(z) = co o3navae, mWo
Z—r o

(Ve > 0)(36 > 0)(Vz € C)f|z| > 1/6} = {|f(2)| > 1/}
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Poadia 1

Osnavenns lim f(z) = coTa lim f(z) = a, a € C, sanumaemo gua uurTada.
Z=kel T=h00 .

Muoxuia C = C U {00} masupaeTRCA POIIUPEHOO KOMILIEKCHOIO ILIOTITH-
Ho10. 1l BREAEHHA crpoInye POPMYIIOBAHEA | JoBegeHHA pagy TeopeM. Ha-
OPUKIAT, TEnep MOMHA CTReRMCYBATH, MO 3 KOXHOL DOCIIJOBHOCTI 13 C
MOMKHA BHALTMTH 200LKHY.

Hang nHeckinveHHO BlIJaJeHOO TOYKOK 03HAYeHl Takl gil: axmo, z € €,
TO 24+ 00 = oc i zfoo = 0, a axmo z € C\{0}, T0 2/0 = 00 i z00 = 0.
Onepanii 0o + oo, 0o i 0o/o0 He BU3HAYAIOTHCA,

JajaHa B OKOJl TOYKM oo yHKUIA [ HASHUBAETHCA HENEPEPBHOW B OC,
axmo dyekuis g(z) = f(1/2) e venepepsuoio B Togni 0.

Y poanmipeHil KOMILIEKCHIN ILIOIOWHI BCl MOHATTA, TIOB A3aHI1 3 KPHBOKO i
posTaAHeHi B po3 il 1.3, abepiraioThea. 30epiraloThCA TAKOXK NOHATTA 06-
JacTi Ta 3aMkHeHOl ofaacti. IIpoTe noraTTa 0gHO3E AaHOCT] Tenep Tpeba
yrouantn. O6racTe G C C HasMBaeTBCA OAHO3B A3HOW, AKINO IIA KOKHOL
3aMKHEHOI xopaanoeol xpueoi [['] C G npreaiMal ogsa 3 gBox ofnacTen,
Ha a1 I I,II;LJII'ITI:- C, mictureca B G. Hanpuxnag, obmacts {z € C: |z| > 1}
€ 0HO03B’A3HO010, a obuacts {z € C: |z| > 1} — —— meognozp’n3Ha.

[ix xogom va T Gy gemo posymiTu ax koao B C, rax 1 npamy B C. Kpyrom
HA3MBATHMEMO 0614CTs, obMexery koo, Tax mo B C xpyrom moxe 6yTn
I 30BHIMHEICTE Koaa, 1 memionmHa. [oLLHICTE TAKOI'O DOSLINPEHHA TOB-
HICTIO CTaHe 3pO03yMLTo0 NIPpH BHBYCHH] ApoBoBO-AHIHHKX BlIoOpaeHb.
3 dopManTsHOl TOMKH 30Dy BOHO A03BO/MAE B HaraThboX TEOPEMax BIAKHHYTH
ropaToBl ymoen. Hanpuxran, Teepixenns, mo sepea tpu Touku B C, mo
HE JeXATE HA OIHIN OpAMIM, MOXHA [IPOBECTH OJHE i TUILKH OJHE KOJO,
Temep 3BYYUTHL TAK: 4epe3 TPH pisHi Toukw B C MoxHA NpoBecTH OJHE i
TinbKU ofHe KOoXo. PiBHAHHA XOJa B JEKADTOBMX KOODAMHATAX MAE MPH
raxik gomosnenocri surang A(x? +y?)+ Br+Cy+ D = 0 (sumora A # 0
Tenep He MOTPIGHA).

300pajKeHHA KOMILICKCHHX 9HCea TOYKaMH Ha ILIOINKUHI HE € €JHHAM CIo-
coboM reoMeTpUYHOrO 306paxenns. Braxemo immmm cmocib. ¥ TpaBmMIp-
HOMY OPOCTOpP] 3 OPTOrOHANBHHMHE AEKADTOBMMM KOODAWHATAMH (T, 1y, &)
poaraaseMo cdepy 3 uertpoM s (0,0,1/2) i pagiycom 1/2 (pue. 1.2). Ilno-
mwHy {(z,¥,&) : £ = 0} npriiMemo 3a KOMILIEKCHY [IOMIMHY, AHCHA BiCh
AKOlI — BiCE ¥, a yaBHA — Bick y. HAxmo 3 Touxm P(0,0,1), mo Hasm-
BAETHLCA IBHIYHMM NOJKCOM, NPOBECTH NPOMIHB, AKWH NEDETHHAE Chepy
(oguu pas), TO BiH NepeTHe KOMILIEKCHY IVIONMHY TeX OuH pa3. Orike,
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Komnaexcni aminni ma axasimuuni Gynxyii

Mix TO4KaMH Ha cdepi (kpiM Touku P) i rourkamu 3 C seranosrena Giex-
THBHA BlAOoBigHICTh., To4ui P nmocTaBuMo y BiADOBLAHICTE Touky 00. Tak
03HA9EHA BiAMOBIAHICTE MiXk cdepoio (BOHA HOCHTE Hasey cdepu Pivama)
i poanmpenon xKoMILTEKCHOO mwomuHo0 C e GlexTHRHOI 1 HemepepBHOIO.
Bona nasusaerhes crepeorpadiunoio npoektieto. Ieayiors dopmyan, axi
OIHCYIOTH IO MPOEKIIo, ale Ha HHUX 3VOHHATHCA He OyIeMo. 3ayBaskHMo
TIIBKH, IO 3 HX GOpMYI BUILINBAE, IO CTepeorpacdiaia TpoeKnia KOy
B C cTaByTh ¥ Bi ol gHicTs Koo Ha cdepi Pivana. IIpamili s C signosigae
KoJIo Ha cgepl PiMana, ake npoxoIuTs 9epes Touky P.

Ehp

Pue. 1.2

1.5. IIOHATTA MOHOTEHHOCTI
TA AHAJNITUYHOCTI ©YHKIIII. YMOBHU KOINI-PIMAHA

Hexan B obnacti G 3agana ¢yesmia [ i1 zp € G. ©yEkuia f HasuBaeTbLCA
MOHOT'€HHOIO B TOMII Zp, AKINO BOHA Mae CKiHdeHHY noxigay f'(zg), i MoHO-
rerHoi0 B obaacTi (G, AKINO BOHa MOHOI'eHHA B KOMHIM To4ul miel obaacTl.
flkmo dyskmia f B geAxoMy Okonl TOYKH z; Mae HeNEPepBHY HOXiHY, TO
BOHA HA3MBAETHCA AHANITHYHOI B TOYIN Zp. Axkmo ¢yuxuia f anamiruy-
Ha B KOXHIN To4ml obiaacTi G, TO BOHA HasHMBAaETLCA aHamiTH4HOWO B G.
PyHKOIA [ HASHBACTHCA aHAMTHYHOK B 3aMKHEHIH oBiacTi G, AKWO BOHA
AHANITUYHA B XeAKil obacti D, axa wsmicrers G. Hapemri, pnsEavena
B OKOJII TOYKH o0 GYHKUIA f Ha3HBAETECA AHAJNITHYHOK B 00, AKO (DYHKIA
g(z) = f(1/z) apaniTu4na B To4 z = 0.
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Posdia 1

Ouesngro, o 3 ananitugsocT] dyHkml [ & obracti G Bumansae 11 Mo-
HOreHHiCTE ¥ uin ofmacti. B pozgini 4.6 vm noxamemo, oo Cnpaeesinse
Takox ofepHeHe TEepKEHHA, 4 3aDa3 NOBEIEMO TAKY TeOpeMy.

Teopema 1.7. Hexaif B okoai ToukH zg 3ajana ¢yukmia f(z) = u(z,y) +
+iv(x,y), a GYHKUI ¥ I v MArOTh ¥ UBOMY OKOJI HEIEPEPBHI YacTHHHI mo-
xigui. Togi HeoOXIAHOKO I JOCTATHROK YMOBOK MOHOMEHHOCTI ¢yHEN f
¥V TO4LI zg € BHKOHAHHA B HiH Tognl Takux ymos Komi-Pivana:

du dv  Ou dv
— — = e, 1.4
dx Oy’ Oy dx (1-4)

Hosedenns. Ao f moHorenna B 2, TO

fz) — flz0) _ o
lim — = lim f(z) = §(z0) = 'z 1.5
Oz =g ] z B 20 o= Zn f { Ujll [ }
AKMM 6 9MHOM A0 TOYKH zgp He mHabimxaruca. Cnouarky HalmOoxaTHMe-
MOCE 1O Zp TIO FOPH3OHTAILHIN npamiit {z : Imz = yy}; Tom z = = + iyp,
Z—IZp=&— Iy 1

f(z) = lim u(®, yo) + w(z, Yo) — u(zo, yo) — (2o, yo) _
E—+Ig €T — ;[:U

= i U Y0l Zulzo.vo) | gy, vEv) ulzege) _Ou vy g

E—HT I — Iy T—+En I — To oz O

(TyT i Hagan 9acTHHHI NOXiAHI BAATI B TOYLI Zp).
FIKno gabmnKaTHMEMOCA 40 Zg N0 BepTHKALbHIN npamin {z : Rez = xp},
TO 2 — zy = i(y — yp) 1 mogi6uo gicTanemo pisHiCTL

flzo) = 5= —i—. (1.7)

IIpupieHio4n npasl croponyu pisrocrer (1.6) i (1.7), gicrazemo (1.4).
HeobxigricTes yMoR Komi-PiMana noseaena.

JayBaxuMo, 0 0JHOYACHO BUBEJeHO (hopMYIA A0A 06GHCISHHEA NOX1IHOL
dyuxnii f ax (1.6), rax i (1.7). IIpu foBegenni HeoOXiZHOCT] HENMEPEPBHICTE
JACTHHEEAX MNOXIIHMX He BUKOPHCTOBYBAJIACh; MOMKHA HE BHEMAraTH HABITE
1¥ ICHYBaHHA B TOYI Zj.
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Kounaexeni aminni ma axaaimuunl Gyuryii

Josegemo Tenep pocTaTHICTE YMoB Komi-Pivana., 3 HenepepsHOCTI 4a-
CTHHHHX NOXIAHMX 3a BIJOMOIO TEODEMOIO 3 MATEMATHYHOTO AHAMI3Y 11
IOBHUX NPUPOCTIBE dYHKINE ¢ 1 ¥ MATHMEMO:

Ly = ?&m + gu&; +o(v La? + Ay?), Lz —0, Ay = 0;

dv du .
JARTES E&ﬂ: + a—J&y + ol Az? + Ay?), Lz =0, Ay — 0.

Ockineru Nz = Az+ily, To 4/ Ha? + Ay? = |Az|, i, BukopucTosyoun
yuosu Kowi-Pimana (1.4), npu Lz — 0 maemo

du du du du
TANTIES d—ﬂ.&:—i—a—yﬁy—i—o(lﬁzﬂ ﬂ—&z— B—&y+ﬂ[ﬁz}
5?} v v du
OcKiapkH lf*i = —i, a &f = Au + iAv, To 3Bijgen
&f E}u. 3
+o(l}) = gﬂ+t?ﬂ(l) (Az - 0).

3 ocTannkOl piBHOCTI BUILINBAE icHyBanHA rpasuni (1.5), To6To f MOHOreH-
Ha B 2. LeOpeMy JOBEAEHO.

Teopema 1.8. Hexarn ¢pyurgis f = u + iv 3agaHa B obaacti (¢ 1 pyEKOH
% I v MawTeE B (G HenepepsH! 4acTHHHI noxigxHl. [ia Toro mo6 f Gyaa
aHaTiTHyHOW B G, HeoOxigno 1 gocrarHeo, o6 B G BHKOHYBAIHCA YMOBH
Komi-Pivaga.

Hosedenna. Axmo ¢pyaknia f agamiTHuea B 06aacTi G, TO BOHA MOHOTEH-
Ha B (7, | 3a Teopemoio 1.7 BukonyioThea ymosr Komn-Pivana., Hasmawm, 3
sukoRanna yMos Komi-PivMasa punimBae, mo f MOHOTeHHA B KOMHIM TOTII

. » .. . . du . Ov
i3 G, To6To B KOXHIHN Toum 13 G icHye moxigua f' = e + 'i.a—. Ane dyHK-
du
mii — 1 5_:4* unenepeperi B G. Tomy f' menepepena B G, Tobro dyHKuia f
:" ;

AHATITHYHA B

2 KoM, amamia 17



Pozdia 1

OcranHi0 TeopeMy MOXHA NepedOopMYIIOBATH B TEPMIHAX Teopil Mo,
Hexain A(z) = P(z) +iQ(z) = f(2) = u(2) — iv(z), ge f — dyuxuin
5 Teopemu 1.8. Posrmapaioun umena A(z) Ax BexTopH, JICTAHEMO BEK-
TOpHE node B (7, AKe HABMBAETHCA KOMILICKCHO CIDAXKEHMM [0 dyHKnil f.
Ilone mazmBaeTsca corenoigansuuM, axmo div A = 0y G, Ane divd =

aP a ) .
= s + "-:fiﬁ Tomy meobxifHOW 1 JOCTATHLOK YMOBOK COJEHOLIAJBHOCTI
: Y
) a du v .
mona A € piBHICTE — = F——Q, TobT0o — = — (mepma ymosa Komi-
T 8y dr dy

Pimana gaa f). Ilose A HasupacTwca GespuxpoRuM, Akmo rot.d =08 G,

Ane rot A € BeKTOp NepNeHARKYAAPHEA Ao mromuan C, 7oBXKHHA AKOTO €

%% - %Ti |- Ymosa rot A = 0 piBEOCILIBEA yMOB] % = %; ?ﬁ - g—i

(apyriit ymosi Komi-Pimana). OTxe, Teopemy 1.8 MoxHA chopMyToBaTH
TAK.

Teopema 1.8*, Hexam ¢yuxmia f = u + iv sagana B obracti G | hymkmii
u 1 v MaroTe ¥ (3, HemepepsHI vacTHHHI noxigyl. MAra voro mob f Gyra ama-
JiTHYHoI0 B (G, HEOOXIHO H JOCHTSE, II00 KOMILIEKCHO CHPAMEHE BEKTODHE
noe go f GY.10 COTeHOIJATEHNM | Ge3BHXPOBHM.

3 Teopem 1.8 BUILIMBAE HACTYOHE TBEp/AKeHHA.

Hacnigox. Axmo ¢ymxngia f awamituaga s ofacri G 1 (V2 € G)
{Im f(z) = K1}, 7o (Vz € G){f(z) = K3}, K1 = const, K = const.

Copasai, akmo v(x,y) = Ky, To 3 (1.4) suniusae, mo U[I,y] = const.

1.6. TEOMETPUYHUWM 3MICT MOIYJISI I APTYMEHTY
IMOXIAHOI. KOH®OPMHI BITOBPAYKEHHA

Axmo dyuxiis f aganituara s rouni zg € C1 f'(z9) # 0, To kaxyTs, mo
f amincmioe BigoGpasennda, koHGOPMHEE B Zg. BlaoOpamkeHHA HAIWBAETHCA
koradopuenM B G C C, akino soso KoHGOpPMEE B KOXKHIU Toumi obnacTi (.

Hexait dyuxnin f ananiTuuea B obracti G 1 29 € G. [punyerumo, mo
f amiicaioe Bigobpaxenns, koHdopMmue B 2g, TobTo f'(20) = Alcosa +
isina), A > 0. :
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Kounaexcri aminni ma anasimusit dynxyil

Toml 3a osHAYEHEAM MOX]IHOL MAEMO

i @ = FG _ o

2z z — zg|

(1.8)

Bigobpamenus, ake mae sractupicTs (1.8), HasmBaeThca BigobpamenzaM
CTAJOTO JIHIMHOTO PO3TArY B TO4LI 2y, a 4yHeio A — koedinienToMm pos-
TATY. JayBaxuMO, M0 He koxkHe BlpolpaxeHHs Mae CTATHH KoedNLIEHT
poarary. Hanpuwman, sxmo w = 2z + iy, 70 06pas BepPTHKAILHOTO Bij-
pPl3Ka Mae TY caMy HOBXKUHY, 100 B BlAPI3OK, a 06pas ropH3OHTATLHOO
BlApI3Ka Mae JOBXKUHY BIBOE DLIBOIY 3a JOBXMHY Npoobpasy.

3'ACYeMO Tenep reoMeTPHYHHN 3MicT aprymenTy noxigmoi. Hexai of-
aacte ) C C ¢ obpaaom npu sigobpaxenni [ obaacti G C C 1 Hexan
wy = f(20). Bisememo B G rmagky kpusy [y1) = {z: z = 2(t), t € [a,0]},
3 moMaTKoM y To4ml zg (puc. 1.3), Tak mo zp = 2(a) 1 2'(t) #F0a <t <h
O6pasom kpueol [v,] 6yage neaxa xpmea [['] = {w: w = f(z(t)) t € [a, b]}
B o6aacti D. Ockiaexu w'(t) = f'(z(8))7'(t} i w'(a) = f'(20)2'(a), TO kKpuBa
I’y B aesxomy OKOIl TOYKH Wy € Taagkow. KpiM Toro, 3 ocTasHs01 PIBHOCTI
MagMo

Argw'(a) = a + Arg2'(a), a € Argf'(z). (1.9)

Orxe, mob 3’acysaru reomeTpuyHmi amict aprymenty f'(zg), Tpeba cro-
YATKY 3'ACYBATH Ie0MeTPUYHUE 3MicT apryMenty z (o). Ockitbku

z(t) — =(a)

Z'{a) = i
{ﬂ} tl—I}jcln t—a ?5 0,
TO
arg () = (a) — arg z'(a) (t — a).

t—a

Tyt nig arg posyMiemo arg _p, AKMO z (a) He € IIHCHUM Bl €MHHM
THCAOM, 1 arg g, Axmo z'(a) < 0.

2 19



Poadia 1

HenepepeHIcTh JiBO1 CTOPOHH IONEPeIHBOCO CHIBBIIHOIIEHHA B 1 = a
BUILTHEAE 3 GLILIN 3aransHoro (axTy (gue. posain 3.1).

' G
- [v.] "
.
B [v)] w=/z)
—
- -
Puc. 1.3

Ockinexu £ — a > 0, To

arg (z(t) — z(a)) = arg M — arg z'(a) (t— a).
Ocxinexu arg (z(t) — zp) O3HAYAE KYT HAXMIY CIYHOI, IO MOPOXOIUTH
gepes Touku z(t) 1 zp, To arg z'(a) osHAMAE KyT HAXWIY JOTHYHOL 10 KPHBOL
[71] B Touni z5. Hogi6ro, arg w'(a) — kyT Haxuny gorudHol no kpusoi [['y]
B Toumi wo. [TosHavmMo ui kyTH Bigmosiguo 4epes ®., i ¥r,; Tomi a3 (1.9)
MaEMO
"l"]"l = CI:—&—@.—,,.” {l.lﬁ}

TO6TO YUCAO (f PEOMETPHYIHO 03HAYAE KYT NOBOPOTY (IOTHUHOI).

flxmo Tenep BIATH IHOLY KPUBY [v2] 3 MoYaTKOM ¥ TOYNI g, TO AHANOTIY-
Ho micramemo, wo ¥r, = a+®.,, ge [[';] — obpaz xpueoi [vs]. BigaiMawun
o piericTs Big (1.10), oTpumaemo piBHICTE

‘I'Tl - 1Irl..2 = ‘I":"l - ‘i,“ﬂ' {1‘11]

Y misidi wacTuri (1.11) croite kyT mix xpuemmu [[1] i [I'7], a & mpa-
Bili — ik [71] 1 [y2). Pismicre (1.11) nokasye, mo Opi KOHGOPMHOMY
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KomnaexcHi 3Minni ma anaaimuunt Qyusyl

B1A0OpaxenHl 30epiraeTheA BEIMYHHA KyTiB. 30epiraeThCA 1 HAOPAM Bli-
iy kyTis. llg BracTusicTh HABMBAETHECA KOHCEPBATH3MOM KYTIB.

Otxe, xordopmil Bigobpaxenns ¢ bifobpameHHaMH JOKATLRHOL Mo g6~
HOCTIL.

¥ MaTeMaTH4HIH JiTepaTypi kondopmul BlgobpasuenHs, AKl IOHHO BI-
BYMIM, HASUBAIOTE YACTO KOHGOPMHMMK BiA00pARKeHHAME IEPINONO DOAY,
o106 iX BiAPIZHMTH BIA TAaK 3BaHHX KOHGMOPMHNX BlaobpaikeH: IpPYroro po-
Iy, IPH AKHX BEINYHHA KYTIB 3AIHIIACTRCA HE3MIHHOK, A HANPAM BILIIKY
aMiHIOeTRCA HA NpoTHaekHni., Moxkna mokasaTi, mo koHdopMH] Bigobpa-
MEHHA JPYLoro pody 3MHCHIOIOTECA GYHKIIAMA, AKI € KOMILIEKCHO CIP#A-
HEHHMH 10 aHAJITHIHHX GYHKIN 3 BlAMiHHEME Big Hyad noxigaumn. Ie
Ha npukiIagl dyHrnil w = Z noxazago Ha puc. 1.4

Teopema 1.9 (mpunnun abepexkeHHsa o6maacti). Axmo ¢yHKIE
f # const anariTiysa B obaacri G, To ofpasom uiel obaacTi npH BigoH-
paxenni f e oO1aCTE.

Hosedenna. IloBne opegeHHA UBOrO DPHHIHIY OogaMo B po3g. 6. Tyt
IVIHHMMOCA JHIIe Ha BUNaIKy xoHdopMHOro BinofpaxkenHsa. BukopucTo-
Byo4s dopmyay (1.6) 1 ymopn Komi-Pimaga (1.4), maemo
dudv _dudv _(u\® (00N _ ..,
=5 a5 = (3) *(3) =reo
To6TO axoblad BlgoOpaxeHHA He JOPIBHKE HYJIW 1 JOCHTH BHKOPHCTATH
BIAOMY TeOPEMY 3 MATEMATHYHOT'O AHATIZY.

@" = @1

e
—-
_ Zn
o W=z

—_—

-
Ez ar
FPuc. 1.4
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FPoadia 1

foci Bupvanuck koudopMul plrobpaxerns odMexernol obaacTl Ha obMe-
#eny. Ilpore MoxHA jaTm mOHATTH KOHGOPMHOro BigobpameHHA OKOIY
TOYKH 2 HA OKIT TOYUKH Wy, AKIO NPHHARMHI OJHA 3 HEX € 00.

Axmo, zg = oo 1wy = f(zp) # oo, To BigoGpaxkend, 3IilicHIOBAHE
dyuxuien f, HasuBaeThCA KOHDOPMHMM B Z), Ako B z = ( ¢ koHdopMHIM
Bigobpaxcends, sgiiicumeane dyuxnieo w = f(1/z).

Axmo, zp # 0o 1wy = f{z0) = o0, To BigoGpaxkeHHA, 3 [IMCHIOBAHE dYHK-
micio f, HAAMBAETECA KOH(MOPMHEM B Zg, AKIIO ¥ TOYUII Zg € KOHGODPMHMM
BlgoOpakeHHA, 34IuCHIOBaHe pyEkmen w = 1/f(z).

Arxmo, zg = 001wy = f(zp) = 00, To Big0Gpaxkennas, 3IHCHIOBAHE (YHK-
i f, HazuBaeThHCA KOHGOPMHAM B Zg, AKWO ¥ Toull z = 0 € kondopMHEIM
Bigo6paxenHd, 3giicHioBaHe dyEKmieo w = 1/f(1/z).

OcuoBHOKW TeopeMow npo KOHGOPMHI BLIOOPAXKEHHSA € HACTYIIHA Teope-
ma PiMaga, IOBeIeHHA AKOI € JOCHTE CKIAJHE, 1 TYT HE IOJacThCA.

Teopema 1.10 (Pimana). Hexasr G 1 D — gBi ogHo3s’aawi obracti i3
C, migminui sig ©. Hexam z5 € G, 1wy € D i o — AOBIIBHE YHCIO,
—7 < a < 7 Togi icuve exuna (GyHKmA f, AKa 3IIHCHIOE KOH(OpPMHE
sigobpaxenns G — D, rax, mo wy = f(zp) 1 arg f'(z) = a.

Ha saxinvenHsa LBOrO po3giily gaMo O3HAYEHHA OJHOAWCTOl HyHKILL
Anamiruvraa B obnacti G dyHxig f HasuBaeThcA ofHOMMCTOK B (G, AKINO

(V21 € G) (V22 € GM{z1 # 22} = {f(21) # fl=2)}-



Pozdia 2
EJEMEHTAPHI AHAJIITUYHI &YHKIIII

2.1. ILJIA JIHIMHA ©YHKIILA

Apanituuna B yciit mwiomuHl C yHKIIA HASHBAETHCA LLIOK (DYHKIED.
Mizowo mininscn (abo MpocTo AiHIAHOCI) HAAMBAETRCA QYHKIIA W = az + b,
ae a # 0. OOepresa g0 miel ¢yHKUI € Tex AHIMHOKW 1, OCKLILKH
w' = a # 0, To ulra mHIuEA byHKUA KOHDOPMHO 1 OAHOIHCTO BlgoOpa-
xae C » C. Iloxawemo, mo eigobpaxenns C — C 3a gomomorown miroi
miHinHOl dyukyll ¢ kondgopManM. [Jaa uporo Tpeba nepeBlpATH KOHPOPM-

HICTH ¥ TOYM 2 = ©0. 3MigHO 3 O3HAYEHHAM I POSIVIAHYTH (DYHKIO
z R a
w = = . Ocriabkn giaa takol dyveEDl W = ————, TO
a/z+b  bz+a A ¥y (bz + a)?’

w'(0) = - # 0, 1 mM caMuM KOHDOPMHICTE ¥ 00 JOBEIEHA.

Jlerko nepesipuTH, NI0 CYHNEPIIO3NIIA IBOX JIHIAHNY DYHKOIHN € JHIHHOI
(PYHKITIEEO.

JBl MHOXHHHA HASHBATHMeMO IIOJIOHHMH, AKINO IX MOXKHA CYMICTHTH,
BHKOPHCTOBYHOYH TLIEKH NEPETBOPEHHA roMOTeTii (pO3TArY ), MOBOPOTY Ta
NapaieabHOTO TEPEHECeHHA (3CYBY).

Teopema 2.1. Hiza aimigna ¢yuxnia eigofpaxae KOXHY MHOKHHY B I0-
A6y go cebe, 1 HaBOaKkH, ABI D0JI0HI MHOMHHN MOMHA OJHOIHCTO BlIIo6-
pazHTH OAHY B IHOIV 3a JONOMOI'OX Lol JiHiHHOl (hyHKII.

HJosedenna. Hexait a = |a|(cos o+ isin o). Oyuknito w = az +b moxeno
POZYMITH AK Cymnepmosuuiio GYEKOE wy = |a|z, we = wi(cosa + isina)
iw = wy + b Jua dbyuxnil w1 = la|z maemo |wq| = |a| |2] | Argw; =
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= Arglal + Argz = Argz. OTxe, K010 TOYKA Z 3HAXOIWIACE HA AKOMYCh
NPOMEH], MO BEXOJHTDL 3 MOYATKY KOOPIWHAT, TO TOYKa wy Oyle Tex Ha
NLOMY NPOMeHi. 3MIHHTBCA TIMLKE B |G| pas BiAcTaHe 10 MOYATKY KOOD-
avHaT, To6ro Maemo poaTar. J[aml, axkmoe wy = wi(cos « + isin a), ToO
lwa| = |un| i Argws = Argwn + Arg(cos a + isin o) = o + Argw,, TobTo,
3ATHIIAIOYHCE HA OJHAKOBIM BIACTAHL 0 HOTATKY KOOPAWHAT, BCI TOUKH
NOBEPTAIOTLCA Ha KyT «. HapemTi, dyrEKnOia w = ws -+ b agiicmoe napa-
JIETLHE [EPEHeCeHHA Ha BeKTOR b.

Hasnaku, goeinbHi mepeTsopeHHs poaTary, HOBOPOTY 1 3cyBy 3jilicHIo-
OTECA OUIAME JIHITHEME $yHKDAME. ToMy ARl sagaHl nogi0HI MHOKIHK
MOXCHA BIZOODAa3NTH CyNeploaniieo Himx guiinnx dyaknin, Tobro ninoio
niEinHoO diyakuicio, Teopemy 2.1 gopegeso.

2.2. CTEIIEHEBA @®YHKIIIA
3 HATYPAJBHVM ITOKAGHHUKOM

Tak HasusaeThCA QyHKUiA w = 2" = zz...z (N MHOXHUKIB), n > 2.
BukopucTorywum ozHadeHHA moxigHol abo dopMyay LIA DOX1AHOL 00y TKY,
Jerko mokasaTH, mo w' = nz"~l. 3pigcu BumaKeae, mo w = 2" — Oima
dvHKIiA i 3gificHioe BlgoOpaskeHHa, KOHPOPMHE B KOXKHIH To4ml ofmacTi
{z:0 < |z| < oo}

3Hamgemo obracTi ogHOIMCTOCT] cTenenesol dyukuil. 1 usoro Tpeba
3HaiTR Taki obracti G, aua axux (Vz; € G)(Vze € G){21 # 20 = 27 # 23},
Ockinbku

(27 = 25) = (|27 = |23 | A Argz] = Argzy) =

= (|| = 22| AnArgzy = nArgzg) = ([21] = 22| Anargz =
=nargzg + 2kn) = (|z1| = 22| Nargz; = arg 2o + 2kw/n), k€ L,

T0 0618CTE G € 0BIACTIO OAHOMMCTOCTL Aua w = 2™, AKMI0 BOHA He MICTHTE
WOIHOL IapH TOYOK 3 DIBHUME MOAYIAME | KpaTHOIO 27 /1 DISHHIEH apry-
MEHTiB. 30KpeMa, byHKHia w = 2% ¢ OJHONMCTOI B KOMHIN ITiBIIONIAHI,
Kpal AKOl NPOXOAUTE Yepes NOYATOK KoopauHar (pue. 2.1, 6)

Bueegemo Temep Tax 2saHl HopMyaH mepexoly AnA BiaoOpakeHHA
w = z". Hexalt w = p e'?,z = r . Ockineku

plcos & + isin #) = r™(cos ny + isin nyg),

24



Eacmenmapui anaaimuuni Gynsyit

TO MH OIepiKYEMO

p=r", #=ne. (2.1)
A OL+T/?
O, \ O, \
o
e
a o
Pue. 2.1

3a gomomorono gopMmyn nepexoxy (2.1) merko moxazaTH, mo o6pazom
obracTl ogHOmMICTOCTI, 300paxenol Ha puc. 2.1, a, Oyae BcA w-TmIOMMHA 3
poapizoM 1o npomeroo {w : Argw = na} (puc. 2.2, a), a o6pazoum BepXHEO]
niBmmi.ﬁ;ﬂHH NPH Bl I0OpaMkeHH] w = z2 Gy e BCA W-ILTOIIMHA 3 PO3PI3OM IO
AOMATHIN AilcHIM miBoci (puc. 2.2, 6).

Puc. 2.2

Dyuxuia P(z) = apz™ + - -+ + a1z 4+ ap HazuBaeTscA MuorowienoM. Oc-
KUIBKHM MHOOWICH € CyLepro3uiicio JiHIMHUX | cTelneHeBHX (hYHKIIN, BIH €
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Pozdia 2

wigowo dysxuiern. Pyaxuia f(z) = P(z)/Q{z), ze P 1 Q — MHoro«4iess,
HABMBACTLCA PANIOHATLHOW (ApoboBo-panionarsHow) dyukuicx. Busuen-
HA BlroOpaxeHs, AKi 3 JIMCHIOIOTHCA panioHansHuMy GyHKLigME, npoBejeri
TIIBKK A0 oxpemux ix sugis. Oguicwo 3 nadpamumsiinux e dyuxnia Ky-
KOBCBHOLD.

2.3. PYHKIIA ) KYKOBCBKOTO

2

1 1 .
BUAHO, o J'(2) = = (1 - ;E) . Tomy dynxuia J e aganiTuynoo B o6racri

i 1 1 :
Dynkmia J(z) = = (z + =—) HazMBaEThLCA QyHKINEKw A ykopcskoro, Oge-
z

2
{z : 0 < |z| < 4o} i Bigobpaxenus, agiiicuiosane dyHKnieo J, e xondopm-
HuM Beiogn B L 3a BHHATKOM TOYOK 7z = —11 2z = +1.
Juamgemo obmacti ogromucrocTi dhyukuil Hykorcekoro. Ipunycrmvo,
L0 TOUYKH z) 3 2z BlgobpaxawTeca dyukuico J B oguay Touky. Tomi
1 —
{J{zl} = JEEQ}] = {{31 - zg]l{]. - ;":':I- = Dj = (zlzg = l:l?
122
rak mo obaacte G € obaacTio ogHOMmECcTOCTL Aua J Togl 1 aume Togl, KOIH
B Hill HEMa€ ABOX TOYOK Z) # Zp TAKMX, MO z;23 = 1.

® G\i \ED ®
Rk gwal 4

Pue, 2.3

3BlICH BHILTHBAE, 0 OGAACTAMH OJHOMICTOCTI dyuKil J €, HADpUKIAT,
obnacti: a) {z:|z] < 1},6) {z: |z] > 1},8) {z:Im=z > 0},7) {z: Imz < 0}
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Enemenmaput anasimuuni pynxyit

(pme. 2.3). MiAcHo, AKMO 21 1 23 — ABl TOYKH 3 BHYTPINIHOCT] OHHEYHOTO
Koaa, To |z1| < 1, |z2| < 11 |2122] < 1. [lan 30BHImEOCTI 0MHHHYHOTO KOaA
ANANOri9HO MaeMo |zyzg| > 1. AKmo & 2 1 29 — IBi Pi3H] TOYKH 3 BEPXHBOI
nismaomyHA, To argz; € (0,7),7 = 1,2, i Arg(z122) # 2nk, To6TO 3HOBY
2129 # 1. [aa HICKHBO] NIBIVIOMMEN MIPKYBAHHA AHATOIYHI.

Jocmaumo, HA mo laoOpaxawTeed 01 obiacTi ogromucTocT. OCKiALKH

1
r(cos p + isin )

1=

.1 o
u+iv= E{r[ms @ + tsin ) +

1 1 : 1, .
= = —Jcos — =)sin
2{{r+ T}c @+ i(r T}Sl e},
To 418 dyHkiil AKyxoscskoro MaeMo Takl (pOPMYIH HePexoIy:

1 1 1 1
u=—(r+ —jcosy; v=-=(r— —)singy. 2.2
S(r+)cosgs v=(r—)sing (22)
o6 smaiiT of6pa3 30BHIMHOCTI OJWHM4YHOrO Konda (puc. 2.3, 6), 3a-
dixcyemo wmeao rg > 1 1 posrasmemo xoao {z : [z| = rg}. [Tosmaum-
| 1y . 1 1 i
Mo a = —|rp+— ) 1b —|rg——1}; Tomi 3 (2.2) BumIHBaE, MO
2 0 2 o
u=acos i, v==>0snye 0<p<2r [Jicram napaMeTpHYHE piB-
HAHHA EJinca, AKe MOMKHA 3alHCATH ¥ BAIATL

I

u? 2
F + h—z = 1. {23]

Ockinpxn ¢? = a® — b? = 1, ro 3 (2.3) 6aunmo, mo obpasaMm KOHIEHT-
PMYHMX Kil 3 HeHTPOM ¥ MOYATKY KOOPIMHAT 1 pafiycoMm 1y > 1 € emmcn
3 dokycaMH ¥ Toukax +1, NpuyoMy 3 ONVIAAY HA PIBHICTE SN v = SgN Sing
BEPXHE MIBKOJO NMEPEX0OIATE ¥ BEPXHIN miBerine. Koan rp HabmoxkaeTsea 10
OAMHHII, TO eJinc HaGmmxaeThCA A0 Bigpiska [—1,1].

Orxe, dpymxuia 2KykopcbKoro BigoHpakae 30BHIMHICTD 0 JUHUYHOID KO-
Aa Ha BCIO ILIOLOMHY 3 PO3piaoM B3ZOBXK Bigpiska [—1,1] (pre. 2.4, a). Kpan
miei obaacTi — kKouo {z : |z| = 1} — nepexoguts y Bigpizox [—1,1], Axnn
O6XOAMTLCA JBiul, NPAYOMY BEPXHE MIBKOJO MEPEXOJUTE ¥ BePXHIM, a HILK-
HE KOO y HIDKHiR Geper poapiay. O6macts {z : |z] > 1, Imz > 0}
NepexoiuTh Y BePXHIO IiBILIONIHY-
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—

AHanorivEO MOMXKHA NOKa3aTH, o GYHKLA AYKOBCHKOr0 341HCHIOE KOH-
¢opmue 1 ogHOMMCTE BIAOOPAKEHHA BHYTPINHOCT] OAMHHTHOTO KOIA (AME.
puc. 2.3, a) Ha BCIO ILIOIOMHY 3 po3pisoM No Bigpisky [—1, 1], npudomy xpait
obnacTi — koo {z : |2| = 1} — nepexoauTe y ueil sigpizok, a 06AaCTH
{z:]z] < 1,Imz > 0} nepexoants vy wmxumo nmiemronmary. [le moxua Gymo

o 1
6 TakoX IOKA3ATH, BUKOPHCTOBYIOHY O9eBRIHY piBHicTe J(2) = J (— .
&

[Mlo6 auaiTy 06pa3 BepXHBOI MIBILIOMKHN, 3AIMIOENMO
{z:lmz >0} =

={z:Imz>0, |z|>1}U{z:Im2>0, |z| <1}U{z:Imz >0, |z| =1}

| BLEOOpamaTUMeMO KOXKHY 3 MHOXUH npasol sacTuan. Ockirekn obmacTs
{z : Imz > 0, |z|] > 1} nepexoguTs y BEDXHIO MIBIIOMMAY, OOJACTE
{z : Imz > 0, |z|] < 1} — y mmxuio mismiomumy, a mskomo {z :
Imz >0, |z| =1} — y sigpisox [—1, 1], To, orxe, ofpasoM BepxHBLOL MiB-
TLIOIIHHY € BeA [LIOMIKHA 3 po3pisaMHe B3 OB IpoMeHis [1, +00) 1 [—1, —o0),
AKI NeXaTh Ha AIMcHIE oci (pue. 2.4, 6). AHAJIOTIMHO HHMKHA MIBOIONMHA
Tex BlIoOpaxaeThLea Ha obuacts, 300pameny Ha puc. 2.4, 6.

NN NN

{a 7

Pue. 2.4

Jnaugemo me 0Opa’y NpoOMEHIB, LD BHXOAATE 3 NOYATKY KOODIWHAT.

-
PoaruareMo crno4aTky OpoMiHB {2 @ argz = o}, Yo # R k € Z. Bu-
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Eaemenmapni anaaimuuni dynxyil

Kmouaiodn 3 (2.2) mapaMeTp r IPH @ = igg, MAEMO

712 2

o - .
CO8= (g sin® el

i

=1,

TODOTC Halml NPOMIHE MNEPeXOluTs ¥ rimepboay 2 POKyCcaMH B TOIKAX

z=1wn z = —1 (nmbme KockifxenHs 3adumaeTbea yuTavesi). [Ipomine
{z : argz = 0} BigobpamkaeTbca (HebiekTuBHO) y mpominb {w : |w| > 1,
argw = 0}, npoMiae {z :argz = —7w} — y npomius {w : |w| > 1, argw =
= —7}, a mpoMmexi {z : arg z = %, |z| > 1}i{z:arg z = —g |z| > 1}
[IE€PeXOLATE BLANOBIAHO ¥ npomeri {w : argw = g} i{w:arg w= —g}

2.4. ITOKASHVUKOBA ©YHKIIIA

DOyrkmia e* = e®(cos y + isin ) HASUBAETHCA MOKAZHUKOBOW. Jlerko
GaqnTH, mwo Axkmo ¥ = 0, To ¢® = %, 1 JicTaeM0 MOKA3HMKOBY (BYHKIII,
AKY BHBYAJIH B KYPCi MATEMaTHHHOI'O AHAMIZY. 3 O3HAMEHHA BUILIMBAE, L0
le*| = e > 0. Orxe, e® # 08 C. MHam, Arge* = {y + 2xk, k € Z}.
3 O3HAYEHHA TAKOXK BHILIMBac, mo e® = e%e'¥, ne e'¥ = cos y + isin y.
Ockinprn e* 2™ = e®(cos (y + 27) + isin (y + 27)) = e, To dyHKUia €
neploAUYHA 3 nepiogoM 2mi.

[aa dyeaxoll w = e MaemMo u = ecos y 1 v = e*sin y. Tomy, obuancimo-
04 9ACTHHHI MOX1AHI, JerKo MOoGAYMHTH, MO BOHM 3aJ0BONBHAIOTE YMOBAM
Kowi-Pivasa gan eeix z € C. OTike, e° — nolia GyHKODIA. 3a GopMyIoio
(1.6) maemo

a ) .
(e*) = é + ia—z = e“cosy + ie“siny = e* # 0,

TobTo QYHKIA W = € 301AcHIoE BlaoOpaXKen A, KoRdgopmue B .
SHadnemMo ofaacTi oJHOMHCTOCT] NoKA3HMKOBOL (qvHkil. Ockiabku npu
%1 7 Z2 BHKOHYETBCA

(Ez: — EM}I = {Eﬂ:lﬁ‘fﬂt _ Emzﬁfyz} = (E:u = g2 AYL = Uo _|_2;,rk} =

=(z1 =22 Ay1 =y2+2nk), k€ E\{U},
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Poadia 2

To 06aacThk G € 06MACTIO OJHOMBCTOCTI AMA € TOMI 1 AUIe TOl, KOJM B Hil
HEMAE ABOX PI3HHX TOYOK 3 OJHAKOBHMHA IIMCHUMM YACTHWHAMM 1 YABHAMH
YACTHHAMM, fIKi BigpisHAwTbLCA Ha UHCIO, KpaTHe 2w, Jokpema, KoXHA
FOPU3OHTANBHA CMYTa WHPHHOK 27, Tobro {z:a <Imz < a + 27} Gyne
obaacTio ogHOaucTOCT] dbyHkuil €° (pue. 2.5).

Hesamko nokasaTi, wo GopMyIH Nepexoqy A4d (YHKLI e* MAThL BH-
AT

p=e", 0=y.

Tomy obpazom cmyru {z : o < Imz < o+ 27} e obaacTs {w : a <
< argw < a-+27}, ToHTO NIOIMHA 3 PO3PI3oM [0 TpoMeHIo {w @ argw = o}
(puc. 2.5).

O, ‘ i(2n+o) ©
wa . AL _.
A\

-
e

.

O

I

7

N

Puc. 2.5

J O3HAYeHHA MOKa3HEKOBROl (YHKIII BHILIWBAE, N0 KOMIUIEKCHE YHCJO,
BANHCAHE B TPUIOHOMETpU4HIN dopmi z = r{cos ¢ +1sin ), MOXHa KOPOT-
[Ie 3a0UCATH ¥ TAK 3BaHIM NOKASHUKOBIM dopmi z = re*¥.

2.5. TPUI'OHOMETPUYHI TA I'IIEPBOJITYIHI GYHKIIII
Poarmanenmo dpyaxnii

1. . :
sinz = —{e* —e %), cosz=

gi {E.-.'z + E—iz]

b =

Ta

1
shz = —(e* —e™®);, chz= E{ef +e” %),

B2 =
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Eaemenmapni anaatmunnt gymnyii

AK] HA3UBAKTHCH BIAOBLAHO TPHIOHOMETPHYHUME 1 rinepbomiyanMy dvHE-
uiamu. Hxmo z = z, To 3rigHO 3 O3HAYMEHHAM MAEMO

gin z = ?(e“ — e~ ") = (cos © + isin & — cos x + isin 53)2— =sin x
i i

i AHAJIOTIYHO CO8 2 = ¢038 &, TOOTo xicTaeMo GyHKIN, AKI BMBYAIOTHCA IE B
cepennid mkoai. TpuronoMerpu4si i rinepbomival dryaxmii sin 2, cos z,sh =
i chz € HarME QYHKIIAMY AK CYMH CYMEPIO3HIIN JiHIfHO] | MOKa3HHKOBOL
(YHKIIH. 3 mepioguvHOCT] e BUNIHBAE, Mo YHKIOI sin 2 1 cos £ e nepio-
OHIHAME 3 TmepiogoM 2w, a dyukiil sh z 1 ch 2 € neploguynnME 3 nepioToM
27i. 3 o3HAYEHB TAKOXK BHILTHBAEC, MO cos 2 1 ch 2 € napHuME  dYHKOLAME,
a sin z 1 shz — HemapHEMH. BHKOPHCTOBYIOYH O3HAYEHHA cos 2z 1 8in z
JErK0 JOBECTH CHpPaBeIIHBICTE HACTYIHOI dopMyan Einepa

cos z + isin 2 = e**.

Mix TprromoMeTprIHNME 1 rinepbomivHmMi GYHKIIAMEA € TAKHA 3B A30K:
sin iz = ish z Ta cos iz = ch z. [ilicHo, Aas nepuol 3 UHX PIBHOCTEH MAEMO

o ei{l:z} - E—i[:*iz:l g% — g ET —pE .
sintz = = =1 = { sh z.

24 24 2

¥ei dopmyan, Blgomi 31 IDKUILHOTO KyPCy TPHI'OHOMETPI], 3aJHNIAlTBCA
NPaBHIEHHIMHE 1 B KOMIMIEKCHIH mionmmHl. Hanpmmcoa,

sin z1co8 zp 4 €OS z18in zy =

_ E{Eiz‘ . E—tzl}ﬁ{etzg + E-zij + E{Ezh + 3—131“]..22[:.51;-2 — i) =
— Zi:(&j{zl+z-ﬂ _ E—ﬁ-‘i""t:’}} = sin [:31 + 2:2]'
T

HAxmo TpuromomeTpuysi dyakiil cos ¢ i sin £ gidcHol 3MiHHOI € 0OMe-
KEHMMHM, TO B KOMILIGKCHIN ILIOINUHI GyHKINI €OS Z 1 8in 2 € HeobMeKeHIMH.
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Poadia 2

== =S ———————————— . —

HisicHo, |cos 1y| = chy = +oo(y —+ co) 1 [sin iy| = |shy| = +oc(y — o).

}

&y . ind w;=gwf
*oan f __WI_. i .i“ : :\\\\\\\\Q\f = Sy
-2 PR 2 ; N

-iid

1|.

® ®

-y
o
O

W= I‘J‘z:“i

w =y

Y

%’/
_

Puc. 2.6

Jlaa 3HaxomxeHHA obJacTel 0FHOAMCTOCT] TPHMOHOMETPHYHAX 1 rimep-
BomivHuX PYHKIIN MOMKEMO BEKOPHCTOBYBATH Ti caMi MeTofW, Mo # pa-
mime, [an 3uaxoxends obpasis obxacTel oIHOMMCTOCTI MOXHA BHBECTU
dopmyan nepexony. Hanpmxaam, sna ¢pyHKUI w = sin 2 TakuMu 6yIyTh
uw = sin rchy i v = cos xshy. IIpore, 3HaYM Bxke BAACTUROCTI DyHK-
il 2KyKOBCEKOTr 0, NOKAIHAKORO] TA MIHIHHOI QYHKIIHA, MOMeMO IOCTYIATH
aHagH0 npoctine. Hanpuwxnaz, ockinekn

E 1 iz —1z 1 eiz 1' Efz
sinz=gyle”—e Pa(ﬁ@):"(?)’

TO QYHKMIO w = $in z MOXKHA DO3NMAIATH AK CYNEPNO3UNI0 (yHKIIN:

1 : . = o :
w = J{ws), wy = —we, wy = &%, wy = iz. Axmo agicErTH M BigoMI
i

32



Eaesmenmapui anaatmuunt diymryii

HaM BLgOOpakeHHdA, TO nOGaMHMO, M0 06Pa3OM BEPTHKAILHOL CMYTH {2z :
Rez| < w/2} e Bes mnommHa 3 pospizamu e3goex npomenie [1,+4o00) Ta
[—1,—00), a obpasom Bepxuwsol nisemyru {z : |Rez| < n/2, Imz > 0}
e Bepxud nismmomuna (puc. 2.6).

OcklIbKE cos 2 = sin [% — ), TO (YHKIIO COS 2 MOXKHA POBIVIAZATH AK
CYTIEpPHO3NIiKe GYHKIIH sin 2 1 gimiirol dyHKNI 1 o 06CTABHHY BHKODH-
CTOBYBATH MpH 3HAXOMKEHH] 00pasis BiANOBIAHMX MHOMHE.

Jaypaxupmo, MO 3 HABEICHUX MIPKYBAHL BHUILTMBAE, o (PYHKHIA Sin 2
By e ogHommeTowo B emyal {z ¢ |[Rez| < m/2}, a dyukuin cos z € ogHOMHCTOW
Bemysl {2:0< Rez < ).

TpurosoMerpryri dyEEI tg 2, ctg z 1 rinepboaigni dyHKDI tg 2, ctgz
O3HAYAIOTRCA TAK:

Jerxo 6GaunTn, o i GyHKO He € WIIMHE.

2.6, CHMETPWUYHI TOYKH

Haxt 6y ae noTpibue HacTynue TBep 1eHHA 3 eJleMeHTapHOl MaTeMaTHKH.

Jema. (npo gorwury go koaa). Hexan z Trouxwm M, Bagrol mosa xouaom,
nposegeno sigizox M A, e A — Touka Ha ko, i ciury ABC axa neperunae
kom0 B Toukax B i C (puc. 2.7). [aa Toro mob opama Oyiaa JOTHIHOW 4O
KO8, BeOOXIgHO 1 J0CHTE, Mol

|IMA? = |MC||MB]. (2.4)

4 M fMosedenna. fAxmo MA — gorwuna go
koaa, o S MAB = ZACB, 60 soHY cmi-
pawoThea Ha Ty camy ayry AB. Toamy
ACAB ~ AACM i |[MC|/|AM| =

B |AM|/| M B|, To6ro gicraemo (2.4). Ha-

BIAKH, AKINO BHKOHYETHCA (2.4), ane M A

HE € NOTHMHOIO, TO, MPOBOJAYMH NOTHY-

C ay MA', maeno [MA/|2 = |MC||MB,
Puc. 2.7 robro |[MA'| = |MA|, mo BeMOXKIHBO.

3 Komrun, amania a3



Poadia 2

Ak 6ymo szasmadeso, mig xomom y C posyuiemo sk xouno B T, Tax
i mpamy B C.

Hexant [C] — npama B C. Touxst z; 1 20 HASHBAIOTHCA CHMETPHYHEMHE
rigHoCcHO [C], AKINO BOHM JEXATE Ha OAHIN TPAMIN, HePHeHANKYIAPHIA 10
[C], no pizui 6oxm 1 Ha oaHaKoBil BincTasi Big [C].

Touxn z 1 2z; HABWBAIOTBCA CHMETPHYHMMHE BigHocHo koma [(C] =
= {z: |z — zp| = R}, Aximo BOEM AeKATE HA OJHOMY MPOMEH], M0 BHXOIUTE
3 zg, 1|21 — 20f|22 — 20| = R% Touxm zp 1 00 BBaAKAEMO CUMETDUUHHUMMU
BIAHOCHO KOMHOI'O KOJA 3 UEHTPOM ¥ TOHLL Zg.

Teopema 2.2. g Toro mob Touru zy £ [C] 1 2o € {C] 6yan cumeTpHaHi
Bigaocro koaa [C] C C, HeoOxigHo i A0CHTS, m06 KOXHe KO0, AKe IPOXO-
AHTE Hepes i1 TOYKH, 0YJI0 OPTOrOHAIBHE SO [UI

Josedenns. PozriAHEeMO [Ba BHNAIKH. Y NEPHIOMY 3 HHX BBaKAEMO,
o xoao [C] e npama 8 C. fxmo #; 1 22 ¢ cumeTpuEIMEA BIIHOCHO TpaMO]
[C], To [z1,22] L [C] 1 p(=1,[C]) = p(22,]C)), me p(z,[C]) — migcTans Bia
toukn z a0 kpueol [C]. Ilposegemo uepes z) 1 zp xono [K|. Toxl sigpiaox
[21, z5] € xOpgow0 THOro KoAa, TepHer uKyIApHO0 f0 npamol [C], Tobro [C]
¢ npogopxennuam giaMerpa woxa [K] i, orxe, ¢ oproromansrow 10 xona (K]
(puc. 2.8, a).

[KI 23
€] ‘.‘ %

/K]

i1

[C]
22

Puc. 2.8

Axmo [K] e npamoro, o NpoxoIATE ©epes TOUKHK 21 1 22, To [21, 22) C [K)
i, ouesugao, mo [K| L'[C]. Hasnakn, Hexall KOXKHE KOJIO, THO TPOXOAMTE He-
pes z1 1 22, € opTorosateanM go npamoi [C]. Ilposegemo uepes z; 1 z; 1pa-
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My. Bora moemnna 6yTy nepneHgukyaapHow o [C). OTxke, [21,22] L [C].
JNani ma [z, 22 ax Ba glameTpl moByayemo xomo. Bomo Tex opToromans-
He go [C], Tobro [C] € npogoBxeHHAM JiaMeTpa LBOrO KoJa. 3BLICH BH-
ILIUBAE, LD [zl,zg] € XOpJor0, NepleHIHKYIAPHOIO J0 JlaMeTpa, i, oTEKe,
p(z1,[C]) = p(22,[C]), a 21 1 2» mexars oo pisai croponn six [C].

Poarnanemo gpyrui Bana ok, koau koao [C] € koxom 8 C. fAxmo 21 = 2
i 23 = 0O, TO KOJIA, AKI MPOXOAATE WYepeld Il Touku, ¢ npami B C, TobTo
e — JiaMeTpH, AKi e oproroHaasHEmMu 1o [C]. fAxmo z # 2 1 22 7 oo,
TO NpoBegeMo Yepes 1l Toukd Oyab-ake koio (puc. 2.8, 6). IlosHaummo
qepes zg oguy 8 Touox neperuny [C] i [K]. Ockineku |25 — 23| = R, TO
lzo — z3|2 = |21 — 20||22 — =z0|, aBigKH 3a Nemowro npo KOTHYHY BUNIHBae,
Mo BiApI3oK [zp, 23] € goruunoio go koaa K| i, orwe, kona [C] i [K] —
oproroHansHi. Hapnaxm, Hexall koxHe K0J0, IO IPOXOAUTE 4Yepe3 zy 1 2o,
¢ oprororansuuM 10 xota [C]. Iposegemo yepes z1 1 20 npamy. Ockinbkm
BOHA OPTOrOHaABHA 10 [C], UeHTp Koaa zg JeXUTH Ha LIl npAMin. Beakae-
MO, IO %1 1 23 — CKIHYEHH] TOYKH (B MPOTHISKHOMY Pasi IX CHMETPHHYHICTE
ouesngna). IloByayemo Ha [z1, 2] Ak Ha miameTpi koao [K]. Bowo opto-
roxagbHe 10 [C'], a oTie, JoTWYHA 40 HBOTO B Touwl nepetnry xia [K] Ta
[C] npoxoanTs Yepes zo. 3BiACH BHILIMBAE, IO Zg JeXKHTE No3a KoaoM [K],
a TOMUKH z] 1 #7 JE€XKATE N0 OJHY CTOPOHY BLI 2g. 34 JeMO TMPOo JOTHHHY
|20 — z3)* = |20 — 21]|20 — 22|, TOBTO TOUKE z1 1 22 cuMeTpuMuHI BifHOCHO
(€. Teopemy 2.2 moBegeHO.

2.7. ,E[PDEGBD-JIIHIﬁHA DPYHKIILA

A poboeo-aiginuono HasMpaeThed GyHKIIA

az+b
= ———, ad—2>b 0.
“ cz+d ¢ e

O«epu 1HO, Mo ofepHena 10 ApoboBo-aiHIiNHCL hyHKUI € Jpobopo-1iHiHHOK0,
cynmeprnosnnia apoboeo-aiHIMEEX $yHKUIE € gpofoso-mininmon. fAxmo
B O3HA4eHHI noxkaagemo ¢ = 0, To glcTaHemo Uiny JIHIEHY (QYHKUIIO, AKY
BXKe BUBYIIH. ToMy HaJam BBaxkaTHMeMo, mo ¢ # 0.

Teopema 2.3. Apoboso-aiginaa {pyﬂxmﬂ KOH(MOPMHO Ta OJHOIHCTO BIJO-
6paxae C — C.
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e ~. = —. =

Hosedenna. OIHOMHCTICTH BHILTHBAE 3 OJHO3HAYHOCTI obepHEHOL
dyuxuil.  Jomegemo xonbopmaicts. HAxmo z # —dfe, 00, To w' =
= (ad — be)(cz + d)~? # 0. Sammunocs POSMIAHYTH TOYKH z = —d/c
Ta z = co. [aa gosegenHa xkoHGOPMHOCTI B Toulmi z = —d/c, Tpeba poa-
rasayTd dyukuio w = (cz + d)/(az + b), pma axol maemo w'|,—_qsc =
= (ed — ad)(az + b)"%|,—_4pe = ¢*/(bc — ad) # 0, mo BKasye Ha KOH-
dopmuicTs ¥ Toumi z = —dfe. fAxmo z = oo, To pozrmagaeMo GyHK-
mio w = (a/z + 0)/{c/z +d) = (bz + a)/(dz + <), amn Axol W'],mp =
= (be — ad)/(c + dz)*|.—¢ # 0, Tak mo maeMo KOHOPMHICTE i B TOHM
z = 00,

Teopema 2.4 (mpo Kpyrosy BaacTusicTs). [poboso-TiHidEa QYHKIIA
BifOGpAXKAE KOO B KOO, KPYT ¥ KPYT.

Mosedenna. Ockineru

az+b a (1+b;’a—rﬂc)?

c z+dfe

cz+d ¢
TO ApobOBO-TiHIHES DYHKIA € CYNepIo3nIielo Uiy MHIAHNK dy UKl Ta
dyuxmi.w = 1/z. Ockinsku nimiixa dyukuia sigobpaxae koao B xoao,
Kpyr ¥ Kpyr, 60 ol MHOXHHN MOAIGHI, TO BAMMINUIOC: IOBECTH KPYLOBY
BIACTUBICTL aad cdyuxuil w = 1/z. Hexadt B posmupenit z-mrommmsi 3aax0
samkreHnn kpyr A(z?+y?)+Be+Cy+D < 0. Ockinekn 2+iy = 1/ (u+iv),

oz = uf(u? +v?) iy = —v/(u?+ v?). igcrabomouu ui dopmyan
B OCTAHHK} HEPIBHICTE, MAEMO
2 2
u v Bu Cu
A 1 D<o,

{u2+tr'2)+{u2+v2}2]+u2+v2_u2+v2 =

apigxkn D(u? +v?) + Bu — Cv + A € 0, To6TO 0TPAMATA 3aMKHEHHI KPyT
B POBNIMpEeHiil w-TIonuH].

Teopema 2.5 (mpo Tpu rouxu). Hexan B posmmupenin z-miommsHi 3a-
JaHO TDPH pI3HI TOYKH 21, 23, 23, 4 B DOSHIHPEHIH w-ILIOINHHE] — TPH PI3H]
TOYKH Wy, ws, Wa. Toxl icuye eqnra gpofopo-ainifina dynkniz L raxa, mo
L{zk} = W [:kf = 1._,2.',3}.
Hosedenna. fAxmo Bel ToYKH CKIHYEHH], 3alMIIEMO PIBHICTH
W — Wy Wy — Wa X — ) 23— Z9

- (2.5)

'T.U'—T.Ugw;;'—'lﬂ-]_ ZFZzzg—Zl‘
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AK3 HeABHO 3373 IIyKaHyY ApoboBo-MHINHY BYHKINO, OCKLIBKH bHe3noce-
PeJHBOK NePEeBIPKOI Jerko HePeKOHATHCh, M0 TOHYKA Zj IePeXouThb ¥
roury wy (k = 1,2,3). €auricTs goBoguTheA Big cynporuBHoro. I[lpu-
MyCTHMO, Mo, kpim (2.5), icaye dyuxuia w = (az + b)/(ez + d), axa Mmae
BIACTHBICTE, BKA3aAHY ¥ GopMya0BaHHl TeopeMH. ToJl MOMeMO 3allMcaTH
wg = {azr + b)/(czr + d), k =1,2,3. Jlerko nepesiputn, mo Axkmo i ama-
YeHHA (W, wq,Ws 1 wy) migerasuT B (2.5), TO ZicTadeMmo TOToXkHICTE. Il
eIEMEHTapPHI ollepallil 3aIHINaeM0 THTa9eB].

Axmo x ogHe 3 wHMCcen q, 29, 23 9H 3 YHCET Wi, We, W3 JOPIBHIOE 0O, TO
B (2.5) 4nAcensHUK | 3HAMEHHNK, J0 AKAX BXOAWTH L€ HHCIO, OMYCKAEMO.
Hanpuxaag, axmo z; — wy, 7z — 00 1 00 —+ wy, 7o (2.5) gabyeae suraagy

w = un S |

Wy — i £ — X2
Hani gopegennsa Take, AK 1 paHime,
Teopema 2.6 ( npo cumerpuyHi Touku). Hexain zy | zg — cuMeTpHyHI
sigrocno xoaa [C] Touxm, a [C*] — o6pas koxa [C] npu Bigobpaxensi
Apoboso-aininaow ¢yakniero L. Toxi obpasm wq 1 wo TOYOK 21 I 29 OpH
HBEOMY, BIFOODAMEHH] € CHMeTPHYHHMH BIAHOCHO Koaa [C*].

*

@ A @f L p—_—=
[C] [¥] . Ry
A *
w=L(z) IC]
A7 —_—
\\_// g -

Puc. 2.9

Josedenna. Yepea Towxm wy i we npoeegemo koo [v*] (pre. 2.9). Oc-
Kinpku obepHeHa a0 apoboBo-NiHiiHOl dMYHKIIA € ZPpOO6OBO-AIHIHHOW, TO 34
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e T

Teopemon 2.4 npoobpas koaa [v*] € Takox koo [v], gKe IpoXOAMTE depes
TOUKHM 2z) 1 22 1 3a Teopemowo 2.2 [v] € oproronameram mo [C]. Oecxins-
ku gpoboBo-IiHiMHe BigoOpameHHa KoHdopMHe, To6TO NpH HeOMY 306epi-
ralTheAd KYTH, TO Koo [v*] € oproronansamy g0 [C*] 1 sa reopemoro 2.2
TOYKH W1 1 Ws € CUMeTPHYHIME BiJHOCHO KOJa [G *],

Axmo Touxy 21 1 2o cuMerpuyni sigrocno koaa [C], To [C] sasusaeTnea
KOJOM ATIONJOHIA 04 ITHX TOYOK.

Teopema 2.7. Yepea xoway TOUKY 23, BIAMIHHY BII JBOX 3aJaHHX TOYOK
21 I z9, NpOXOIHTL equHe KO0 ATOAIOHIA 418 TOYOK 21 1 23.

Hosedenns. Hexant ogma 3 Towok 21,2 € 00 (HANPHKIAL, 23 = oO);
TOAl 3 # oco. Komom AmomioHif B OBOMY BHIaJKy Oyde Koao pajiyca
R = |21 — z3| 2 nerTpoM B z1. €auHICcTh oveBnaHa. Akuo x 29 1 22 —
CKIH9eHH] TOYKH, TO 3pobuMo ApobOBO-JIiHINHE NEPeTBOPEHHA 38 JOTIOMO-
row dyaxmil w = 1/(z — 22). Toai Toukn 21, 22, 23 OePelAyTH BIANOBIIHO
y Toukn wy = 1/(z1 — 2z3), wy = 00, w3 = 1/(z3 — z2). [Laa To4oK w,y Ta
wy 6y IyeMo €niHe Koo ATIO/UIOHIA, AKe IPOXOIHTE Yepes wsa. llpoobpasoM
LBEOTC KOs Oyae KOAo ANMOMMOHIA AA 2 1 2o, AIKEe NPOXOIMTE Heped 2j.
EIUMHICTL BHILIMBAE 3 TeopeMmu 2.5.

Iepengenmo go ocHoBaux 3afav gpobopo-miHiHUX Bigobpaxens. [lepma
3 HEX NOJArae ¥ sigobpaxenni kpyra K 3 POSIMMPEHO] z-ILIONHHY HA KPYT
K* 3 poammupenol w-miommHy Tak, wod TpH 3ajasl Toukd 3 0K nepemnu
B TpH 3agaHi Touku 3 JK*.

Teopema 2.8. Axmo TodkH 21, 22, 23 3 0K 1 Towrm wy, we, w3 3 0K pos-
MIIeH] TAK, II0 TOCTJ0BHO 0O0XOIATH iX, 3aIHMIACMO BLITOBIAHI KPYTH 10
O4HH 6IK, TO IIEPOIA OCHOBHA 3ajaYa Mae€ €IHHHE DO3B'g30k. Y mpoTHiex-
HOMY pasl BOHA HE MAa€ PO3B A3KY.

Hosedenna. 3a Teopemoio 2.4 icHye eauHa gpoboBo-aiHinHa GyHKIA L,
taxa, mo L(z;) = w; (7 = 1,2,3). Ua dysxuia L za Teopemoio 2.4 Bigo6-
paxae 0K ma 0K*. Ockinexy L ogHOInCTA (ryHKULA, TO BoHA Bigobpaxae
K abo na K*, abo Ha E\T Hexai To9xn 21, 29, 23 1 Wy, We, w3 po3MimeHi
Tak, AK noxasano =a puc. 2.10. Y To4ui 25 npoBeleMo IOTHHHY B CTOPOHY
z3 | BHYTDINIHKG HOPMATE.

Ockinpks npe Ipo6OBO-TIHIMHOMY BlIoOpaxeHH! iCHYE KOHCEDBATH3M
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KyTiB, TO BHYTPIIOHA HOPMaIb 10 Koia 0K nepexoguTs ¥ BHYTPIIHIO HOP-
Mailb g0 koxa 0K, Omxe, mu ogepxyemo LK) = K*.

A A

@ ®

Puc. 2.10

Arxmo Tourm zq, 22, 23 1 wi,ws, w3 poaMimenl Tak, mo Opu ofxom 1X
BELANOBIAHI KPYT'H 3A0MIDAKTRCA 00 PidHl 60KH, TO AHAJMOTIMHO OJepEIIMO,
mo L(K) = C\K*, To6To 3ajata po3B’A3KY HE Mae.

Ha mpaxtini 4acto aycTpivamoTbes HEMOBHI 3a1a4], KOJIH, HAIPHKIAL,
BlLgoMo, o g8l Touku 3 JK mepexogare y asi Touku 3 JK*. Toai Tpetio
TO4KY Gepemo Ha cBin poacyd. flcHo, mo Taka 3agada Mae 6e3nid po3s’A3KIB.

Apyrowo ocHopHOO 3ajavero Apo6oBO-MHIMEMX BlioGpaikKedbL € 3agada
BigobpaxeHHA Kpyra K 3 posumipenol z-IIomuHE Ha Kpyr K* 2 posmmpe-
HOl W-ILIOIIMHE Tak, mod 1el 3agani Touky 2y € K 1 20 € K nepemmmm
BignoeinHo v ABi 3agani Toukw wy € K* 1wy € K*.

Teopema 2.9. [Apyraocuwosra 3a1a4a poG0BO-IIHIMHEX BI00paeHD MAE
EAHHMI PO3B A30K.

Aosedenna. Hexall z3 — cuMeTpu<Ha 3 z; BigHocHO OK Touka, a wy —
TOYKA, CHMeTPHYHA 3 wq BigHOoCcHO K. ToKH 3 TAaKoH BIACTHBICTIO €1H-
Hi. 3a gonoMoroio (2.5) 6yayeMo eJHHMM YHHOM IpoBOBO-MHIHHY GYyHKII0
L, AKa mepeBOAMTH 21, Za, z3 BLANMOBIAHO ¥ wy,ws, ws. Koo 0K e xomoum
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Anoanonia gag zj 1 z3. ObpasoM nLoro koda € gesxe Koao ATOMIOHIA it
i TA g, & OCKLTEKY, 0K * € Tex woaoM Anonnonia aua wq 1wy 1 ofuasa i
KOJI8, TIPOXOJATE Yepe3 s, To 3a Teopemoio 2.7 oM abirapTeca. OrTxe,
L(AK) = 8K*. Ane touka z; € K nepexoguts y Touky wy € K*. Tomy
LK) = K*.

Ha npaxTunl 3ycTpidaioThCa HEmOBHI 3aal, KoM, Haopukaam, Tpeba
BioOpasuTH KpPyr Ha Kpyr Tak, mod JaHa TOYKA 3 Kpyra nepelmuia y
3a0aHY TOYKY 3 KpPyra. DuOHpPal™l Ha Kpadx IMX KPYriE AOBLIBHO IO
OJHIE TOYI, 3BOAMMO TAKy 2aa4y 10 Apyrol ocHoBHOI 2a1a4i. Poar’azok,
o4eBuAHO, Oyie He eXAHNM.

[IpukaagoM HEMOBHOI APYTol 3a4adl € BIAINYKAHEA Ap0oOoBo-TiHIHOl PyHK-
uil, axa 6 sigobpamana kpyr K = {z : |z| < 1} na xpyr K* = {w :
|w| < 1} Tak, mo6 Touka a € K mepeuma B Touxy 0 € K*.

Cumerpuusnon g0 a sigHocHo 0K e Touxa 1/@, a cameTpuyHol g0
0 piguocro 8K* e oo. Tlokmagemo z; = o, zp = 1/&, z3 = exp{ipp}
1wy =0, wa = 00, wz = exp{iwy}. Toal myxana gpoboso-miHliHa (yHK-
Ui 3HAXOAMTRCA i3 PIBHOCTI

w =0 z—a explipg} —1/@

explight—0  z-— 1/a explive} —

RETE @exp{ipo} — 1Ein_

Y= T o —exp{ig}

Ocxinexkn 0K — dK* 1 npu |z] = 1 suxonyeTnes

e — o
e~ @

e — o
1 — met®

z— 0
1—-za

=

=1,

To |k| = 1 1 3araJeHMI PO3B’A30K HAINOl HETIOBHOI 3ajadi €

g 2—Q
w=e —0

[ .
1—z@& €R



Pozdia 3
MHOT'O3HAYHI &YHKIIII

3.1. OJJHO3HAYHI BITKN MHOI'O3HAYHOY ®YHKIII

Hexann E — pesaxa mHoxpHa 3 C. fAxmo xoxsoMy z € E IOCTaBIEHO
¥ BIIMOBIOHICTE JeAKy MHOMKHHY F'(z) KOMILIEKCHHX Hucelx, To 6yieMo ro-
BODHTH, 10 Ha F 3ajaHa MHorosuavna ¢yukmia F. OgeBngHo, mo AKINO
AIA KOKHOTO 2 € B MHOxmHA f(2) CKIa1a€THCA 3 OJHOrO &JEMEHTA, 3 Ha-
BEICHOIO O3HAYEHHA OJePXKHMO o3HadveHHA $yHkmil f : E — C. B usomy
2B’ M3KY QPYHKOIO YaCcTO HABHBAIOTE OJHO3HAYHOK QYHKIICK, JayBajkiMo,
MO MHOIO3HAYHA (QPYHKIIA He € YHCIOROI0 (MYHKINEK, H0 “HMCIY CTABUTBCA
¥ BIANOBITHICTE MHEOKUHA. IIpukiagoM MHOrosHa4HOI QYHKIN MOXKE CIy-
xura Argz, 0 < |z] < co. Ockineku Argz = {argz + 2wk}, k € Z, To
Arp 7z € HOCKIHYEHHOBHAYHOW (YHKLICH.

Hexan B ofracTi G 3agaHa mHOroamaksa dyexmia F, a B obuacti
D C G — uenepepeua dyukuis f raxa, mo (Vz € DY{f(z) € F(z)}. Tozi
f HasWBAETHCA OJHOIHAYHOIO BITKOK MHOrozHavHOl dyukmil F.

41



Poadia 3

—————

3HOBY PO3IVIAHEMO MHOT'O3HAaYHY B o6aacTi G = {z: |2| < 400} dyux-
miro Arg z. B poni D pisbmeMo BCIO 2-ILIOMIMEY 3 PO3PI30OM B3LOBXK BLI €MHOI
AiticHol misoci (puc. 3.1) 1 posrnasemo B D yHKUIO arg z, AKa OPH KOX-
HOMY 3HaweHH]I # € [) € roloBHMM 3JHAYMEHHAM apryMeHTY. (OCKITBKH
argz € Argz, To jns Toro mob MOKA3ATH, [0 ATE 2 € OJHO3HAMHOK BiT-
KO MHOro3Ha4vHol dyHkuil Arg 2z, Tpefa MOKa3aTH HeNepepBHICTEL GyHKIII
argz B D. [aa umporo sadikcyemo geaky Touky zg € D. Hexam K, =
= {z: |z — z| < r} — kpyr, axkui sexuTe y D 1, 0Txe, HC DepeTHHA-
eTsCA 2 Big'emHow gincHoro miesiccro. Tomi (Vz € K, ){|argz — argzg| =

=f< %} i 3a Teopemoio KocuHyCiB |z — zg|? = |2|® + |20|? = 2|2]|z0|cos @ i

—|z = z0® + 2|2 + |20|?
2|2]] 20| h
Orie, dyukuis arg z € 0 JHO3HAYHOK BITKOIO MHOr03Ha4Ho1 dyEKII Arg 2.

cos = — 1(z = zp), TobTo # = 0 mpu z -+ 2.

Poaraanemo me oawe mpuknag. Meorossausa dyuxnia {0,z}, sagana

B YCIH z-ILIOMMHI, Mae ofHO3HAa4H] BiTKM w = (1 w = z. 3aypammumo, o
z, Rez = 0,

pyHEWA w = HE € OJHO3HAYHOIO BITKOI Ti€l MHOrO3HATHOI
0,Imz <0,

dyHKLll, 60 B TOYKAX YABHOL 0CI DOPYLIVETHCA HENEPEPBHICTE.

Hexan B obaacti G aagasa mMEorossassa gyexoia F. Ilpunyermmo, mo
icHye cucTeMa obmacTed {D.} 3 obnacti G, a B ko obracti D, —
HenepepeHa GyHKOIA [, AKA € QHOIHATHOI BITKOIO MHOTO3HAMHOL byHKII
F. Cgawemo, mo MHOrO3HaYHA QyHKUig F posnagaeTsed Ha OJHO3HAYHI
piTKK B obgacTi (3, AKIIO

(Vz € G)(Vw € F(2))(3D.)(3fa}{z € Dy A fulz) = w}.

Crcrema {argz + 2rkrez U {argo 2 + 2mn}uez € CHCTEMOK0 OQHOZHAY-
HEX BiTOK MHOrosHaqHOl yHKuil Argz B obuacti C\{0}. HenepepenicTs
dyaxai argg z B 06nacti Dy = C\{z : z > 0} gosogurncsa Tak caMo, Ak
HEMEPEPBHICTE argz B 1.

Muoroaugausa dyuxuig F HasdBaeThCA HellepepBHOKO B ofmacTi G, AKIIO
BOHA PONAJACTRCA B Uil o0aacti ua ognosnayui Bitkn. OTwxe, Argz Gyae
HemepepBHOi0 MHorosHagHoio B obracti C\{0} dbyakuico.

S3ayBakuMo, MO 03HAYeHHs HemepepsHocTi F(z) — Flzg)(z = zq) me
Mae 3MicTy, 60 F — MHOXHMHA, & HE YHCI0.
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z, 2 #0,
{l:_}:]-}:a 3=ﬂ,

B C, 60 e moxua subpaTd il ogHOSHAMHOL BITKH, Aka Oyaa O HenepepBHO0
i npu z = 0 mpuivans, sHaMeHHa 1.

Mgeorosraura  cyaxnia  F{z) ={ HE € HENEepepBHOID

{z}, 2] = 1,

{z$1}> |z| <1,
BOHA& PO3TMAJAETHCA HA OHO3HANEI BITKH w = z, |2| < +oclw =1,

Muorosnauna dyuxmia Fz) = { € HenepepnHow, 00

z| < 1.

MuorossavHa GyEKOL F Ha3WBACTRCA AHANITHEHOIO, AKINO BOHS, PO3MA-
AAETLCA HA OJHOZHAYMHI BITKM, AKl € AHATITHYHMMHA DYVHKIIAMMI,

MuorosHadsa $yrkma Arg z He € aHATITHYHOK, 00 KOXHA 11 BITKa Ha-
Oypae AMIIe JIMCHEX 3HAYeHb. Axbn ua dyHKoiA Oyia aHATITHYHOK, TO 33
HacTiakoM 3 Teopemu 1.8 poHa Oyaa 6 cTanol, MmO HEMOMKIHBO.

Poarisanenmo Tenep MuoroaHaysl ¢pyuxmii Ha kpueii. IosaTTs ogHo3HA-
#ol BiTkM TYT femo imme. Hexan C = (z = 2(t), ¢ £t < b) 1 ma [C]
aagana muorosaavna dyuxuis F. Hexait ¢ — nenepepena ua [a,b] dyuk-
uia. Bosa HasuBaeTheA 0HO3BHAYHOI BITKOI MHOTO3HASHOI dhyakmil F Ha
kpusilt C = (z = z(t), a < t < b), axwmo (Vi € [a,b]){e(t) € F(=(t))}.

Hexait z = z1(7),« < r < b), — iHme napamerpnyuHe a00paMeHHs Ti-
el w xpueol C, Tobro icHye HemepepmHa apocTaowa cdyuxuig ¢ = £(7)
;3] — [a,b] Taxa, mo z(v) = z(t(r)). Ouesngro, mo dyHKIiA

w1(7) = @(t(r)) 6yge Takok OIHO3HAYHOK BITKOK MHOTO3HAYUHOI dyHKmil
F ma xpusiit C = (z = z;(7), a < 7 < 3). Tomy npuponuM € HacTyOHe
O3HAYEHHA OJHOBHAYHO! BITKA MHOTO3HAYUHOI dyHKI Ha KPHBIH.

Henepeprna Ha xpusii [C] dyrxuia f Ha3KBACTHCA OJHOBHAYHOIO BITKOIO
mHorosHagHol dyekoll F Ha 0l KpHBiH, AKIIO 18 KOXHOTO IapaMeTpHY-
Horo zo0paxenns C = (z = z(t), a £t < b) BuKoHyeThbCA CITIBBiTHOIIEHHAA
F(2()) € F(2(t) mnn scix ¢ € [a, b

HacTynue Toepaienns BKazye HA YMOBY, KOIM HA KPHBIM MOxHa BHODa-
TH OHOIHAYHY BITKY apr'yMeHTY.

Teopema 3.1. Hexan C = (z = z(t), a <t < b) — joBlieHA KpMBa, AKA
He IPOXOJHTE 9epe3 MovaTok koopguaar. Hexai a € Argz(a) — JoBlLibHe
gucao. Togl Ha C MoxHa BHOPATH 0JHO3HAYHY BITKY arg z(l) MHOPOsHATHOI
chyuxuii Argz Taky, mo argz{a) = a.

Aosedenns. Hexait z(a) He mexuTh Ha Big'emmiit #ilcwii miroci (3 xo-
BefleHHA Oyge BHAHO, 1o pobuTH y BEOaIKy, komd z(a) < 0). 3 cucre-
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MH {arg z + 2rk}regz BubepeMo Ty BITKY, fka B z(a) HabyBac BHAYCHHA o.
Ha Tizn ginasni xpusoi €, axa mouunaersca B z(a) i iige 10 nepeTuny

3 Bif'eMHOI0 ZIMCHOW MiBBICCIO (TOYKY NEPETHHY 3 LI€H MiBBICCIO He BKIIO-
YaEMO0), BEGDAHY BXKe BITKY MO3HAMHMO 4epes arg z(t). B Toumi xpmeol C,
6aM3bKil g0 Bix'emuol gilicuoi miBoci, i3 cucTemm {argpz + 2mn},ecz BH-
Gepemo BITKY, Aka 6 y i To4ni HaSyBaIa TOrO CAaMOTO SHASEHHA, N0 H
no6ygoBaHa (yHKIiA arg z(t). BuGmpaemo mo HOBY BiTKY 3a argz(t) Ha
HOBIH ALIAHII KPHBOI, KA NPOCTATAETBCA A0 NEePeTHHY 3 AOAATHOIO [il-
cHOM miBeiccro. Ilelt mponec MOXHA TPOJOBKYBATH Jali, BHOUPAIOYY BITKY
3 cucTemm {argz + 2wk}, a morim is cucremnm {arggz + 2mn} i . a. Oc-
Kinpku yHKUig z = z(t) HenepepeHa Ha [a, b], To C He MOXe HepeTHHATH
NOGILAOBHO Blg'eMHY 1 JO4aTHY NMiBocl HeckiHveHHY klibkicTs pasis. Ji-
CHO, OCKLIBKH BigcTamsn Big Touku z = 0 go [C] ¢ gogaTuum uucioM,
TO B NPOTHWIEXKHOMY pasl gosxuHa kpusol C Oyna O HeckiHYeHHOIO, IO
Hemoxauso. OTxe, npoilec ckingeHHuH, 1 TeopeMmy 3.1 gosegeno.

3.2, ITIPUPICT MHOT'O3HAYHOI $YHKIIII

Hexalt C = (z = z(t}, @ <t < b) — xpusa, Ha {C] 3agana MHOrO3HAY-
Ha ¢yrkuis F, a ¢ - 11 oguosraquna sitka Ha C. Togl Bemuauna Aoyp =
= @(b) — p(a) nasusaernea npupocToM BiTku ¢ Ha kpusiit C. Haa pismx
BITOK MPUPOCTH MOXYTE 6yTH pizaumna. IIpoTe, AKINO A4 BCIX OJQHO3HAY-
HUX BITOK MHoTosHagHol ¢dyekuil F' #a kpusiii C OpupocTH ONHAKOEB, TO
iX crifbHe 3HAMEeHHS HAAUBACTLCHA NPUPOCTOM MHOIO3HAYHOI QyHKIN F' Ha
kpueia C 1 nosHa4daeTbea depes Lo F = Lo F(z).

Teopema 3.2. Hexart C = (z = z(t), a <t < b) — kpHBa, mWo He Tpo-
XOAUTH Jeped Nov9aToK KoopamuaT, a (argz(t)) i (argz(t)): — a4Bi o
Ho3HayvHI BiTKm MHOrO3HadHol ¢ymkmil Argz ma C. Togi Aclargz) =
HMelargz)z, To6ro npupict He saxexurd Big Bubopy Bitku. Ile crineme
3HAYEHHA OPHPOCTIB HAZHBAETLCA OPHPOCTOM APIYMEHTY | HO3HAYAECTHCA
gepes ApArgz.

Hosedenna. Ocxinexu (argz(t)); € Argz(t) (7 = 1,2), To (argz(t))1 —

~(arg z(t))2 = 2mk(t), me k(t) — ninouncenvua dyukuis. Jani (arg z(t));
|f 1,2) — menepeperi dyaKail, To dyuxuia k(t) HenepepsHa, &, 3HAYMTE,
k(t) = k = const. Orxe,. (arg z(a)); — (arg z(a))2 = 2nk(t}, i (argz(b))1 —

—(arg z(b))s = 2wk(t). Biguimarous Big ogHiel pieHOCTI iHmIy, Maemo
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Lglarg z); — OLeolarg z); = 0, To6To Teopemy 3.2 noBefeHO.
JayBamHMO, HANPHKIAL, M0 418 KPHEOl, 300paxkenol Ha puc. 3.2, BUKO-
HYeThCA piBHiCTE AcArgz = 7.

A

@
G

[C]

Puc. 3.2

Ilepenaemo go BHGOPY BITKM apryMedTy B obaacTi.

Teopema 3.3. Hexan G — ofimacte 10 € G. [ag Toro mob y G MoxHA
Oyao BHGpaTH OZHOZHAYHY BITKY MHOrO3HaYHO! (yHKIII Arg:z, HeoOXigHO
i JoeHTH, o6 NoArgz = 0 guaa xoxwrol samMkrerol kpueoi C, [C] C G.

Hosedenns. Hexan 8 o6nacti G MoxHA BHODATH OJHOIHAYHY BITKY o(2)
muorosuayHol ¢yekmii Argz i C = (z = 2(t), a < ¢t € b) — gorinexa
kpuea, [C] C G. Toai Ha C' moxHa puOpaTH OHO3HAYHY BITKY apryMeHTY
arg 2(t) = w(2(t)). Omxe, AcArgz = Ao (argx(t)) = arg 2(b) — arg 2(a) =
= p(z(b)) — @(z(a)) = 0, 60 xpura samxueHA.

Hasnaku, ymosa HAcoArgz = 0 ana xomxHOL 3aMEHEHOl KPUBOl O3HAYAE,
IO MPUPICT apryMeHTY HE 3ANCKUTL Bifl KPUBOL, 100 3’eHYe TOYMKH z] Ta
Zp, A BANCHKHWTE TLIBKK Big nux Touok. [llo6 subpaTH OJHOZHAYHY BITKY
aprysmeuty, sissmemo dikcosany Touky zy € G 1 @ € Arg zp. Busnasumo

(argz) = a + A, nArg z, (3.1)
ae (zo, z) — 6yAb-AKa KpuBa, W0 3'€Hye 29 1 Z.

[Moxameno, mo suavenss byukoil (3.1) npu koxHOMY 2 € G HATEXKHTH
Ao Argz. Miicno, A, . Argz = @(z) — ©(20), fe ¢ — AeAkra BiTka apry-
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MEeHTY Ha KpuBii (29, z) Taka, mo (2g) = a. 3sigcn Bunmeae, mo (argz) =
= a+p(z) — w(z0) = ¢(z) € Arg 2.
3anumuIock JOBECTH HelepepeHicTh dyaxnil (3.1) y kowuil rowuni

a € G. [aa ubOro pO3riAHEMO KPYr 3 HEHTPOM B @, AKHH MICTHTBCH
B 0bmacti G (pue. 3.3).

® 16

Bl wE

Puc. 3.3

Cooayuumo z 1 a IPAMOMIHINHEM BiApiskoM [a, z|, a TOIKY zg 3 TOYKOI
@ AOBLTBHOKY KPHBOK (Zp,a). ¥ KPy3i MOxkeMmO BHODATH OJHO3HAYHY BITKY
APryMEHTY, AKa € HenepepeHowo dyakmieo. Tom naa dyakuii (3.1) maemo
(argz) = a + Ly a)ATB2 + A A8z = a + D,y Argz = (arga),
z =¥ a. Teopemy noBeaeHO.

A A
a & @
Puc. 3.4
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Hosenenns HacTYOHOrO KpuTepito Oyle HaBeJeHo ¥ po3aim 7.

Teopema 3.4. L1 Toro med B oGracti G Moxua Oy.10 BHOPATH OJHO3HAY-
HY BITKY apryMeHTY, HeoOxigHo 1 JOCHTE, o0 ICHYBAIA OJHO3E A3Ha of-
Aacre D raka, mo G C Di0¢& D.

Ha puc. 3.4, ai 6 so6paxkeni obaacti, 8 AKMX MOXHA BHODATH OTHOZHA-
UHY BITKY aprysedry, a Ha puc. 3.4, 6 — oBracTh, B AKIH He MOMXKHA ¢
3po0HTH.

3.3. KOPIHbB n-ro CTEIIEHHA

Hexait n € N\{1}. 3a canaqsennam iz, z € C, — MHOrO3HA4HA QYHK-
mif, AKa kowEHOMY z € T cTaBHTB ¥ BLIMOBAHICTE MHOKHEY TOH0K w € C
Takux, mo w" = z. Ockiaeky 3a dopmyaon Myaspa

vz = )z (ms Arg 2 + isin A-rg,z) ,

n n

TO BHOPATH OJHO3IHAYHY BITKY /7 MOXKHA TaM, Ae MOXHa BHODATH OJHO-
3HAYHY BITKY apryMeHTy, ToOTO B KOMHIN OJHO3B'A2HIN obmacTi, AKa He
MieTHTE no4daTky koopgusar. Hexann G — Taka obaacTb 1 B HIM BHOpaHO
OAHO3HAYHY BiTKy (arg:z) aprysenty. Bcel iHmi BiTKE apryMeETY MOKe-
mo samucaTy y euraanl (argz) + 2wk, k € Z\{0}. Tomy oxmosmayHEMH
BITKAMH MHOTOZHAYHO! (PYHKINL ¥z e dyHruil

(% z) = V2| (CGSM + isin{mgz} —i—Zﬂ.:) , k=0,1,-++ n-1.
T n .

Poorussemo ogny 3 vux w = ( {/z);. e — oanosnauna pyHKLiA, o6ep-
HEHa J0 AKOl € AHANITHYHA B yCiil w-InomuHl dyekma z = w™. Tomy opu
z # () MOMEeMO 3HAHTH MOXIIHY

d, — dw dz ety _ w1
=y ey = = Ly,

z nwh

robro ({/z); — aHamiTuuna dynknia B G, Axa 31ilicHoe KoEOPMHE Bi-
AobpazkeHHsA. JayBaxumo, mo OpaTH MOXIZHY HacTymHEM =GmHEOM ( ¥/2) =
= (z1/")" = (1/n) 21/"~ re Moxma:
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DopMyan nepexony ana cyEkuil w = ( ¥z)r MaoTs BUrAIAL

N + 27k

Bonu srsofaThCA aHANOMYHO 40 OpMYI Hepexoqy §1d cTencHerol dyHKUil
3 HATYPAlbHNM NOKASHUKOM, 3a JomoMoron dhopmya (3.2) HeBakKO MOKa-
34TH, N0 IVIOLIIHA 3 PO3PI30OM B3J0BK N0 IaTHOL AIECHOL miBOCI NepexouTE
npu Bigobpaxkesnl w = (/2)p ¥ BEPXHIO MiBIIONIHHEY .

Sayeaxmvo, 1o 3 hopmyr Myaspa eummueae pisHiCTs (/2); = — (/7 }o.

HacTo BiTKy KOPEHA 2aJal0Th, (PIKCYIOHEH MeBHe HOr0 3HAYEHHA B 3aia-
win Touni z. Togl mepeq TuM, AK BHKOPHCTORYBATH dopmyan (3.2), BusHa-
4ai0Th 9rcao k. [Ipunyerumo, Hanpuxiaf, wo Tpeda sHanT odpas obnacTi
{z : 0 < argz < 27} npu sigobpaxensi BITKOK +/z Takowo, MmO

Vz|li=—1 = —i. Hexait 0 < ¢ < 2. Toai ¢ = 7 (gaa z = —1) signosi-
nae @ = _TEE (ama w = —i). Iigerasmmnown ui suadends s (3.2), MaeMo
k = —1. Popmymn (3.2) gabysaroTs BUMALY p = /T, 0= gr — 7 i myKa-

Huy 00PAZOM € HIGKHA MIBILIOMIHHEA.

Touxku z = 01 2 = 0o HABMBAIOTLCA A (/2 TOYKAMU PO3LALYMKEHHA.
Axmo sizememo zamxueny mopganony xpusy [C], 0 € int C, i obiftgemo
11 OfMH pas, TO NPUPICT KOpeHA n-Io cTelneHA Oyie BlAMIHHMN Bl Hyad,
a AKmMo ofiMgemo n pasis, TO BiH JOPIBHIOE Hyx0. AHANOrIYHA KAPTHHA
XapakTepHa i I8 TOUKH 2 = 0.

3.4. JJIOTAPHUDOM

Jorapudmom Ln z HasupaeTnes MHOrosHavHa (yHKUIA, AK4 KOXKHOMY
z € C\{0} crapurs y BignoeigEicTs MHOKuHY Towok w € C rakux, Imo
e¥ = z. Ockinvkn € # 0, o Ln0 me icaye. 3anmmemo z = re'¥ Ta
w = u+iv. Togl

{e“"‘w = re"i‘"’} = (e" = rAe? = e‘"”j =(u=InrAv=w+2rk), ke,

TobTO
Lnz =Lnlz| + iArg z. (3.3)

OTixe, ofHO3HAYHY BiTKY JorapudMa MoxEa BEHOPATH TaM, Je MOXKHA
BuOPATH OJHO3HAYHY BITKY apryMeHTY, TOOTO B KOWMKHIN OQHO3B A3HIA 06-
NACT], AKA HE MICTHTHL NOYATKY kKoopausaT. Pyeknia Inz = In|z| + targz
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HA3MBACTHCH POJOBHMM 3HaveHHAM Jorapudma. Bei inun siTkn B obfaacTi
C\{z: 2 <0} mators surnag (Inz), = In|z| + targ z + 2kmi. B obaacri
C\ {z: 2z = 0} MoxHa BuGpaTn o 1Ho3Ha4HI BiTKK (In 2); = In |z|+iargg 2+
+2kmi. Ouesnguo, mo Lnz posnagaeThcd Ha OIHO3IHAYHI BITKH, BKA3AHI
parime i 3agani e C\ {z: 2 <0} ras C\ {z:2>0}.

IMoxaxsenmo, wo ecl iTkn gorapudma e ananiTuyamvu dyaxmiavu. He-
xail w = (ln z);. Obepuerow go uiel pyukuil e uita GyHkuis z = €, TOMY

d dw dz 1

dz{n)k dz dw e%

B =

Basmno, 110 3HaMeHAN DOXIAHO! He 3a0eXATE Bl BEOopy BlTkH. BTiM, e
apoaymMino 1 6ez poapaxyHKIR, 60 B 06aacTi, Je MoHa BHOPATH OJHOIHAH-
HY BITKY JorapHdgMa, PemITY BITOK BIAPI3HACTRCA BlJ BHOPAHOl CTAIHMH
Jomaukamu. Ieil daxr sanumcyoTs y suraagi (Lnz) = 1/z. Orxke, Jo-
rapud € MHOTOIHAYHOK AHAMTHYHOK (QYHKLIEW, moxigHa Axol 1/z g
Beix z # 0. Kokea 0JHO3HAYHA BITKA JOrapmdna 2 1iHCHIOE KOH(pOPMHEE Ta
ogHoaMcTe BlaoOpaxkensd. 3 (3.3) sumnueae, mo gud dyuxull w = (Inz)
dopMyaH nepexoay MamTh puraag © = Inr, v = @+ 2rk. [Iprkragu Bigo-
OpaxkeHb HapejeHl Ha puc. 3.5. 3ayBamuMo, IO 4acTo BITKY Jorapudma
3aJAaK0Th, DIKCYIO9IM NepHe Horo apadeHsd B 3ajamii Toyui. Tomy nepenq
THM, AK BHKOPHCTOBYBaATH GOPMYJH NEPEX0y, BU3HAYAIOTE 9uciao k € Z,
SHKOPHUCTOBYIOUH IIPH ILOMY TAKHH CAMHM METOJ[, AK 1 444 KBaJAPaTHOTO
KOPEHA.

@ A @ A
il .
AT M.

-1

Puc. 3.5
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Toukn z = 01 2 = 00 HAIUBAKTLCA TOUYKAMU PO3CANYXEHHS Mag Lo z.

frano siabMenmo samkreny xoppasosy xpusy [C], 0 € int C, To cxinnkn
6 mu 11 He 0OXOAMAN, NPHPICT JorapudMa 3aBX I Oy 1c BIAMIHHUM BLE HyJd.
e came MOXHA CKa3aTH 1 NPO TOUKY z = 00.

3.5. IHIII EJMEMEHTAPHI MHOT'O3HAYTHI $¥YHKIIII

Yepea J~! moswauumo MuorosHaqny dyukiio, fKa koxHoMy 2 € C cra-
BUTE ¥ BiAmoBigHicTs MuOMuMHEY Todox w € C rakux, mo J{w) = z, ge

1
J — dyukiia ZKykoscekoro, Ockinbku J(w) = E{w+—}, TO, POE A3YI0YH
w

KpajpaTHe pisuanrHd, Maemo J~H(z) = 2+ /2% — 1, To6r0 J ! — npoouau-
Ha fyukuia. [laa snaxogxenus ofpasis obnacren upu Bigobpamendl oHi-
€0 3 BiTOK MHorosHa4dHol dyHKnil J ! MOMHA BAKODHCTOBYBATH pPe3yib-
TaTH poaglry 2.3 (aus., Hanpukaam, puc. 3.6).

O

Puc. 3.6

ApkcuaycoM Arcsin z Ha3UBaEThCA MHOTO3HAYHA (PYHKIIIA, AKA KOKHOMY
2 CTABATHL ¥V BIANOBIAHICTE MHEOMHAHY TO40K w € T Taxwmx, mo sin w = z.
Poar’asyioun ocTanse piBmamps, ToBTO piBmAHEA € — ™'Y = 2iz, mae-
Mo w = —iLn (iz + v1 — 2%). TonosnuM 3HaveHHAM arcsin z HA3WBAETHCA
Ta BiTKa apkcuHyca, Aka BubmpaeTeca B obaacti G = C \ {z : Imz =
0, [Rez| > 1} Tak, mob /1 — 3'5[3:,3 =11Lnl =0. [Ia siTKa OIHOIHCTO

Bigo6paxkae obmacTe G Ha cMyry {w : |Rez| < ETE—} (auB. posgin 2.5 Ta
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puc. 3.7). Jlerxo Gaqury, Mo dyHKNia w = arcsin z Bifo6paxkae ogHOIMCTO
: : s
BEDXHIO MiBMUIomuHy Ha msemyry {w:Imw > 0, [Rew| < E}

-

® 4 ®

. W = qresin z +
—

e

L

*

o
e

&
P

PR

#*
-

i b e

e
e

b
el

7/

A\

N

Pue. 3.7

Hexaint @ € C. Crenenepowo ¢yHKIIE 3 NOKASHHKOM « HasHBACTLCA
MHOTO3HAYHE (PYHKLiA 2% = e 03,

Teopema 3.5. /aa roro nof =z 6yaa 0 JHO3ZHATHOK (PVHEEKIIEH, HeoOXIIHO
1 JOCHTE, mIob « € Z.

HJosedenna. HAwxino 2% — oagnosmagna byskuia, To

% In= 20— o (In zTETra},

3BLAKM BHILIMBae, mo e ™% = 1, Tobro o € Z. Hapnaku, axmo o € Z, To

L (In 242w} _ eﬂ:!nz

1, oTxe, z% — oHO3HAYHA (DYHKUIA.

UuTadgeBl MPONOHYEMO IOBECTH, 1Mo % — ckiH4YeHHO3HAYHA QYHKUIA
TOAl 1 TITBKA TOJL, KOTH (¢ — PANIOHATLHE YHCI0.

Hexan o € Z. BiTky MuorosEayHol dyHKOil 2% MoXHA BHOPATH TAM, €
MOXKHS BHODATH OJHO3HAMHY BITKY Jorapmdma, a OTXKe, Tam, e MOXHA
BHOPAaTH OJHO3HAYHY BITKY apryMeHTY.

4* 3l



Poadia §

BukopscToByIOUE O3HAYCHHA, MOMHA IHAUTH (GOPMYJIH NEpPexony A
NmeBRO] BiTKR MEOTO3HAYHOD yHxnil 2. Ha raxmx dopuynax synmuaTH-
ca He OyJeMo, a 3ayBamMo, D0 AKIIO o = M/n — DPaLIOHAILHE MO,
m € &, n € Nim/n — neckopoTruii Api6, To 2% MOXKEMO POIYMITH AK
cymeprnoanmio w = wi* 1 wy = ¥z, a NpH Bi00pakeHH] BUKOPHCTOBYBATH
BiJOMI BXKe ITPHIOMH.

Hapemri, wexait a € C\{0,1}. [TokasaukoBoK (DYHKIIEK 3 OCHOBOK a
HA3HBAETbCA PYHKLIA a® = e*' % j1e Ina — TONOBHE 3HAHMCHHA JOTAPHD-
ma. g dyHxnia Ak cynepnosunia NOKASHAKOBOL 1 mixoi miniiHOl dyHKII
€ L0,

SaypasKumMo, U0 AKIIe BUPA3 i° PO3YMITH AK i* IPH z = i, TO BiH JOpPiB-
Hioe €' "% = ¢~7™/2 3 grimo poayMiTH 8K z' IpH z = 1, TO

I"'i =€t' Lné _ E:'{I*:rf2+‘2w:'k} —_ E-'JTJ."Q—'EWA: {;i: = E},



Foadia 4
IHTETPYBAHHA

4.1. BUSHAYEHWM IHTETPAJI

Hexan ¢ = (z = z(t), a £ t < b) — geAxa xpusa. 3pobuMO A0~
BiibHE PO2BHTTA UpoMikKy [a,b] : @ = fg < #; < -+ < t, = b, 1 no-
amaTuMo z; = z(t;), a G5 = (z = z(t), t; < t < tj41). Tom [C] =

—1
= > [C;]. Take posburTa xpusoi nosHawmMo depes 1. Ymeao Ar = max

_T_
{|C;] : 0 < 7 < n— 1} nasuBaeTsca giameTpom posburTa T. Iokranemo
Azj = zj41 — zj. OueBugro, mp |Az;] < |C;).
Hexait ma [C] sagasa dyrkuia f. Bubepemo na xoxnomy [C';] goBlabaum
n—1
YHHOM TOYKY T; 1 YTBOPHMO iHTerpampny cymy or = . f(77)éz;. Axmo
=0
ICHYE CKIHYEeHHA MPaHiIA ,r.limu g = I, To yncio | nasuBaeTLCA IHTErpAIOM
=

eig ¢yeknil f sagoex kpusol C. IcHyBaHHA rpaHUNl TYT O3HAYAE, IO

n=-1

(Ve > 0)(36 > 0)(VT)(V subopy {m}H{Ir <d= |Z flr) Az — 1| < e}
j=0

Inrerpan Big dyeknmil f 3gorx kpueoi C N03HAYAIOTE CHMBOJIOM

I= fc f(2)dz. (4.1)

OGumcaeHHA BH3HAYEHOrO iHTerpany (4.1) 3BOARTLCA X0 OGHUUCACHHA
KPHBOIIHIMHEX IHTErpalis IPyroro pogy, BIIOMHX 3 KYPCY MaTeMaTHIHO-
ro anamiay. Hexain f = u+iv, 75 =& -+in;. Ockinexn Az; = Oz 410y,
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TO
n=—1 n=1
Z f{Tj]'&zJ Z{u & fh] + “’(533 ﬂj)}{&ij + 3*&%}
j=0 g=0
=1 n—1
=D A{ul&ym)ozs — v )03} +i ) _{uls,n;)Dy; + v(&j,m5)24) )
=0 i=0

Y npapli 9acTHHI OCTAHHLOI PIBHOCTI CTOATH IHTErpalbHl CYMH IIA 1H-
TerpaJis

f u(z, y)dz — v(z, y)dy, f v(z,y)dz + u(z, y)dy. (4.2)
o c

Tomy icHyBanHA 060X iHTerpatie (4.2) € HeobxigHOW i JOCTATHBOIO YMO-
BOIO icHYBaHHA iHTerpany (4.1). [lepexoma™mi 00 rpasMil, MAEMO

ff dz_f z,y)dz — v(zx ,y}dy+iLt:{:t:,y}dr+u(m,y)dy, (4.3)

BeamnocepegHro 3 oanadeHnA abo 3 dopmyan (4.3) BUILIMBAIOTE TAK] BJa-
CTHEOCT] BH3HAYEHOTO IHTErpaty:

1) [, Kf(z)dz=K [, f(z)dz (K = const);
2) Jo(fi(z) + fal2))dz = [ filz)dz + [ fa{z)dz
3) saxwo [C] = [C1] +[C2], To

f fde= [ e+ [ fl2)de
C14Cn L] Ca

4) [ f(2)dz = — [5_ f(2)dz;

5) saxmo f uenepepsHa Ha [C], To inTerpan (4.1) icHye;

6) |[of(2)dzl < [ 1f(2)lds,
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ae ds aucbepenmian gyrm kpueol C, a IHTerpaJ cnpasa € KpHBOJIHIAHEM
iHTerpanom nepmoro pogy. CopaBeinusicTs Iiel HepiBHOCTI BHILTHBAE 2
HEPIBHOCTI

1Y £zl < YISl

i=0

¥ Teopil ananiTHunux GyHEKUIN JudepeHIiAT IYTH 9ACTO 3AINCYIOTE AK
|dz|. Tomy maHy HepiBHICTE MOMXHA 3aIMCATH Y BUMMATi

| [ st < [ 17Glas,
apiaxu samansae, mo axkmo (Vz € [C]H{|f(z)| < M}, o
Ifcf(z}dzl < MLdlech

7) axmo C = (z = 2(¢), a <t < b) — rnagxa xpusa, TO

j;; flz)dz = f: F(2() 2 (t)dt.

Cnpasgi, 3 ormagy na (4.3) maemo

b
f f()dz = f (ue(t), y(£)2' () — v(z(t), u(t))y/ () }dt+
o a

+a‘f; {o(z(2), y(£)2' () + u(z(t), y(t))y' () }dt =
b
'/L; {uz' (t) + tuy'(t)) + va' () — fvy/(t)}dt =

b b
f{uz"{t}—l—éuz’(t]}dﬁ:/ Flz(t)'(t)dt.

OxeBrIHO, OO TAKOK CAMOI (OPMYJIOK MOXKHA KOPDHCTYBATHCA 1 ¥ BH-
MAaAKY KYCKOBO-TVIANKOl KPHEOI.
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OTxe, ob4unciaeHHdA iHTerpany (4.1) 3BOIATECA A0 OOHMUCAEHHA IHTerpa-
Jqy, MO MA€ BUTIAL | j @(t)dt, ne v — xoMmrekcHozHawHa dyuxuia [a, b] —
C. Ilpunycrumo, mo ua GyHKIla HenepepbHa 1 ¢(t) = aft) +15(t). ©yuKLia
$ HasMpaeThCA NepBicHO Au4 uiel dyukuil @, axmo (Vi € [a, b)) {D'(t) =
= (t)}. Moanammo &(f) = A(t) + 1B(t). Togi A'(t) = a(t) 1 B'(t) = B(t).

Orxe,

i3 b b
[ otae= [ atar+i [ i = AL +iBOL =20,

TOOTO JIA KOMIUIEKCHO3HAYHUX (PYHKIIN A1HCHO] 3MiHHOI cnipaBefmBa dhop-
myaa Heworona-Jlenbuina. o dopuyay BukopucTaeMo npu JoBefeHH] Ha-
CTYITHOL JEMH.

Jlema 4.1. Hexam ke Z ir = 0. Togi
0, k# -1
—z)fdz =< 1
f S { omi, k= —1.
|z—zg|=r

Niticwo, piswsuua xona {z : |z — 2| = r} MoXkHa 3anmcaTn y BHIAAI
z=zg+re, 0 <t < 2n. Tomy, axmo k # —1, To

2
f (2 — z9)"dz :f rket*tirettdt =
0

lz—zq|=r

Pt
ekt gy ekt am_ 0.
ot [ e

D
f ;‘dz: =1 / = 2.
Sol=r ]

Busacaumo me GisHYHui 3MicT ILilcHOl TA yABHOI YacTHHH IHTEIDagy
(4.1), Tobro imrerpamis (4.2). Hexam B obfmacti G sagana QyHKULA
f = u+ iv 3 menepepsno. gudeperminopaammn u i v, A = P+ 10} — xoMn-
JEKCHO cIpsikene fo f BexTopHe nose (aus. poagia 1.5). Hexan [C] C G,

Axowo x k= -1, To

o
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{ — oauMHUYHWY BekTop goTH4HOI g0 C, N — OJMHHYHHMH BEKTOD HOPMAI
a0 C, enpamopanwmit wanpaso sig C. Bemumea I'e = [(A,t)ds masusaeTs-
A THPKy.IAlieio pexTopHoro noas A Ha C, a Ng = [, oA, n)ds — nmorokoxu
gepes (. Ockiaeku tds = dz = dz + idy, a nds = —idz = dy — idz, To,
spaxoeyloun, wo P =4 i @ = —v, Maemo

e = f Pdz + Qdy = f udz — vdy,
o o

Ng:f —Qdy+de=fvdm+udy
c c

1, OT#e,

f flz)dz =T'¢ +iNg.
o

4.2. IHTEI'PAJBHI TEOPEMHM KOIIII

Teopema 4.1. Hexanw ¢yuknia [ anamiTuysa B 04H03B #3HIH 06dacTi G.
Togi [ f(z)dz = 0 gag xoxnroi samxwerol kpusoi C, [C] C G.

Hosedenna. Hexan f = u+iv. 3 apamitTugnocti dyuxuii f eumineae, mo
SACTHHHI ToxigHl pyHKIIN © 1 v HenepepsHi i 33 J0BOABHAIOTE YMOBK Kormi-
PiMana (1.4). 3anmmemo pisHicrs (4.3) nna nosinsHOl 3aMKHEHOI KPHBOIL
C,[C] € G, 1 go inTerpanip ¥ mpapit YACTHHI 33CTOCYEMO HACTYIHY BiIOMY
3 KYPCY MaTeMaTHIHONO aHANI3Y TeopeMy: Akuwo dyHK P 1 () HenepepsH]
PA3OM 3 MEPOIMMY YACTHHHUME ITOXITHUME B OaHO3B'samil obnacti G, To
Aig TOro mob f Pdz + Qdy = 0 gua xomuol samxrenol kpusol C, [C] C G,

c
HeoOXiTHO 1 JOCHTE, W06 g = Ez—}: B G. 3aBnaxku (1.4), s iETerpatis
(4.2) Taxi yMOBM BHKOHYIOTHCA 1 3 ér‘m,qy Ha TeopeMmy (4.3) Teopemy 4.1
JOBEIEHOD.
o Teopemy MoO¥kHa CHOPMYTIOBATH IHAKIIE.

Teopema 4.1*. Hexan B ogu038 a3mil ofracti G 3a1aHO BeKTOpHE CO.Ie-
HOlgaabHe Oespuxpose noae. Togl uMpKyIAmia oporo moad Ha OvAb-KIR
samkrenii xpueii C,[C] C G, | noTik Yepes 1o KpHBY JOPIBHIOIOTH HYJIO.
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Teopema 4.2. Hexan obmacte G oOMexena cKIHYEHAHM YHCIOM 3aMKHe-
HHX KODJaHOBHUX KpHBHX, a ¢yHkUia [ amamiTuiua B samuxasl G. Togi

Joc flz)dz =0,

Hosedenns. 3a ymopow yHKmA f aHamiTu4HA B JeAkid obaacTi
D C G, robro ecrogr B G BHKOHYIOTECA yMoBH Komi-Pimana, Buxope-
CTOBYIOYH LIl YMOBH | 3aCTOCOBYIO4H 10 iHTerpanis y (4.3) dopmyny I'pina,
MAEMO

f{z}dz:f ud.1,~*udy+'i/ vdr 4+ udy =
G G

ff(_%__y)‘fﬁyﬂff(g—j——y)dmy 0.

JaralsHimoo Big TeopeMu 4.2 ¢ HacTYMHA TeOpeMa.

Teopema 4.3. Hexai obracte G o0MexeHa CKIHYEHHHM GHCIOM 3aMKHE-
HHX )Kop,anom KpHBHX, & (VHKDIA [ aHariTu4ea B G | HellepepBHA Ha
G. Togi Joc F(2)dz =0

HoBenenna piel TeopeMu NpoRefeMo JHMIDe A 3iproBHX obaacren G.
O6nacte (¢ Ha3MBAETHCA IPKOBOK, AKINO icHye Touka zp € ( Taka, mo
KOXHHM IPOMIHEL 3 NOYATKOM B zp HepeTHHAae kpan JG Tiabky ouH pas.
OuesuAHO, MO KOXKHA ONyKIa O6JACTE € 3ipkosoo. JHeBHAHO TAKOXK, IO
AxIO Teopema Oyje qopejeHa Jud 3ipKOBHX 0bJaacTel, TO THM CaMHM BOHA
Oyle noeegeHa i qaa obaacTei, aki poabuBaioTheA Ha 31pKOBI obaacTi.

Oraxe, gexan G — sipkosa obaacte. Tom 11 xpait C € 3aMKHeHOK XOp-
nanoBoio kpusolo. Hexait C = (z = z(t), a <t < b). "lepes z, nosHawmMO
TOUKY 3 (7, AKA JNeXATE HA BIAPIZKY, MO CHOAYYAE TOYKY 2p 3 TOYKOK
z € C, Taky, mpo |z — 24| = g|z — 20|, 0 < ¢ < 1. Tozi BHACKIZOK 31pKOBOCTI
obaacti G xpuea C) = (2 = z4(t), a <t < b), ge z,(t) = 2z + q(=z(t) — z0),
MICTHTECA B (5 1

f flzg)dz, = 0.
C‘i

Jlerko mobaquth, mo dz, = gdz i z— z4(t) = (1 —g)(2(t) — zp). Ockinexu
(IK > 0)(¥t € [a,b]){|z(t) — z0] < K}, TO

|2 = 24 < (1 - QK. (4.4)
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Ockimbxu f nenepepssa B G, To BOHa TaM o6MexkeHa AeAKHM acaom M
1 piBHOMIpHO HenepepsHa, TOBTO

(Ve > 0)(3o > 0)(V(2/,2") € GB){|¢' — 2| < o = |f(2") — f(&")| < &}.

Hueao g subepemo Tak, mob 1 — ¢ < £ i (1 — ¢)K < o. Toxi 3 (4.4)
BMILINBAE, IO |2 — 24| < @ 1, oTxke, |f(2) — f(z,)| < e.
Or=xe,

| [ 1@t =1 [ 1= [ qf{zq}dzq|=| L_ ez = [ Flagade] =

- f (f(2) - af (zg))dz| = | j T (1- q)f(zq))dz] <

f (17(2) = F(z)| + (1 = Q)| F (z)l}dz < (e + eM)|C] = €|CI(M + 1),

3BIIKM BHACTIJOK AOBLIBHOCTI £ BHILIMBAE CIPABENIHBICTE TEODEMH.

Hacaigok. Axmo ¢yuknia f anaritagsa s kiasni {z @ Ry, |2] < Rq}, TO
inrerpar [ [(z)dz He samexurs Big r € (R1, Ra).

j#l=r

Hiticeo, Hexalmh R; < r; < 72 < Rz 3acToCOBYWYM g0 KLIBLA
{z : r1,|2| < r2} Teopemy 4.2 (abo 4.3), maemo

dz—/f

|#|=rz fz|=r1

4.3. IHTEI'PAJIM THUIIY KOIII

Hexann € — poepiapHa kKpuea abo 00’eqHaHHA CKIHYEHHO] KITLKOCT] KPH-
BHX, { — HenepepsHa ¢ynknia Ha [C]. Imrerpamm

Fﬂ(z}zf{—""(—)——udT neN,

T—z)"
c

HasuBalooThCA IHTerpanramu THoy Komi.
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Teopema 4.4. Inrerpars tuny Komi Fy(z) € aparimuasumy dyHRIiaMI
B o6racti C\[C] 1 F(z) = nF41(z).

HJoeedenns. Muoxuna [C] e samxreHO0 1 o6Mexenoro. Tomy 3a Teo-
pemoto 1.8 (IM)(¥Vr € [C)){|e(r)] £ M}. Bisememo samxsenuit kpyr K
3 menTpoM y Touui z € [C]. Bracrigok pisHOMipHOl HenepepsHOCTI GyHKII
(7 — z)7™"! wa muoxuni [C] x K pua koxsOro & > 0 MOXHa BHAUTH Take
4 > 0, Merme, ubk pagiye kpyra K, mo gua 6yae-axux 7 € [C], |h| < § Ta
t € [0,1] BuxonyeTses

(T —z—th)™ " ' —(r—z)"" Y <e. (4.5)
Brropucrosywuu dopmyny Heorouna-Jleitbuina (pozgin 4.1), sHax04mMO,

e
1

nf = z—th]ﬂﬂ = %{[T CZ—R) = (r—2)"")

o

Tomy, spaxoeymooun (4.5), Maemo

Folz 4+ h) — Fo(z)
h

:% f{f—z—h fﬁ—z Ef%:
C ol C

1
dt dt
”fc“" f (r—z = thyrt! _”L“"{T}drfm -
0

1 .
=n [t,ﬂ d’rf{ (r—z—th)™ " = (1 — 2)7" ' }dt| < nMe|C|.
C 0
OTxe, )
Peoy s Fo(z4+h) = Fu(z)
Fi(e) = lim 3 = nFy41(z).

Ockinexu npe z ¢ [C) icuye moxiasa F(z) aaa ecix n, To Bei F, neme-
pepeui B C\[C), a oTke, 1 ix moxigai Tex HemepepsHi. Teopemy gopegeHo.
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Hacmigox. Imrerpamn Tany Komi s C\|C] mators moxinsi seix nopaikis,
AKI € AHATITHYHHME (YHKIOIAMHE, OIPHYOMY

F{¥)(2) = kP (2).

4. IHTETPAJIHA ©OPMYJA KOIII

Teopema 4.5. Hexai ¢pyuicnia [ anasiTH9Ha B 3aMmkHeHiH obgacti G, 06-
MEKEHIH CKIHYeHHHM 9HCIOM 3aMKHEHHX XopJaHoBHx kpuBux. Tom gaa
acix z € (G copaBefaHBa PIBHICTE
1 T
fo) = — [ Ly (4.6)

2mi Jag T — 2

1 pyrknia f mae B G moxi gl Beix TOPAIKIE, AK] € AHATITHIHHME OVHKUIAMK
B (¢ | O0YHCIIOIOTECA 38 (DOPMYIaME

f“:.][’ } kl LG [:T f(:})k+l dTi ] [47}

Qi

Hosedenns. Hexalt z — gopiisHa Tovuka 3 &, a K, — 3aMKHeHHH Kpyr
3 NEHTPOM B z, pagiycoM 1, kpaem C,. 1 Taxmi, mo K, C G. llosrauumo

fr)

¢ ananiTynow B D,.. Tomy 3a Teopemoio 4.2 i BracTHBICTIO 4) BH3IHAYEHAX
IHTEIPATIB MAEMO

D, = G\E,. Jlerxo nofauury, mo dyukmis 1(z,7) = AK dyHKIIA T

SR (G WS W N (5 WS W N (s DO
2w ao T =2 2w o T = 2mi ap, T— 2
3BLIKH
*L. f(r) _ 1 : F(r) d (4.8)
2mi Jgg T—2  2m Jo T—2
Ocxinexu ﬂ:}___gfl — f'(z) (r — z), To Beam4mHA w €
oOMENKEHOI B TeAKOMY OKOM TOMKR 7 = zinpu 7 € L, 0 < r < rp, MaeMo
E&TTL-__—Z}:{—E]] < K < +4oc0. Tomy 3a aemoio 4.1 1 sracrusicrio 6)
1 T T
0@ =5 [ Ly L [ Ll [ L) gy <

2mi JoT—2 c, T—-z o T—2

=
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f Md?l < "}"-KE?TT' =0 (r=0).
c, T — =z 2

3 OCTaHHBOTO CHIiBBiAHOmWEHHA 13 (4.8) sumansae dopMyna (4.6).

Iurerpan s (4.6), axuir nasusaeTsea inTerpanonm Ko, € 9aCTKOBHM BU-
najgkoM iHTerpany Tumy Komi. Tosmy, 3aCTOCOBYIOHMN HACHIA0K 3 TeOpeMH
4.4, sapepinyesMo fosefenud Teopewu 4.5,

Dopuyna (4.6) HasupaeTsca inTerpanbHol dopmyaown Komi. 3aysa-
Kumo, mo dopmyan (4.7) 4acTO HAIUBAIOTE TAKOXK lHTErpanLHuMu hop-
mynamu Komi. Bracmigox Teopemu 4.2 dopuyny Komi momua sanucaTn
¥ HACTYIHOMY BHIJIATI

L P
0, z € C\G.

<1
- 2

2ni fag T—2

Hacaigok 1. Axmo ¢vuknil f1 i fo aganiTwari B samkrerin obracti G,
oOMexeHIH CKIHTEHHHM YHCIOM 3aMKHEHHX JKOpPIAHOBHX KDHBHX, TO

(Vz € 0G){f1(2) = fa(2)} = (Y2 € G){f1(2) = fa(2) }.

[Mo6 goBecTH CHpABEIAMEBICTE LBEOTO HACTIAKY, AOCHTE A0 (PYHKIII
f = fi = f2 sacTocyeaTtn Teopemy 4.5.

JAyBAXKHAMO, INO AKIIO MPH NOBeNeHHI Teopemu 4.0 NOCHIATHCA He HAa
Teopemy 4.2, a Ha Teopemy 4.3, To B Teopemi 4.5 1 B Hacmigxky 1 mox-
Ha Oyno 6 euMaraTH Big dyEKOil f Jume azaniTHYHOCTI B obmacTi G Ta
HenepepBHocTi B G.

Hacnigox 2. Axmo ¢yuxuaia f agariTuisa B o6racti G, To Bosa B G mae
noxigHi BCIX HOPASKIB, AKI € aHATITHIHEME QyHEDIAME B G.

JocATs JoBecTH COpaBefIMBICT: OBOMO TEEPIHEHHS B KOMHIN TOYI
z € G, ana 9oro BisbMemo saMkHeEnd kpyT K C G 3 merTpom y Toumi z
i mo EROrO 3AcCTOCYEMO TeopeMy 4.5.

4.5. IIEPBICHA

Hexait dyuxnia f HenepepsHa b obmacTi 7. Pyernia F HazupBacThCA
nepeicuoo ana f B G, axmo (Vz € G) {F'(z) = f(z)}. Muoroszausa dyHx-
iia F nasueaeThes MHOTO3HAYHOIO NepsicHoo i f B8 G, akmo F' B G pos-
Ila/iaeThes Ha 04HO3HaqH BiTKE ( Dy, Fiy) Taki, mo (Va) (Vz € D ){Fa(z) =

G2
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= f(z)}, 1 na xoxuin kpueit C = (z = (t), a < t < b),[C] C G mo-
xna subparu ojuosHauny BiTky F(z(t)) MEorosmaumol ¢ymxuii F Taky,
mo: 1) F(z(a)) ¢ ogumm 3 manepes saganux smavens 3 F(z(a)); 2) (Vi €
‘a,b))(36 > 0)(Fa)(Ve){|t — to] < 8 = z(t) € Da A F(2(1)) = Falz(t))}.

Hanpuxaag, B obracti G = {z: 0 < 2] < 400} MHOro3Ha4HA QYHKILA
Lnz € MHOr03Ha4HOK NepBicHOW A (yHKUi w = 1]z,

Axwo dyuxuia F e nepeicroo gua f, ro F e ananitunon dyukiieo, 6o
dyuxnia f venepepsua. [logibHo, MHOrO3HaYHA NEpPBiCHA € MHOMOZHAYHOIO
AHAJITHYHOK dryHKUIE. JBLICH 3a HacalgxoMm 2 o Teopemu 4.5 1 dyHKUIA
f € asaniTuunoro. Orxe, HeoOXigHOW YMOBOW icHYBaHHA nepeicHO] (04HO-
3HAYHOL M MHOTO3HAYHOL) a4 HenepepeHol GyHKOIL € anamiTHuHicTs f.

Teopema 4.6. Hexan ' — gosiicma kpusa 3 obumacti (3 KiHIAMH B
roukax z = Aiz=DB. Axmo F — nepsicua gag f 8 G, To

L f(2)dz = F(B) — F(A). (4.9)

Hoeedenna. Hexan C = (2(t),a <€ < b), z{a) = A, z(b) = B. Toai
{1uB. po3min 4.1)

7]
f f(z) = f ()7 ()dt = B(B) — B(A), (4.10)
G &

e © — gopinbua mepsica it kKoMIIeKCHO3HauHol dyukmil f(z(t))z2 (1),
[Tokaxemo, mo ®(t) = F(z(t)) ¢ mepsichoro mma f(z(t)). HdikcHo,
®'(t) = Fi(=(8))2'(t) = f(=(t))2’(t) . Migcrasmaoqu emep y (4.10) F(z(t))
aamicTe P(t), micraemo (4.9).
Popmyaa (4.9) HasusaeTsea dopuyaon Heworona-Jleibuina. B ymopax
Teopemu 4.6 peayabTAT IHTErPYBAHHA HE 3AMEKNTE Bl BUrIAly kpusol C,
4 TLTBKH Bif i1 KIHIEBUX TOYOK. VY TAKHMX BHIIAJKAX BXKHBACTLCH HACTYIHNN

3anuc R
Lf[z}dz:!f[z]dz‘
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Teopema 4.7. Hexan ¢pyaknin [ Henepepsra B obaacti G, a F — I MHO-
rosHavHa mepeicea. Togi guaa koxwol kpusol C,[C] C G, maemo

f flz)dz = AcF, (4.11)
-

fge Ao F - npupier mMHorosaqrol ¢yaknil F ma xpusin C.

Hosedenns. Bubepemo Ha C' oJHO3HAYHY BITKY F MHOrozsHawuol dyHK-
wi F. Toxl B okomi KOXKHOI TOUKH fy € [a,b], BukopucTOByIOUMM yMOBY 2)
O3HAYeHHA MHOTO3Ha9HOl nepsicHol, MaeMo

i . i . ' ' —
- F((t)) = — Fu(a() = FL(2(9)'(8) = £(=(1)).

Otxe, F(z(t)) e mepeicaoro gus f(z(t))z’(t) Ha [a, b]. Tomy
b
[ 11z = [ 107 0t = Feo) - Fe(@) = AcF
C i

SBiNCH Bﬁ,E[HOT 110 &gﬁ' He 3aJMeKATE Big Bnbopy BiTku. Tomy AF =
= AgF, 1 maemo dopmyay (4.11).
Ha gani obMexpMOCh po3raagoM TIMIBEKHM OJHOZHAYHOL IEPBICHOL

Teopema 4.8. Hexall ¢yuknia f HemepepeHa B obuacti G, a F — Ii mep-
picaa. g Toro mo6 ® Gyaa nepsicaoro gia [ B G, HeoOX1gHO 1 JOCHTS,
mob6 ®(z) = F(z) + const.

Mosedenna. Axmo ¢ — nepsicaa aaa f 8 G To nokmagarooun v = &~ F,
micraemo i (z) = ®'(2) — F'(z). Hexait z; 1 2 — api dixcosani Touku 3 G.
Tomi

W) = 9(e) = [ W)z =0,

3Biaxu BUIAMBaE, Mo ¥(z) = const , Tobro ®(z) = F(z) + const.
Hasnakm,

(®(z) = F(z) + const) = (®'(z) = F'(z) = f(=)).

G4
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Teopema 4.9. Hexar ¢pyuknia [ wenepepsua 8 ofinacti (7. [ng roro mob
f manma B G pmepeicHy, HeOOXIQHO | JOCHTE, IMOO 4IA KOXKHOI 3aMKHEHOI
xpusoi C, [C] C G,

| faz=o. (@.12)
-

Hosedenna. HAxwo f mae 8 G nepeicuy F, To 3a Teopemon 4.7
/ f({z)dz = AcF = 0.
e

Hasnaxu, mexall suxonyersca (4.12). 3adixcyemo Touxy zg € G (puc.
4.1). 3 (4.12) sunamsae, mo igTerpan Blg f B3ZOBXK JOBLILHOI KPHBOI, WO
JexuTs B G 13'eqaye 2p 3 ToUKoO 2 € G, He 3anexuTh Big BUOODY KPHUEBOI,
a Juie BLI TOYOK zp 1 2. Tomy

Pe) = [ f(r)ar (4.13)

£ byukuieio (ogHosEagH00). Tloxamemo, wo soHa € nepeicuoio gus f. Tpe-
0a [NOKA3ATH, WO

lim ~{F(z +h) ~ F(2)} = £(2). (4.14)
e
[C]
F
Puc, 4.1

5 Kommn. adanis 65
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Biaememo kpyr K 3 meHrpoM B z Tak, mob K C G, i pabepeMo HHCIO
h Tax, mob z + h € K. 3'egnaemo 2z 1 z + h sigpiskom [z,z + hl,azpilz
AOBLIBHO Kpnmm C4, [Cy) € G. Togi

F(z+4h) = h flr)ydr, Flz+h)-F(z)= f flr)dr.
[z, z4+h] [z,24A]
Tomy
P+ -F@) 0|1 1 _
h f{ ]I h ./[z,z+h] f{T]d h vl['z.z-!-h] f[:z}dT B
=[5 [ U = ] < phma{(£(r) = F(E) 27 & 4 W) =
— max{|f(r) - £()| : 7 € [z, 2 + A}, (4.15)
Ockinpku [ Hemepepena, TO max{lf V= f(z)] : 7 € [z,2+h]} = 0

(
(h — 0). Tomy 3 (4.15) sunnmpae (4.14).

Ilis BHMAAKY, Koau ofaacTs — KpyT, Teopemy 4.9 mMoxHa M1 ICHIHTH.

Teopema 4.10. Hexait ¢pynxuin f senepepsra B kpysi K. s Toro o6
f mara B K mepsicHy, HeOOXIHO | JOCHTH, MOG IHTErPAT Bl [ B3IOBXK
KOXHOI'O TPHEYTHHES 3 K JOpIBHIOBAB HY.IO.

Hosedenns. HeobxigmicTs, No cyTl, MICTHTBCA B HeoGxi THOCTI noMepe-
auboi Teopemy. J[lopefleMo JOCTATHICTE. Hexait zp — uenTp kpyra K.
Toknagemo F(z) = [ f(r)dr. flcno, mo F — dynxuia. Ilo6 aose-

{z0.2)
ctn, mo F — mepeicua gaa f B K, gocuts gopectn (4.14). Ockimbkn

[z,2 + h]U[20,2) = [20,2 + h] 1 isTerpan no TPUKYTHUKY 3 BEPIIMHAME
Zo, 2, 2 + h JOPIBHIOE HYIIO, TO

Flz+h) = f f(r f )T + j F(r)dr

zu *+h. [zn,ZJ [z,z+h.]

Fz4+h)—F(z) 1
h h

[z.z+h]
MNonaneme nopesenss Teopeyu 4.10 HiYAM He BIAPIAHAECTLCA BiJI HOBEIEH-
HA Teopemu 4.9,
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Hacnigok. Axmo ¢pyexuia f senepepsHa B kpy3i K, C — 3aMKHeHa kKpHBa
3 K, A — rpuryrmux 3 K, 7o

(G, [C] C K){ L Flz)dz =0} > (VA,[A] C K){ L f(2)dz = 0.

Teopema 4.11. Hexai ¢yrxmia f HenepepeHa B 0gH03B A3HIH obaacTi G.
s roro mob6 f mana B G mepeicHy, HeoOxigHO 1 JOCHTE, o6 BoHa Oyia
B OiF ofracT! apasiTHYE.

Hosedenna. HeobxignicTs goBeseHa Ha modaTky poagimy 4.5. Hoeesemo
noctatHicTe. Akmo dyEkNia f apariTH4sa B onioas’mauin ofnacti G, To
3a Teopemoio 4.1 BuxoHyeThRCA (4.5), ToMY 3a Teopemoio 4.9 f Mae nepricuy.

Jl1a saransHoro BUOAJKY Mae MICLE HACTYIHA TeOpeMa, JOBeJeHHA AKOL
OIIYCTHMO,

Teopema 4.12. Hexai ¢pyaruia f nenepepsna B ofaacri G. JQax Toro mo6
f mara B G mepBICHY 9 MHOIO3HAYHY NEPRICHY, HEOOXILHO | J0CHTH, 0O
BoHa Oy.ia aHaniTuiHoK B G.

Orxe, xaac anamiTuynnx B obracrl G dyHxuin 30iraeThea 3 KIACOM
HenepeppHux y G dyHKII#H, AKi MAKOTL DEPBICHY 4l MHOMO3HAYHY EPBICHY.

4.6. TEOPEMHWA MOPEPH I I'YPCA

Teopema 4.13 (Mopepu). Axmo ¢yrxnis f menepepera B o6racti G
i [~ f(z)dz = 0 g1 koxuoi samxrernoi kpusoi C, [C) C G, To f anariTuina
B ofnacTi .

Josedenna. 3a Teopemoto 4.9 f mae mepsicHy B G, a 0T3e, 3a TeOPeMOIO
4.12 poua amamiTuysa B G,

Teopema 4.14 (nocunena reopema Mopepu). Axmo ¢yuxiis f zere-
pepsra B obaacti G i || » fl2)dz = 0 gaa xoxmoro TpuxyrHuxa A, [A] C G,
To f aHagiTH49HA B (7.

Hosedenna. [ocnTs nokasatw, mo f aHANITHYHA B KOXHOMY Kpy3i
K C . o Takoro kpyra sacrocoByeMo Teopemu 4.10 1 4.11. HicTaemo
agamiTausicTs f B K i, orxe, B G.-




Pozdia |

Ilpn gosegensi HACTYHHOI TEOPEMH BHKOPHCTOBYETHCA MOCHACHA TEOpe-
ma Mopepu.

Teopema 4.15 (npo ycyHeHHsa Biapiska). fkmo dyuknis [ Henepep-
BHa B obaacti G i agamiTeyEa B obaacti G\I, ge I — Bigpizok, To f ana-
mitiyaa B (3.

fdosedenna.  Mocuwres gopecrn, mo [ € aHamiTHYHA B KOXKHIEN TOYI]
z € ING. Bizsbmemo kpyr K C G 3 yeHTpoM ¥ 2z 1 Oy Ab-AKUH TPHKYTHHK
AL [A] C K. Axmo I se nepernnaerses 3 [A], TO 3aCTOCOBYEMO TeopeMy
4.1, a AKINO HepeTHHACTLCA, TO 3aCTOCOBYEMO TeopeMmy 4.3, pozbuBaiowu,
aRmo Tpeba, TPHKYTHHK Ha asi dyacTuad. B ofox sunmagkax igrTerpan
B3JOBX TPUKYTHHUKA Big [ nopiesxioe Hymo. 3a nocuieHoio Teopemoio Mo-
pepu dyHkiia f adaxiTeyvaa B K, a omxke, 1 B G

Teopema 4.16 (I'ypca). Axmo ¢yarnia f MoHOreHHa B o6xacti G, To f
aHaTiTHIHA B (7.

Jdoaedenna. Hexail f momorenwa B G. Bisememo josineHmE Kpyr
K C . 3rigao 3 teopemown 4.14 gocuTh JOBeCTH, 100 IHTECPAT B3J0BK
xoxHOro TpuxkyTHuka A, [A] C K, Big f aopisaioe nymo. 3adikcyemo
A, [A] C K | i gepes | nosHaymmo ioro nepumerp. [oxragemo

M= |Lf(z]dz|.

Tpeba gopecTu, mo M = (0. Posif’emo TpuxyTHUK A cepejHiMM JiHIIMH Ha
TPUKYTHHKH ﬂn.{ll}, ﬂglj+ &gl},ﬂal} (prc. 4.2).

Puc. 4.2
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Tomxi

=1 [ o FEdt /. o S < | /. o JEst /. o I

. " . . 1
3BiIKH BHILTHBAE, OIO, IPUHAHMHI, 14 OJHOMO 3 TPHKYTHHKIB ﬁi”, s &i !

{ mosmasmMo foro gepes A puxoryeTnen mepiBmicTE

M
J_ A f(z)dz| = T

Posi6’emo Tenep All)) cepegmivm mimiaMu Ha HOTHpW TPUKYTHUKH, ceped

HKHX M
@y {1 [ sl > 35}

(3{A™})(vn) { [ [& @ 2 %} A{intA™ D int AP

i 1. g Tom

apugomy nepumerp [A| =2-"1 0 (n — oc). 3Bigcu BumIMBAE, INO TI0-
CHJOBHICTE BKJIAJEHHX 3aMKHEHHX obJacTel, 0OMEXCHHX TPHKY THHKAME
‘A", wae emineny Touky zp, a [AM)] eraryiorres go 2.

Ockitbku f MOHOreHHA B Zp, TO

(Ve >0} >0)(Vz2eGH{ < |z — 2| < d = [f—[zg? - fl{z)| < &}

tofiTo NpH |z — 2| < § BUKOHYETBCA
(2} = £'(z0)(z — 20)| < €]z — 2ol
3 1Hmoroe Goky,
(W6 > 0)ANM[ANN ¢ {z: 0 < |z — 2| < 6}

Omxe, ockinexu |z — zg| < |AW)] = 27V i mpu z € [AWV)]

1£(2) = F(z0) = F'(20)(z — 20)] < el = 20| < e,
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a 3a Teopemown 4.1

Ltm{ﬁz“} + f'(z0)(z — z0) }dz = 0,

60 mgiETerpaibHa GYHKIIA € LUI0K JIHIHHOK, TO MAagMo

<[ f@d— [ (o) + () — )}

ALN] ANy

(™) 2
=1 [ A = o) = fGa0)(a - m)bas] < So = 2

TobTo M < el?, 3pigkm pummaeae, mo M = 0. Teopema I'ypca goBegeHa.

OTxe, xnac Monorednux B obnacti G dyHxull 36iraeTeca 3 Kracou
AHAMITHYHMX ¥ Oift o6xacTi dyHKIiH.

4.7. TAPMOHIMHI ®YHKIIII

HiicEo3Ra4Ha QYHKLIA U = (2, Y) HA3MBAETHLCA FAPMOHINEOIO B 061aCTI
G C R?, axmo BoHa B il o6aacTi Al HemepepeHo Audepenniiopana i
*u | Pu
52 o
Ororoxmooun R? 3 C, snaligemo 38’A30K MIXK rapMOHIMHAMYA 1 aHATI-
THIHHMM (DYyHKIIAMM.

0. (4.16)

Teopema 4.17. Axmo ¢yrknia f = u + iv agarituysa B obracti G, To
¢hyurmil u 1 v rapmoria=i B G.
Hosedenna. 3a HacmigxoMm 2 3 Teopemu 4.5 1 Teopemoto 1.8 dysrOil u

1 ¥ MATL YACTHHHI NOXigHI OyIb-AKOro NOPAIKY | 3aJ0BOJILHATE YMOBH
Komi-Pivana. IIpoandepennioemo ogHy 3 ux yMOB IO &, & IHIIY — MO Y.
Micranemo piBrOCTI

&u 9%y 9%u 9%

dz? = fxdy’ By  Ozdy’
3Bigku gogapaHEaM npuwxogumo go (4.16). TapmoHBiHICTE u JOBejeHA.
o6 aoBecTH rAPMOHIMHICTL ¥, AOCHTHL BPAXYBATH, WO AKmMO GysKuia f
aHaniTH4Ha, To if — TeX aHAMTHYHa QYHKILA,
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Teopema 4.18. Axmo dyHKLiA u rapMOHIEHA B O4HO3B A3HIN o6aacTi G,
To icHye apatiruana 8 G ¢yurnis f raxa, mo (V2 € G){u = Ref}.

Josedenns. SadikcyeMo Touky zp = &y + iy € G, 3'eaHaeMo JOBLIBHY
Touky z = 2 + 1y € G 3 2y xpusow C, [C] € G, i posrasuemo inTerpan

[ (2 i (20 ar

9%y 8%y .
g?. = —@, TO IHTErpPAT {4.1?} HE

3AJERWTE Bl ILIAXY IHTETPYBaHHA 1, OTKE,

@) gu du
U{mlly] a -/{mg..yn} (_a_y) det (EE) dy

e dyukuiero. 3uaifemo il yacTunsi noxigui. Konw Sepemo moxiguy no x,
10 BubEpaeMo kpusy C Tax, mo6 nepeTHH 11 3 JeAKMM OKOJIOM TOYKY (T, i)
cKIaJaBcA 3 TopHaoHTaIbHOro inTepsary. Togi

v(z,y) = const -|—j: (*%&yl) dt,

Ockinpku 3 (4.16) eunineae, mo

1 AECKO MOKAIATH, 110

du du
—_————, (4.18)
dr dy
AHajoriuHo, SKIO MYKAEMO HOXiIHy [0 y, TO BuOupaeMo kpHBY C Tak,
mob nepeTuH i1 3 JeAKHM OKOJOM TOYKH (,Y) CKIATABCA 3 BEPTHKAIBHOTO

inTepeaxy. Tomi

_ ¥ Bult,y)
v(z,y) = const + fm "_E}m_df
: d a
w i
a - a. (4119}

Noxaagemo f(z) = u(z,y) + iv(z,y). dra uiel dyrxuii pirnocti (4.18) Ta
(4.19) € He wo iHme, Ak ymoen Komi-PiMaga, 1 oTike, dyHkuia f aHamziTi4Ha
B D, a Ref =u.

B ocuoBsi sacTocysane Teopil aHam THaHUX GYHKIIH J0 33434 Teopil rap-
MOHINHNX (BYHKIIH JeXHTh HACTYIIHA TEOPEMa.
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Teopema 4.19. Hexail ananiTuyna ¢yaknis f Blgobpaxae obaacrs G Ha
obaacte D, a dyaxuiz uw rapmoriiaa B D. Togi ¢yexnia u(f(z)) rapmo-
HifHA B .

Josedenns. Bisememo moBiteHy Touky zp € G. Hexait wo = f(z0).
Y meAxoMy OKONI TOYKH wp SHARJEMO TAKY AHAMITHYHY $yHKLi0 F, mo
w(w) = ReF(w). ®ynkuin F(f(z)) amamituvsa B gocuTs ManoMmMy Oxodi
To9KH zp. Tomy u(f(z)) = ReF(f(z)), i orxe, u(f(z)) — rapMmoniAna
B OKOJI zg (VHKIIA 1 3 OMVIAAY Ha JOBUIBHICTE 2zg rapMoHiAHA B (.

SBHYAMHO L0 TEOpPEMY 3aCTOCOBYIOTH ¥ BHOAAKY, KOAH f 3MIHCHIOE KOH-
copmHe 1 ogHoMHCTE Bigobpaxenna G ma D.



Poadia &
DYHKIIOHAJBHI PsIITHA

5.1. PIBHOMIPHA 3BIZKHICTb. TEOPEMA
BEUEPIMITPACCA

Hexait (fn) — mocrigosuicTs ¢yuknin, 3atannx Ha MEOKEE] E. Posraa-
HeMO (QYHKIIOHATLHEE DA

an{z =filz) + fo(2) + -+ fulz) ++-- ,2z € E. (5.1)

Axmo B (5.1) TokIAZEMO Z = 2, TO JICTAHEMO YMCHOBUH pAT § Fnlz0)-
Axmo Bix Eﬁl}KHHH TO KaxkyTh, M0 dyHknionarsuul pag (5. 13 ;ﬁmcmm
y Toumi zg. Pag (5 1) HasweaeTecA 20DKHEM Ha MHOX@HI F, Axmo Bix
aGlkHul y KoxHIE Towni 2z € E. Y nroMy eumaiky 4depes f(z) mosHadmMmo
cymy pany (5.1) s Touni z. Te, mo pax (5.1) abixauit na F go dynkuii f,
O3HA4ae, Mo

(Vz € E)(Ve > 0)(3Ing € N)(¥n > ng){| i:fk(z) - f(z2)] < €}.
k=1

Psag (5.1) HasmeaeThca piBHOMIpHO 36ixEnM go f Ha B, Aaxmo

T
(Ve > 0)(3no € N)(¥n > no)(vz € E)X{| 3 fu(2) - £(2)] < e}.
k=1
Ak Gauumo, HaBegexl O3HAYEHHA HIMAM He BlOPISHAIOTECA Bl aHAJIO-
PiMHEX 3 KypCy MaTeMaTHYHODO aHanidy. DBUKOpHCTOBYIOHMM HEDIBHOCTI
(1.2) nerxo mosecTn (Ax Mu e pobwid B poagia 1) HacTymHY Teopemy.
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Teopema 5.1. [ua roroe, mob pga (5.1} 6ye abixanmM (piBHOMIpHO 301K~
HuM) Ha muoxuel E go ¢yaruil f, seo6xigro i gocuts, mob Gyiau 360kHA-

f= =]
Mu (piBHOMIPHO 36LKaERME) Ha E 10 byEKOll w 1 v BIANOBLIHO DAKH ¥ Uy
n=1

o
i Y Un, g€ un, = Refn,u = Ref,v, = Imf,,v = Imf.

n=1

IIs Teopema jae MOMIMBICTEL NMEPEHOCUTH BIIOMI 3 KYpCY MATeMATHYI-
HOr'O aHAli3y TeopeMH Ha BHNAJOK KoMILIekcHol sminpol. Hampuxnan,
CrpaBe JIUBHAN HACTYIHUE KpuTepin Komi.

Teopema 5.2. [uax Toro, mo6 pag (5.1) 6y piBHOMIPHO 30[KHHM Ha MHO-
xunl E, meobxinno 1 gocuTs, mob

midn

(Ve > 0)(3ng € N)(¥n > no)(¥m > 0)(Vz € E){| D ful2)| <e}.

k=r+1

BuxopHCTOBYIOMH el KPHTEpPil, HEBaXkKO, AK 1 B KYPCl MaTeMATHYHOI 0
aHaJI3y, JOBECTH HACTYIHY 03Haky BenepmTpacca.

Teopema 5.3. Pyrxnionaneand pag (5.1) 36ixaui Ha MHoxuA] E DIBHO-
oo
MIDHO 1 a6COIIOTHO, AKIMO ICHYE 301K HUH DA E (fy 3 J0J8THEMH “LICHAMH

rasari, mo (Yn € N)(Vz € EY{|fal2)]| < an}.

HopemeMo OBa AHAJOTM BiJOMHX 3 KYPCY MATEMATHYHOrO AHAMIZY
TEoPEM.

Teopema 5.4. Axmo ¢yurii f, HemepepsHi Ha mHOKmHE] E 1 pag (5.1)
pisHOMIpHO 300kHEH Ha F no ¢pyukoi f, To f — Henepepera Ha E dyHkmia.

Josedenns. 3 piBuomipHoi 3Gixkuocri pagy (5.1) Bumueae piBHOMIpHA
30LKHICTE PAKIB 9, Up 1 2. Uy A0 yHKO u i v. Ockinekn GyBKOil u, Ta

n=1 n=l
Uy € HENEepEeDBHHMNA Ha E y TO 28 BigHﬂEi,LT_HOID Te0penMor’ 3 MaTeMaTHIHOro

aHAM3y TaKuMH CAMHMHA € QYHKU © 1 v, a oTwxe, 1 f.

Teopema 5.5. Hexait C — kpusa, ¢yuxunii f,, Henmepepsui na [C) i pan
(5.1) piBrOMIpHO 36ixHmI Ha [C] o dymxyil f. Toai

[0 =Y [ a2z

n=1**¢

T4



Dyuxyionaavni padu

Aosedenna. 3a Teopemoro 5.4 dynkuia [ Henmepepesa ma [C]. Tomy sei
IHTeIPATH ICHYIOTE., J PIBHOMIpHOI 36DKHOCTI BHILTHBAE, IO

(Ve > 0)(3ng € N)(¥n > no)(¥z € [C]){|7(2) th 2)| <e}.

OTxe npu n > ng MAEMO

| [1@a=3 [ aiaa <1 [ (76 - 3 i < o

a & 03HAYAE, 100

[ =t 3 [ e =3 [ e

Hactynna Teopema BeltepmTpacca npo paiu aHAMTHYHUX (HYHKIIH He
MAE AHAJOTY I PASIB 3 JIHCHIMH HellepepBHo R epeHIi HOBARMMY SIeHA-
mu. [lpu il goBegeHH] BHKOPHCTOBYBATHMETLCA Taka JEMa.

Jlema 5.1, Axmo pax (5.1) pisHOMIpHO 36LKHMN Ha MEOKHHI E, a pyHKLIA
[ ]

@ Ha E obMexena, To pag »_ ¢, piBHOMIpHO 30ixkHHH Ha F.
k=1

CrpaeegauBicTs miel Jemy BUILIMBae 2 KpuTepiio Kol 1 HepiexocTi

T fitr
(Vz€ EM| Y ¢(2)fe(z)l M| DY fil2)[}, M = sup{|p(2)| : z € E}.
k=n+1 k=n+1

Teopema 5.6. Hexaii B o6iracTi G 3aJaHa NOCT JOBHICTE ( fi ) AHATITHYHAX
pyumii, i pag (5.1) piBHOMipHO 36iMHEI Ha KOXHOMY 3aMKHEHOMY Kpy3i
K C G go ¢pynxaii f. Tozi:

1) pyuxnia f apaniTwyna e G;

2) pan (5.1) moxna nowieHHo gudeperniroBaTH, TOGTO

™z Z ), ne N (5.2)
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—r—.

3) paau B (5.2) pipHOMipHO 36iXHI Ha KOXKHOMY 3aMKHEHOMY Kpysi K C G.

Hosedenns. Iynuaumocs nume Ha gosegensax Teepaxens 11 2. Iloune-
Mo 3 2. [JocuTe gopecTH aHAMITHYMHICTE ¥ JOBiapHiM Touni z € G. Hexan
K — npoBinbuui saMxHeHui KPYD 3 UEHTPOM ¥ 2 TAKMH, 110 KcgG. 3a
Teopemoio 5.4 dyuxnis f memepepsua ua K, a 3a reopemoio 5.5 pan (5.1)
MOXKHA MOYIEHHO IHTEerpYBATH B3JoBXK OVIb-AKOl 3aMKHEHOI KPHBOIL, IO

nexnTs v K. Hexalt C — taxa xpuea. Ockiasku 2a Teopemoio 4.1

(Vk € N) {fc fu(2)dz = n},

fﬁ f(z)dz = 2 ]C fulz)ds = 0,

3BIAKY 34 Teopemorr 4.13 pMnIMBAe aHATITHYHICTE $yvHKII [ B K.
HMosegemo Teepmxenns 2. Hexalt K — Takuil caMuyi Kpyr, K 1 npu

goeefenni Teepaxenna 1, a T € K. Ilomuoxumo o618l YacTHHA PIBHOCTI

= 1
flr) =3 felr) 5a dyuxnio ¢(7) = ﬁ_}n![ﬂ' — 2} aka e ofMexeHOK0
=1

TO

Ha OK. [icranemo pieHOMIpHO 30LKHMN 33 demMom0 5.1 paAjx 3 HemepepsHUX
yHKUiN, AKAR 33 TEOPEMOIo 5.5 MOXHA HOWIeHHO iHTerpyeatn. OTxe,
MCTAHEMO PIBHICTE

n! f(r) =~ nl Fi(T)
2mi f (1 — z)nt+L ar = Z 2mi f (r — z)ntt ar

K = aK

a3 Aol 3a Teopemowo 4.5 gicraemo pismicrs (5.2).

5.2. CTEIIEHEBI PA/IY

DyuxuioHansHKE PAL
E an(z — 20)" (5.3)
=l

HA3KMBAETHLCA CTENMEHEBHM DAIOM (3 meHTpoM y Touui zg). OuesumHOo, mo
Big 30bmmuit y Touni zp. Ilosmawumo o = lim 3/|a,| i no pagy (5.3)
’ =00

TG



DynryionaIbHE pAdu

aacrocyemo Teopemy 1.2, Ockiabkm mpu z # 2p, CUpaBefInBa PIBHICTE
g= lim 3{/|a.||z — z0|" = e|z — 2|, To npu @ = 0 pag (5.3) e abcomoTHo
TE— O

36ikuuM gia seix z € C. Awximo o« = oo, 7o pax (5.3) poabixuuit BeomM,
KpiM TOYKM z # zg. Hapemrri, axmo 0 < o < 400, To pag (5.3) e abcomror-
Ho 36DkHUM B {2 : |z — 29| < 1/a} | poaBiwuum B {z: |z — 2| > 1/a}.

Hucmo R, 0 < R < 400, HasuBaeTscA pajgiycoM 36ixuOCTI pagy (5.3),
AKmo pag (5.3) sb6immmt B {2z @ |z — 2| < R} 1 posbixumit B
{z : |z = 2| > R}. fAxmo pag (5.3) 36ixuuil BCIOAM, TO HOKIAJAEMO
R = 400, a aK10 Hi e, KpiM TOYKH zp, He € 300LKHNM, To Noklagaemo B = 0.
3 HapegeHMX MIpKYBaHB BHIMIMBAE HAacTYIHA dopmyta Komi-A tavapa nis
3HAXOMKEHHA Pagiyca abikuocTi pagy (5.3)

1
255, Vlenl
Kpyr {z : |# — z| < R} HaswBaeTecA Kpyrom 36DkHOCTI, a upn
0 < R < +o0 koo {z : |z = zg] = R} nasusaeThca kotom 36LKHOCTI.

Ha xom 36ikueocTi pag (5.3) moxe GyTa 3bimaun, posbixumd, ablxamm
TUIEKHM Ha JeAKIM HAMHOXKHHI IBOMO KOJa.

Teopema 5.7 (A6ens). Axmo pag (5.3) 36bxmm B Touni 2% # z), TO BiH
abcoroTHO 360KENH ¥ Kpy3i {7z 1 |z — 20| < [2* — 20}

HJosedenna. Ockinern pag (5.3) abixmmit B 2%, TO 3a O3HAYEHHAM pa-
miyca abixrocTl |2* — 29| < R, a ockiisku pag (5.3) abcomoTHo 36DKHMI
B {z:|z — 2| < R}, To BiH € abcomoTHo 36ixaNM i B kpyai {2 : |z — z0| <
< |E* - z.]|]-

Teopema 5.8 (npo piBHomipmy 36ixkHicTs). Akmo pag (5.3) Mae pa-
give 3bixrgocti B > 0, 7o B koxuoMy saMkHeHOMY Kpyail {z 1 |2 — zg| <7},
0 < r < R, BiH 30DKHEE DIBHOMIDHO.

Mosedenns, Hexaft z; — Touka Ha koni {z : |z — zp| = r}. B z; pag

fe

ablxuuit abconoTHO, To6T0 Y |a,|r™ < 4+oo. Ocransiil pay € MakopaHT-
n=(}

HUM ¥y Kpy3i {z : |z — 20| < r} gaa paay (5.3). Sammmmroca sacTocysaTn

o3Haky Beflepurrpacca. :
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Hacaigox 1. Cyma pagy (5.3) B xpysi 30DKHOCT] € AHATITHYHOW (DYVHK-
OI€i0, I el PAL MOXHA MOLISHHO AubepeHIiioBaTH JOBIIBHEY KLIBKICTE Da-
3iB.

Hificro, ockinbku a,(z — 2p)" — uini dyuxuii i pag (5.3) pisromipaO
30IKHIE Ha KOMHOMY 3aMKHEHOMY Kpyal 3 ofuacti {z : |z — 2] < R}, To
3a Teopemo BemepmTpacca HMOro cyMa € aHATITMYHOI B Wi o6aacTi
hYHKIIEIO.

Hacmigox 2. Pag (5.3) MOXHA HO4IEHHO IHTETPYBATH B3JOBXK OV Ib-AKOI
KpPHBOI, AKa J&KHTE V KpPYal 30I3KHOCTI.

Hdiicro, ana xoxpol xpueol €, mo dexuTs v Kpysl ablxuaocTi, MOMXHA
apanT Take v € (0, R), mo [C] C {z : |z — 2| < r}, ToGro pag (5.3)
piBHOMIpHO 361xkHEEN Ha [C), 1 3aaumunocks 3acTOCYBATH TeopeMy H.5.

5.3. ¥3ATAJILHEHI CTEIIEHEBI P11
Hexan zo € C. Pag

oo a
5 =
T=—00 (Z—H{]]
.-
—]—+--—t—z ; +ag+ - tan(z—z)" +0. (5.4)
= =0

HA3UBATHMEMO Y3AralbHeHHM CTeneHeBHM pa oM. ['0J0BHOIO | TPABMIBHOIO

(=]

JacTHHEAMHA PAAY (5.4) HAMBAIOTHCA BIANOBIAHO PAKM 3 G_n{z — 29)™ ™ 1
n=1

L]

3. anlz—zp)". YsaradbHEeHHHN CTENCHEBHH DAL HAZMBAETHLCA 30LKHMM (piB-
=0

HoMipuo 36hxHEM) ua Muoxkuui E, akmo wa E 36ixui (pisaomipuo 36ixwHi)
MOr0 I'OJOBHA TA NPABWILHA YacTHHM. [IpaBmibHa YacTHHA € 3BMYANHNM
creneHeBHM pAfoM. llossagumo gepes Hs Horo pagiyc a36ixkHOCTI 1| IpROY-
cruMo, mo Ry > 0. fx sigomo, B 3amkuenomy Kpyai {z : |z — z| < r},
0 < r < R;, npaBuasHa 4acTuHa piBHOMIpHO 30ixua. B roaosmil e ua-

=)
cTrE] 3po6uMo saminy z—zp = 1/w. [licrarmemo crenesepmit pag 3 a_zwt.
! =

T8



Dyrryionaasvui padu

Hexait R’ — jtoro pagiyc 36ixHocTi, To6To BiE 361kEMI y Kpysi {w : |w| <
< R'}, nputomy piBHOMIPHO Ha KOMKHOMY 3AMKHEHOMY KPY2i 3 I[bOT'0 KPYTa.
Hopepraounce g0 ronoesol YacTHHE pALy (5.4), 6a<UMo, O BoHA 361KHA B
obuaacti {2 : |z2—zg| > 1/R' = R, } i pinHoMipHO 36i3KHa B KOXKHI 3aMKHeHIA
obracti {z: |z — zg| = r},r > Ry,

Huera R; 1 Ry obumemonoTs 2a gonomoroio dopuys Komn-Agamapa

‘ 1
R] = lim & Iﬂ-_n|, Rg =
L=k 00 lim & ‘:ﬂ'n|
The==t 22

Humo By > R, To pag (5.4) mige ve abimuun, axkmo x R; = R, To BiK
Moxe OyTH 301KHAM Xiba mo Ha Komi {z @ |z—zp) = R }, aaxmo Ry < Rz, To
obracTio ab6ixkBOCT] € Kimeme {z : Ry < |2 — 2| < Ra}, npuyoMy Ha Kpaio
OBEOTO KLIBOA MOXYTE OyTH Toukn 3b6ixuocTi. Haganm poarasgarwmenmo
JHIIE TPeTiN BHOAJOK 1 2ayBaKMMO, OI0 B KOXKHOMY 3aMKHEHOMY KiIbll
{z:r < |z—20] <rg}, Ry <11 <12 < Ry, paa (5.4) piBroMipHO 36ixkHNH,
a oTxe, B klaemi {z : B < |z — zy| < Ry} sagae amanmiTugny dysKmio
i HOro MOXHA TMOo4wIeHHO AudepeHniioBaTH I0BLILHY KIILKICTE pasis.

Teopema 5.9 (Jlopana). Anamitary B KLIBI {2 : Ry < |z — 29| < Ra}
yHKLIO f MOXHA €qHHHM SHHOM PO3BHHYTH B V3aUaJlbHEHHH CTeIreHeBHH
pax (5.4), npaaomy

a = 1/' f{r)dr (5.5)

2w rp (7= 2)"

fe I'p — gosiapne xoxo {z : |z — z5| = R}, R1 < R < Rs.

Aosedenna. He smeninyoun 3aranbHOCT], MOXKEMO BBAXKATH, WO 2p = 0
(3araJbHEN BUNAJOK 3BOJUTECA 10 LLOrO 3aMIHOIO 2 — zp Ha z ). Hexal
z == HoBiabH& TOuUka 3 Kimbua {z: Ry < |z| < Re}. Kona ' = {z: |2| =
R}iTre ={z:|z| = R'}, By < R' < R” < Rj, sufepemo Tax, mob
To4Ka z Jexana b kinemi {z : R’ < |z| < R"} (puc. 5.1).

Toal 3a Teopemoio 4.5

flz) = 1, /() d’r+L, Ma:J!'i":
27 Jpe T — - 2mi Ty, T

T
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(5.6)

Ocrarsin pag € piBHOMIpHO 36iLxuAM BigHocHO T € ['pr, 60 Mamopy-
ersca pagoM y. (R'/|z])", me R'[|z| < 1. ®ysxuia f obmexena Ha [pr.
=0

Tomy 3a Jemo1o 5.1 MOMEeMO HAIN PAj NOMHOXATH Ha f(T) | DOwIeHHo npoin-
Terpysatu. Maemo

% Ph.j{_’rid,r: 2;& ﬁ,}{f{ﬂ{%i(g)ﬂ}drz




Dynmyionaibni padu

Ha xoni '+ BukomyeThCA HepiBHicTb |2/7| < 1 1, oTxe,

Tiz:il—zf'r _Z( )

Tomy, Mipkyo9n, AK 1 paHime, MaeMo

Zir:' f - o ﬂﬂ% i G) dr =

T —
]'—'.I]Fi = 2 1—--}!l

-3 (EEE{ Tnﬂd’r) Y

P.I'J'
BukopucToyioun Tenep Hackgok 3 Teopemu 4.2, OTPHEMYEMO

1 f(r) dr = 1 mdf =

; n+1 o 1 n+1
2mi r, T 2mi Jpu T

L[ i),

- + T'r
27 Ty rtl

R, < R < Rs.

Tomy, migerapnmouu (5.7) 1 (5.8) B (5.6), Maemo

f(z) = ix (2; _ﬁﬂ df) 2",

n=— I'r

1 0Tae, MOKIMBICTL PO3BHHeHHA 1 dopmyna (5.5) gobegeni.
Hosegemo egunicTs poseunenua. IlpunycTimo, Big cyOpoTHBHOIO, IO
B kiabui {z : Ry < |z| < Rz} mna amanitu4usol dysknii f BEKOHYEeTbCA

[="a] e ]
E ezt = E anz".
T == T3 fl=—0D0

HoMmuoxumo ofuasa pagu Ha z~ ™1 | mpoiRTerpyemo B3foBX Ko
{z:|z| = R}, Ry < R < Ry, nourenno. Tomi

i o f n— ma-lallz, - Za'ﬂ f n-—m—ldz_

ME=0S =R ~  z|=R

6 Komnn. anania Bl
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SacTocyeMo g0 iHTerpanie y wi#d pieHocri aemy 4.1. Tomi 2mic,, =
= 2Miy, TOOTO ¢y, = Ay,. Teopema 5.9 NOBHICTIO NOBElEHA.

Koediniearn (5.5) nasuparoTsea Koedinientamun Jlopana, a pag (5.4)
3 TaKHMH koedimienTamu — pagom JlopaHa.

Hexait {z: 0 < |z — 2p| < §} — npoxoaoTnil okin ToukK 7y # co. Axmo
dyuxuia f aHaniTHYHA B HBOMY, TO 11 MOXKHA PO3BHHEYTH B pajy Jopana, 6o
Lell 0K € JaCTKOBHM BHIOAJKOM KiIbla B Teopemi 5.93 Ry =01 Rs = 4.
HicTtanenmo Taxkum 9uHOM po3BEHeHHA $yEKmWl [ B pag Jlopana B oxom
TOYKH zg. O3HAYEHHA TOMOBHOI 1 IpaBMIBLHO] YACTHHYE 30epiraoTned.

Hexan Tenep zp = oo 1 dyskuia f anamiTuusa B obmacti {z : 1/ <
< |z| < +co}. Pagom Jlopana ana dysxmil f B oxOmi TO9KM z = 00 Has3H-
BAETHCA PAS

flz) = Z apz®. (5.9)

Ilpn upomy pafg, ckAaZEHWH 3 <UIEHIB 3 AOJATHHMM MOKA3IHHKAMMA, Ha-
SMBAETLECA MOJOBHOK YACTHHOK PAIY (5.9), a paj, Mo 3aIMIIAcTLCA TiCAT
YCYHEHHA IONOBHOI 4ACTHHH, — NPABRILHOK JacTHHOK. MoxHa ckaszaTu,
MO A0 TOAOBHOI MACTHHY Po3BuHeHHA dyukuil f B pag Jopawa e oxom Tow-
k¥ zp € C mamexxaTh Ti “WieHH, AKl OPAMYIOTE J0 00, KOOH = — zp. SAKmo
¢dbyuxuia f amanitugna B obaacti {2 : 0 < |z] < 4o}, Aky MoxkHA pozyMi-
TH AK NPOKOIOTHH OKLT 1 Touku z = (), 1 To9KH z = 00, TO B mia ofaacTti
MoxHa possunyTH dyukiuio fF y pag (5.9), axui e pagom Jlopara gaa f
1B OKOMI To9ky z = (), 1 B OKOMI TOYKH £ = 00, ANe 3 DISHMMU MOJOBHMMU Ta
npaBwabHEMY dacTuuaaMi. Ipw usomy wnen ap, Ak gaa Touku z = 0, Tak i
JUIA TOYKH z = 00 3aBXK A HAIEXKUTH 10 OpasuibHol YacTunu. Hampuxian,
pan Jopana z + 1+ 1/z B okoxi Touxu z = 0 Mae roaosny wactuny 1/z, a
B OKOJI TOYKH Z = 00 I'OVIOBHOK YACTHHOKO € Z.

Teopema 5.10 (Temnopa). AmariTuemy B Kpy3i z : |z — zg| < R} ¢yux-
mifo f MOMHA €AHHHM YHHOM PO3BHHYTH B UBOMY Kpy3l B CTemeHeBHH DA
(5.3) 3 KoedinierTaMA

_ 1 f(7) - £ (20) -
Qp = — f ( d (0 <r < R). (5.10)

T—zg)"t T T nl

|r—zo|=r

a2



DyuryioHaabui padu

Hosedenns. TeepiieHHA TeopeMH B TOYII 2y NepeBipAeTheA Oesmoce-
peguso. [ami B xinemi {z : 0 < |2 — 2| < R} 3a Teopemoto Jlopana dyHKLIisA
[ poseuBaeTecA B pag Jlopasa 3 koediuienTamu (5.5). Ockinexm npun < 0
3a TeopeMoio 4.1 Maemo

Gn = f Fr)(r = zo)M=dr = 0,

2ard

[r=zp|=r

TO IeH PAK CKIAZACTHCA TIBKM 3 NpaBmasHOl ZacTEEn. Dopuyaa (5.10)
pumnBae 3 (5.5) 1 inrerpansaol dopmyan Kool

Hacaigok 1. ©yuxnia f e nigoro Togi | TIIBKH TO4l, KOJIH ii MOXHES PO3-
sunyTH B pay Teitiopa 3a cremenaMyu (z — zp) 3 HECKIHYEHHM pagiycoM
abixuoctl, zp € C.

@yukiia [ HAZMBACTRECA MOMOMOpPdHOK B 0baacTi (G, AKINO 111 KOXHOI
Touku zp € G icaye xpyr {z : |z — 2| < R} C G, B axkomy [ moxHA
poasunyTH B pax Teimopa.

Teopema 5.11. Pyurmia f rosomopdna 8 obracti G Toal | Tigery Toxl,
kouH BoHa B G aHadiTHYHA.

Hosedenna. fAwxmo dyukiuia f rojomopdHa, To 3a TeopeMor 5.6 BoHA
¢ agagiTHyHoK. Axmo dyvEKNiA f aHATITEYTHA, TO 33 HacmgkoM 1 3 Teope-
wmu 5.10 sona roxomopdua.

Ha sapepmensd apobuMo oria] pIBHOCHIBHMX 03HAYEeHb AHATITHYHOI
dyukuii. [ npocroTn oOMeXUMOCA BANAIKOM OJHO3B A3HO1 obnacti, xodq
y BlablnocT] 03Ha4eHs BUMOra OTHO3B’ A3HOCT] € 3anson. OTxe, aHamniTHy-
HOK (PYHKIIEI B OIHO3B A3HIM oBIACT] HA3HBAETHLCA Taka YHKINA, IO 3a-
HOBOJBHAE OJHY 3 HACTYIHHX YMOB:

1) Mae B mii 061aCTI HENMEPEPBHY IOXiZHY;
2) mae B uil obracTi NOXigHY;

3) Mae HenmepepBHO ANQeEpeHNINOBAHI AIMCHY Ta YABHY YACTHHH, AKI 3a]0-
BOALHAIOTE yuosaM Komn-Pivara;

4) HenepepsHa 1 Mae B obxacTi NepbicHy;

6* E3



Poadia 5

5) HenepepBHa 1 iHTErpan Bijg Hel B3A0BXK OyIb-AKOl 3aMKHEHOI KPHBOL, 110
IEXUTE B 000aCT], JOPIBHIOE HYJNO;

6) Mowe GyTH DO3BMHEHA B CTENEHEBMH DPAJ B OKOM KOKHOI TOYKH
a ofiacTi;

7} mae HenepepeHo sudepeHuifioBari AlHCHY Ta YABHY YaCTHHM i 3AlHCHIOE
koudopHe BiToOpakeHHA CKPISk B 0O6JACTI, 33 MOXKIHREM BHHATKOM 130-
JBOBAHMX TOYOK.

Bracruricts 7 HaMmm goBegens jgoci He nosrHicToo. [Io6 oTpumarn ii
MOBHE JOBGICHHA, TOCHTL HOCTATHCA Ha TeopeMmy 4.15 1 Hacaigok 7 3 Teope-
mu 6.3. [Iponouyemo NpopecTH NOBHE QOBEACHHA.



Poadia 6
HYJI TA I30JIBOBAHI OCOBJIUBI TO4YKH

6.1. HYJII AHAJITUYTHUX OYHKIIIN

Hexan dbyekmia f araqaiTadHa B ofaacTl G, Touka zp € (¢ HasmpaeTheA
nynem dyuknil f, sxamo f(z) = 0. fAxmo f(zp) = -+ = fU(z) =0
i fln) (z9) # 0, To zp HasuBaeTLCA HyJeMm n-ro mopaaky. fAxmo f 1 Bei i
NOXIAHI B 2y AOPIBHICKTL HYJ, TO Zp HASHEAETBCA HYJIEM HECKIHYEHHOT'O
NOPAJKY.

Teopema 6.1 (mpo HyJbL HecKiHYeHHOro MOPAAKY). AKMO ¢yHKIIA
[ amamiTuynaa B 0baacti G i zp € G € Il HylleM HECKIHYEHHOIO IOPAJKY, TO

(V2 € GH{f(z) =0},

Hosedenna. Hexait a — goBlipHa To4ka 3 G. IToxawxemo, mo f(a) = 0,

JMIA HOr0 3’€AHAEMO TOYKY G 3 TOWKOK 2p Kpusoio C, mo JexuTs B obaacti
G (puc. 6.1).

@

Puc. 6.1

83
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Ockineku kpesi [C] | 0G — KOMUIAKTH, IO HE HNEPETHHAIOTECA, TO Bi-
crank Mix HuMu p([C], 8G) = d > 0. Bissmemo kpyr {z : |z — 23| < d}

ey k).

i dyukmio f possEHEMO B HBOMY B paj Temnopa f(z) = kEU I—E—;a{i‘—u}(z -
—2p)*. Ockinexu sei f¥)(2p) = 0, To aBigen BummBae, mo (Vz, |2 — 2| < d)
{f(z) = 0}. Biasmemo Tenep y kpyai {z : |z — 20| < d} ma [C] Touxy z;
Tak, mob BoHa Gyna Ha Bigcrani df2 e3gosx kpusoi C go To4xn zp. B min
Toull z) ¢yHKUIA f Mae HYJb HeCKIHYEHHOTO MOpAIKy, DO BOHA IOpIBHIOE
TOTOXKHO HYJIIO B JeAKOMY OKOJMI TOMKH zp. [0 TOYKM 2; 3aCTOCOBYEMO Ti
K MIPKyBa®HHA, OO | 40 TOYKH zp. Pyxawmosmch Takmm smHOM Bagomxk [C],
JiMZeMO 40 TOYKH, BIACTAHL BiJ AKOl 40 @ MeHIna, HLK d, 60 kpuea C Mae
ckingensy gopxuay. [icrademo f{a) = 0. Teopemy goBegeHO.

Teopema 6.2 (npo xamouiuHe 3oBpaxenun). [Juas Toro, mob axami-
TuyHa B obaacti G ¢vaxuis f mama B Touui zp € G Hyas n-ro mopajky,
HeOOXIgHO I JOCHTE, o6 ¥ AeAKOMY OKOIl TOYKH 2o (yHKOIO [ MOxkHA
O6vaI0 300DA3HTH v BHOIAgI

f(z) = (2 — z0)"0(2), (6.1)
A€ @ — (QYHKOA, aHaIiTAIHA B HboMy okoui 1@(zp) # 0.

Hosedenna. Axmo f aganiTiana B G i zp € G € il HyJIeM n-ro NOpAgKy,
TO ICHY€ OKLI TO9IKM Zg, A€ GYHKIA [ po3BMBacThCA B pAjg Temaopa, AKHNA
B JAHOMY BMIALKY Mae BULVIAL

k]
f(z) = Z aplz — znjk = (2 — z0)" {an + an(z — 20) + -+ },a, # 0.
k=n
Ioxknagatoun @(z) = an + @ny1(z — z9) + -+, Maemo (6.1). Hasnaxam,
axuo Mae micoe (6.1), ge ¢ — anamiTHYHA B okoadl zp dyHKOLA 1 w{z) # 0,
TO B ILEOMY OKOJI
w(z) =by+bi(z—z0) + -+ ba(z—20)" +-- bo #0.
Tonty
Flz) =bo(z — z0)" + b1(z — 20)" T 4o,
i, oTxe, f Mae B zp HyJB N-ro nopagky. TeopeMy JOBeIEHO.
Byaemo ropopuTn, mo aHaliTHYHA B OKOJAl TOYKK z = oo dyukuis f Mae
B 00 NOMIOC M-T'0 NOPAAKY, Axmo $yekuia g(z) = f(1/z) Mae myas n-ro
nopanxy B To4ui z = 0. e 6yae Toal 1 Tinsku Toal, komt f(z) = p(z)/2",
e © — AHANITHYHA B JeAKOMY Ok TOYKEH oo dYHKIIL i p(oo) # 0.

B4
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Teopema 6.3 (mpo izoasosanicTs Hyais). Hexan ¢yaxuia f — anaai-
TuHa B obuacti G 1 zp € G. Axmo zg € Hyaem ¢yakgil f, To icHye okin
TOYKH Zz, B AKoMY [ He Mmae IHmMx HyIiB.

Hosedenns. 3a nonepefHeon Teopemon BukoHyeThea (6.1), ge ¢ —
AHAMITHYHA, & OTXe, HeMePEePBHA B JEAKOMY OKOM TOYKM zp GyHKUiA Ta
2(zp) # 0. Tomy B gesxoMy OkOX TOYKH zj BUKOHYETLCH HepiEHICTE

w(z) # 0.

Hacaigox 1. Axmo ¢yuxnia f anaritwdaa B obaacti G, To muoxuna ii
HY.TIB He Ma€ TOYKH CKyImyeHHA B (.

Cnpasai, B IpOTHWISKHOMY BUNIAAKY 34 HENEPepBHICTIO GyHKI f Touka
cKymueHHA Tex Oyaa O HyaeM ¢yEKUI f, o HeMOXKAEBO 3a Teopemoro 6.3,

JayBaxKHUMO, IO Ha Kpaio 0baacTi G Touka CKyNIY9eHHA HYJE Moxe ByTiH,
HA [0 BKasye NpukIaj aHamiTHasol B {2 : [z| < 1} ¢yl sin(1/(1 — z))
amymamu zp = 1= 1/ak = 1 (k = +00). :

Hacnigok 2. Hexan ¢yuxuis f £ 0 amanituyna B obracri G, a E —
xommakrT 3 G. Togi va F ¢yuknia f Mae ckindenne 9ucio HyIiB.

HoBegerus CpyHTYEThHCA HA IOOEPEIHLOMY HACHAky 1 mIpuHimi
KOMIAKTHOCTI.

Hacnigok 3. Hexai ¢pyrrnia f # 0 agagiTiu4ra B ofuact! G, To BoHA Mae
B (4 cKiHYeHHY ab0 3JiMeHHY MHOXHHY HY.JIB.

[oBegensA CPYHETYETLCA Ha NONEPEIHBOMY HACIKY.

Hacaigok 4 (reopema eausocti). Axmo ¢pyrkuii [ 1 g a”amiTH4s]
B obmacti G, a muoxuna E C G mae, monasmentie 0JHy TOUKY CKYTYeHHA,
Axa Barexuts go G, to (Vz € E){f(z) = g(2)} = (vVz € G){f(z) = g(2)}.

Hosegenns usoro TeepMixeHHA 0azyeThCd HA 3acTocyBaHHI g0 dyHKOI
¢ = f—guacaigky 3. 3 HacalIKy 4 BUNIMBAIOTL JBA HACTYIIHI TBEp IMeHHA.

Hacaigox 5. Arxmo ¢pyuxnii f i ¢ apariTayai 8 obracti G, 1 kpusa C

aexuts y G, 1o (Vz € [C]{f(2) = g(2)} = (V2 € G)}{f(z) = g(2)}.

Hacnigox 6. Axmo ¢yexmii f 1 g asaniTwysi 8 obracti G, 1 obracTs
D C G, ro (Vz € D){f(2) = 9(2)} = (¥z € G){f(2) = g(2)}-

BT
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Hacnmigox 7. Arwo ¢yarnia f # const agadiTina B oGaacti G, To BoHa
3UcHIOE BLIOOPAXKEHHA, AKEe € KOHpDODMHAM V KOMHIN Towi niel obaacTi,
KpIM, MOMJIHBO, MHOMHHHN, IO CKIAJAETHCA 3 130JB0BAHHX TOYOK.

Jloeenennn 6asyeTsCA HA 3aCTOCYBaHH] Teopemu 6.3 1o moxiguol f/ dyuxk-
i f, Mo TaxkoX € AHAMITHYHOK (pYHKIIEIO.

B posgini 2.5 6yao saysaxeHo, mo BCi GOPMYIH A TPHIOHOMETDH-
yHux GYHKIIN, Bigomi 31 WIKLIBHOrO KypCey MaTeMATHKM, CIPaBeliusi 1 B
xommrexcuin obaacti. i dopmymn nepesipmoTsea 3a gomomoron aarebpa-
I9HUX onepapii HAJ MOKASHHKOBNMH (YHEKIIAME. Aje X MOXKHA JOBECTH
ONHUM CTaHJapTHUM crocobomM. IlofcHuMO e Ha IBOX NPHKIIATAX:

1. sin®z + cos?2z = 1. ¥ aisomy Ta mpaBomy GO CTOATH ML yHKIL
Ockinexy BoHM piBHI Ha gilicuii oci, To 3a HachuigxoMm 5 BoHM pieui B C;

2. cos(z1 + 22) = coszic0822 — sinzsinze. Ockiaskm cos(zy + T2) =
= COS%1C08Zp — sinzisinr, gua Beix x; € R 1 z9 € R, To 3a macmigkom 5
maenmo cos(z + :.-:2) = C0821COSTo — SNz 8inze s Beix 27 € € npu xoxHOMY
dikcopanomy x5 € R. Tenep, dikcyoun 21, AHATOCIYHO JICTAHEMO WIYKAHY
PIBHICTD.

6.2. I30JIBOBAHI OCOBJHMEBI TOYTKH
OJHOSHAYTHOT'O XAPAKTEPY

Hexan dyuknia f aHaniTe4Ha B OPOKOIOTOMY OKOJL TOYUKH Zj, & B TOY-
Ui zg He aHamiTw9na. DBygemo BBamaTH, zp; # 00, TOMy [0 BUBYEHHSA
noBoKeHHA dyHKUIl B oxom TOvxu oo 3aminon z Ha 1/2 apoguThCa zO
BHBYEHHA NOBOxeHHs dyHknii f(1/z) B okoai Touku z = 0.

Aximo gyukiia [ asaniTu4da B npokoaoToMy okor {z : 0 < |z —zp| < 4}
TOYKH Zj, & B 2y HE BH3HAuUeHA abo He AHANITHYHA, TO Z) HABHBACTLCA
0coOIHBOI0 TOYKOK OJHO3HAYHOrO xapakTepy dhyHkm f.

Humo npu upoMy icHYe zlinklﬁ f(z) = A # 00, TO 2y HABHBAETBCA YCYBHOW

. sinz .
ocobameow Toukon. Hampmkaag, dysxuis f(z) = —— mae B Touui zp
YCYBHY OCOOMMBICTE. ‘

Aximo ;]LH;.:. f(z) = oo, TO zp HasupaeTbedA momocon. Hanpurnag, Touka

z =0 ¢ nomocom dyrkuii f(z) =1/z.
HapewTi, axmo lim f(z) #e icaye, To zp HasuWBaeTbcA iCTOTHO 0COG-
Z=3Zn *

8BS
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Meol Todkon. Hanpuraan, Touxa z = () e icTOTHO 0COBMMBOK TOUKOMIO
dpymruii exp{1/z}.

6.3. YCYBHA OCOBJINBA TOYKA

Teopema 6.4. Hexam zp — IzousoBaHa ocobansa Tovka ¢yukyil f. Ha-
CTYIHI TPH TBEDJXEHHA €KBIBAIEHTHI: 1) zp € YCYBHOIO OCOGNHBOIO TOY-
koro Gyexuil f; 2) f o6Mexena B jeakoMy OxOIl TOYKY Zp; 3) B pO3BHHEHH]
¢yveril f B par JopaHa B okodl TOYKH Zp HEMA MOJOBHOI YaCTHHHE,

Mosedenna. Axmo zg — ycyBHA ocobuusa Tovuka dyukuii f, o lim f(z) =
E=—tEQ

= A # 00 i, oTke, f oOMexeHa B JEAKOMY OKOJI TOHKH zg, Tomy 1) = 2),
Hosenemo, mo 2) = 3). Hexait

(IM > 0)(36 > 0)(¥2){0 < |2 — 20| < 6 = |f(2)] < M}.

Pozeuremo dyrknio f B pag Jopasa (5.4) 3 koedimesramna (5.5). Tomgi

1 flz) 1 M M
|{ln|{ —J / (——'"—R_'_—liiz|{: “—EJTTzr—n

=~ 2r 7 — zg) = 2 pntl '
|z=zn|=r

ge 0 < r < 4. flxwmo Tenep n < 0, To, cupaMoByiosun r — 0, Maemo a, = 0,
T06OTO MOIOBHOI HaCTHHE HEMA.

Hapemni, akmo B pagl (5.4) Hema ronoeHOl 9acTHHH, TO BIH € cTeneHe-
BUM DAJOM, WO 30LKHAN ¥ Kpyal 0e3 LUEeHTpY, &, OTHe, 1 B YCLOMY Kpy3l,
33JAK0MH TAM AHAMITHYHY (OTXe, HemepepeHy) dyHKI0. 3BiICH BEUOINBAE,
mo lim f(z) = ap, TobTo 3) = 1). Teopema gosenena.

= ED
SayBaxMUMO, L0 OJHOYACHO JoReaM HepisHicTs Komn: skino dyekOiz f

amaniTH4HA B Kb {2 : B < |2 20| < Ra} 1 poaeneacTsea B pag Jopana
{5.4), To

lan| < M(r)r ™™,

ge M(r) = max{|f(z)|: |z — zo| =r}, Ry <r <ry.
Hapani zoMOBMMOCA yCYBaTH YCYBHY OCOGIHBY TOYKY, NPHUMAIOYH

f(z0) = Jm f(z).
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Pozdia 6

Teopema 6.5 (Jliyeinaa)., Axmo niza dyrxuia f obMexkeHa B OKOI TOT-
ki z = 00, To f(z) = const.

Mosedenns, Ockiapku f — uina $pyHEKIIA, TO 11 MOXKHA DO3BHHYTH B Pl
Tetinopa 3 ueRTpoM y Touui z = 0 i pagiycom 36ixHocTi B = +o0. len
e PAI MOXKHA po3yMITH Ak pag Jlopana dyHxmll f B 0KOM TOYKH 2 = 00.
A ockinexu 2a Teopemoro 6.4 B NEOMY pAdl HEM& MONORHOL YACTHHH, TOOTO
HEeMa 4IeHIB 3 JOAaTHEME CTeneHAMH z, To f(z) = const.

Hacxigox (ocHoBHa Teopema anre6pw). Koxuui MHOrOZIEH cTenenA
n € M mae, npuHARMHEI, OJHH HYJIb.

» . 1
Hiiicao, AxOM ne 6yno He Tak, To dyEkUia f(z) = }5—{—)? ne P, —
il &
MHOTOWIeH, Gyaa 6 mimoio. Ockineka Pp(z) = an2™ + ++ 4+ ap = anz™(1 +
o(1)) mpm 2 = oo, Tobro f(z) =+ 0 (2 — ©0), TO 3a Teopemamu 6.4 i 6.5
f(z) = const, TobTo F,(z) = const, mo HeMOXKINBO.

6.4. ITOJHOC

Hexait zy — noaroc dyuxuil f. Toai f(z) = oo {z — zp), Tobro icnye
oKL TOuKE Zg, g f(z) # 0. 3sigen punumeae, wo dyuxuia g{z) = 1/f(z)

€ AHAMITUYHOIO B IGAKOMY OPOKOJIOTOMY OKOM Touku zpl lim g(z) = 0.
Z=tzn

Omxe, 2y € yeyBHOW 0COOMMBOI TOYKOK (YHKIN g, 1 g Mae B zg HyJb.
Takum umHOM, nomioc GyeKUil f ¢ mHyaem dyuaxuil g. Tomy npupoamum
€ HACTYIIHE O3HAYMEHHA: MOPAIKOM momoca ¢yHEn f B Touml zp HasuBa-
€TLCA TOPAAOK Hyas dyHKUi g B 2. Hanpukiag, dyexuis w = 1/sinz B
TO9KaX 2, = TN, € £, Mac DOJCH NEepLIoro NOPAIKY. JayBaXuMo, 1o
TOHUKA z = 00 He € I30ILOBAHOI0 0Co0MMBOI TOYKOW (yHkuil w = 1/sinz,
4 € TPAHAYHOK TOYKO IOMHCIE.

Teopema 6.6 (Ipo kauHoHiUHe 306packeHHsn). [lrg Toro mof aman-
THYHA B NPOKOIOTOMY OKOM TOYKH zg (VHKIIA [ Maza B zy HOIKOC N-TI'O
OOpAAKY, HeOOXIfHO | JOCHTE, o6

f5) = 2 (6.2)

T (z- )™

e (PYHKIIA ) — aHATITHYHA B JEAKOMY OKOMI TOYKH zg 11(zg) # 0.

a0



Hyai ma i3oavosant ocofanei mouxy

Hosedenna., HAxmo f Mae B 2p momoc n-ro NOPAAKY, TO HYHKILA
glz) = 7@ Mae B Zp HyAb T-TO NOPAIKY, 1 3a Tepemono 6.2
g(z) = (z — z0)"p(2), Ke © — aHANMITHIHA B ZEAKOMY OKOJM TOUKH 2y (PYHK-
uid i (zp) # 0. 3eigcn eumiusac 306paxenns (6.2) 3 1(z) = m

Haenaxm, Akmo cnpaseqause so6paxenns (6.2), To gua dynxunil g enpa-
seamuee 300pakerHEa (6.1) 3 (z) = “{_z]’ TOOTO g Mae B zy HYJAb N-I'0

nopAAKY, 1 oT#Ee, f B 2p Ma€ MOMIOC 1-ro NOPAJKY.

Teopema 6.7. Touyka zp € DOIIOCOM N-I'C NOPAJKY AHATITHYHOI pyHEnil f
TO41 | TIIBKH TOJl, KoaH pag Jopasda 41a [ B oKoJl zp Ma€ BHIVIAT
flz2)=an(z—20) "+ +ag+--+

+ag(z — zg)j“ +-{a, #0), Axkmo zp # oo,
f(z) =anz" 4 +ao+-+

ta_pz 4. (an # 0), #xmo zg = oco.

(6.3)

Aosedenna. Hexan 2o # oo € momocoM n-ro nopagky dyekmi f. Togl sa
Teopemomn 6.6 copasegmusa pisricTs (6.2), 1€ 1 — aHANITAYHA B IEAKOMY
oKOJl TOUKH zg pyHKUiA § 10(2p) # 0. Poasrremo dyrxuio ¢ B pag Teinopa

W(z) =eg+e(z—2)+-, ca#0.
Tony
Cn 1
- +
(2 —zo)* (2 —z)"!

f(z) +eoy ep#F0
i gictaemo (6.3), me ap = cnyr(k € Z).

Hammaxm, Hexall y geAxoMYy OKOM TOYKH Zg # 00 BUKOHyeThcA (6.3).
Tom

- _ o ¥
f{z} - [z — zU:}n {a"“ + Gen+tl {z .?.’g}l +- } - {z _ zﬂ}ﬂ,‘-‘ Oemn '_lé {}1
ge Y(2) = a_p + @—py1(z — 20) + --- , TOOTO P — aHANITHYHA B LLOMY

oxom yaxiia i ¢¥(zg) # 0. OrpaMano so6paxenta (6.2), i sa Teopemoio
6.6 dyuruis f Mae B zg NONKC N-Io MOPAIKY.
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Poadia 6

Axmo z = 0o, TO UEH BHIIAA0K 3BOJUTHCA JO MONEPEJHBONO 3AMIHOIO 2
ua 1/z. Teopemy gomemeno.

. ) Pz
Posrasnemo parionansay dyuxuio R(z) = E?—E-—;; e P, Q) — gBa MuO-
z
rowWIeHH Taki, mo gpi6 P/ Beckoporumit. AcHo, mo Hym gucersAuxa P
€ HyaaMu $yeERIml R, a HyJl 3HaMeBEKa Q@ € nomocamu ¢yvaxoil R, Jocn-
J¥MO TOBOKEHHA yHKUil A B 00, Sanmmemo
TL

anzﬂ+.,.+ﬂ_ﬁ _z?l—ma'“" -.t-.,.__'_ﬂmz_
b 2™ 4+ 4+ by b, + + ¢+ + bpz™™

R(z) = 2" ().

Ae, O49eBuIHO, (MYHKIIA ¢ AHANITHYHA B OKOM TOYKM 2z = oo 1 ¢(oc) # 0.
Bukopucrosyoun Teopemu 6.2 1 6.6 npo xaHoHiuHI 300paskeHHA, DauuMO,
HIO AKID 7t < 11, TO B 00 QyHKLiA A Mae yCcyBHY 0COBMMBY TOYKY, IPHHOMY,
AKIO 1 < M, TO BOHA Mae HYJIb NOpAAKY m = n. Akmo x n > m, To B o0
tdyuxuia R Mae momoc NOpAgKY 1 — M.

6.5. ICTOTHO OCOBJIMBA TOYKA

Beamocepeqnko 3 0O3HAYEHHE 1ICTOTHO OocOBMMBOL TOYKY | TeopeMm 6.4 Ta
6.7 sUnIBBae HACTYIIHE TBeDKEHHA,

Teopema 6.8. Toyka zp € icToTHO 0COBAHBO TOYKOI AHATITHIHO! (QVHE-
wil f Togl I TIABKH TOLI, KOJH B TOJOBHIH dacTHi pagy Jlopana ¢yaxmil |
B OKOJI TOYKH zy € HeCKIHYEHHO OACATO LICHIB.

Teopema 6.9 (Coxounkoro-Kasopari). Axmo zyp — icrorHo ocobiausa
TOUKA aHATITHYHOI (hyuKLil [ To, axe 6 He 6yao A € T icHye mocai SOBHICTE
Zn — 2g (N — o0) Taka, mo f(zn) =+ A (n = o).

Josedenna. Hexanr cnouarxy A = oo. Togl ¥ XoIHOMY NPOKOIOTOMY
oKOaIl Touku 2z dyukuia f e moxe Gyru o6Mexenoo, 60 B IPOTHAEHHOMY
BHMAJKY zp Oyaa 6 ycysHO0 ocofummBor Toukow. OCKLIBKE Zp ~— 130JBO-
paHa ocobMMBA TOYKA, TO AMA BCiX AOCHThL BelaMkux n € M dyarumia [ €
amamTHYHOW B MpokomsoTomy okom {z : 0 < |z — 2| < 1/n}. ¥V komBOMY
rakomy oxori (3z,) {|f(z,)| > n}, TobTo icuye nocrigosricTs (2,) Taka,
mo zn —+ 2p 1 fzn) — o0. -
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Hyai ma i3oaboeani ocobausi mounu

Arxmo x A # oo, To MOKIKB] ABa BapladTH: ab0 B KOMKHOMY IPOKOIOTO-
MY OKOJI TOYKH zjy pieuamua f(z) = A mae kopeni, abo icHye IPOKOJOTHIT
OKLT TOYKH zp B AKoMy f(z) # A. Y nepmomy BHOaiky 4epes 2z, HO3Ha-
9MMO OJMH 3 KopeHis pisHauHa f(z) = A B {z:0 < |z — 2z < 1/n} i num
caMuM BKa)KeMO MOTPIGHY HaM ITOCHIZOBHICTE. Y APYroMY BHOAIKY HeXan
{z : 0 < |z = 2y| < 8§} — npoxoaoTuit oxix, xe f(z) # A. Posrasmemo

B HBOMY (hyHKIi0 F(z) = . Bona e ananiTRYHOKO B UBOMY OpPOKO-

flz)— A
JAoToMy okoui, 1 ockineku A Hm f(z), ro A lim F(z), To6To zp — icToTHO
=+ Iy E=Zp

ocobmuea Touka $yEkml F. ToMy 3a posruageHHM BHINE BHIIAIKOM 1CHYE
MOCHI ZOBHICTE (2,) Taka, MO z, — zp i F(z,) = oo.

Ockineku f(z) = A+ 1/F(z), o f(zm) = A (n — o0). Teopemy gose-
IeHD MOBHICTIO.

JaypakHMoO, o 3 TeopeM 6.4 1 6.5 BHILTHBAE, IO AKOIO Ilaa GYHKILA He
€ TOTOMHO CTAJOK, TO BOHA Mat B zp, abo nommoc, abo iCTOTHO OCOBIHBY
TOYKY. « TEPIIOMY BHIAAKY BOHA — MHOTOWIEH TOrD CAMOTO CTelleHd,
AKWH TOPAJOK MOMoca (auB. Teopemy 6.7); ¥ IpyTroMy BHOAJIKY BOHA Ha-
3ABAETRCA TPAHCHEHIEHTHOW ILIok dyaKIien. [Ipuriagamm Taxmx mamx
dVHKIIH € e®, sinz, cosz, shz, chz.

6.6. IIPUHITWUITI MAKCHUMYMY MO OYJIA

Hexait f — anmaniTHima B 3aMKHeHOMY Kpyai {2 : [z — 20| < r} dyukoia.
3a Teopemon Teittopa possumemo 1i B creneneswst pag (5.3), Axui e pie-
HOMIPHO 361KHMIT Ha HBbOMY 3aMKHeHOMY Kpyai. [IpmiiMemo z = zp + re*®,
Toai

20
flzo+ r‘e‘:"i"] = Zaﬂr“e"”““
=0
- 2 = - ]
| f(z0 + ?"E”'E'H = flzo+ re“f’}f{zﬂ. + ”fté) =
— E aﬂrneiné Z akrkﬁ—iké —_ E ﬂﬂahrn{-ke-i[n—kjtﬁj
n=0 he=0 k=0

i
IPHYOMY OCTAHHIM pAf PiBHOMIpHO 36LKHEME BigHOCHO ¢ € [0, 27|, 60 Ma-
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KOPYETBCA HACTYIOHHM DPAIOM

oo 8o 2
> lakllan | = (Z]anlr“) < +co.

n, k=0 =}

IIpoinTerpyemo 1Oro mDOLICHHO

2r - -
4 i} k=0 w 0
Ocxlrnkn

2w

.,].-_fﬁifﬂ_j‘}md{ﬁ: ﬂ1 n#k?

2 1, n=k,
0

TO MAEMO HacTynHy pieHlcTs llapcesana:

Dar

1 . =

3= [ 1£Ga+re)dp = 3 lanlPr"
0 n=0

Teopema 6.10 (npuHnUn MaxcumMymy Moayia). fAxmo dyexmaiz f 2
% const apamTuaHa B obanacti G, To I Mogviae He npuiimae B8 G HapOLIB-
oro 3HaYeHHA,

HJosedenns. Ipuoycramo, Big cymporneHoro, mo (Jzp € G)(Vz € G) ~
{|£(2)] < |f(20)|}. Bisbmenmo sanxuenmit xpyr K = {z: |z — zo| < r} B uiit
obaacti i pozeuremo B HeoMY dyHknio f B pag Teiuropa. Togl aa piericTio
Hapcesana Maeno

-
1
aof? = 17(a0)l* 2 - [ 17(a0 +rei) "o =
0
= laol* + lar|*r? + -+« + lan*r™ + -,
TobTo 0 > |a,1|2:r'2 + lah|2f2“ + -+, 3BIIKW BHILIMBAE, TIO Gn = [

ans meix n > 14, orxe, (Vz € K){f(2) = ap}, mo memoxuso, 60 Togi 3a
TeopeMolo eaurocTi (Hacmigok 6 3 teopemu 6.3) f(z) = ag.
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Hacmigox 1. Axmo ¢pyaknia [ axparniTadsa B obMexerisx obaacti G i He-
nepepsHa Ha G, TO 11 MOJYAE JOCATAE CBOPO HAHGLILMOrO 3Havenns ua A0,
npuyoMy, Axmo [ # const, To Jaumme ga 6G.

Cnpasgi, ockimekn f HemepepsHa Ha G, To Ha G ii MOIVAB focarae
cBOrQ HaMbIILMIOro 3Ha4YeHHA. Ja Teopemoto 6.10, axmo f 2 const, uen
MAKCHMYM MO#E JOCATATHCA TIIBKY Ha JG.

Hacaigox 2. Hexawr dymxmil f i g aramiTayri B obmexenid o6racti G
1 Henepepsui Ha (. Togi

(V2 € 8G){f(z) = g(2)} = (Vz € G){f(2) = g(2)}.

AiitcHo, noxnagemo ¢ = f — g. Toxl dynkuia ¢ anariTuida g G, Heme-
pepsua Ha G 1 max{|¢(z)| : 2 € G} = 0. Tomy 3a nomepeaHIM HACTIIKOM

(Vz € G){¢(z) = 0}, Tobro (Vz € G){f(z) = g(2)}.

Hacaigox 2 mictuts v cobl macaigox 1 3 Teopemu 4.5.

Hanegemo mopHe JOBeIeHHA MPUHIKNY 36epexends obaacTi, AKHH
6vEe chopMyaLOBaHEN ¥ BUCIAL Teopemu 1.9, Axkmo zp € (1 sigobpasxenns
f xordopMEE B z9, TO, AK GyI0 NMOKA3AHO NpH HoBefeHmi Teopemu 1.9,
wy = f(2) € BRYTpIIHBOW TouKo0 MEOKHEE f(G).

Hexait tenep 2o € G, dyukuin [ amanitiama B oxodl ToukM zp Ta
F'(z0) = 0. Toxai f moxHa 3anucaTH y BACAAAI

w = f(z) = wo + an(z — z0)" + ans1(z — 20)" T + -,
ae a, 7 0, aBigkn

Yw—wg= (2~ 2) Van+ anp1(z —20) + .

B [0CHTE MadoMy OKOMl TOYKHM Zg BI3bMEMO [JeAKy OJHO3ZHAYHY BiT-
Ky KOPEHA, IO CTOIThH ¥ IpaBill YacTHHI OCTAHHELOI PiBHOCTI (TAKy BITKY
MOxHa BHOpaTH, 60 a, # 0) I nosxmaqmmo ii wepes ¥(z). OuesngHo, WO
(zp) # 0. Posrusmemo remep dyuxuio o(2) = (2 — 2p)Y(z). Ockinbxu
¢ (20} = ¥(z0) # 0, To dYHKUIA ¢ AHATITHYHA 1 3OIMCHIOE KOHGMOPMHE
B TOUOI zp Bigo6paxenHa Ane f(z) = wy + ©"(z), w(z0) # 0, To6TO € Cy-
Mepno3nLieto Mol siHiiHol dyukuil, crenexerol dyHkuil 1 GyHKUil . 3Bi1-
CH BHILTMBAE, 10 BHYTPIMIHA To4YKa zg 06aacTi G nepexofuTs ¥ BHYTPIOIHIO
TouKy wy MEoXHHA f(G). OTxe, -f(G) — BlakpHTa MHOKHHA.
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Aoeegemo 11 ap’asricTe. Hexam w; 1 wy — A8l Toukw 3 mEOKEHE f(G),
a z1 1 29 — mesaxi 3 ix mpoobpazie. Ockinekn G — o61acThk, ICHYE KpPHBa
C=(z=2z2(t),a <t <b) raa, mo z(a) = z1,z(b) = 221 [C] € G. Togi gua
kpusol Cy = (w = w(t) = f(2(1)), a <t < b) maemo w(a) = wy, w(b) = wy
i [C1] = F([C]) € f(G). Orxe, muoxuna f(G) e sp’asnore. Teopema 1.9

MOBHICTIO TOBSIEH:.

Teopema 1.9 goseouse mogaTn iHIIE JOBEIEHHS OPHHIRNY MAKCHMYMY
monyaa (Teopemu 6.10). [Mificwo, AK 1 B nonepesHLOMY JOBEIEHHI IBHO-
ro NPHHIMILY, IPHIYCTHMO, Bl cynpoTusHoro, mo {3z € G)(Vz € G)
{|f(z)] < |f(z0)]}. 3a reopemoro 1.9 Touka wy = f(z9) micTuThCE B 06-
macti f(G) pasoM 3 NEBHHM CBOIM OKONOM. Y HOBOMY OKOJI icHye TOYKA
wy, fwy| > |wp|. Ockineku wn € f{G), To icaye z1 € G Taxe, mo f{z;) = wy.
Tomy |f(z1)| > |f(zp)], 1 Mu npuiinuim g0 cynepedHoCTi.

6.7. TILAIMMAJIBHA CWJIA KPILJIA JITAKA

Buxnagenoro MaTepialy SOCHTL 414 BUEOAY HOPMYIH Ii FIMMATLHOL CH-
MM Kpuia JiTaka B IIOCKo-DapanensHoMmy motoui. He Sygemo Ty mmogu-
TH IHTerPAIN 33 JONOMOrOK IHTerpaltbHuX CyM I HACTYIIHOIO Nepexony Ao
TPaHKIl, & BIIPA3Y ONepyBaTHMeMO fudepeniiagamu, AK e 3BMYANHO POh-
nATH y Mexaninl. Haganua MipkyBaHHAM MaTeMaTHYHOL CTPOrOCTi AKOTHHX
TPYIOHOUNE HE BHKIAHKAE.

Hexait sagano samrHeny xopganoBy kpusy C — "kpall kpraa”, AKa €
OJHI€10 13 BB’ A3HUN KOMIIOHEHT kpaio obinacti G, extC C G. Hexan B G 3aga-
HO BEKTODHE moje msuikocTelt v. [Ipu Hepeankin nisnaxocTi rasy | Mesmin,
Hiz 100 »/c) moxua BBaxaTH He noae conenol fanenum i Geasuxposum. Ta-
KOX OpHITycTUMo, o v Henepepera 5 G |J[C]. [Tosnagumo uepes p(z) sex-
TOp THCKY Ha Kpuiao B Touni z € [C] (THCK o3HAYEHHE TYT AK BiIHOINEHHA
cmm fo enementa gosxcumn |dz|.) Toxi na xpuio gie cura F = [ p(z)|dz|.

3 ypaxyBaHHAM TOrO, IO CHJI4, AKA M€ HA Kpuao B Touni z € [C] na-
IpAMIEHa IO 30BHIMHIA HOpMami eigHOcHO G, Maemo p(z)|dz| = |p(z)|idz.
Buxopucraemo Takox pieaanaa Bepuymnl gaa cramionaprol Tewil

[p(2)] + £[0(2)|” = const,
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oe p — I'YCTHHA rasy. Logi

F= f p(z)|ids =i const ] dz - P / lo(z)|Pdz = -2 f lo(z)|dz.
c c 2 Jo 2 Jo

Hexait dz = |dz|e’®. flcwo, mo Toai v(z) = x[v(2)]e’, [v(z)]® =

= (v(2))%e~%% i |u(2)|%dz = (v(2))%e~¢dz. Tomy

F=-" [ (o(2)).
2 Je

Axmo Tenep npuiimenmo f(z) = v(z), To, ax Gyno noxazaxo B poagini 1.5,
f e anamTuysol0 dyHkuieo B obfuacri G, a nonepeaHio GOpMYIY MOXKHA
3AMUCATH TAK:

ip [y —
r=-2 [ 76y &
c
Axmo B uint dhopmMyai mepelTH 10 CNPAXKEHWX BeIHYUH, TO IICTAHEMO Ha-
eTynHy dopmyay Yammariza (1910 p.):
F=f f £2(2)dz. (6.4)
2 Jo

Poaraaremo sunagox, ko G = ext . OwesmgHo, Mo MBHIKICTE
v(z) — Bemrunna ofmexena, a 3 mew 1 dyakniz f. Tomy f mae B Togmi
00 YCYBHY OCOBIHBY TOYKY 1 B OKOJI Liel TOYKH PO2RBHHEHHHA

c— C h
f{z}:c;}—l—Tl—i—z—; (6.5)
3BiIcH BUILIMBAE, IO
2ege_
e =’ + =4 (6.6)

Hexait poaeurenns (6.5), a 3 sum i (6.6), copaseqmei 5 {z : B < |z| <
< +oo}. Hosuwauumo Cy = {z : |z| = R+ 1}. Toai sa Teopemamu 4.3, 5.5
Ta jgemoo 4.1 MaTHMeMO

f fA(2)dz = F2(z)dz = dmicge— (6.7)
c Gy

T Kowmna., anania a7
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f f{z}dz = f(z)dz = 2mie_;. {ﬁ.SJ
o Co

Axe (gus. poagir 4.1)

/cf{z)dz =T'e +iNg, (6.9)

ne I'c — umpkyasania sekTopHOro nojd v ezgoex C, a No — norix nsoro
noga qepes C.

OuesmAHO, M0 TOTIK, AKAK o6Tikae [C), € BeKTOp, HANpAMIEHHEN NO No-
rrunii go C abo B npoTuIexEOMY Hanpami, i Tomy Ng = 0. I (6.8) i (6.9)
BUILIMBAE, IO €1 = I‘g(‘Z:rij_T‘? a 3 (6.5) suaxomumo, mo ¢y = floo) =
= ©(o0). IligcTaBraroan ui sHadeHHa B (6.7) 1 Bukopucrosyioun (6.4), Mae-
Mo F = ip(oo)lg. 3 orasay ua e, mo p i [¢ ~— gifcHl Yucia, BALINBAE
aHaMenuTa dopuMyra nigifimansuol cunm aitaxa Kykoscbroro (1906 p.)

F = —ipv(oco)Te.

3aysaxumo, mwo upunymerda G = ext C opuBOANTE J0 ICTOTHHEX NOMH-
JIOK TIPM HeBEeIHKill BUCOTL NOJABLOTY, 3/7eTi Ta Mocajll JiTakKa.



Poadia 7
TEOPIA JIMIIKIB

7.1. OBHAYEHHA TA ®OPMYJIHU OJIA OBYHUCJEHHA
JIMIIKIB

Hexait zy # 0o — izoasosada 0coGIHEA TOYKA O JHO3HAYHOIO XapaKTepy
anaxTa4nol dysakuii f. Orxe, pyHKuia f aHAXITAYHA B IPOKOJIOTOMY OKOJI
{z:0:|z— 2| < ¢}. lumxom dbyuxnii f y To4l 25 HASMBAETECA BEIHIMHA

res f(z) = % f f(2)dz, 0<r<é.

p=zg
|z=zn|=r

Ja HacalaxoM 3 Teopemu 4.3 IMLOK Big © He 3a/€#KHTh.

Hexalt Tenep zp = 00 — 1300L0BaHA TOYKA OJHOZHAYHOT'O XapaKTepy Jis
cyukuil f, Tobro f aHATITHYHA B IeAKOMY IIPOKOAOTOMY OKomi {z : R <
< |z| € +oo}. Jumxom dyEknil f B TOUNI 00 HABUBAETHCS BETHYHHA

1
Tes f(z) = ~3=

f flz)dz, R<r<oo.

lz|=r

SIKIno POIBMEEMO B MPOKONOTOMY OKOM {2 :< |z — zp| < &} dynxuio f
B pag Jlopaua (5.4) 3 xoedimicaTamu a,,, Buasagenmyu dopmytamu (5.5),

i B (5.5) BiabmMeMo n = ~1 To Jerko gicTaHeMo PiBHICTE
res f(z) =a_;. (7.1)
z=zp
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¥ BUnajgxy, KoM zg = 00, AHAJOTIYHO MaEMO

res f(z) =—a_,. (7.2)

@opmymu (7.1) i (7.2) Moxna 6yno 6 BBAXKATH O3HAYCHHAMY JHWIIKIB.
J HMX BMILIMBAE, 10 JUIIOK B YCYBHIM 0COOMMBIE To49uml Zp ¥ 00 LOpIB-
HIOE HYJI0. SIKINo x zg = 00 € YCYyBHOK OCOGIMBOI TOUYKOIO, TO JHIIOK He
0060B'A3KOBO [OPIBHIOE HYM0, 60 WieH a_; /2 BXOAATE ¥ NpaBUILHY (a He
B rosoeHy ) yactury psaty Jopana. Ilpore, axknoo f Mae B 00 Hylb IPHHAN-
MHI APYCOTO MOPAAKY, TO a_; = 0 1, oTxe, Yes f(z) = 0. Axmo x f mae
B 00 HYb NEPUIOTO MOPAAKY, TO Tes flz) =a_1#0.

Axmo zy — icroTHO ocobuuea Tmoqrca, TO a8 0GYHCICHHS JTHIIKY CJIijg
BHKOPHCTOBYBATH (opmynn (7.1) 1 (7.2).

¥ BHIALKY, KOIH Zg — [DOIKC, MOMKHA BHBECTH CleliansHy GOpMyIy At
obumcaenna mamky. Hexan zp # oo 1 f(z) = (2 - zﬂ]mqb(z}, Je hyHKIS
#(z) = by + b1z — zp) + - -+ aHATITHYHA B AEAKOMY OKOJ TOYKY zp,bg # 0.
Ocxkiaskn by, = 1) () /kl i as; = by, TO

— 1 m—1 _ 1 fgm._! T —
res f(z)= I'i,bt }{zﬂ} = (m—1)! dzm—1 {{z—20)" f(2)} 2220 =

z=1p (m ~1)

= m - ) ) (7.3)

(m — 1)} s=20 dz™m—1

Dopmyaono (7.3) MOxHA KODHCTYBATHCA, KO f Mae B Zj HOMIOC M-T'0
nopAaky (Tomi ¥(zgp) # 0). Ane BoHa KopHCHA 1 B HIMBOI 3araMBHIH CHTYAI,
Hampukiaa, aua dyskmii f(z) = 279 sin z Touka z = 0 € momcoM Apyroro
nopaaky. IlpoTe apyuminie BUKOPHCTOBYBATH HEe KAHOHIMHEe 300paKeHHI,

a BaaTH m = 3,(z) = sinz. Toxi rE%_f{z) = E[sinzj”hzn = (.

AKmo 2y # 00 — MOMIOC TEPIIOTo TOPAIKY, TO 3 (7.3) maemo

res f(z) = lim (z — z0) f(2).

Axmo f =1/ 1 v Mae B zp HyI1b Nepmoro nopAgky, a ¥(zg) # 0, To
(z—z0)(z) . (z—20)¥(z) _ ¥(20)

Zrzfﬂ f{z]l - zli&ngn W : ZILH’?L*J ':lf:}{z]' - tp{zﬂ'} a {’QF{ED} -
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Bupegenmyu dhopMyamMy He MOXHA KOPHCTYBATHCA, KOJIH TOUKA 00 Gy e
nomiocoM yukuil f. Ane, axmo nepengemo go dynnii £(1/2z) i npopobumo
AHAJNOTISHY [0 PO3TVIAHEHOrO BUIAIKY NPOLEAYPY, TO 3HANAeMO QOpPMYTy
AnA O6YHCIEHHA JUMKY, KOMH 2o = 00 € IQIIOCOM M-T'0 TIOPAJKY,

Jes f(z) = lim ( (m i 1) i:l {sz G) }) '

JayBamuMo, 00 3 03HAYEHHA JHOIKY BHILTHBAE PIBHICTE

es Z filz Z res fi(z).

i=1
SajFBa}KHMO TAKOE, 0 AKID Q}FHKI.ILH f napHa, TO naumku 8 01 oo o=

pisHOIOTE Hyawo. J[iicko, akmo samumemo f(z) = %{f{z] + f(-==z)), To

nobaunmo, uo B pagl Jlopasa ¢dyeknil f B okont z = 0 abo z = oo BlacyTHI
HenapHi cTenenl z, orxe, a—; = 0. Hampuxnan, naa posrnanenol dyuxmil
f(z) = 27 % sin z 6ea xogHEX OGYUCIEHE BiIPa3y MOXKHA CTBEDKYBATH, 110

e f(2) = xeg f(z) =0

7.2. OCHOBHA TEOPEMA ITIPO JIMIIKH

Teopema 7.1. Hexali ¢pyukgis [ anaritHyna B saMikHeHid obracti G, 06-
MEKEHIN CKIHYeHHAM 9HCIOM 3aMKHEHHX JKODJAHOBHX KDHBHMX, 38 BHHAT-
HOM CKIHYeHHO! KLIBKOCTI I30JBOBAHMX TOYOK 21,23, ' 2 € G. Toxi

flz)dz = 2mi res f(z
aG Zz_z"
Hoeedenna, Ilobyayemo kpyrn K; 3 ueHTpamu B z; Tak, mob K; C G
s Beix j = 1,2,+++ ,qgi K; NK; = @ npu j # 1. Hexait D = G\ _EJIK.
J‘E

Toai 3a reopemoio 4.2 f op f(z)dz = 0, apigxm nerxo ogepxyemo, mo

0=/ I dz—z Mf dz_f Flz)dz —2miy " res f(z),

i=1 =1
Tobro Maemo noTpibHy PIBHICTS.

Buxopacroeyroun Teopemy 7.1 (0CHOBHY TeOpeMy OpoO JMIIKH), JETKO
JOBECTH HE-CT:,»"IIHE TBED IHCHHA.
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Teopema 7.2. Hexai ¢yrknia f araniTedsa B C 33 BHHATKOM CKIHYEHHOI

KITBKOCTI TOYOK 21, 29, -+ 4 Zq—1 1 HEXaH 24 = 00, Togi
q
> res f(2) =0
E=Ik
k=1
Hosedenna. Biapmemo kpyr K 3 uearpom B z = 0 Tak, mob Biu MicTuB-
BCI TOYKH 21, 22, , Zg—1. & TEOPEMOIO 7.1
g=1 1
z res f(z) = — f(z)dz.
F=ZE 2mi oK
k=1
3 immoro 60Ky,
1
res f(z) = res f(z) = —— z)dz.
z=z.-_,f( ) zsz{ ) 2 8K f{: }

3 nMx ABOX piBHOCTEH BHILMBae NOTpIOHA GOpMYIa.

I'pyeTyiouncs Ha Teopemi 7.2, mMOJaMO HOBe NOBedeHHA OCHOBHOI Teo-
pemu axredpu (aue. Hacaigox 3 Teopemu 6.5). IIpmoycrmmo Big cympo-
THBHOI'O, W0 MHOrO4WIeH P cremems n > 1 He mae myais. Tom f =
= P'/P — uina dyuknis, Crenins muHorowiena P’ gopisaroe n — 1, To-
MYy pallioHadbHa (YHKOIA f Mae B 00 HyJb IEPLIOro HOPAJKY (IUB. PO3Jin
6.6), a oTxe, Jes flz) # 0. Y cxixgennin mionmal dysknia f ocobimBux
TOYOK HE Mag, 10 CYIEPeYuTs TeopemMi 7.2,

Hitxve BKaKeMO 33CTOCYBAHAA OCHOBHOI TEOPEMHE TIPO JMUIKK 10 0b64mc-
JEHHA AeAKHX IHTerDaJiB.

7.3. IHTET'PAJIU BIJ TPUIOHOMETPUYHUX OYHKITHA

Hexait R — panioHanrua dbyHKIia 1BoxX 3MiHHax, m € Zy,n € Ly, a
2
I= f R(cos m#,sin nf)db,
0
MpPUHOMY M JiHTerparsHa GYHKIA IpH o Hux § He gopiexioe co. 3pobuMo

saminy z = €', Toni dz:iciﬂdﬂ,dE?:Ei
iz
1 ivmed —imnfd 1 i —im : 1. = —n
msmﬂzaﬁ(e +e ’“‘}:-i[z_-}-z )s smntg:E[z -z ")
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OTxe, MH 0JepXKYyEMO

I= f Qz)dz, Q(z) = éR (%(zm +z7™), %[z“ — z'"’}) :

|z]=1

Heno, mo () — pamioHansHa VHKIIA, 0COBIMBHME TOYKAMM SKOI € Mo-
mocH, Akl mosHawMo 4epes b;. Ha xomi {z : |z| = 1} ocobmusux To90x
nema. Tomy 3a Teopemoio 7.1

I=2mi Z res Q(z).

z=b;

|b.:|'|"':1

7.4. OBYHUC/TIEHHA HEBJIACTHUBHX IHTET'PAJIIB

Jlema 7.1. Hexasr d¢yuxnis [ amanTydHa B 3aMEHEHIH RIBILTOWHHI
{z : Imz > 0}, 3a BHHATKOM CKIHYeHHOI KITLKOCTI TOYOK, |

(3M > 0)(3Ro > 0)(3 > 0)(¥z, |2| > Ro, Tmz > 0){|f(2)| < MIsI™~"}.
Tomi
lin | f(x)dz=0, Cp=(s=Re*,0<yp<n).
R—+oo Joo

Hosedenna. Ilpm R > Ry maemo

| Ff(2)dz) < MR rR=aMR™®° =0 (R— +o0),
Cr

oo ¥ Tpeba 6yao JOBECTH.

ayBaxKeHHA. YMOBH JeMH 7.l BHKOHyIOTbCA, AKmO [ aHamiTHYHA
B {z :Imz > [l}, 38 BHHATKOM CKIHYeHHOI KLIBKOCTI TOYO0K, 4 B 00 MA€ HYIb
NpHHAHMHI IPYyToro nopajky, Tobro f(z) = ¢(z)z™™,m > 2, me dyHxuis
(¢ AHAJMITHYHA B OKOM TOYKH oo 1 w(oa) # 0.
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Teopema 7.3. Axmo f sagosousnae ymoBH ademu 7.1 i Ha JiHcHIN ocl He
Mae 0CODAHBHX TOYOK, TO

oo
ff[z)d:tzil?ri Z res f(z), (7.4)

Iz, >0

ae {z1} — mHOxHMEA ocobmuBHX ToboK (yEKil f B {z : Imz > 0}.

Hoeedenna, Ockinpkn |f(z)| < M!:rrl'_é upu |z| > Rg, To iHTEr-
pan y misii wactuHi (7.4) abcomorHo 36ixumit. Bisememo R > R Ha-
CTIIBKY BEIMKHM, 106 yei TOuxu MHOMWHM {2} MicTunmca B obmacTi
{z :Imz > 0, |z| < R}. Toai 3a Teopemoio 7.1

f fle)dz + [ flz)dz=2mi > 1es f(z). (7.5)
Cr
Agme 2a memomno 7.1

R +oa
f(z)dz — 0, f(z)dz — [ fl(z)dz
o= ]

Cg

npu R - 400, Tomy 3 (7.5) maemo (7.4).

7.5. JJEMA KOPJAHA TA Il 3ACTOCYBAHHA

Jlema 7.2 (#Koppaana). Hexad ¢pynkiia [ aHATITAYHA B 3aAMKHEHIH BepX-
uift mismronmui {z : Imz > 0}, 3a BHHATKOM CKiHIEHHOI KLIEKOCTI TOYOK,
i max{|f(z)] : 2 € Cr} = ag =+ 0 (R = ), ge Cg = (z = Re'?,
0 <@ < ). Togi, axmo a > 0 To

r—+too

lim / f(z)e***dz = 0.
) .
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== ——— — —— e ——

Hosedennr. 3pobumo saminy z = Re'*¥. Toai dz = Rie*dyp, |dz| = Rdp,
I, BUKOPHCTOBYIOUN HEDIBHICTE Sing = 2/ropu 0 < < /2, micraemo

T

|, Frewazi = [ 1@l lids| < R [ eoRineay -

Cr rd
w2 w2
— ERCL'H f ﬁAGRSin{'ﬂdHG 5 ERCER f E-—?mR@hrd[P —
0 0
w

= EEER[:]_ — E_ER] = 0{(R = +00),
mo H Tpefa Gyao noBecTH.
Hexau dynkuia f ananitu+sa y samxeewiit nismionmsi {z : Imz > 0},
38 BMHATKOM CKIHYEHHOl KLIBKOCTI TOMOK 21, %o, ,Zp 3 NIBILIOMIMHI

{z : Imz > 0} i nomocip mepmoro mopaAky Ti,zs,: - - s Ty AKI JSKATE
Ha gircHi ocl, Hexair

J =v.p. f f(z)e**dz = lim lim JR.e;

B—+4oc e—0

ae _
Jpe = flz)e**®dz, a > 0,

Ire = [-R, H]\Ej{ﬂ:k — e Trtep), Eer >0, e =61 +eg+ o +e,,.

Teopema 7.4, Axmo npu neomy max{|f(z)| : z € Cr} = ag = 0
(R—= +00), ge Cp=(2=Re'?,0< p < T), TO

— iﬂ-z iax +6
Emz liafk }—l—mz res (f(z)e***). (7.6)

Alosedenna. Ilosmaummo wepes y,, k = 1,2,--- ,m, BepxHe mEBKoOJO
3 HCHTPOM Y TOYIL Ty 1 pagiycoM €. Iucna &), GepeMo HacTLIRKH MATHMI,
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mod 0l MBKOMA He nepeTHHaIHch. DBisbMemo R HACTIIBKM BeJMKHEM, mo6
yei |zi] < R,|zk| < R, i poaraaremo obaacts &, obMexeny miekoaom Cr,
MIBKONAMY 4y, 1 BifpiakaMmu giiicuol oci (pue. 7.1).

Pue, 7.1

38 OCHORHOIO TEOPEMOI0 TIPO JIMITKH

ac

2mi Z Tes (f(z)e™*) = f(2)e***dz =
k=1

= f(2)e'**dz + Jre + Z/ f(2)e***dz. (7.7)
3a memoto ZKopaasa fcﬂ f(2)e"**dz — O(R = +00). Pymkuino f(z)e***
B OKOJI TOMKH Z = &) MOXHA 38ITHCATH § BHLIAI]

(k)

f(2)e** = — ;h + hi(z2),

ae hy — aHaZTHYHA B UBOMY Okoal dyukimia. Tomy, AKINO £ JOCHTE MaJje,
OJEPEKYEMO

(k)
[ seeaz=— | {;j;k +hk,(z1} dz =
T & Ve
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d
e [ 2 [ e —micl)
g =k T

= -7 res (f(2)e™*") (e — 0},

60, BAKODHCTOBYIOHH 3aMiHY z — &} = £1e'¥, MaeMo

T

dz 1e*¥d .

f = 'ic.ﬂtp =T
e & — & ) e

a, ockinbxi yHkuia hy obumexena geaxaM wmcaoM M ¥y BiANOBIZHOMY
QKON TO

| f hu(2)de] < Mrew =0 (e = 0).

e

Orxe, cupamosyrom € = 01 R — 400, 3 dopmyan (7.7) micTaemo
piemicTs (7.6).

Hacaigox 1. Axmo ¢pyakuia [ aajgopoasHae ymopl jgemy Aopgada 1 ga
JIMCHIE ocl He Mae 0coBIHBHX TOYOK, a a > 0, TO

+oo

f m:trf{ dr _gﬂgzzljfk f z mz]

=00

Hexan f sagosoasrae ymoBu uporo Hacagky i Im f(z) = 0 npu z € R.
Toai 3 HeOTO, 3 ONIAAY Ha PiBHICTE '™ = cos ax -+ isin ax, npu a > 0
MAEMO

/ f{ﬁ}tﬂﬁ axde = Re{Zm Z I'es z}emz}}

I=zy

Ta
+oo i
/ flz)sin azdz = Im{2xi E zrzei{ f(z)e%%)}.
—o0 k=1
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Hacmigox 2. Cropasegansa pIBHICTD

Foo 1 .
'u.p.f ;e*‘”’dm =ir (a > 0).

—0

Mificro, axmo B Teopemi 7.4 piapmemo f{z) = 1/z i saysamumo, 1o
res (1/z) =1, 7o 3 (7.6) gicTanemo morpifHy PIBHICTE.
=
foE

Ockinexu sin ax = Ime**®, To npr a > ) 2a Hacaigkom 2

fsm az | _1 f sin az —]m f giar gy —
2
0 — o0

7.6, OBYMCJIEHHA IHTETPAJIIB
3A JOIIOMOI'OKO BUEOPY OJHO3HAYHOI BITKH

B ycix nonepeHix BHOaIKaX PO3NIAAAIHCE OJHO3HAYHI aHATITHYHI PyHK-
uii. Ilpore, Axmo KOHTYp iHTerpyBaHHg MOXKHA BHOpATH Tak, mob y io-
r'o BHYTPIIIHOCTI MoxHA 6y10 BHOPATH 0JHO3HAYHY BITKY NigiHTerpatbHol
MHOTO2HAYHO! $yHKO, TO Teoplo MMINKIB 3MOXKEMO 3ACTOCYBATH IO Niel
BiTKH i 069HCIHTH NoTPi0HUN iHTerpan. Posaraaremo, HanpHKIad, HACTYI-
Hul iHTerpan

o]
f::“_lf{r}cf:n,ﬂ <a<l
o

Hexatt ¢yuxnia f agamtuana B T, 3a BHHATKOM CKIHYEHHOI KIIBKOCTI
0COBMUBUX TOYOK 21,322, ,%q, AKI HE JEXKATE Ha JOJATHIN JIHCHIA miB-
ocl, 1 HExall TouKa z = 00 € HyJem ¢yEknil f. 3a Taxkux ymoe B obracti
G=1{z:0< arg z < 27} BubepeMO OJHOIHAYHY BITKY MHOI'O3HAYMHOI
dyrxmil 2271 rak, mo6 0 < arg z < 2. Hexait @(z) = 271 f(z). Poa-
TVISHEMO KOHTYP, 300paeHnit Ha puc. 7.2, 3a OCHOBHOK TEOPEMON NPO
JMINKH MagMo

fn z“'lf(z]dz+fcn ""‘_ Lf(2) dz-|-f 221 f(2)dz+
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+L_ 27 1f(2)dz = Em'z res o(z). (7.8)

T=Eg

k=1

Puc. 7.2

Posrasnemo koxnmit foganok y aisift wacthai (7.8). Ockineku 3a yMO-
BOXO B OKOMll TOUKH 2 = 00 au1a (yrkuil f Mae micue oninka |f(2)| < M/ | 2],
ae M = const > 0, To A8 APYTOTO JOLAHKA MATHMEMO

M 2r M
=1 O —
i z f{z}r:fz| = _R R*-'2rR = R

3a ymogoto 115 GyHKuil f B okomi Touku z = () BUKOHYeTECA (f(z)| < M,
ae M) = const > 0, Tomy a18 4eTBepTOro J0JaAHKA MAEMO

-0 (R — +o0).

i/ 2* 7 f(2)dz| € Myp®'27p = 27 M1 0% — 0 (p — 0).
Co
Ilepmuit gogasox gopisHioe
R
f 2~ f(z)dz.
I[J
Tperiit gogaHOK — nHe iHTerpal B3JOBK HIKHBOTO bepera poaplay, ge

arg z = 2w, oTXke, z = ge’™ | 271 = go—lgmila=1) _ ga-lg2ria Ty
MY TPeTi#t A0JaHOK JOPIBHIOE

. A
_E'E-:-r-aa f ma—-—lf{m)dr.
g
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— — — — e

O6’egayroun ni cniseigHoments, nupu p — 01 B — oo gicraemo

7 ce=1 — 2mi : ce—1 -
fﬂ’ flz)dz = T oria Lzzl‘ffq[z f(2)) =
) .

7.7. JOTAPUDOMIYHUN JUIMOK

Hexai pyaknia f agamniTa4Ha B o6aacTi G, 3a BHEATKOM CKIHYEHHOI KLIE-
KOCTi TOYOK, AKi € momocamu. Pyuxiia ¢ = f'/ f HasuBaeTsca torapudmis-
HoW0 noxigaon dyakml f. Axmo zp € G — wHyas dyuxnil f nopagky n, To
f2) = ()2 — zp)", Ae dyHKUia ] AaRATITHYHA ¥ AEAKOMY OKOM TOYKH
zp i ¢ (zo) # 0. 3eigem maemo f'(z) = (z — 20) P (2) + nlz — z0)" " 14p(2),

1) _ %),

flz)  tilz)  z-2
MOMIOC HNePIHIOro NOPAJKY i

TobOTO p = . OTxe, B To9Il 2z GYHKIIA ¢ Mae

I i C)
JTes w(z) = Tes o) n. (7.9)

Axmo x zp € G — nomoc mopaaxy p odymxuii f, To f(z) =
= oa(z) (2 — 20)7%, me dyuxuis i aHATITHYHA B JEAKOMY OKOM TOMKH

: _ ¥a(z) P .
20 1 a(zo) # 0. Tomy o(z) = OREETS ToBTO ¢ B TOHM 2y Mae
TAKOMK HOMIOC TEPIIOTO TIOPAKY, afle 0

res ¢(z) = res f(2)

r=zp F=&n f[:z}

= —p. (7.10)

Teopema 7.5 (mpuHuun aprymenty). Hexanr ofacte G oOMexeHa
CKIHYEHHHM YHCIOM 3aMEKHEHHX XKODJAHOBHX KDHBRX, a (yvHKUiZ [ ama-
ZiTudaa B (3, 338 BHHATKOM CKIHYeHHO] KUIBKOCTI MOIIOCIB, npryoMy Ha G
¢yuxmia f He Mae HyJIB 1 norfocis. Togi
1
N-P= -E—ﬂ—&ac:ﬂfg f(z),
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ge N — kirekicTs Hy.nis, a P — kiaskicTs moaocis ¢yaknii f B o6racti G
3 YpaxyBAHHAM IX ODODPAJKIB,

HJosedenna. 3acrocyemo Teopemy 7.1 go dymxmii '/ f. Togl, epaxory-
1oau (7.9) 1 (7.10), maemo

fiz) , f'(z)
f 2) dz = Eﬂzzec res 02)
aG k

= 2wi(N — P). (7.11)

3 irmoro Goky, Muoroanagnow nepsicuow g f'/f e Ln f. Tomy

f'(2)
ac f(z)

3 (7.11) i (7.12) gicraemo noTpifiHy PIBHICTE.

dz = Aseln f = iAschAre f. (7.12)

Teopema 7.6 (Pymre). Hexait o6nacrs G ofiMekeHa CKIHYEHHHM THCIOM
3aMEKHEHNX XOPIAHOBHX KpuBux, & ¢yuknil f 1 g aHamITHYHI B 3aMKHEHIH
ofracri G i (Vz € 0G){|g(2)| < |f(2)|}. Toai byekuii f +g i f maroTs B G
OJHAKOBY KILILKICTE HyJIB (3 YPAXYBAHHAM HODAIKIB).

Hosedenna. Tosnasmmo gepes N(f) i N(f + g) xinekicTs nynis Bigmo-
BigHO dyukuilt f i f+¢ B G 3 ypaxysasaaM ix nopagkie. OckinbkE GYHKIIL
f1f+ g asanTuyasi 8 G 1 He MaTs Ha G Hyqie, To 3a Teopemowo 7.5

N(f) = 5-BacArg f, N(f +49) = 5-BagArs (£ +2),

IBLAKH
1 1
N(f+g) - N(f)= gﬂaﬁ{ﬁrg (f+g)—Argf} = gﬂacﬁrg (1+ %}.
P : _ g(z) . . .
oariaHeMo GyHK0 w = 1+ f—{z)' IIps 0bxoal Touko 2z OgHIE] 3aMK-

HEHOI 3KOpJaHOBOI KpHEOl Ha kKpal JG BijnoBlgHa TOYKA w OIUIIE JedKy
samkueny kKpuBy C, sika 3 oraamy Ha Te, mo (Vz € 8G) {|g(z)| < |f(z)|},
xexarmvse B kpysi {w : jw — 1| < 1}. Ane B HpOMY MOXHA BEOPATH OJHO-
sHaqny BiTKY Argw. Omke Az Argw =0, i Teopema 7.6 fosegena.
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Hacuifok (ocHOBHA TeopeMa anreGpu). MHOroO9IeH n-ro cTenels Mae
B C pierO n HyaiB (3 ypaxyBaHHEAM IX HOPAKIB).

Crnpaegi, samumemo muorowied Pn(z) = a,2" + @n_ 12"t + .-+ 4 ag,
an # 0,y suraam P, = f+g, ge f(z) = anz" 1 g(2z) = an_12"" 1 + - -+ ag.
Q{Zj Gp-11 ap 1

= — 4.4+ —— =2 0npu z = 00, TO
f(z) n & A 27 P
@R, > 0)(VR > Ro)(¥2){l2] = R = |g(2)| < | ()]}

3a Teopemoio Pyme ximskocti myxis dyuxmis P, i f B {z : |z] < R}
sbirarorses. Ockineku f Mae B 2 = 0 Hyab n-ro TOPAIKY, TO 3 IAM HACIIJOK
JOBEICHAH.

MoxHa JaTH iuOle foBeleHHs ULONO HACHKY, AKE CIMPAETLCS HE HA
reopeMy Pyme, a Ha pismicts (7.9). [Hiftcno, dynxuin f(z) = P'(z)/P(z)
mae B T cxinmvenny KinekicTs nomocis zp,zs,--- ,2g—1 y Hyasx P. Tomy
g—1

>, res f(z) = N(F). 3 inmoro 6oky, res flz)== 11}41{_}1@{—2?{,3];'4?[3]] =

j=1 .z=.z_f
= —n. Buxopucrosyoym Tenep Teopemy 7.2 Maemo N(P)—n =0.

OckiabKn

Ha 3aBepnienus nsoro posgiry gosefeMo Teopemy 3.4 nmpo Bubip of-
HO3HAYHOl BITKH apryMeHTy B obiacTi.

Hexait B o6aacti G moxua BROpATH OZHO3HASHY BITKY (arg z) aprymen-
Ty, 1| IPHOYCTHMO, BIJ CYOPOTHBHOIO, LI0 KOXKHA OfHO3B'azua obiacte D
AKa MICTHTE (7, mMicTuTh Takox 1 Touky 2z = 0. Toul B G icHye 3aMxHeHA
#opjanopa kpuea C* raka, mo 0 € int C*, ockinexu D D UintC D G, ge
of'eguanHs GepeThed N0 BCix 3aMxuenux xopganosux xpueux C,[C] C G,
1 Uint ¢ e oguoap’sanon ofaactio. Qckinexkn Lnz e mHOrosmaunon mep-
sicHow qug 1/z, o

0=1iAc-(argz) = iAg+ Argz = Ag: Lnz =

1
=f EZE‘?H:TEE—EQ”JT?:,

z z=0 z
0 HEMOMKIHEO.
Hasmakm, skmo icHye ofuoss’sada obuactes D Taka wmo G C D
i 0 ¢ D, o dpyuxiia 1/z amanituana 8 D i 2a Teopemowo 4.1 [, 1/z dz2 =0
aax KoaHOi samkenol kpusoi C, [C] C G. Tomy, ak i panime, Ac Argz = 0
i 3a TeopeMow 3.3 B G MoxkHa BHODATH OJHO3HAYHY BITKY apryMeHTy. Te-
opema 3.4 goBegeHA.



Pozdia 8
AHAJITUYHE ITPOJOBXKEHHS

8.1. BE3BIIOCEPEIHE AHAJIITHYHE INNPOJOBXEHHSHA

PYHKIIOHATLHEM eJeMeHToM HazuBaeTsesa napa (G, f), ne G — obnacTs,
a F' — ananitwyna 8 G dyukmia.

Hexair (Gi,f1) i (G2, fz) — ABa dyHKUHIOHATEHI eTeMEHTH Takl, IO
D =Gi[Gy # @. fxmo (Vz € D){f1(z) = fa(2)}, To rosopuTimento,
WO OJHH 3 OHX eIeMeHTIE ¢ HeanocepeiHiM AHATITHYHUM PO I0BKEHHAM
iHmoro, a6o, Hanpukaag, dyHKUiA fo € GesanocepeariM AHATITHYHEM IIPO-
sopsennaM yHkni f; 3 obnacti G Ha obaacte Ga.

Hanpuxnag, vexait G = {z: |2] < 1}, Go = {z : |2 — i| < v/2} i

o

filz) =" 2", fal2) =§1i5 (i::)ﬂ

re=0

Togi D = GGz # 0. Ockinrxu 8 D suxonyersca |z| < 1, [z—1|/|]1—1]| <

1 1 1 )
(1-2) 1 2(2) = 15 1—(z—9)/(1—14)

. Orme, Taki dyekyioHaneH] enereHTH € Oe3nocepeuiM aHATITHY-

< 1, To B D maemo fi1(z) =

1
(1-2)
HHM IPOJOBXEHHAM OOHH ojHoro. fIkmo bistmemo enement (G, f3), de
Gz = C\{1}, a fa(z) = {—f——h, TO BiH Oyie Geanocepe HiM aHATITHYHHM

—_ 2 .
npogoexeHaAm exemenTis (G, f1) 1 (Ga, f2).
Saysaxumo, mo &) [| G2 ge 06or'aakoBo ¢ obnacTio (puc. 8.1, a).
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Teopema 8.1 (egunocti). Axmo (Gy, fé”] i {Gz,ff]] £ Ge3mOCepeTHIM
aHATITHYHHM MpojoBxeHaaM edementa (G, f1), To (V2 € Ga) {fé”[z] =

2
= 3 ()}
Hosedenma. Oqesnano, mo D = G1[|Ga C G3. 3a yMoBOW0 Teopemu

(V2 € D){fil(2) = £{"(z) A fi(z) = f§7(2)}, smizxn (¥z € D){f3"(2) =
= féﬂj{z}}, 1 3a macaigkoM 6 3 reopemm 6.2 (Vi € Gg}{fﬁ”(;}

= (=)}

Hexant dyvuxuis f apanitrusa B obaacti G i zg € 0G. Axkmo icEye xpyr
K ={z:|z— zy| < r} ramxmi, mo 3 xomu0l 38'43H01 KOMIOHEHTH NEPETHEY
K ,‘U G dyuxuin [ voxua Ge3n0CepeIHRO AHATITHYHO NPOJOBXKHTH Ha K
TO MOBOPUTHEMeMO, M0 [ He3nocepefHBO AaHAMITHHMHO NPOJUBKYBAHA depes

[n- )
TOUKY zp. Hanpukaan, dyexuio f(z) = > 2" moxua 6eanocepenno axa-
n=I)
JITHYHO MPOJOBXKHTH 9€pe3 KOXKHY TOUKY Koda {z : |z| = 1} kpiM Toukm
z=1.

Pue. 8.1

Pozraanemo me npukaag. Hexan G — ofaacTs, 3o6paxeHa Ha pHc.
8.1, 6, a f(z) = 4/z — eubpana B G PikcoBaHa HenepepBHA BITKa KBaJpaT-
HOT'O KOPeHA. 'epe3 KOKHY TOYKY KOJa I (PYHKIII0 MOXKHA, OYEBHIHO,
AHAMTHYHO TPOTOBKATH €IMHUM THHOM. -epe3 TodKy z = () MpoJoBXHTH
11 GesmocepedHbO AHATITHYHO He MOMXKHA, 00 IHakume icHyBada 6 GyHKIIA,
AHAJITHYHA B JeAKOMY OKoJl Todku 2z = 0, Axa 6 y geaxin Toumi —at <0
HalyBaJa 3Ha49eH A 1a 1 —ia OJHOTACHO, M0 HeMoxneo. HapemrTi, Axmo zp
JNeXHUTH Ha BI€MHIN JIACHIA miBoci, To Yepes Hel [ MOXKHA 6e3mocepeHBo
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AHATITHYHO IPOJOBXKHTH 3 HIMKHLOI KOMIOHeHTH nepeTury G 3 kpyrom K
1 BepxHBOl KOMIOOHEHTH ULOT0 nepeTuny. IIpu nsoMmy B 2o Ui npoJoEXEeHHA
HaOyBaTUMYTh 3HAYEHL, AK] BIAPISHAIOTLCH 3HAKOM.

Hexa#t dyuxnia f awamirteyna 3 ofracri G 1 2y € G, fAxmo uepea
zp byekuilo f He moxpa DesnocepefHb0 NPOJOBXMTH, TO 2y HASHBACTL-
cA 0COoBIMBOIO TOYUKOW dyurmil f.

HomueprMoca, YK 130060BaHL 0COBIUBI TOYKN OJHOIHAMHOTO XAPAKTEPY
NigIAranTh OBOMY O3HadeHHI0. Hexan zp — Taka Touka. [Ipamycruuo,
mo Yepes Hel pYHKUID f MoKHA De3nocepefHBO AHAMITHHEHO OPOLOBKH-
Ti. Togl icHye aHAMITHYHA B JeAKOMY OKOJl TOYKM Zp (hyHKOiA f1, Axa
B POKOJIOTOMY oxoai abiraereea s f. Tomy Blﬂtzln f(z) = zlﬂi-ﬂu f1(z) = filzp),

ToOTO 2g € YeyBHOW ToUuKoo. OTie, MOXeMO 3p00HTH BHCHOBOK: (PYyHK-
IiE0 MOsHA Ge3[0CepelHb0 AHAMITHYHO PO IOBXKHTH TITBKH MEDe3 YCYBHY
0cOBMMBY TOYKY, & YCYBHY 0COOMUBY TOUKY MOKHA BBAXKATH HEOCOGIHBO.
Axie sigkumyTH yeyeHL 0COGMMBL TOYKY, HOBMM KIAC TOYMOK INMWPIINM,
HiX KJIacC 130Jb0BAHKX 0COOIMBMX TOYOK, CIOMH HANEXKAThH, HAIPUKIAMT, He-
izompoBani ocobumi Touxn. [Jna dymkmii 1/(e'/* — 1) Touxa z = 0 ¢ ne
130IL0BAHOI 0COOAMBOI TOYKOIO, 4 TPAHWYHOK ToUkol nomocie. [lo sa-
raJdBEHOTO KIACY 0cOBIMBHX TOHOK HANSKATE TAK 3BAHI 120/L0BaHI 0COOIKE]
TOYKH HeOJHOZHAYMHOTO XapakTepy. Hampukaapn, gia pmbpanHol B ofuaacTi
{z: —m < argz < w} BITKM KBAIPATHOrO KOPeHA +/z Touka z = 0 6yge €
130JBOBAHOI 0COOIMBOID TOYKOK, AJe HeoJHO3ZHATHOIO XapaKTepy.

L]
Teopema 8.2. Hexan cremeresuit pag . an{z — zp)" Mae pagiyc 360x-

n=
moeri R, 0 < R < oo, Togi ma xoai {z 1 |z — 29| = R} #oro cyma f(z) mae
IPHHAHMHI OJHY OCOOIHBY TOYKY.

Hosedennn. Ipuinyerumo, Big cynpoTrHBHOro, wo Ha koai [C] =
= {z: |z — zo| = R} dynknia f He Mae 0cOOIMBEX TOYOK, TO6TO f MOMXK-
Ha Ge3nocepeiHE0 AHANITHYHO NPOJOBKUTY Heped KOXHY Touky xoaa [C].
Omxe, icHye cucrema xpyris (puc. 8.2) 3 nenrpamu na [C], aka nokpe-
Bae [C], i B koxkHMUB KpYr wiel cucTeMu dyHKIIO [ MoXHa Ge3NOCEpeIHEBO
AHAJITHYHO TIPOJOBARTH, 3 Li6l CHCTEMH KPYTIB MOXKHA BUOPATH CKIHYeH-
uy cucremy xpyrie Kq, Ky, .-, K,, Aka Mae BKa3aHl paHIlle BJIacTHBOCTI.
Moxnagemo Ky = {z: |z — zy| < R}.

Hexait fo = f, a f; — OeanocepeiHe aHaNITHYHE NPOJORKEHEHA (PyHKIII
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n
f va K;. Posrmasemo obnacte G = |J K, a B mill, Bsaramn xaxy4m,
F=0
MHOTo3HagHy dyukuio F(z) = {f;(z):z € K;}.

IMokaxemo, mo F — ognosmayna dyakuis. Jifkcno, axkmpo z € Ko Kj,
to f;j(z) = fo(z), Tobro F ogmosmauma B Kj. flxmo z ¢ Ky, ane
z € K;[Ki, o, ockinpkn Yz € KoV K; K {fi(2) = filz) = fo(2)},
3a Hacaigkom 6 3 Teopemu 6.3 (Vz € K; (K1) {fi(z) = fi(z)}. Orxe, F
ogHO3HAaYHA B (.

Ockinexn 9G 1 0Ky — samkmeni muoxuny, to p(0G, 0Ky) = 4 > 0.
3rigcwn sumumsae, mo K = {z: |z — 20| < R+ 4} C G 1, oTxe, dyukuia F
apamTEuEa B OnoMy kKpyal. 3a reopemoio Teittopa 1l MOXKHA POBUHYTH
B Kpyai K B cTeneHeBHN psj

< pk) (2 )
F) =Y T o - ),

[
pard k!

Ane (Vz € Ko){f(2) = F(2)}. Tomy (Vk € Z3){f ™ (z) = F¥)(2)}. 3sigen

o] [k:l e o
ZF k:: ﬂ]{z-zﬂ]kEZﬂk[Z—zﬁ}k
k=0 .
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— —
=

1 gicTaemo, mo pajiyc 36ixHOCT Bri%i,u;ﬂnm pagy He popisHioe R, a He
MeHInuH, Hix R + §, oo semoxaneo. Teopemy 8.2 gomegeso.

Bukopucrosytoun Tecpemy 8.2, MOXHa, He DO3BMBAIOYM (BYHKIIO B CTe-
MeHeBMH PAJ 3 UeHTPOM ¥ TO4LI Zg, 3HalTH paiiyc 36ixHOCTI HLOTO PALY.
Bin gopisuioe BigcTani Big zp Ao Haubuamxgol ocobmisol Toukl dyHKLI abo
i1 feanocepeAHBOr0 AHATITHYHOT O NPOA0BACHHA.

8.2. IIPUHITUII CUMETPII PIMAHA-IMIBAPITA

Taxy HazBy HOCHTB HACTYIIHE TEEpIKEHHA.

Teopema 8.3. Hexan obracts G C {z : Imz > (0}, B xpast 8G BxognTs
ckinyerHa cucrema imrepeanis I C {z : Imz = 0}, G* — ofnacTs, cumer-
puyna go G migmocmo gimcmoi oci, a D = G| JI|)G*. Hexan dynxuis f
anamritnyuaa B G, memepepsaa Ha GJI i (Vz € I{Im f{z) = 0}. Toai f
MOMXHa De3nocepequs0 aHamTlTHYHO npogosxuTy 3 G Ha D, npuvomy ne
OpOAOBACHHA 34JAETHCA PIBHICTIO

, x€GUI,
Pl - { (2), 2€GU
f(z), ze G*.
Aosedenns. JocuTs noxazaTH, mo ¢yeknia F anarituysa 8 D. Agan-

ruanicres f 8 G ovesnnna. Iloxamemo, mo F amaniTuana B G*. [incho,
A KoxHOl ToSKH 2 € G* npu 2 — zg, 2 € G*, MaeMo

F(z) — F(z) f{z'l—flffu}=(fff]—f{in)) T

= = (7o)

z—2Zp Z = 2p zZ—Zp

1 ockinpky f'(Z), 2 € G*, AK CynepnoswIlis HenepepBHUX GHYHKUIH € Hene-
pepeHOK dYyHKOIEIO, TO aHaniTH4HicTe F' B G* moBegeHa.
Sammmiaocs JoeectH, mo F apanitogna za I, 3a reopemoro 4.15 gocuTh
nosecTn HenepepsuicTs F ma I. Hexan xg € I. Togi
lim Fz)= lim f(z)= f(zo) = F(zo)
E—+rg

g
ImzZ0) Imzz0

lim F(z)= lim f(2)= f(@)= f(x) = F(za),
If-r:t:-i“:][l Ifw?fgﬂ-

TobTo F(z) = F(xo) (z = xo), | npuenun caMeTpil KoBeqeHAM.
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—

BukopucTopyioun Teopemy 8.3, BigoOpasuMo KoHGOPMHO 1 OJHOMIMCTO
obaacte {z € C': 2 € [-1;2],z & [—4,1]} Ba oBnacte {w € C:w € [-1;1]}
(pmc. 8.3).

S ® 4
—J = \§

Puc. 8.3

S

_

[ nporo 3HAHIEMO CMOYATKY (MYHKIIN, AKa BIA0OpPakKae BePXHIO MIB-
mionmiy {z : Imz > 0} 3 pozpisom no [0,i] Ha BePXHIO NIBILIOITHHY
{w: Imw > 0} Tak, mob iHTepRamn (—oc, —1) 1 (2, +c0) nepernuin Bigno-

"
. \

/'-""3=‘ur-l:z 'ﬁ=1

\i

w=ﬁ2w, +M
5+42 J5+42

Pue. 8.4
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BigHO B iHTepBamn (—oc, —1) i (1, +o0c). Ha puc. 8.4 nokasano, sk 1e MOXKHA
apobtutn. Ulykana dyakiis Mae BuriIan

_ 2 V2=V a
w_ﬁT:M/,E_\‘«ﬁfz?+1+ﬁ_}_vrg (V1=1).

Ocxkiasxu V22 + 1 = V22 + 1, 7o 1a dynxuin 6yge bigo6paxaru 3a Teope-
moro 8.3 obmacte {2 € C : z € [-1;2],z € [—i,i} ma ofiracTs
{weC w¢gl[-11]}

8.3. IIOBHA AHAJIITHUYHA ®YHKIIISA

Hexalt aajgana ckimdeHHA KITbKICT: GYHKIIOHATLHHX £feMeHTIB @; =
= (Gj,f;), 5 =1,2,--+ ,n, 1 py4) € 6e3n0cEpeHIM AHATITHIHHM NIPOJOB-
MEHHAM eJleMeHTa (), npH koxuaoMmy k= 1,2,--- ,n — 1. Togl kaxyTs, WO
eNEMEHT ¥, € AHAMITHIHMM OPOIOBKEHHAM €JEMEHTA (01 B3JOBXK JAHIO-
ra obmacrest {G1,Ga, -+ ,Gn}. [py nsomy obracti G, 1 Gz MOXKYyTL fK
nepernaaTHca (puc. 8.5, a), Tak i He neperunaTuca (puc. 8.5, 6).

Puc. 8.5

Poaraanemo obaacti Gy, k = 1,2, 3,4, sobpaxen! Ha puc. 8.5, a. B &3
BHOEpEMO BITKY KBAIpPATHOID KOPEHA Tak, mod V1= 1, aB Gy — Tax,
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mo6 +/—1 = i. HosHauumo ix BigmOBigHO yepe3d f1 1 fo. i eiTkm 30ira-
1otbcs B G, a B G4 He 3birawTses, 6o fi{—i) = e~ "/* | fo—i) = 37/,
Omxe, eremenT (Gz, f2) He ¢ HeanocepenHiM SHATITHIHHM TIPOIOBMKEHHAM
enemenTa (Gy, f2), ajle € HOro aHAMITHYHEM OPOJOBKEHHAM B3I0BH JAH-
miora {G4, Gs, G2}, 6o, Bubupawoun 8 G3 BITKY KBaJpaTHOrO KOpeHA f3
Tax, mob fi(—i) = e/, maemo (G, fL)—(Ga, f2)—(Ga, f2). TyT w192
O3HATAE, IO SIEMEHT (o € DeRnocepeIHIM AHATITHYHNM NPOIOBXKEHHAM (2.

SayBakKHMO, IO AKIIO MOMKIHEE AHATITHYHE NPOJORKEHHA NeBHOIO (DYHK-
UIOHANEHOTO EeMEHTA B Jiedaky 0DJACTE B3J0OBK JAHOTO JAHIKIA, TO BOHO
elduHe, AKIO & JAHIIOT He 3AJAHMH, TO €JWHICTH IOPYIIYEThHCA., Tak,
y HaBeleHOMY TIpHKAaZl exeMeHT (Gq, f1) MOXHA OPOJOBXUTH Ha 06MaCTh
(3 Takox 3a gomoMorow enemenTa (G, f1), A fi — BiTKa KBAJpPATHOTO
KOpeHA Taka, mo fi(—i) = —i.

Hozraumo uepes @ +ps BiTHOWIEHHA, AKe O3HAYAE, [0 (P9 € AHANITAY-
HHM OpOJOBMKEHHAM (0] V30BN geAxoro aanmiora obnacreir. Ockinekn
P12, P1Ee = Potrer 1 p1ores A watrps = p143s, TO BOHO € BiaHO-
OIEHHAM EKBIBATEHTHOCTI.

Poosrnanemo MEOXUHY pidEnx GYHELIOHATLHAX eneMenTiB. KoxHnn xaac
po3bUTTH Uiel MHOXHHM BIJHOCHO < HABUBAETLCA MNOBHOIO AHAJITHYHOIO
¢gyvHKImiew. [HomMr croBaMui, NMOBHA AHAMITHYHA (BVHKIIA — e MHOXKHHA
QYHKIIOHANBHEX €JEMEHTIB TaKa, N0 KOXHHX JBA &TeMEHTH 3 el MHO-
KHHHM € aHAJITHYHEM NPOJOBMKEHHAM OJNH OJHOIO, a AKIO AKHH-HeOyIh
eIEMEHT € aHATITHYHHM IPOIOBKEHHAM €ICMEHTa JaHOl MHOKMHH, TO BIH
CcaM HaJeXHTh 40 TAHOI MHOMKWHH,

Iopny amamiTuysy GyHKII0 MOXKHA PO3YMITH AK GyHKHIO a0 AK MHO-
rosHasny ¢yaxuio. J[incro, Hexal 3ajaHa NOBHA aHANITHYHA (ByHKIIA
F = {(Gq, fa)} Hosnauumo G = | |G, 1 Hexait zp € G. Togi zp € G, upn

fa]

neAxoMy o, To6TO TOULl Zg CTABUTECA ¥ BiAnorigEicTs MHEOMEEA { fo(z0)},
1 MAEMO MHOrOZHAYHY QYyHKUIIO abo dyHKINO.

JayBaKAMO, 10 06J1aCTsE BHAIHAMEHHA MOBHOI AHATITHYHOL (DYVHKII Mae
6y TH MaKCHMAIbHOIO. Hanpukial, HacTYIHHH (GYHKUIOHAIBHHHE eJeMEeHT
({z : |z| < 1}, €7) ue ¢ noeHow aHamiTHYHOWO (yHKUiEH. [ToBHOK aHATITHY-
Howo dyuxuicio 6yge (T, e*).

JayBaxAMO TAKONX, IN0 He KOXHA MHOTO3HAYHA (QYHKIIA € IOBHOK aHa-
mirugsoio dyEkmieo. Ha ue sxasylores mpmkaamm F(z) = {e*,sinz} ta
F(z)={0,1},z € C.
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e —.

[IpuKia faMy HOBHHX AHATI THYIHIX (QYHKIIH MOXYTh CIyKATH MHOMO3HAY-
Hl dyExoll ¥z 1 Lnz (0 < 2] < +o0).

8.4. EJIEMEHTAPHI PIMAHOBI IIOBEPXHI

MporozHayna apaniTuyuHa GYHKHIE MOMe TOYKaM ILIOCKHX obiacTeH
CTABHTH Y BIANOBIAHICTE AeKiNrka (HABITH 3MiMeHY KINBKICTE) SHAYMEHB.
TyT Mu pO3NIAHEMO 3aMICTh MIOCKHX obaacTel HaraToaneTl Nosepxul, Akl
po3Milmeni Haa OEMH o6JIACTAME | MAIOTE HAJ TOYKOI 2 CTLIBKH ~JIHCTIB",
CKLTBKH 3Ha4eHb NMPHIIMCYE MHOO3HAYHA aHallTHYHA QYHKUIA IHH TOHI.
Tomy HA TakuX NOBEPXHAX, AKI HAIWBANTECA PIMAHOBHMH, MHOTO3HAYHY
GYHKIN0 MOXHA POIYMITH AK 0JHO3HAYHY (DYHENIO. MHE 3yIHHEMMOCA TLIb-
KM HA ODPOCTHX PIMAHOBHX MOBEPXHAX KOPEHA 1-T'0 CTENeHA Ta JOTapHgMAa.

IMo4semo 3 Halimpocrimoro sunatky. B obaacri D = C\ (—co, 0] pos-
riaauemo g8i sitkm fi 1 fp muorosuaumol dymknil +/z Taxi, mo fi1{1) =1
i fa{1) = —1. IIi BiTky BiApIdHAIOTHCA TWIEKM 3HAKOM | KOH(OPMHO Ta
OJHOMUCTO BinoGpaxaioTs [) BIZMOBIAHO HA NMPABY 1 JIBY MNIBILIONIMHM, AKI
no3HagumMo gepea D7 1 D5,
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Bizememo gpa exzeMmmiapu obmacti D1 poaMicTHMO 1X OJHH HAT OTHHM
TaK, AK BKa3aHO Ha puc. 8.6, a. Ha puc. 8.6 BKkasama Takox BlIOOBIIHICTE
beperie poapisis obaacti D i ginAHOK yABHOI OCi w-IIOmMEHN (BiAmoBiIHI
MnAEKH 306pakeH] OJHAKOBHMH DHCYHKAMIE),

CxkaeiMo Bepxuint Geper poapisy Ha NEPOMYy ekseMmiapi obamacti D
3 HUXKHIM GeperoM pO3piay HA IPYrOMY eK3eMILIApl | BIAMOBIAHO 3 OHMM
cxaeiMo D 1 D B3oBX BepXHEBOI mBoci (Bei ni ginaHkm 306pakeni Kpa-
nkamu). IloTiM craeiMo IBa BiabHI Geperu poapiay, WO FAJNLILIMCA Ha
D i zo6paxeH] WTPAXIYHKTHPOM (B TPHEBMMIPHOMY IPOCTOPI OpH APyTO-
MY CKIEHBAHHI HE MOKHA YHHKHYVTH CAMONEPETHHY, AIe IOMOBHMOCA HE
OTOTOXHIOBATH TOYKHM IPOMEHs, B3JOBXK AKOr0 NpPOXOIUTEL CAMONEpeTHH
nopepxui, gxi 306paxeH] pisHUMY PHCYHKAMH).

Orpumana nBOIHCTa NOBepxHd, 300paxeHa Ha puc. 8.6, s, HA3HBAETLCA
PIMAHOBOI IIOBepXHew KeBagpaTHoro wopeusa. Ilew wopins mMoxHA po3ras-
JaTH Ha HIH AK OJHOSHA4HY (yHKIII0, 60 IBa 3HAYeHHA, AKI KOPIHbL CTABHTH
¥ BIANMOBIAHICTL KOXKHIM Touml 2o # 0, #£ 00, € PIIHAME TOYKAMH, LIO Je-
®aTe Hafg zp. Lodukm Big'emmol gincmol ocl {—oo, 0) #e e BunaTkoM, 6o,
AK MH IOMOBWJIHCH, HaJ KOMHOIO 3 HHX TaKOX 3HAXOJATHECA ABI TOHUKM MO-
pepxai. Tineku ToukaMm z = 01 2 = 00 KBaJpaTHWH KOPiHL CTABHTE
¥V BIAOOBIAHICTE IO OJHOMY SHAYEHHIO, 1 MH OyJeMO BBaXKaTH, IO0 HAJ ITH-
MM TOYKAMM 3HAXOAATLCH N0 OJHIM TOYNI MoBepxHi. B nux Todxkax mMcTH
Hamol noBepxHi 3'€JHYIOTECH; BOHM HASUBAIOTHCA TOYKAMM DO3TalyKeHHS
(nuB. poagin 3.3).

Puc. 8.7
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Anoatmuune npodosacenna

[MinrkonM aHATOTIYHO yIAINTORAHA PIMAHOBA NOBEPXHA MHOI03HAYHO! GYHK-
uil {/z. Boma e n-nuerow, AL KOMHOWO TOUKOW 2y # 0, # 00 3HAXOAATHCA
71 PI3HMX TOYOK, a Haf ToukaMu z = 1 2 = 00 — TI0 OJHIK TOYI] MOBEPXHL
Ha puc. 8.7 ao6paxena 9acTHHA piMaHOBOl NOBEPXH] /z, AKA 3HAXOAMTHCA
Ha KPYIOM 3 HEHTPOM Yy MOYATKY KOODLHHAT.

Pimarosa noeepxua Lnz € HeckiH9eHHOMMCTOIO, A OyIVETRCH BOHA, fAK
ekazano Ha pumc. 8.8, V mapegenmin pume ofaacTti D BHOUpacMO COJNOBHY
BITKY JorapudpMa

w = fo(z) = In|z| + iarg 2.

I[a dyuxuia sigobpaxae D ma cmyry D = {w: |Imw| < w} (pignosis-
HicTh Oeperis pozpizy 1 Kpale cMyru Bxkasaui Ha puc. 8.8). ‘
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Bel immi BiTEE JorapudmMa
w = fr(z) = folz) + 2kmi (k€ Z)

BigobpaxaoTs [ Ha emyru DY, Akl e napaieib-HUM NepeHeCeHHAM CMYTH

o Ha 2mi. Bignopiguo go uporo mu OepeMo 3iaiYeHy KIIBKICTL eK3eMIl-
aapie ofuacti [ i cxaeroemMo BepxHiM Geper pozpizy Ha (-My exaeMILIApi
3 HHKHIM Oeperom pozpisy Ha l-My exseMmaapi, a HmxHID OGeper pozpiay
na (-My exzeMmapi 3 BepxHim Geperom poapisy Ha (-1)-my exzemmuapi. o
BlipHEX Geperis, MO JAMMIIMAMCA IOTIM OPUKISIEMO BIANOBLIHO HIDKHIN
Geper poapisy ma 2-umy i pepxmiit 6eper poapisy Ha (-2)-My exsemmigpax
1 TaK gami.

Hax oxomom komHOl TOYKN zp # (0, # 00 3HAXOJUTECA YACTHHA [IOBEPX-
Hi, OI0 CKAQJAETHCA 13 3MYeH0l KIThKOCT] OKPEMEX KPYTIB; KOXKHOMY KPYTY
BlAMOBiMaEe BITKa JorapudpMa 3 BLANMOBIAHHM HOMEpPOM, AKa jle B HLOMY
oxom (Touxm Big'emuol meoci ge € BunaTkoM). Tomy morapudm zHa noby-
JAOBAHIA DIMAHOBIN MOBepXHI € ofHO3HAUHOKL (yHKHIEK. B Toukax z = 0
1 2 = o0 gorapedM He BH3HAYEHHM, & TOMY MOXeMO BBaKaTH, INO HOTO
piMaHOBa NOBEPXHA HE Mac TOMOK Haj z = 0 1 z = 00, AKI HAZWBAKOTECH
(mue. poagin 3.4) TOUKAMM PORraTYKEHHA.



Poadia 9
BIIPABH 10 PO3ALTY 1

Kommrexkcni uncaa, ofiacti, kpusi,
cTepeorpadidHa OpoexIis

1.1. 3RaiiTi FificCHY Ta yABHY YaCTHHY HACTYNHHMX KOMILIEKCHHX GHCE:
g .
1 1-i\? 1 /3 52\
1'1) T3 5} " y 6} o =i ) B] BT .
1-—1 1414 2 2 941

Poss’azysanns snpasu 2). Bpaxoeytouu, mo i? = —1, a i = 1, maemo

(42N 240\ di+3 2. 3;
T\ tr) T \1=i) T T 2"

Orxe, Rez = -2, Imz = 3/2.

1.2, Joeecru piBHOCTI

ﬂ.]- = lzal, 6) Arg (21 20) = Argz) + Arg zo;

)zl =lallals ) |21= 2L

z z zZr
2) Arg Ao Argz) — Argzo; d) (—1) = :L—; e) 7] 23 = Z1232.
23 Zo Z
Poae azysanna enpacu o). Hexait z; = r;(cosé; +isin;), j = 1,2. Tomi

21 z3 =r; r2{(cos ¥, cos B2 — sinfy sinfy) + i(cos #; sinfy + sin #, cos f)} =
=1 :i"‘z{CDS {91 < 32] + isin {31 + 52}}
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Poszdia 9

3BlACH, BHKODHCTOBYIOYM O3HAYCHHA APTYMEHTY, [JICTAEMC HOTpiOHY
pPIBHICTE.

1.3, 3HEaiTH MOVl Ta apryMeHTH HACTYDHHX KOMILIEKCHHX YHCET:

. 1 3 1—13
a) —m;,  6)im; ﬁ}l»{-filz‘?’; 2) — 3 -}-i—f; d) -——1+:;
T i
e) (=44 3% e — cos% + isin%; ac) 1+ cc»s; + isin?.
T, .
Po3ze’sayeanna snpasu ¢). Ioanaummo z; = —CDS? + 15111?. Toai
; cs( w)+..( ﬂ) ﬁw+,.nﬁw
= T - = in|w——] = cos — < 1850 —
1 0 7 is 7 cos — sin -,
6
Tobro |z =1iargz = T?r

. T, W .
Pose 'aaysanmns snpasu x). Iosmaummo z9 = 1+ cosz + sin . Toxi

_ RPN Y a2 — | T_ T
|zg]—:\/[:l _(:r:)STj —I—{SHLT] E—I—ECQS? 2(:0314.

y T Jna sHaXOMKEHHA apryMeHTy 3a-

VBAKHMO, IO 29 € CYMOK JBOX BEK-
) T .. W
b 2 Topie @ = 1 Ta b = cos— + isin—
i, ockitsru la| = |b| = 11 25 306pa-
KAETHCA AT OHALTIO poMBba, moby-
? IOBAaHOTO HA BEKTOpax a i1 b, To
> > 1 b T (
ar = -—ar = — UE.
puc. 9.1).
Puc. 9.1

126



Bnpaeu do poadiay 1

1.4, [Jaru reoMeTpHYHAH OMUC MHOMKHHHE BCIX TOYOK KOMIVIEKCHOI ILIO-
IIMHA, IO 32, J0BOJLHAITE HepiBHOCT

a)Rez>0; 6)Imz<1; s}Rez<l; 2}|Imz]<1, 0<Rez<1,
Nzl <1, e)|lz—i|>1; 0<|z+1<2; Mm)l<|z-1] <3
3)0<argz < wfd; i)|m—argz| < 7w/4

FPoza’asyeanna enpaeu 2). [us. puc. 9.2,

Pose’aayeanna snpasu o). 3aysaxumo, mo |z — zg| osmawae sincrans
Mix Toukamy z 1 zp. ToMmy yMOBA ) ONHCYE Kilblie 3 HEHTPOM Y TOTII
zp = 11 pagiycamu r; = 1 Ta rp = 3. (gue. puc. 9.3).

Puc. 9.2 Ppc. 9.3

1.5. BrasaTu, Aki Jinil onHcay] HACTYIHUMMY DIBHAHHAME

1 1 z—1
a]Re;_E (a > 0); 6}Rez+1_{], ) Im =0

Poze’raysanna enpasu 6). Ockimbkn

£23 S | : 2_1 2 9 2 2_1
z+1 x+ 141y (x+1)2+y (x+1)*+y
TO MIYKaHOW JiHiew € koao {7 : |z| = 1} 6ea Toukm z = —1.
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1.6. Hexan z; i zo0 — dixkcosani Touxkn. OnucaTs reoMeTDHYHO MHOMKH-
HY TOYOK z, IO 3a10BOALHAIOTE CNIBBIAHOIICHHS

a)lz =z =z —2s|; 6)lz-1|=]|Rez|;
6)|z—z1|+ |z — 22| =2a, a>|z —n|/2

Pose’saysanna snpasu 6). Hexait z = o +iy. Toni /(z — 1)2 + 2 = |z|,
apiaxu y° = 2z — 1, TobTo Maemo mapabony.

Poazs’ aayeanna snpaeu ). Ila yMoBa 3ajae reoMeTpH4HE MICUE TOYOK,
CYMa BiACTAHEH Bl AKAX 40 ABOX 3aJaHMX TOYOK Z) 1 2 € BEJHYHNHA CTANLA,
a 1e € O3HAYEHHA eMinca,.

1.7, BuacauTi, K] KPHE] BU3HAYAIOTLCA HACTYIHUMH NapaMeTPUIHUMHA
PIBHAHHAMHA

a)z=a+tb—a),t€[0,1); 6)z=t+it t €0, +oo);
.&] z=Re®, te[0,7]; 2)z=t+1ift, t€[L +oo);
dz=1+e" te(0,2r]; e)z=2e"-1,1t€l0,2r);
} { Eiﬂt, t e [n: 11,
e)z =
t—2,t€(1,3]

Poae’'asyeanna enpeeu ). 3ajaHe napaMeTpUyHe DIBHAHHA MOXHA 38~
nHCATH ¥y BUTIALl T = t, y = 1/t, t € [1,400), Tobroy = 1/z, = € [1, +o0),
a Ile — 4YacTHHA BITKHM rinepOoum.

1.8. Ommearn 3a gonomoroo uwepismocten obnacts D, axmpo il kpan 9D
CKIAJAETHCA 3 OfHiel 3aMKHeHOI KPHBOI, 100 BH3HAYMAETLCA DIBHAHHEAM

a)z=a+re”,0<t<2m; 6lz=a+re, 0<t<2m

8}z =1it, —00 <t < +00; 2)z=t+it:, —00 <t < +00;

d)z = t?, —oo < t < +oo0.
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Bnpasu do poadiay 1

Poas’'saysanns snpasu a). Ockinexn |z —a| =710 <t < 27, To yMoBa
a) 3ajae MOBHE KOO, AKe 0OXOINTECA 33 TOIMHHMKOBOK CTpiakom. Toumy
MIYK&HOIO 061acTIO € 30BHIHICTS nporo koaa, Tobro D = {z: |z—a| > r}.

1.9. Hexair M(z) = (£,1,() — Touka na c¢depi Pivana, mo signosigae
TOYI 2 = &+ iy 3 KOMILIEKCHOI IIOIuEH, To6TO cTepeorpadivdua npoeknia
TOYKM 2z, & k{21, 22) — XODJAIBLHA BiICTAHE MiX TOYKAMY 2] 1 zp, TOGTO
IPOCTOPOBa BigcTaHe MUK ToukaMmu M({z1) 1 M(z). IHorecTn HacTynHI
pierOCT

__ s _ oy =P
V=TT "TTEEE T ILRRE
& e
Vr=mipi-¢ VTErpI-¢
|31—22]
a)k(z1, z3) = z: # oo);
ke ) = e ey (2 )

1

2) k(zq1, o0) =

IRV

Hosedenna piewocmet a). 3anumemo pIBHAHHA NPOMEHS, IO IIPOXO-
AuTh uepes momoe ciepu Pivana (0,0,1) 1 rouxy (z,y,0) 2a xoMmrexcmin
L0 H]

E=te, n=ty, C=1—t (t=0).

Ili rerasnsosay ni 3aagenus y pisuanua cohepu Pivana £2 492+ (¢ —1/2)2 =
= 1/4, maemo t%|z|? + (1/2 — )? = 1/4, Tobro t2(|z]* + 1) — ¢ = 0, aBigxw
t = 1/(1+ |2|*). Hapemwri, nigcrapnsioyn ne 35a4ennd ¢ y piBHAHHA IpPO-
MEHS, OTPUMYEMO DIBHOCTI a).

1.10. IIpuitmemo ¥ = cos@ + isiné, 6 € R. [losectu pisnocTi
2) {:eiﬂ}“ =™ (neN)

9) Y _sin (j6) = sin ((n :ﬁ’;};;“ B872) (g 4 2y,

9 Komnma. anamia 129



Poadia 9

I s~ . sin{(n+1/2)8)
e) 5+ :;:Zlmb (78) = 2sin (8/2) (8 # 2rk).

Hoeedenns pienocmeti d). BukoprceToRyroun hopMyay AIA CyMH MeoMeT-
PHYHOI Tporpecii, MaeMo
n nd-1)ed 28
Y e = - i st
h 1 — et

i=1

3Bincm

(n+1)id _ a.ﬂ' E{ﬂ+l}iﬁ' s E::'Ei' ;- E—:'Ei'
Zmn{jﬁ}-“[m( ):Im ({ |1_e${|2 ))z

sin ((n + l}ﬁ'} —sin(nf) —sin#  sin((n + 1)}8/2)sin (nf/2)
— 2cos @ B sin (6/2) .

1.11. Hexait ¢ — onyxna wecnagua ua [0, +o0o) dyexmia. JosecTn, mo

o (% sz) < %Z‘I‘(Iﬁfl}-
i=1

KomnekcHiI mocIiJOBHOCTI TA pAIH

1.12. ITpu axux sHadvenHax z € C 36ixHl BKazaHi NOCIIJ0BHOCTI

a)(z"); 6)(z"/n); ) (nz"); o) (1+2°+..+2");

= 2,"2 5T P
2 (Frge+a) o (mw)

Poae’'saysanns enpasu e). Axmo |z] < 1, To |z|* = 0(n — oo} i ToMy
lim z"/(14+2") =0.
TL=3 00
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Brnpasu do poadiay 1

H m T — 1 i —_—
Axmo x |z| > 1, To n]:l-}n-;;uz f(1+z }-nll}n;ol;"{l—i—lfz ) =1. )

Hexai, wapemTi, |z| = 11iz"# =1,n € N. JBammmemo z = €',
# e (—m,x). Toai

P B gint B Ee’nﬂ{l +E—in'ﬁ'}
1+z0  1+em  (1+end)(14e )
14 em? 1 . sinnd 1 i n#
. 2(1 + cosnf) T2 —HZ{I + cosnf) =3T3y

| HaM 3ATMIIMIOCE TOCHIINTH 361%HicTE nocnigoBHoeT! (tg(nd/2)). Mpumry-
CTHMO, IO icHYe ckindeHHa rpannns A = lim tg(n#/2). Toai
Th==p OO

. 2tg(nd /4) 24
= l = .
A= i e/~ 1= A2

A ne momuneo TIIpkH, kKonm A4 = (. 3BiicH, BHKOPHCTOBYIOHHE TOTOMHICTE

tg(nf/2) + tg(6/2)

tg((n +1)8/2) = 7= tg(nf/2) tg(6/2)’

aicTaemo pieaicTs tg(#/2) = 0, TobTo § = 0. OTxe, axmo |z| = 1, To mama
nochi foBHICTE 301%HA TIMTEKKY B Towml 2 = 1.

1.13. [Josectr 361%HICTh HACTYIHUX OOCIJOBHOCTEH
zﬂ' Eﬂ-
a) (Tj:;f;)dzl <1l o) (—szﬂ) 2l > 1
1 . .
8) (— (1+e®+.. + e”’*‘f*}) , 8 € (0,2r);

2) (in (1— e e _ 4 (—1}%“&)) 6 € (=mm);

{":"] (Tl }}«l(ﬂ+1-—|-nz+ (n _-1}32 + ..+ zu}) : |2‘.’| < 1’ - ;E 1

g= 131
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Hosedenna abincnoemi nocatdosnocmi 6). Ilosnasamnmo ii wepes (a,, ). To-
Jl, BMKOPUCTOBYIHOYH (QOPMYIY A CYMH “WIeHIB MeOMeTpHYHOl nporpecii,
IpH 7 — 00 MAaeMo

11l+cos(n+1)¢
n 1 —cos#

1 eitnt+1)8 _ 1
n e?f_-1 "~

ToGTO 6, — 0 IpH 1 — 00,

Ay = la,| = — 0 (n — 00),

1.14. 3ganTy BCl 3HAYMEHHA mapaMmeTpie a i #, npr axkux 36ixul BrasaHi
pAIH

o . oo =
G} Z n—aewm; 6} Zn—-aﬁinﬁ; 8:] Z[nz + 1}—& {E#m _ 1} ;
n=1 n=1 n=1
- 'n(ln{'nz + 1}}Q . - 1 = L7L
2) ,;I - ) ,E e :

Poas azyeanna enpaeu 6). Ham, dbaxTuyno, Tpeba gocaignTi abixHICT
pAIIE

(&) e
E n~ *cosnd, E n~"sin nd.
=1 =1

fAxoo o > 1, To obugea uwi pagn 36ixkHI abcomoTHo. fxmo o < 0, To
NePUINA 3 UEX pAgiE posbiXHUR i Beix @, a gpyrad posbixuul 114 Beix
¢ # 0, To6ro Ham pag poaOlMEHMN.

SAMMIIMIOCA POIDAAHYTH BHOAJoK, koau 0 < a < 1. Y upomy Bumaiky
n~* L 0(n -+ c0), i, axmo 0 # 21k, To

il 1 sin((N +1/2)8)
D cosml =3+ — o

=

N : :
innd < S0 ((N+1)8/2)sin (N6/2)
D sinnd sin (6/2) !

n=l
To6To mi cymu obmexeni. Tomy 3a ozxakow [ipixne mpu 6 # 2k
10 < o <1 pam pax 3bbxmui, Saysaxumo, mo akmo =21k 10<a <1
paz Yoo, n”*cosnfl po3bixHmi.
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Bnpasu do posdiay 1

1.15. [JosecTu, mo 3 6y15-AK01 NOCTI JOBHOCT] KOMILIEKCHUX HHCET MOMK-
Ha BubpaTy 36ixuy B C nignocm J0BHICTE.

1.16. Hexau # c R 1 z € C. Jorecrn, mo

g\ : "
li LS = if, e . = e~
a) lim (l+n) e; o) b (1+n) et

—+o0 Te—F 00

1.17. JosecTn 361KHICTE pAIiB

o Ei n k oo Einrﬁ‘
a}rg nerD) PN 6];”“,

Ie (fin) — M0JaTHA 3pOCTada 10 +00 NochijoBHicTs. A axe k7

1.18. Hosectn, mo lim 2, = A Toaii Tiaeku Togl, kouu lim k(z,, A) =
TE— 0 L= D0

0, ne k(zn, A) — xopganena sigcrans (qus. 1.9).
Hosedenns. Maemo (gus. 1.9)

w4
V1+ |22/ 1+ AR

1

V14 13n|2'

3 ocTaHHBOI piBHOCTI BHAHO, mo lim z, = co Togi 1 TIEKH TOXl, KOIH

TL=F O

k(zn, A)

(4 # o0)

k(zn, c0) =

lim k(z,, co) =0.
— D0

Hani, ockinexn k(z,, A) < |2,—A|, Toi3 piBrocTi lim 2, = A BunauBae
TE—r 00
piegicTs lim k(z,, A) = 0 opr A # oco.
TE==p 0
Hapmaxu, axmo lim k(z,, A) =0, are z, # A(n = oo), To icEye Taxa
Tl=d O

nocaigoBHEicTs (n;), mo (z,,) — oo. Toai

1

1
A >
I--..-f]. + |A|* |3n_fl -

1 |2n;| — |4] 1

= —
T 2/T+[AP |zl 2y/1+|A)

o HeMOEIHBO.

1
k{zﬂja A] = §|zﬂj -

>0 (n; = o0),
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PyHKII KOMILTEKCHOI 3MIHHOL

1.19. 3HaTH TpaHUli (AKIIO BOHM ICHYIOTE)

b : 2
z 2 — 2 22 +1
a) lim - lim ~-: @) lim -
jz—niz—t ﬂz—rm 244 :]z—mc-z—Ea
2 3
z“ 41 T
2) lim——— ) li —— +2i); €) lim Z
]lzl_IH 24 =1 }zl—rpli:;l] (;1;2-|-3||r2 1) L:I zl;l,lln_iz

3 . : =. . 2 ¥
e) Wm argz; ox) lim2/Z  3) lim(2"/y);

FPoas'azysanna enpasu e).

: i Rez? . zRez
1.20. Pyaxmi f(z) = W iglz) = W

HEITepEPBHl B KOMKHIM TOII

z # 0. Un MoxHEa IX JOO3SHAMHTH Tak, MO0 BOHH GYIM HeNepepBHHEMY
i B Toym z = 07

1.21. Busacuwru, um dyukuia fi(z) = exp(—1/|z|) ¢ piBHOMIpHO He-
nepeperoio B Ky = {2z : |z] < 1}, a dymkuii fo(z) = %, fa(z)
(Rez?)?

Uit fa(z) = exp (—1/2%), fs(2) = : _:32 -—n{z:0< |z <1}

Hocaidwcenna dynwyid 1. 3rigHo 3 osHad9eHHAM HaM Tpeba INOKa3aTH,
o

(Ve > 0)(36 > 0)(¥(z1, 22) € KE){|2z1 — 22| < 6 = [f(z1) — f(z)| < €}
Has saganoro ¢ € (0,1) noknagemo

. 1 2
¢ = min { In® (1 1, =" =}.
mm{n ( —i—.eaj, T E}
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Brnpasuw do poadiay 1

Armo |z;] < V8, To 3 HepiBHOCTI |21 — 22| < § Maemo |zo] < |z1] + 6 <
<04 vE <293, Tomy

|f(21) = f(22)] < exp{—1/V/6} + exp{—1/2V/6} < 2exp{~1/2Vd} <,

6o v < (1;2}111'1;

Axmo x |z1| = V3, |22 > 6 i, nanpukaag, |z2| = |z1|, To 3 mepiBHOCTI
|21 = z3| < § pumMBae HepiBHicTH

152) = fea)| < expl-1/ ) (e {boll 1) <
|21]]22]
< e Yexp{Vé} —1) <e,
60 & < In® (1 + ee). Omxe, dymxmin fi(z) = exp(=1/]z]) e piexomipro
nenepepenoio B Ky = {z: |z| < 1}.

1.22. MosectH, oo dbyaxmii

a}f{z}=zi§,ad—bc;€ﬂ; 6) f(z) = exp (|2|);
s]f{zj:ﬁzl_l; a}f{zj:;.

€ HellepepPBHUMH BLAHOCHO ccepriHol MeTpuky k(z, w) B posimMpeniit KoMr-
JEKCHIYM ILIOITHHI.

_ . 1
Hosedenna nenepepsnocmi dynnyii f(z) = —. Ham Tpeba nosectu, mo
z
AnA koxHOro £ > 0 icuye § Taxe, mo 3 HepiBHOCTI k(2, 29) < § BEDIKBAE
uepisuicTs ki{l/z, 1/2) < e.
HpamycTumo crosaTky, mo zg # 0, # co. Togi, Axmo z # 0, To

k(1/z,1/2) = 1/z — 1/z0]|z]| 0

= = k(z, zp),
V1+[2[24/1+ [z (2, 20)

| HAM HOCHTE B3ATH £ = {.
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— —

Axmo zp =0, To f(zy) = oo impu z # 0

1 |
KUz Yz = i = TR e @)

1 3HOBY JOCHTEL B3ATH £ = {.
Hapewri, axmo zg = oo, 70 f(20) =01

k(12 1/20) = —nd?) !

= = k(z, 0o},
VIH1/2]2 14+ 2P
ToOTO, AK BUNIE, JOCHTDL B3ATH £ = 4.

1.23. Hexan dyuknoii f 1 ¢ Henepepeui v ccepuinin merpam. Yn
€ HeMePEPBHUMH ¥ cdhepuyHiil MeTpuui dbyrxuii f + g, fg, /g7

MororensHicTs Ta aHaniTHYHicTE. Mo Komni-Pimasa

1.24. 3maiiTi BCl TOYKM MOHOTEHHOCT] HACTYIHMX QYK (z = £+ iy)
a)f(z) =Rez 6)f(z)=2Rez; 6)f(2) =|2li2) f(2) = a®y*

d) f(z) = z° + i{mi +y%); e) f(z) = 2xy — i(z% — y?).

Poze’asyeanna enpasu d). Ockinpkn dymxmii u = 22, v = 2% + y°
audepeHIiMoBaK] ¥ BCIM IUIOIIMHI, TO HAM 3ATHIIAETHCHA IEPERIDKA YMOB
Komi-Pimana. Maemo

Ou _op W_y, H_o Z_,,
oz

dy dy 8z

1 ymoen Komni-Pimana sukoHyOThECH TinsKA B Tounl z = (. OTxe, Hama
YHKIA MOHOTM€HHA TIIBKH B Toum z = (L

1.25. TokasaTu, mo gaa ¢yuxuii f(z) = 3Ty, z = ¢ +iy, B Tounmi 2z = 0
ymosr Komi-Pimasa BrkoHyOTECA, ane (GyHKOA [ HE € MOHOI'€HHOIO B LN
TOYII.
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Capasni,
du o ufx,0) = u(0,0) v
du u(0,y) — u(0,0) dv _
500 =m0 gl

T00T0 ymoBH Komi-PiMana euxoHyloThCA. Afle HERaXKKO NMOKa3aTH, 10
yrkuis u(z,y) = YyT ne ¢ aAndepentioanoio B Toumi (0,0).

1.26. Hnz z = z + iy i dyuxuii f osuawmo GopMaIbHl DOXITHI 34
A0noMOT010 dhopMy.IL

0 e (ﬁ_ﬁi) Wl (000
dz 2\8z ‘oy/)’ T dr ' By

fosecTn HacTynHi piBHOCTI

az Jz 922 gz
i'l}‘b_";—ﬂ, 6}%=l, GJE:-G, 2]5;—{}, &}E;_ll

a(fg) _ of a(fg) _ L

)5z =93 ”a-’ o i faz

Hosedenns pisnocmi a).

9z Oz 0y Oz Oy
9z z(a +3m“5y ay)“

1.27. Jogecty, mo ymoBu Komi-PiMama moxma samwcaTs Yy Buragml

af —0.

oz

1.28. [osectn, mo B NONADHIA cucTemi KOOpIHHAT z = re'’ YMOBH
Komi-Pimana Moxua sanucaTi v surasgi

Gu_ 10 v 10
ar ro8 br rog
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= — . =

1.29. Hexaill dynkknia f = u + iv MoHorenHa B C i u = v®. [lomecrn,
mo f = const.

1.30. Hexait dyuxnia f mMonorenna B obracti G i f/(2) = 0. [dosecty,
mwo f = const.

1.31. JocmiguT HA AHATITHYHICTE HACTYIIHI QyHKII

a) f(z) = |2” + 22 6) f(2) = 2] + 7

x . ¥
) s+ i+ o )

Poae’aaysanna enpesu 6). Ockinexu f(z) = /2% + y? + 1y, TO

Ou x du du 2y v
=—+1: ._211 . _=ﬂ1
dy

a LT dy ....-",-I;E_t_yﬂ‘ O
1 ymoBr Komi-PiMara HabyBamoTh BUTIALY
T
2 -9 Y ___o
3Bigcy HeBaXKKO 0BAYNTH, 110 33 1aHA DYHKILA He € AHAMTHIHOIO B YO JHIH
Toum 3 L.

1.32. [opecTH, mo axmo Bel KopeHl MHOroWIeHa P, deg P > 2, newath
v miBmiomusi {z : Imz > 0}, To sel kopedi MHOrOwIeHa P’ gexaTh y uil
3Ke TMBILIONTHEHI.

1.33. Hapectu npuxsaj HeogHoaucTol B obaacTi G gyxkmil f, ama axol
f(z) # 0 e xoguiit Touni a G.
2

0207
a) f(z) =2, p e B; 6)f(z) = exp{plz|’}, pE K
6) f(z) =ln|z —1|; z}f[:z]=ln[1+|z|2].

1.34. O6uyncauTn

AaA HACTYNHEX GyHKINNT

Posze ‘aaysanna enpasu 6). 3amumemo f(z) = exp{p2z}. Toxi

8’ ; .
Széff = (p+p°22) exp{pzz} = p(1 + pl2|*) exp{p|2[*}.
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leomeTpuunun amicT Mogyas Ta apryMeHTy IoXiTHOoL

1.35. Jlinitize sigoGpaments w = Az 4+ BZ + € HAIMBAETHCA FOLOBHOIO
THIHHOW YacTHHOK Bigobpakenus w = f(z) B Toum zo, Axmo

lim |£(2) = (424 Bz +C)
=t Iy Z— x)

=0.

SHAUTH TOJNOBHY JIHIMHY YacTEHY HACTYIHHX BigoOpaxkent (y BKasazin
TO4ni )

a)w =2 20 =1 6)w=|2? zp =1 e)w=(z—1)/(z+1), 20 = 2;

elw=e", zg=mi; w=1/%, 20 = —i; e)w=3% z5=1.

Pose’aaysanna enpasu e). Ockimbxn f(z) = 22 — 3% — 2izy, TO, AKIIO
Z = T, MAEMO

) = .- 2 _ _
0= lim |F8) — (424 Bz +C) =l |E (A4 B)e C'z
Tz T = Zn z—1 r—1
~ lim {m—l}ﬁ—[A+B—2}{;n—1}-{A+B+C]+§
_zl—il r—1 ’

3Bl KK sunInBae, Mo A+B—-2=0i A+ B+C~1=0. A sxumo 2 = 1+1y,
TO

0= lim f[z}_(ﬂz-F.BE—I_C}}:
=} Zn Z—zﬂ
2 — 9y — _ (A — BY
= lim | L =Y 2y = (A+B+C) (A~ B)iy =lim|-y—(2+A— B)
y—+0 ] ti—+

3BIOKH BUILHBaE, Mo A — B 4+ 2 = 0. 3 orTpumanoi creTemu PIBHAHB {1
A, B, C nicraemo A =0, B= 2, C = ~1, a oTxe, IIYKAHA MOJOBHA JIHIHHA
HACTHHA € W = 27 — 1.

1.36. Hexait I' — rmajxa xpuea, a w = f(z) = u + iv i dbysxuii u, v
MAIOTE HeTlepepBHi “acTkoBl noxigui B okoqi [I'. Koedinienrom mmifiroro
poarary xpusoi [I'] & Touni zg € [I'] 6yaemo masupaTH Bemamy

k=k(z)= Tm |L&)=I()|
z—zq, [T Z—2p
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IIpunycrumo, mo [I'] = {2 : arg(z — zg) = f}. 3HaiiTH Koedinienr NiHil-
Horo poatary k i xkyr moropory « npomens [['] v Bkasamin Toumi zp opu
HACTYTIHHX BlIoOpamKeHHAX

a)w=2z%20=1; 6)w=1ie, 2 =0; s)w=2z+1i3 zp=0;

z—2p 1—1iz . _2 .
2040 Hw= — zp = —1; e)w =732", zg =1i.
P #0; d) T s X , €) 0

2)w =

Poze’azysanns enpasu e). 3a O3HAHEHHAM

S Bt z) — flz i+ reP)? =7
b= i Mre? + 20) = flzo)l _ ik
] r r—0 T
= lim [2e™% — re~%P| = 2,
=40}

Hexait 3 € [{}, E). Ockineku ' = (z = i + 7P, r > 0), To obpazom mworo
NpOMEHA € Kpuba

Ty =(w={tred),r>0)=
= (w = rlcos 28 — 2rsinff — 1 — i{rzsin 203 + 2rcos @), r = ()

3 modaTKOM ¥y Toum w = —1. Axmo Tenep w = wu -+ tv, TO 4184 JOCUTH
Mamnx r > 0D maemo u+1 < 01 v < 0. Tomy g kyta Haxmry & goTudsol
no [I'] B Toumi r = 0 {w = —1) eikonyeThea

®, =7 + arctg (1im

r—rﬂu+l) “+5”-"¢tg o :}|-r—ﬂ

Ane
v'(r) —2co8 § — 2rsin 23

uw'(r) o= 2rcos 203 — 2sin §
Tomy & =3w/2-F1a=9, — F=3r/2-20.
lng immmax 5 MIpKYBaHHA TIONIOHI.
Braxemo immmm ~cnocif po3B’A3yBaHHA miel sopasu. Hexanm 3mO0BY
g e [{], %) Ockinexkn gas dysxmii g(z) = z° euxonyersca ¢'(i) = 2i,

o= ct& 8 = tg (5 — B).
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TO $yHKLUIA g Blgobpaxkae MpoMiHe I’ ¥ KpHBY, DOTHYHA A0 AKOl B TOMIL

w = —1 yTRopioe 3 JOAATHEM HAOpAMOM JifcHOI oci kyT [ + x/2. Ane
f =7 Towmy dyukuia [ eigobpamxae npomiss I y kpusy, JoTHYHA L0 AKOI
B TO4Ll w = —1 yTBOPIOE 3 JOZATHUM HANPAMOM JilicHol ocl KyT 37 /2 — 3.

Orxe, o = 3n/2 = 2.

1.37. [Jna sacTynHnx BiqoOpaxeHb BKasaTH MHOXEHY M THX 3Ha4eHb
Z, B AKUX xoedimieHT JHIMHOrO poaTary k = 1, 1 MHOXkHEHY () Takux 3Ha-
4eHb Z, B AKHX KyT nosopoty a = (),

2

a]w=32; ﬁjw:zdr S}U‘J:E —23, 2]w=23—32

P Ow=1/x

e)w=1iz"; ew=-2 ww=ilz; 3)w=(1+iz2)/(1 —iz2).

Poze’azyeanna enpasu 3), Ockinieku npu z # —i yHKUIA aHATITAYHA,
o k = |w'(z)| ana xoxmol Touxkm z #£ —i. Axe w'(z) = 2i/(1 — iz)%
Tomy M € MHOKHHOIO TakuX 3Ha4eHb z, qua axux |1 — iz|® = 2, Tobro
M={z:|1-iz| = v”’i.-’}={z: |z+£]=~j§}.

Hani, axmo z # —i, TO KyT ODOBOPOTY

—2i(% — i)2 (1-i)(z—1)\°
oy = argwf(z} = mgm_ — ar(:tg (—W-— =1.
Sammmuiocs saysaxuTd, mo arg(w?) = 0 Togi i Timeku Toal, Komu

argw = 0 abo argw = —m, Tobro Imw =0, w £ 0. Orxe,

M={z:Im(l-i{)(z-1)=0, z# ~i}L

1.38. Hexan ¢gyuxiia f aHanitedHa B Tounmi zp 1 f'(zp) # 0, a k Ta
@ — BLANOBLIHO KoedIIieHT JIHIHHOTO PO3TALY 1 KYyT MOBOPOTY NPOMEHA
{2 : arg(z — 2) = B} B Touni z npu eigobpaxenui w = f(z). Jlosecrn,
mo k= |f'{z0)] 1 @« = =28 — argf'(zn) + 2on gas peaxoro n € Z.

1.39. losectu, akmo swigobpaxeHHa w = f(z) = u + iv obxacTi
D 3 penepepBHUMYE HACTHHHUMMH HOXITHAME QYHKIOIH 4 1 ¥ Mag B KOMKHIN
Toumi 3 D cTaxmy JHIMEME pO3TAr | BIACTHBICThL KOHCEPBATH3MY KYTiB,
To [ € amamiTH4HOIO QyHKIIEW, oTKe, Bito6paxenHa KOHQOPMEE.
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Poze’sayeanna enpasu 1.39. [losnaummo =epes F, E,G koedimienTn
nepmol kBagpaTHyrOl dopMu Bigobpamenns w = f(z), Tobro F = ul+
-{-vg._ F = u,uy, + vpv,,G = ug + q',rg. Oproronansal HpAM] BHACALIOK KOH-
CEPBATH3MY KYTIB IePEX0ATE B OPTOCOHAILHI KPUBL, TOMY

F = ugu, + v,v, = 0. (9.1)

Ha migcTas Toro, mo sigofpa:KeHHA Mae CTalull JIHIMHHH pO3TAT,BHpa3
|dw|?/|dz|* = E(dx)*/|dz|* + G(dy)?/|dz|* ne sanexuTs Big %, TOOTO
E =G +# 01, ormxe,

ul + vl =u vl #0. (9.2)

Hexait J = u,v, — uyv, — axobian pigo6paxenna. Ockimxu |[J|? = =
|dw|?/|dz|* = E > 0 i HaAbHA BIACTHBICTE KOHCEPBATHAMY KyTiB, To J > 0.
Ham 3 (9.2) BMAHO, IO NPHHANMH] OJHA 3 YACTHHHUX IIOXIIHAX i, 1 v, He
nopisrroe Hyio. Hexatt u, # 0; Togi 3 (9.1) uy = —vpvy/uy,. [ligcrasnmoan
ue B (9.2), maemo (vZ — u2)(v] + ul) = 0. Bupaa y apyrii gyxui gopismioe
G # 0, Tomy v, = uy, abo v, = —u,. Porrassemo nepmmm pumajok. 3
(9.1) BunamBae, WO U, = —vy i, oTxe J = —u? — ul < 0, WO HeMOKINBO.
SAMMIIAETLCA MOMINBICTE ¥y = —u, | BHACHIJOK (10.1) uy = vy, OTxe,
dyurmil v i v 3agoBoabHA T, yMoru Kowi-Pivana 1 dyHKuia f aHaxiTH4Ha
B ofnacti D, 3poaymino, mo f' = e +ive = Uy —ivy. OTHxe, BlA00paKeHEA
KOH(pOPMHE,
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BIIPABH /1O PO3ILITY 2

IMina mininaa dbyHKOis

2.1. 3nanTn obpasu kpyra {z : |z — 1| < 2} npu pigo6paxenHsx
a)w=1-2iz; Gw=1i+3z ew=iz+i+1; 2jw=(1+i)z+1.
Poae azyeanna enpasu a). Ockineku —i = e ¥"/2 1o Bigobpaxerms

w = 1 —2iy O3HAYAE POITAT ¥ 2 pasu, MOBOPOT Ha KyT —/2 1 3cyB BIpaeo
Ha ofunmo (ams. puc. 10.1).

®

t(0)

wp =22

Puc. 10.1

Omwe, obpason zagaHoro kpyra ¢ xpyr {w : |w — 1 4 2i| < 4},

CreneHeBa yHKIIA 3 HATYPAIBHHM MOKA3HAKOM

2.2, 3mailtu 06pazy BKa3aHUX KPUBMX IIpH Bigobpaxensi w = z%;

a){z:argz=qa}, —-w<a<m 6){z:|z|=R,|argz| < r/4};
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6){z: Rez=a}, a>0; 2){z:Imz=a}, a>0;

di{iz=z+iy:z+y=1};, e{e=z+iy:z—y=1}
Poae’asyeanns enpasu 6). Hexan z = re*®, w = pe'?. Kpuey {z: |z|
= R, |argz| < w/4} momua sanucatu y Buraagi {z : r = R, —n/d <
# < 7 /4}. 3a dopMyramMp mepexory AIA BiAOGPAKEHHA W = 27 MAEMO p
r?, @ = 26. Tomy obpasom Hamol kpusol 6yie xpapa {w : p = R?, —7n/2
<p <n/2)={w: |u| = B2, |argu| < 7/2}.

1A Tl

Poze’'asysanns enpasu d). Hexam z = ¢ + iy, w = u + iv. Togi ana
byl w = 2% mMaemo u + v = x? + 2izy — y?, To6TO, KpiM BKAIAHUX
puie dhopMyJI Nepexony, CIpaBelInsl TAKOX HACTYNHI (pOPMYIH Nepexomy
u=gx" -y v=2zy. Kpuey {z=z+iy: z+y= 1} moxna sanucaTn
yeurmani {z =z +iy : z = t,y = 1 —t(t € B)}. Tomy ii obpazom €
mapabona fw =u+ttv: u=2—-lLv=2{1-¢)t e B)}= {w=u+iv:

1
v = i[l —u®}}.

2.3. 3uaiiTu obpasn Bxasanux ofuacreil npy Bigobpamenn w = z%:

a){z: Rez>0}; 6){z: Imz>0}; 6){z: Rez > 1}; 2){z: Imz < —1};

d){z: m<arggz <3n/2}; e){z: |zl <1, bn/4 < argez < 3n/2};
e){z:lz| <2 0<argz < n/2}; oe){z: |z| >1/2, Rez > 0},

Foze’aayeanna enpasu s). CrnovaTKy JOCHIIAMO, AKUM € 06pa3 Kpaio
{z : Rez = 1} namoi o6aacti npu gamomy bigobpamxenHi., Hexall z =
=z +iy, w = u+iv. [Ipavy {z: Rez = 1} mMoXHA 3aIIMCATH ¥ BULIATI
{z: z = 1}. BuxopucTosywom dopumyan nepexoxy u = z° — y%, v = 2ay,
6aqumo, mo obpaszom niel npamol e napabora {w = u+iv: u = 1— y2,
v=2ylyeR}={w=u+t+iv: u= 1—11:2}.

. 4 :
Ocxiresky To49Ka z = 2 ImepexoquTb ¥ Touky w = 4, To obpasom obHracTi

{z: Rez > 1} e obnacte {w =u+iv: u = 1—31}2}.

Posg 'saysanns enpasu ¢). Hexait z = re®, w = pe®?. Togi obracTs
{z : |2| < 2,0 < argz < w/2} sammmersca y BuraAmi {z : v < 2,
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0 < @ < w/2}. Buxopucrosywouu dopmymn nepexoly p = 12, ¢ = 26,
Garimo, mo obpasom wmiel ofnmacti € {w : p < 4, 0 < ¢ < wW=
={w: |w| < 4,0 <argw < 7} (aus. puc. 10.2).

@

2

Puc. 10.2

2.4. 3naiiTu ofpasu 3ajaHix MEOKUE E npn exasaumx BigobpaskeHmsx:
a) E={z:|2|=2,n/8<argz < w/4}, w=2% w=2:5
6) E={z:argz=mn/4}, w=2% w=2z%
B) E={z:|argz| <n/8, z&[0,1]}, w=z* w=2"

Po3s azysanms enpasu 6). Hexait z = re*, w = pe'®. Togi gan dpysKnii
w = z* GopMyIn nepexofy MaroTe BUNIAL p = 7, @ = 40, a g1a dyHKil
w = z° — sarnag p = r®, p = 80. Tomy obpazom obracti {z : |argz| <
< w8} mpu nepmomy Bigobpaxenui ¢ obracts {w : largw| < 7/2} (xus.
puc. 10.3), a upn gpyromy — obnacts {w : |argw| < '} (gus. puc. 10.4).
Bigpisok [0, 1] B obox Bunaikax nepexoguTs y sigpisok [0, 1].

7

N\
N

Pnc. 10.3 . Puc. 10.4
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PDyaKnia A yKoBCBKOI 0
2.5. 3HaHTH 0OPa3H BKa3aHMX MHOMKMH npH bigobpaxenH] dyHKIIEO

Kyxoscskoro J(z) = % (:: + E)
2

. 5
a){z: argz =a}; 0) {z: %*:argz{%};

&) {z: g{argz{:ﬂ%, zEID,i]},‘ 2) {z: |2| <1, z€[0,1]};
d) {z: |z| =1, 2¢ [-2,-1], 2 & [1,+0a)}; &) {z: |a1‘g,z—|—g| < E}’

) {21 lel>2, -Z <argz < T b5 o) {21 |2 S <aigz< o)
! . . —— < = : =7, ——= < a -
e} 1z |z 5 <arg gy )z =g rgz < g pi

a){z: |z| > 1, 2 ¢ [-2, —1], 2 € [1, +o0)};

1) {z Imz}{}}"\{z: |z|=1,0<:argz{%};

){z: |zl <, Imz <0, 2[4, —i/2]}; ©){z: |2| <1, z¢[0, 1]}.

Poac‘asysannsa enpasu a). Hexait z = re’, w = v + iv. Tozi suxopm-
CTOBYIOUH (QOPMY.IH IePEXoLy

1 1 1 1
u=—|r+—-]cosf, v=_ r——)sin&,
2 T 2 7

npu gikcoaHOMY f = @ MaEMO

u® v?
2 ] = 1?
CO° ¥ 310 &

i 0Opas HAJEXKHUTE Ti BITHI CinepOOIH, BEPIIMHA AKOl 3HAXOJUTBCA B TOYIL
(cos a, 0).

Hexait o € (—n/2, w/2). Toai signu = signz i, oCKLIbKE mpy 3MiHi
napamerpa r B inTepranax (0, 1), (1, +00) semuunaa (r — 1/r) sMiHoeTECA,
BLAMOBLMHO, B inTepBagax (—oo, 0), {0, +00), To 06pa3OM IPOMEHA B UBOMY
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BHIIAJKY € MpaBa BiTKa Iinepboul. YarogxeHl HAnpAMH 00XOIIB M8 & €
(0, 7/2) 206paxeni ua puc. 10.5.

@t LY,
N 0| ¢os o u
{} _
Puc. 10.5

Hna o € (—m /2, 0) Hanpamu obxoxis mpoTHaexui. Amaroriumo gocmi-
JEVETHECA BHOAJOK, KOIH c0s o < (.

Poze‘azyeanna enpaeu e). 3Haigemo obpas kpawo ofuacri. Hexai
w = u+iv, z = re'’. Buxopucronyioum GOpMyIM DEpexofy, AK NpH
poaB’A3yBanmi Brnpasu a), Gawumo, mo npomins § = w/4 mepexoauTs

¥ BITKY rinepGouis
2 2

Var W

Ockinexkn cosw/4 > 01 sinwf4 > 0, To u > 0 1 ofpasoM OpoMeHsA
{z: argz = w/4} e npasa BiTKa rinepdomL.

Auanoriuao MOXKHA NOKA3ATH, IO NPOMIHE {z : argz = 37 /4} nepexo-
AMTE Y iy BiTKy mapaboam (aue. puc. 10.6). fcwo, mo J(2i) = 3i/4. To-
My 3a npumiunom s6epexenns obracti obracts {z: w/d < argz < 3w /4}
NEPEXOIUTE B 00NaACTE, AKA O0MeXeHa BITKAME MIep60ad 1 MICTRTE TOYKY
z = 3i/4. ToguBumock, y mo nepexotuTs Biapisok [0,i]. Tyr 0 < r < 1
i . 1 1 . :
1@::%. Tamyu=ﬂ1-u=§(r——)} 0 < r < 1. Tomy sigpisox [0, 4]

- T
MEPEXOJUTE ¥ MpoMine [—oct, 0] {aus. puc. 10.6).
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Pue. 10.6

IokasaukoBa yYHEDIA

2.6. 3manTe obpaz obnacren D npu BkasaHux BijgobpamKeHHAX:
a)D={z: - <Imz <0}, w=e*; 6)D={z: [Imz| <}, w=¢e"

8)D={z: Imz| <n/2}, w=¢e*; 2)D={z: |Rez| <x/2}, w=2e;

AND={z: 0<Imz <2, Rez >0}, w=¢";
e)D={z: 0<Imz < 72, Rez > 0}, w = e,

e)D={z: 0<Rez<m Imz >0}, w=e'".

Pose‘saysanns eénpasu d). Hexamt z = z 4+ iy i w = pe'?. 3ammmemo
dbopmyan nepexody g =€*, # =y. Ockimexku D={z: z >0, 0 <y < w},

o ofpasom D e D' ={w: p>1, 0< @ < 2w} (gue. puc. 10.7).

Puc. 10.7
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TpurosoMeTpudHi Ta rinep6oaidai GyHKII

2.7. BukopHCTOBYHOYH 03HAMEHHA TPHIOHOMETPHYHEX GYHKUIR, HoBe-
CTH HaCTYTHI PIBHOCTI:

a) cos® z +sin® z=1; ) sin(z+ w) =sin 2 cos w + sin w cos z;
6) cos(z 4+ w) = cos z cos w —sin z sin w; 2) sin(z+7) = —sin z;

d)sin(w/2 —z) =cos z; e)cos(z+m/2) = —sin z.

Poas‘aaysanna snpast d).

sin(n/2 - z) = ..!_ (Ef-(rfﬂ—z} o ﬂ—i['rr.-"ﬁ—z}) o _1_ (Ei:rr,-"?e—i:: oo E—iﬂfﬁeiz]) -
21 21
1

= = ('e_” -+ ie““:') = cos z.
21

2.8. Hexailt 2 = x + iy. [JoBecTm HepiRHOCTI:

1
—{elvl - Iyl) : < (lel lul Y .
a]g(e € < | sin z| eVl 4e ),

oS0

6) % (Em . E—|y|) elesgne % (E!yl " E~|m) ‘

2.9. 3mauTe BCl po3B’A3KH DIBHAHL!
ajginz=0; 6)sinz=4i/3; &)sinz=5/3;

e)cos z=0; d)cosz=3i/4; e)cosz=1iV3;

Poze‘sayeanna enpaeu ¢). lle piBHAHHA MOXHA SAOHCATH §¥ BHIIAIL
e 4 e~ = 94+/3, abo e2F — 241/3eF = 1, 3Bigkm e'F = i3+ /=4 i

z € = iLn (iV3 4 2v=1) = —iln |V3 £ 2| + arg(i{V3 £ 2)) + 2kmi =
=—iln |V3+2/tw/2+2knf, keZ
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2.10. BmepecTH GOpMYyJH Nepexciy Ajad TPHMOHOMETPUYHMX Ta Iinep-
BomvHNX QYHKOM 1 J0CAIINTH 00pas’ ropH3oHTAILHEX TA BEPTHKAILHAX
NPAMHX TIPH BigOOpaXeHH] TAaKEME (yHKIILAME,

Pozeasd dynwyii w = sin z. Hexan z = ¢ + 1y, w = u + tv. Toni
i+ iv = sin (2 4+ dy) = sin x cos iy +sin iy cos & = sin xchy + ishy cos z,
3BlAKK JicTaeMo hoOpMyTH Nepexony
u=sin zchy, v=coszshy.

BUkOpHCTORYIOUH Il GOpMYIH nepexony, dadmmo, mo obpazoM roOpH3OH-
TansHOl npaMol {z = z + 1y : ¥ = a = const 7 0} ¢ exinc

2z 2z

m
ch?a

(4

+ — =
sh?a

1,

a o6pazoM BepTHkaabHOl HpAamol {z = z + iy : ¥ = a = const # kw/2}

e riepboaa
2 2
v
T i 3 = l_
sin“a cos“a

|7

O6pasom mpamoi {z = ¢ + iy : y = 0 e sigpisok [—1, 1|} (obxoguThea
apidi), mpamol {z = @ + iy : © = 0} — yaBHA BichL, OpaMol {z = o + iy :
¢ = w/2 + 2kn} — pomaTEMEt mpoMiEe, a mpamol {z = « + iy
= —x/2+ 2kw} — Big'eMHAN TPOMIHB.

2.11. 3uanTe oOpas MHOKHUHH NPH BKAsaoMy BijobpaxeHnl:

m(2z — 3 = 2i)
2 H

a){z:1<Rez<2,Imz<1}, w=sin
6){z: 0 < Rez <27, Imz >0}, w=sin z

ﬁ]{z:-—g{Rez{g,Imz{DL w = gin z;

2){z: —;—r- < Rez < ;—r,lmz}{}}, w = sin z;

N{z: =7 <Rez <0}, w=cosz
e}{z: —t<Imz<0}, w=chz

150



Bnpaeu do poadiay 2
%

Pozs‘azysanus enpasu e). Ockintpku
1
chz = 5 (e +e7%) =J(e%),

TO IIYKaHWH 00pa3 MOXKHa 3HANTH, AK BKA3AHO HA puc. 10.8

Puc. 10.8

JApo6opo-aininna byHKIDIA
2.12. 3HaliTu TOYKY, CHMETPHYHY BiJHOCHO Koma {z:5 2| = 1} g0
38, 1aH0] TOYKM:

142
2

a)z = +

e |

i
;ﬂhzg &)z =

1414 | [
Pozs ‘sayeanmna snpasu a), Ocklipky z, = = —gin/4

myKasol TOUKM Maemo zz = |zp]e’™? i |z||zs| = 1, TobTo |20 = V2
I'Zgﬂﬁﬁéwfid=l+i.

, TO A7

2.13. 3mauTH 2aralbHUR BUNAL po6oBO-TiHiHHOrO Bi 106paxkensa 0JIH-
HUIHOrO Kpyra {z : |z| < 1} Ha BepxHo miBwiomuny {w: Imw > 0},

2.14. 3HalTH 3araJbHAR BHDLAJ pOGOBO-TIHITHOrO B JOGDaKeHHA O i
HIYHOrO KpyTa {z : |z} < 1} na ogmmwannit xpyr {w: |w| < 1}.
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Pose asysanna. [Ipmmyctumo, mo geska Touka z = o 3 0 3 Kpyra
{z : |z| € 1} nepexomars y Touky w = 0. Ockigpkn Touka z = 1/a&
€ CHMETPHYHOI A0 TOYKH z = « BigHocHo koma {z : |z| = 1}, a Touka
W = 00 € CHMEeTPH'MHOW g0 Toukh w = ( BlgHocHO xoaa {w : |w| = 1},
TO TOUKA z = 1/@ moBUHMA mepedTH B TOUKY w = oo. TOoMy OIykae
ApoboBo-JIIHIAHE BiZOOPAKEHHA MAE BHIULAL

W= k—E_—a:, k = const,
z—1/a
abo
Foa const
w = . - .
1t;‘r1~—zﬁ ¢

Axmo |z|=1,T01/z=7% i
-8 = |1z @] = [s— ] = |2 — o],

a OCKITBKM Kouo {z : |z| = 1} nepexognts y komo {w : |w| = 1}, To 3sigcn
BHBOAMMO, 0 |g| = 1, TofTo g = €'¥.

OTaxe, 3aralsHui BUMAL Ipo6oBo-TiHIHHOrO BiNo6paXKeHHd oIUHHIHO-
ro kpyra {z : |z| < 1} 5a ogmamEM:A xpyr {w: |w| < 1} e

ae € [—m, ) i|e] <1 (upu o = 0 peayarraT 36epiraeTses).

2.15. 3manTu 0b6pas xpyra {z: |z — 1| < 2} npu sigobpakerHax:

21z z+1 z=1
Qw="3i Qu=_o Jus= o
z=341 z z+1
E]q"”_:s+1+-a.“ a}w_z+1’ E}w_z—ﬁ’
Poae’asysanna snpasy 6). 3ammreMo
z+1 3

=1
z—2 +zm2

w =




Bnpasu do poadiay 2
___—'_'_'_I_I—FII___,_—...._._—.—_._.—_, — ——

I CHo9aTKy 3 IACHMMO BigoGpaxenns w; = z — 2. [licraHemo KPYT

{wi:lwr+1| <2t ={wi=z+iy: (z+1)+y* <4} =
={w; =z +iy: m’2+y2+2m—3{[l}.

Ofpasom nporo kpyra npu sigoSpaskenni wy = 1 Jwy e o6racTh

{fwe=u+tiv: -3ui+v)+2u+1<0}=
={ws=u+iv: (u—1/3"+v* > 4/9} = {wy : |wy — 1/3| > 23k
HNaui, agicHEMO BinoOpaenHs wz = Swy. OTrpuMaemo o61acTh

{wg : |lwz — 1| > 2. I mapewri, npn Bigo6pasensi miei o6xacTi B yHKLI-
€0 w = wz + 1 gicranemo obnacte {w : |w — 2| > 2 (aus. pue. 10.9).

W=y +1] ‘ @ Wz =3wz
e

Pue. 10.9

Poze’aayeanna enpasu e). Tyt My He 6yJeM0 BHKODMCTOBYBATH CTAH-
AAPTHUH METOJ, 3ACTOCOBAHMI NP PO3B’A3yBAHHI MOmepefHROi BOpasy,
4 BHKOPUCTAEMO JeAKl BHCHOBKH Teopil ApoBoBo-mHIMHUX Bi1o6pakeHs.
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Ockinexu Touka z = 3 JexuTs Ha xoli {z : |z — 1| = 2 1 w(3) = oo,
T0 06pa’OM NLOrO K04 € IPAMA, AKA MPOXOIUTE Hepe3 Toukn w(—1) =0
1w(142¢) = —i, Tobro yasHA sBick. Ase w(0) = —~1/3. Toumy 3a npuHIHTONM
sbepexeHHA 06MACTI 06pa3oM HAIIOro Kpyra ¢ memsomuHa {w : Rew < 0}.

2.16. 3uaiitu o6pa3 niswiowunu {z : Rez > 1} npn Binobpaxenssax:

£ 2 4z

a)w=———7; 6flw= ; ejw= ;
M z—1+1 g z2—2 ) z+1]
3z—1 z z+1

= : dw= : ejw = .

i z—1 ) z+1 ) z—3

z
Poze’azyeanna snpasu 6). Jamumemo w = T E 1+ L IIpn

pigoGpaxenni w; = z — 2 nipmwrommuua {z : Rez > 1} mepexoaut: y mis-
MLIOIIWHY

{wy: Rewy > -1} ={wy =z +iy: =z > -1},

Pac. 10.10
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a 1A MBILIOMIMHEA OpH BigobpaxeHHl we = 1/wn nepexoInuTs B 0GJACTh
{we=u+iv: W +v? +u>0} ={wy: lwp +1/2] > 1/2}.

3aiitcHIol0MA oTiM BigoOpaxkenns w = 1 + 2ws, gicTaHemo oGIACTH
{w: |w| > 1} (mus. puc. 10.10).

2.17. 3uaiTi o6pasH 3afauux ofIacTed NP BKa3aHuX Biao0paKeHHax:

1=z 1
a){z:|z| <1, Imz> 0}, w= ;o 0){z:lz—i| > 1,Imz > 0}, w = =;
1+z z
2 z+2
y . _ . . —9 11 — .
s){z: 1<|z| <2}, w T 2){z: z¢[-2,1]}, w T
. . z+2 "
Poze’saysanna enpasu 2). Ockinexn dyHkumia w = T € JIHCHOIO

Ha gincuid oci, w(—2) = 0, w(0) = 2 1 w(l) = oo, To Bigpizok [~2, 1]
nepexoguThk y npowmins (0, +oo), a obaacts {z : z ¢ [-2, 1]} B oBaacTs
{w: w0, +o0)}.

2.18. Bigmykarn gpo6oBo-niHiMHY (QYHKIIO, AKa 33 J0BOJILHAE YMOBH

Jw(0) =4, w(2) =0, w(l+i) =144
w(0) =0, w(l +i) =2+ 21, w{2z} 4;
(

[I

=
g

2
g

6) w(l) =1, wloo) =2, w(i) =
2) wii) =2, w(oco) = 1-|-t w(— t_] =
d) w(i) = 0, w(eo) = l[l—l-'a]l—l-l-z1

(2)
(1) = =2, w(oo) = 21', w(—1) = 2.

g

&

Posze‘aayeanns enpasu 6). Mykany dyHKnio 3HAX0IUMO 3 PIBHOCTI

w—0 4-2-2 z—=0 2t—-1-—1

we=2=2i 4—-0  z—1—1i 21=0

H

3IBIOKHT
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2.19. Bignykatu gpoboBo-miHi#HY dyHKDi0 w = w(z), AKa KOHPOPMHO
elgobpaxae obnacte G Ha obuacts [ 1 3a0B0NBHAE BKA3AH] YMOBM:

a)G={z:|z| <1}, D={w: |w| <1}, w({1/2) = 1/2, arg w'(1/2) = 7/2;
6)G={z:Imz>0} D={w: Imw >0}, w(l+i) =1, argw' (1 +1) = 7/2
)G ={z:[z—2 <2}, D={w: |u— 2] <2}, w(2) =i, arg w'(2) = /2.

Poae‘aAayeanmns enpaeu 6). 3a TEOpeMoO Opo ApoboBo-liHINHe Bl40Opa-
JKEHHA CHMEeTPHYHMX TO40K 3 yMoBn w(2) = i eumineae, mo w(oc) = —2i,
a OCKITBKH argw'(2) = 7/2, To, 3aBAAKM KOHCEPBATHAMY KYTIB, NPOMIHE
[2, +00) nepexoguTs ¥ npowmiss (i, +icc). Tomy Touka z = 4 mepeTury
npomens |2, +00) 3 koaom {z : |z — 2| = 2} nepexoguTh ¥y Touky w = 4i
nepeTHHy mpoMens [i, +ico) 3 kouoM {w : |w — 2i] < 2}.

3a TproMma Touxamu {2, 4, oo} Ta ix obpasamu {i, 4i, —2i} Gyayemo
ApoBoBo-AiHinHY DYyHKIIO

w—1i —2i—-41  z-—2

w—4i =2 —i z—4"

ToOTO 94
—Miz

z -0

1w =
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Kopius n-ro creneuns

3.1. Hexait w — npuMiTHBEAN KOPIHB n-ro cTemena 3 1, Tobro w® # 1

Amascix k=1,...,n—1, a e — Gyae-axkmit KOpisL N-ro cTemena 3 1, & # 1.
fMoeecTH, mo:
a) iciye Take k=1,...,n — 1, mo £ = w*;
n—1 0, Axmo m He giiuThCS HAN,
5} {W’mjﬁ :{ , A
P 7, AKIO 771 ATATBECA HAN.
=1 F.* n
B k4 1)e* = ;
) Eﬂ( ) P
o 2(1 — &) +2n
r) .[k_1}25k=_ﬂ ( }‘: :
b= I:]' _E}
Alz—w(z—w?).  (z-w"VN=1+z422+-.. 4271

Poaze’azyeanna enpasu 6). Maemo

n—1 n—1 n—1

Z{k+]}£k=Z{En;+5m+1+.__+5ﬂ_ljz Z €

k=0 m=0 m=(

" —g

Ane e™ = 1. Tomy

n—1

|
ZEm:EE—l =0,

==l

1 MM ZiCTaeMO TOTPIGHY PIBHICTS.

b

e—1
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3.2. 3uaitu obpasu obiaacreit G npu elgobpameHs] BKAZAHOI BITKOIO
KBAJPATHOTO KOPEH::

a)G = {z: Rez >0}, w = vz, w(~1) = —3;
6)G ={z:Imz >0}, w=+2z w(l)=1;
6)G={z: 2 £[0,+00)}, w =7z w(-1) = -4

2)G={z:z¢ (~00,1]}, w = 7, wd) = 2

) 14
NG ={z:]z] < 1,Imz:=ﬂ},w:ﬁ1 w(%): '“j?rj:
e)G={z:]z] > 1, 3—;'[{:a,x~gz{ %"'l},w=ﬁ, w(-1) = i;
e)lG={z=x+1y: y >0, y2}4$+4}1w=v€,W(—1}=i;
we)G={z=z+iy: ¥ > 2+ 1}, w= vz w(-1) = —i.

Poze’saysanua snpasu 6). Hexait z = re'? i w = pe'®. Dopmym ne-
pexomxy mas pitku w = (4/z)x, k = 0, 1, MalOTe HACTYIHHMH BUIIAJ
o = 7, # = (p+ 2nk)/2. Beakaw'u rolOBHMM 3HAYEHHAM APryMeH-
Ty argg z € [0,27), maemo argg (—1) = w, argg (—i) = 37/2. 3 ymoBu
w(—1) = —i orpunmyemo 3m/2 = (7+27k) /2, amiaxu k = 1. Tomy gaa nanoi
BITKH bOpMYyIM nepexony MawoTs BHrAl o = +/r, 8 = (¢ + 27) /2, a oTxe,
obpasom obmacTi G ={z: r >0, 0 < ¢ < 2r} € obmactes D = {w: p >0,
7w <8 < 2r} (gus. pue. 11.1).

Puc. 11.1

Pozé’asyeanna snpasu ¢). K BUIHO 3 pOSB'AZYBAHHA BIPABH B), 3 yMO-
B w(—1) = i remep sunmmsae, mo k = 0, TobTo ¢ = /T, 1 8 = /2
BuxopucTosywouu 1i GhopMyan Hepexoly, JErko MOKA3ATH, O NPOMIHE
{—co, —1] nepexoguTh ¥ npoMine (i, +ic0).
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Pienanua mapaboau {z = z +iy : y > 0, y? = 4z + 4} B nonspwih
CACTeM] KOODJHHAT Mae BEMA r = r{yp) = sin"?(x/2),0 < ¢ < 7. To-
My mapameTpuuHui 3amuc i o6pasy mae Buraag (w = 1/r(p)(cos (p/2) +
+isin(p/2)), ¢ € (0, 7), TobT0 (w = ctg(v/2) +i, v € (0, 7]). A we —
npoMiHb {w = u+iv : v =1, u > 0}. Ockizsku w(0) = 0, To 3a IPMHIIIOM
3bepexenna obaacTi o6pasoM € obaacte {w: Rew > 0, Imw > 1}.

Jlorapudgm

3.3. 3walitu obpasm obnacreit G npu BigofpajkeHi BKA3AHOI BITKOIO
MHOro3Ha49HOl dyurnii Ln z:

a)G={zeC: z ¢[0,+00]}, w(—1) = —i;
6)G={z: Imz > 0}, w(i) = mi/2;

6)G={z€C: z¢€[~00,0], 2 & [1, 400}, wii) = mi/2;
NG={z: |z|<1, Imz > 0}, w(l —i0) = —3m3/2;
2)G={z:|2|<1,2¢[0, 1)}, w(i)=in/2

Poss ‘asyeanna enpacu 6). Hexait z = re™ i w = u + iv. Dopuym
Nepexoly gud BITKH w = (In z); Malors suraag v = Inr, v = ¢ + 2rk.
3 ymoeu w(i) = mi/2 maemo wi/2 = Inl + mi/2 + 2mwik, TobT0 k = 0.
OTxe, Hama BiTka Mae BArIAL W = (Inz)p = In z, a bopmyaamu nepexoay
¢ u=1Inr, v=¢. Tomy o6pasom obaacti G € obracts D = {w: |Im w| <
<mw & [0,+o0]} (gus. puc. 11.2).

©)

W=ﬂn2)}ﬁ=ﬂ

Pue. 11.2
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O6epuena go pyuxuil 2Kykopckkoro, YsaraibHeHa
creneHeBa (OyHKIA

3.4. 3nanTH obpasu obaacTell G NpH BlIOOPaMkeHHl BKA3AHOK BITKOO
oBeprerol J 1 no dyukuii XKykosepKoro:

a)G={zcC:z¢[-1,1]}, JH0) =~
6)G={zeC:z¢[-1,1]}, T H0) =4
6)G={z€C: z¢g[~00, 1], ¢ [L,+o0]},  JH0) =74
NG={z€C:z2¢[-00,-1], z¢&[1,+00]},  J~1(0) = —i.

Poss‘aayeanma enpasu ¢). Bigomo, mo dyuxuia 2Kykoscskoro slgobpa-
#ae Ha obaacTs G 1 BepxHIO, | HixHo nismwmompay. O6eprena no GyHKLl
2K yKOBCBKOTO € BO3HAYMHOI aHaxlTH4HOO dyukniero. OaHa 3 11 BiTok Bi-
nobpaxae obracts G Ha sepxmo nismtomuny {w @ Imw > 0}, a inma — na
o nismmomury {w @ Imw < 0}, 3a npuanunom 36epexenns obxacti
3 ymoem J~{0) = { prnmEBae, mo myKanms 06PA3OM € BEPXHA MIBIACIIMHA.

3.5. 3uanTi obpazu obaacren G npH BlIOOpAXKEHH] BKA3AHOK BITKOI
MHOr03HA4YHOL DyHKIIL:

a)G = {z: |2|] <4, Rez >0}, w:fﬂfﬂ w(9) = —1/27;
6)G={z: |z|>1, Imz >0}, w=2"% w(i/2)=(1-i)/4

Posze‘saysanna enpasu a). IloTpibHy 0gHO3HAMHY BITKY IIYKAEMO B MHO-
WHUHI 0THOZHAYHUX BITOK

{exp{—3/2(In |z| + iargz + 2mki)} }, oz -

3 ymosu w(9) = —1/27 maemo exp{—3/2(In9 + 27wki)} = —1/27, apigkn
orpumyemo k = 1. Omke, mryxanoio siTkoio € w = exp{—3/2(In|z| +
+i(arg z42m))}, i Axmo z = re'? i w = pe'?, To popMyan nepexosy MawOTH
Buraag o = r-2, 0 = —3p/2 - 3.

Ockireky obaacte G 2agaeTnes ymoeamu ¢ > 4, —7w/2 < ¢ < 7/2, TO
ii o6pas D szagaeTsca ymoBamu g < 1/8, =27 — Tn/4 < 8 < —2r — w/4,
robro D = {w: |w| < 1/8, 7/4 < argow < Tr/4}.
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Bropasu na sHaxof:KeHHA KOHQOPMHMX Bigo6pakeHb

3.6. Biamywxatu dymxunii, ski agiicaonTs kondopMai Bigobpaxenns
BKasaHuX obmacTell Ha miBmrowmny {w: Imw > 0}

a){z:Imz>0,2¢[0,ih]}, h>0; 6){z: |z| <1, Imz>0};
B){z: |z| > 1, Imz > 0} )TN {z: 2| €1, Ims > 0k
z)C\ [0, 1; e) CA {[¢ + ioco) U(—ico, 0};
e)Ch\{z: |z] =1, Imz > 0};
x){z: |Rez| < 1/2, Imz > 0} \ [2i/m, +ico);
a){z: |Rez| < 1,Imz >0} \ [{, +ico);
#){z: |Imz| < x}\ [0, +o0);
i) {2+ |Im2| < 7,2 & [—ioo, 0], = & [, +oo)};

Poas‘asyeanmna enpasu a). 3AIHCHIONH TOCK 1OBHO Bifo6pasKen s { IuB.
puc. 11.3)

wi = 2% wp = wi + AP, w = Vg, V=1 =1,

NPHXOTAMO 0 myKasol dyAKmil w = vz2 + h2.

[ =

¥

Puc. 11.3

11 Kommn. amania 161
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Poazs‘asyeanna enpasu 3). Haragaemo, mo dyHkUig 8in z nepeBoanTh
nisemyry {z : [Rez| < #/2,Imz > 0} y sepxmio nismnomuny. Ilpomins
{z =1y : y > w/2} npu Takomy eigo6paxenui (sin iy = ishy) nepexogurs
y npoMiab {w = v : v > sh{x/2)}. A gaai agificaroemo Bigo6pakenns, AK
BKA3AHO Ha PHCYHEKY 11.4.

Wo=KIn W)
ey

We = wyt [

Ppmc. 11.4

ﬂhgﬂfﬂ

el
sin® 7z, 2

OTme, w =
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3.7. BigwyxaTwu ¢ysxnil, axi agifcuionTs xorbOpMEL BlnobpaxeHHa
Bradanmx obracTen Ha cmyry {w: 0 < Imw < 1}
a){z: 0<argz<ma}, O<a<2
6){z:|z| >1,0<argz<a}, 0<a<2nm
e){z: 0<argz < 2a}\{z=re'*:r>1}
2){z:Imz>0,0<Rez<2}\{e=z+i:z>1}.

Poss‘aaysanna enpasu 6). 3aificHIOTH MOCHIOBHO BigoGpaxeHHA

(mue. pue. 11.5) wy = 2™/ (pubupaeTnes Taka BiTKa, mWo (et e ),
w = —+1iw = —lnwy (In{-1) = ir), nprxogumo g0 myxauoi
i 2
. 1 ool
dbyuximil w = ¥ In (1 - ;’-fr,f’ir)'

®

A

@ lwz= Iwy+T

\m e AN
AN

Pue. 11.5

3.8. Sumaurn dysxuil, Aki xoadopMEO BijobpaxaoTs BKasaHl o6aacTi
wa nismmomuRy {w: Imw > 0}: -

11= 163
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a){z:a<Rez<bImz>c}; H{z:a<Imz<b Imz<c};
e){z:|z+1]>1,[z-2|>2}; 2){z:|z—1]>1, Rez >0}
N{z:|z=1>1,]-2/<2}; e{z:]—1>1,Rez>0,Imz>0};
e){z: |2 —1/2|>1/2, |2 -1| <1, Imz > 0}

Poaa‘aayeanna enpasu 2). Ockinbkm 3agada obaacTbk ofiMexceHa KO-
aom {z : |z —1] = 1} ra npamoio {z : Rez = 0}, axi npoxogaTe wue-
PE3 NOYATOK KOODAUHAT, TO AOILILHO CIIGHATKY 3AIHCHATH BlI0OpaKeHHA
wy = 1/z. Toxi ofpasamu MLOTo Koaa i npaAMol GYIYTE ABi BEPTHKAILHI
npAMi, 00 MPOXOAATE Hepes Toukd wy = 0, un = 1/2. Tomy, spaxoeyioau
KOHCEDPBATH3M KYTIB, JeI'KO 3HAX0ANMO, IO o6pasoMm obmnacti {z: |z =1| >
1, Rez > 0} e cmyra {w; : 0 < Rew; < 1/2}. A gani noctymary, Ak Ha
pucyHKY 11.6.

Puec. 11.6

Oraxe, mykanow dynkuico € w = exp{2mi/z)}.
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BIIPABH 10 PO3OLITY 4

Inrerpyeanna dyuknin gificHol aminHOI

4.1. O64rCIHTH iHTerpan:

]/{;l{1+zt}2rﬂ 6}f (a+ (b—a)t)"dt, (n e N); a) /:e_“dt;

1
dt 114t

'm.:t &
E}f & /ﬂ TEa 2 Ta

Poas ‘sayeanns snpasu 6).

" m T
/ e Mdt = / costdt — ¢ f sintdt = —2¢
o 0 0

4.2. Hexail dyuknis ¢ MOHOTOHHA i HenepepsHO AmdepeHIiioBana Ha
la, ], a dynxuia z = z(t) menepepsua na [p(a), w(b)]. losectn, mo

B wlb)
z "(t)dt = z(t)dt.
fﬂ ()¢ (B)dt f sl

4.3. [losecTy HepiBHOCTI:

a) /b z(t)dt E/h' |z(¢) |dt;

5:_! f:z{t}dt = [;Rez{t]dt
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e — pp———

fa bz(t}dt! >

]

a) fab Re (e'“2(t)) dtl .

Poas’aaysanns enpasu &). Maemo

I}b z(t)dt

> -

Re f bz{tjdt L bRez(t}dt

Buanavyenu#t imTerpan.
Iarerpanenl Teopemu Ta dopmyan Koul

4.4. BesnocepesuiM nepexofoM 40 MPaHUl B IHTerpanbHii cymi, ob4umc-
JUTH IHTErpaiu:

a}fdz; é]fzdz; &) ¢z , >0,
C o] |z—zo|=r £ — £0

ge (' — mowsiTbHaA DalKa KPHBAa, 100 3'€THVE TOYUKH o 1 b,

Poze’azyeanna enpasu 6). IliginTerpansna dysxmia € miaoo. Toumy
iHTerpal 3ajJekHTh TLILKHE Bl TO490K a 1 b, 1 Mu Mokemo B pomi C BaaTm
Bigpizok [a, b]. Pozif’eMo HOro TOMKaMH @ = Zg, Z1,...3 Zn—1, Zn = b Ha
n PIBHMX 9aCcTHH, A HA KOXKHOMY 3 BIApi3kiB [2j, z;41] BuOepeMo TOHKY
T; = (2; + z;41)/2. [aa nporo po3GUTTA yTEOPHMO IHTErPAIBHY CYMY

o)=Y Fr)az = Y TEI R 0~ 25) =

i=0 j=0

e, 5 g 2E—zF b —a?
=§Z_I|;(zj+1"zj}=__ 9 T~ g9

Tomy lim o(f) = (b2 — a®)/2, a ockineku inrerpan [, zdz icuye, To Bin
Te—=¥ 0 -

nopisaioe (b2 —a?)/2.
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4.5. O6uucanTy iETErpa:

a}fc|z|fiz, (C=[~i] i C={z:|z]=1, Rez > 0});
ﬂ/zsinzdz, (C=[-1,1] i C=10,2+2i);
o

6) f |z —1|dz; =2) / (z +Rez)dz, (C=[1,1+1]).
[z]=1 [
Pogs aayeanns enpasu 2). Ockimpku C = (z=1+it, 0 < ¢ < 1), To

1 1
f(z-l-Rez]dz:j {l+iﬁ+1}z‘dt=z‘j (2+it)dt = (2 +i/2) = 2i—1/2.
o 0 0

4.6. Hexan dynkuin f ananituama B ofMexeniii onykain obxacti G ta
Ref(z) 2 M > 0 gna eeix z € G. [JopecTn mo naA OYIb-AKUX TOYOK
z2E Gi z1 E G

f(zldz| = M|z — ).

[21,22]

4.7. BUKOPHCTOBYIOHUR IHTErpaIbHI TEOPEMH Ta dopmyan Komi, o6unc-
JMTH IHTerPATH:

} zdz 6) dz 6) mszdz‘ . sin zdz
¢ 21— 16’ 2241 (z —4)3' ) z2 — g2’

lz—8|=2 l|=2 lz]=4 |z]=9

e*dz . (| _
) [ T (G={eild<) i G={a: <4

dz . — {2 |2 ]
E}fm[uz}u—z)?* (G@={z: ls=1]<1} i G={z:|s+1]<1})

dz ' i =4z |z —
‘*}/ac(z—z)(zu}a* (G={e:]e]<1} i G={z:|z—1]<T}).
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Poss’asysanna enpasu €). B samxmemoMy kpysi G = {z : |z| < 1}
mifiHTerpalsHa QYHKOIE aHANITHYHA. ToMYy 33 IHTEIPAJBHOK TEOPEMOID
Komi & upoMy Bunagky HAUl iHTErpal JOPIBHIOE HYJIK.

Mo6 ofumcanTy HAI iHTerpal y BHOagky, koam G = {z: |z — 1| < T},
BAMMLIENMO

1 1 ( 1 _32—[—1Iz+4§‘)
(z=2)(z+3)* 125 \z-2 (z 4+ 3)° '

3BiKM, BUKOPUCTORYOUM iHTerpansHi dopmyau Koo, mMaeMo

f dz 1 (f dz f 2.'2+11.2:+49d)_
oc (2—2)(z+3)° 125 \Jag (z—=2) Jag (2430 /)

_ 2 _ 27 2w

9 i —
_ﬁ(l—(z + 11z + 49) 1::—3)‘@'[ —2)=-22.

4.8. Hexait dyuxuia f amamitasHa B {z : |2 — a| < R} i senepepsra
B {z: [z —a| £ R}. dosectn, mo
1 27
27 Jo

(a + Re'®)df = f(a).

4.9, Hexan dysxmia f amamitayusa B {z : |z — a| € R}. losecTn, mwo
naa Beix z, |z| < R,

£ (2)] MR
n!  ~ (R—|z])*tl’

M =max{|f(z)|: |2|=R}, n=12,....

4.10. JopecTr, mo ¥ BKasaHWX 06JIaCTAX He MAIOTE (OAHO3HAYHOI) mep-
BicHOl Taki $YHKII:

by

1 1
- z—1

(1 < 2] < 4o0);

0<le<1); 6)f() =1

»2

b =

G}f{z}=m (0 <]zl <1); 2 flz)=- (0<]z] < +co).
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Poze’asyeanns enpasu 2). OckiTbku HeolxigHOW0 i J0CTATHLOD YMOBOIO
iCHYBAHHA NepBicHol 1A Henepepsaoi B ofitacti G gyHKuil f € piBricTE
HyJ10 1HTerpaty Bij f Bafomk GyaL-AKoi 3aMKHEHOI KpuBOl 3 miei o6aacTi,

o
In
f di:f idf = 2mi # 0,
& 0
|=]=r>0

To dyuxuia f(z) = 1/z e Mae nepsicnoi y srasanif o61acTi.
4.11. 3a BradaHUMM DYHKIIAMY BiJHOBHTH AHATTHYHI (DYHKIII:
.a)Re f = 2 + 622y — 3zy® — 24°, fl0)=10;

6)Re f = e*(zcosy — ysiny), f(0) = 0;
6)Im f = ycosychz 4 zsinyshz, f(0) = 0;
-2)Ref =zy;0)Re f = 2° — y° + a;
e)Re f = rflcos@ + rln rsinf, z=re'?;
s e)|f] = (@ +y*)e";  ac) |f| = exp{ricos26, z=re”;

.a)argf=xy; dargf =60 +rsing, z=Tre",
Poze asysanna snpasu a). Jlerxo nepesipurn, mo dyukiuiz u = Re f

€ rapmoHidrolo B C i, oTxe, ¢ AIMCHOO YacTHHOR aHANITHYHOL byHKIII,
VABHA HACTUHA AKO! IMYKAETLCA ¥ BHIVLALL

(a.0)

v(z,y) = / (wg—:dm + %dy) + C,

(0,0}

pe C = v(0,0) = Im f(0) = 0. InTerpyrodn B310BXK JAMAHOL 3 BepPHIMHAM
B Togxax (0,0), (z,0), (z,y), sHaxommmo

A i I
v(z,y) = —/ 6z +f (32% + 122y — 3y*)dy = —2¢° + 32y + 62y° — 5.
0 0
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Orxe, f(z) = 2% + 6a?y — 3wy® — 2% + i(—22% + 32%y + 62y? — ¢°).

4.12. 3uHaiTy BCl rapMoHiiEi GyHKI, AKi MalOTE BULILA:

2 2
aJu:w{fﬂ2+y2};5}u=sﬂ(f—*yﬂ):ﬂ}uﬂ’(m —;—y );2)u=*ﬁ'(g);

Pozs’asyeanna enpasu 2). Beaxaemo, mo GYHKUIA ¢ IBiYl HeNEpepBHO
nucepenninosana Ha {—oo, +oo). Ockirekn

B (O 5 (B (2)]
Hx? x/ zt x/ 22’ Py? x/) 22’

TO YMOBa rapMoHinHocTi Habyge Buraagy

;}4- (:,ﬂ” (%) (22 + y*) + 2zyy’ (%)) =0,

To6To (npm y = tx)
@ () (1 + %) + 2t/ (t) = 0.
Poar’sayioun 1e pIBHAHHA, TOCALIOBHO MAEMO
In'(t)=—-In(1+ tg} +1n ), C; = const,
@(t) = Cy arctgt + Ca, Cq = const.

Orxe,
U= (%) = () arctgt + Cp = € arctgg + Cla.

4.13. 3nantu Bcl Takl aHamTHEuHl (yHkOi f = u 4 v, goa Aknx
u® + v? = a(z), TobTO 3aNeXNTH TitkKK BiA T.

4.14. Yn icHyIOTE aHagiTH9HL PYHKI f = u 4 tv, 114 AKHx:
T

L 2)u= —.

2 2 2
a)u=1x° —1y; U=z -y 6ju=-—5—;
} U 5:] ¥ :] Ez_l_yﬂ y?

4.15. Hexann ¢yuxknmia f asamTigda B obaacTl & 1 He albysac TaMm
Hyab0BOro 3HavenHd. [lopecTu, mo Juq Beix 2 € &

a* o 8 ‘
A | Al — 0 +
(31:2 +5‘y2)1n |f(z + iy)) _ 0; (a—-—mz +_8y2) |f(z+iy)| >0
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BIIPABHU /10 PO3JILIY 5

. s . w
Pisnomipaa 36ixuicTe
5.1. Hexait pan 3 7 | |un(2)| pisnomipro 26ixumit na Muowuni E, a pu-

3HaveH! Ha £ QYHKOI vy, 33J0BONBHAIOTE YMOBH [y (2)| < |un(2)]. JdosecTn
PIBHOMIPHY 30ixcricTs pagy 3., [va(2)).

5.2. JosecTn, Mo HACTYNHI PAIA € DIBHOMIDHO 36LKHIME HA BKAZAHIX
¥ AYHKaX MHOMKHHAX:

0o 1 o zin 1
Q}ZW’E:{J'MEI}; G}ZW’E:{Z:|Z|EP{§};

n=]1 n=1"

(= =]

[+ ]
8) > vne ™, E={z: Rez >8> 0}; 2) Y n", E={z: Rez 26> 1)

n=1 n=1

Pose 'asysanna enpasu 2). Ockitpku

[n~2=n"Rez < n¥ 551,

TO 3a osHakoio Beltepmrpaccea iz oueBngHOl 36ixkrOCTI pALY Ef;l n~% pu-

= =]

UmMBae piBHOMIpHA 36ixHiCTE pagy Y oo nT,

5.3. Hexai nocxigosnicTs (s,) ananiToamux 8 o6aacti G dyHkuil 36ix-
Ha PIBHOMIDHO Ha KOKHOMY KOMOAKTI 3 G g0 dyuxmil f. JosectH, mo
‘Dyskuia f apaniTHyHa B o6aacTi (.
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Hosedenna. Ilpunmemo fi = sy, fr, = 8, — sp—1 (n > 1). Toai dyaknii
fn aHamiTAuH] B 06racti G, a ($,) € NOCTIAOBHICTIO YACTKOBHX CYM DALY
E;.-:;l fn. llen papy pisHOMIpHO 30IKHMH Ha KOoxHOMY kKoMmmakti 3 G go
dyuxmii f. Tomy 3a Teopemoio BeitepmTpacca dyuaxuia f anariTuysa B G.

CTenenesl pagu

5.4. 3mafiTu MHOxUHY 36DKHOCTI cTeneHeBux pajin:

e =] ke
a) Z Zﬂ I]a’ a>0; &) Zﬂ[ln (n + 2)]*2";
=1 L= n=
- (1420 21 .
2) Z (z —3)",
n.-D n=l

Poas'aszysanns enpasu d). 3a dopmynoo Komi-A gamapa maemo
1 2 Y g
R=——— = lim (—” ) =,
lim |a,|/m  n=veo \ |14 2|7 V5
T = 20

Orxe, pag abimmumit vy kpysi {z : |z — 3] < 1/4/5} i pooBisumit
B{z: |z —3| > 1v5 Haxkoni {z: |z —3| =1/v5} maemo

e | s L[| s o

OTke, Ham pag 36ixHMA B 3aMKHeHOMY Kpyal {z: |z — 3| < l,fv"g}

5.5. Besnocepeaniv ofumerennam f(™)(0) gosects macTymui cnpaseg-
JUBl 444 Beix z hopMyIH:
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2n oo 2n41

a
n, h - 2n+1,
;  2)shaz HE:u Ens 1)1 1]13 ]

o0
IL‘DB az = E

Pose 'saysanns énpasu 2). Ockinexu cnpapegmusi pisnocri (sh az)(?) =
= a*" shaz, (shaz)®+1) = g®>+! chaz, To B Towni z = 0 Maemo

0, axmo k= 2n,
(shaz)® =
a?™tl agemo k= 2n+ 1.

Tomy 3a Teopemor Tewnnopa ogepxyeMo

[=_n]

an+1
a Zn41

s = £ 2+ 1)! .

|z] < 0.

5.6. BuropHcTOBYIOME PIBHICTE s Zf:u 2", cupaBejaMBY IOpH
|z} < 1, gosecTn dopmym:

1 =]

a)m=§(n+ljz -

0 s = S+ D+ 257, ol <1
{1+z]3_a=ﬂ +2)2", |z ;
) T Z;]{ 1", |2 < Jbl;

1 ol s

el —n—1_n ; ,
z)z_b—n;ma =l % 1o
Z
_bz _Z b-i n-i-l} 2:1. |z| CF ||'J|1
—n—=2_7
e)——— {z — -ﬂ_z_m b 25 |l ?Hﬂ
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Poae’aaysanna enpasu §), 3ayBakaMo, WO

1 1 >
= =% (-1)"2", |zl <L
1+z 1—(-z) HZ:;

Toumy, guhepeHniion<s NOWIEHHO, MagMOo

2 1 Ll o o o
(T+27 ~ (1+ z) - (Z(_Unzﬂ) = (-1)*(n-1)2" =

fe=(} n=2
= S (1) (n + 1)(n +2)2"
n=()

Poze’aayeanns enpasu 6). Y pkasauin obaacTi BHKOHyeThCA |z/b| <
< 1. Tomy maemo

[= =]
22 z2

20 1+ z!b =5 Z (=) D DI Ce i s

re=(} =

5.7. PoasunyTn B pag Temropa B oxom Touxu z = 0 dyukmii:

2 z4+1 -
) (z+1)% 5}39 lnaﬁ( a7 0)i o) (22 +1)(z2 —1)°
2) i zl__+ 73 d)cos® z; e)e“sinz; o) coszchz;

Poas aaysanmns 6npasu e).

2%2in 2 = %Ez’(‘ei: _ e—f:] _ %€{1+i’jz _ e{l—:‘}z} —
:_}_Z{l-l-i] (1 —&)™ =l = ( z]nem'“f"‘—-@_“f“f‘iznz
2i — n! 2 —~ n!
20
Z $11‘1 -r-z

174



Bnpasu do poadiay

Paan Jlopana

5.8, 3HauTH MHOXKHHEE 36IKHOCTI HACTYIHUX pAgis JlopaHa:

oo o + oo
- _ n z4+ 1)
9 X s 0 3 e o) 3 G
too o {._., _ 1}11 oo z4ﬂ
oI T, - . -
?) ﬂ_;m& 9 ﬂ;m 9 ﬂ___zmn-4+1'

Pose’saysanns enpasu a). Ockinbku

_ 1/n
Ry = Tim |a_n|¥" = lim (2—“3) =0

=00 TG

o 1 1/
= lim (2“3) = 400,

T lim |ay |V T neeo
TE—r o

TO MHOKHHOK 30LxHOCTI Hamoro pagy € obracts {z: 0 < |z] < +cc.

5.9. PoapunyTe B pag Jlopana ¢gyskuio f 3a crenedamu (z —a) B Kiisui
D (rouka a Ta xiibne D Bkasai B gyxKax):

“}{Hz]l{z_z;. (0=0,D=1{z:1< |z <2});
6}[3_1:}_;1 5 (@=0,D={s: 1<l <2y
s]ﬁ (a=1,D={z:1<|z—1] <2});
3]?2(371_?] (a=1,D={z:1<|z—1]<2});

Nz2eV* (a=0,D={z:0<|z] < oo);

e) zsin (a=1,D={z:0<|z—1| < c0);
— 2z
1

l1— =z

e) z° exp{ } (a=1,D={z:0<|z—-1| < o0).
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Poae’saysanna enpasu 6). Poskragaiods Ha IpocTi ApobH 1 BAKOPHCTO-

BVIOUM PO3BUHEHHE B CTENEHeBmH paj yHKil

T —, MAEMO
- =

1 LN S 3 B
T\ T zl141  z-1-2 (z2-1-22)

1 1 1 1 1 3 1 -
Tol\ TzC11 /-0 21-(2-1)/2 4(1—(z-1)/2*)

1 1 = (-1 1e=(z-D" 3¢ (z=1)"\ _
_g(_z—lvgﬁz—l}“_ﬁnzzé an _4n=u{n+1] an )_
! n 2 3n+5
-y Bl ey
n=—od n=0

MAEMD
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BITPABH 10 PO3JLIIY 6

Hyai anamiTayaux ¢pyaxnin. Teopema egunocTi

6.1. 3uajiTi BCI HYJ BKASAHMX AHANITWIHMX (PYHKIIA Ta BCTAHOBHTH
1X MOPAIKN:
a3 {1 -+ 2‘]2 1 1
sin” z z
a) f(z) = o ﬂf{z]=w; ﬂ}f(z}—_—z—gexp{z_l_l},

2) f(z) =coszchz; d)f(2) =sin3z —3sinz; ) f(2) = ztg® =

Poae’asysanna enpasu a). Ockinexm sinz mae B Toumi z = 0 myas
Nepmoro MOPAAKY, To sinz = z (z), w(0) # 0. Tomy
sinz  z%p%(2)
f(z) = = =Tz

= z¢°(2),

robro f Mae B z = () HyIs NepUIOTO MOPAJKY.
Pemra nyais z; = wk, k € Z \ {0}, dyukuil sin z ¢ ayaavu gpysxmil f
NEPUIOro TOPAAKY.

Poss’aaysanns enpasu 6). Ockinpkn byukmia exp{ } B rouni

z+1

1 :
z = co HabyBae 3Hagenud 1, To dyHkuig f(2) = s e.xp{m} Mae B TOUIL
Z = 00 Hyllb APYTOro NOPAJKY.

6.2. Yu icaye amaxiTuusa B kpyel {z : |z| < 1} byukuia f, axa zago-
BOJLHAE M4 Beix n € N ofHY 2 HACTYNHUX YMOB!

12 KoM, axanis 177
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1 ) 1 1 1
a) f (E) = sin %; (;) = —cosn?r 6) f (;) R prp——

(85 o)or(2)-3

i)=ﬂ,kEN,Tc}f§U+

Poae’saysanna enpasu a). Ockinteku f (Ek

ase 1 (

o7 1) # 0, k € N. Tomy Taxa dyEKnia He icaye.

13!
Poas’'aayeanna enpasu 2). Ockinbkn f(%) = (l) (2—5—;) )
z

T

n € M, o Takow e Gyuxain f(z) =

z4+2

6.3. BuxopucroByrous TeopeMy €IMHOCT], JOBECTH PIBHICTB
sin 2z = 2sinz cos z.

%
6.4. Hexait 06nacTe G MiCTHTE TOUKY Z = 00, a ¢dyHkmiA f nepioguuna
ta agamiTEvEa B G. JosecTn, mo [ = const B G.

Isonsosasi ocoGAMBl TOYKHM OJHOIHAYHOIO XapaKTepy

6.5. [JopecTw, WO TOYKA z = @ € YCYBHOK OCOGIMBOI TOYKOW LA
BKA3aHUX (PYHKILH:

t 1 1 T
Bz o). _T

z coslz [z — m/2)?

{a =o0); e) ctgz—% {a=0).
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Poze’saysanna enpasu a). Touka z = oo € ycyBHOW0, 60

i 52—1_1_ 1—-1/z2%
ooz 41 smeol +1/22

Poaa’ssysanna snpasu ¢). Touka z = 0 € ycyeHOD0, 60

. . ECDSZ — SNz .

!%(ctgz —1/z) = 1]-5]% zsin z -
ozl =22 24 0(2%) — (2 - 276+ 0(2%) . z _
_:ll—r:%i z(z — 2%/6 + o(2%)) - .11-1-}1}1( 3+G(z)) =0.

6.6. [lopecTH, mo TOYKA z = G € NOMIOCOM L0A BKA3AHUX YHKIINE
1 BCTAHOBHTH HOIO TIOPAI0K:

241 1 . z X
@) T 1 (@ = col; ﬂm (a = i); a}m (a = 0);
Ve a=imy Ot (=15 Oy (=0

Poze’asysanna enpasu a), Ockinexy

22 +1 _zl—l—lfzﬂ
z+1  T141/z]

TO 33 TEOPeMO) NP0 KAHOHIYHe 300DaeHHA TOYKA 4 = 00 € IIOMIOCOM
MepIIoTO MOPAIKY.

Poae’azyeanna enpeesu ). Ockineku

1 : 1 1 1

(12 G+i)P(z—i) (z+ip(z—i)

TO TOMKA z = 1 € NOJIOCOM APYToro NOPAJKY (3a TeopeMoio PO KaHOHITHe
so0paxkenHsa HYHKII B OKOMII 11 {I0I10CA ).
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6.7 JoBecTH, WO TOYKA z = a € ICTOTHO OCOBIHBOIO TOYKOI A BKA3a-

HAX GyHKITIN:

a)e* (a = o0); ﬂsin% (a {a = oo);

=0); @a)sin {e*)

2) z%cos (g) (a=0); 9)exp{tgz}(a=mn/2); e)cos (zil) (@ = ~1).

oL
. 2
Poae’sayeanna snpasu 6). Ockinnku ¢ — +conpn z = ¢ —+ +00 Ta
2 . :
e — 0 npu z =y, y — +00, TO TOYKA @ = 00 € ICTOTHO OCOBIHBOIO,
2

Poze’'azyeanna enpasu 6). Hoxmamemo z, = 1/y/n i w, = il
7

. . . ., T
lim sin — =0, lim sin — =1
Tk 2’.“ TL=}20 wﬁ.

Toai

Tomy Touka z = 0 € iIcTOTHO 0CODIUBOID TOYKOK.

6.8." 3mailTH Bci i3omboBaHI 0coGAMBI TOUKM HACTYIHEX GYHKUIR TA

BKA3ATH 1X XapagTep:

a] z l—cosz ﬁ} 2gir z } 1 co Tz
; —— 5 6)zsin ;@ ;
sin z’ sin? z z4+1 © z2 -1 sz+1
1—¢" 22 23 1

)= (7 -1); - - 1
)z (e €}1+e" }z‘*+1’ M}zﬂ—lmsz

FPoze’azyeanni enpasu 2). CkiH9eHHUMH OCOGJMBUMH TOYKAMM JAHOI
dyekuil € z =11 z = —1. 3anumenmo GYHKINIO ¥V BHNIATL
T 1 L. mz—1

T 1
32—1':05(??_ z+1) __zﬁ—lm}sz+1 B 22—131n§z+1'

z4+1  wz-1 T
5

Ane
1 T _11, . _
T P e I T

lim cos
=122 — 1 z+1

Tomy Touka z = 1 € ycyBHOW 0COGINBOIO TOYKOIO.
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Mo6 muasaywTE XapakTep To¥kM z = —1, possuHeMo dyHKLI©
1 Tz

COo8
z+1 241

B paj Jlopaua

112-11

L7 .1 fi
i+l a4l z1l z—l—] .a-l—lﬂ'“‘"l{Zn)’

3BiJCH BUILIMBAE, INO ¥ I'OJOBHIA YacTHHI paxy JlopaHa 3a crenenamun (2+1)

€ HeCKIHYeHHO OATATO WISHIE, a OTHE, TOUKA 2 = —1 € ICTOTHO ocobGARBOK
b L1 wz Ocki r 1 1

A Sy cos . Ockximekr lim = ——, TO A ¥ TOYKa

. z41 z+ 1 i r——-1 2 — 1 2°
€ icTOTHO ocoGuuBow0 1 14 3aganol dyHKLii.

Hapemri, :

T
lim Cos

ooz =1 z41
TO6TO TOYKa 2z = 0O € YCYBHOI OCOOAHMBOI TOYIKOIO.

Poze’azyeanna enpasu d). Ocobumermu e Tinexu Touky 2 = 01 2z = oo.
Pospunemo dyrkuio B Kineni {z : 0 < |z| < 400} B pag Jlopana

11 11
iz _ Lo LI
z& 1) (+ tomte )_1+mz+mf+“‘

Axmo uen pag poarmagaru ax pajg Jlopana B OKOXI TOYMKH z = 0O, TO B
HOro IOJIOBHIM 94CTHHI HeMa SJEeHIB, 1 TOMY 2 = 00 € YCYBHOIO 0COOIHBOK
TOYKO00. A AKmO Horo poarasgaTh AK pajg Jopasa B okom Touxu z = 0,
TO B HOr0O COIOBHIM 94cTHHI € HecKiHdeHHO OaraTo 4ieHIB, 1 ToMy z = 0

e ICTOTHO OCOBIHBOID TOYKOIO. .

Ilpunun MakcuMyMy

6.9. Jlema IIpapna. Hexait asamiTuusa 3 kpysi D = {z : |z| < 1}
dyukuia f raxa, mo f(0) =01 |f(z)| € M < +oo gua seix z € . Togi
|f(z)] < M |z| gan seix z € . Hxmo, xkpim Toro, |f(z9)| = M |2z| gan
meaxoro zp €I, zp # 0, To f(z) = Mz2e, 8 € R,

fz)

Hosedenna. Ipuinvemo (z) =
z
v avamiTHdHa B D 1 |@(z)| < M/|z| gaa Beix z € . Hexan M,(r) =

. Ockizeku f(0) = 0, To dyHxuia
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= max{|w(z)| : |z| = r}, 0 < r < 1. 3a OPUHOHNOM MAKCHMYMY MOIYJIA
dyuxuia M,(r) e mecmaguoro Ha [0, 1). 3 immoro foky, M,(r) < M/r gia
Beix 7 € [0, 1). 3sigcu sunmasae, mo M, (r) < M aaa scix r € [0, 1),
a oTxke, |@(z)] < M gaa Beix z € D, Tobro |f(2)| < M |z| gaa Beix z € I,
Mpunycramo, mo |f(ze)] = M |z0| B Toumi 29 € I, 29 # 0. Pynkuia
¢ AHANITUYHA B AEAKOMY OKOJAlL TOYKH Zy 1, AKIMO 6 BoHA He 6yIa CTATONIO,

To icHyBata 6 Taka Touka z € DI, mo |p(z)| > M, mo memoxanso. OTxe,
le(z)| =M i f(z) = Mze', 0 € R.

6.10. Hexait pyuxuin f apamiteama s D = {z: 2] < 1}i|f(z)}| >m >0
aasg Beix z € 0D. Hosectn, mo axmo |f(0)] < m, To dysxuinx f mae a D
IPHHANMHI OJHH HYJb.

Hoeedenns. IlpumycTumo, mo ume me Tax, Tobro f(z) # 0 gua Beix
z € D. Toai dyuxuin ¢(z) = 1/f(z) e anaxiruunoo s z € D, i 3a npun-
HUTIOM MAKCHMYMY MOAYJAf || mocarae cBoro MakcmMyMy Ha xomi 0D =
={z: |z| = 1}. Tomy |f| mocarae caiit Minimym ma 8D, a 3a ymoBow

m < min{|f(2)] : 2| = 1} = min{|f(2)| : 2] < 1},
mo cynepeunTs Hepisxocti |f(0)] < m.

6.11. Hexai apamiteusa 8 D = {z : |z| < 1} dyuxuia f raxa, mo
fO)=01]|f(2)] € M < 400 gan seix z € D, Tomi |f(0)| < M, npusomy
aEaK piBHOCTI gocaraersca, skmo f(z) = Mze', 6 € R.

6.12. Hexail dynxuia f anamoreasa B D = {z : |z] < 1}, llf[z]lllﬂ M
z—a

|1 —az|

aus eeix z € 9D 1 f(a) = 0, |a| < 1. Josectn, mo |f(z)| < M
seix z € D

6.13. [Momectn, mo rapmoninea B obaacti G C C dyHkUia u # const He
Habyeae B G CBOrO MaxcuMyMy 1 MiHIMyMY.

6.14. Hexaili dyuxuia f awamTaysa B obmacti G 1 inf{|f(z)| : z €
€ G} > m > 0. Jdopecru, mo Togi abo |f(z)| > m gua seix z € G, abo
f(z)=me®, AR,
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BITPABHW A0 PO3ALIY 7

O6uncnenns aumkis. OcHoBHA TeopeMa OpPO JHIIKH

7.1. OfuucmrTi

.sinz . 1f=, 2 E e” .

a) 15 73 0) Jes e o) res z%sin o e) res ey
d) rea-i- ) ! :€) 241 ) t € M)
feS T o) I Aep oy i e) Tes oy ) res tgz(nEN).

Pose ‘asyeanns enpasu 6). PossameMo dynxmio f(z) = e'/* s paa Jlopa-
Ha B OKOJl TOYKH 7 = 00. Maemo

11 1 1
= o — 4=
nz_r:) nl z™ T z * 222 +
JBigcu
. res elf* = —a_1 = —1.

Poaze’'asysanna enpaeu 2). Touxa z = 1 € nmomocoM Apyroro NOpaiky
saganol dysxmil. Tomy

e® 1
& — = lim(e*) = e,
MG name) =e
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—

Poaea’asysanna enpasu ). Toduka z = o0 € HYJeM APYroro NOpAJKY
zaganol dyEkmoi. Tomy

b= z‘] + 1 —

e 41

0.

7.2. 3nanTu aumky BKasaHuX GYHKUIN B yeix 1x ckIHYeHHEX 0COBAnBIX
TOTKAX:
1 32 z% 1
a) z+ 28’ 6) 1424’ J (1+2)3° =) (22 +1)3

2

1 - cos 2 g
d) (Z+1)(z-1)2 E}mfﬂENL E}ma Wﬂ}mr
1 .1 L eost(mfz) . #1041
3]6“4-1’ Ur)&:iﬂ'm:’ ) z+1 %}23(324_4}‘

Poszs’asyeanna enpasu d). Brasama gpyukuia Mae ckindeHHI ocobamuel
Touku z = 1,z = 4,2 = —i. Toukn z = i Ta z = —i € NOJKOCAMH IIEPIIOTO
nopaaxy. Tomy

SEREEE 1 1 1
T = ———— T ————— = =
! T R e+ )12 Gt 17|, 4
1 1
= JE = T, T
Touka z = 1 ¢ noaocoM gpyroro NOpAIKY, 1 TOMY
i N 2z 1
= e (zﬁir 1) N RS Vo)

Poze asyeanns enpasy t). OcoOAMBAME TOYKAMH € NOJIOCH IEPLIOTO
NOpAZKY Zn =N, N € N, a

Tes — = - =
z=nsin Tz , TCOS AN T

1 1 (__1]!:
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Posze asysanna enpasu 1). Ockineku 3ajaHa DYHKIIA € TapHOW, TO

21041 21041
‘e = reg —— =1(.

I'om ———ee——
z=( zﬁ[z2 -+ 4} =00 25[32 -+ 4}

Ham,
res 2941 in 2°+1 1023,
e=2i 26(22 +4) =222 28(z + 2i) 256 t
219 41 : #2041 1023

e — =
emo2i 20(22 £ 4)  eroti 28(z — 27) 266

7.3 ObumcapTi IHTerpamm

a.]f B (D =l SR

1+ 24
8D
é}/{z—ug;ul} (D={z:]z—1-d] <2});
8D
© ds s
&}lei;i—_g (D={z:]|z] <2}); a]/z4f1 (D ={z:]2] < 2});
ap A
E]f(zg-‘li;fz—ﬂﬁ {D:{z:i{|3—l|{4});
8D
E}fﬁ (D={z:]|z—1| < 2});
aD
.z,""'E:ﬁ.n2 z
) f (z— 1}{,(1 2}] (D={z:]z-1 < 3});
8D

-.gfm zjl.-.gz (D ={z:]2| > 3}).

aD
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Poas sayeanuna enpasu 6). B oBnacti D micraTsca A8l 0cOOMHBI TOYKH
niginrerpassHol gyskuii: z = 1 (moumoc gpyroro nﬂpﬂ,tm},f} 1lz=1 {nﬂﬂm
IIEPIIOTO MOPAAKY ). 3& OCHOBHON TEOPEMOIO MPO JMIIKA MAeMO

d .
f oy = 2 (s G) + e 1)) =
an
= 2ri (-% + i) -

Poae 'aayeanna enpasu s). [liginrerparsaa dyuxuia mae ocobmusi Toy-
kM z=01z, = (agfz};“r‘.: =0,1,,,9, 1 B¢l Boan micTtaTeCA B 0Omacti D.
Tomy Ham iHTerpat JOPIBHIOE JAOIKOB] B TOYII 2 = 00, BAATOMY 31 3HAKOM
migyc. Ane B il ToUni migiETerpaibHa GYHKUIA Mae Hyab 13-ro nopsaixy,
1 ToMy 1HTerpaa gopisgioe (.

3acTocyBaHHA Teopil JUMKIB

7.4. ObumcnTu iHTErpatu:
a] 2 dﬂ ‘ 6} fZﬂT d& .
o 9+3cosf’ o 13+ 12sin 8’

) fz‘*‘f cos® 8df ) f"f? adf (@>0)
o T+6cosf’ o a?+sin® @’ '

) i d
Pose 'aayeanns enpasu a). Ipuitmemo z = €. Tomi df = ﬁ,

1 1y .
msﬂ:i z+; i MH OTpPEMYEMO

f" g 2[ dz 3
o B+3cosd  3i S, 22+102/3+1 "
dm 1 T

I

T3 sz +1/3) 2
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7.5. O6uncautn iHTErpagn

4o + +o0
) f 22da 9 /W da 0 f (22 — & + 2)d
(7] ' —_— - f
(22 + 1)(22 + 9)’ 22 — 2iz — 2’ ¢+ 1022 +9°
-3 —oo

—0a
Foe o0 too

) f (z? 4+ 1)dz ) f dr ) f at +1

- gt 4+1 (2% +1)3’ 28 + 1
0 0 0

Poae aaysanmna enpasu o). Jlerko 6aguTH, 1Wo migIHTErpaibHa QyHKIIA
€ aHAMITHYIHOIO B 3aMKHEHIH I BIVIOIHHI {z :Imz > U}, 32 BUHATKOM TOY0K
z =1 Taz = 3i, mpuwiomy f(z) = O(1/2*) npu z = co. Tomy

+eoo

2
[ wrnrrs = i (e ) + e 1(2) =

Po3ze asysanna enpasu d). IligiATerpaibHa QYHKNIA € aHATITHYHOR
B 3aMkHenil nismwiomuni {z : Im 2z > 0}, 3a BHHATKOM TOYKH z = i, fIKA €
HOMIOCOM TPETLOrs NopaiKy. ToMy, BPaxoBYIOYH TapHICTE MiJIHTErPalb-
HOl dyHKI, MaeMo

o +o0

f d—m == 1 / d—x = Tt TIes .._._1_ —
(22412 2 J (22410 =i (22 +1)°

1] —o0

_my 1 ”_mzlim 12 3nm
T o ami\(z 4932 T 2 ami(z P 16

7.6. OOuMCAMTH IHTErPATK
) f edx 8) /‘ x— 1)e*dr ) f r + 1) sin 2zdx
“ ) a2 22wt 2+ +2
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fo +oo
2) j’ (z — 1) cos 2zdz cos zdz ) zsin zdx
—4z+5 Tt 44’ 2 41
0 0
’ : 1 :
Poze 'asysanns enpaeu a). Pysxuis PO — € AHAJITHIHO B 3aMK-
z* — 2z —
neniit oismromusi {2 : Im z > 0}, 5a sumaTkoM Towok z = —1+4iTa z = 144,

1 MAae B 00 HY.b APYIOTo MOpAIKy. Toay

[ u}
12&:{: elz Elz
—————— =27 re8 ——————— 4 r&§ ————— | =
f 12 — 2ix — 2 s=—l4i 22 — 2z — 2 a=14i 22 — 2z — 2

— 30
i=1 —i=1 .
e e sin 1
= Darq - = —2 .
m( 5 5 ) T .

Poze’aayeanna enpasu e). OCkinbku migiHTerpaibHa GyHKLUIA € map-

HOWO, sin = = [m e'", a ¢pyuxuia € AHATITHYHOK B 3AMKHEHIH MiBILIO-

2
zc+1
meri {2z : Imz > 0}, 3a BHHATKOM TOYKK 2 = 1, 1 MAE B 00 HyaIb APYroro

MOPAOKY, TO

4o B ) 4 oo .
jmsin rdx 1 f:r.rsm rdr 1 o j ret® _

241 2 2241 2 241
1] —ag —o

=1 zet* _1 o zet* | o
= Im mggs:zz_l_l = Im < 71 o) =i = 26

7.7. ObuncmmnTi

o0 . +oa ,
) f e dr ) ] e dz _
GUP [ i ini-9 VU7 ] @riz-1)

+20 +oo

xsin zdr (z —1)cos zdz
6)v.p. nf (22 + (22 - 1)’ E?U'P' f (22 — 2z +2)(x2 +2—2)"

—Q
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Posze asysanns enpasu 6). 3a Teopemomn 7.4 Maemo

0

'ﬁﬂ'dm
v-p- ,[ (z2 +1){z - 1) =

iz ﬂiz

=2
mﬁ (22 +1)(z—-1) e 2=1 (22 +1)(z - 1}

e—1 gl mi

o S — = — — =

TG 1) T3 36 (L+ )+ F{eosT+isin)
=%(1a—esin1+i(l+ec0$1”~

7.8. OBGupcanTH IHTerpamu

+oo +oa
dx _ dr
) u/ (2% +4) =’ ) Df (z+1i) ¥z’

A0 oo

dzx ] dx
B} h/.m, E}E}[W{E}G,U{E{IJ.

Pose 'azysanna enpasu a). Buxopucrosyroum goseseny B posgin 7.6

dopmyay (3 a = 2/3), maemo

+
. £2/3=14,

ﬂ/[m?+4q’_ f (22 +4)

Il

2mi —1:'3 »—1/3
- 1 — gtmif3 IT:"E:' 2244 T ZLE-;BH z2 4 4)
dmi (2'1:’36—‘"‘535 2—1;"3&,—1&;2)

T 3+iv3 4 4
_ r2-13 34 N 7243
3+iyv3: 2 V3
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Ilpunanun aprymesTy. Teopema Pyme

7.9. flx no ksagpanTax poamimeni xopeni pisumuua 2% 4+ 2 + 3 = 07

Poas azysanna. Hesamxo nepepipuTy, o ne piBHAHEA He Mae JIHCHHX
Ta yucTo yasHux Kopesie. [llod BHsHavnTH, CKITBKYM KOPEHIB € ¥ IepUIOMY
KBAJPAHT], BHKOPHCTAEMO NPHHIIAN apTyMeHTY.

"y

Puc. 15.1

Posrnsuemo xoutyp Cg, sobpaxennit xa puc. 15.1. Ockinexu 2% + 2 +
+3 > 0 ua by, To A Arg (2% + 2 + 3) = 0. Tani,

A Arg (254 24+ 3) = A Arg | R%e%9 [ 1+ e + 3¢ = 37
¥ =) - v g Rﬁ Rﬁ -

A BCiX gocuThk Beamkux .
OpH 3MiHI ¥ Big 400 g0 &3 aui-

- - y
HapewrTi, dyaxma 7 + arctg3 "

HIOETBCA Big m g0 w/2, a dynkuia a.r-:tg3 ¥

= IpH aMiHl Y Big /3 10 0

3MIHIOETRCA BiT /2 mo 0. 3Bigcu BEUOIHBAE, MO

lim ApArg (2% +243) = -

Ry oo

Orxe,
lim AgpArg(z® + 2+ 3) = 27
=4
Ja IPUHIUIIOM apryMeHTy Halle PIBHAHHA MA€ B MEPIIOMY KB&IPaHT] TIb-
K 0fMH Kopiak. Ockilbke pIBHAHHA Mae JIUCHI KoediIlleHTH, TO BOHO MAag
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nonapHo copsaxedi kopedi. Tomy B YeTBepTOMY KBaJpaHTI PIBHAHHA Mac
OJMH KOPIHL 1 II0 gBA — B APYIOMY T4 TPETLOMY KBAIDAHTAX.

7.10. HosecTn, mo axwo ¢gy=Eknia [ aHATITHEHA 1 ogHOIACTA B 06macT]
G, o f'(z) #0 mna ecix z € G.

Josedenna. IlpunycTtHmMo, B CYNPOTHEHOTO, WO IcHye Touka a € G,
g axol f'(a) = 0. Toal B gesxoMy oko4l TOUKH a

flz)=co+ex(z—al +eppr(z—a)* +.., cp £0, k> 2,

Hexai r > 0 macTineku mane, mo f'(2) # 01 cp+cprr(z—a)+-+- # 0 gaa
BCiX z, 0 < |z — a| < r. Tpuiivemo

m = min{|z — a|*|ex + crpr(z—a) + ... |: [z —a| =1}

Togi m > 0 i, aximo || < m, To 3a Teopemon Pyme dyukuii
ez —a)* +eppr(z—a)ft 4+ ... ra —a+en(z—a)f +eppr(z —a)*Hi 4.,
MaloTk y Kpysi {z : |z —a| < r} mo k Hyms xoxwxa. Tomy piBHAHHA
f(z) = co + @ mae B upoMy #x Kpyai k xopenie, Akl € OPOCTUMHU, 34BIAKK
Tomy, mo f'(z) # 0 npu 2 # a. A e HeMOXKINEBO 3 ONIALY HA OAHOIMCTICTE.

7.11. JocmigeTu, cKilEKA KOpeHIB Mae BKAZAHEe DIBHAHHA ¥ BIUHOBIIHIN
oBIacTi:

a)z* —bz+1=0,1<]z]<2; 6)2°~3Fe*=0, |z <1
gle** —z=0(A>1),|z|<1; 2)2®-1224+2=0, |z]| < 2;
0)2:* —52+2=0,z|<1; €)*-22+45=0,1<|z|] <2

Pozeg’aayeanns enpasu e). Ilpmimaemo gi(z) = 5, ga(z) = 2° — 2z,
Ockinexu Ha xom {z : |z] = 1} sukonyersea [g1(z)] =5 > 3 > [2° - 22| =
= |g2(z)|, a dyukuin g; He Mae wyxis y xpyai {2 : |2| < 1}, To 3a Teopemoio
Pyme B ypoMy Kpysl Hale plEHAHNHA He Mac KODeHIB.

Mpuiivemo Temep fi(z) = 2°, fo(z) = 5 — 2z. Ha xoni {z : 2| = 2}
BukoHyeThCA |f1(2)] = 32 > 9 >.|5 — 22| = |f2(2)|. Ockinbku pymxmia f;
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Mae B Touli 2 = 0 Hylb I'ATOCO MOPAJKY, TO 3a Teopemow Pyine B Kpysi
{z: |z] < 2} name pisuauna mae 5 xopenis. Bl Bonn 3HAXOZATHCA B Kb
{z: 1< |zl <2}

7.12. [dosectn, mo piBHAHHA ze** = 1 mp A > 1 Mae B Kpy3i
{z: |z| <1} egunnit gificuuit 108aTHUI KODIHb.

7.13. Hexaft pyEKIIA f aHAMITAYHA B 06MeXKeHIl 3aMKHeHil obracTi G,
38 BHHATKOM CKIHYeHHOl KLIbKOCTI momocis, mo JexaTs y G, 1 Imf(z) #
# 0 ma G. [lopecTw, Mo KIIBKICTE nomocie 1 kinekicTs Hydie dyxkmii f
B obaacTi G pisHi.
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BIIPABH 40 PO3ILIY 8

Beanocepegne apariTuane mpogopxenna. PiMaHoBi nmosepxHi

8.1. [osecTH, wo Bkasani Ba GPYHKIIOHAIBH] eJeMEHTH Gealocepe Hbo
AHAJITHIHO TPOJOBXKYIOTECA OJHE B OJHOCO:

oo _1m

o = ({z: |z —1| < 1}, sin liz);

ﬁ::m:({zwz—lml},zatﬁ%),

1
o ={4{z: |z—2|{1},ms~),
<

o [:_ljn 32n+1
=0 (2p 4 1)!

- . 1 - (-1
Beix 2, |2] < +oo, To sin 1-2 Lin=0 (2n + 1)I(1 — z)2n+1
z, |z — 1| > 0, To6To Ha HemopOXHEBOMY HepeTHHi obuacTen {z: |2| < 1} 1
{z: |z = 1| < 1} ui dyskuii abiraoTeed, a 0THe, GYHKIIOHAILHI eIeMEHETH
w1 1 o DesmocepeIHLO AHAMTHEHO OPOIOBKYIOTECA OOHH B OJHOTO.

Poae’asyeanna snpaeu a). Ockineku sin z = 3 JLIA

I BCIX

13 KoM, anania 163
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8.2, JHanTy Bcl 0COOMUB] TOYKH BKA3AHUX dyHKIIH:

o vz . A= 22 4 =0
a}f{y}_zzsin[lﬁz—lj} (Vi=1; 0)f() Cos 2 (In 1=0);
N In’: o L _ cos(1/z) .
G}f{“j_'(z_l]ssin'; (ln 1 =0); z}f[,,}—ln(l_z} (In 1 = 0);

1= VTS (F= o s = YEZAEZD (i,

Poze’'azyeanna enpasu ¢). [3oapoBannx ocoGIMBHX TOHOK 0{HOIHAMHO-
ro xapakTepy HeMma. Touxkm z = 1, z = 21 2 = 00 € TOYKAMY POITATYKEHHA
kBajpaTHOro Kopeaa. Touxa z = () € TOHUKOK CKYITHeHHA OOJIHCIE.

8.3. He possupatoun dyuruio f B pag Teiropa B okoai Touku z = 0,
JHANTH Pajiyc 30LKHOCTI UBOrO PALY:

e* —1 z R 4z
a} f(z) = ——; 0)f(z) = —7; ﬁ}f(“}_sin[z—l)*
VFE) = g D) =t87 ) f(2) = exp{ )
e® —1

Poze 'zaysanns enpasu o). Pynxuin f(z) =

oCcoDINBHX TONOK He

mae (Touka z = 0 € YCYBHOIO | HE BBAXKAETHCA ocobianeon). ToMmy mrykaHun
paaiye abixuocti R = +o0.

Poze’azyeanns snpasu ¢). Pymxuia f(z) = exp{ } mae aBi ocol-

2
z* 41
JAUBI TOYKWM z = =i, BIACTAHE BiJ axux g0 Touxkw z = (b gopismwe 1. Tomy

R=1.

84, Hexan G = {z : 1 < |z| < 2,Imz > 0}, a f(z) = In|z| +
+iarg z. SHANTH aHAMITHYHE NPOJORXKeHHA dyHkOl f 3 obaactl G B 06-
macts G* = {z: 1 < |z] < 2,Imz < 0} uepes inTeppamu a) (=2, —1)
Ta §) (1, 2). :
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Bnpasu do poadiay 8§

Poze azyeanna. Ocklisky obaacti G 1 G" cuMeTpH4H] BIIHOCHO JIHCHEOL
ocl, To OyJeM0 BUKOPHCTOBYBATH nNpuHuun cumetTpil Pimana-Illsapoa.

JoossawnMo dyHKIIF [ 3a HeMepepBHICTIO Ha iHTepbBatax (—2, —1) Ta
(1, 2) piBHOCTAMU

flz)=In|z|4+ir (-2<z2<-1), flz)=lh|z] (1<z<2).

Ockinexu 3HaveHHA, Aki Habysac [ Ha iHTepBamax (—2, —1) Ta
(1,2), amaxogarTsca BigmosigHo Ha npamux {w : Imw = =} Ta
{w: Imw = 0}, To myxasumy npogosxenaamn [ iz G » G* e dyrxnil

a)fi(z) = In |z| + 2ir +dargz, 6)f(z) =In |z| +iarg =

JayeaxuMmo, mo obmisa GyHKOioHATEHI edemenTn (G*, fi) i (G*, fa) €
feanocepedHIME AHATITHYHAME [IPOLOBXKEeHHAMA enemeHTy (G, f) (ane 1e-
pea plaxi inTepsamm).

1arg z

2
JHaNTH aHaJlTH4YHe npoJoexeHHA ¢yekull f 3 obnacri G B obaacTs
G*={z: Imz > 0}.

8.5. Hexait G = {z : Rez > 0}, a f(2) = |z|exp{

8.6. IlofBygyeaTm pimManoBl noBepxHI 418 HACTYIHMX MHOMOZHAMHHX
iy HKI:

a)vz(z—=1); 6)vVz22+1; e) V(22 +1); 2)J z),

ae J — dyukimia KyKoBcsKoro,
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2.

3.

Pozdia 17
SAITMTAHHA [JJIA CAMOKOHTPOJIIO

KoHTpoasHi 3anuTanua go poaginy 1.

. e B moeegeHH]I Teopemu npo yMmos:r Komi-PimMasa BMKOpHCTOBYETLCH

HETIEPEPBHICTL YACTHHHEX TOXIAHUX DYHKIHA ¢ i 67

. fAxmo dyuxuis f agamituana s obaacri D i (Vz € D) {Re f(z) = const},

TO IO MOMKHA CKA3aTH npo f7
Yu icToTHa YMOBa aHAJMITHYHOCTL GyHKII f B HacAIKY Jo Teopemu 1.87
YuM BigpisHACTECA MEOMETPUYHAN 3MICT MOAYIA NOXinHOl dyHKIN gik-
CHOl 3MIHHOI Bi IeOMeTpPHYHOrO 3MICTY MOJIVJAA MOX1IHOl aHAMITHYHOI
GYHKII KOMILTEKCHOL 3MiHHOIT

. Hxuy reoMeTpHYHNE 3MICT apryMeHTa oxigHol aHaxiTH4HOl dyHKIHI?

Yu opu xoHdopMHOMY Bigobpaxenti 3aMKHena oBJACTE NMEPEeXOMUTL ¥
3aMKHEHY !

HasegiTe mpukIain HeOIHO3IB ABHAX oHJACTEH.

Yy HenepepeHo gudepeHIiioBAHA MiHCHOZHAYHA QYHKIIA MACHOI 3MiH-
HOL ITepeBoNTE IHTepBal B IHTepsad! BKamiTe AKAH-EeOYIb JIHIMHUN
MiAIpoCTip IpoCTOpY TakuX GYHKIIN i3 BKA3aHOK BJIACTHBICTIO.

KorTpoasni sanuTanHaa Jo poaginy 2.

Hu MoXHA 3 JODOMOTOK IOl JHHOI ¢yHKLL BigobpasHTH NiBKpPYT HA
Kpyr?

Un Bigo6paseHHA, AKe 3AIHCHIOETECA DYHKIICIO W = 22, € OQHOMMCTHM
y xpyai {z: |z| < 1}?

Yu BiaobpamxeHHA, AKE aJIMCHIOETBCA (GyHKUie w = J(z + 1), € koH-
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10.
11.

Janumaxua 04R CAMOKOHIIPOLIO

dopuaeM B xpy3i {z: |z2] < 1/2}7

u icuye xoudopuHe BinobpaxeHHa Neaxoi 0gHO3B'a3H01 obiacTi Ha He-
OJHO3B A3HY !

3uaitTa dynxuio, ska Bigobpaxae obnacte {z: |[Re z| < 1,Im 2 > 1}
Ha BEPXHIO MBILIOMIHHY.

ki 3 dbynxuitt w = €27, w = e, w = €597 ¢ nepiogwanmva?

Kotpa 3 Touok z = 31 2z = 4 € CUMETPUYHO 10 TOYKH z = 1 BLAHOCHO
koma {z: |z| = 2}7

SHaUTH 2aralbHull BHIVIAL Apoboeo-aiminmol ¢yHKOH, ska Bigobpaxae
Kpyr {z: |z| < 1} Ha BepxH:o niBMIONIHHY.

SHAITH 3aCaJsHEE BHIMIAL gpoboeo-aiHinEOl dyHKm, Aka Bigobpaxae
Kpyr {z: |z| < 1} ma xpyr {z: |z| < 2}.

Yn npe apofopo-niHIiHOMY BlioOpaikeHH] € KOHCEPBATH3IM KyTis?
SHalTH ciM'I0 Kin Anouronis gas Todok z =112 = —1.

KouTpoaesi sanuTanaa go posgiay 3.

. Yu MoxBa MHOrO3HA4HY YHKUIIO BBAKATH DYHKIIEO!

Yu ¢ muorcamagna dyukuia F(z) = {1, z, €7, sin 2} ananiToumon 8 C7
Iu moxua Ha kpusiil C = {z = e —1, —7 < t < 7} pH6PATH OJHOBHATHY
BITKY apryMeHTy?

Y moxua B obnactax {z:1 < |z] <2} i{z:1 < |z —2| < 2} subpaTn
O4HO3HAYHY BITKY apryMeHTy?

3uaiiTH npupicT aprymenTy Ha kpusili C = {z = ', —7 < f < 37}

Ax BigpisHARTECA MiXK co60I0 IBI OJHOZHAYHI BITKH KEAJPATHOTO KOpe-
HAT

Suatiru (1 +4)¥07,

fMosecTn, mo z% cxkimxwennoaEadHa GYHKIIA TOAl 1 TLILKH TOAl, KOIH O
PANIOHAILHE HHCIO.

KoxnTpoaeHi 3anuTadHa o po3giny 4.

. Un MoxHA B O3HAYEHH] BUBHAYCHOrO IHTerpany giaMeTp po3bUTTA 03-

HaynTH AK Ar = max {|Az;| :0<j<n—-1}7

. Yu inrerpan (4.1) icuye, akmo $yakmia f pospmsra’

O6umcauTa inrerpan [ 2%dz.
(0,14 -
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Poadia 17

4,

5.

+

©wa o

8.

Hr 060B'A3KOBO NOXIJHA BLI AHATITHYHOL PYHKIN € aHaTITHYHOK GQVHK-
mieo?

CohopuymonTe HeodXigHy 1 JOCTATHI) YMOBY ICHYBAHHA [EPBICHO] gud
HEMePEPBHOL (byHKIII.

Yn moxHa Teopemy 4.13 BBamaTu Hacaigkom Teopemn 4.147

Axa pisHMIg Mix MOHOIeHHOK Ta aHATITHIHOW (DYHKIIAMET

Yn dbyrxnia u = 22 + y* € rapmoniioo & R??

s axol uigol dyekuil GyHKEIA v = €” cosy € FIHCHOK 9acTHHOKT

KouTponasHi 3anuTaHHEA A0 po3giny 5.

. ¥ HOMYy DOJATEE iICTOTHA Bl AMIHHICTE O3HATEeHHA piBHOMIpHOL 361KHOCTI

PYHKOIOHAJBHOTO PAIY BiJ O3HA4YEHHA MOT0 MOTOYKOBOI 361KHOCTI?
Yu MmoxHA v GopMyIROBaAHHL TeopeMmi Bellepimrpacca npo pAIH aHAJITH-
YHUX (PYHKIIN CI0BA * KOMKHIHE 3aMKHEHHH KPyT~ 3aMIHATH Ha " KOXKHEH
KoMIaxT” 7

L ] o0
Hexait pagu > ¢nl(z)1 Y. ,(z) pisHOMipHO 36ixkHi Ha MuOXuHI E. "In

n=1 n=1

Gyae ua E pisaomipro abimunM pag Y. (pa(2) + a(2))7?
n=]1
o

HlorecTnn, mo Axa Toro, mob panx E a,z" abirasca aaa ecix z €
n=1

#eobxiano i gocuTs, mo6 /|a.] — 0 (n = o0).
TTodyAyBaTH IPAKIA L Y3aralbHeHOr'0 CTENEHEBOr0 PALY , MHOXHHOKO 361K~
HOCTI AKOTO € Koao {z : |z| = 1}.

SuanTH 061aCTE, e pyHKLiA w = sin

€ TONOMOPGHOIO.

S
e

BraszaTu npaBRabHY 1 FOIOBHY 94CTHEN Y3AIadbHEHOrO CTEIEHEBOr0 Pia-

oy 22+ 22+ 2414 1/241/2° 4+ 1/2° B okoni Touok 2 =01 z = oo.

Ur moxkHa gumpepeHIiioRaTH NOYIEHHO pAj JlopaHa B KlTbnl noro 3061xK-
i?

HOCTi?

KouTrpoasHi sanuTaHHA g0 po3giny 6.

. In copaBeqIMBHH BHCHOBOK TeopeM 6.1 y BUnNajgky HyIA CKIHYEHHOT'O

nopaIKy?

SamucaTi KaHOHIYHe sobpasmeHHs QYHKIUH zsinz

=
2 - € .
1 '—-—2-—' B QKO
z%gin” 2z
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JaNUMAHHA JAR CAMOKOHMPOLIO

———

Touky z = (.
o

. Yu moxe dynxoia f(z) = 3 h¥z" B xpysi {z: |z £ 3/4} maTn Heckin-
n=1

qeHHO 0AraTo HYJIB?

. Hu cnpape MBI TPUHINI MAKCHMYMY MOIVIA A KOMILTEKCHOIHAMHOL
dyekmi w = f(t), a <t < b7

. Yu Mogyne HemepepeEHO AHEPEHIIHOBAHOI JIMCHOZHAMHO! (BYHKI, 3a-
JaHOl Ha lHTepBanl, Moxe HAOYBATH HAHOLILINOrO RHAYCHHA ¥ BHYTpin-
HIM To4ul 1nsoro inTepsany? Bxawite akui-HeOy b OignpocTip NpocTo-
Py Takux pYHKIIH, 107 AKHX 1€ HEMOMKIMBO.

. Yu cnpaBeAauBHE NPHHITAIT MAKCHMYMY MOIYJA 418 rOI0MOphHNX Yy HE-
in?

. floBectn Teopemy Jliyeiwis, BuKOPHCTOBYIO4UN HepiBgicTs Ko,

. Hm 3aB¥Iu palioHaJdbHA DVHKINA € niaow?

KoHTpoasHi 3anuTaHua o poaginy 7.

. SHaaiTe aumok dyukuil f(z) = 1/z" y Toukax z =01 z = co.
. ObamcaiTs HACTYHH] IHTETpaIn;

dz T dp = dr
—ae——: O — —
) s [ e Y
= cos 2z * sin Tz b dzx
P?fu 210 ﬁjfu g leu SN

. Yu copasegiuBri NPHHIKME APCYMEHTY, AKIO Ha Kpao obracT] dGyHKig
Ma€ OJMH HYJIB?

. Yu moxua B Teopemi Pyme ymosy (Vz € 8G) {|g(2)| < |f(2)|} saminnTa
ua ymony (Vz € 8G) {|g(z)| < |f(2)[}?

KoHTpoJaLHI 3anuTadsAz 10 po3giay 8.

=0
mocepenHiM aHATITHYHAM OPOJOBKeHHAM exemenTa ({z: |z — 3| < 1},

. Uu € dyHKUOHATBHUH eJeMeHT ({3 el <1}, fi(z) = iﬂ: z“) Gea-

o

A = £ -9 )7

n=>0

199



Poadia 17

o

u pyrxmia fa(z) = z(1 — z)? ¢ GesnocepenHiv AHATITHIHEM NPOLOB-
[}

wenaaM GyEEOI fi(z) = 3 nz™ 3 kpyra {z : |z| < 1} #a obaacTs
n=1

{z: z#£1}7

In moxHa yeyBHY 0coOMMBY TOYKY BBaxaTH Heocobnmusoio?

Yu Mome MATH CyMa CTEIeHEROro DALY OCOLIMBI TOYKM 1033 KPYTOM
abimaoCcTi?

- * l e
He posensaroun dysxnio f(z) = sin T BPA leitnopa 3a cTeneHAMM

(z = 1/2), smangite pagiyc abixHocTi HEOTO PALY.

e sanmunThCA CIpapeIMBUM BHCHOBOK NPWHOMNY cuMeTpil Pimana-
[Meapna, axwo aaata ymosy (Vz € I) {Im f(z) = 0}7

Yu copaeegavsa TeopeMa eIMHOCT] AA AHANITHYHOrO NPCIOBXKEHHA
dyuxuil f 3 obaacti G va obnacts D, akmo G D = 07

Yu nop#a aHagITH4EHA (PYHKUIA € 9Mcaosoi0 gyHEnicn?
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