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HNEPEJIMOBA

V paMkax DUCHHIUTIHE Odocnidcents onepayii (JIO) BUBYAETHCS
BEJIMKA KITBKICTh MPAKTUYHUX 33734, sIKi 3pyYHO IHTEpIPETyBaTH SIK 3a-
naui ontumizauii Ha rpadax. [Ipuknamamu Takux 3agad € BiANIyKaHHS
HANKOPOTILOro MapLIpyTy MiX ABOMa HACEICHUMM IyHKTaMH, BU3Ha-
YEHHS MaKCHMAJIbHOI MPOIYCKHOI 34aTHOCTI Ha()TONPOBOLY, YKJIaJIeH-
HS KaJICHIAPHOTO IJIaHy BUKOHAHHS POOIT MPOEKTY TOIIIO.

3amayvi, SKi BUIUIMBAIOTH 13 MEPENiYCHUX MPHUKIA/IB, MOXKHA
chopMyIIIOBaTH Ta PO3B’s3aTH SK 3a4adl JIHIKHOTO NPOrpaMyBaHHS.
OnmHak oco0aMBa CTPYKTYypa IUX 3a7ad Ja€ 3MOTy PO3POOHUTH CIIeIialb-
Hi aNITOPUTMH ONITHMI3allii Ha Tpadax, SKi 3Ha4HO e(heKTHBHIIII 32 CTaH-
JAPTHUI aJTOPUTM CHUMILIEKC-METO/Y.

VY nepuiomy po30ini KOHCTICKTUBHO BUKJIAJACHO 0a30B1 MOHSITTS Ta
TepMiHK Teopii rpadis. Po3rnsHyTOo HeopieHTOBaHi rpadu, opieHTOBaHI
rpapu (abo oprpadu), HaBaHTaKeHI Tpadu. BakinBe 3HAYEHHS IS
PO3YMIHHS HACTYNHHX DPO3JAUTIB Ma€ TOHATTS JepeBa, Teopema Ipo
YIOPSIIKOBaHY HyMeEpallil0 BEpUIMH alMKIIYHOTo oprpada, CTpYKTypH
JaHUX JJs 30epekeHHs rpadiB y nam’sTi KOMIT r0Tepa.

VY Opyeomy po30ini NeTanbHO PO3TIITHYTO NMUTAHHS BHOKPEMIICH-
HS MIHIMaJIBHOTO KapKacy B HEOPIEHTOBAaHUX rpadax Ta CXeMaTHYHO —
MUTaHHS BUOKPEMJICHHSI MAKCUMAIILHOTO OPIEHTOBAHOTO JIiCy B Oprpa-
¢ax. MaremaTnyHo OOrpyHTOBaHO anroput™m IIpiMma BHOKpeMIICHHS
MIHIMaJIEHOTO KapKacy Ta HaBeICHO HOTO pealizallilo Ha IICEBIOKOII
JUISL BUMAJKY, KOJH rpad 3aJlaHO CITIUCKOM CYMIKHUX BEpIIHH.

Tpemiii po30in IPUCBSIYEHO PI3HUM BapiaHTaM 3ajadi Ipo Haii-
KOpOTIII HUIsAXu B oprpadi. MareMaTn4HO OOTPYHTOBaHI alirOpuUTM
Hetiketpu Ta anroput™m bemnmmana-®opaa BimmykaHHS HaWKOPOTIIOTO
HUISIXY BiJl JIesikoi BepmuHU oprpada 1o BCiX 1HIIUX BEPIIMH, 8 TAKOXK
anroput™M Droiina-Yopuiomna BigyKaHHs! HAWKOPOTIIMX IUISIXiB MiX
ycima mapamu BepmuH oprpada. s anukinigaoro oprpada HaBeIeHO
ITOPUTM BIJIIyKaHHS HAaWKOPOTIIOTO WLISIXY BiJ JESKOT BEPIIMHU
oprpada a0 BCiX IHIIMX BEpIIWH, KA 0a3yeThCsl Ha YMOPSIKOBaHIN
HyMepanii BepImMH [boro oprpada. Yci aaroputMu peanizoBaHi Ha
nceBmokoai (oprpad 3amaHO CIIMCKOM CyMiKHUX BepimH). HasemeHo
MOAUMIKAIIIO ASSKUX aTOPUTMIB JUTS TTONTYKY HaWTOBIIHNX IIISAXIB.



Y uemsepmomy po30ini pO3TIASTHYTO METOIl OUCKPEMHO20 OUHA-
miunozo npozpamysanns (JJIIT) B oprpadi Ha npuKIami po3B’A3yBaHHSA
Takux kimacuuHux 3amad JO, sk 3ajgaua 3aMiHH YCTAaTKyBaHHS, 3aja4a
ONTUMAJIBHOTO PO3MOJITY KOWITIB Ta 3a/1a4a ONTUMAaJIbHOTO PO3MOALTY
obmexxenoro pecypcy. Meron JJII1 € oqauM 3 HalleeKTUBHIMINX Me-
TOMIB peaiizallii 0araTOKpOKOBOI TMPONEIypH NPHHHATTS PIIICHHS B
yMOBaxX TOBHOI Bm3HadeHOCTI. [IpoimocTpoBaHo, IO IsI MpoIeaypa
BiMOBiae 3amadi BHOOPY HAWKOPOTIIOTO MUIIXYy B AalMKIIYHOMY
oprpadi.

I’ smuii po30in TIPUCBSYEHO PO3B’SI3yBAaHHIO KJIACHYHOI 3aadi
PO MaKCUMAaIIbHHUH TOTIK, sIKa Ma€ BaXIIMBE MPAKTUYHE 3HAUYeHHS. Teo-
pernynuM ¢QyHIaMeHTOM wiel 3agaui cinyrye Teopema @opaa-dankep-
COHa, fKa Ja€ 3MOry NoOyayBaTH €(peKTHMBHHUU alTOPUTM BiIITyKaHHS
MaKCUMAaJIbHOT'O TIOTOKY Ta 3B’SA3aHOTO 3 HAM MIiHIMaJLHOTO Tepepisy.
VY po3aini HaBEJCHO MEXaHI3M 3BEJICHHS JIEAKUX BAXKJIMBHUX 3ajad J0C-
JJDKEHHS onepallii 10 3a1a4i Ipo MakKCUMaIbHUN MOTIK.

BaxnuBuM yCKJIaJHEHHM BUIAQJAKOM 3ajadi PO MaKCHMaJIbHHMA
TIOTIK € 3a/1a4a Mpo IMOTIK MiHIMAJILHOI BapTOCTI, AKiil MPUCBIUEHO UL0-
cmuil po30in mapydHuka. [aTepmuperartis 1i€ei 3amadi y TepMiHax MOTOKY
B oprpadi Jae 3MOTry 3aCTOCYBaTH CIICI[IAJIbHUN aJITOPUTM BiJIIyKaHHS
ONTUMAJILHOTO PO3B 3Ky (aJrOPUTM BHUKPECTIOBAHHS I[MKIIIB), MPOCTi-
U 32 CHMIUICKCHUA METOJ. Y PO3JUTI HABEACHO MEXaHI3M 3BEICHHS
y3arajibHeHOI TPaHCHOPTHOI 3ajaui JI0 3ajayi Mpo MOTIK MiHIMaTbHOL
BapTOCTI.

Coomuti po30in BUCBITIIIOE MMHUTAaHHS KaJIEHAAPHOTO TUIAHYBaHHS
poOIT 3 BUKOHAHHS NESIKOTO MPOEKTY 3a TOIIOMOTOI0 MEPEKEBOT0 rpa-
(¢ika (criemiaJpHOTO AIMKIIIYHOTO oprpada).

KoxHwuii po3ai migpydHUKa CYHPOBOKYETHCS PO3IIISIOM MPH-
KJIAJiB, a TaKOX HABOJUTHCS CIIMCOK 3alUTaHb JJIs CaMOICPEBIpKH 1
HU3Ka 3a]1a4 JUIS CaMOCTiHHOT pOOOTH CTY/CHTIB.

3MiCT migpydYHHUKa BiANOBizae mporpami 00O0B’S3KOBOrO Kypcy
” JlocmipKeHH s oniepamii’” s 6azoBoro HampsaMmy ~IlpukiagHa maTema-
Tuka”. Po3paxoBaHuii Ha OakanaBpiB, cremiaiicTiB i marictpiB. Hum
MOXYTb CKOPUCTATHCS aCIipaHTH Ta BUKJIA/1a4i BUIIMX 3aKJIaiB OCBITH,

(VX 1]

B SKHX BHKJIAIalOTh TpeaMmeTH ~JlochmimkeHHs omeparliii’, "Marema-

THYHE TIpoTrpaMyBaHHs”, "MaTeMaTHuHi METOJH B €KOHOMIIII” TOIIIO.
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1. JEAKI O3HAYEHHS I TEOPEMM TEOPII TPA®IB

Ilian BuKkJagy MaTtepiay:
1. HeopienTtoBaHi rpadu.
2. OpienroBani rpadu.
3. HasanuTaxeHni rpadu.

= Ki1r04oBi Tepminu posainy

Y I'pagh: éepuunu, pebpa Y HeopienmosaHi epaghu

Y Opiecnmosanuii 2pag (opepagh) Y Bysnu i dyeu opepaga

Y 3obpasicenns epagpa N lnsx i yukn y epaghi

Y lnax i yuxn 6 opepaghi Y Ayuxniunuii opepagh

Y Jlema npo eyzau ayukniunozo op- Y Teopema npo nymepayito sepuiun
epaga ayuxniyHoz2o opepagda

Y 36’ s3anuii epagh; depego, nic Y Kaprac (noxpusne 0epeso)

Y Hasanmaoicenuii (36ancenuts) epag Y 36epicanns HABAHMAICEHO20 2pagha

YV Oarathox 3amadax MaTEeMaTHKH, iHOOPMATHKH Ta TEXHITHHX
JTUCITUIUTIH BUHUKAE HEOOXIMHICTh BiOOPaKEHHS BiTHOIIECHH MIXK JIes-
KuMHU 00’ extamu. ['padu — 11e npupoHa MOAEIH )ik TAKUX BiJHOIICHD.
Haiikpamoro inmroctpairi€ro Moke CIyryBaTH KapTa aBTONUIAXiB. Micta —
e BepmuHU rpada, a qoporu — iforo pedpa. [Hoxi rpadu € opienToBa-
HUMH (1101I0HO /10 BYJIUIIB 3 OJHOCTOPOHHIM pyX0OM) a00 HaBaHTa)KECHH-
MU (KOXKEH LIUISIX Ma€ BiZICTaHb 1 BiJNOBITHY BapTICTh MPOI3IY).

ITix yac BUKIIamy MaTepiany LbOro naparpada onupaTUMEMOocCs Ha
migpyunuk [14].

1.1. HeopientoBani rpacpu

3a/1aHO HETIOPOXKHIO CKIHYEHHY MHOXHHY V 1 MHOXKHHY E HEBIO-
PAAKOBAHUX MApP Pi3HUX €JIeMEHTIB 3 MHOXUHU V. [Ipocmum epagpom G
HasuBaroTh mapy MHoXxwuH V i E, T06T0 G = (V, E).

EnemenTtn MHOXMHU V Ha3uBalOTh sepuiunamu rpada G, a HeBmo-
PAIKOBaHI Mapy Pi3HUX BEPIUWH — pebpamu. KinbKicTh BepIIMH TO3HA-
YaloTh K [\/| , @ KITIBKICTh pedep — AK |G| SIkiio mapa BepmrH a i b €
pebpom, To ii mo3HavarTh [a, b]. Bepmuau a i b € xinysmu pebpa. 3a-
yBakuMoO, o [a, b] i [b, a] mo3Hauarots oxHe i Te %k pebpo.



8 JociimkeHHs oneparii

Ha pucynkax pe0Gpa 300pakaroTh MpsIMOIO YH KPHBOIO JiHI€0 03
CTPIJIOK, a BEPITUHU MMO3HAYAIOTH JIiTepamMu abo uuciamu. OcKiabku E —
MHOCUHA, TO Y TIPOCTOMY Tpadi HOBUTEHY Mapy BEPIIUH MOXKE 3’ €THY-
BaTHU HE OLNIbIIE OJHOIO pedpa.

VY Aeskux BHNAIKaX PO3MISNAIOTH rpadH, y SKAX JIBI BEPUIMHH
MOJKe 3’€THYBaTH JeKibka peOep. BuHuKae moHATTS myasmuepagpa —
mapu (V, E), nme V —HemopoXHs CKiHYeHHa MHOXHHA, a E —cim’s
HEBIOPSIKOBAHUX TAP pi3HuX eIEMEHTIB 3 MHOXHHH V.

Tepmin “cim’s” o3Hauae, 1o eaementr E (pedpa) MOXKYTh MOBTO-
proBatucs. PeOpa, siki 3’€AHYIOTh OJTHY i Ty K Mapy BEpILIMH, HA3UBAIOTh
kpamuumu (a00 napanenvrHumu) pedbpamu.

HactynHe y3aralbHEHHS MOJIATAE y TOMY, [0 OKPIM KPaTHUX pe-
Oep AOMyCKalOTh HASBHICTH nemenb — pedep, AKi 3’€IHYIOTh BEPIIUHY
camy 3 coboro. Tlcesdoepaghom nasupatots napy (V, E), ne V — Hermo-
POXHS CKiHYCHHAa MHOXWHA, a E — civ’s HEBNOPSIKOBAHUX Map elie-
MEHTIB 3 MHOUHH V (HE 000B’SI3KOBO Pi3HUX).

Tpu Turm rpadis, sSKi BBEACHI BHUINE, HA3UBAIOTh HEOPICHMOBAHU-
Mu epaghamu, TIPUEOMY:
® ncesdozpagh — MOXKE MaTH NETII 1 KpaTHi pedpa;
® Myrbmuepag) — MOKe MaTu KpatHi pedpa (0e3 nerens);
® npocmuii 2pag — 6€3 MeTelNb 1 KpaTHUX pedep.

Bepmnau a i b B HeopienToBaHOMY Tpadi Ha3UBAIOTE CYMINCHU-
mu, KO [a, b] € pedbpom. J[Ba pebpa HA3UBAIOTH CYMINCHUMU, SKIIO BO-
HU MaloTh CIIUIBHUH KiHelb. BepiimHa V i peOpo e Ha3uBaroTh iHyudeH-
mHuuMy, AKIIO BEpIINHA V € KiHlleM pebpa €. OTxe, CyMIXKHICTB BigoOpa-
JKa€e 3B’SI30K MK OIHOPIHUMH elieMeHTaMu rpada, a IHIMJISHTHICTh —
MIX HEOJHOPITHUMH €JICMECHTaMHU.

Cmeninv 6éepuwunu V (no3navatots deg(v)) y HEOpi€HTOBaHOMY
rpadi — e KUTbKICTh pedep, IHIMISHTHUX BEPITHHI V, IPUIOMY TETITIO
BpaxoBytoTh 1Bidi. ko deg(v) = 0, TO BepiKHY V Ha3UBAIOTH 30160~
sanow; sxiio deg(v) = 1, To BepuIuHy V Ha3UBAIOTh GUCIUOIO.

TMocaimoBHicTs pebep [Vo, Vi, [V1, Val, [V2, V3l, .-, [Va-1, Vn] Heopi-
€HTOBAHOTO rpada HA3UBAKOTh ULIAXOM JOBXKHMHH N, MO 3’ €HYE BEPIIH-
HH Vo Ta V, (peOpO BpaxOBYIOTh CTiIbKH pa3iB, CKUIbKH BOHO BXOJIHUTh Y
HUIsX). SIKIO MpH 1bOMY Vo = Vp, TO IUISX HA3UBAKOTh YUKIOM.
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SIkio yci pedpa nuisxy/uuKity pizHi, To HOro Ha3UBAOTh NPOCMUM
nusixom/mmkiom. 1Insx 3 kpaiiHiME BepiiMHaMH Vo Ta V, [O3Ha-
YarTh <V, Vp> 1 HA3UBAIOTh <Vp, Vp>-IIJISIXOM.

I'pap G” =(V?, E”) nasuBarors miarpagom rpada G = (V, E),
askmo V? cViE” CE.

Ilinrpad HeopieHTOBaHOTO Tpad)a HA3HBAIOTH 36 A3HUM, SKIIO Y
HbOMY JUIsl KOXKHOI IMapu BEPIIMH 3HAWAETHCSA Xo4ya O OJUH IILIAX, IO
ix 3’enHye. BinHolieHHs “3’€IHaHI NUIIXOM” € GIOHOULEHHAM eK8i6d-
JleHmHocmi Ha MHOXWHI BepinnH. Kiiacu ekBiBaleHTHOCTI Ha3WBAIOTh
Komnonenmamu 36’ aznocmi rpada (ciaoBo “36’aznocmi”’ y TEpMiHi iHOII
omyckatoTb). Ha puc. 1.1 300paxkeHo rpad, 1o CKIagaeThCs 3 IBOX
kommoHeHT 38’ s3H0cTi: {a, b, f}i{d, c, e, g}.

Puc. 1.1. [Ipuxnan TBOKOMIOHEHTHOTO rpada

HeopienToBanuii rpad 36’s3nutl, SIKIIO BiH CKIAAAETHCA 3 €AUHOT
KOMIIOHEHTH 3B’ I3HOCTI.

I'pad Ha3mBawOTH depegom, KO BiH 3B’ I3HUH 1 HE MICTUTB MPOC-
TUX NUKIIB. ['pad, AKHil He MICTHTH MPOCTHX IUKJIIIB i CKIAmacThCs 3 K
KOMIIOHEHT, Ha3UBaIOTh icom 3 K 1epes.

¥YBaral! 3 o3HaueHb BUILUIMBAE, IO AEPEBa 1 JIICH € IPOCTUMH TrpadaMHu.

Ha puc. 1.1 306paxeHo Jic, 0 CKIaJaeThes 3 1BOX aepeB. depe-
Ba JIicy MOHa 300pa3uTu Hao4Hile, K Ha puc. 1.2,

® () ®
ORO NG ENNO

Puc. 1.2. Jlic 3 nBox aepeB
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Teopema 1.1. Jlna rpada G, mo mae N BepmwmH i M pebep (To6TO
[V| =n; |G| =M ), TaKi TBEPKCHHS €KGI6ANLCHNMHI:

1. G - nmepego.

2. G-3B’ssHuiirpapi m=n-1.

3. G — He MiCTUTh IPOCTUX IMKIIB1 M =n - 1.

4. G -3B’s3HMH rpad, MpoTe BHIYYEHHS IOBUIBHOTO pedpa poOHUTH
HOro HEe3B’SI3HUM.

o

Bynp-sxi nBi Bepmmau G 3’€HaHI € AMHAM IPOCTHM IUITXOM.
6. G —He MICTUTH MPOCTHUX IMKIIB i PH 3’€JHAHHI peOpPOM IBOX He-
CYMDKHHMX BEpIIIHH Y HOBOMY Tpadi Oyae € JiMHII MPOCTHH THKIT.
» JloBeaenns aus. [14] <
Hacainok 1.1 (3 reopemu 1.1, 2). V mici 3 kK mepeB: m =n—Kk.
Kapracom (3’ eonysanvhum depesom) TPOCTOro 3B’s3HOrO Tpada
G HasuBaroTh foro marpad, K € TepeBOM i MiCTUTH yci BepiuHu G.

1.2. OpienroBaHni rpagu

Opienmosanum epagpom (b0 opepaghom) Ha3UBAIOTH MApy MHO-
xuH V 1 E, ne V — HEeNopokHs CKiHUEHHa MHOXHHA, a F — MHOXHHA
VNOps0KO8aKuX TIap SJIEMEHTIB 3 MHOXKUHU V.

Enmementn MuOKuHKM V Ha3uBaroTh gepumnamu (abo eysramu), a
MHOXWHHU FE — dyeamu (abo opienmosanumu pebpamu). SIkuo mnapa Bep-
nvH a i b € gyroto, To ii mo3HavaroTh (a, b). BepiuHy a Ha3uBawThL no-
yamkoeoio, a Bepmny b — xinyeeoro. JIyry (a, a) Ha3uBaKOTL nemiero.
3ayBaxuMo, 1o oprpad Moxe MaTH HeTi (poaHali3yiTe 0O3HAYEHHS).

Ha pucynkax Ayry mo3HadaroTh HPSMOIO YW KPHUBOIO JIHIEO 31
CTPIJIKOIO, SIKa BKa3y€ Ha KiHIEBY BepluuHy. Jlyra — e BHOPSIKOBaHA
napa BepiuuH, npudomy nyr (a, b) i (b, a) € pisnumu nyramu.

Opienmosanum mynvmucpagom Ha3WUBAIOTH Hapy MHOXKHUH V 1 E,
ne V — HEeTopOoXKHS CKIHYCHHAa MHOXHWHA, a E — civ’s yIOpsSIKOBaHUX
rap eJIEMEHTIB 3 MHOKUHU V.

Enementu E (yru) B OpPi€EHTOBAHOMY MYJIbTUTPadi MOXKYTH ITOB-
TOPIOBATHCSA, TOJI iX HA3UBAKOTh Kkpamuumu ayramu. KpatHi ayru 3’en-
HYIOTb OJIHY ¥ TY 5K TIapy BEPIIHUH Ta 0OHAKOBO HANPIMAEHI.
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I'pad, B sKoro € i pebpa, i Ayru, HA3UBAIOTH 3Mituanum. Yloro 380~
IATH 10 oprpada 3aMiHor KoKHOTO pedpa [a, b] myramu (q, b) i (b, ).
Hpuxnanx 1.1. I'pad, 300pakenunit Ha
puc. 1.3, onmcaru sik oprpad. e
» I'padp G = (V, E), 300paxkennii Ha °
puc. 1.3, € smimanum: V={1, 2, 3, 4},
E={[1,2], [1, 4], (2, 4), (3, 4} Ax- o e

110 onucaTy Horo oprpagom, To
E={(1,2),(21),(1,4),4,1),(2,4), Puc 1.3. I'pac mpuknamy 1.1
(3,4} <

B oprpadi raniscmenenem 6xody BEpIIMHUA V Ha3UBAIOTh KiJb-
KiCTh IyT 3 KiHyesoto Beprmuoro V (mo3uayarots deqg (v)). Haniscme-
nenem 6uxody BEPIIMHU V HA3UBAIOTh KUIBKICTh YT, JIJIS IKUX BEpIIMHA
V € nouamxoeoro (nozuayarots deg’(v)). Creninb BepIIMHYU V BU3HAYA-
roth Tak: deg(Vv) = deg™(v) + deg (V).

MocnigoBuicts ayr (Vo, Vi), (V1, V2), (V2, V3), ..., (Vn.1, Vn) Opi€eHTO-
BaHOrO rpada Ha3WUBAIOTh opichmosanum uiisixom (a0 TPOCTO wuiis-
xom), o 3’€IHY€E BY3IH Vo Ta V, (KiHEIs JOBIIBHOI AYTH HMUIAXY, OKPIiM
OCTaHHBOI, € OYATKOM HACTYIMHOI IyTH). JIOBKHUHOO HIISIXY Ha3UBAIOTh
KUIBKICTb AYT, 3 SKUX BiH CKJIaJIa€ThCA.

B oprpadi nuisx oJHO3HAYHO BU3HAYAETHLCS YIOPAAKOBAHOIO MO-

CIIZIOBHICTIO BEPIIUH P = <Vg, Vi, ..., Vpg, Vo>, Y 1[bOMY BHIMAJAKYy Ka-
XKYTb, IO JUISL BEPIIMH Vg i V, iCHY€ NIIAX P Bix Vo 10 V, (ab0 BepirnHa
p

Vi € Q0CS9ICHOIO 3 BEPILIMHHU Vo) 1 MO3HAYAIOTH Vg ——> V.

SIKII0 B OPIEHTOBAHOMY NIIAXY Vo = Vp, TO IEH MUISIX HA3WBAIOTh
opienmosanum yuxiom (ab0O MPOCTO yurIoM). 3ayBaXKUMO, L0 METIS €
CHECIiaIbHUM TUNOM [HKIy. Oprpad, 110 HEe Ma€ IUKIIB, HA3WBalOTh
ayuKaiYHUM oprpagomM.

SIKII0 yci IyrM Opi€HTOBAHOTO HLIAXY/IUKIY B oprpadi — pisni,
TO HOTO Ha3MBAIOTh NPOCHUM OPIEHTOBAHUM MUTAXOM/IIUKIIOM.

Puc. 1.4. Tlpuknax opieHTOBaHOTO Tpada
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Ha puc. 1.4 moxHa BKazaTh HpOCTHH muisx <a, b, ¢>. Inami
MOJKJIMBI TpocTi muisxu: <e, d, c, a, b>, <e, c,a, b> i 1. x Ilmax
<a, b, ¢, a> € nukIoM. 3HaAAITE 1HII TUKIH (CAMOCTIHHO).

Jlema 1.1. B anmxmmivHOMY oprpadi € Xxo4ya 0 oJHa BepIlMHA, B Ky HE

BXOJIUTh JKOJTHA JTyTa.

» JloBeneHHS BiA cynpomuenozo: y OyIb-Ky BEpIIUHY BXOJUTH JyTa.
PosrisiHeMo noBinbHY BepiiuHy #;. OCKUIBKH Y IO BEPIIHHY BXOIUTh
Jyra, TO MepeiIeMo o Hii JI0 MOYaTKy JYTH — BEPIIUHU p. Y BEpPIIH-
HY i T&X BXOIHUTH AyTa, OTOX IMEpeiieMo 1o Hiil o0 MoYaTKy JAyTH —
BEpIIMHU i3 1 T.1. OfHaK oprpad mMae CKiHUCHHY KUIbKICTh BEpIINH, i
B JICSIKUA MOMEHT MH 3HOBY MOTPamMMO y BEpIIWHY, B SKid OyiH
pasiriie, TOOTO OTpUMaEMO UK (npomupivus). <

Teopema 1.2. BepmuHN anukiigyHOTO Ooprpada MOXKHA 3aHyMepyBaTH

TakK, IO KiHelb KOKHOI AYyTd MaTUMe OUTHIINN HOMEp, Hi’XK HOMEp TIO-

YaTKy JTYyTH.

» 3a nemoto 1.1 B anmkimiyHOMY oprpadi € xoua 6 oJlHa BEpIINHA, B SKY
HE BXOJUTH ojHa nyra. IlpucBoimo iit Homep 1. Slkmio € mekinbka
TaKWX BEPIINH, TO BUOMPAEMO IOBUIBHY 3 HHX.

Bunansemo 3 oprpacda mio BepmnHYy pa3oM 3 Jyramu, mo 3 Hei
BUXOJATh. B oTpumanomy oprpadi Takox BifICyTHI IIUKJIH, & TOMY €
xo4a 0 OJIHA BEpIIMHA, B Ky HE BXOJUTH KOAHA jayra. [IpucBoimo it
HOMep 2. SIKIo € AeKibKa TaKMX BEPIIHH, TO BUOMPAEMO JTOBLIBHY 3
Hux. Lleit mporiec BUKOHYBaTUMETHCS TOTH, TOKH HE 3aHYMEpPYEMO BCi
BepunHU oprpada. Teopemy noseneHo. <

st oprpada moHSTTS 3B’ I3HOCTI BBOJSITH MO-Pi3HOMY, 3aJI€KHO
BiJl TOTO, YM BPaxoBYIOTh HampsM ayr. OpienToBaHuil miarpa¢ Hazu-
BalOTh CUIbHO38 A3HUM, SKIO B HHOMY IS KOKHOT Mapu BepIiuH U i V
3HANIETHCA MUISLX Bix U 40 V Ta mUIgX Big V 10 U.

Bynp-sxuit oprpad MokHa PO3OUTH HA KOMNOHEHMU CUNbHOL
36’sA3H0oCcmi, K1 BU3HAYAIOTH SIK KJIACH €KBIBAJIEHTHOCT] BIAHOIIEHHA “V
€ TOCSHKHOMO 3 U 1 U € mocspxHOM 3 V7. Hanpukian, oprpad Ha puc. 1.4
Ma€ 1Bl KOMIIOHEHTH cuiabHOI 3B’ s13H0CTi: {a, b, ¢} 1 {e, d}.

OpienToBanuii Tpad curbro36’a3Hul, SKIIO BiH CKIATAETHCT 3
€IMHO{ KOMIIOHEHTHU CHJIBHOI 3B’ A3HOCTI.
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OpientoBanuii rpad HA3UBAIOTh C1AOKO36’A3HUM, SIKIIO iCHYE
IUISX MiX OyIb-SIKUMU TBOMa Pi3HUMH BEPIIMHAMH B HOTO HEOPIiEHTO-
BaHOMY BapiaHuTi (TOOTO 6e3 ypaxysanns Hanpsmy ayr). O4eBHIHO, 10
CUJIBHO3B SI3HUM oprpad € BoAHOYAC i C1a0KO3B’ SI3HUM.

OpienToBanuil rpad Ha3UBaIOTH opienmosanum (a0 Kopenesum)
0epesom, siKe POCTe 3 BEPIIHHU Vo (Kopenss nepera), SIKIIO:

e oprpad yTBOPIOE IepeBO B HOrO HEOPIEHTOBAHOMY BapiaHTi;

® Vo — €IuHa BepiirHa oprpada, B Ky HE 3aXOAUTh KOHA Iyra, a y BCi
IHIIT BEpPIIMHY 3aX0UTh TUTHKH OJHA TyTa.
Ha puc. 1.5 HaBeieHO NpUKIIal OPIEHTOBAHOTO JIepeBa.

1.5. OpienroBane nepeBo

Sxmo (a, b) € Qyroro opieHTOBaHOTO JAepeBa, TO BEPIINHY ¢ Ha3HUBa-
10Th npeoxom (abo bamvkom), a Bepumny b — nawaokom (abo cunom).
BepumiHu opieHTOBaHOTO JIEpeBa, sIKi HE MAlOTh CHHIB, HA3UBAIOTh JIUCHI-
xkamu. Beprman (OKpiM KOpeHs), SIKi MalOTh CHHIB, Ha3UBAIOTh GHYMpILU-
HIMU.

Opienmosanutl nic — 1e JIC, MO CKJIJIA€ThC 3 OPIEHTOBAHMX JIe-
peB. 3’eonysanvhum opienmosanum depeeom (abo opicHmosanum Kapra-
com) oprpada Ha3UBaOTh OPIEHTOBAHE JIEPEBO, MO0 MICTUThH YCi BEPIIIH-
HH 1150TO oprpada. 3’eonysanvrum opicnmosanum nicom oprpada Ha-
3UBAIOTh OPIEHTOBAHUM JIiC, IO MICTHTH YCi BEPITUHU ITHOTO Tpada.

1.3. HaBanTaxeHni rpagu

YacTo y peanbHux 3agauax pebpo [U, V] HeopieHTOBaHOTO Tpada
un nayry (U, V) oprpada wrasamwmasicyiome IIHCHHM YHCIOM — 642010
w(u, V), sika BijoOpaxae KiJIbKiICHY XapakTepHCTHKY pedpa/myru (Hanpu-
KJIQJ. BiJICTaHb, MIBUJKICTB, I[iHA, MPOMYCKHA 3JIaTHICTh, JA0XiJ, TPUOY-
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TOK TowIO). Baru, 3a3Bu4aii, € HEBil’eMHUMU YUCIIaMU. Y JESIKHX BH-
najgKkax Barv MarOTh Bijl’€MHI 3HAUCHHs (BUTpATH, TPadu TOIIO).

I'pad, y sxkoMy KoxHe peOpo/myra mae Bary, Ha3MBaIOTh HABAH-
maoicenum (y IOESKUX JpKepenax — seagicenum) rpadom. Ipuknan opi-
€HTOBAaHOTO HaBaHTaXEHOTro rpada HaBejaeHo Ha puc. 1.6 (mopyu 3
KO’KHOIO JIyTO0 MPOCTABIICHO 11 Bary).

20

b T

Puc. 1.6. [Tpukmnam opieHTOBaHOTO HABAHTAXKEHOTO Tpada
Haifuacrime mis 36epiranHs HaBantaxeHoro rpapa G =(V, E) y
maM’ATi KOMIT I0Tepa BUKOPUCTOBYIOTh Mmampuyio 8ae. JJisi IbOTO Hy-
MepyIoTh BepmuHu rpada G gucmamu 1, 2, ..., n, ge n :[\/| 1 po3rIIs-
Jat0Th MATPHUINO (Wi)nxn, Y K0T Wij = W(i, j), sixmmo pebpo [i, j] uu myra
(i, J) € G. SAxmo x pebpo [i, j] un ayra (i, j) ¢ G, To w;j =0 g Wj; =
(3anexHo Bix 3MicTy 3ajadi).

Sxmo BepivHAM HaBaHTaXXEHOTO oprpada (0 0 012 00

Ha puc. 1.6 mpunrcatu HOMEpH JiTep B andasiT- 10000 00

HoMy Tmopsaky (a-1,b-2,¢-3, d-4,e-5,

f—6), To oTprMaemMo Taky MaTpHIIO Bar (CrpaBa): 02008000
Jlns mpoctoro HaBantaxkeHoro rpaga matpu- |0 0 0000

ISl Bar € CHMETPUYHOIO BiJIHOCHO TOJIOBHOI fiaro- (0 0 0 400 0

Ha. 0045000

Marpuui Bar HeeEKTUBHO BHKOPHCTOBYIOTh MaM’ATh MiJ 4ac

. . 2 .
30epekeHHs PO3piHKEHUX rpadiB, y SKUX |E| << [\/| . Jlnst 30epiranns
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po3pimkeHoro HaBaHTaxkeHoro rpada G = (V, E) BUKOPHUCTOBYIOTH
cnucku cyminernux eepuun (adjacencylist representation), 6azoro skux €
BEeKTOp BKa3iBHUKIB Adj[n] Ha N COHCKIB — M0 OTHOMY Ha KOXKHY Bep-
My rpaga. Criucok Oyap-sKoi BepIIMHM rpada MiCTUTD y TOBIIBHOMY
MOPSAZIKY HOMEPH CYMDKHUX 3 HEIO BEPIIMH Ta BiJIMOBI/IHI Bary.

Oy ON (O——=(>
(2) P O>
7

O OM OO

Puc. 1.7. IIpoctnii 3Baxenuii rpad  Puc. 1.8. OpienroBanuii 38axkeHuii rpag

300pakeHHsT TPOCTOTO HaBaHTaXkeHOro rpada (puc. 1.7) crmcka-
MH CyMIKHUX BEepIIMH HaBeleHo y Tabm. 1.1, a 300paxkeHHs opieHTOBa-
HOro HaBaHTakeHOro rpada (puc. 1.8) —y tabmn. 1.2. Koca pucka 300pa-
*ae mopoxkHii BkaziBHuk (nil).

Tabnuys 1.1. 306paxkeHHs MPOCTOTO HaBaHTaxKeHOTo rpada (puc. 1.7)

Adj

1 2 4 » 5 [6

2 14 33| >[4 ]2]F»5]3 |/
3 2 |3 » 4 |5

4 2 |2 » 3 |5 | —+»[5 8

5 16 213 [ ”[2 |8

Tabnuys 1.2. 306paxkeHHsT OPIEHTOBAHOTO HaBaHTaxkeHOTO rpada (puc. 1.8)

Adj
1 2 4] T*5]6] ]
2 412
3 3|7
4 3]/5| 158 ]
5 2 |3

st rpadiB 3 BENMKOIO KUIBKICTIO BEPIIHH, NMEPEAYCiM, TIOCTAE
3ajada Mpo iCHyBaHHs 3B’S3KiB MK ycima #ioro BepiunHamu (3a1a4a
BCTaHOBIIEHHS (aKTy 36’ sa3n0cmi 2paga). 1o 3amady po3s’A3yr0Th IIIS-
XOM 8UOKpeMmieHHs 13 Tpada AesTKoro KapKacy.
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IHIa 3a1a4a Noysrae y BUOKPEMJICHHI Takux pedep/myr, siKi MiHi-
mizyiomolmakcumizyloms TICBHY aIUTHBHY KUTBKICHY XapaKTepHCTHKY
rpada. Lo 3amauy po3B’s3yrOTh 6UOKpeMIeHHIM 13 HABAHTAXXEHOTO Tpa-
¢a meskoro Kapkacy MiHIMaJIbHOT/MaKCUMaJbHOI cymaproi eaeu (cymu
Bar ycix pebep/myr mepesa). Takuii kapkac MpoCTO HA3UBAIOTh MiHi-
MATbHUMIMAKCUMATILHUM KAPKACOM.

ANTOPUTMH BHOKPEMJICHHS KapKaciB ICTOTHO 3ajekaTh Bif
opieHToBaHOCTI rpada. [Ipukiaz MiHIMAIBHOTO KapKacy MPOCTOro rpada
HaBeJIeHO Ha puc. 1.9 (kupHOO JTiHi€r0 HaBeJeHO pedpa Kapkacy CyMapHOi
Baru 37). s rpada Ha puc. 1.9 MOKHA BHOKPEMHUTH i iHIIHH Kapkac
cymapHoi Baru 37, 3aMiHHBIIM Y TIONEPEAHbOMY Kapkaci pedpo [2, 3] Ha
pebpo [1, 8].

Puc. 1.9. TIpuxitag MiHIMaIIEHOTO KapKacy Mepexi

? 3anuTaHHs 115 caMonepeBipKu

CcdopmyittoiiTe 03HaueHHs pocToro rpada.

CcdopmyittoiiTe 03HaueHHs MyJIbTUTpada.

CdopmymroiiTe 03HaUCHHS JiepeBa.

Ckisbku pebep Mae 1epeBo, sike Mae 9 BepIiuH?

CKIiJIbKH BEpIIMH Ma€ AepPeBo, sike Mae 6 pedep?

CdopmyroiiTe 03HaAUCHHS Opi€HTOBAHOTO Tpada.

CdopmyroiiTe 03HaAUESHHS IPOCTOTO NUTAXY B oprpadi.
CdopmyroiiTe i JOBEAITH JIEMy IMIOA0 BEPIINHH allUKIITHOTO oprpada.
Ccdopmyiioiite 1 1OBeAiTH TEOPEMY IOJ0 BEPIIMHN alMKIIYHOTO oprpada.
10 CdopmymioiiTe 03HauUCHHS OPIEHTOBAHOTO JIEpeBa.

11. Cdopmymtoiite 03HauCHHS HABAaHTAXKEHOTO rpada.

12. Coopmymroiite 03HaueHHS KapKacy.

©WooNoGOA~®DNE,
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2. AITOPUTMU BUOKPEMJUIEHHSI KAPKACIB

Ilian BukJagy MmaTtepiasy:
1. TwumoBi 3aga4i BHOKpEMJICHHS KapKaciB y MPOCTHX rpadax.
2. BuokpemiieHHs MiHIMaJIBHOTO KapKacy B MPOCTUX rpadax.
3. Auropurm IIpima.
4. Kapxkacu B oprpadax.

= Ki1r04oBi Tepminu posainy

Y Kapxkac y npocmomy epagi Y Besneune pedopo
Y Ilepepiz y npocmomy epaghi Y Jleeke pebpo
Y [pagh komnonenm Y Kapkac 6 opepagi

2.1. Tunosi 3aga4i BHOKPeMJIEHHA KapKaciB y nmpocTux rpagax

PosrnsHeMo THIOBI 3amadi, SKi pO3B’S3YIOTh Yy pamMKax Teopii
BMOKpEMJIEHHS KapkaciB y mpoctux rpadax’. Ilepmoro chopmyoemMo
3a7auy, 3 SIKOi ICTOPUYHO PO3IIOYaBCsS PO3BUTOK L€l TEOPii.

Hpukaan 2.1. IHowupenns yymox. Po3rnaaaloTe HaCeICHUH MYHKT, Y
SIKOMY KOX€H MEIIIKaHellh 3yCTpivae 1HIIUX MEIIKAHI[IB i CIIUTKYETHCS 3
HUMH. U1 MOKe y IbOMY HaceICHOMY IIyHKTi IOLIMPUTHCS YyTKa?

> Hexail KO)KHOMY MEIIIKaHIIO BiANOBiae BepmrHa rpada. 3’ €THy0Th
JIBI BEpPIIMHH PeOPOM y TOMY BWIIAQJIKY, SKIIO BIAMOBITHI MEIIKAHITI
CIUIKYIOTBCSL MK c00010. 3a YMOBH 3B’SI3HOCTI OTPHMaHOIO rpada Ha
[IOCTaBJICHEe 3allUTaHHA MOXHA BiAMOBiCTH mNo3uTHBHO. ['pad Oyne
3B’SI3HHUM, SIKIIO JJIS HBOTO icHY€ Kapkac. OTxe, HeOOXiTHO TIEPEeBipHTH,
4n y rpada MOKHa BUOKPEMHTH Kkaprac. <

Hpuxnan 2.2. Ananiz mepesci komynikayiti. Mepexa Jopir 3B’ s3y€ Ko-
JKCH HACeJICHWH MyHKT 13 AeIKUMH HIIMMU. Bu3HauuTH, 41 MOXKHa, KO-
PHCTYIOUUCH LIMMH JIOPOTAMH, TIOTPAITUTH 3 KOXKHOT'O HACEIICHOTO TyHK-
Ty B OyJIb-SIKWH 1HIIHH.

> Hexait K0)XxHOMY HacelIeHOMY MYHKTY 1 TOUIli MEPETHHAHHS HAsSBHUX
JIOpir BimmoBimae BeprmuHa rpada. JBi BepmmuHN 3’ €IHAEMO peOpPOM Y
TOMY BUIAJKy, SKIIO MiX HUMH iCHye cronyudeHHs. Skmo rpad wmic-

! 3anaui oGpano 3 nocibuuka [12].
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TUTb KApKAc, TO MK OyIb-KMMH ITyHKTaMH MOKHa MpOiXaTH MO ic-
HyIO4ill Mepexi topir. <

3agaua npukiany 2.2 mMae 0araTo NpakTHYHMX y3araabHeHb. [lo-
IiOHI 3a1aui MOKHA CTaBUTH I OYIb-IKMX KOMYHIKaIiii (BOIOIpoBoO-
B, Ta30- i HAPTOMPOBOJIB, EIEKTPOMEPEXK, TPAHCIIOPTHUX MEPEXK, iH-
(bopMaliiHuX MepeK, TeneGOHHIX CUCTEM TOILIO).
Mpukaan 2.3. Ilpoexm pexoncmpyryii (6y0ienuymea) mepexci Komymi-
Kayiti MinimanvHoi eéapmocmi. 3alUIaHOBAaHO PEKOHCTPYKLIIO Mepexi
JIOPIT, SKi CTIOMYyYaTUMYTh 3aJaHy KITbKICTh HAcEJICHUX IyHKTIB. Bap-
TiCTh OyJIBHHIITBA 200 PEKOHCTPYKIII JOPIT Mik OyJIb-IKHUMHU JIBOMa
myHKTaMu Bizoma. HeoOXinHO pekoHcTpyroBaTH (UM moOyayBaTH) Me-
PeXYy JOpir Tak, mo0 BapTiCTh OyNiBHUITBA Oylia MIHIMAIbHOW 1 TIEK
MEPEKEI0 MOXKHa 0yJ10 O MpoiXaTH MiXK OyAb-IKMMU JBOMA ITYHKTaMHU.

» Po3B’s13aHHs 3a7a4i PO3MOYHEMO 3 MOOYIOBH IPOCTOro rpada, Bep-
[IWHYU SKOTO BIJIOBIAAIOTH HACEICHUM ITyHKTaM 1 TOYKaM MEepETHHAHHS
nopir, a pedpa — goporam. Koxxnomy peOpy HE0OXiJHO MpHUIUCATH Ba-
Iy, fKa JOPiBHIOE BApTOCTI OyAiBHUITBA (UM PEKOHCTPYKIIT) i€l mi-
JISTHKH TOporH. [IpoeKT 3BOAUTHCS 10 BHOKPEMIICHHS B OTPUMAHOMY
rpadi minivimansnozo kapracy. <

3amaua npukinany 2.3 Ha MOOYAOBY MIHIMIMAIBHO20 KAPKACY MAE
0arato MpakTUYHUX y3araibHeHb, HAPUKIIA!

® K IMOKJIACTH TEJICBI3iiHMI KaOenb MK MIKpOpaOHaMU MicTa JJis
oprasizarlii kabeIbpbHOTo TeJcOaYCHHS;

e 9K MOOyIyBaTH MEpEeXy JAOPIr 3 TBEPAUM IMOKPUTTIM y CIIIBCHKIH
MICLIEBOCTI, sSIKa CIIOJy4aTHMe yCi cena;

® K IOKJIACTU TPYOMW Jyisi 3a0e3ledeHHs ra3oM HAceJICHHX ITyHKTIB
paifoHy i T.IL.

VY 1mux mpoekTax HEoOXimHO oOMpaTH LUISX HAMKOPOTIIOi JOB-
KHHU 3 TUM, 1100 MiHIMi3yBaTH BUTPaTH Ka0elto, acalbTy 4u TPYO.
Hpuxnan 2.4. [lpoexm pexoHcmpykyii mepesici KOMyHIKayiti MIHIMAlb-
Hol sapmocmi 3 ¢hikcosanumu 38’ 13kamu. 3a YMOBOIO TIOTIEPEIHBOI 3a-
Jadi MOTPiOHO PEKOHCTPYIOBATH MEPEKY JOPIT TaK, MO0 MK TIISTHKH
JIOPIr YBIMIIIN 10 CTBOPIOBAHOT MEpeKi HE3aJIeKHO BiJl BAPTOCTI IXHBOT
PEKOHCTPYKII.
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» IIpoeKT 3BOAUTHCSA 0 BHOKPEMJICHHS B OTpUMaHOMY rpadi MiHi-
MaJIBHOTO Kapkacy i3 3a3maierias 3adiKCOBAaHUMH 3B’ SI3KaMU, Ki (Dik-
CYIOTh 0€310CepeIHbO Tepel PO3B’ A3aHHAM 3amaul. <

TunoBi 3amadui HA MOOYNOBY MAKCUMANbHO2O KapKacy Hanlva-
cTille HamexaTb 10 chepr MPOEKTYBaHHS MEPEX 3a YMOBH MaKCHMi-
3anii mpuOyTKY BiJl eKCIUTyaTalii MepexKi.

3a3HaumMo, 10 32 YMOBU 3/ilicHeHHs (opmaizanii 3axa4i y BH-
msiai apoctoro rpada i chopMyIhOBaHMX BHUMOT HOTO ONTHMI3Arlil
3MICT TIOYATKOBOI 3a7]a4yi He Mae 3HAYCHHS ISl CAMOTO TPOILIECy PO3B’si-
3yBaHHA. 3MICT MOYAaTKOBOI 3aJaui 3HOBY Oy/Je HEOOXimHWHU Iuid iHTep-
mpeTarii OTPUMaHOTO PO3B’SI3KY.

2.2. BuokpemiieHHS MiHIMAJTLHOTO KapKacy B mpocTux rpagax

Hexaii 3aano 38’ s13uuit nmpoctuii rpad G = (V, E) i BaroBy ¢yHK-
mifoW: E — R. Onummemo 3araasHUN METON BHOKPEMIICHHS MiHIMaITb-
HOTO KapKacy IJIst IIbOTo rpada, OMupardrch Ha miapydHuk [8].

Hexaii miamMHoxkuHa A € E € 04HOYACHO 1 NiOMHONCUHOIO NEAKO-
ro minimanwvHozo kapxacy. lllykanuit kapkac 6y 1yr0Th OCTYIOBO!

JI0 TIOYATKOBO HOPOJICHLOI MHOKUHU A Ha KOXKHOMY KpOI[l METOIY
JOJa€Thes Aesike pedpo [u, v] Tak, mob muOokHHA AU {[u, v]} TeX
Oyna niomuoxcunoo minimanvrnozo kapkacy (pebpo [u, V] Hasusa-
10Th Gezneunum pedpom aist A).

3anuieMo e MeToI Ha IICEBIOKO/II:

A I= J;
Doxnu (A He kapkac)
{ 3uanTu Gesneune pedpo [U, V] mna Aj;
A =AU {[u, vl}; 7/ {[u, V]} — vuHOXUHa
}

NoBepuyTn A.

Besneuni pebpa Ha Oyab-sKild iTepauii HuKiIy 3a0e3nedyroTh BU-
KOHAHHS 6umoz2u, mo0 A 3aimmanacd IIAMHOXHWHOIO IESIKOrOo MiHi-
MaJIbHOTO Kapkacy (1711 TOPOKHBOT MHOKUHHM BUMOTA CIIPABIKY€ETHCS).

Jami onuieMo IpaBUIIo 3HAXOMKEHHS Oe3meunnx pebep (Teope-
Mma 2.1). ITounemo 3 Bu3HaueHb. Hexait S €V — mimMHOXHHA BEPIIUH
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rpada G, sxi yxe 3’exHani pebpamu migvuoxuan AcC E, a V\S —
MicTUTB peinTy BepuH V (0U4eBUIHO, 10 (V \ S)ﬂ S=0).

Iepepizom (S, V\'S) neopientosanoro rpada G = (V, E) Hasusa-
IOTh TIIMHOXHUHY TaKuX pedep 3 E, 10 OJIuH 3 HOTo KiHIIIB JIEKUTH Y S,
a iammii —y V\ S (mus. puc. 2.1).

Puc. 2.1. Tepepis (S, V \ S) neopiearoanoro rpada G

Iepepis y3e00icenuii 3 MHOKUHOIO pedep A, SKIIO KomHe pedpo
3 A He TIepeTHHAE TIeH Tepepi3. Y MHOXKHUHI pedep, o HaJlekKaThb mepe-
pi3y, BHOKPEMJIIOIOTh pedpa Hatimenuiol Baru (Ha3BeMo 1X Jieekumu peod-
pamu). Ha puc. 2.1 mepepi3 ysromkenuii 3 4, a peopo [3, 4] —zeexe
pebpo.
Teopema 2.1. Hexaii G = (V, E) — 38’s13Huii nipocTuii rpad 3 BaroBoro
¢ynkuiero W: E - R, 4 — migMHOXMHa pedep OEsIKOro MiHIMalIbHOTO
kapkacy T <G, (S, V\S) — nepepi3z G, y3romkennii 3 A. Skmio [u, v] -
JieTke pedpo 1BOro mepepidy, To [U, V] € 6e3neunum st A.
» Hexaii T He MicTuTh pedpa [U, V], OCKITBKH y LIbOMY BHIIAJKy TBEp-
JOKEHHSI TEOpeMH € oueBUAHMM. llokakeMo, IO iCHYe IHIIMIA MiHi-
MaJIbHUH Kapkac T*, mo Mictuts AU {[u, v]} (Tomi [u, v] € 6e3mednM).

Kapkac 7T 3B’s3HHH, OTOX MICTUTh €IUHHUI
X p 3 U go V (puc.2.2); pebpo [u, v] 3amu-
Kae p y ki, OCKiIbKH U 1 V HallexaThb pi3-
HUM MigMHOKHHaM mepepizy (S, V\S), ys3-
TOJUKEHOTO 3 A, TO NUIAX p Ma€ IpPUHANMHI
oxHe pedpo [x, y], o mepeTrHae nepepis i He
JIEKUTH B A.

Puc. 2.2. 3amukanns p
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Honasum 1o nepea T pedpo [U, V] i BumamuBmm 3 HbOro pedpo
[x, v], onepxumo HoOBuit Kapkac T* = (T U {[u, V]}) —{[x, y1}. 3anumumu-
JI0CSI TOBECTH, IO T* — MiHIMaTBHUH KapKac.

Ockinbku [U, V] — merke pedpo mepepisy (S, V\'S), To Bunyuene 3
T pebpo [x, y] mae He MeHITy Bary, HiX Bara pebpa [U, V]. OTxe, Bara
Kapkacy T* Morna Tiibku 3menwumucsa. llpore xapkac T —minivans-
Hutl. BimmoBigHO, Bara HOBOTO Kapkacy 1* mopiBHIoe Basi 1. OTox
pebpo [u, V], o mictutees y T*, € 6esneunum. <

Junst peamizanii METOAy BUOKPEMIICHHSI MiHIMalIbHOTO KapKacy B
npocTux rpadax HaldacTille BUKOPUCTOBYIOTh alroputMmu Kpackana
(J. B. Kruskal) i ITpima (R. C. Prim). O6uaBa anropuT™Mu 0JIHAKOBO BHU-
KOPHCTOBYIOTh 3arajibHy CXeMy METOJy, MPOTE MO-Pi3HOMY OOMparOTh
Oesneune pedpo. Anroput™ Kpackana onucano y [14], oTox y HacTyn-
HOMY ITyHKTi PO3TJISTHEMO TiNbKK anroputm [Ipima.

2.3. Aaropurm Ilpima

MHuoxwuHa pedep A 300paxkacTbCcsl OJHUM JepeBOM, (GOPMYBaHHS
SIKOTO TIOYMHAETHCS 3 JOBUIBHOI KOpeHeBoi BepmnHu. Ha koxHil iTepa-
1ii MUKITY JT0 IepeBa OAEThcs peOdpo MiHIMAIBHOI Baru cepes yCix pe-
Oep, fAKi 3’€MHYIOTh BEPIINHU A 3 IHIMUMH BepmuHamu Tpada. ko
Takux pedep € AeKiibKa, To 00MparoTh OyAb-IKe 3 HUX. 3TIAHO 3 Teope-
Mmoto 2.1 11i pebpa € Oe3neyHuMu 11 A.

Omnwumemo anroput [IpiMa BHOKpeMIIEHHsI MiHIMAJIBHOT'O KapKa-
Cy AJISl IPOCTHX 3BaXKEHHUX TpadiB, siKi 300paXaroTh CHUCKAMU CYMIdiC-
Hux éepwux. Ha Bxoni anroput™ otpumye 3B’ si3HAN npoctuit rpad G 3
BaroBoio ¢yHkmiero W: E — R 1 kopiap ' miHiMansHOTO Kapkacy. Ha
BUXOJII aJITOPUTM MOBEPTAE MACHUBHU T i KeY, siki BHOKPEMIIIOIOTh MiHi-
MaJbHHAN KapKac.

ITix wac poboTu anroputMy BepuiwHau V \ S 30epiratloThest y uepsi
3 npiopumemamu (no3unaunmo Q). Ipiopuret Bepmmau U € Q (mo3Ha-
qumo Key[u]) mopiBHIOE MiHIMasBHIil Ba3i cepenm Bar ycix pebep, mo
3’€IHYIOTh U 3 BepIIMHAMH, sIKi Hanexkatb S = V / Q. SIkmio Takux pedep
1re Hemae, To key[u]=oco. TTome m[u] anst Bepmmamn U € Q ykasye Ha Bep-
HIMHY JiepeBa A, 10 sKoi npsiMmye pedpo Baru key[u].
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Ione n[v] mns BepmmHKM V € S yKasye Ha BEPIIMHY-TIPEOKA Y
oMy JepeBi (it kopens n[v] = 0). Muoxuny pebep nepeBa A mix gac
pOOOTH aNropuTMy BH3HAYAIOTh K A= {[Tc[v], V]: veS=V\Q/ Micns
3aBepIICHHS POOOTH aaroput™my uepra Q — MOPOXKHS, 1 MHOXHHA
A={[n]v] v]:veV } e muoxuuoio pebep minimamsHoro kapkacy.

3anmmemo anroput™ I[Ipima Ha IceBIOKOII:

Alg Prim(G, w, r, n, key);

Q = V; IOna (xoxuoi Bepumuu U € Q) key[u] = ;]
key[r] = 0; =n[r] := O;

Joxn (Q me J)

{ v := Extract_Min(Q);

IOnst (xoxuoi sepumuu U € Adj[V])
fixmo ((u € Q) 1 (w(u, V) < key[ul))
{ n[u] :=v; key[u] :=w(u, v) }

}-

IIpouenypa Extract _Min(Q) obupac 3 yeprm Q BepmuHy
HalMEHIIOro NpiopuTeTy (BOJHOYAC BEPIINHA BUIYUAEMbCS 3 YUSPTH).

Hpukaan 2.5. Teneizilina KoMmnaHis
TUTAHYE M1’ €THATH 10 KaOEeIbHOI Me-
pexi i’ sTh paiioniB. Ha puc. 2.3 nipo-
LTIOCTPOBAHO CTPYKTYPY Mepexi i
BijicTanb (y kM) Mk paiionamu. ITo-
OynyBath KaOelmbHYy MEpexXy MiHi-
MaJIbHOT CyMapHOI BIiJCTaHi, SKIIO
Puc. 2.3. Ctpykrypa Mepexi BeplmMHa 1 BiANOBifgae Tesesisiiiniii
KOMTIaHii.

» Bepmmna 1 Ha puc. 2.3 Bianosijnae TeneiziiiHii kommnanii. Lo Bep-
LIMHY AOLIBHO 00paTH KopeHeM naepeBa. i KoXHOT BepIuHH V, 00-
panoi mponenyporo Extract_Min, pakTuuHo @hixcyromvcs 3HAUCHHS
n[v], key[v] (3miHroBatHcs MOKYTh Tinbku enementd uepru Q). IMocmi-
JIOBHICTh BHUKOHaHHs anroputMmy I[lpima odopmumo Tabimuero (ene-
MEHT, SIKUil 00paHo 3 YeprH, MO3HAYATHMEMO KOCOIO JIHI€0):




2. AlropuTMU BHOKPEMJICHHS KapKaciB 23

Yepea Q (quist koxHoro U: w[u], key[u]) v Pesynomam
u=l|u=2|u=3|u=4|u=5|u=6 n[v], key[v]
0,0 2,0 | 2,0 | 2,0 | 2,0 | ?, 1 0, 0

1,4 | 1, 1,10 | 1,12 | ?, 2 1, 4

1,8 | 2,7 | 26 | 2,» 5 2, 6
1,8 | 2,7 ?, 0 4 2, 7
1,8 4,6 6 4, 6
1,8 3 1, 8

MinimManbHUR Kapkac Ka- 1

OenbHOI Mepeki CyMapHOi 8

BifgcTani 31 xm 300pakeHO

Ha puc. 2.4.
Puc. 2.4. Minimanbhuii kapkac <

Bnacnizmok Toro, mo pedpa 3 OJHAKOBUMH BaraMu OOHPArOTHCS Y
JOBIIBHOMY MOPSIZIKY, MOKHA OTPUMATH JIeKibKa BapiaHTiB PO3B’s3y-
BaHHs. PillleHHs mpo Te, SKWii 3 BapiaHTiB HAWMIPUIHATHIIINHA, Ma€e 00y-
MOBJTIOBATHCSI 3MICTOM 3a7adi i MPUHMAaTHCS KePiBHUIITBOM.

Anroputm [piMa MOXKHA 3aCTOCYBaTH JJIsl BU3HAUCHHS MAKCU-
MaibHO20 Kapkacy. Y IbOMY BHIAAKYy Oe3nedHuM pedpom Oyzae pedpo
nepepisy 3 HalbLIbULO BaTOIO.

Le#t anropuT™ MOXKHA TaKOX 3acTOCYBaTH JJIsi BHU3HAYCHHS
mpoctoro kapkacy (6e3 BUMOT ONTUMAIBHOCTI; AuB. mpukiI. 2.1 i 2.2).
OcCkinbky y IIbOMY BHUIAAKy KOKHE peOpo Mae yMOBHY Bary 1, To 6e3-
nevHuM pedpom Oyne Oyab-saxe pedpo nepepisy.

[Mpunyctumo Temep, MO Ha MOYATKOBIA Mepexki NesKi 3B S3KH
3adikcoBani. Taka yMoBa MOke OyTH 3aKiaj/ieHa 3 pi3HUX MPUYMH.

Hampuknaz, y 3agaui npukinany 2.4 moao mMpoekTy peKOHCTPYK-
il Mepexi palOHHUX aBTOULIAXIB 3 MiHIMaJlbHUMHU BUTpAaTaMH JIOJAT-
KOBO CTaBUThCS MPUPOJHA BUMOTa, MO0 TUISHKM NUIAXY, 3B’si3aHi 3
paiioHHUM LIEHTPOM, HaJle)Kand MalOyTHIH Mepexi y Oyab-sKkoMy BU-
MaJIKy, HE3aJIC)KHO BiJl BAPTOCTI iIXHBOT PEKOHCTPYKIIi.

MinimanbHUN Kapkac AJis i€l Mepexi OynyroTh BiIMOBIIHO JO
anroputMmy Ilpima, mpore 3 ymoBowo, mo ¢ikcoBani 3B’s3ku (pedpa)
000B’SI3KOBO HAJISKATUMYTh KapKacy. BUKOHaHHS aaropuTMy po3rodu-
HAIOTh 3 pedpa MiHIMAJILHOI Bary, ke He 3adikcoBaHe.
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2.4. Kapkacu B oprpadgax

Ilix wac amamizy cucTeM Ha 3B’S3HICTH iICTOTHOIO € BiIMIHHICTBH
opieHTOBaHUX TpadiB Bij HeopieHTOBaHUX. J[J1s1 OyIb-IKOTO 3B’SI3HOTO
HEOpiEHTOBaHOTO rpada KapKac 3aBXIW iCHY€, X04a AJs 3B’ S3HOTO Op-
rpacda opieHTOBaHHMH Kapkac icHye He 3aBxau. OTOX U1 Opi€EHTOBaHUX
rpadiB mepeayciM BaKIUBUAM 3aJTAIIAETHCS TIOHATTS CULbHOIL 368’ I3HOCMI
Ta BUOKPEMJICHHS 3’ €OHYBANbHO20 OPIEHMOBAHO20 TICY .

PosrnsiHeMo THIIOBI 3a/1a4i BHOKPEMIICHHST ONITHMAIBHOTO 3’ €OHY-
6a/1b1H020 OPIEHTOBAHOTO JIiCY B HaBaHTaXkeHUX oprpadax’.

HOpuxnag 2.6. Onmumanvhe posmiwenus npedcmasnukie. Oipma ma-
HYy€ PO3MICTHTH T€HEPaAIbHUX MIPEICTABHUKIB HA BCIl TEPUTOPIi KpaiHU.
3 Mmi€l0 MeTOI0 3IIHCHEHO MapKETHWHTOBI JOCIIHKCHHS, BPaXxOBaHO
3B’SI3KH MK PHHKaMH 00JlacTeil i MaKCHUMalbHy KUTBKICTh KOHTPAKTIB,
SKl YKIaJaTUMyTh Ha KOXKHOMY pWHKY. HeoOxinmHO BHM3HAUMTH ONTHU-
MaJIbHE PO3TANTyBaHHS TeHEPATHHUX MIPEACTABHUKIB QipMH.

» IloOyayBaTu opieHTOBaHUI rpad, BEPIINHAMU SKOTO CIyTYBATHMYTh
PUHKH KpaiHH, yramMy — 3B’SI3KW MK pUHKaMH, BaraMy BBa)KATH Mak-
CHUMaJbHY KiJIbKICTh mependauyBaHuX KOHTPAKTiB GipMu. Po3s’s3yBan-
HSl 3a7a4l 3BOJAWTHCA JI0 BHOKPEMIJIEHHS MaKCHMAIBHOTO 3’ €IHYyBajlb-
HOTO OPiEHTOBAHOTO JiCy oTpuMaHoro rpada. KopeHi BHSIBICHHX EepeB
BIIMOBITATUMYTh MOKIIMBUM TIPEICTaBHUKAM (ipMH. <

Hpuxnan 2.7. Posmiwenus ckiadie. IiAIPUEMCTBO Mae MEpPEXKy Ma-
ras3uHiB. YcHilHa JisUTbHICTh MiIIPUEMCTBA Ja€ 3MOTY PO3IIHPUTH 00-
CSII IPOJaX. 3 Ii€10 METOIO BHUPIIICHO HA TEPUTOPIi ASIKUX MarasuHiB
PO3MICTUTH CKJIaad. Mara3uHu 00CITyTOBY€E KUTbKa TPAHCIIOPTHUX OH-
HUIIb, SKi MABO3ATh 10 HUX ToBap. ChopMoBaHi 3B’SI3KM MiXK Mara3uHa-
MU 1 croci0 po3Be3eHHS TOBapiB MiX HUMHU BiloMi. Y SKHX MicCISX
BapTO PO3TAaIlyBaTH CKJIAIH, OO 3arajlbHAN Yac TiABE3E€HHS TOBapiB
OyB MiHIMaJTEHUM?

» [loOynyBatu opieHTOBaHMi Tpad. BepmmHamu Mepexi B3SITH TOUKH
po3TamryBaHHs MarasuHiB. [lyramu BimoOpasutu copmoBaHi TpaHc-
mopTHi 3B’s13ku. Baramu nmyr Oyne dac mepei3ay mixk marazuHamu. Pos-
B’S3yBaHHSA 3amadi 3BOIWUTHCA N0 BHOKPEMJICHHS MIHIMAJIBLHOTO

! 3anaui oGpano 3 nocibuuka [12].
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3’€IHYBaJILHOTO OPIEHTOBAHOTO Jicy Al oTpuMaHoro rpada. Kopewni
BUSBJICHUX JICPEB BiMOBIATUMYTh MOKIIMBUM CcKIagam. <
Hpuxnag 2.8. Bubip nidepis. Hexali KONEKTHB JIOCH HAIIEHUH Ha
BUKOHAHHsI TIEBHOTO 3aBJaHHs. HeoOXiJJHO HAa OCHOBI CUCTEMH TiepeBar
YJICHIB KOJIGKTUBY 00paTH cepesl HUX JIiepiB.
» IloOynyBatu opieHTOBaHWH rpad) 3 BepIIMHAMH, SIKi BiINOBIJAarOThH
4jieHaM KOJEKTUBY. Jlyramu BimoOpa3uTH O0a)kaHHS KOXKHOTO YJICHA KO-
JIEKTUBY OQ4WTH CBOIM JIiIEpOM TOTO UM IHIIIOTO YieHa. 3a Baru IyT
y3SITH KUTBKICHY OILIHKY 1bOro OaxkaHHs (0ajbHy Yu OyIb-sKy iHIIY).
Po3B’s13yBaHHs 3amadi 3BOAWTBHCA 1O BHUOKPEMJICHHS MAaKCHMAJIbHOTO
3’€THYBAIBHOTO OPIEHTOBAaHOTO Jicy i rpada. KopeHi BHSBICHHX
JICPEB BiANOBIIATUMYTh UMOBIpHUM Jigepam. <

UuManio anropuTMiB BHOKPEMIICHHS KapKaciB, sIKi MPAIIOIOTh 3
oprpadaMu, pO3MOUMHAETHCA 31 3HAXOONCEHHSI KOMNOHEHM CUNbHOL
36’ s13H0Cmi: TCIA 1[OTO 337124y PO3B’A3YIOTh OKPEMO IS KOKHOT KOM-
TIOHEHTH, a TIOTIM PO3B’A3KH KOMOIHYIOTh BiJIITOBIITHO IO 3MICTY 3aj1a-
4i Ta 3B’A3KIB MIDK KOMIIOHEHTaMH, sIKi 300pakaroTh “zpagom xomno-
HeHm”.

Ines noGynoBu “epagha xomnonenm” monsArae y CTATyBaHHI AT i
BEPIINH BHUSABJICHUX KOMNOHEHM CUibHoi 36’si3Hocmi (UMKIIB) Y
hikmueni BEPIIMHH, SK 1€ MPOUTIOCTPOBAHO Ha puc. 2.5.

Puc. 2.5. CraryBanns nukiy y GikTHBHY BEpUIMHY

PosrnsaeMO MOOYIOBY MaKCHMAalbHOTO 3’€IHYBAaJILHOTO OpI€H-
TOBAHOTO JIicy Ha TpHKiIadi. Hexail Mepexky pUHKIB JUIS 3ajadi MpH-
knany 2.6 300paxeHo Ha puc. 2.6. Bepmmnamu opienToBaHOTO Tpada, y
SIKUX 0a)kaHO PO3MICTHTH IPEICTABHUKIB (pipMU, B3ATO 0OJIACHI IIEHTPH
(mo3HaueHHs JATHHCHKUMHU JIITEpaMH), a BaraMu — nependavyBaHa
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KUTBKICTh KOHTpakTiB. [loOymyemMo MakcUMaidbHUK 3’ €JHYBAIbHHUHA
OpIEHTOBAHUH JIC IS OTPUMAHOTO Tpada.

20 17

Puc. 2.6. Mepesxa puHKiB npukiany 2.6

[TocaimoBHO meperisaanyy BEPIINHN, MOXKHA Bi3yaabHO BH3HA-
YUTH UKJI, YTBOPEHU# BepimHamu a, d, €, b. 3amMinnmo nuki GikTuB-
Hoto BepimHOO F (puc. 2.7). Permra BepmiuH Mepexi IHMKIIB HE
yTBOpIO€. BUXO/A4M 3 BUMOTM MaKCHMAJIbHOCTI JIiCY, BEpLIMHY | JIO-
ri4HO 3B’s3aTH 3 QIKTUBHOIO BEPIIMHOIO F, a Ist penTu BepIrH BUO-
KpEeMUTH MakcuManbHUH Kapkac. Ha puc. 2.8 300paxeno nBa aepe-
Ba, SIKi Y MiJICYMKY OTPHUMAEMO.

Puc. 2.7. BuokpemiieHHs1 piKTUBHOT BEpPIIMHA
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Puc. 2.8. JlepeBa MakcUMaNbHOTO 3’ €IHYBaJILHOTO JIICY

Posropuemo  ¢dikTHBHY
BepwnHy F. Y nwmkmi, mo ii y1-
Boproe, Bumanumo ayry (e, b),
o0 Mae HaimeHmry Bary. Otpu-
MaeMO JIepeBO, 300pakeHe Ha

puc. 2.9. Puc. 2.9. Posropranus sepmuau F
ANTOPUTM BUSBJICHHS KOMIIOHEHT CHUJIBHOI 3B’SI3HOCTI JCTATBHO

omucaHo y miapy4Huky [8]. B oCHOBY anroputmy MOKIaZeHO METO.

n

outyky yenu6 (a6o DFS-meton) y 38’s3H0My oprpadi [8, 14].

? 3anuTaHHs 1S caMonepeBipku

1.
2.

CdopmyitroiiTe 03HaAUCHHS MIHIMAJILHOTO KapKacy.

Hexaii [u, v] — pebpo minimMansHOi Baru y rpadi G. dosexits, mo [U, V]
HaJIGKUTD JICSIKOMY MiHIMaJIbBHOMY KapKacy IIbOTO JIepeBa.

JoBexith, mo sAKIo pedpo [U, V] MiCTUTBCS y MiHIMaIbHOMY KapKaci rpa-
da G, To icuye mesxuid mepepi3 rpada G, st sikoro [U, V] € nerkum peod-
POM, 1110 NIepeTHHAE 1IeH repepis.

Hexait T — minimManbHuit kapkac rpada G. CriiageMo yHopsaKoBaHHA
CIIUCOK Bar ycix pebep kapkacy 7. JloBeniTh, MO s JOBUTRHOTO iHIIIOTO
KapKacy OTpUMAaeMO TaKuii e CIHCOK.

JloBemiTh, 1110 SKIIO I AOBLIBHOTO Nepepidy rpada G icHye euHE JIerke
pebpo, sike nepeTrHae 1el nepepis, To y rpadi € TiAbKH OJUH
MiHIMaNbHHUH KapKac.

Sk MOke 3MIHMTHCS KUTBKICTh CHJIBHO3B SI3aHHUX KOMIIOHEHT oprpada 3a
YMOBH JIOIaBaHHS 10 HHOTO OHIET qyru?

Coopmymoiite 1 JoBeiTh TEOpPEMY 11010 JIETKUX pedep rpada.
Cdopwmymroiite anroputm Ilpima, sxmro rpad 3a1aHO MaTPHUIICIO Bar.
CoopmyiioiiTe 03HauCHHS 3’ €IHYBAIBHOTO OPIEHTOBAHOTO JICY.
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3aBaaHHs JJ1s1 CAMOCTIiiiHOI podoTH

3aBnanns 2.1. Hexaii 3arutaHoBaHo MoOyayBaTh MEpPEXY aBTOILISIXIB 3 TBEP-
JMM TTOKPUTTSIM, 100 3’€HATH yCi ceia paiioHy. BaprticTs OyniBHHLITBA aBTO-
HUISIXIB MX OY/Ib-IKUMHU JIBOMaA cetamu Bigoma (puc.2.10).

13

Puc. 2.10. Baprocti OyAiBHHIITBA aBTOILISAXIB MK CelIaMH

Heo0xinHo mo0OyryBaTi MepeKy AOpir Tak, 100 BapTiCTh OyIiBHULITBA
OyJia MiHIMaJILHOIO 1 LI€I0 MepeXkero MoXHa OyJi0 6 ImpoixaTu Mix OyIb-IKUMH
JIBOMa CeJIaMH.

3aBaanns 2.2. Hexaii 3arutaHoBaHO 1MOOYITyBaTH Ta30IpPOBOIN, MO0 3’ €THATH
ra3oBun00yBHI miarGopMu y mMopi. Bincrans (y xm) Mik OyIb-IKHMH IBOMA
mwiaropmamu Bimoma (puc.2.11). Ilnardopma 1 3HAXOAUTHCS HAKOIIKYE 10
Oepera, oTOX BOHa Mae HeoOXimHe oOyMajHaHHS, MO0 MepeKkadyBaTH Tra3 Bij
THIIMX 11aThOpM 0 MpUHMaIbHOT cTaHIil Ha 6epe3i Mops.

Puc. 2.11. Biacrani mix mwiatrpopmamu

Heo0xigHO cripoeKTyBaTH MepeXy Ta30IpOBOIIB MiHIMAIBFHOI CyMapHOi
JOBXKHHH.
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3. OITUMAUJIBHI HIVIAXHU B OPTPA®AX

Ilnan BuKJIaxy martepiany:
1. TIlocranoska 3agad.
2. HaiikopoTun Nuisixu Ta pesiakcaris.
3. Aunropurm JlefkcTpu.
4. Anroput™m bennmana-®opra.
5. OntumanbHi LUIIXH B aMKITYHOMY oprpadi.
6. Aunroput™m @noiina-Yopmonia.

s~ Ku1io4uoBi Tepminu po3ainy

Y Hoeorcuna winaxy Y Havxopomuwuti wnsax

Y [Juxn 610’ emHol 8azu Y [lonepeonuk sepuiunu

Y Penaxcayis oye Y Bracmusocmi penaxcayii oye
Y Hatiooswuii uiisax Y Llnaxu 6 ayukniynomy opepaghi

3.1. TocranoBKa 3aga4

Ilix gac BUKIaMy MaTepiary Iporo maparpada onupaTuMeMocs
Ha migpy4JHuk [8].

PosrnsimaeMo HaBaHTakeHWH OpieHTOBaHW rpad), SKAH MoOxKe
MaTd 4¥ He MaTu IMKIiB. J[oBxkuHa MOBiUNBHOI ayru (@, b) mMoxe He
36iratucs 3 mopxunoro ayru (b, a). Jlns HeopieHToBaHUX rpadiB Oy/b-
ke pedpo [i, j] nosxunot0 djj MoxHa 3aminnTu maporo ayr (i, j) ta (j, i),
KOKHA 3 IKHX MaTuMe JIOBXKHUHY .

[lin onTumanesHUMH UUSIXaMu y Tpadi, 3a3Buyail, po3yMiloTh
Havxopomwi wiisxy MK JaBoMma (abo MiX ycima) BeprinHamu rpada.
[Ipore y aesxux 3amadax He0OXiTHO BU3HAYATH 1 HAIOOGULI ULIAXU.

YToYHHMO AesKi BU3HAYCHHS. Y 3a1adi Mpo HAWKOPOTIN MUISIXU
nano opienroBanuii rpa¢ G = (V, E) 3 BaroBoto ¢yHkijiero W: E - R.
Jlosocunoro mIAXy P = <Vg, Vi, ..., V-1, Vo> HA3UBAIOTh CyMY JOBXKHUH

n
(Bar) myr, sIKi HaMeXKaTh 10 1HOrO MUIAXY, T06T0 W(P)= Y W(V;_1, V; ).
i=1

Losorcuny navikopomuio2o winsixy 3 U B V BU3HAYAIOTh TaK:

5(U,V)= min{w(p):U—p>V},$IKIuo Ju —p>V,

00, iHaKIIe.
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Orxe, AKIO AEAKMI IUIAX p 3 U 10 V € HAUKOPOmMuiUM IIISIXOM 3
umov, o W(p)= S(U,V). BusHauumo Taki 3aaaui:

1. Bix 3amaHoi nouamkogoi BepivHu rpada S BUOKPEMUTH HAHKOPOT-
111 HUISIXHU 10 6CiX 1HIINX BEPLIMH Tpada.
2. Bin ycix BepmnH rpada BHOKPEMUTH HAWKOPOTII MUISIXU A0 JAESIKOT
KiHyesoi BepinHu rpada t.
3. Bix 3adanoi BepmmHu rpada V; BHOKPEMHUTH HAHKOPOTIIUH MIISAX
J0 JesIKO1 iHuioi BepIIMHU rpada V;.
4. BuokpeMHuTH HAHKOPOTIII NUISIXK MiX yciMa napamu BEpIIHH rpada.
ANTOpUTM, SIKUH pO3B’sA3Ye€ MEpITy 3a7ady, a€ 3MOTY PO3B’sI3aTH
i iHI Tpu 3anadi. Po3B’s3yBaHHs 3a/aui 2 3BOAUTHCS 10 PO3B’A3yBaH-
HS 3a7a4i 1, SKIIO YMOBHO MOMIHSTH HampsM ycix Ayr. Skmo Bimmry-
KaEMO HAWKOPOTII NIIAXHM Bill MIOYATKOBOI BEPIIMHH V; IO GCIX THIIHX
BepiiuH rpada, TO 0JHOYACHO BIANIYKAEMO I HAMKOPOTIIMH ILISAX Bij
BEpIINHY V; 10 BepIIUHH Vj (3a1a4a 3).
3agauy 4 MoxHa po3B’s3aTH ab0 OaraTOKpaTHUM 3aCTOCYBaHHIM
anropuTMy 3a1avi 1, 1e Ha KOXKHIM KpoIIi 3a MMOYaTKOBY BEpIIUHY S Oe-
pyTh iHII BepmmHH Tpada, ado OTHOKPATHHM 3aCTOCYBAHHIM Crhe-
YianbHo20 ANTOPUTMY .

V neskux 3aCTOCYBAaHHSX Bard OyT MOXYTb OyTH 6i0°emHumu. Y
LBOMY BHIAJKY Ba)KJIMBO, UM € LUKIN BiJl’ €MHOI TOBKHHHU. SKIIO 3 BEp-
ITUHU S MOKHA TOOPATHCS 0 TAaKOTO IHKIY, TO ITOTIM HOTO MOXHa 00-
XOJIMTH SIK 3aBT'OJIHO JIOBTO, 1 Bara NUIsXy yce 3MEHITyBaTUMETHCS, OTOX
JUTSL BEPUIMH [HOTO LUKy HAWKOPOTILIHX HUISAXIB HE icHye (puc. 3.1).

VY 1npoMy BHIIAAKy BBa)KaTH-
MEMO, 110 Bara HalKOPOTIIOIo
HUIAXY I0piBHIOE —0, Ha puc. 3.1
Mo0IM3y KOXKHOI BEPIIMHU TIPO-
CTaBJIEHO Bary HaMKOPOTIIIOrO
NUIAXY Bill BepIIMHU S. SIKmIo x
LMKIIB Bl €MHOI Barm HeMae, TO
OyAb-SIKUI UKJI MOXKHA BHKHHY-
Puc. 3.1. Ilukn Bix’eMHOI Baru TH, HE TIOJIOBXKYIOUH LUISIXY.
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3.2. HaiikopoTiui IJISIXHM Ta pesiaKcamisi

Jnst 300pakeHHs] YT HAHKOPOTINUX NIISIXiB BUKOPHCTOBYBATHU-
MEMO TaKHii e croci0, sk 1 B anropurmi [Ipima. J[s K0’KHOT BepIIHN
vV € V 36epiratumemo ii nonepeonuxa (predecessor) n[v]. Iomepeauuk
BEPIINHM — Tie a00 iHIIa BepimHa, a60 0 (I MOYaTKOBOI BEPIIMHH S).

[Tig yac po6OTH aNrOPUTMIB BUOKPEMJICHHS! HAWKOPOTIIMX IIISI-
XiB yTBOpIOE€ThCS opieHTOBaHmi miarpad momepemnukis G, = (V,, E,),
ne Vy={veV:n]z0juls} E,={x[v]v)eE:vev, \{s}} Micus
3aKiH4eHHs poOoTH 1ux anroputMmiB rpad G, Oyne depesom Haiiko-
pomuiux uiiaxié Big KOpeHs S A0 Oyab-iKoi, docsochoi 3 KOpeHs, Bep-
mmHu VeV, HallkopoTiux nuisxiB BijJf S 10 BEPIIMH, JOCSHKHUX 3 S, a
TaKOX JiepeB HaKopoTIINX NUIsXiB y Tpadi G, Moxke OyTH JNeKiibKa.

Vci anropurMu BHOKpEMIIEHHS HaWkopoTmioro (abo HaiIoBIIIO-
ro) nuxy B rpadi € 6acamokpokosumu npoyedypamu yXeaieHus pi-
WleHb B yMOBaX BH3HAYEHOCTi, OCKUIBKH MpPHU JIOCATHEHHI MEBHOI Bep-
muHA Tpada oOUpaeThCs HACTYIHA AyTa Ihoro nuiaxy. Ilin gac peati-
3aril 1€l npoyedypu KOPUCTYIOTHCS npuHyunom onmumansrocmi (abo
npuHIimnoM bennmana®), skuil uis HaBaHTaXeHOoTo oprpada dhopmyiro-
I0Th TaKOI0 JIEMOIO.

Jema 3.1. Biopisku navikopomwux wiisaxie € nauxopomuwumu. Hexai
G = (V, E) — opienToBanuii rpad 3 BaroBoro ¢ynkiiero W: E - R . Sk-
o P = <V, Vi, ..., V1, Vp> — HARKOPOTIIHIA TIISX 3 Vo J10 V, 1 0<i<j<n,
TO Pjj = <Vi, Vis1, ..., Vj-1, Vj> € HAUKOPOTIIUM HUIAXOM 3 V; JIO Vj.

> JloBeseHHs Bin cynpoTuBHoro. Hexail muisx pjj He HallKopoTIIMIA.
3aMiHMBIIY LUISIX 3 Vi 70 Vj HA KOPOTIIMH, MM THUM CaMHUM 3MEHILYEMO
JIOBXHHY IUTAXY 3 Vo 110 Vg, (npomupiuus). <

Hacainok 3 nemu 3.1. Hexait G = (V, E) — opienroBanwmii rpa¢ 3 Baro-
Bo ¢yHkmiero W:E — R i p— Haiikopormmii moisix 3 S g0 V. Skimo

(u, v) — ocTaHHs Ayra IBOTO MUIIXY, TO 5(8, V) = 5(8, u)+ W(U,V).

> Hexaii p” —nusx 3 SjaoU.3a jemorw 3.1 p” — HaWKOpOTHIWiA
musx, otox J(s,v)=w(p’)+w(u,v)=&(s,u)+w(u,v). <

! Buennit, siuit Briepie chopMyIItOBaB MPHHIMIT ONTUMAIBLHOCTI.
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Jlema 3.2. Hexaii G = (V, E) — opieHroBanuii rpad 3 BaroBorw (QyHK-
mieto W:E >R iseV. Toui ans Oynap-sixoi ayru (U,V) € E BipHa
uepinicts J(s,v)< 5(s,u)+w(u,v).
> JloBXKMHA HAMKOPOTIIOrO HUIAXY 3 S0V HE MEPeBHIIYE JOBKHHY
OyIb-SKOTO IUIAXY 3 S A0 V, y TIM YHCII i IUIsxXy yepe3 ayry (U, v). <

VYci anroputMu BHOKPEMIICHHST HaKopoTinoro (abo Haii1oBIIO-
r0) IUIAXY, SKi OMHCaHO y HbOMY maparpadi, 6a3yroThesl Ha MTPHUHITHIIL
penaxcayii (Bix relaxation — “noneruienss”). 3riiHO 3 MM TPUHIIUTIOM
KOXHi BepummHi V€V NPUIKMCYIOTH YHCIIO d[v] — BEpXHIO OIIIHKY
JOBXHMHH HaWKOPOTIIIOTO HUIAXY 3 S 10 V (a00 TPOCTO, OyinKy Haliko-
POMULO20 WIAAXY).

[MTowaTkoBi 3HAYCHHS OLIIHOK HAHKOPOTIIOTO IUIAXY Ta CJICMEHTIB
MAacHBY T BCTaHOBIIOIOTH TAKOO MPOIIETYPOIO:

Init_Source(G, s, n, d);

Inst (ycix sepmun vV € V[G]) {d[Vv] :=x; n[Vv] :=0;}
d[s] := 0.

Penaxcayis nyru (U, V) € E monsirae y Takomy:

sHauenns d[v] smenmyerscs g0 Bexmumuam d[u] + w(u, v),
sxmio d[u] + w(u, v) < d[v].

V usomy Bumaaky d[V] samumuThCs BEPXHBOIO OIMIHKOIO (IUB.
teopemy 3.1). BogHouac 3Hadenns n[V] Ma€ yka3yBaTH Ha IUISAX, BUKO-
PUCTaHUIN TIPU OJICPKAHHI 1i€1 BEPXHBOI OI[IHKH, OTOX BOJHOYAC 3Mi-
HIOEThCS 3HaYCHHS TT[V]:

Relax(u, v, w, ©, d);
gxmo (d[v] > d[u] + w(u, Vv))
{d[v] :=dJu] +w(u, v); n[V] :=u;}.

Ha puc. 3.2 HaBeneHO NBa MPUKIAIU pelakKcallii: B OJHOMY BH-
MKy OIliHKA HAWKOPOTIIOTO IIIAXY 3MEHIIYETRCS, B iHIIIOMY — Hi. Han
BEPILIMHAMY YKa3aHi OIIIHKK HAWKOPOTIINX HUISXIB.
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| |

| ReIaX(U,V,1, T, d) |Re|aX(u,V,4,Tr,, d)

\/ \j

OO OO
Puc. 3.2. [lpuknanu penakcauii ayr

Teopema 3.1. Bracmusocmi penaxcayii oye. Hexaii G = (V, E) — opieH-
ToBaHu# rpad 3 BaroBoro ¢yukiiero W: E - R, SeV - nouatkosa
BepinuHa i (U, V) € E. Toxi micis BAKOHAHHS mpoteaypu Init_Sour-

ce(G, s, n, d) 1 I0BiIHHOI MOCTIIOBHOCTI peaKcartii IyT, I KOX-
HOT BepiiHu V €V BHKOHYETHCS TaKe:

5(s,v) < d[v] < d[u] +w(u, v). (3.1)

SKIO K A1 JeSKOT BEPUIMHH V MaeEMO 5(S,V) =d[v], TO 1A piBHICTH
3QIAITUTELCS BIPHOIO 1 TP HACTYTTHHUX PellaKcarisX IyT.
» IlpaBa wactuHa HepiBHOCTI (3.1) € oueBHAHOIO (BIAMOBIAHO [0
BU3HAYCHb OLIHKK HAWKOPOTILOTO MUISAXY Ta PelaKcaiii TyTrH).
JHoBenemo niBy uactuny HepiBHocTi (3.1). Ilicms imimiamizarii
3HaueHHs d[V] — HECKIHYCHHI TIPH V # S, OTOXK CIIYTYIOTh OIIIHKOO 3Bep-
Xy [uis 9oro 3aBromHo, a d[s] =0 (Texx mpaBuibHO). SIKIIO X Ui IyTH
(u, V) 3nilicHEHO penakcarliro, To
d[v] = d[u] + w(u, v) > 8(s,u)+w(u,v)>8(s,v). (3.2
OctaHHs HePiBHICTH (3.2) BUKOHY€ETHCS 3TiIHO 3 JeMoro (3.2).
V mpoueci penakcartii 3HaueHHS d MOKYTb TiJIBKM 3MEHIITYBATHCH, a TIi-
ciist jocsirHen st pisaocTi d[v] = 5(S,V) Jaiti 3MEHIITYBaTHCS HIKyIH. <

Teopema 3.2. Hexait G = (V, E) — opienToBanwmii rpad 3 Baroporo (yHk-

mieto W:E >R, seV —mnouarkoBa BepmmHa i S—>V — Haiiko-
POTIIMH NUISAX BiA S 70 V 3 ocTaHHKOW Ayroro (U, V). Hexail BukoHaHO
npoueaypy Init_Source(G, s, n, d) i A0BUIbHY MOCIIOBHICTh pe-
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Jakcamii ayr, y TiM umcii ayrda (U, V). Koo y aeskuii MOMEHT 10 pe-
nakcauii ayru (U, V) BukoHyBasacs piBHicte d[u] = 5(s,u), TO MicIs
penakcaii ayru (U, V) BUKOHYBaTUMEThC piBHicTh A[V] = O (S, V).
» Piguicte d[u] = & (S, u) 3a Teopemoto 3.1 30epexkeThes 1 mics penak-
cauii myrm (U, V). Tomi d[v] <d[u]+w(u,v) = 5(s,u)+w(u, v) =5(s,V)
(ocramHs piBHICTE 3a HACTIAKOM 3 temu 3.1).

Onnak 3a Teopemoro 3.1: 5(S,V) <d[v], orox d[v] = 5(S,V), 110
i TpeOa OyJo goBectH. <
Jlema 3.3. Hexaii G = (V, E) — opieHroBanuii rpad 3 BaroBor (yHK-
mieo W:E —>R i SeV -mnouarkoBa Bepmnna, npudomy y rpadi G
HEMae€ OUKIIB BiJ €MHOI Baru, JOCSHKHMX 3 S. Tojl Imicist BUKOHAHHS
mpoteaypu Init Source(G, s, m, d) 1 MOBUIBHOI MOCIIJOBHOCTI
penakcanii ayr, miarpag nonepeauukie G, Oyie 1epeBOM 3 KOPEHEM S.
» JloBeZeHHs IEMH MOYKHA 3HaiTH y [8, cT. 486]. <

3.3. Aaropurm JleiikcTpn

Anroput™ JIeiiKcTpH po3B’s3ye 3a1ady Mpo HAHKOPOTII® MUIAXH
IUI HaBaHTaKeHOTo opieHTtoBanoro rpada G = (V, E) Bix moyaTtkoBoi
BepimrHE S €V 10 BCiX iHIKX BEPUINH, JOCSIKHUX 3 S, Y AKOMY JIOB-
KHHHU yCIX OYT Hegid’ emui. BBaxkaroTh, mo rpad 3aJaHo 3a JOMOMOTO0
CNUCKIB CYMINCHUX GEPUIUH.

V nporieci podotu anroputMy JeHKCTpH MiATPUMYETHCS MHOYKH-
Ha S CV , sKa cKiIanaeThes 3 BEPINUH V, Ui SKUX O (S, V) yKe 3Hale-

HO (ToOTo d[V] = 5(S,V)). Bepumnu U, siki He HanexaTb S (ToOTO Bep-

mmHA U 3 migMuoxuan V \ S) 36epiraroTecs y uepsi Q i3 mpiopurera-
MU, 00yMOBIIEHMMH 3HadeHHsAMH d[u].

AnroputMm BubOupae 3 yepru Q ueproBy BeplIMHY U, sika Ma€ Haii-
MeHIui npioputer d[u], nomae i 10 MHOXUHH S (TOOTO BiAOYBaeThCS
HesBHUU miepexin Bepumau tumy U € V \S 10 Bepmmau tumy V € S) i
3NIACHIOE peJlaKcalliio ycix pebep, 110 BUXOAATh 3 U, MICIsA 4Oro UK
MTOBTOPIOETHCS.

!V nestikux BHIamKax ajropuTM BHIAE IPABHIBHI PE3y/IbTAaTH i I 4ac MOIy-
Ky HalJOBIIMX NUTAXIiB (T amuKITivHAX oprpadiB — 3a6xcou PaBUITBHI).
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DEJKSTRA(G, w, s, m, d);
Init_Source(G, s, n,d); S = J;
Q := V[G]d; // dopMyeaHHs ueprm 3 npiopuTeramu
Ioxu (Q = &)
{ u := EXTRACT_MIN(Q); S := S u {u}; // vuoxuHna
Onss (ycix y e Adj[u]) RELAX(u, y, w, =, d);
3.

VY i Boxm KOXKHA BEpIIMHA JOJAETHCS 10 MHOKUHH S JTUIIIe
oauH pa3. OTxe, KUTBKICTh iTepalliil MKy Boxmu TOpPiBHIOE |V/|.
OOrpyHTYBaHHS TPaBHJIBHOCTI anroputmy JleWkcTpu MoOKHA
3HaiitH y [8, 14].
Hpukaax 3.1. BuzHaunT! HAWKOPOTIN NIISXH Bix BepmuHU 1 1m0 iH-
LIMX BEPIIUH OPi€HTOBaHOTO rpada Ha puc. 3.3.

Puc. 3.3. OpienToBanwuii rpag

> [Ipomec BianTyKaHHsS HAWKOPOTITUX MIIAXIB BiJ BEpmUHA 1 10
IHIIMX BEPIINH OPI€EHTOBAHOTO rpada 3a JOMOMOTroi0 alropuT™My Jleik-
cTpu opopmumo Tabnurero (tabm. 3.1).

Junst 3pydHOCTI 00YMCIIeHb, SIKi 3B’sI3aHi 3 pellaKCallielo IyT, Ha
MOYaTKy KOKHOTO PsITKa BKAa3aHO BEPIIHMHY U, SIKA € MOYATKOM YT, II0
miIalThes penakcaiii. JlepeBo HANWKOPOTHIMX MUIAXIB IS I[OTO
oprpada 306paxeno Ha puc. 3.4 (Hag BEPIIHHOIO U 3a3HAUEHO J[S, U]).
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Tabnuys 3.1. BiguykanHs HARKOPOTIIMX NUIAXiB (anroput™ JedkeTpn)

Yepea Q (ms xoxxaoro U: wt[u], d[u]) Pesyrvmam

u=1l| u=2 | u=3|u=4 | u=5|u=6|u=7 n[v], v, d[v]
0,0 0, © 0, © 0, © 0, 0, 0, 0,1,0
u= 1,5 1,1 0, 0, w0 0, w0 0, 1,31
u=3 3,3 3,7 3,8 0, 0, 3,2,3
u= 3,7 2,4 2,9 0, 2,54
u=5 3,7 2,9 | 513 3,4,7
u= 2,9 | 513 2,6,9
u=6 6, 11 6,7,11

o3
11
Puc. 3.4. [Iepero HaiikopoTimx nuisixie oprpacda Ha puc. 3.3 <

HNpuxnag 3.2. BusHauntu Hatioogwsi MUISIXW BiA BepmmHUA 1 10 iHIIMX
BEpILIMH OpieHTOBaHOTO Tpada Ha puc. 3.3.

» Moaudikyemo mporeaypy Initi_Source Tak, mo6 d[s]=1,a
quis pernty BeprmH V: d[V] = 0. YV 1ipoMy BUMaaKy HEOoOXimHO “HaBaH-
taxxyBatn” (abo meperaakcoByBaTH) myTu. [Jepenakcayis nyru (U, V) 1mmo-
nsiratume 'y 3amini d[v] wa d[u] + w(u, v), skmo d[u] + w(u, v) > d[v].
Anroput™m J[efiKcTpy y IbOMY BHIAAKY MOAU(DIKYIOTH TaK:

;Iioxn Q = @)

{ u := EXTRACT_MAX(Q); Sxmo (u = s) d[u] = O;
S =S u {u}; // dirypHi OyXKM 3amanTb MHOXUHY

ans (ycix y € Adj[u]) DERELAX(u, y, w, m,d); }-
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JlepeBo HaWmOBIIMX NUISAXIB BiJ] BEpIIMHU 1 IO IHIIMX BEPIIHH
opienroBanoro rpada (puc. 3.3) 306paxkeHo Ha puc. 3.5.

5
(2)

Puc. 3.5. JlepeBo HaiimoBmmx nuiixis rpada (puc. 3.3) <
3.4. Aaroputm Besnimana-®opaa

Aunroputm  bennmana-®opaa (Bellman-Ford) poss’sizye 3amauy
PO HAMKOPOTII NMUIAXHU 3 OIHIET MOYATKOBOI BEPIIUHU JI0 PEIITH BEp-
ITUH OpPI€EHTOBAHOTO Tpada IS BUITAIKY, KOJH Bard AYyT MOXYTh OyTH
Bix’emHumu. Llelt anroputm moBeprae 3HaueHHS TRUE, skmo B rpadi
HEeMae IUKIY BiX €MHOI Bard, JOCSIKHOTO 3 TTOYAaTKOBOI BEPIIMHH, 1
FALSE, sIKILIO TaKU{ TUKI €. Y TEpLIOMY BUIAAKY aJTOPUTM 3HAXOJIUTh
HAWKOPOTII IUIAXH; Y APYTOMY BHIAJKY HAHKOPOTIIHX NUIIXiB (IpH-
HaWMHI 71 JeSIKUX BEPIINH) HE iCHYE.

3anumiemo anroputM bemMana-Dopaa Ha ICEBIOKOII:

BELLMAN-FORD(G, w, s, n,d, 0zn);

Init_Source(G, s, n, d);

Ons (i:= 1; i<= |V[G]] - 1; i++)

IOnst (xoxuoi myrm (U, V) e E[G]) RELAX(u, v, w,xn,d);
Onst (xoxuoi myru (U, V) e E[G])

gxmo (d[v] > d[u] + w(u, Vv))

{ozn:= FALSE; Buxipm_ 3 anropurmy; }
ozn:= TRUE.

Micns iHimianizanii anroput™ |V| — 1 pa3 poOUTh 0HE 1 TE *K:
nepedupae Mo OAHOMY pa3oBi yci Ayru rpada i mijnae KoxHe 3 HUX
penakcarii.
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Hanpukinmi anropuTM mepeBipsie, Yd HEMae LUKITY BiJ €MHOI
Baru, OCS)KHOTO 3 MOYATKOBOT BEPIIHHY S.

Iosenemo, 1o anroput™ bemnvana-®op/ia npaiioe npaBUIbHO.
Jlema 3.4. Hexait G = (V, E) — opienToBanuii rpad 3 BaroBor (yHK-
mieto W:E —- R i Se€eV - mouarkoBa BepummHa, npuuomy y rpadi G
HeMac IUKIIB BiX'€MHOI Bar", JOCSKHHUX 3 S. Toml mmiciis 3aKiHYEHHS
pob6otu mpouexypu BELLMAN-FORD piBHicts d[V] = (S, V) BUKOHYBa-
TUMETBCS JUIS YCIX BEPIIHH V, TOCSHKHUX 3 S.

» Hexait p = <S = Vg, Vi,..., Vx = V> — HallKOpOTIINH 1UIsX 3 S 'y V. Mox-
Ha BB&XATH, IO [IEH NUISX HE MICTUTh NUKIIB (BOHU TUTBKU 301IbIIY-
I0Th CyMapHy Bary nuusixy), otox K < |V| — 1.

JloBeneMo 3a IHAYKINIEO, O Tichs i-01 iTepanii nuKy Ous Oyne
BUKOHaHa piBHicTh d[V;] =3(S,V;). st i =0 1e 04eBUIHO, OCKITbKU
d[s] = 6(s, s) = 0 ipu BXO/I Y IHMKIT.

Hexait micns (i — 1)-o1 iteparii 6yno d[v._1] = (S, V,—1). ITix yac
i-oi iTepamii BimOymeThcs perakcartisi pedpa (Vig, V;), Ticas doro 3a
teopemorio 1.5 ycranoButhes piBaicts d[V;] = 3(S, V).

OCKiJIbKH BCHOTO BUKOHY€TBCsl |V|—1 itepalis, TO 3a Teope-
Mmoo 3.1 piBricTs d[V] = (S, V) OyIe BUKOHYBATHCS IS YCiX BEPIIUH V,
JOCSKHUX 3 S. <

Teopema 3.3. [llpasunvhicmo ancopummy benimana-@opoa. Hexaii
G = (V, E) — opienroBanuii rpad 3 BaroBow ¢yHkiiero W:E >R,
S €V —nouarkosa BepiuHa. Skio y rpadi G Hemae NMKIIIB Bix’ €MHOT
JIOBXKWHH, TOCSKHUX 3 S, TO nipouenypa BELLMAN-FORD nmoBepTae 3Ha-
yerHs TRUE. SIkmo x y rpadi G € nukiau Bijg’ eMHOI Bard, JTOCSKHI 3 S,
TO npouenypa BELLMAN-FORD noBeprae 3HaueHHs1 FALSE.

» Sxmo y rpagi G HeMae MUKIIB BiJ’€MHOI Bar, JOCSHHX 3 S, TO 3a
nemoro 3.4 micist BUKOHaHHS mpouenypu BELLMAN-FORD piBHICTB
d[v] = 8(s, V) BUKOHYBaTHMETHCS IS YCiX BEPIIMH V, TOCSHKHHX 3 S.
3rigno 3 popmymoro (3.1) mist gosiaepHOI xyrH (U, V): d[v] < d[u] +w(u, v).

A 1e o3Hayae, mo B mpoueaypi BELLMAN-FORD »oaHa ymoBa
d[v] > d[u] + w(u, V) He BUKOHYBaTUMEThCS, i aJITOPUTM TOBEP-
He 3HaueHHs TRUE.
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Hexait Tenep y rpadi € 1mMuKI Bix eMHOI Baru <Vg, Vi,..., Vk = Vo> ,
JIOCSKHUN 3 BepiiuHu S.  JloBeneMo, 1110 anroputM nosepHe FALSE.
Crpasi, SKIo

d[vi] < d[Via] + W(vig, Vi), i =1k

TO, Aoaatoum 1 K HepiBHOCTEH 1 CKOpOUyrOUH Zd[vi] B 000X 4acTH-

k
Hax, ogepxumo 0 < Z:W(Vi_l,vi ), IO CYNEepPEeunTh BUOOPY IUKITY.
i=1
Buxomuts, mo ms geskoro i maemo d[vi] > d[vig] + W(vi_g, Vi) i
ITOPUTM MOBepHe 3HaueHHs FALSE. <

Mpuxnaxg 3.3. BusHauutu Havkopomuti

NUISIXYA BiJ{ BEPITMHY Z A0 IHITUX BEPITHH 6 W°

opienroBanoro rpada (puc. 3.6). ° 7

» Jlyru B ajropuTMi MOXKHA IIiJiJ[aBaTh ‘
)

penakcaiii y IOBiIbBHOMY mopsaky. s
3PYYHOCTI Y JAaHOMY HPHUKJIAAI MPHU KOXK-
Hil iTeparlii MUKy TyTH TiTal0ThCS pe-
nakcaii B JsekcukorpadiuHomy mopsin- Puc. 3.6. Opientosanuii rpad
Ky: (U, V), (U, x), (U, ), (v, u), (x, V), (x, »), 3 BiJI’€eMHUMU Baramu
(v, V), (z, u), (2 %).

ITocnigoBHI CTaHM MEPEXi MICHsA KOXKHOI iTepallii mukiy 300pa-
xeHo Ha puc. 3.7 — 3.10. Jlyru HallKOpOTIIOro IIISIXY — MOTOBIIEHI.

Puc. 3.7. [epiua irepariis Puc. 3.8. [Ipyra iteparis



40 JociimkeHHs oneparii

Puc. 3.9. Tpers itepanis Puc. 3.10. Yersepra iTepamis
VY 1poMy NpHUKJIaAl ANTOPUTM MOBepHe 3HaueHHs TRUE. <

3.5. OnTuMabHi IUISIXH B anMKJIiYHOMY oprpadi

PosrnsiHeMo 3amavy MOIIYKYy HAWKOPOTHIMX NUIAXIB Bif JESKOI
MOYaTKOBOI BEPUIMHU S [0 1HIIMX BEPIIMH B allUKIi4HOMY oprpadi. 3a
Teopemoro 1.2 ams Takoro oprpada MOXJIMBa HyMmepallisi BEpIIUH, 3a
SIKOT 17151 KOXKHOT yTH (i, j) CIIpaBe/IIMBa HEPIBHICTH 1 < | .

[Micnsa Takoi HymMmepauii yci ayru oprpada OpsMyiOTb B OJTHOMY
HampsMi. B anroputMi momnryky HallKOpOTIINX MUISXIB B allUKIIYHOMY
Opi€EHTOBAaHOMY Tpadi BEPIIMHH TEPETISAAI0Th Y 3aJaHOMY IOPSIKY
BiJl MOYaTKOBOI BepIIMHH. J{JIs1 KOKHOT BEpIIMHM MiAJAI0Th peaKcarii
yci oyrH, sIKi BUXOASTH 3 Hel. 3anuileMo aaropuT™ Ha MCEeBIOKO/I:

Dag_Shortest Paths(G, w, s, n,d);
BigcopryeaTrn_sepumun(V[G]);

Init_Source(G, s, n, d);

Onst (ycix BepumH i BiAMNOBiAHO 1O yHOPAIKYBAHHS)

Ins (ycix sepumu J € Adj[i]) RELAX(i, j, w,n, d);

Hosenemo, mo anroputm Dag_Shortest_Paths npaBuibHui.
Teopema 3.4. Hexait G = (V, E) — opienToBanuii rpad 0e3 HUKIIB 3 Ba-
roBoro ¢pyukiiero W: E — R, Se€V - noyarkosa Bepiuna. Toxi mics
3aBeplIeHHs pobotu mnponeaypu Dag_Shortest Paths mns ycix
VeV BukonyBatumyThes piBHOcTi d[V] = &(S, V), a minrpad momepen-
HukiB G, Oyzae AepeBoM HAHKOPOTIINX LIJISIXiB.

» Slkmio BepriimHa V HemocspkHa 3 S, To d[V] = 8(S, V) = co. Hexaii Bep-
muHa V JOCSDKHA 3 S 1 p = <S = Vg, Vi,..., Vk = V> — HAWKOPOTIIMHA TUIAX
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35 710 V. OCKIiJIbKHM BEpIIMHHU YIOPSAKOBaHi, TO MEPEAyCiM OIMpaIboBy-
10Th ayTy (Vo, V1), oTiM 1yry (Vq, Vo) 1 T.10. THmykitis mo  (aHamorivHo
nosezeHHto nemu 1.5) noBoauts, mo d[v;] = (S, v;) ans yeix i. <
HNpuxnag 3.4. 3HaiiT HAWKOPOTII HUISXH BiJ] BEPIIMHU 2 0 1HIIAX
BepiuH oprpada Ha puc. 3.11. Bepunau mepexi nepeHyMepoBaHi Tak,
1o Juist Oyab-saxoi gyru (i, J) cipaBeaauBa HEPIBHICTD | <

O S O O

Puc. 3.11. Atmkniyanii yropsiAKOBaHUH oprpad
» CraHn oprpada micns iHimianizarii 300pakeHo Ha puc. 3.12.

RO

Puc. 3.12. Cran oprpada micins iHiiasmizanii

Cran oprpada micns nepiroi itepauii (i = 1) He 3miHIO€TBCS (puc. 3.12).
[TocminoBHI cTaHM MEpeKi MICIsT HACTYMHUX iTepalliii UKITy 110 § 300pa-
sxeHo Ha puc. 3.13 — 3.16. Jlyru HalKOpOTIIOTO MUIAXY — MOTOBIIEHI.

6

<4
7
0

Puc. 3.14. Cran oprpada micist tpetboi itepartii (i = 3)
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Puc. 3.16. Cran oprpada micns ’stroi itepartii (i = 5)

Cran Mepesxi micins mocCtoi iTeparii (i = 6) He 3MiHIOETHCS (pHc. 3.16).<
Jns BiANIykaHHA B alUKIIYHOMY oprpadi Hatldosuiozo wiisxy

MOHa CKOPHCTAaTUCS CIIOCO0OM Oepenaxcayii nyr (muB. npukian 3.2).

VY upomy BUNaKy Tpeba MomudikyBaT npoueaypy Init_Source Tak,

06 d[s] = 0 i d[v] = —oo u1s1 peruTy BepIIKH V.

Hpuxnag 3.5. 3HaiiT HAWAOBIN NUISXH Bil BEPUIMHM 2 0 I1HIIHAX

BEpIIMH Mepexki Ha puc. 3.11.

» Cran Mepexi micis iHimianizanii 3006paxeno Ha puc. 3.17.

Puc. 3.17. Cran Mepexi micins iHiiasmizanii

Cran Mepesxi micis nepmoi itepaii (i = 1) ne 3miHroeTbes (puc. 3.17).
ITocmimoBHI cTaHW MEPEXKi IMicIs HACTYITHHUX iTEpaIii UKITY 110  300pa-
skeHo Ha puc. 3.18 — 3.20. yru HalOBIIOTO IUIAXY — IOTOBIIIEHI.
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Puc. 3.20. Ctan mepexi micist yetBepToi itepanii (i = 4)

CraH Mepexi ani He 3MIHIOEThCA. [lepeBo Hatidoguux wiisixie BijJ Bep-
IIVMHA 2 10 PENITH BEPIIUH, NOCSHKHUX 3 Hel, 300paxkeHo Ha puc. 3.20.
<

3.6. Anroputm @oiiga-yopmoiia

Aneopumm Duoiioa-Yopuiorna nae 3M0ry 3HaAUTH JOBKWUHU Haii-
KOpOTIINX NIIAXIB MK yciMa mapamu N BepmwH oprpada. Jomycka-
IOThCS JIyTH 3 BiJl’€MHUMH JOBKHHAMHM, IPOTE 0€3 IHMKIIIB 3 CyMapHOIO
BiJI’€MHOIO IOBXKHUHOIO.

JoBxxuHu nyr oprpada 3 N BepiimHaMu 300paxaroTh KBaAPaTHOO
matpuuero D nopsiaky N, y skiii enement dij € posxunowo ayru (i, j).
Sxmo nyru (i, j) He icHy€, TO djj = 0. OueBuaHO, 1O ;i = 0.

Boanouac 3 matpunero D dopmyeTbes 1 matpuis S mopsiaky N, y
AKil S = J, S = 0. MaTpui S — 11e cBo€epiiHa MaTPHIL MOIEPEAHHKIB.
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Buknanemo 6a3oBy ineto anropurmy Pmnoiiga-Yopmomnna. Hexaii
Ma€eMO TPH BEpIIHHH i, j Ta K, Bincrani Mix skumu Ojj, dix Ta dyj, Bimmo-
BiZIHO. SIKIIIO BUKOHYETHCS HEPIBHICTh

dix + dkj < dij, (| =1n; J =1n; k :1,n), TO
e nuiax ayroro (i, J) 3aMiHSIOTh HA NUISAX JBOMA MOCTIJOBHUMHU JyTa-

i (i, k), (K, J);

e 5; =k - osnaka masrocTi muisxy (i, k), (K, j).

3anumemo anroput™ Doiina-Yopiroiia Ha TICEBAOKO/II:

FLOYD_WARSHALL(D, S)

N = kinexicre_pankis(D);
OInsa (k = 1; k <= n; kt+)
Onsg (i = 1; 1 <= n; i++)

Ing (J = 1; J <= n; J++)
SAKo (dik + dkj < dij)
{ dij 1= dix + dij; sij 1= K5 }.

Mpukaan 3.6. 3HaiiT HalikopoTIIi
LOUISIXW MK yciMa MapaMy BEpLIMH
oprpada (puc. 3.21).

» Yci obumcieHHs odopmMuMO SIK
Tabmumi (enementn Matpuii D, ski
33JI0BOJIBHSFOTh HEPIBHICTh, 3aTOHO-

BaHO).
Puc. 3.21. Oprpad npuxnany 1.15
D S

k=1
0 3 10 ) o0 0 2 3 4 5
3 0 0 5 0 1 0 3 4 5
10 ®© 0 6 15 1 2 0 4 5
) 5 6 0 4 1 2 3 0 5
) ) 0 4 0 1 2 3 4 0
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0 2 3 4 5
1 0 1 4 5
1 1 0 4 5
1 2 3 0 5
1 2 3 4 0
0 2 3 2 5
1 0 1 4 5
1 1 0 4 5
2 2 3 0 5
1 2 3 4 0
0 2 3 2 3
1 0 1 4 3
1 1 0 4 5
2 2 3 0 5
1 2 3 4 0
0 2 3 2 4
1 0 4 4 4
1 4 0 4 4
2 2 3 0 5
4 4 4 4 0

<

HaiikopoTmii mmsixu MiXK JOBUTFHOIO TApoO0 BepmIuH oprpada
BH3HAYAIOTh 3a JIOMIOMOTror MaTpulls D i S, siki oTpumMyroTh micis pea-
mizanii N kpokiB anroputmy Pnoiina-Yoponna. JloBeneHHs npaBuiib-
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HOCTI I[bOTO aJITOPUTMY MOKHa 3HaiTH y [8]. HalikopoTmmii nuisx Bin
BEPIIMHH | 10 BEPIINHM | BU3HAYAIOTH 33 PaBHIIOM:

e Bincrans dj orpuMytoTs 3 MaTpumi D.

e [IpoMikHI BEepIIMHM LUISIXY BiJ BEPIIUHHM | 10 BEPUIMHH j BU3HAYA-
10Tk 3a Matpuuero S. Hexait sjj =k, Toai orpumyemo mux (i, k),
(k, J). Skmo nami Sy =K i Syj = j, To Bech muIAX 3HANEHO (BH3HA-

4eHi yci HPOMDKHI BepuIMHM). [HaKiie MOBTOPIOEMO MPOLERYPY
BU3HAYCHHS MPOMDKHUX BEPIIMH ISl IUISAXIiB BiJ BEPIIUHU | J0
BepinHu K i/a00 Bijg Bepiunau K 10 BEpUIMHH j.

Busnaunmo, nanpuxnad, HARKOPOTIIMHK IUIAX BiA BepmuHU 1 110
BepmnHH 5 (05 = 12). Ockinbku $15 =4, TO orpumyemo musix (1, 4),
(4,5). Hanmi maeMo S14 =2 1 Sys =4, orox ayry (1,4) 3aminroemo
musixoM (1, 2), (2, 4). Ockinmbku Sjp =2, TO BeCh IUIAX 3HANICHO:
(1, 2), (2, 4), 4,5).

? 3anuTaHHs 1S caMonepeBipku

CdhopmyitroiiTe 03HAUCHHS JOBXKHHHA HAMKOPOTIIIOTO MUIAXY.

II{o Take UK Bix €éMHOT Baru?

[epenidiTe BapiaHTH 3a7a4 PO HAMKOPOTII IIISAXH.

1o Take nonepeaHNUK BepIIMHNA? 3 SIKOIO METOIO HOr0 BUKOPHCTOBYIOTH?

a s wnhE

CdopmyitioiiTe PUHIKMIT ONTUMAIBHOCTI JUIS 3a/1a4i TIOIIYKY HAHKOpOT-

LIMX HUISIXIB Y HAaBaHTQKEHOMY oprpadi.

6. TIlepekoHaiiTecs, 10 MOBEACHHS JIeMH 3.2 CHPABEIJIUBE 1 IS BHIAIKIB,
KOJIA TOBXHHU IIUISIXiB JOPIBHIOIOTH 00 YH —0,

7. 1o Take ninrpacdu nonepeanuxis G,?

8. Hexaii G = (V, E) — opientoBanuii rpad 3 Baroot dyukiiero W:E >R,
S eV —nouarkoBa BepimHa. [IpUIyCTHMO, IO INC/IA BMKOHAHHS IIPO-
neaypu INit_Source, 3a sKOK0 peali3yeThes MOBUIbHA MOCIIIOBHICTH
pemakcartii myr, Bussuinocs, 1o T[v] # 0. JloBectH, 1m0 y IbOMY BHITAAKY
G MiCTUTH IIMKII BiJl'€MHOI Bary.

9. Hexaii G = (V, E) — opienroBanuii rpad 3 Barosoro ¢pyukuiero W: E —> R,

S €V - nouarkosa BepiuuHa. Bigomo, 1o G He MIiCTUTh LMKIIIB Bix €MHOI

Bard, JOCSDKHUX 3 S. JloBecTH, IMIO Mmiciisi BUKOHAHHS mpoueaypu INit -
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10.

11.

12.
13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Source, 3a Ko peai3yeThes TOBIJIbHA MOCIIIOBHICTh peNakcarii ayr,
Oyab-sxa Bepumna V€V € nocsoknoro 3 S y miarpadi nonepennukis G,
Hexaii G = (V, E) — opienroBanmii rpad 3 Barosoro ¢pynkmicro W:E >R,
S €V —nouarkoBa BepinHa. Bigomo, mo G He MiCTUTh UMKIIIB Bix’ €MHOI
Baru. JloBecTty, 110 miciisi BUKOHAaHHs npoueaypu INit_Source moxHa
TaKk peai3yBatu |V| —1 penakcaniro ayr, mo6 y pe3ynbTaTi PiBHICTH
d[v] = &(s, v) Bukonysanacs s ycix VeV .

Hexaii G = (V, E) — opienroBanuii rpad 3 Barosoro ¢pynkuicro W:E >R,
S €V —nouarkoBa BepumrHa. Bigomo, mo G MiCTUTL UMKII Bia’€MHOI Ba-
TH, TOCSOKHUM 3 S. JloBecTH, M0 icHye HeCKiHYeHHA MOCIiIOBHICTh pelak-
cartii ayT, mcist KOXKHOT 3 skux GyHkiis d[v] sminroeTsest.

Ha sxkiii inei 6asyerbes anroputm elikcTpu?

Cdopmymroiite anroputm [eikctpu. J[iist skux HaBaHTaXeHUX oprpadis
MOXXHa 3aCTOCOBYBATH aIroput™ JleikcTpu?

JoseniTh, 1110 anroputM JleikcTpu npaioe npaBUiIbHO JUIsi HABAHTaXEHO-
ro oprpada, B SIKOMY JIyTH, sIKi BUXOJSTh 3 MIOYaTKOBOI BEPIIMHH, OYyayTh
€IMHUMU TyTaMH 3 BiJl’€MHUMH Baramu.

Ha sxiit imei 6asyerbcs anroput™m bemnmana-®oppa? Chopmymoiire
anroput™ bemuimana-®opaa.

Jns sSKMX HaBaHT@XeHUX oprpadiB MOXXKHAa 3aCTOCOBYBAaTH AJTOPHTM
bennmana-dopaa?

Momudikyiite anroputM bemnmvana-®opaa Tak, mo0 i BepIIUHH V, Y
sKoi 8(S, V) = —oo, micisi BUKOHAHHS alrOPUTMy OYyJI0 BCTAHOBJICHO Ipa-
BuIIbHE 3HaueHHs d[v] = 8(s, V) = —oo.

CoopmyitioiiTe anroput™ MOIIYKY HAWKOPOTIIMX HUISXIB BiJ JESKOl mo-
YaTKOBOT BEPIIWHU S JIO HIIMX BEPIIUH Y HABAHTAKECHOMY AlMKIIYHOMY
oprpadi.

Po3pobite anroput™, sSKuii 00TIKOBYBaTHME 3arajibHy KiJIBKICTh NUISXIB B
alMKJIIYHOMY Opi€eHTOBaHOMY oprpadi.

Ha skiii imei 6a3yerbcsi anroputm Dmnoina-Yopmosna? Chopmyioiire
anroput™ Qioiina-Yopiuonia.

JUis SKMX HaBaHTaXEHHWX oprpadiB MOXXKHAa 3aCTOCOBYBATH alTOPUTM
®noiina-Yopmromia?

SIk MOXHa BUKOPHCTAaTH pe3ysbTaTd poboTtu anropurmy Dmoiina-Yop-
IoJIa, Moo Ti3HATHCS, 9 € Y Tpadi MUK Bil’eMHOI Baru?
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3aBaaHHs JJ1s1 CAMOCTIiiiHOI podoTH

3aBpanns 3.1. Ha puc.3.22 3006pakeHO TPaHCIIOPTHY MEPEXKY, siKa 3’€IHY€ CiM
MICT, 1 BiZicTaHi Mi>@ HUMH.

Puc. 3.22. TpancnoptHa Mepexa

Binmrykaiite HaifkopoTii BifcTaHi Mix mictamu: a) 417;6) 117;6) 116.
3aBpanns 3.2. Bigmyxkaiite HaiikopoTmii BijgcraHi Bij Micta 1 10 Beix iHIIUX
mict st oprpacda Ha puc. 3.22.

3aBnannsa 3.3. Bigmykaiite HaiijoBury BijcTaHb MK Mictamu 1 1 7 s
oprpada Ha puc. 3.22.

3aBnannsa 3.4. B oprpadi na puc. 3.22 Bunyuite nyru (3, 2), (4,3), (6,4) i
(6,5), 06 yTBOPUTH ANMKIIYHHNA oprpad). BUKOPHCTOBYIOUH alropuT™ ITo-
IIYKY HAKOPOTIIMX NUISAXIB Y HABAaHTAXXCHOMY allMKIigHOMY oprpadi, Biamry-
KalTe HAWKOPOTITY BifCTaHh MiXK MicTamu 11 7.

3aBpanns 3.5. 3acrocyiite anropurm ®dnoiiaa-Yopiroaia 10 HABAHTAXKEHOTO
oprpada Ha puc. 3.23. BiguykaiiTe HAWKOPOTIII BIJICTaHI MiXk MiCTaMH:

a)4i1;6)1i5;6)119,2)2i5.
18 19

Puc. 3.23. HaBanraxxenuii oprpad amis 3apnanss 3.5
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4. IMHAMIYHE TIPOT'PAMYBAHHS B OPT'PA®I

Ilian BukJagy Martepiasy:
1. 3aranpHi IOJOXCHHS.
2. 3apaua 3aMiHM yCTaTKyBaHHS.
3. 3ajmaua onTUMAaNbHOTO PO3MOJALTY KOIITIB.
4. 3amayda ONTHMAIBHOTO PO3MOZITY 0OMEXEHOTO Pecypcy.

s~ KurrouoBi Tepminu po3ainy

Y Cmanu cucmemu Y Muooicuna noxanbHux Kkepyeams
Y Onmumanvhe Kepy8anHs Y [punyun onmumanvhocmi benimana
Y Iloemanna onmumizayis Y Aooumuena yinboea (yHKYis

4.1. 3araapHi MOJI0KEeHHA

PosrnssHeMo nuHaMivHy CUCTEMY, IO 3 4YaCOM 3MIiHIOE CBOI CTaHU
So, S1; -y Sn, TOOTO B CHUCTEMI BiIOyBa€ThCs NEsKUI TpoIiec, IO MOYHHA-
€Tbes 31 cramy Sp. Xoua 6 OfMH 3i CTaHiB Sy, ..., Sy € Kinyesum (103-
HAYUMO HOTO S;) — MpH MEPeXOo/Ii CUCTEMH y TaKWil CTaH MpoIiec, 1o B

Hill BigOyBaeThes, 3aBepiryeThes. SIKimo koxkeH crad Sj (=1, n) omwu-
CYETBCSI HAOOPOM 3HAUYEHB I TapaMeTPiB p1, P2, ..., Pr, TO CACTEMY Ha3u-

BalOTh -napamempuunoio. [1ouaTkOBUI CTaH Sy € OCOOJIMBUM CTaHOM,
OTOK HOTO OMKC, 3a3BHYal, BIAPI3HAETHCS Bl PELITH CTaHIB.

nb-axui ctad Si (] =1, 3B SI3aHUN 3 MHOIICUHOI JIOKAAbHUX
b S 1,n)3p’
Kepysanb (p(s j ), KOKHE 3 SIKHX 3/]aTHE I1E€PEeBOJUTH CUCTEMY 31 CTaHy S;

y NeSKH{ HIIMHA CTaH Sy, MPHYOMY 00OB’s3KOBO K > | (po3rismaroTbest
cucTeMu 0e3 3BOpoTHHX 3B’s3KiB). KepyBaHHS 3 (p(s j ), 11O EPeBOAUTS

CHCTeMy 31 CTaHy Sj y CTaH Sk, To3HaunMO Uj. KoxkHOMY KepyBaHHIO Uj
Bi/JITIOBINalOTH IPUOYTKU/BUTPATH dj, 3B’ sI3aHi 3 HOTO pealri3aliero.

3ajaya MOIIYKY ONTHMANBHOTO KEPyBaHHS 3a3HAUYEHOI CHCTEMHU
MOJISITa€ B TOMY, 1100 3HANTH TaKy HOCIHiZOBHICTb JIOKAJbHUX KEPyBaHb
3 MOYAaTKOBOTO CTaHy Sp IO OJHOTO 3 KIiHIIEBUX CTaHIB S, 3a SIKOI Cy-
MapHa BeJIM4YMHA NpUOYyTKiB/BUTpaT Oyina 0 MakCMMallbHOIO/MiHIMasb-
HOIO (TaKy IOCIIZOBHICTD JIOKaJbHUX KEPYBaHb HA3UBAIOTh ONMUMAlb-
HUM Kepy8aHHsM 31 CTaHy So).

CdopmymnroeMo 3aaady MONIYKY ONTUMAJbHOIO KEPyBaHHS AWHA-
MiuHOIO cucTeMoro B TepMinax rpadis. Hexait G = (V, E) — opieHroBa-
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Huit oprpad 3 mHoxwuuoto BepuuH V = {Sy, Si, ..., Sp}, B SKOMY mapa
{sj, sc} € ayroto, sKIIO B (p(s j) icuye kepyBaHHs Uy (K> J). Bara nyru

(Sj, s) mopiBHIOE &y (3a3Bnuaid, a;>0). OueBnaHO, mo G — auMKIYHUH
oprpad.

3aaua MOUIYKY ONMUMATbHO20 Kepy8aHHs SKBIBAJICHTHA 3a/adi
HOIIYKY B anuKiIiYHOMY oprpadi G nuisixy MakcuMaibHOi/MiHIMAIBHOT
JIOBKMHH, IO 3’ €IHY€ BEPIINHY So 3 OMHIEIO i3 KIHIICBUX BEPIIUH St.
et muIAX HA3BEMO ONMUMANLHUM WIAXOM 3 BEPIIHHH So.

[Iponiexypa po3B’sa3yBaHHS 33/a4i ONTHMAJIBLHOTO KEPYBaHHS Me-
TOJOM JHHAaMIYHOTO IMpOrpaMyBaHHs 0a3yeTbCs HA NPUHIMII OINTH-
MaibHOCTI bennmana:

PO3IIIAIAI0YH CTaH Sj, HEOOXITHO 00paTH Take JIOKAIbHE KepYyBaHHS
Uk € (p(s j ), II0 Y CYKYIHOCTI 3 ONTUMAaJIbHUM KEPYBaHHSIM 31 CTaHy

Sk YTBOPUTb ONMUMANbHe Kepy6aHHs 31 CTaHy S;.

[HIIIMIMHU clTOBaMH:

SKUM OM He OyB CTaH IWHAMIYHOI CHCTEMH B pe3yJbTaTi peamizarlii
OyIb-sKOTO YHCca KPOKiB, KepyBaHHSI Ha HAWOIMHKIOMY KpOIIi He-
00XiJHO OOMpaTH TakuM, 100 BOHO pa3oM 3 ONTUMAILHUM Kepy-
BaHHSIM Ha BCiX HACTYNHHUX KPOKax MPHBEJIO IO MAaKCUMAJIbHO MOX-
JMBOTO BUIpAIlly Ha BCIX KPOKax, IO 3AJIMIIWINCS, BKIIOYAIOYM 1
TAHUM.

Bynp-siKy 06araTokpokoBy 3ajjady YXBaJICHHs PillICHHS MOXKHa iH-
TEPIPETYBATH SIK POLIEC 3MIHU CMAHY OUHAMIYHOI cucmemu 3 TUCKPET-
HUM 9acoM. [TOHSTTS cmany BiAIrpae BaXIIUBY POJIb Y AUCKPETHOMY M-
HaMIYHOMY TIPOTpaMyBaHHI i MOXe MaTH Pi3HOMaHITHY iHTepIpeTallio.

CyTh METOJy IUHAMIYHOTO MPOTpamyBaHHS MO0 OaraTokpo-
KOBHX 33J1a4 YXBAJICHHS DIMICHb 3 aOUMUBHOIO YINbOBOKW (DYHKYIEIO
NOJISITae B noemantitl onmumizayii (ONTHMATbHE PILICHHS YXBATIOETHCS
Ha KOXXHOMY KpoIfi). IIpHiHATTS pillleHHs Ha KOXXHOMY KPOIIi, 38 BUHSAT-
KOM OCTaHHBOTO, 3HIMCHIOETHCS 3 ypaxyBaHHSIM YCIX HOTO MOMKIIMBUX
HACIIJKIB y MaitOyTHhOMY (Ha MaifOyTHIX KpOKax).

[TpuiAHATTS pilleHHS Ha OCMAHHLOMY KpOLi Mae OCOONHMBE 3Ha-
YeHHsl, ajpke BHOIp pINIEHHS MOXKHA 3IIHCHIOBATH ‘HE3BaXKAIOUM Ha
MaiOyTHe”. OTOX y METOIi AWHAMIYHOTO IPOTPaMyBaHHS CIIOYATKy
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IUIaHYIOTh OCTaHHIH KPOK, BUXOASYH 3 MakCHMAJIbHO MOXJIHMBOI edek-
TUBHOCTI PillICHHS.

Po3risiHeMo 3acTOCYBaHHS METOy JHHAMIYHOTO ITPOTrpaMyBaHHS
B oprpadi aist po3B’sI3yBaHHA KIACHYHUX 3a7a4 3aMIiHU YCMAMKYEAHHA,
po3nodiny Kowimié MiX HiAIPUEMCTBAMH, PO3no0iny obMedceno2o pe-
cypcy (3aBaHTaXXeHHS TPAHCIIOPTHOTO 3aco0y 4M 3a]a4ya Ipo PIOK3aK).

4.2. 3agaya 3aMiHM YCTATKYBaHHA

3a0aua 3aminu ycmamkysanus MOJIATAE Y BU3HAYEHHI ONTHMAaJlb-
HUX TEPMIHIB 3aMiHM CTapOro yCTaTKyBaHHS HOBHM. YHACIiJIOK CTa-
PiHHA yCTaTKyBaHHSI 3pOCTalOTh BUPOOHHMYI BUTpaTH, BUTpPATH Ha pe-
MOHT 1 00CITyTrOBYBaHHS, 3HWKYIOTHCS MPOIYKTHUBHICTD 1 JIKBiIHA Bap-
TicTh. KpuTepiem onTrManbHOCTI CIYTYIOTh CyMapHi BUTpaTH Ha o0CITy-
TOBYBaHHSl YCTaTKyBaHHS TMPOTATOM IUIAHOBOTO Tepiony. Posrmsaemo
IO 33/1a4y B CIIPOILIEHIH nocTanosi. JlaHo:
e [epBicHA BapTiCTh yCTaTKyBaHHs COS;
e JIiKBiJHA BapTicTh ycTaTtkyBaHHs likv(]), Bik sikoro j pokis;

e 3arparu zatr(j) Ha oOCIyroByBaHHSI HNPOTSATOM POKY YCTAaTKyBaHHS,
110 JI0 TOYaTKy PIYHOT0 Mepiojy BXKE SKCILTyaTyBaJIOCs | POKIB.
Hampukinmi excrutyaraliiiiHOro rmepioly HassBHE yCTaTKyBaHHS HEOOXiI-
HO IIpojaTH. BU3HAaUNTH ONTHMAalIbHY CTpAaTErito 3aMiHM YCTaTKyBaHHS
3a mepios N poKiB, sIKa MIHIMI3Y€ CyMapHi BUTpAaTy Ha OOCIyTOBYBaHHS

yCTaTKyBaHHSI.

» IlorouHuii cTaH 1i€l cHCTEMH BU3HAYAETHCS [BOMA MapameTpamu K ta
J, te K — KibKicTh POKIB, SIKi MUHYJIM BiJl IOYATKY TEPIIOTO MPHUI0aHHS
yCTaTKyBaHHS, j— BIK YCTAaTKyBaHHs, IO €KCIUIyaTYe€ThCS Ha JaHHUN
MoMeHT. CTaH CHCTEMU 3py4YHO IO3HA4YaTH Yepes3 Syj. MHodcuna noxkans-
HUX Kepyeans OyIIb-SIKOTO CTaHy CKIIQJIA€ThCS 3 KEPyBaHb:

e “3amina” — poJaX CTaporo yCTaTKyBaHHS 1 KYITiBIII HOBOTO;,

o “shepesicenns” — MPOJOBKEHHS €KCIUIyaTallil yCTaTKyBaHHS MPOTS-
TOM HaCTYITHOT'O POKY.
Orxe, “3amina” NepeBOIUTH CUCTEMY 31 CTaHY Syj.y CTaH Si+11, @
“30epeoicenns” — 31 CTaHy Sij y CTAH Sisq, j+1.
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ButpaTt Ha 00CIyroByBaHHS YCTaTKyBaHHS Miciisl BHOOPY Kepy-
BaHHS y CTaHi Sij BU3HAYAIOTCA TAKOIO (HOPMYIIOLO:

. 4.2)
zatr(j), skio "36epexeHus’.

{cost + zatr(0) —likv( j), skmro "3amina";
Kj =

Homamo ¢ixkTuBHUE cTaH S;, Y SKWH MEPEeXOIUTh CUCTeMa Iicis
3aKiHYCHHS eKCIUTyaTaliifHOTO Mepiofy B pe3yNbTaTi MpoJaKy HasBHO-
ro ycrarkyBaHHs (Ilepexin y cTaH S; MOXe BiZOyTHCS 3i CTaHIB Spi, Sna,
..., Snn). Po3ristHeMO 3amady 3a Takux ganux: N = 4, cost = 2000,

j 0 1 2 3 4
likv(j) - 900 750 500 200
zatr(j) 100 800 1200 1600 -

Oprpad 3amadi 3aMiHU yCTaTKyBaHHS 300pakeHo Ha puc. 4.1. Y
BepHmIMHAX oprpada BKaszaHi mopyd inaekcu K Ta j crany Sy (t— iHmexc
KiHIIeBOTO cTany). Oprpad € anuKIiaHIM.

Puc. 4.1. Oprpad 3anaui 3aMiHN ycTaTKyBaHHS
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Hyru, mo 3’€IHYIOTb CTaHU Sj Ta Sk+1, j+1, BLATIOBIAIOTh KEPYBaH-
HIO “30epeoicenns”. Jlyry, 1O 3’€AHYIOTh CTaHU Sij Ta Sk+11, BIANOBIJA-
I0Th KePYBaHHIO “3amina”. Barn Ayr BIANIOBIAHMX KepyBaHb OOYHCIIIO-
10Th 3rimHo 3 (4.1) 1 € BuUTpaTamu Ha OOCIYrOBYBaHHSI YCTaTKyBaHHS
micis BUOOpY KepyBaHHS y CTaHi Syj (Baru 3a3HaueHi MoOJIu3y ayT).

IMponax ycTaTkyBaHHS Ha OCTAHHBOMY polli ekcrutyararii (K = 4)
O3HAYa€ YHCTHA TPHOYTOK, OTOXK Yy 3adadi MiHIMI3aIlil BUTpAT IIei
pUOYTOK Tpeba 300pakaTH BiJl’ EMHHM YHCIIOM.

[Insax MiHIMATBHOI JOBXHHH, IO 3’ €HY€E BEPIIHHM Sop 1 St, BU3-
Ha4YaTUMeE ONTUMAIIbHY CTPATErii0 3aMiHM YCTaTKyBaHHS JIaHOT CUCTEMH.
Jis BU3HAUEHHS [BOTO MUISAXY BHKOPUCTAEMO MPUHYUN OUHAMIYHOZ0
npozpamysanns, sike Ha MOBI Teopil rpadiB 03HAYaTUME BUKOPUCTAHHS
QITOPUTMY BH3HAYCHHS HAWKOPOTIIOTO NUISXY B alUKIIYHOMY Oprpa-
¢bi mpu mepemitneHHi Bif eumoxy (S) 10 doxcepena (Seo). s peamizarii
TaKOT'0 BapiaHTa aJlTOPUTMY HEOOXiTHO IMOMIHATH HAIpPSM YCiX IyT Op-
rpada (yMOBHO).

Puc. 4.2. Po3B’a30K 3a/1aui 3aMiHHM yCTaTKyBaHHS

OTKe, ONTHUMAJIbHUHA IIISX MPOCTATAETHCSA YEpe3 BEPLIMHH S,
S11, S22, S31, S42 1 BU3HAUAE CTpATETIIO 3aMiHM O0JaJHAHHS HA YOTHUPH PO-
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Ku: “xyniens”, “sbepesicenns” (micias mepuioro poky), “samina” (micins
IPYTOTO POKY), “36epescenna” (Micas TPETHOTO POKY), “npodasc” (-
CIIsl Y€TBEPTOTO POKY, 3TiHO 3 BUMOramu). MiHiMallbHI BHTpaTH Ha
00CITyroByBaHHs YCTaTKyBaHHS MPOTSATOM YOTHPbOX POKIB CTAHOBHUTH-
myTb 4300 oguHUb rpomeit. <

4.3. 3agaya oNTUMAJBHOI0 PO3NOALTY KOIUTIB

I'pymi 3 M manmpueEMCTB BHUIUICHO TOMATKOBI KOINITH HA PEKOH-
CTPYKIIiIO 1 MOJIepHi3aIlito BUpoOHUIITBA. Bimoma MaTpurs 4, y sSKiid Ha
no3uuii (i, j) po3ramosaHa BemmunHa a;; > 0, siKa JOPIBHIOE HPHPOCTY
BUITYCKY TPOAYKIIi Ha i—my (i =1, M) mianpueMcTBi 32 yMOBH BHIiJICH-
HS HOMY JOJATKOBUX KOIITIiB y po3mipi j ( j =0, N) rpomroBux oauHUIIb.
HeoOximHO Tak pO3MOMIMUTA MK MIANMPUEMCTBAMHU 3arallbHy CyMy
KOMITIB ¥ N TPOIIOBUX OJWHHUIIG, 00 CyMapHHUHA MIPHUPICT BUITYCKY IPO-

IyKIii OyB MaKCUMaJIbHIM.
» IloTo4HMiI CTaH TaKOi CHCTEMHU BH3HAYA€ThCs JBOMA MapaMeTpamH |
Ta j, AKi 0O3HAYAIOTH, IO | MAMPUEMCTBAM YK€ HAJIAHO CyMY | TPOIIOBUX
onuHuLpb. CTaH CHCTEMH 3pYYHO IO3HAYaTH 4Yepes Sij. MuoxuHa @fS;
CKJIQJIAEThCS 3 JIOKAIBHUX KEpyBaHb “BUAUINTH K TPOIIOBUX OIMHHIIb
(i + 1)-my mignpuemctBy”, K = 0,1, ..., N—j. 3a TaKOro JIOKaJIBHOTO KEPY-
BaHHS CUCTEMa 31 CTaHy S;j IEPEXOAUTD Y CTAH Si+1, jok-
PosristHeMo 1110 3a/1a9y 3a TaKMX BUXIAHUX AaHUX:

0 10 18
A={2 12 35|, m=3,n=2
3 14 29

Oprpad 3amaui 300paxeno Ha puc. 4.3. V BepimnHax oprpada
BKAa3aHO MOpYY iHJeKcH | Ta j crany Sjj. Oprpad e anuximiuauM. [Ipudy-
TOK BiJi OTPUMAaHHUX KOIITIB 300pa)katoTh Ha BiAMoBigHUX ayrax. Lllmsx
MaKCHMaJIBbHOI JTOBXKHHH, IO 3’€JHY€E BEPUIMHU S¢ 1 Sgp, BU3HAUATHME
ONTUMAJIbHY CTPATETII0 PO3MOALTY KOIITIB MiXK MignpueMcTBaMu. J{oB-
XKUHY HAUO06U020 UlisXy 3 BIJIOBIIHOI BEPIIMHU JI0 BUTOKY 300pae-
HO HaJ BiIIOBITHOIO BEPIIHHO. J[yTH, SIKi TEMOHCTPYIOTh HAWTOBIITHI
[IISAX, 300pakKeHO MTOTOBIIEHO.
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Puc. 4.3. Oprpad 3aga4i po3no/isy KOIITiB

OTxe, ONTUMANbHUM NUIAX HPOCTATAETHCS 4Yepe3 BEPILIMHHU Soo,
S10, S22, S32 1 BU3HAYAE ONTUMAIIBHY CTpaTETito “HafgaTth yci komtH (2 rp.
0/1.) 2-My mianpueMcTBY”. MakCUMaJIbHUIA MPUPICT BUITYCKY MPOIYKIIT
y IbOMY BHIAJIKy CTAHOBUTHME 38 onUHMLE. <

4.4. 3amaya onTHMAJIBHOTO PO3MOALTY 00MEKEHOT0 pecypcy

ITinmpueMcTBO TSI BUPOOHUIITBA TTPOTYKTIB M HaMEHYBaHb BH-
KOPHUCTOBYE JEIKHI Pecypc, 3amacu sIKoro oOMeskeHi BeTnauHo0 N (Bi-
JOMe HaTypaibHe 4ucio). Jis BUPOOHUITBA OMUHHMIN MPOAYKTY i-TO
HafiMeHyBaHHS HEOOXiTHO BUTPATUTH (i OMUHHIL pecypcy (Bimome Ha-
TypaibHe 4Yucio, (i<n), a mpuOyTOK BiJ IIbOTO CTAHOBUTH Cj YMOBHHUX

TPOIIOBUX OAWHUIG. Bu3HaueHHS KiTbKOCTI BHpoOHMIITBA X; (i=1, m)

HPOJYKTIB i-r0 HaliMEHYBaHHs, sIKi 3a0€3Meuyl0Th MaKCHMAIbHUN Cy-
MapHUH J0XiJl, MPUBOIUTH JI0 TAKOT 3a1ayi:

m
> Cjxj — max;

=1 (4.2)

m -
Ygixp<n, xieNuU{}, i=1m.
i1
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» TlocraBieHa 3aja4a € CTATHYHOK 33/1a4er0 yXBaJeHHs pimieHb. On-
HakK, SKIIO 3 TICBHUX NMPUYHH BHPOOHHUIITBO PI3HUX MPOAYKTIB HEOOXiI-
HO 3[ifCHIOBATH TOCTIIOBHO (crmoyatky 1-# mpoaykT, moTiM 2-i i T.1.),
TO OTPUMY€EMO 0araTOKpOKOBY 3ajady yXBaJieHHs piuieHb (4.2), sKy i
PO3IIIAAATUMEMO Al

Hexaii yj — cymapra KijbKiCTh BUKOPUCTAHOTO PECYpCy NpPH BH-
pPOOHHUIITBI TPOAYKTIB 3 HaiiMeHnyBamusmu Bim i mo m, a fi(y) -
MAKCuManbHul npubymok, sSIKUid pu IIbOMY MOKHa OTpHMAaTH. 3TiIHO 3
IPHUHIUIIOM JAWHAMIYHOTO TPOTpaMyBaHHs OTpuUMyeMO (KBaapaTHi
JYKKH [...] MO3HAYAOTH I1iJTy YaCTUHY YaCTKH):

fii)=  max _{cix+fia(via)} i=1m, ne faa(me)=0. (4.3)

Xizo,l,.--r[%i}

3agaua po3noainy 0OMEXEHOro pecypcy eKBiBaJICHTHA KJIACHYHIN
3aj1a4i mpo prok3ak (abo 3a1a4i Mpo 3aBaHTAKEHH):

e TypucTy Tpeba BU3HAYMTH HaiiHeoOXimHimi (HaimiHHinN pedyi), sKi
JIOBEZIETHCSI PO3MICTHTH Y HATUTIYHUKY OOMEXEHOTO 00’ eMy;

®  3aBAHTAKYETHCS TPAHCIIOPTHHIA 3aci0 (aBTOMOGIIB, CY/HO, JIITAK TO-
110), IO Ma€ OOMEKEHHS Ha 00’ €M UM BAHTAKOIII JHOMHICTS.

Hexait aBTOMOOUIb BaHTAKOIMITHOMHICTIO N 3aBaHTaXy€ETHCS
npeaMeTaMu M HaifiMenyBanb. Jiis i-ro HatiMenyBauss (i =1m ) Bigomi
BEITMYHMHM: ¢; — IPUOYTOK BiJl 3aBaHTaKCHHS OJHOTO TIpenMeTa i (; — Ba-
ra omgHoro mpeamera. 3Haiith Kimbkocti x; (i =1m ) 3aBaHTaKEHHS
MIPEeIMETIB i-T0 HaliMeHyBaHHS, sKi 3a0e31eYaTh MaKCUMaJIbHUHA cyMap-
HUI 10X, BiamoBinHO 10 3po0JieHUX MPUITYIIEHbh OTPUMYEMO PiBHSH-
us (4.3).

» [loTo4Huii cTaH 3a3Ha4€HOT CUCTEMH BU3HAYAIOTh JIBA TApaMeTpH | Ta
j, SIKi 03HAYAIOTH, IO IIPeIMETH 3 | HaliMeHyBaHb (i =1,M ) yxke 3aBaH-
Ta)KEeHI 3 CyMapHOI Barorw j oauHuib. CTaH CUCTEMH MO3HAYaTUMEMO
uepes S;j. MHOXHHA @{S;j | CKIafaeThesl 3 JIOKAIbHUX KEPyBaHb “3aBaH-

TaXUTH Xis1 npeamertiB (i + 1)-ro HaliMeHyBaHHA”, X, :0,1,...,[%_ J.
1+
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3a Takoro JOKaJbHOIO KEPyBaHHS CHUCTEMaA 31 CTaHy S; MEPeXOIUTh y
CTAH Si1] jix ;G-

Po3riisiHeMO 1110 33134y 3a TaKuX BUXiAHUX gaHuX (N =4):

Mpenmer (i) 1 2 3

Bara oxroro npeamera (Q;) 2 3 1

[TpubyToK Bix 3aBaHTaXKECHHS 28 45 12
oJHOTO npeamera (c;)

Oprpad 3amadi 300pakeHo Ha puc. 4.4. Y BepmmHax oprpada
MO3HAYCHO TOpYY iHIeKcH | Ta j crany Sj. Oprpad e amuximiyaum (3a
BJIACTHBOCTSIMH  TUHAMIYHOT ~CcHCTeMH). MaKCUMalbHEe 3HAYCHHS
KUIBKOCTI 3aBaHTayKEHHS TEPIIOTO mpeamera faopisaioe [4/2] = 2 (TobTo
x1=0, 1,2). Ananoriuno x, =0, 1; x3=0, 1,2, 3, 4. TIpubyTox Bix
3aBaHTa)KEHHS BiAMOBIAHOI KIJILKOCTI MpeaMeTa BKa3yrOTh Ha Ayrax.

Puc. 4.4. Oprpad 3anaui 3aBaHTaXKEHHS aBTOMOOIIIS
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[ngax MakcHMalbHOI JOBXHWHH, IO 3 €IHY€ BEPLIMHU St 1 Spo
BH3HAYATHME ONTHMAJIBHY CTPATETiI0 3aBaHTaKEHHS aBTOMOOLIA. J[oB-
KUHY HAUO006ui020 wiisiXy BiJi BATOKY JIO TMEBHOT BEPIIMHU 300paXkaloTh
HaJ Li€ro BepmuHOwo. JyrH, sKi cKiIagaroTh HAHAOBIIMH IUILX, 300pa-
JKEH1 MMOTOBIICHOO JTIHIEH0.

OnTuManbHUI 1UISX TEPETHHAE BEPIIMHHU Spo, S10, S23, S34 1 BH3-
HaYae ONTHUMAJIbHY CTPATETii0 “3aBaHTAXHUTHU 10 OAHOMY MPEAMETY 2-TO
i 3-ro HaiimenyBaHHs". [IpuOyTOK cTaHOBHUTHME 57 Tp. 0. <

31 30UIbIICHHSIM BEJIMYMHU N y 3a/jadaxX JAUHAMIYHOTO MPOTpamy-
BaHHsS oprpad cTae MepeBaHTaXCHUM DPI3HUMH MO3HAYCHHSMH, OTOX
HWOTO Bi3yanbHUH pO3B’S30K € MpodieMaTndHuM. PeamizyBaTu mi 3amadi
0e3 BUKOPUCTAHHS KOMII foTepa (32 JOMOMOTr0ol0 O0UHCIIEHb y TaOIHIIi)
MOYKHA 3aBJSIKM PEKYPEHTHHUM PIBHSHHSM. PosrisHemo piBHsHHSA (4.3).
Bupazumo iy 9K GYHKIIIO BiX y; [UTS TapaHTii TOTO, IO MpaBa YacTHHA
(4.3) € pyuxrieto nure Bif y;.

OCKITBKH Vi+1 — CYMApHA KITBKICTh BUKOPUCTAHOTO PECypCy INpH
BUPOOHMIITBI IPOJIYKTIB 3 HAWMEHYBaHHSAMU Bix i+1 10 M, TO Vi — yi+1 —
€ KITBKICTIO BHKOPHCTAaHOT'O PEecypcy NpHU BHUPOOHHIITBI MPOIYKTY 3
HallMEHYBaHHSM #, TOOTO i — Vis1 = QjXj (200 yi+1 = yi—Qjxj ). Toxi

fii)= max _{cix+Fia(i —aixi)} i =1 m; frei(imen)=0. (4.4)

w0 b

yi:O,l,...,n
» Po3B’spkeMo 3aady Mpo ONTUMalbHE 3aBaHTAKEHHS aBTOMOOIS 3a
JOMIOMOrof0  Tabiuyaux obunciens (tabm. 4.1 —4.3) srigao 3 ¢op-
MmyJioio (4.4).

Tabnuya 4.1. Tperiit etan o09YnCICHB

12-x5 OnrtumanbHU po3B’sI30K
V3 X3=0|x3=1|x3=2|x3=3|x3=4 f3(X3) X§
0 0 - - - - 0 0
1 0 12 - - - 12 1
2 0 12 24 - - 24 2
3 0 12 24 36 - 36 3
4 0 12 24 36 48 48 4
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Tabnuysa 4.2. pyruii etan 00YNCICHD

45-x, + f3(y2—3-x7) OnTuManbHAN O3B’ SI30K

Y2 x=0 x=1 fa(x2) X;
0 0+0=0 - 0 0
1 0+12=12 - 12 0
2 0+24=24 - 24 0
3 0+36=236 45+0=45 45 1
4 0+48=48 45+12=57 57 1

Tabnuys 4.3. Tepumii eran 00YUCIICHB
28-x1 + f5(y1—2-x1) OnruManbHUM po3B’sI30K

Y1 x1=0 x =1 x1=2 f1(x1) Xi‘
0 |0+0=0 - - 0 0
1 |0+12=12 - - 12 0
2 |0+24=24 |28+ 0=28 - 28 1
3 |0+45=45|28+12=40 - 45 0
4 | 0+57=57|28+24=52 |56+0=56 57 0

Bubip onmumanvnozo pose’ssxy. Ha nepmomy erari XI =0,y =4
3 bopmynu y, = y;—2-x; OTpuUMy€EMO y, = 4. Ha npyromy erami X; =1

R
3 dopmynu y; = y,~3-x2 OTpUMY€eMO y; = 1. Ha TpeTbomy etami X3 = 1.

YV TabnuIli ays mepIioro eramy HeoOXiTHO OTPUMATH PO3B’SI30K
qaire s y; = 4. OaHak Tabnuis Haniuye oouuciaeHHs 1 st y; = 0, 1. 2,
3, fAKi NalTh 3MOTY TIpPOAaHATI3yBaTH YYTIMBOCTI po3B’s3kiB. Ha-

MPUKIIAJ, SKIIO BAHTAXOIMIAHOMHICTE N = 3, TO ONTUMAIBHUN PO3B’ 30K
MOJKHa 3HAlTH, mounHaun 3 y; = 3. <

? 3anuTaHHA 115 caMonepeBipKH

1. CdopmymroiiTe 3amady MOMIYKY ONTHMAIBHOTO KEPyBaHHsS y AMHAMIYHIN
CHCTEMI.

2. CdopmymtoiiTe 3a1auy 3aMiHK ycTaTKyBaHHs. ONUIIITH MOXKITUBI CTaHU Ta
JIOKaJIbHI KepyBaHHS BiAMOBIIHOI JHHAMIYHOI CHCTEMH.

3. Cohopmysroiite 3a1a4y po3MoOIiTy KOIITIB MK MiAnpueMcTBamMu. OMHIIITH
MOXITMBI CTaHU Ta JIOKAIbHI KEPYBaHHS BiIMOBIIHOI AMHAMIYHOT CHCTEMH.
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4. Cdopmyroiite 3a1ady po3noairy 00MexeHoro pecypcy. OMHUIIiTh MOXIH-
Bi CTaHU Ta JIOKAIbHI KEPYBaHHS BiIIOBITHOI JUHAMIYHOI CHCTEMHU.
5. BuBenite peKypeHTHI PiBHSIHHSA Yy 3a7a4i pO3MOALTy 00MEXEHOTO Pecypcy.

3aBaaHHs /151 CAMOCTIiiiHOT poGoTH

3apnanus 4.1. I'pyni i3 4-X mianpueMCTB HAAAOTh JOAATKOBI KowmTH. J{aHo

0O 0 0 O

10 12 11 16

31 26 36 37 . s . —
MaTpuIo A= 4 3B 45 46 , B skii Ha moswmitii (i,k), 1=05, k=14,

62 54 60 63

76 78 77 80

3HaXOAMTHCS BEIMUYMHA, SIKa JOPIBHIOE MPUPOCTY BHUITYCKY OXMHHLE MPOIYKIIi
Ha K-My TINpHEMCTBI TIPH BUIUJIEHHI HOMY NOJATKOBHX i OJHHHIIb T'POIIEH.
Po3ninut 5 opguHuLb Tpoliei Tak, 00 CyMapHH MpHpICT NpoayKiii OyB
MaKCHUMaJIbHUM.

3aBaanns 4.2. JlaHo: mepBicCHa BapTicTh yCTaTKyBaHHS COSE; JIIKBiTHA BapTiCTh
yerarkyBanns 1ikv(i), Bik sikoro i pokiB; BapTicTh 3arpar zatr(i) Ha oGcmyroBy-
BaHHS HPOTATOM OJHOIO POKY YCTaTKyBaHHS, IIOJO MOYATKy LOTO PIiYHOTO
nepiojly BxKe eKCIUTyaTyBaJloCsi PiBHO I poKiB. HampukiHIl ekcruryaramiiHoro
nepiony HasiBHE yCTATKyBaHHs HEOOXiJHO MpoaaTd. BH3HAYMTH ONTHMANbHY
CTpaTerilo 3aMiHM yCTaTKyBaHHs 3a IepioJ N POKiB, siKa MiHIMI3ye cyMapHi
BUTPATH Ha 0OCITYrOBYBaHHS YCTATKyBaHHs. BapiaHTH 3aBIaHb:

1. n=5, cost=5400; i 0 1 2 3 4 5
likv(i) — 3500 | 3000 | 2400 | 2000 | 1000
zatr(i) 500 | 2000 | 2100 | 2400 | 2600 | —

2.n=5, cost=1100; i 0 1 2 3 4 5
likv(i) — 1000 | 900 | 450 | 400 | 100
zatr(i) 800 | 1700 | 1900 | 2900 | 4200 | —

3. n=5, cost=3200; 0 1 2 3 4 5
likv(i) — 1400 | 700 | 500 | 400 | 200
zatr(i) 200 | 700 | 1500 | 3200 | 3700 | —

4. n=5, cost=3000; i 0 1 2 3 4 5
likv(i) — 2000 | 1300 | 900 | 500 | 200
zatr(i) 400 | 800 | 1300 | 1400 | 2100 | —
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5. MAKCUMAJIBHUM MMOTIK

Ilnan BuKJIaxy martepiany:
1. bBa30Bi MOHATTS TEOPii MOTOKIB.
2. Teopema ®opaa-dankepcoHa.
3. 30inblIyBasbHI IUIIXH.
4. Merton @opra-PankepcoHa MOIryKy MaKCHMaIbHOTO ITOTOKY.
5.  3anumkoBi Mepexi.
6. 3B’s30k 3ajaui MakcHMizalii MOTOKy 3 iHmMMH 3aaauamu J1O.

s~ KurrouoBi Tepminu po3ainy

Y IIponyckua 30amuicme dye Y Cymapua éenuduna nomoxy
Y Buznauenns st-mepesrci Y [lepepiz
Y 36inbutysanoHull wiisnx Y 3anuwrosa mepesica

5.1. ba3oBi NoHATTA Teopii NOTOKIB

I'padu Ta oprpadu — maTemMaTu4Hi aOCTpaKIlii, IKi MAFOTh BayKIIH-
BE 3HAYCHHS, OCKIIBKH MAlOTh 3MOTY PO3B’S3yBaTH BEIUKY KUIBKICTH
MpakTUYHUX 3a7ad. Y 1poMy mnaparpadi posmmpumo rpadoBi Moneni
PO3B’sI3yBaHHS 3a[ad 3 TAKHM PO3PaxXyHKOM, II00 OXOMUTH OUHAMIUHI
cumyayii, sIKi OTOTOXHIOIOTBCS 3 TIEPEMIMIIEHHSAM MaTepiaiaiB Yu TOBapiB
pI3HHMH MapIIpyTamH, OPOTIKaHHSAM pevoBHH TpyOamu (Boaa, Hadra,
ras ToIIo), Mepeaavyeto JaHuX B iHPOpPMAIiHHIX Mepekax TOIIIO.

Posrnsinemo Taky ineanizoBany QisuuHy cucteMy. Y JESKHX ITyH-
krax (Odorcepenax) BUpOOIAOTH (UM BUIOOYBAIOTH) OMHOPIAHY PEYOBH-
Hy, SIKY 4epe3 CHCTeMY B3a€MO3B’I3aHUX TPYO PI3HOTO JiaMeTpa Ta pi3-
HOT OBXXHHU JOCTABISAIOTH JO IHIIMX MYHKTIB (cmoxig), ne ii BUKO-
puctoBytoTh. OTOX TpyOamu mnporikae nomix peuosunu (abo mpocto
nomik).

Hanpsim mpoTikaHHSI MOTOKY Y KOXHIH TpyOi — cTporo 3adikco-
BaHWH 1 HE MOXe 3MiHIoBaTucs. s KOKHOI TpyOu BioMa BeIMYHHA
NpPONYCcKHOi 30amuocmi, sKa BU3HAYAE MAKCUMATbHY KITBKICTh OJTUHUID
NOTOKY (TOHHH, JIITPH, OGaperni TOIO), sIKi MOKHA MEPEMICTHTH Ii€0
TpyOOI0 3a OTMHHMIIIO Yacy.

Ha nouatky i/ab0 HanmpuKiHIl KOXHOI TPyOM BCTAHOBIICHO BEH-
THIIb, SIKUH Kepye MOoTokoM. Lle kepyBaHHs moJsirae y BU3HAYEHHI 6enu-
YUKW NOMOKY TaHOI0 TPy6o1o (TOOTO (haKTHUHOT KiTBKOCTI OJUHMIIb MO~
TOKY, SIKI IEPEMILIYIOTHCS L€ TPYOOIO 32 OJIMHUIIIO Yacy).
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BennunHy moOTOKY i MPOMYCKHY 3JaTHICTh TPyO BUMIpIOIOTH B O1-
HHX 1 TUX CaMHX OJMHHMIUIX (HANPHKIAJ, TOHHAX 3a TOAMHY, JTpax 3a
CeKyH/y, ITyKax 3a g00y Tormo). OUYeBHAHO, IO BEIMYHHA IMOTOKY
JIOBUTbHOT TpyOHM HE MOJKE TIEPEBHUILLYBATH ii MPOIMYCKHOI 3JaTHOCTI.

VY npoMiXKHHX MyHKTax, A€ TpyOu MepeTHHAIOThCs, BiCYTHI pe-
3epByapH Ajsl 30epiraHHsl peyoBHHH, OTOXK TYT INOTOKH HepeOyBatoTh y
piBHOBA3i: 3a OJMHUITIO Yacy CTIILKA OJWHHUIG MTOTOKY 3 IYHKTY BHOY-
Ba€, CKIIBKM 710 HBOTO 3a IieH e dac mpuOyBae (3aKOH 36epesicents
NOMOKY).

VY 3aranpbHOMY BHMINAAKy TpyOaMH MOXKHA TakKoX MepeKauyBaTu
PEYOBHHY BiJ MPOMDKHHUX IMYHKTIB A0 JKEpPEN, Bil CTOKIB IO TTPOMIX-
HUX TyHKTIB. TpybGamm MoxyTh OyTH 3’€QHaHI pKepena, OTOX MiX
HHMH MOXITHBHI OOMIH PEYOBHHOIO (T€ % CTOCY€ETBCS CTOKIB).

Slkmio cymapHa MpoIyCKHAa 3[aTHICTh BXIIHUX TPYO KOJHCHO2O
MIPOMIKHOTO IMYHKTY JOPIBHIOE CyMapHii MPOMYyCKHIN 3MaTHOCTI BUXiI-
HUX TPyO IBOTO MYHKTY, TO MU IIJIKOBUTO 3alIOBHIOEMO PEYOBHHOIO yCi
TpyOu (3a1aua onTUMI3aIil BiICYTHS).

VY npoTunexHOMY BUIAIKY LIJKOBUTO 3alIOBHEHUMH OyAyThb yKe
HE BCi TpyOHM, OJHaK pedyoBHHA Teue TpyOaMu, KepoBaHAa HACTPOIOBAH-
HSIM BEHTHJIIB TaK, 1110 320€3MEUYEThCS 3aKOH 30epedicents HOMOoKY.

3 piBHOBaru MOTOKy Ha MepeTHHax TpyO IHTYITHBHO cIiiye HEoO-
XIIHICTh PIBHOBAru MOTOKY 3arajioM (CKiJbKH OJMHHUIb MOTOKY 3 YCiX
JDKEpe 3a OAMHULIIO Yacy BUTeUEe, CTUIBKM yCl CTOKHM 3a LieH ke 4ac Ma-
I0Th BUKOPHCTATH). BBakaroTh, 110 JpKepena/CTOKH MOXKYTh HaJicia-
TU/BUKOPHUCTATH JOBUIBHY KiJIbKICTh PEYOBHHH.

[Jani Gyne cTporo IoBeAeHO, 1110 CyMapHa BeJIMYKMHA MOTOKY YCi-
Ma TpyOamHu, siKi 3a0e3MedyoTh BUTIKAHHS PEUOBUHU 3 YCIX JDKEPEI, 10-
piBHIOBaTHME CyMapHili BEJTMUYHMHI TIOTOKY yciMa TpyOamu, siki 3a0e3me-
YYIOTh HaJAXOPKEHHS PEYOBUHH B YCi CTOKH.

3rigHo 13 3a3HaueHWMH (aKTaMH MU 3alliKaBlieHI B Ojep KaHHi
BIJINIOBIJII HAa Take MUTAHHS. SKi HACTPOIOBAHHS BEHTWIIIB 3a0e3redarhb
MAKCUMATLHY 6EUYUHY HOMOKY 3 YCIX JKepell B yCi CTOKH?

Mu MOXeMO TpsIMO MOZEIIOBATH LI CUTYAII0 3a JOMOMOTOI0
HaBaHTaxkeHOro oprpada G = (V, E). Bepumnu oprpada Vi, Vo, ..., Vy
BIJIMTOBIAIOTH JXKepeliaM, CTOKaM 1 IPOMDKHUM ITyHKTaM. Jlyru oprpa-
¢a BinnoBinawTh TpyOaM (peUOBMHA MOXKE MEPEMILIATUCS TiJIBKUA B OJ1-



5. MakcuMansHU# HOTIK 63

HOMY HampsiMi y KOXHiii Tpy0Oi). Bara nyru BimmoBimae mpomyckHii
3IaTHOCTI BiIOBIAHOT TPYyOH.

s cripomerns ayry (V, Vi) mosaauumo (K, i). Bara myru (K, i)
BU3HAYAE ii nponyckny zoamuicme by — MaKCHMalbHY KiTBKICTH OZH-
HUI[b TIOTOKY, SIKIi MOXKHA MEPEMICTUTH I[I€F0 JYTO0 32 OJUHHMINIO Yacy
(by; > 0).

KinpkicTh OAMHUI MOTOKY, SKHH haxmuyno MEepPEeMillyIOTh ay-
roto (K, i) 3a OTUHHUITIO Yacy, HA3UBAIOTh GEIUNUHOIO NOMOKY Xi; LIET 1y-
ru. OueBnano, mo 0< Xy <byj. Axmo Xyj =byj, To ayra (K, i) —nacu-
YeHA TIOTOKOM.

Jlstst KOKHOT Bepinuad V €V MOXHA BU3HAUUTH iHMEHCUGHICTIb
moToKy (ab0 TUBEPTEHINII0 TIOTOKY — 3 (hi3uKuL)

d(V)= 2Xi— 2 X (5.1)

i: (v,i)eE i:(i,v)eE

sIKa JTOPIBHIOE Pi3HUII MK CYMapHOIO BEIIMYMHOIO IOTOKIB yciMa ay-
ramu, SKi BHXOISITH 3 BEPIIMHHU V, 1 CyMapHOIO BEIUYHHOIO IOTOKIB
yciMa ayramu, sKi 3aKiHIYIOThCS Y BEPIITHHI V.

Bemnunna d(v) moxe 6yTH dodamnoto (3 BepIIMHHA V OiTbIIe OTH-
HHILIb TMIOTOKY BHOYBae, HiX nmpulyBae y Hel), 6i0’emuorn (y BepIIUHY V
OlubIIIe OMUHUITE TIOTOKY MpUOYBae, Hix BHOyBae 3 Hel, TOOTO BimOyBa-
€TBCSI HAKONUYEHHsi TIOTOKY y BEpUIMHI V) 1 pieHoi0 Hyno (CKiUIbKA
OJIMHUIIb TIOTOKY MPHOYBAE Y 1110 BEPILIUHY, CTIIbKU 3 Hel i BUOYBae).

BepmmHy 3 10JaTHOIO IHTEHCHBHICTIO HAa3HMBAIOTh BEPUUUHONO-
Oaicepenom (ab0 MPOCTO darcepenom) 1 MO3HAYAIOTH JITEpOro S. Bepiuny
3 BiJl’€MHOIO iHTEHCHBHICTIO Ha3MBAIOTh eepuuunoio-cmoxom (abo mpoc-
TO cmoxoM) 1 TI03HAYAIOTH JIiTeporo {. Y 3arampHOMY BHIaaKy oprpad
MOXe MaTH OeKiibka JpKepen i/abo crokiB. BepuinHy 3 Hy/IbOBOKO iH-
TEHCUBHICTIO Ha3UBAKOTh NPOMINCHOI).

CopoctumMo  Cro4yaTKy Hally MoOJielb. BBaxkaTumemo, 110
d(vs) >0, d(v) <0, d(vy)=0(1=2,n—1). Tozi 5 oprpadi: v; = s eu-
HE JDKepeno, Vy = t— eTMHMHA CTIK, a Vy, V3, ..., Vh1 — IPOMDKHI BEPITHHH.

Hapantaxxenuit oprpad 3 MOJaTHUMH Baramu, II0 Ma€ €IUHE
JOKEpeno S 1 emuHuil CTiK 1, Ha3uBaroTh St-uepesicero. Jlyry (K, i) miei me-
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pexi y HampsAMi Bif S 10 t HA3MBAIOTE NPAMOIO IyTOI0; a 'y HampsAMi Bif t
70 S — 360pomHol0 Ayrow. Benmuuny
F=d(s)= Xxi- Xxg (52)
i: (s,i)eE i:(i,s)eE

HA3UBAIOTb CYMAPHOIO 6eIUYUHOI0 NOMOKY B St-Mepexi. 3anaua maxcu-
Mizayii nomoky B St-mMepexi monsrae y BU3HauU€HHI MaKCUMyM) BEITHYH-
Hu F.

I'ooBHA MpHYKMHA PO3MISAY St-Mepexi MmoJisirae y Tomy, o BOHA
Jla€ 3MOTY PO3B’sI3aTH OE3IIiY IHIUX 3a/1a9 METOIOM 3BEICHHSI.

5.2. Teopema ®opaa-Pankepcona

P03i6’emo MHOXUHY BepiivH V Ha ABi migMHOXHHKA S 1 T, SKi He
nepernHaiotees (ScV, TcV, SuT=V, ST =9), Tak, mod
seS iteT . Io3naunmo uepes (S, T) — yci ayru, mo 3’ eanyors Si T,
a uepes (T, S) — yci nyry, 110 3’eaHy0Th T1 S .

Muoxuny ayr (S,T)U(T,S) Ha3uBawTh nepepizom, iHIYKOBa-
HUM MHOXHKHOIO S. Tlepepi3 Bu3HAUae MHOXWHY JyT, 32 YMOBH BHa-
JICHHS IKUX 3 oprpada yiikosumo MPUNUHIETHLCS MOTIK BiJ JKEpena J10
CTOKY Ta HaBHakW. [Iponycknoio 30ammuicmio TaKOro Tepepidy Ha3uBa-
I0Th BEJTHYUHY

b(S,T)= Xby. (5.3)
(ki)e(s.T)
3rimHo 3 (5.2) BenuunHa F BuMiproeThes y mkepeni S. 3a Teope-
Moro 5.1 BenmuuHy F MOXHA BUMIPSITH y TOBLUIEHOMY TIepepisi.
Teopema 5.1. JIns TOBUIBHOT MIAMHOKUHY BepIIMH S CV | sIKa MiCTUTh
JDKEpeIo S 1 He MICTUTh CTOKY t, ClIpaBIKy€EThCS CIiBBITHOIICHHS

F= 2Xi— 2 Xi- (5.4)
(k,i)e(S,T) (i,k )e(T,S)

» Jlns Oyap-skoi mpoMizkHOI Bepmuu V e S, 3rigHo 3 (5.1), cpaBemim-

BUI BUpa3:

0= 2Xj— Xy (5.5)

i: (v,i)eE i (i,v)eE
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Honatoun mouwreHno piBHicth (5.2) i piBnocti (5.5) mnst ycix
NPOMDKHUX BepHIMH V € S, orpumyemo criBBignomenus (5.4). JlificHo,
st moBineHOI myTH (I, Z) €E MOX/IMBI Taki BapiaHTH:

— reS, zeS—BemuuuHa X; y cyMi ) X,j OyZde JOAaHKOM 31 3Ha-
i (r,i)eE
KoM “+”,ay cymi ) Xj; —HONAHKOM 3i 3HAKOM
i: (i,2)eE
CITIIOK CyMYBaHHSI BEJTMYMHA Xr; 3HULILYETHCS);

(TobTo BHAa-

— reS, zeT (ayra Hanexuts MHOXUHI (S, T)) — BenuunHa X, Oyzae
JTIOTAaHKOM TIJTBKH y CYyMi > Xkis
(k,i)e(S,T)

— reT, zeS (nyra nanexunrs MaoxuHi (T, S)) — BeauuwHa X, Oyzae
JIOIaHKOM TLIBKU y CyMi > Xik -
(i,k)e(T,S)

Vci posrisHyTi BUIAIKH y3romKyoThes 3 piBaicTio (5.4). <

Hacainok 3 Teopemu 5.1. F =—d (t)z — DXk — 2 Xkt
k: (t,k)eE  k: (k,t)eE

» Hexaii T = {t}, toxi S = V/{t}. 3rigno 3 (5.4) maemo Taxe:

F= 2Xq— 22Xk = 2Xq— 2Xk=
(k,i)e(s,T) (i,k)e(™,S) ki(kt)eE ki(t,k)eE

= - XXk~ XX |- <
K (LK)eE  k: (Kt)eE

Hacnizok 5.1 BimoOpaskae iHTYiTMBHO 3pO3yMinuil (akt: cTikae
TakKa KUIbKICTh OAWHHUIB OTOKY, K4 BUXOIUTH 3 KEpena.

OnnuMm 3 pyHaameHTanbHUX (AKTIB TEOpii MOTOKIB B oprpadax €
KJIACUYHa TEOpeMa MpO MAKCUMAIbHUL NOMIK | MIHIMAIbHUL nepepis y
st-mepexi (abo Teopema Popoa-Dankepcona). Minimanshum nepepizom
cepen ycix nepepizie (S, T)U(T,S), iHIyKOBaHHX MHOXKHUHOIO S, € Iie-
pepi3 3 HAMEHIIIO MPOIYCKHOI 3aTHICTI0 b* = rgin (b(S ,T)).

T)
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Teopema 5.2. Teopema @opoa-DPanxepcona. CymapHa Benuunna F mo-
BUTBHOTO TIOTOKY Bix S 110 t HE MepeBUIy€E MPOITYCKHOI 30aTHOCTI MiHi-
ManbHoro tepepisy (F < b*), mpuuomy icuye moTik, st sixkoro F = b*,
» 3rigHo 3 (5.3) i (5.4) Mmaemo Take:
F= 2Zxi—-  2Xk < XXq < 2b =bS,T).
(ki)(s,T) (ik)em,s) (ki)k(s,T) (ki)(S,T)

Otxe, cymapHa BenMurHa F MOBiIBHOTO MOTOKY Bij S j10 t He Te-
PEBHIIYE TPOIYCKHOI 3IATHOCTI 008inbHo20 TIepepidy St-mepexi (y Tim
YuCIT # iepepisy 3 Hatlmenuioio TIPOIYCKHOO 31aTHicTIo!: F < b*).

SIKIIO BAACTHCS BiAIIyKaTH Takwii moTik, mo F =b(S,T), To Bin i
oyne maxcumanvrum, a (S,T) Oyae minimanrsrum nepepizoMm. JloBeneH-

Hs (bakTy iCHyBaHHSI TAaKOTO MOTOKY CIiaye 3 TeopeMu 5.3 Ta aHamizy
ANITOPUTMY, MpeACTaBiIeHoro y naparpadi 5.4. <

5.3. 30iIb1IyBaJIBHI LJISIXH

Vci anroput™Mu po3B’sI3yBaHHS 3a/adi MakCHMI3arlii TTOTOKY BH-
KOPUCTOBYIOTh TPOMDKHUN alNTOPUTM BiJIIyKaHHS 30L16ULY8ATbHO20
wAXy, SKAA MICTUTB 301IbLITYBaJIbHI /200 3MEHIYBabHI TyTH.

e 3binbuyeanvia (ab0 ayemenmanvbha) ayra — 1€ Jyra, BEJIUYMHA T10-
TOKY SIKOi MEHIIa 3a il MPOIMyCKHY 3/[aTHICTh (BEIMYMHY HAsBHOTO
MOTOKY LII€0 JYTOK MOXHA 30izbuumu). MHOKHHY/TUIT 301IbIIY-
BIBHHX AYT MO3HAYAIOTH JiTeporo / (3 aHTIIHChKOT MOBH: INCrease).
Toni:

(k,i)€|, SAKIITO OSin <bki'

o  3menwysanvua ayra—1e Qyra, BEIHYHHA TIOTOKY SIKOi € IOJATHOO
(BesMuMHY HassBHOTO MOTOKY ITIEI0 TyTOI0 MOYKHA 3menwuumit). MHO-
JKUHY/THIT 3MEHITYBAJIBHUAX JyT MO3HAYarOTh JiTeporo R (3 aHriiii-
ceKkoi moBu: release). Togi:

(k,l) € R, SIKIIIO 0< Xki < bki .

e Jlyru, sKi OHOYACHO HaJIeXkaTh SIK MHOXHWHI |, Tak 1 MHOXUHI R,
HA3UBAIOTH HPOMIJICHUMU

((k,i) e 1)A((k,i) €R), sxmo 0< Xy <by;.
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Benmuuny byj — X Ha3sHBaIOTH pesepsom 30inbuien s NOTOKY

ayroto (K,i)el,a Xy —pesepsom 3menuienHs TOTOKY JTyTro0
(k,)eR.

PosrnsiHeMo Temep, SKMMHU 3ac00aMU MOXKHA TIepeciiaTd JIoJaT-
KOBY KUIBKICTh OJJMHHUIIb TOTOKY 3 JKepelia S Y BUTIK t:
1. 3a monomMorow NUIAXy 3 S y i, 10 CKJIAMAeThes JIMIIe 31 30UThIIy-
BanbHUX AyT. Ha puc. 5.1 HMKYe KOXKHOT AYTH CTOITh YHCIIO, SKE € pe-
3ep80OM 30LTbULeHHs, TIOTOKY JIYTOIO.

OO0

Puc. 5.1. [lInsax, 1m0 MiCTHTB TiTBKA 301TBITYBAIBHI TYTH

uM nuisxoM MoOKHA 30UTBIIUTH MOTIK HA BEJIMYUHY, IO JOPIB-
HIOE min{4,2,1}=1. IHTeHCHBHICTH TTPOMIXKHUX BepIHH 1 1 2 y oMy
BHIIAJIKy HE 3MIHUTHCSL.
2. 3a gomomoror nursixy 3 ty S, IO CKIIaJa€eThCs JUIIE 31 3MEHIITY-
BanbHUX ayr. Ha puc. 5.2 Hk4Ye KOXHOI IyTH CTOITh YHUCIIO, SIKE €
pe3epeom 3menulelHsl TIOTOKY JTyTO0.

Tyt Tpeba MipkyBaTn Tak. MOKHA 3MEHIITUTH MOTIK KOXHOO Y-
TO¥0 TIUIAXY, IO CIPHYUHUIIO O 3MEHIIICHHS 3BOPOTHOTO IMOTOKY 3 t 710 S
1, OTXKe, 30UIBIIICHHS YUCTOTO MOTOKY 3 S 110 t. MakcUMasbHe 3MEHIIICH-
HS TIOTOKY 3 t 710 S 1, OTke, 30UIBIICHHS TOTOKY 3 S JI0 t BU3HAYAaEThCS
BEJTUYMHOIO min{4, 2, 3}= 2. IHTeHCHBHICTH MPOMIKHUX BepiinH 11 2

y IIbOMY BHITQ/IKy HE 3MiHUThCSI.
OO0

Puc. 5.2. [1Insx, 10 MiCTUTP TUTBKHA 3MEHITYBAJBHI TyTH

3. KomOiHaris mepmroro i Apyroro crocoOy, sika MoJsrae y moOyaoBi
30116UYBANILHO20 TILTIAXY .

36invuysanvruum (a0 ayemenmanvrum) MUIIXOM B St-Mepexi Ha-
3WBAKOTh MPOCTHIH NUIAX BiA S 10 t 6e3 ypaxysauwns opicumayii nyr, B
SIKOMY TIpSIMi AYTH MalOTh THI /, a 3BOPOTHI — THII R.

B310oBxk ayrMeHTanbHOTO IIISAXY MOXHaA ‘‘TiepeciaTu’ JOJaTKo-
BHH TIOTIK BiJ S 710 t BEMWYMHH A, IO TOPIBHIOE MIHIMAIbHOMY 3 PE3ep-
BiB 301/IbIIIEHHsI/3MEHIIIEHHS, BiIIOBIIHO, IPSAMHUX i 3BOPOTHHX IYT.
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Ha puc. 5.3 300paxkeno oprpad, mo Mae 30UIbIIyBaIbHANA HIISAX
(s, 1), (1,2),(3,2), (3,1). Bennunna moToky B IsoMy oprpadi mopis-
Hioe 9. Ilo3Hauka nyru: eeruuuna_nomoky_oyeu, [nponyckna_zoam-
Hicmb_oyeu).

Puc. 5.3. Oprpad, mo MicTUTh 301TBITYBaTBHAN IIIISIX

Jist 3011bIIyBaIBHOTO HUIAXY Ha puc. 5.3 3HaueHHs A = 1. 3011b-
HIYIOYY MOTIiK NPSMUMH Jyramu Ha 1 1 3MeHIIytoun Horo Ha 3BOPOTHIN
nysi (3, 2) va 1, orpumaemo HoBuii moTik Benmunau 10 (puc. 5.4). Iu-
TEHCUBHICTh NMPOMDKHHUX BepiiuH 1, 2 1 3 y I[bOMYy BHIAIKy HE 3Mi-
HHUTHCS.

Puc. 5.4. Oprpad, mo MictuTh notik Beauyunau 10
Teopema 5.3. Taki TBep/pKeHHS B St-Mepeki € eKBiBaJICHTHUMH:
(I) moTik Bix S 40 t MaKCHMAIIBHMIA,
(I1) He icHy€ 301MBITYBAITBLHOTO HIISXY;
(I F =b(S,T) s nesxoi Muoxuuu S —V , takoi, mo Se€S iteT.

» (I) = (1I). loBeneHHs O4eBHIHE, OCKIJIBKH ICHYBAaHHS TAKOTO HUISAXY
naino 6 3MOTy 301IBIIUTH BETHYMHY MOTOKY, a 11e cynepednTs (I).
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(I1) = (III). 3aurcnumo 10 MHOKHHHU S (S € S ') Taki MPOMIXHI BEPIIHHU:
stkcinto (K, i) —mpsiva yra) A (vic € S)A (X <byi ), 0 Vi €, (5.6)
KO ((k, i) —3BOpPOTHA z[yra)/\ (Vi IS S)/\ (Xik > O), TO Vi €S. '

Pemira BepivH HaneXaTuMyTh I IMHOXKHUHI T.

OueBnaHoO, 10 Hepepi3 moOyaoBaHo, ockimeku teT . Skmo 6 11e

Oyno He Tak (To0TO t€S), Tomi, 3rinHo 3 (5.6), icHyBaB Ou 30inbIIY-

BaJbHUH NUTAX, a 1e cynepeuuts (I1).

Skmo (k,1)e(S,T), To Xy =by; imaxme BepmuHa V; Hazexa-
tuMe 710 S, 3riaHo 3 (5.6). AHaIOTriYHO, SIKIIO (i, k)e (T,S), To Xjx =0.

Otox

F= >Xi— 2Xk = 2bg —-0= >bg =b(S,T).
(ki)e(s,T) (i,k)e(T,s) (k,i)(S,T) (k,i)e(S,T)
(IT) = (I), mo BummBae 3 Teopemu (5.2).<

5.4. Metoa ®opaa-PajikepcoHa NOMIYKY MAKCHMAJIbHOTO MOTOKY

Posrmsinemo memoo ®oppa-PankepcoHa BU3HAYCHHS MAaKCH-
MaJILHOTO TIOTOKY, SIKWH 0a3yeThcs Ha TeopeMax 5.2 i 5.3. Imetbest mpo
Memoo, OCKIIBKH ICHY€E JIEKIIbKa alTOPUTMIB, SIKi 1OTO peai3yoTh.

Memoo @opoa-Dankepcona UsHAUEHH MAKCUMATLHO2O NOMOKY
Kpox 0. Inst koxHOT 1yTH oprpada (k, i)e E BcraHOBIIOIOTH X4 = 0.
Kpox 1. BuzHauatoTs 301IbIITYBATBHUIA NUISIX B oprpadi.

Kpox 2. SIkuio 3011pIIyBaIEHOTO MUIAXY HE ICHYE, TO MOTIK Onmumaib-
Hutl (3asepuienns pobOTH). Y TPOTUIICKHOMY BHIIAIKY BH3HA-
4aTh pesepsu 30inbutennslzmenuenns TMOTOKIB Tyramu, SKi
YTBOPIOIOTH 30UIbITYBaTbHUAN IUISX.

Kpoxk 3. O0UHCITIOITh 3HaUCHHS A, SIKE JTOPIBHIOE MIHIMAILHOMY 3 pe-
3epBiB 30UIbIICHHS/3MEHILICHHS TOTOKIB yTaMH.

Kpok 4. 36inbuyroms MOTIK TPSIMAMEA TyTaM# 301UTBITYBAIEHOTO IIISAXY
Ha 3Ha4Y€HHA A.

Kpok 5. 3menuyroms MOTIK 3BOPOTHUMH JyTI'aMU 301IbIITYBaJIBLHOIO LIS~
Xy Ha 3HaYEHHS A,

Kpox 6. TlepexonsiTh Ha MEPIINIA KPOK.
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AJITOPUTMH BUBHAUEHHSI MAKCUMATLHO2O HOMOKY BiIPI3HAIOTHCS

OJIVH BiJl OJTHOTO, 371e01IBIIOTO, CIIOCOOaMH BiAINTyKAHHS 301IbITYBaTb-

HOTO IIIsIXy (TOOTO peanizariero mepiroro kpoky meroay Popma-dain-

KepcoHa). Po3risHeMo criodaTKy HaWMpOCTIMIMA alrOpPUTM BiIIyKaHHS

301IbLTYBAIBHOTO LIUISXY, SKUKA 0a3y€ThCs HAa TIO3HAUYEHHI IYT 1 BEPLIMH

oprpada [18]:

1. BusHauyuTh THI KOXHOT 1yrH oprpada. [T03HAYNTH BEpIIUHY S.

2. Tlo3nauaTu Ayr® 1 BEpIIMHU BIAMOBIAHO 0 NPAGUN NO3HAYKU TOTH,
JIOKH He TMO3HaYeHO BepIIMHY t, a0 JOKM MO3HAYEHHS HOBHX Bep-
HIVH CTaHE HEMOXKJIHBUM.

Ipasuna nosnauxu:
— SIKIIO BEPILUMHA X — [I03HaUeHa, BEPIINHA J — HE MTO3HAYCHA, JIy-
ra (x, y) — He o3Ha4YeHa i Mae T|M /, TO MTO3HAYAIOTh AyTY (X, V) Ta
i KiHeIb — BEPILUHY V;
— SIKIIO BEpUIMHA X — [IO3HAYEHA, BepIIMHA ) — HE MO3HAYeHa, TYy-
ra (y, x) — He mo3HauyeHa i Mae Tun R, To mo3HavaTs ayTY (¥, X)
Ta il IO4aTOK — BEPIIUHY V;
— IHIIUX BUMAJKIB MO3HAYCHHS HEMAE.

Teopema 5.4. ko mix yac BUKOHAHHS aITOPUTMY IMONIYKY 301IBIITy-
BaJIbHOT'O NUISAXY BepllMHa t — mo3HaveHa, To B oprpada Takui Nuisx ic-
Hye. SIKIo BepuinHy t MO3HAYMTH HE BAATOCS, TO 30UIBIIYBAIBLHOTO
nuIsAXy B oprpada Hemae. ANTOPUTM 3aBepIIye PoOOTy 3a CKiHUCHHY
KUTBKICTB KPOKIB.

» 3a npaBuJiaMu AyTy MOXKHA MO3HAYUTH TUTLKH TOJI, KOJIM OJHY 31 Cy-
MDKHUX BEpIIUH MO3HAYEHO, a iHmy — Hi. OTKe, M 4ac BUKOHAHHS
ANTOPUTMY HE MOXKHA MO3HAYUTH IYTY, B SIKOi OOW/IBI BEPIIMHU YyXKe
MO3HauYeHi, OTOX IMMO3HAYEH] BEPIINHHU Ta JYyTH HE YTBOPIOIOTH IIUKIIIB.

BHacnifiok nporecy mo3HadeHHsI yTBOPIOETCS depego 3 Tovart-
KOM Yy JoKepeni S. SIKIIo mpH koMY MMO3HAYEHO BEPINUHY i, TO 3a Teo-
pemoro 1.1 icHye edunuti npocmui wiisax, mwo 3’ eanye S i t. Lei mursax
€ 30i1buly8anbHUM, OCKUIbKM TpaBHJiIa ITO3HAYKUA TapaHTYIOTh, IO
MPsSIMi TyTH I[HOTO JIAHIIOTa MalOTh THI /, a2 3BOPOTHI — THI R.

JoBenemo, SIKIIO BepIMHY t MO3HAYNTH HE BIAJOCS, TO 3011b-
IIyBAJILHOTO MIUTAXY B oprpada Hemae (8i0 cynpomusnozo). Hexai ic-
Hy€ 30UTBIIYBaJIbHUM IUTSX (32 03HAYCHHSM — L€ TIPOCTUH IUISAX Bij S
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1o t 6e3 ypaxyBaHHs opieHTanii ayr). [IpaBuio no3Hauku gae 3Mory
JIOCSTTH OBITBHOI AYTH IIHOTO NUIAXY 1, 30KpeMa, AyTH, CYMDKHOI 3
BepinHowo t. Otox BepuimHy t Oyae mo3HadeHo (OTpuUMaiu npomu-
piuus).

AJroputMm 3aBepiye poOOTYy 3a CKiHYEHHY KiIBKICTh KPOKIB,
OCKUIBKU y HBOMY JIUIIE 110 OJHOMY pa3y MO3HAYarOThCS BEPIIMHU Ta
JYTH, KITBKICTh SIKMX € CKIHUEHHOI0. <

s oprpada Ha puc. 5.4 HE BIAETLCSA BIOIIYKaTH HOBHH 30111b-
IIyBaJIbHHIA IIUISAX, OCKUIBKU TibKK TpH ayru (S, 1), (1, 2), (3, t) € 30115-
Iy BaJIHAMH.

Mpuxnan 5.1. BuzHaunty MakcumanbHuil nmotik B oprpadi (puc. 5.5).

» Jlns BU3HAYEHHS MaKCUMaJbHOTO MOTOKY CKOPHUCTAEMOCS METOJIOM
®opna-dankepcona, sikuii 0a3y€eThCsl Ha MO3HAYCHHI YT 1 BEPIINH Op-
rpada mig 9ac BU3HAYEHHS 30UIbITyBaibHOTO NUIAXy. Ha puc. 5.5 mus
ycix ayr oprpada (k,i)e E BcranoBneno X =0 (ToOTO mepex Buko-
HaHHSM TEPIIOro KPOoKy BCl ayru oprpada maroTh tum /). OOpani s
MO3HAYCHHS IyTH 30epiraTHMEMO y CTEKY.

Puc. 5.5. Oprpa¢ mpuxmany 5.1

[To3HaueHHs BEpIIWH i AyT Crex
S (s,1),(s,2)
s, (s,1),1 (1,3),(1,2),(s,2)
s,(s,1),1,(1,3),3 (3,1, (1,2),(,2
5,(5,1),1,(1,3),3, (3, 1), t 1, 2),(s,2)

36inbiyBaneHui musix: (S, 1), (1, 3), (3, t). B3gosxk uporo uuisxy
MOCHJIAEMO JIOJIATKOBHH TIOTIK, 1110 qopiBHioe Min{16, 12, 20} = 12. Ot-
puMyeMo oprpad 3i CyMapHOI BelW4HMHOI0 1MOTOKY 12 (pumc. 5.6), yci
JyTH SIKOTO MaroTh THII /, 3a BUHsATKOM ayru (1, 3) Tuny R.
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Puc. 5.6. Oprpad i3 cymMapHOO BEIHYHHOIO MOTOKY 12

[To3HaueHHs BepIIUH i IyT Crek
S (5,2),(s,1)
s, (s, 2), 2 2,4,2,1),671
5, (s,2),2,(2,4),4 4, 1), (4,3),(2,1), (s, 1)
s, (5, 2),2,(2,4),4,(4,1),t 4,3),(2,1,(s 1)

30inbiyBanbHui musix: (S, 2), (2, 4), (4, t). B3gopx uporo nuisixy
NOCHJIAEMO J0JIATKOBHIA MOTIK, 110 gopiBaioe Min{13, 14, 4} = 4. Ot-
puMyeMo oprpad 3i CyMapHOIO BEIHYHMHOI0 MOTOKY 16 (pumc. 5.7), yci
JIyTH SIKOT0 MaroTh Tl /, 3a BuHsTKOM ayT (1, 3) i (4, t) Tumy R.

12, [12]

Puc. 5.7. Oprpad i3 cymMapHOIO BETHYHHOO MOTOKY 16

[To3HaueHHs BepIIUH i IyT Crexk
S (5,2),(s,1)
s, (s, 2), 2 2,4,2,1),671
5, (s,2),2,(2,4),4 (4,3),(2,1), (s, 1)
5, (s,2),2,(2,4),4,(4,3),3 (3,1, (3,2), (2, 1), (s, 1)
5, (5, 2),2,(2,4),4,(4,3),3 3, 1),t | 32),21),(,1)

30inbinyBanbHuN IUAX: (S, 2), (2, 4), (4, 3), (3, t). B3aowx mporo
HUIAXY MOCHIAEMO MOTIK, 1o gopiBHioe Min{9, 10, 7, 8} = 7. Otpumye-
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MO oprpad 3i CyMapHOK BeIMYMHOK MOTOKY 23 (puc. 5.8), yci nyru
SIKOTO MaroTh Ul I, 3a BuasTkoM ayr (1, 3), (4, 1) i (4, 3) Tumy R.

12, [12]

11, [14]

Puc. 5.8. Oprpad i3 cymapHOIO BETMYMHOIO MOTOKY 23

[To3HaueHHs BepIIUH i AyT Crex
S (s,2), (s, 1)
s,(s,2),2 (2,4),(2,1),(s,1)
5,(5,2),2,(2,4),4 (2,1),(5,1)
S (s, 1)
s,(5,1),1 (1, 2)
5,(5,1),1,(1,2),2 (2,4
5,(5,1),1,(1,2),2,(2,4),4

Bepmna t — Hemo3HaveHa (motik Ha puc. 5.8 maxcumanonuii). <
5.5. 3anumkoBi Mepe:xki

anuwrosoro mepedcero (residual network) st neBroi St-mepesxi
G = (V, E) nasusarots oprpad G* = (V*, E*), mis sikoro V* =V, a nyru
E* BU3HAuUaIOTH TaK:

(v (ki) € E: (X, =0) A (b, >0)) = 3 (k i) € E*: by, =b,),
(V (k) € E: X =bi) = (3 (G, k) € E* by =by +x), (5.7)
(V (k) € E: 0<x <byi) = (3 (i, K) € E*: by =y, +x) A

A @ (ki) € E*: by =by; —x)).

Oyry (i,K) (un myry (K, i)) € E* Ha3uBaIOTh 3ATUINKOBOIO AYTOIO.
st myra Moxe i He OyTH 1yror MHOKHHHU E y 3amaniii St-mepesxi (3ara-

JIOM, |E*1S 2|E|).
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s koxxuoi myru (K, i) € E mu ctBoproemo, 3rigHo 3 (5.7), ogHy
JOYTY YM JIBi 3JIMIIKOBI IyTH Y KOKHOMY HaIlpsiMi:
— Yy HampsAMi MOTOKY 3 Baroo, sika JOPIBHIOE HEBUKOPHCTAHIH Mpo-
nyckHiii 3nataocrti ayru (K, i) € E;
— Ha3yCTpi¥ IOTOKY 3 Barolo, sika JAOPIiBHIOE CyMi BEJIMYHHHU MOTOKY
nyroro (K, i) € E i npomyckHoi 3gatHocTi xyru (i, K) € E.
VY ®KOAHOMY 3 IIUX BUMAJKIB, 3rigHo 3 (5.7), MU He donyuaemo 0
3aJTMIIIKOBOT MEPEXKi IyT, Bara SIKUX JIO0PiBHIOE HYIIIO.
SIKIO /11t KOXKHOT IyrH oprpada (k, i)e E cmouaTky BcTaHOBHTH
Xk = 0, To 3anmImkoBa Mepexa, 3riguo 3 (5.7), 30iraTuMeThC 13 3a1aHOI0
st-mepesxero (Bara 3aJMIIKOBOI JyTH JOPIBHIOBATHME MPOIYCKHIH 3/1aT-
HOCTI BimmoBigHoi myru St-mepexi). Hampukman, mist St-mepexi Ha
puc. 5.5 BIAMOBIIHY 3aHIIKOBY MEpexy 300paxkeHo Ha puc. 5.9.

12

16

13 j
14

Puc. 5.9. 3anmumkoBa Mepesxa (Bimmosigae St-mepexi Ha pruc. 5.5)

BimmykanHs 30UTBIIYBaTBHOTO NUIAXY B St-Mepexi eKBiBaJIEHTHO
BIJIIIYKaHHIO OPI€EHTOBAHOTO LIISAXY Bij JpKepena S A0 cToky ty Bimmo-
BiJHIH 3aJMIIKOBIA Mepexi. Jma BiAumIykaHHS OpIEHTOBAHOIO NUIAXY
MO’KHa BUKOPUCTATH OY/Ib-SIKUH BiJIOMH aJTOPUTM IONIYKY Ha Tpadi.

[Ticnst BinIIyKaHHS OPIEHTOBAHOTO MUIAXY B 3QJIUIIKOBIA MeEpexi
BiJ jKepena S g0 cToky t yactuHu (A) MpONMYCKHUX 3MaTHOCTEH JyT
IIHOTO TIUIAXY “3a0MparoThCs’ IMMOTOKOM, IO MMPOXOJHUTH Yepe3 HUX.

Hexaii Mix BepiirHaMu i Ta j icHytoTh ayru (4, j) i (j, ) 3 mpomyck-
HUMU 3aTHOCTAMH, BinmoBigHo, bjj Ta bji. fxmo yactuHa mpomyckHOT
3maTHOCTI 1yTH (i, j) “3abupaerbes” moTokoM (TodTO bjj — A), TO, 3rimHO
i3 3aKOHOM 30epeKeHHS TIOTOKY, /ISl AyTH (], /) Mae BUKOHATHCS BifIO-
BifHEe 301MBIICHHS HPOIycKHOI 3maTHOcTi (ToOTO bji + A). Skmo mix
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BEpIIMHAMY I Ta | iCHy€ Tinbku ofHa 3 ayr (i, j) abo (j, i), To mus Hei
BI/IMTOBIiTHA KOMITEHCAITIS TOTOKY BiIOyBaeThC Ha PIKTUBHIN ITy3i.
YBara! V 3anumkosiii Mepexxi BifoOpakalOTh TiNBKH MPOIYCKHI 3/1aT-
HOCTI nyr (HEBHKOpHCTaHI Ta KOMIEHcaliiHi). OTOX /il BEpIIUH 3a-
JIUILIKOBOT MEPEKi He BUKOHYETHCS 3aKOH 30€peXeHHS TOTOKY, OCKIIb-
KH TYT BiH IPOCTO HE BiIOOPaKAETHCA.

30iNbLICHHS] BENWYMHU MOTOKY B3JIOBK OpPIEHTOBAHOTO LUIAXY B
3QJIAIITKOBIA MepeXi Bi JDKepena S 0 CTOKY | CIpUYIMHIOE 3MiHH y 3a-
JIUIITKOBIH Mepexi: Xoda O oJjHa Ayra 3MiHIOE HAIpsIM a0 3HHUKAE.

Ancopumm 6uU3HAYEHHA MAKCUMATBLHO20 NOMOK) 3a JOIOMOTOIO
3aJIMIITIKOBUX MEPEK:

Kpok 0. B*=B, ne B — maTpuiist MponyCKHUX 30aTHOCTEH AyT St-mMepexi.

Kpox 1. 3naiitu opieHTOBaHUH IUIAX p BiA S 10 1y 3anMIIKOBIN Mepexi,
BHU3HAYCHIN Marpurieto B*. SIkmo Takoro mmwisxy He iCHYe, TO
nepeiTr Ha KpoK 3.

Kpox 2. Hexait bjj (b]’,) — MPOMYCKHI 3JaTHOCTI Ayr LUIIXY p, BiAmo-
BinHO y Hanpsami s—t (t—s) i A=min{bj}>0. V marpnui B*
BITHATH A BiJ ycix biJT 1 momate A 10 BCiX b}ri . [lepetitn Ha 1.

Kpox 3. 3HaliT MaKcUMaNbHU MOTIK B St-MepesKi 3TiJHO 3 MPaBHIIOM:

bij —bij, SIKILIO bij > bij;

! 0, KO bij < b; .

Kpox 4. 3aBepIuTH alrOPUTM.

[Tig vac BigUIyKaHHS OPIEHTOBAHOIO MUIAXY OE3MOCEPEIHBO Y
Marpuni B* po3nounHaroTh momyk 3 nepioro psaka (psaka S) ta oou-
paroTh HACTYITHY BEPIIMHY Cepel THX, SKi 3’€IHAHO 3 S TyraMu JOAaT-
HUX Bar.

Hani posrisigaroTh psoK, IO BIiANOBigae oOpaHii BepiiHHI, i
00MpaloTh HACTYIHY BEpLIMHY, 3’€IHAHY 3 MONEPEIHBOIO BEPIIMHOIO
nyroro noxatHoi Baru. Ilporec mpoaoBXKyrOTH TOTH, JOKH HE Oyzae /0-
CSITHYTO BepUIMHHM t, 200 BCTaHOBJIEHO, 10 TOCATHYTH t HEMOXKIIHBO.
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Mpuxaax 5.2. 3HaiiTu MakcUMaibHUIA MOTIK B oprpadi (puc. 5.5), Bu-
KOPHUCTOBYIOUH 3IHIIKOBI MEPEXKi.

» Marpuiro npomyCcKHUX 3JaTHOCTEH ayr oprpada HaBeIeHO y Tadiu
i 5.1, a BIAMOBIIHY 3aJIMIIKOBY MEPEKY 300paxeHo Ha puc. 5.9.

Tabnuysa 5.1. [louatkoBa matpuis B*

Tabnuys 5.2. Marpuns B* (kpox 2)

S 1 2 3 4 |t S 1 |2 3 |4 t
S 0 16- (13 | O 0 0 s |0 |4 13-({0 |0 0
1 |0+]O0 10 | 12-| O 0 1112 |0 10 (0 |O 0
2 |0 4 0 0 14 |10 2 |0+|4 |O 0 (140
3 |0 0+ |9 20- 3 12 0 |0 8
4 |0 0 7 0 | 4 4 0 [0+ |7 |O 4-
t 0 0 0+ |0 0 t 0 12 |0+ | O

OpienToBanuii nuisix (A = 12):

8161123201:'

Marpuito B* micns BUKOHAH-
HS KPOKYy 2' HaBeIEeHO y TabH-
mi 5.2, a BIANOBIAHY 3aJMIIKOBY
Mepexy 300paxeno Ha puc. 5.10.

OpienToBanuii nuisix (A = 4):

S—3 52 7 >4 >t.

1 4

Martpuirro B* micist BAKOHAaH-
HSL KPOKY 2° HABEIEHO y TabiH-
i 5.3, a BiANOBIAHY 3aJIHUIIKOBY
Mepexy 300pakeHo Ha puc. 5.11.

12

14

12

Puic. 5.10. 3amimikoBa Mepeska (ITic/ist BAKOHAHHS KPOKY 27)
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Ta6nuys 5.3. Marpuus B* (kpox 22)

Ta6nuys 5.4. Matpuus B* (kpox 2°)

s 1 |12 |3 4 t s |1 |2 3 |4 t

S 0 4 9- 10 0 0 s |0 (4 |2 0 |0 0

1 12 10 10 | O 0 0 11120 (10 |0 |O 0

2 |4+ 14 |0 |O 10- | 0 2 |11 (4 |0 0 |3 0

3 0 12 19 0 0+ | 8- 3 |0 12 19 0 |7 1

4 |0 |0 |4+ |7- |0 0 4 (0 (0 |11 |0 |O 0

t 0 0 0 12+ | 4 0 t |0 0 |0 19 | 4 0
OpienToBanuii IULIX (A= 7): Skmo mnpoaHanizyBaTu 3a-
S——>2—>4——>3——>t. |MIKOBY MEpeiky Ha puc. 5.12,

Martpwuiro B* micnst BUKOHaH-
HS KpPOKY 2 HaseneHo y Taljm-
mi 5.4, a BIANOBIIHY 3aJMIIKOBY
MEpEexKy 300paxeHo Ha puc. 5.12.

TO BiJl JyKepena S MOXHa J00pa-
THUCS TUIBKH A0 BepumHu 4. OT-
K€, OPIEHTOBAHOTO NUISIXY BiX S
no ty 3anuMmKkoBiii Mepexi He ic-
Hye. [lepexoanmo Ha Kpok 3.

Pric. 5.12. 3amimikoBa Mepeska (ITciisi BUKOHAHHS KPOKy 2°)
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Pesynbratu BUKOHaHHS KpOKy 3 HaBelneHO y Tabmuui 5.5 (mak-
CHMaJIBHHUM MOTIK v St-Mepeski, 306paxeHiii Ha puc. 5.5).

Tabnuys 5.5. MakcuMabHU TOTIK MaxkcuMallbHUH TOTIK Y
S 1 12 3 a2 n St-mMepexi, 10 BiAMOBITaEe
s 1o 12111 1o To 0 Tabmumi 5.5, 300paxkeno Ha
710 (o lo 210 1o puc. 5.13 (BigTBOpEHi TiNBKH
> To o 1o 0 11 1o Ti AyTH, SIKHMH pealibHO IPO-
3 10 (o 1o 0 10 9 TIKa€ MOTIK).
4 10 0 0 7 0 4
t 0 0 0 0 0 0

Puc. 5.13. MakcumanbHuii OTiK B St-Mepesxi (prc. 5.5) <

Mu po3mISHYJH J1Ba alropuTMH peatizaiii Mmetoay Dopaa-dan-
KEpCOHA BINIYKaHHS MaKCHMAJIBLHOTO MOTOKY (3a JOMOMOTOI0 MO3Ha-
YOK Ta 3aJMIIKOBHX MEPEeX). ICHYIOTh i iHII aJrOpuTMH BiIlTyKaHHS
MakcUMajbHOrO MOTOKY [5, 8]. OmHak, AOCTiKEHHS TOTO, SIKHH ajro-
PUTM HaWKpaImwii, € HaA3BHYAHHO CKJIQJHOIO 3a/a4ei0 1 BUXOIUTH 3a
PaMKH HAIIOTO MiIPYIHUKA.

VY HacTyMHOMY IYHKTI PO3IJITHEMO JIEsKI 3a7adi, po3B’SI30K SKHX
3BOJIUTHCS JI0 PO3B’SI3KY 3a/1adi BIANIYKaHHS MaKCUMalbHOTO TOTOKY B
St-mMepexi.

5.6. 38’30k 3aga4i MakcuMmizanii noToky 3 inmumu 3axayamu /10

JomoBumocs Hanaini St-wuepeoicy, Ky BU3HaueHo y naparpadi 5.1,
Ha3WBaTH cmandapmuorw St-mepexero. e Ham HEoOXimHO, OO Binpis-

HATH 1i Big St-Mepex, 1o MaroTh JOJATKOBI OOMEXEHHS 9d CHerudivHi
BIIACTHBOCTI.
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1. Ilomix 3 dexinbkoma Odxceperamu i cmokamu. Jlano opieHTOBa-
nuii oprpadp G = (V,E). Muoxuna V cKIa1aeThest 3 MHOKHHHU JKE-

pen S= {Vl,...,Vl}, MHOXHMHHM TIPOMDKHHUX BepinuH N = {Vl +1,...,Vm} i
MHOHWHH CTOKIB t = {Vm R 'A }

Posumpumo oprpad G no oprpapa G'=(V',E'), nogasum ngi
GIKTHBHI BEepIIMHHU Vo 1 Viep (Vo — IKEPENO; Vis1 — CTIK) 1 QIKTUBHI AyTH

(Vs V), j=]j i (V,Vv,,), i=m+1n. Iponyckui 3xarHocTi (ik-
TuBHEX JyT: D) = iji (j=11)i By = iji (i=m+1n).
i(j,i)eE jr(iieE

BenuunHy motoky y BuxigHomy oprpadi G i B po3impeHoMy op-
rpadi G’ BU3HAYarOTh MPOITYyCKHI 3AaTHOCTI Ayr oprpada G. Otxe, 3a-
Jlada Mpo MaKCUMaJbHUN TOTIK 3 MHOXHHH JDKEpen S = {vl,...,vl} y
MHOXXHHY BUTOKIB 1= {vm+1,...,vn} oprpadpa G exsigarenmmua 3amadi

PO MaKCUMaJIBHUH TOTIK y cTaHmapTHiH St-mepexi. [Tpuknan 3BeneHHs

Ha puc. 5.14 (GpiKTUBHI AyTH — MyHKTHPHI).
(4 4

Puc. 5.14. Oprpad 3 n1BOMa IKeperaMu 1 TBOMa BUTOKAMHU

2. [lomix 3 obmediceHHAMU HA NPORYCKHI 30amHocmi eepuiun. He-
Xail 3a7aHo JesiKy St-Mepexy 3 JOIaTKOBHMH OOMEXKEHHSMH, 3a SKUX
MOTIK Yepe3 KOKHY BEPIINHY HE MOBHHEH MEePEBHIIYBATH JesIKOi (ikco-
BaHOI MPOITYCKHOI 31aTHOCTI (pi3HOi i pi3HuX BepimH). HeoOximHo
OOYHCINTH MaKCHMaJIbHHUH TIOTIK, IO 3aJ0BOJBHSE IUM JIOJATKOBUM
obmexeHHsaM. Lls 3anava exsiganenmna 3amadi MIpo MaKCUMAJIbHUHN I10-
TiK Y CTaHAAPTHIHN St-Mepexi.
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JiiicHo, MokHa MOOyAyBaT CTaHAApTHY St-Mepexy, B SIKiH IS
KOXKHOI BUX1THOI BEpITUHU U AOIYy4YaloTh (GiKTUBHY BepIIUHY U*, a TIpo-
MYCKHY 3[aTHICTh (QiKTUBHOI Ayru (U, U*) BCTaHOBJIIOIOTH PIBHOIO MPO-
MYCKHiH 3qaTHOCTI BepmuHU U. [Ipuknaza St-mMepexi 3 0OMeXeHHSIMU Ha
NPOITYCKHI 31aTHOCTI BepIIHH Ha puc. 5.15 (MpomycKHy 31aTHICTH BEp-
[IMHU 3a3HAYEHO HaJ HE). 3BEIEHHS i€l Mepexi M0 CTaHIapTHOI
st-mepesxi Ha puc. 5.16 (GpikTUBHI AyTH — MYHKTHPHI).

Puc. 5.16. 3Benenns mepexi (puc. 5.15) 1o cranmapTHOi St-mepexi

3. 3adaua npo maxcumanvHuti nomix 0 HeopicHmosanux St-me-
peorc. 11s 3amaga Oinplle, HK CTaHTApTHA 3aj7ada, BIAMOBimae oOpaHii
MoJielTi TpyOOIPOBOY AJIsl TPAHCTIOPTYBAHHS PiJJUH: BOHA JIOMYCKAE BH-
nasioK, KOJIM piiIiHA MOKE TIPOTIKaTH Yepe3 TpyOu B 000X HampsMax.

3agaua Mpo MakCUMalbHHUHA TOTIK JUIS HEOPi€EHTOBaHMX St-Mepex
3600UumbCsl 10 3a7a4i PO MaKCHMAJIbHUN MOTIK JUIs CTaHAapTHUX (opi-
€HTOBAHUX) St-MepeK.

Jliticno, Mo>kHa TIOOYAyBaTH CTaHAApPTHY St-Mepexy 3 TUMH XK
BEPUIMHAMH, JI¢ KOXKHOMY peOpy BUXiIHOI Mepexki BiAMOBINATHMYTh JBi
JIyTH 3 TPOITyCKHUMHU 3IaTHOCTSIMH, SIKi IOPIBHIOBATUMYThH MPOITYCKHIH
3IaTHOCTI IIbOTO pedpa.
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JloBinbHUI MOTIK B Opi€HTOBaHi Mepexi Oe3mocepeHbO BiAmo-
BilaTUMe IMOTOKY TaKOi K BEJIIMYWHH, IO TMPOTIKAE B HEOPIEHTOBAHIH
Mepexi. MipKyeMo Tak.

Hexaii B opieHTOBaHii1 Mepexi uepe3 ayry (U, V) mpoTikae MOTiK
BEJIMYHMHOIO I, a uepe3 pedpo (V, U) MpoTikae MOTIK BEIUYUHOKO Z. SIKIIO0
I >Z, TO MO’KHA MIPOIMYCTHTH TMOTIK BEIMIUHOIO I —Z pebpom [U, V] He-
OpIEHTOBAHOT MEPEXKi Y HANPSIMi BEPIIUHU V; Y TIPOTHIIC)KHOMY BHIIAAKY
1e Oy/e MOTIK BENNYNHOO Z — I pebpoM [U, V] y HampssMi BepIuHu U.

4. 3adaua npo donycmumi nomoku. JJaHo opienToBaHuii oprpad
G=(V,E), nyru sxoro marots momaTHi Baru (nponyckui 30amHocmi).

Hexait xoxHa BepmHa oprpada Takox Mae Bary, Ky MOXXHa po3IJisiia-
TH SIK 3anac 3a 000amHo20 3HAYCHHS 1€l Bard, 4 siK nompeby —3a
6i0’emnoeo 3HadeHHs. Cyma Bar BepIIMH oprpada AOPIBHIOE HYJiO.
[Tpuxiag Takoro oprpacda HaBeaeHO Ha puc. 5.17.

Puc. 5.17. Oprpagd 3amadi npo AOMYCTHMI TOTOKH

Beprumay 3 3amacoM BiAMOBINAIOTH CKIalaM y 3aadi Ipo Po3Iio-
I 3amaciB, BEPUIMHU 3 OTpedaMu — po3apiOHUM TOPrOBUM TOYKaM, a
JIyTH — IOPOTraM Ha MapIIPyTaxX BAaHTAKHHUX MAIUH.

[oTik Ha3uUBaIOTH donycmumum, SIKIIO PI3HUISI MK BEITMYHHOIO
MOTOKY, 110 HAJXOANUTh Y KOXKHY BEPIIMHY, 1 BEJIMYUHOIO TOTOKY, IO 3
Hel BUTIKae, JOPIBHIOE Basi 1iel BepmuHM. [loctae 3adaua siouykanms
JIOTYCTHMHUX ITOTOKIB JiIs 3a1aHOr0 oprpada.

3amava mpo JOMyCTHMI ITOTOKH BiJIIOBIJIa€ HAa Take MMUTAHHSI: YU
MOJKHA BIJIIIIyKaTH TaKWH CIIOCiO TOCTaBKH TOBApiB, 32 SIKOTO TOBCIOTHO
3a0e3redyyeThCsl BIAMOBIAHICTD 3amaciB i moTped. MOXIMBUH A0IyCTH-
muii oTik B oprpadi (puc. 5.17) 300pakeHo Ha puc. 5.18.
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Puc. 5.18. Jlomyctumuit oTik B oprpadi (puc. 5.17)

3amava mpo AOMYCTUMUH MOTIK 3600umbcsi 10 3aadi MPO MaKCH-
MaJbHUH MOTIK B St-Mepexi. it 1[boro HeOOXiTHO JOMYUYUTH JI0 Oprpa-
(da QIKTHBHY BEpIIMHY-IKEPEINO S, 3 IKOT BUXOJUTHMYTh IYTH Y KOKHY
BEpIIMHY i3 3amacoM (Bara Ayrd JOPIBHIOBATMME 3amacy BiAMOBiTHOT
BEpIINHM), 1 QIKTHBHY BEpIIMHY-CTIK t, B Ky Beje Iyra 3 KOKHOI Bep-
e 3 otpedamu (Bara Qyrd JAOPiBHIOBaTHME aOCONIIOTHIN BETHYHHI
notpedu BimnosiaHoi Bepmuuan). Ha puc. 5.19 npointocTpoBaHo MpHK-
JIa]l TaKOTO 3BelleHHs AJs oprpada Ha puc. 5.17.

Puc. 5.19. 3Benenns no St-mepexi oprpada Ha puc. 5.17

V modatkoBoMy oprpadi MICTHTBCS TOMYCTHUMHU TOTIK TOMI i
TIJIBKY TOJI, KOJIM yCi IyTH, 110 BUXOIATH 13 JpKEpena, i BCi JyTH, 0 Be-
JIyTh Y CTiK, 3alIOBHEHI Tak, MO B St-Mepexi YTBOPIOETHCS MaKCHMAIhb-
HUH MOTIK.

5. 3a0aua npo maxcumanrvHuli nomik K 3a0aua JMHIHO20 NPO-
epamysanns (JIIT). Bamauy maxcumizayii mTOTOKy B St-mepedrici (Vo— mKe-
peno, V, — cTik) sk 3aaauay JIIT hopMymTIOIOTH Tak: 3HANTH 3HAUCHHS Xijj
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n n-1
as yeix (i, j) € E, ki maxcumizyiome semmauny f =3 Xgj = 2 X 32
j=1 i=0

I n-1 n -
obmexenp: 0< Xij Sbij! i, j =0, n,i #* j; ZXik - ij =0, k =1, n-1
i=0 j=1

? 3anuTaHHs 115 caMonepeBipKH

o Take mKeperno i CTiK MOTOKY?

[I1o Take NpomycKHa 34aTHICTh TyTH?

1o Take BeaMYMHA IOTOKY Jyro0?

Cdopmyitioiite 03HaUSHHSI CyMapHOI BEJIMUMHU TIOTOKY.
[Io Take iHTEHCHBHICT IOTOKY Y BepIIHHI oprpada?
CdopmyroiiTe 3aK0H 30€pEIKEHHS MTOTOKY.

1o Take nepepiz?

CdopmytroiiTe 03HaUCHHS TPOIYCKHOT 3MaTHOCTI Iepepisy.

© NN RE

Sk BUMIpIOIOTH CyMapHy BEIMYHHY IIOTOKY JUIS JOBITBHOTO IIEepepizy.

H
©

[lo Take 306inblIyBaNbHa/3MEHIYBaIbHA IyTa?

-
=

o Take 36inplIyBansHUll (ayrMEHTATBHUIT) MUTSX?

[EEN
N

Cdopmyiroiite 1 goBeaith Teopemy Dopaa-Dankepcona.

[N
w

OnuIiTe aIropyuT™ MOUIYKY ayTMEHTAIBHOTO HIIXY.

[y
&

Omumrite MeTox @opaa-DankepcoHa MouIyKy MaKCUMaJIBHOTO MTOTOKY.

-
o1

1o Take 3amumIKoBa Mepexa?

[EEN
IS

OnuIritTe aNropuT™M BU3HAYEHHS MAKCHMAJIBHOTO MOTOKY 3a IOTIOMOTO0

3aJIMIIKOBUX MEPEXK.

17. Onuuiith 3BeJCHH 33a4l PO MAaKCUMAJILHHUH TIOTIK 3 AEKIJIbKOMa JpKepe-
JIaMH 1 CTOKaMH JI0 33J[a4i [Ipo MaKCHMaIllbHUH MOTiK B St-Mepexi.

18. Onuuiith 3BeleHHs 33/1a4i PO MAaKCHMAIbHHUNA MOTIK 3 OOMEXECHHSIMU Ha
MPOIYCKHI 3aTHOCTI BEPILUH JI0 3a/1a4i PO MaKCUMaJbHUi MOTiK B St-Me-
pexi.

19. OnuuiiTh 3BefieHHA 3a/aui PO MaKCUMAaJIbHUI TOTIK JJIs1 HEOPIEHTOBAHUX
st-mepex 110 3a7a4i Mpo MaKCUMAaIbHUN TOTIK B St-Mepexi.

20. Onwuuiite 3BejIeHHS 3ajadvi Mpo JOMYCTHUMI MOTOKH A0 3a/adi NP0 MaKCH-
MaJIbHUH MOTIK y St-Mepexi.

21. Onumnite 3BEACHHS 3a/1a¥i MPO MaKCUMAJIBHUIA MOTIK J0 3aJadi JIiHIHHOTO

porpamMyBaHHSI.
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3aBaaHHsA JJIs CAMOCTIiiHOT podoTH
3ananus 5.1. TypuctuuHoMy 010po HEOOXIJHO Yy NMEBHHUM JIEHb OpraHi3yBaTH
nepenitT TypucTiB 3 Micta S y micto t. IIpsimux peiiciB i3 S B t Hemae. OnHak
MOKHA CKOPUCTATUCh IPOMIKHUMH MicTaMH &, b, ¢, d. Cxema MOXKJIMBHX Iepe-
JBOTIB: €:=(S, a), &,=(S, C), e5=(a, b), e,=(c, d), es=(d, a), es=(b, c), e;=(b, 1),
es=(d, t). lns kokHOro MapuipyTy €j 3amaHo Bary C(€j) — 4uMCiO BiNbHMX
Micib (peficu, Ha sIKi BUTBHHX MICIlb HEMae, He 3a3Ha4deHo). HeobOxinno Bubpa-
TH TaKy CTpaTeriro OpOHIOBaHHS KBHTKIB, 32 SKOI BHA€THCS OpraHi3yBaTH Iie-
periT MaKCUMaITbHOI KUTBKOCTI TYpHCTiB. BapianTu 3aBgaHs:
1. c(e;) =15, c(e,) =4, c(e3) =12, c(e,) =8, c(e5)=5,c(e) =3,
c(e;) =7, c(eg)=10.
2' C(el) = 30! C(EZ) = 81 C(e3) :12! C(e4) = 201 C(ES) :10 ’ C(eG) = 81
c(e;) =14, c(eg) = 20.
3. ¢c(e)=20, c(e;) =6, c(eg)=8, c(e,) =15, c(es) =7, c(eg) =4,
4.c(e)=21, c(e;)=7, c(e5)=9, c(e,) =16, c(e5) =9, c(e5) =6,
c(e;)=13, c(eg) =17 .
5. c(e;) =22, c(e,) =8, c(e;) =10, c(e,) =17, c(e5) =10, c(eg) =7,
c(e;)=14, c(eg)=18.
3ananus 5.2. Bigmykati MakcUMabHUI MOTIK 1 BEIMYMHY TOTOKY KOXXHOIO
ayroto Juist oprpada Ha puc. 5.19.

3aBaanus 5.3. Biguykatu MakcMMalbHHUN MOTIK 1 BEIMYUHY MOTOKY KOXXHOIO
nyrotro i oprpada Ha puc. 5.20.

Puc. 5.20. Oprpad 3aBmanus 5.3
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6. IOTIK MIHIMAJIBHOI BAPTOCTI

IInan BuKIaqy MaTepiay:

1. 3araubpHi IT0I0KEHHS.
2. BipmykaHHS TOTOKY MiHIMaJTbHOI BapTOCTI.
3. 3B’s30K 3ajaui Mpo MOTIiK MiHIMAIILHOT BapTOCTI 3 iHIKUMH 3a1auamu J1O.

= Ki1rouoBi Tepminu po3ainy

Y [lomik minimanehoi eapmocmi Y Posnodinvha mepedca

Y Bapmicmb nomoky 0yeoro Y Cymapna eapmicms HOMOKY

Y Makcumanvhuti nomix minimansnoi Y Moouixayis 6usHaueH st 3aIUmKo-
eapmocmi 801 Mepeorci

6.1. 3arajabHi MoJI0KEeHHS

3ajjaua MakcHUMi3allii MOTOKY MOXE MaTd JCKiibKa pinieHb. Ls
oOcTaBHHA Ja€ MPaBO MOCTABUTH 3aTUTAHHS, YA MOXKHA BBECTU 000am-
Ko6i KpUTEpIi 3 METOI0 BHOOPY OIHOTO 3 IUX pillleHb? MOXIHBO, 3 THX
YH IHIIUX MPUYMH NepeBary HeoOXiTHO HaJlaTH PILIeHHIO, K€ BUKOPHC-
TOBYE HallMEHIIIE YMCJIO AYT, YM PIlICHHIO, M0 nependayae modynoBy
HaHKOPOTIIUX MUIAXIB TOIIO.

i 3amadi cxmamHinT, HiX CTaHIapTHA 3a7ava PO MaKCUMaTbHAN
MOTIK, 1 BIIOMI Y JIITEpaTypi AK 3a7adi PO HOMIK MIHIMANbHOL 8apmoc-
mi (mincost flow problem).

Sk 1 y BUmaaKy 3ajadi mpo MaKCHUMAaJbHHUH TMOTIK, iCHYIOTh Pi3HI
€KBIBaJICHTHI CIIOCOOM ITOCTAaHOBKH 3aJ1adi MO TMOTIK MiHIMaIbHOI Bap-
tocti (Moodeni). Haliuactimme y miTepaTypi OMUCYIOTH MOIETb MAKCU-
ManbHO20 ROMOKY 3 MiniManwHoto sapmicmio (mincost-maxflow model) i
MOJIENL po3nodinbroi mepesici (distribution network).

Monenb MakcumManbHo20 NOMoKy 3 MiHIMAnbHOW éapmicmio Oa-
3yeThes Ha St-Mepexi, B sKiil KoxkHii 1y3i (i, J) 3 mpomycKHOO 31aTHiC-
Ti0 bjj; BitnoBsigae HeBin'eMHa sapmicme Oyeu cij NIPOXOKEHHS 0OUHUYT
NnomoKy i€l TyTOIO.

Baprticts noroky ayroro (i, j) JopiBHIOE HTOOYTKOBI cjj-Xij, A€ Xij —
BEJIMYUHA TIOTOKY I1i€t0 ayroto. Cymapra eapmicmes nomoky (41 mpocTo
eapmicms nomokxy) IOPIBHIOE CyMi BapTOCTEil MOTOKY KOXHOO JyTOFO.
HeoOxifHO 3HAWTH TaKul MAKCUMATbHUL HOMIK, BAPTICTH SIKOTO € HAli-
MeHW o TIOPIBHIHO 3 BAPTOCTSIMH 1HIIMX MaKCUMAaJIbHUX MOTOKIB.
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Mogenb po3nodinbHoi mepesci BUKOPUCTOBYIOTh, 3/1€0LIBIIOrO,
MiJ] 9ac po3rIsiAy CUCTEM, IO 3MIHCHIOIOTH PO3IIOALT TOBapiB. Bepmau
oprpada, 1o BiAMOBiIAIOTE CKJIagaM, MalOTh JOMATHI Baru (3anacu To-
BapiB). Bepiuny, 110 Bi/MOBIIaI0Th PO3APIOHUM TOPrOBUM TOYKaM, Ma-
10Th Bi'eMHi Baru (nompebu ToBapis). [IporyckHi 3aTHOCTI TyT BiAmMO-
BiJIalOTh KUTBKOCTI Ta BaHTAXOIT THOMHOCTI aBTOMOOIJIB, IO KYPCYIOTh
Ha BIANOBITHUX MapmpyTax. [IpuponHoro iHTepmpeTaliiero BapTocTi Iy-
T MOXeE CIyTYBaTH BapTiCTh NEPEBE3CHHS OAMHUII TOBapy BiINOBif-
HUM MapHIpyTOM.

Haragaemo, 1110 MOTIK € JOMYyCTUMHM, SIKIIO Pi3HULS MiX BeJU-
YMHOIO MOTOKY, L0 HAAXOJUTh Y KOXHY BEPLIMHY, 1 BEIMYMHOIO N1OTO-
Ky, 110 3 Hel BUTIKae, TOPIBHIOE Basi Ii€i BepIIMHU. 3ajaua MoJsrae y
TOMY, 00 Y pO3n0dinbHill Mepedci BINITYKATH OONYCMUMUL HOMIK Mi-
HIMQIbHOI 6apmocmi.

OueBuaHO, MO 3aJada NMPO MAKCHUMAJTbHUN TOTIK MIHIMaTbHOT
BapTOCTI 1 33jja4a Mpo JOMyCTUMUH MOTIK MiHIMaJIbHOI BapTOCTi y poO3-
MOJUIBHIN Mepexi exsisarenmui. 1le Oe3nocepeIHbO BUILTUBAE 13 3a1a4i
4 maparpada 5.6 (BapTocTi ayr, siki BUXOIATh 3 (iKTUBHOT BEPIIMHHU S
9d BXOJITh y (DIKTHBHY BepuIMHY t, BBaXKaloThb PiBHMMH HYJI0). SIK
HACTIIOK 1€l eKBIBaJICHTHOCTI TEPMIH 3adaya npo NOmik MiHIMATbHOT
eapmocmi BXXHUBAIOTh IS TO3HAYEHHS 000X 3a1a4.

6.2. BinmnykanHsi moTOKy MiHIMaJIbHOT BapTOCTi

Jlns BigmIykaHHsS MMOTOKY MiHIMaJBHOI BapTOCTI MEpeayciM po3-
HIMPIOIOTh BU3HAUCHHS 3AIUUKOGUX Mepedc 3 THM, 1100 BimoOpa3uTn
BapTOCTi JAyT, a came. 3BOPOTHHM JyraM NpPUIKCYIOTH BiJNOBiIHI Bi-
1’ €MHI BapTOCTi, a BApTOCTi MPSMUX OYT HE 3MIHIOIOTb.

Teopema 6.1. MakcuManpHUI MOTIK Ma€ MiHIMaIbHY BapTICTh TOAI i
TUTBKH TOJI, KOJH HOTO 3aJUIIKOBA MEpekKa HE MICTHTh OPiEHTOBAHOTO
[IUKITy CyMapHOi BiJ’€MHOI BapTOCTI.

» Heobxionicms (Bifi cynmpoOTUBHOTO). JlaHO MaKCHMAIBHUIN MOTIK MiHi-
MasbHO1 BapToCTi. [IpHumycTrMo, 0 3aMIIKOBa Mepexka I[bOTO TOTOKY
MICTUTh LMKJ CyMapHOi Bil’€MHOi BapToOCTi ¢, a A — BeJIMYHHA MiHi-
MaJIbHOI TIPOITYCKHOT 31aTHOCTI AYT IBOTO HUKIY.

3MIHUMO TOTIK, 0/al0ud A 10 BEIHMYUHU MOTOKY B JyTrax, sKi
BiJINOBIJIAIOThH JyraM IMKIY 3 JIOJAaTHOK BapTICTIO B 3aJUINKOBIA Me-
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pexi (mpsMi xyru), i BigHIMaO49M A BiJl BEJIUYMHU MTOTOKY B Ayrax, sAKi
BIJIMTOBIAIOTH JyTaM IUKIY 3 BiJl’ €MHOIO BAapTICTIO B 3AJMINKOBIN Me-
pexi (3BopotHi jayru). Lli 3MiHM He pOONATH BIUIMBY Ha PI3HULIIO MiX
BEJIMYMHOIO MOTOKY, IO HAIXOAWUTh Y KOKHY BEPIINHY, 1 BEITHYNHOIO
MIOTOKY, IO 3 Hei BuTikae. OMHAK Il 3MiHU CIPUYUHIOIOTh 3MEeHULeHHS
éapmocmi nomoxy Ha BenWUuHy c-A, ockimbku c-A<0. Otpumanu
cynepeunicmo (3a IPUIYIIEHHAM MAEMO ITOTIK MiHIMaJIBHOI BAPTOCTI).

Hocmamuicme (Bin cynporusHoro). Hexaii icHye MakCUMabHU#
MOTIK Oe3 yuxie cymapuoi 6id’ emHoi eapmocmi, BapTiCTh F skoro He €
MiHIMaITbHOIO. Po3risHEeMO OyIb-sSKAil MakCHMalIbHHH TOTIK 3 MiHi-
MansHOIO BapTicTio M. [ns neperBopenns F y M HeoOXigHO 3meHuysa-
muy BapTICTh MOTOKY 3a PaXyHOK 3MIHU BEJIMYMHH IOTOKY JYT JIESKOTO
opieHTOBaHOTO IWKITYy. OJHAaK NBOTO HE MOXHA 3POOUTH, OCKUIBKU
HEMae IMKIIB CyMapHOi Bif’€MHOI BapTocTi (IpOTHpPIiYYsS 3 YMOBOIO
F>M). <

Teopema 6.1 mae 3mory chopMy/IrOBaTH MPOCTHH y3arajibHEHUH
QITOPUTM BIJIIIYKAHHS TOTOKY MiHIMalbHOT BapTocTi (areopumm 6u-
KPeCu08anHs YUKIiQ):

Kpox 0. 3naiiTn MakCUMaJTbHUH TOTIK.

Kpox 1. Y 3anumukoBiii Mepexi 3HaUTH AOBUIbHUI Opi€EHTOBAHUHN LHKI
CyMapHOI BiI’ €MHOI BapTOCTi. SIKIO TaKOTo UKy HE iCHYE, TO
nepeiTH Ha KPoK 3.

Kpoxk 2. 3MiHUTH MOTIK, T0Ja04YH A JIO BEIMYMHU MOTOKY B Jyrax, siKi
BIIMTOBIZIAIOTh TyTaM IHKIY 3 JTOAATHOIO BApTICTIO B 3aJTHIIKO-
Bilf Mepexi (MpsiMi AyTH), i BiAHIMAIOYX A BiJl BETHUYHHH TOTOKY
B AyTaX, sIKi BIATIOBIMAIOTH AyraM IHUKIIY 3 Bill’ €MHOIO BapTiCTIO
B 3QJIMIIKOBIN Mepexi (3BopoTHi ayru). [lepeiitu Ha kpok 1.

Kpox 3. Kopuctyodnuch 0CTaHHBOIO 3aJIMIIKOBOIO MEPEXKEI0, o0y ayBa-
TH oprpad, U0 MiCTUTh MaKCUMAJIbHUH MOTiK MiHIMaJIbHOI Bap-
TOCTI. 3aBEPIIMTH AITOPUTM.

Y3aralbHEHUI anTOpUTM BUKPECIIOBAHHS IUKIIB JOIMYyCKae Je-
KilIbKa Pi3HUX peati3alii, OCKIIBKH METOAH BiAIITYKaHHS IMOYaTKOBOTO
MaKCHMaJIBHOTO MOTOKY 1 BIANIYKaHHS IIMKJIIB CYMapHOi Bi €MHOI Bap-
TOCTI HE OITKUCAHO.
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Mpuknaxg 6.1. 3naiiTh WOTIK MiHIMaNBHOI BapToCTi B oprpadi Ha
puc. 6.1, BUKOPUCTOBYIOUM y3aralbHCHUI AlrOpUTM BHKPECIIOBAHHS
UKITIB. BapTocTi myr 300paskeHO B OKPYTIIHX JTYXKKaX.

2, (1)

Puc. 6.1. Oprpad 3agadi npo moTik MiHIMaJIbHOI BAPTOCTI

» 3HaiiieMo MaKCUMaJIbHUH MOTIK B oprpadi, BAKOPHCTOBYIOYH 3AJTHII-
KOBI Mepexi. 3aBeplIagbHy 3IHIIKOBY MEPEXy MaKCHUMAJIbHOTO ITOTO-
Ky cyMapHOi BeiamunHH 4 Ta BaptocTi 22 300pakeHO Ha puc. 6.2, a
BiAIMOBiAHUI oprpad 3 MaKCUMaJIbHUM IIOTOKOM — Ha pHc. 6.3.

Puc. 6.3. Oprpad 3 MakcUMalIbHUM IIOTOKOM BapToCTi 22



6. [ToTik MiHIMaTBFHOI BapTOCTI 89

VY 3anumkoBiii Mepexi Ha puc. 6.2 iICHYIOTh Taki Opi€HTOBaHi
LUKIIU CYMapHOI BiJI’ €MHOI BApPTOCT:

4 N >1 T >0 o) >2 % >4,
3 &) >2 X&) >0 5 >1 ) >3;
3 ) >2 T >4 E >1 D > 3.
O6upaemo mukn 4 D >1 X&) >0 o) >2 ) >4,

OYTH AKOTO MaroTh MiHIMAaNbHY NPOIyCKHY 37aTHiCTh A = 1. 3MiHnMO
moTik Ha puc. 6.3, momaroun A =1 10 BemuunHu MOTOKY B Ayrax (0, 2) i
(2, 4), 1 BigaimMatoun A = 1 Big Benuuunau notoky B ayrax (0, 1) i (1, 4).

Oprpad MakCMMaJbHOTO MOTOKY CyMapHO! BeIM4YMHU 4 Ta Bap-
Tocti 21 300paxeHo Ha puc. 6.4, a BiINOBIAHY 3AIMIIKOBY MEPEXyY — Ha
puc. 6.5.

1.

Puc. 6.5. 3anumkoBa Mepeka MaKCHMaIBHOTO ITOTOKY BapTocTi 21
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V 3anumKkoBii Mepexi Ha puc. 6.5 icHye opieHTOBaHUI LIUKI CY-

MapHo{ Bis’eMHOT BapTOCTi 3 — = >2 0D >0 RORE S0 >3,

OYTH SIKOTO MalOTh MiHIMallbHY MPOMYCKHY 37aTHICTh A = 1. 3mMiHHMO
moTik Ha puc. 6.4, mogaroun A = 1 1o Bemmuuam motoky B ayrax (0, 1) i
(1, 3), i Bimaimarouu A = 1 Bix Benmumnu nmotoky B ayrax (0, 2) i (2, 3).

Oprpad MakCUMaJIbHOTO TOTOKY CyMapHOl BenndyuHu 4 i Bap-
tocti 20 300paxkeHo Ha puc. 6.6, a BIAMOBIAHY 3aJUIIKOBY MEPEXKY — Ha
puc. 6.7.

VY 3anumkoBiit Mepexi Ha puc. 6.7 Opi€HTOBAHOTO IHKIy CyMap-
HO1 BiZr’eMHOI BapTOCTi He icHye. OTOX, oprpad Ha puc. 6.6 300paxkae
MAKCUMATbHUL NOMIK CyMapHO1 BeIMIUHY 4 1 minimanvroi sapmocmi 20.

—— 3

Puc. 6.7. anumkoBa Mepexa MaKCUMalbHOro NoTokKy Baprocti 20 <

[lim gac po3B’si3yBaHHA npukiamy 1.22 mu mis Oibmoi Haod-
HOCTI BOJHOYAC BUKOPUCTOBYBalIM oprpadu Ta BiAMOBiAHI 3aJIMIIKOBI
Mepexi. OHaK MOXHA Tak HepeOpMyIIOBATH AITOPUTM GUKDECTIO-
6anns yuknie, MO0 BUKOPHUCTOBYBATH TIABKHM 3alUINKOBI Mepexi (ca-
MOCTIHHO).
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6.3. 3BemeHHs1 y3arajibHeHOI TPAHCHMOPTHOI 3aga4i 10 3aaadi mpo
NOTiK MiHIMaJILHOI BapTOCTi

VY dgerBeproMy po3aidi nepm01 YaCTUHM LBOr0 MiJpyYHHKA MH
pO3MIIAIaTN TIOCTAHOBKY Ta PO3B’s3aHHS CTAHAAPTHOI MPAHCHOPMHOL
3a0aui (T3). B yzacanvueniti T3, OKpiM IMYHKTIB IOCTa4aHHS OIHOPIi-
HUX TOBapiB (JuKepen) i MyHKTIB CIOXKHMBAaHHSA X TOBapiB (CTOKIB), IIe
HasiBHI nepesanouni nynkmu (IPOMIKHI BEPIINHK), B IKUX TOBAPH Hepe-
BaHTaXYIOTh 3 OJHUX TPAHCIIOPTHUX 3aCO0IB HA 1HIII.

3a3BUyaii BBaXaloTh, [0 Ha MEPEBATOYHUX MYHKTaX HE MOXKE BiJl-
OyBaTHCs HAKOMWYCHHS TOBapiB (CKUIBKM TOBApiB 3a OJUHHMINO YaCy
HaIHIILIO0, CTUIEKM TOBapiB 3a OJMHMINO Y9acy Oyle BiampasiieHo). SIk-
IO K MEePEeBaJOYHUI MyHKT Ma€ CKJIaJH, TO HA HhOMY MOXE BiOyBaTH-
Csl HAKOTTMYEHHS TOBapiB (Y bOMY BHIAJIKy HOTO YMOBHO 3aUHMCIIOIOTh
JI0 MyHKTIB CIIO)KUBAHHS).

V crangaptHiit T3 mepeBe3eHHs TOBapiB 3MIHCHIOETHCS MK OYIIb-
SKUMHU TYHKTaM{ MOCTaYaHHS Ta OyAb-SKUMH ITyHKTaMU CIIOKWBAHHS.
Ha Bigminy Bix crannaprtHoi T3, B y3aransHeHiil T3 nepeBe3eHHs TOBa-
PiB MO€ TaKOX Bi0OYBAaTHCS MiK OKPEMUMH ITYHKTaMHU MIOCTA4aHHS YU
MK OKPEMHMH ITyHKTaMHU CIIO>KUBAHHS.

OkpiM 160T0, B y3arajabHeHilt T3 MK OKpEeMHUMH MyHKTaMH I10-
CTa4aHHs, MEPEBATOYHUMH MYHKTAMH 1 MYHKTAMH CHOXXHBaHHS MOXeE
He iCHyBaTH crionydeHHs (Iopir), a Ha MPOMYCKHI 3MaTHOCTI HaSABHUX
JOpIr HaKIagaroTh OOMeEKeHHs (TOOTO IPOMYCKHI 3HAaTHOCTI IOpir
BIIMIOBI/IalOTh  KUTBKOCTI Ta BAHTAKOMIAMOMHOCTI TPaHCIIOPTHHUX
3ac00iB, 0 KypCYIOTh [IUMH JOPOTaMH).

V3aransHeny T3 Ha3UBaIOTh 3aKpUMOIO, SIKIIO CyMapHa BEIMYMHA
MIOTIUTY TOBapiB B yciMa MyHKTaMH CHOXXHUBaHHs JIOPIBHIOE CyMapHii
BEJMIMHI TIPOTO3HUIIii TOBapiB B yCiX MyHKTIB IMMOCTa4aHHs. SIKI0 yMoBa
3aKpUTOCTI HE BUKOHYETHCS, TO BBOASATH (DIKTUBHHM IMYHKT MOCTayaH-
Hsi/crioxuBaHHs (qUB. po3/in 4 yactHHU 1 ILOTO MiAPYYHHUKA).

VY saxpumii y3araneHeHid T3 HeoOximHO 3HaiTH Takuid crocid
TIePEBE3CHHSI TOBAPIB CYMapHOi BETWIMHY B BiJ MyHKTIB MIOCTAYaHHS 10
MYHKTIB CTIO’KUBAHHS 3 MONMCIUBUM BUKOPUCTAHHIM ITEPEBAIIOYHUX ITyH-
KTiB, SIKUU MiHIMIZYE 3aeanibHy apmicmb TIEPEBE3CHHS TOBApiB TPAHC-
MIOPTHOIO MEPEXEI0; 100 I[HOTO HEOOXiTHO BPaxOBYBaTH OOMEKEHHS
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Ha MPOMYCKHI 3AaTHOCTI AYT 1 HA BEMUYMHH MOMUTY 1 Mpono3uLii Bep-
IIHH.

OOMexeHHS, SKi HaKIIaIaloTh Ha MPOITYCKHI 3[TaATHOCTI JIOPir, MO-
KyTh BIUIMHYTH Ha ICHYBaHHS IOITYCTUMHUX PO3B’SA3KiB y3araJlbHCHOI
T3. Ha Biaminy Bia cranmapTaoi T3, ymosa 3akpumocmi y3arajibHEHOI
T3 1we e eapanmye icHyBaHHS X04a O OJJHOTO JIOITyCTUMOTO PO3B’sI3KY.

VY TakoMy BUNAIKy JIOTIYHO 3HAUTH MAKCUMATLHO MONCIUBY CY-
MapHy BEJIMYHHY TOBApiB, SIKi MOKHA MEPEBE3TH BiJl IIyHKTIB IMOCTaYaH-
HS IO TIYHKTIB CIIO)KUBaHHS 3 MOJICIUGUM BUKOPUCTAHHIM TIEpPEBaIOY-
HUX TIyHKTIB, SIK& MIHIMI3YE 3a2aibHY 6apmMicmb TEPEBE3CHHS IUX
TOBApiB TPAHCHOPTHOIO MEPEXKEIO.

AHani3yroun Bulllecka3zaHe, MOXKHA 3pOOUTH BHCHOBOK, IO MO-
e yi3araabHeHoi T3 OinbIlie BIAMOBiNAaE yMOBaM pEAIbHUX TpPaHC-
MOPTHUX MepexX, HiK Mojens cranaaptHoi T3. OxHak po3B’si3aTh y3a-
ranbHeHy T3 Habarato Bakue, Hix craHfapTHy T3.

Jnst po3B’si3yBaHHs y3arajdbHeHOi T3 po3pobiieHo crenianbHui
CUMIUTEKCHUI Meton y Mepexi [13, 16, 17]. Oanak Haifuacrime y3a-
raybHeHy T3 3BOIATH 110 3a/1a4i PO MOTIK MIiHIMaJILHOT BAPTOCTI.

OueBuaHo, O y3araabHeHiH T3 BiamoBigae modens cneyianbHol
po3nodinvhoi mepedci (puc. 6.8), B sKkiii BepmmHM oprpada, mo Biamo-
BIJIAIOTh [DKEpEsiaM, MaroTh J0JAaTHI Bard (3anacu TOBapiB), a BEPIINHH,
IO BIiAMOBiMAIOTH CTOKAaM — Bix'eMHi Barm (nompebu ToBapiB). Barm
NPOMDKHHUX BEPIIMH JOPIBHIOIOTH HYIO (CKUIBKM TOBApiB 32 OAMHHIIO
Yacy HaJiHILIO, CTUIBKY 32 OJMHUIIIO Yacy i OyJne BiampasieHo). Bap-
TICTIO IyTH CIYTY€ BapTiCTh TMIEPEBE3CHHS OJUHUII TOBApPY BiAMIOBITHUM
MapupyToM. [lo3Hauka nyru: mponycksa sparHicrs, (Bapricrs myr).

3.(2) -4

Puc. 6.8. Y3aranpHena T3 (Moiesb CrieliaabHOl PO3MOALTEHOT MEPEKI)
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Oprpad BinnmoBigHOT 3a4a4i MPO MOTIK MiHIMaJIbHOI BapTOCTi 30-
OpaxeHo Ha puc. 6.9.

Puc. 6.9. Oprpad 3amaqi mpo moTik MiHiMaIBHOT BapTOCTi (TS y3araabHEHOT
T3 ua puc. 6.8)
[HKOMM MpOMyCKHA 3aTHICTH AYTH Mae 0OMEKeHHs 3 000X OOKiB
(TobTO | j < Xjj <Ujj). HmkHIO MexXy NpOIYCKHOI 37aTHOCTI 1yru |ij

MO’KHA BUJIATMTH 3 OOMEXKEHD ITiICTaHOBKOO Xi'j = X; —l;; . dnst nosoro
MTOTOKY Xi'j BEPXHBOIO MEXKE0 IporryckHoi 3marrocti ayru (i, j) Oyme

BemumHa B = Uy — I, a mwkabot0 — wmcno 0 (to6ro 0< X <by). V

ij? ij —

ObOMY BUIIAAKY Bary BCpHIMHU I SMCHIIYIOTh Ha BGHI/IQI/IHyI a Bary

1!
BEPIIMHH | 30UIBIIYIOTh HA BEJTUYHHY |ij .

Mpukaan 6.2. Komnanis 3a0e3nedye 3epHOM 13 TPhOX 3E€PHOCXOBHII
Tpu nrtaxodadpuku. IIponosuuis 3eprocxosunr — 100, 200 i 50 tucsu
TOHH 3epHa, a nonuT nraxopadpuk — 150, 80 i 120 tucsy ToHH, Biamo-
BimHO. KoMITaHiss MOYKe TpaHCTIOPTYBATH 3€PHO 3aTi3HHYHUM TPAHCIIOP-
TOM, 38 BUHITKOM TPbOX MapILIPYyTiB, 1€ BUKOPUCTOBYIOTH aBTOMOOIJIb-
Hu# Tpancmopt. Ha puc. 6.10 mpoimtocTpoBaHO MOXIIMBI MapUIpyTH
MIDX 3€PHOCXOBHINAMHU 1 nTaxohadprukamu.

Oyru (1, 4), (3, 4) i (4, 6) BigmoBigarOTH aBTOMOOUIEHMM Map-
HIpyTaM, SKi MarOTh BEPXHI Ta HIDKHI TPAHUIIl MPOMYCKHHUX 3/IaTHOCTEH.
[Hmi gyru BiAMOBiZArOTH 3aJli3HUYHOMY TPaHCIOPTY, MPOIYCKHI 31aT-
HOCTI SIKOTO MPaKTHYHO He oOMexeHi. BapricTh TpaHCIIOpTyBaHHS OJ-
Hiel TOHHM 3epHa B YMOBHHX TPOIIOBHX OJWHHISX TOAAHO MOOIH3Y
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KOXKHOI JIyTW B OKPYIJHX AyXKax. Y Mepexi Ha puc. 6.10 HeoOXigHO
BUAJIMTH 3 OOMEXEHb Ha MPOITYCKHI 31aTHOCTI AYT HIDKHI MEXi.

100 50, 80 (1) 150

200 80
Puc. 6.10. TpancnopTHa Mepexa 3a7adi Mpo 3epHOCXOBHIIA i NTaxodadpuku

» Ha puc. 6.11 npoimocTpoBaHO MEPEKY MiCis BHIYYCHHS HUXKHIX
MEX MPOITYyCKHUX 31aTHOCTEH JIyT.

S0 30 (1) 130

200 80

Puc. 6.11. Mepexa 6e3 HIKHIX MEK <

? 3anuTaHHs 1S caMonepeBipku

1. Cdopmymroiite 3a1aqy Ipo MOTIK MiHIMaIBHOI BapTOCTI.

2. Onuuiite MOJENb PO3MOIUILHOT MEPEXKi.

3. CdopmymoliTe y3arajabHeHy TPaHCIIOPTHY 3aady.

3aBaaHHs JJIs1 CAMOCTIiiiHOT poGoTH

3aBaanHs 6.1. Po3p’sokiTh 3a1a4y mpo NOTiK MiHIManbHOT BapTocTi (puc. 6.9).

3apaanns 6.2. Po3s’sokiTh 3amady mMpo MOTIK MiHIMaIbHOI BapTocTi (puc. 6.11).



7. KanengapHe ruraHyBaHHS y Mepekax 95

7. KAJIEHJAPHE IIJIAHYBAHHSA Y MEPEKAX

IInan BuKIaqy MaTepiay:
1. TonoBHi BU3HAYCHHS | TEPMIiHU.
2. Meron kpuruanoro nuistxy (CPM).
3. Cucrema PERT.
4. Amani3 Ta onTUMi3alis MepexeBoro rpadika.

s~ Ku1iouoBi Tepminu po3ainy

Y Komnaexce pobim (npoexm) XY CmpyxkmypHe niaHyeaHHs

Y Kanenoapue niamysanms Y Onepamusne KepysamHsi

Y [paghiune npedcmasnents pooim Y Mepeoca “pobomu — nooii”

Y Vnopsiokysanns mepeaici Y Kpumuunuti winsix y mepesxci

X' Pauniti mepmin 30iichennss nooii Y I11i3uiti mepmin 30iticnenns nooii

Y Panuiii mepmin nouamxy pobomu Y Pauuitl mepmin 3aKinyeHHs pobomu
Y [1i3nitl mepmin nouamky pobomu Y [1i3nitl mepmin 3aKinueHHs pobomu
Y [losHuii pezepg uacy pobomu Y Binvrutl peseps uacy pobomu

Y Oyinku 8UKOHaHHs po6Omu Y OyinKu GUKOHAHHS NPOEKMY

Y Koegiyicum nanpyosicenns pooomu Y Onmumizayia “uac — eapmicms”

7.1. F'onoBHi BU3HAYEHHS i TEPMiHN

ITnanyeanns i kepysanns y mepesxcax (IIKM) — cucrema o6unc-
JIOBAJIbHUX 1 TpadiuHUX METOJIIB, OPTaHi3aliiHUX Ta KOHTPOJIHHHUX 3a-
XOJ[IB Ha OCHOBI MEpeXeBOi MOJeli 00 IJIaHyBaHHS 1 KepyBaHHS
[IEBHUM KOMILJIEKCOM POOIT.

Iin komnaexcom pobim (kKomniekcom onepayiil YU RPOEKMOM)
PO3YMIIOTh OYib-sIKE 3aBIaHHS, JIUIsl BAKOHAHHS SKOTI'0 HEOOXIHO 3/ikic-
HUTH BEJUKY KiIBKICTh pizHOMaHITHUX poOiT. Lli poboTH 3anexHi ogHa
BiJI iHIIOT Tak, 0 BUKOHAHHS MEBHUX POOIT HE MOXE PO3IOYATUCS pa-
Hille, Hi>K BUKOHAHI JIesKi 1HII poOOTH.

[TnanyBaHHS 1 KepyBaHHS Ha MEpeXkax HaJlluye Taki eTarnu:

1. Cmpyxmypne nianyeanus. IIpoekT po30MBaIOTh Ha YiTKO BH3HA-
4eHi poboTu (omepartii), 1Uis IKMX BU3HAYAIOTH TPUBAJIOCTI Ta Mpi-
OPHUTETH IXHBOTO BUKOHAHHSI.

2. Kanenoapue nianysanns. Ha ocHOBI aHami3y poOiT OyayoTh Me-
pexxeBuid Tpadik, Mo BiqoOpa)kae B3a€EMO3B’S3KH MiXX HUMHU. Bu-
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3HAYalOTh MOMEHTH MOYaTKy W 3aBepUICHHS KOXHOI poboTH I
1HIIII 9acOB1 XapaKTEePUCTUKU MepekeBoro rpadika. OnTUMI3yIOTh
MEpEKEBY MOJIEIb.

3. Onepamuene kepysanisi. BUKOPHCTOBYIOTh MEpEKeBHH Tpadik
st GOpMYBaHHS 3BITIB PO BUKOHAHHS TpoekTy. [Ipu ipomy me-
pekeBa MOJIENIb MOXE OINEPaTHBHO KOPETYBaTHCS 3 METOI0 PO3-
POOKH HOBOTO KaJICHIAPHOTO IUIaHy JJIT YaCTHHU POOIT, sKi mIe
Tpeba 3aBepLINTH.

Icaye nBa cmocobu ommcy MPOEKTY HA PiBHI CTPYKTYPHOTO ILIA-
HyBaHH:: TabnmuHui 1 rpadivanii. Posrisaemo ix y npuknani 7.1.
Mpuknax 7.1. Y tabnumi 7.1 Bu3HadeHo poOOTH, iXHIO TPHBAJICTh, a
TaKOX TMPIOPUTETH BHUKOHAHHA PoOIT (mepemyBaHHS pOOIT) AEIKOTO
npoekty. ['padik BUKOHaHHS pOOIT MpoeKTy 300pakeHo Ha puc. 7.1.

» Tabauys 7.1. Tepenik poGiT mpoexTy

Po6ota Po6oTH, siKi TepeyoTh Tpusaiticts pobotH (y qHAX)
A - 5
B - 6
C B 4
D A C 3
5
A
6 4 3
B > » D
Puc. 7.1. I'padix BUKOHAaHHS pOOIT MPOEKTY <

[TpeameToM poO3TIsILy B LLOMY PO3ALUTY € KaleHOapHe NAaHY8aH-
Hs. Pe3ynbpTaTH CTPYyKTYPHOTO IUIAHYBAaHHS BBaXaTUMEMO BIIOMUMH, a
NHUTaHHS ONIEPaTUBHOIO KepyBaHHs BUXOAATh 3a Mexi 0.

Mepesicesa modens — JIaH BUKOHAHHA KOMIUIEKCY B3a€MO3B’ s13a-
HUX poOiT, 3a7aH0r0 y cnenudiuniil popmi, rpadiune 300paXkeHHs IKOT
Ha3MBaIOTh Mepedicesum epagikom (abo mepedicero). I'0IOBHOIO PUCOIO
MEpeX)eBOi MOJIeNli € YiTKe BHU3HAYEHHS YCIX 4acOo6uUX B3AEMO3B’S3KiB
po0it. ['07I0BHUMH eJTleMEeHTaM1 MEPEKEeBOI MOIECI € nodii Ta pobomiu.
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Tepmin poboma BuxkopuctoByioTh y [IKM y mupokomy 3HaueHHi.
[o-miepure, e diticka poboma — MPOTSHKHICTH MPOIIECY B 4Yaci, 10 BU-
Marae 3atpar pecypcis. [lo-apyre, e ouikysantsa — MIPOTSIKHICTD IpoOIIe-
Cy B 4aci, 10 HE BHUMAarae 3arpaT mpaili (Hampukiaj, Mpouec CyIIiHHS
BUpoOy micnst (apOyBaHHs, TBepJiHHsA OeToHy Tomio). ITo-Tpete, 1e
sanexcuicmo (200 gpikmusna poboma) — NOTIUHMI 3B’I30K MK JBOMa
4qu JeKibkoMa pobotamu (MOJisIMU), KM HE BUMarae 3arpaT mpaili,
MaTepianbHUX pecypciB uM 4acy. DikTuBHa poOOTa BKazye Ha Te, IO
MOJKJIMBICTh ONIHI€T poOOTH OE3MOCcCepeIHhO 3aJEKUTh BiJl Pe3yibTaTiB
inmroi. TpuBaicTs GiKTUBHOI pOOOTH AOPiIBHIOE HYITIO.

Ilo0is — 11e MOMEHT 3aBEpIICHHS JISIKOTO IMPOIIeCy, Mo BigoOpa-
Kae OKpeMHH eTan BUKOHaHHS NpoekTy. [lofist Moke OyTH pe3yabTaToM
OKpeMoi pPoOOTH YHM CyMapHHUM pe3yJbTaToM AEKUTbKoX pobit. [lomis
MOX€E 3TIMCHUTHCS TUTBKH TOJi, KOJHM 3aKiHYaThCSA yci poOOTH, IO ii
nepeayoTh. HacTynHi poOOTH MOXYTh MOYATHCS TUTBKH TO1, KOJH IO-
ISt 3M1HCHUTECS.

IMonist ne mac mpusarocmi (3niACHIOETECST MUTTEBO). KoskHa 1mo-
Ilist MepexXeBOi Mozielli Mae OyTH IIIKOBUTO, YiTKO 1 BceOiYHO BH3Haue-
Ha. @opmysroBaHHS TMOAIl Ma€ MICTUTH Yy cO0i OIMUC pe3yabTaTiB yCix
poOiT, ski 6e3nocepeHbo i nmepenyroTs. Cepen moaili MepexeBoi Mo-
JIelTi BUIUIAIOTE nowamkogy 1 3agepuwanvyy nopii. [lodaTtkoBa mofis He
Mae poOiIT 1 moAiH, o il mepemyroTh. 3aBepinanbHa MO HE MaE Hac-
TynHHX poOiT 1 moxii. [loxii Ha MepekeBoMy Tpadiky 300paxkaroThCs
sepuunamu, a podboTH — dyeamu.

Mpukaan 7.2. Ha puc. 7.2 300paxkeHo MepexeBuid rpadik 1is MPOeKTY
3 mpukiany 7.1.
>

Puc. 7.2. Mepexesuii Tpadik mpoekty (mpukian 7.1)
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3 MmepexeBoro rpadika Ha puc. 7.2 BUIUIMBAE, o0 podbotn 4 i B
BUKOHYIOTHCSl HE3aJIEXKHO OJIHA BiJl OJJHOT IiCIIsl 3[IHCHEHHS T0YaTKOBOT
mogii 1; po6ora C — micns 3aiticuenHs mofii 2 (BukoHaHa po6oTa B); a
pobota D — micns Hacranus noaii 3 (Bukonani pobdotu A4 i C). <

VY Mepexi Ha puc. 7.2 moOIu3y KOKHOI IyTH MPOCTABICHO Ha3BY
pobotu Ta ii TpuBamicTh. Ili Yac HACTYNMHUX TEPETBOPEHb MEpExi
Ha3By pOOOTH HE BKa3ylOTh, OCKUIBKH II¢ HAIMITKOBA iH(OpMAIIis,
ajpke poOoTy ineHTHdikye BiamoigHa ayra: pobdory A — ayra (1,3);
poboty B —nyra (1, 2); podoty C — nyra (2, 3); poboty D — nyra (3, 4).
Mpukaan 7.3. [ToOynyBatu MepeskeBuil Tpadik AN TPOEKTY, IEperiK
poOIT SIKOTO HaBeACHO Y Tabui 7.2.

Tabnuys 7.2. Tleperik poOiT MPOeKTy

PoGora PoGory, siki mepenytoTs Tpusainicts podoTn
(v Ansix)
A - 5
B - 6
C B 4
D AC 3
E C 4
F C >
G D,E F 3

» Mepexesuii rpadik Ha 0a3i Tabuuii 7.2 300paxeHo Ha puc. 7.3.

Puc. 7.3. Mepexesnii rpadik mpoekty (mpukian 7.3)

VY mepexeBoMy Tpadiky Ha puc. 7.3 BUKOPUCTaHO JBi (PIKTHBHI
pobotu (3, 4) i (5, 6), ix 300paxkeno mynkrupom. L{i po6oT He BuMara-
I0Th Yacy Ha BHKOHAHHS 1 BHKOPHCTOBYIOTBCS JIHIIE JJISI TOTO, II00
MPAaBUJILHO BiJOOPa3UTH 3B’ I3KU MK poboTamu. <



7. KanengapHe ruraHyBaHHS y Mepekax 99

MepexeBuii rpadik, pakTHUHO, € ayukaiuHow St-mepesicero, oc-
KUTbKH cepejl Mol (BepIinH) MepexeBol MOJCT BUIIIAOTh nouam-
K08y 1 3aeepuwianbiy TIONii (BEPIIMHHU) Ta iCHY€ WITKHMH MOPSATOK BHKO-
HaHHS POOIT 1 KO’KHA poOOTa MOKE BUKOHYBATHUCS JIMIIE OJIMH pa3. Bara
JIyTH Bi/ITIOBIa€ TPUBAJIOCTI BIAMOBIAHOT POOOTH.

[Ipu nmobynoBi MepexeBoro rpadika HEOOXiJHO JOTPUMYBATHCS
TaKWX MPaBUII, SKi 320€3MeUyI0Th YTBOPEHHS allMKIIIYHOT St-Mepexi:

1. He moxe OyTu BepuivH (32 BUHITKOM 3aBEpILIATbHOT BEPIIMHH), 3
SAKHX He 6uxo0ums xoaHa nyra (pobora).

2. He moxe Oyt BepmiuH (32 BUHSITKOM IOYaTKOBOI BEPIIMHH), B
SIK1 He 6x00umb Xoua O oJlHa JIyTa.

3. Y mepexi He Moxke OyTu nemens 1 yuxnig. Ilpy BUHUKHEHHI 1IHMK-
ny (y CKIaHHUX Mepexax I¢ BUSBISETHCS JHUIIE 32 JOMOMOTOI0
KOMIT'F0Tepa) HEOOXiTHO MMOBEPHYTHCS IO IOYATKOBHMX MaHUX i
MUISIXOM YTOYHEHHSI TIEPETiKY pOOiT TOMOTTHCS HOTO YCYHEHHS.

4. Bynp-sKi ABi BEPIIUHA MAIOTh 3B’ I3yBATHCS OJHIEIO TYTOIO.

5. ¥V mMepexi mae OyTu JIuIe ogHA TTOYATKOBA i OJIHA 3aBepIiaabHA
noaii. SIKo 1e He Tak, TO JOMOITUCS 0a)XaHOT'0 MOYKHA IUIAXOM
yBeleHHs (QiKTUBHHUX MOJIH 1 poOiT.

[lepmi cucremu, 110 BUKOPUCTOBYBAIIM MepexeBi rpadiku, Oymum
3actocoBani B CIIA mampukinmi 50-x pokiB i ogepxamu Hazpu:. CPM
(Critical-Path Method, memoo kpumuunozo winsxy) i PERT (Program
Evaluation & Review Technique, memoo oyinxu 1 oensdy npozpamu).
Cucrema CPM Oyna BriepIine 3acTocOBaHa IPH KepyBaHHI OyIliBEeILHU-
Mu pobotamu, a cuctema PERT — mpu po3poOiii pakeTHHX CHCTEM
“ITomapic”.

Cucremy CPM opi€eHTOBaHO Ha PO3B’S3YBaHHS 0emepMiHOBAHUX
3a/la4 TUTAaHyBaHHS Ha MEPEkKax, B SIKUX TPUBAIICTh KOXKHOI poOOTH €
BEIMYMHOIO BIJIOMOIO Ta CTaJIOK.

Cucremy PERT opienToBaHO Ha aHalli3 MPOEKTIB, B SKUX TPHU-
BaJICTh YCIX UM JESIKUX POOIT BU3HAYUTH TOYHO HE BAA€ThCs. Crucremy
PERT, 3a3Buuaii, BUKOPUCTOBYIOTh IiJi Yac IMPOEKTyBaHHS 1 BIIPO-
BaJDKEHHSI HOBHX CHCTEM, Y SIKUX 0araTo poOiT He MalOTh aHAJIOTB.
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7.2. Metoa kputnuHoro uLisaxy (CPM)

st 3acTOCYBaHHS MEmMOOy KpUMUYHO20 wilsxy TONEPEAHbO He-
00XITHO YIOPSAIKYBAaTH MEpEeKeBHH Tpabdik. Yrnopsaokysauwns mepexe-
BOro rpadika Mmoisrae y TakoMy po3TalllyBaHHi MOJiH i po0iT, 3a sIKOTo
Uit OyIb-sKOi poOOTH Toid, SKa i mepeaye, po3TalloBaHa JiBilIe i
Ma€ MCHIIUKA HOMEp TOPIBHSHO 3 TOII€I0, SKa 3aBEpIIyE IO POOOTY.
To6TO B ymopsiAKOBaHOMY MepexeBoMy Tpadiky BCi poOOTH-CTPIIIKK
CIpSIMOBAHI 3J1iBa HAIIPABO: Bij MOJiil 3 MCHIIUMH HOMEPaMH JI0 MOJil
3 OUIBIIMMHU HOMEPaMHU.

YMOBU ynopsiAKYBaHHsI MEPEKEBOro rpadika BiAIOBiAalOTE yMO-
BaM HyMepyBaHHS BEPIIMH alMkiIigHoro orpada (reopema 1.2). Amro-
PUTM HyMepyBaHHs BEPLIMH MepexkeBoro rpadika (nooditl), skuii HaBe-
JIEHO Yy JTOBeJIeHHI TeopeMu 1.2, 3aI0BOJIbHSIE BUIICBKA3aHI YMOBH yIIO-
PAAKYBaHHS MEpEXeBoro rpadika.

OpHe 3 HAMBAXIJIUBIIIUX TIOHATh MEPEKEBOTO Tpadika — MOHATTS
nusaxy. [llnsx — Oynb-sika MOCHITOBHICTE pOOIT, Y SKiM KiHIIEBA OIS
KOXHOT pOOOTH 30ira€ThCs 3 MOYATKOBOO TOIEF0 HACTYITHOT 33 HEHO PO-
6otu. Cepen pi3HHX LUIIXiB MEpEKEBOro rpadika BUIIISAIOTh NOGHUI
wiax L — Oymb-KUi TUIAX, TTOYATOK SKOTO 30IraeThCsl 3 MOYATKOBOIO
MOJTIET0 MePexi, a KiHelb — i3 3aBepIIaIbHOIO.

HaiirpuBanimmii mOBHMH WIIISIX Yy MepekeBoMy TIpadiky Haszu-
BAIOTh KpumuyHum. KPUTHIHNMHU Ha3WMBalOTh TakoX poOoTH i moaii,
pO3TaIOBaHl Ha LbOMY LUIAXY. 1 BH3HAUEHHS KPUTHUYHOIO LUIAXY
BUKOPHCTOBYIOTH QJITOPUTM OOYHCICHHS HAUOO8UI020 WiLiAXy B HaBaH-
TaKCHOMY alMkIiuHOMy oprpadi (§ 3.5).

Kputnunuii nuisix Mae ocobnuse 3HadeHHs y cucremi [IKM, oc-
KiJIbKM poOOTH LOTO LUIAXY BU3HAYAIOTH Yac 3aBEPILUCHHS MIPOCKTY 3a-
raoM. J[is ckopodeHHs TPUBAJIOCTI MPOEKTY HEOOXiTHO, MepeayciM,
CKOpPOYYBaTH TPUBAJIOCTI POOIT, IO JIeXkKaTh HA KPUTUIHOMY LUIAXY.

Posrnsinemo criouatky napamempu noodiii. Bynb-sika mojis Moxe
HACTYNUTH TUIBKM 32 YMOBU BHKOHAHHS YCiX poOiT, 0 i mepenyoTs.
Orox pannii t,(j) mepmin 3xificHeHHs j-01 MOJii BU3HAYAETHCS TPUBA-
JICTI0 MAKCUMAIBHOTO IIISIXY, 10 MEpeaye ik moii:

t j):nlaxt(Lnj ) (7.1)

nj



7. KanengapHe ruraHyBaHHS y Mepekax 101

ne L,j — IoBinbHMI IUISAX BiJ{ OYATKOBOI MOAIT 110 J-0f mofii Mepexi.

SIKIIIO OIS | Ma€ EKiNbKa MOMEPEIHIX IIISAXIB, a, OTXKE, JCKib-
Ka MomepenHiX Mmojid i, To paHHIi TepMiH 3AIHCHEHHS MOMIl j 3pydYHO
o0umncIIoBaTH 32 HOPMYJIOFO:

tp(i)= max (tp(i)+t;), (7.2)
iel” (J)

e b —uac BukoHaHHs po6otu (i, j); 17(j) — MHOXMHA HOMepIB By3IiB
(nooiit) Mmepexi, 3 IKUX BUXOIATH AyTH (POOOTH), 1110 BXOASATh Y BY3011 j.
Amnaniz ¢popmyi (7.1), (7.2) 3acBimuye, mo a1 BUSHAYEHHS pan-
HIX mepMinie 3MINCHEHHS MO MOXHA BUKOPHUCTATH alTrOPUTM BiJIIy-
KaHHS Haudosuwo2o uiisaxy B anukiaiuHoMy oprpadi (8 3.5). ITixg gyac pe-
ai3alii boro aJrOPUTMY 3HAXOMSITh MAKCUMAIbHI IIUIIXHU BiJl TOYATKO-
BOI 1ozii 10 1HIIOT 1OBUILHOT MOAii.
3aTpuMKa 3iHCHEHHS MOJIi1 ] CTOCOBHO CBOI'O PaHHBOTO TEPMiHY
He 6I00Opazumbcsi Ha TEPMiHI 3J[IHCHEHHS 3aBepIIAIbHOI MOAIl JOTH,
JOKM CyMa TepMiHy 3HidCHeHHs 1€l Tofii W TPUBAIOCTI
MaKCHUMAJIBHOTO 3 HACMYNHUX 33 HEIO NUISXIB HE TIEPEBUIUTD JTOBXKHHU
KpuTHuHOTrO 1ULsiXy. Otox nisuiu mepmin 1,(j) 3milicHeHHs j-01 momii
JIOPIBHIOE:!
t,(j)=t,, —maxt(L;, ) (7.3)
L.

13
ne Lj; — noBinbpHUE MIISIX, 110 #ie 32 j-0r0 MOJi€er0, TOOTO MUIAX Bif j-0f
TTOAI1 10 3aBEPIIATBHOI TTOJIIT MEpexi.

SIKIIo momis j Mae AeKilbKa HACTYIHUX IUIAXIB, @, OTXKE, HEeKillb-
Ka HACTYIHHUX TO/IH 7, TO Mi3Hiil TepMiH 3iiiCHEHHs MO | 3py4HO 3Ha-
XOJIUTH 32 (HOPMYJIOLO:

t,(i)= min |t,(i)-t;] (7.4)
iel”(j)

ne tj —4ac Bukonanus po6oru (J, 7); 17(j) — MHOKHMHA HOMEpIB By3IIiB
(nooitr) mepexi, y siKi BXOIATh ayr (poOOTH), IO BUXOISTH 3 By3Ja J.

Pe3zeps uacy R(j) j-oi moaii BU3HAYAETHCS SIK PI3HUIIS MIXK MT3HIM i
paHHIM TepMiHaMH 11 3iHCHEHHS:

R(j)=t,(1)-tp(j) (7.5)
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PesepB wacy mopii neMOHCTpYe, Ha SIKMH AOMYCTHMHH Mepion
yacy MOJKHA 3aTPUMATH HACTAHHS Ili€l Mmoii, He 30UTBIIYIOYH TEPMiH
BUKOHAHHS KOMILJIEKCY POOiT.

Kpurnuni noaii pe3epBiB yacy He MarOTh, OCKUIBKH Oy/b-sKa 3a-
TPUMKa y 3IIMCHEHHI MOAii, IO JEXHUTh HAa KPUTUYHOMY MUIAXY,
CIIPUYHMHUTE TAKY K 3aTPUMKY B 3IIHCHEHHI 3aBepmanbHOi mofii. OTox
BM3HAYAIO4M PaHHIA TepMiH HACTAHHS 3aBEPIIAIBHOI MOAIl Mepexi, MU
TUM CaMUM BHM3HAYa€MO JOBXHHY KPUTHYHOTO IIUIAXY, @ BHSBISIOUU
HOAi1 3 HYIboGUMY PE3EPBAMH Yacy, BU3HAYAEMO HOT'O TOIOJIOTIIO.
Mpukaag 7.4. [ToOynyBatu MepexkeBUi rpadik A MPOEKTY, MEpeTiK
poOiT stkoro HaBeneHO y Tadumii 7.3. BusHauuTH y boMy Tpadiky KpH-
TUYHAN IUIAX 1 9aCOB1 apaMeTpy MOIiH.

Tabnuys 7.3. Tlepenik poOiT MpoeKTy

Po- 3MicT pobotn PoGorw, sixi | TpuBamicts podotn
Oota nepeyoTh (y THXKHSX)
A [TixroTyBaTn MpoexT - 5
B Busnauntu openyiapis - 6
C [TizroTyBaTy npocnekT A 4
D Bubpatu migpsHuKa A 3
E [ligroryBaT JOKyMEHTAIIIFO A 1
F OtpumaTs JO3BUT HA OYIiB- E 4
HHLTBO
G [ToOymyBaTH maBUTBHOHU D, F 14
H 3aKIIIOYNTH KOHTPAKTH 3 B.C 12
OpCHAAPSMHU
| ]?CCHI/ITI/I OpeHJapiB y naBijib- G H 5
HoHH

» Tlin 4yac BHU3HAYCHHS PaHHIX TEPMIiHIB 3IIHCHEHHS MOMAINA pyXaeMocs
3a rpadikoM y HampsMi 3J1iBa HAINpaBO i BHKOPHUCTOBYEMO (HOPMYITY
(7.2). JloBkMHA KPUTHYHOTO MUISXY JOPIBHIOE DPAaHHBOMY TEPMIiHY
3MidiCHEHHsI 3aBepianbHoi moii. s moyaTtkoBoi moAii paHHIM TepMiH
3mificHeHHs mopiBHIOE 0.

[Tlim yac BU3HAYCHHS Mi3HIX TEPMiHIB 3IIHCHEHHS MO pyXaemo-
cst 3a TpaikoM y 3BOPOTHOMY Harpsimi (TOOTO cripaBa HaliBO) 1 BUKO-
puctoByemo ¢dopmyny (7.4). Jns 3aBepruanbHol MOAITl Mi3HIA TepMiH
3MIHCHEHHSI MO/Iii JOPIBHIOE HOTO PAHHHOMY TEPMIHY.
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Mepexesuii rpadik Ha 6a3i Tabmuui 7.3 300paxeno Ha puc. 7.4. [1o3-
Hauyka BepIinHu (MOAil); pannist TepMin, nisuit TepMin.

5,5 10, 10

Puc. 7.4. Mepexesnii Tpadik npoekty (mpukian 7.4)
Kputnunuit nuisx tpuBanocti 26 300paXeHo MOTOBIIICHUMH JTiHIs-
mu. Kputnusni nonii: 1, 2, 4, 5, 6, 7. Kputuuni podotu: A, E, F, H, 1. <
Tenep nepeitnemo 10 napamempise pooim. Okpema podOTa MOKE
posnovatuck (i 3aBEepIIMTHCH) y paHHI, Mi3HI a00 IHII MPOMIXKHI
tepMmind. O4eBUIHO, WO pauHiti mepmin (i, j) nouamxy podoru (i, j)
30ira€ThCs 3 paHHIM TEPMIHOM HACTAHHS MOYATKOBOI MOl i, TOOTO

tpn(iv j)ztp(i)' (7.6)
Panniii mepmin t,,(i, J) 3aeepuwennsa podotu (i, j) BusHauae popmyina
tys (i, §)=t, (i)+t. (7.7)

PoGota He Moke 3aKIHIUTHUCH MICIIS JOITYCTUMOTO HANTII3HIIIIOTO
TEpMiHy CBOET KiHIIEBOT TIOIT j, TOMY nisnii mepmin t,,(i, J) 3asepuenns
po6oru (i, j) BU3HAYAETHCS CITIBBIAHOMICHHAM

ts (i1 J):tn(J) (7.8)
a niznitt mepmin t,,(i, j) nouwamxy i€l po6OTH — CITiBBIIHOIIEHHIM
tnn(i! j):tn(j)_tij' (7.9)

Pe3zeps uacy R(L) wwisixy L BU3HAYAETHCS K PI3HUILI MiXK JIOBKHU-
HOIO KPUTUYHOTO NUISXY 1 JIOBXKHHOIO JIAHOTO IUISAXY:

R(L)=t,, -t(L). (7.10)

BiH n1eMOHCTpY€E, HACKIIBKY y CyMi MOKHA 301JIBIIMTH TPUBAIOCTI yCiX
poOIT, 10 HaJE)KATh BOMY HUISIXOBI. SIKIIO 3aTSATHYTH BUKOHAHHS PO-
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0iT, 110 JIe)KaTh Ha IIbOMY LLIAXY, Ha yac Ounbiue Hixk R(L), To kpuTH-
HUH NUISIX HEepeMicTUThes Ha muiix L. 3Bincw BHIUIMBae, MO KOXKHA
pobota Ha minsHIi L, mo He 30iraeTbes 3 KPUTHYHHM IIIITXOM, Mae
pe3eps 4acy.

JI1s BCeCTOPOHHBOTO aHai3y PoOIT 3 METOK HACTYITHOI ONTHMI-
3aI1ii BHKOPHCTOBYIOTh ITOHATTS YOTUPHOX PI3HOBHIIB pe3epsis uacy po-
6im: TIOBHUI pe3epB Yacy, YaCTKOBUH pe3epB Yacy MepIIoro poay, 4acT-
KOBHUH pe3epB 4acy Apyroro poxy (abo BUIbHHUIA pe3epB 4acy) i He3alex-
HHUI pe3epB yacy. Y 0araTbOX BHIQJKaX JOCTAaTHBO IOHATTS HOBHOZO 1
8i1bHO20 PE3EPBIB Yacy poOiIT, AKi i OyIe HaMU PO3TIISTHYTO.

Hosnuiti peseps uacy R,(i, j) podotu (i, j) AeMOHCTpye, Ha CKITBKH
MOJKHA 301JIBIIINTH YaCc BUKOHAHHS 11i€T pOOOTH:

R 1), (1)t 0)-t;. (71)

PoGotu, mo nexars Ha kpumuunomy wiisxy (Tak camo, siK 1 Kpu-
TUYHI TIOJ1i1), pe3epesie uacy ne mMaroms.

Binvnuit pesepe uacy R(i, j) podoru (i, j) — 1e gacTriHA TOBHOTO
pe3epBy Yacy, Ha sSIKy MOXHa 301IbIIIUTH TPUBAIICTH POOOTH, HE 3MIHUB-
M MPH [IbOMY PAHHBOTO TEPMiHY i1 KiHIIeBOI moii (200 paHHIX TepMi-
HiB IIOYATKy HACTYIHUX POOIT):

Re (i, ) =t, (1) —t, (1) —t;. (7.12)
Jlerxo mosectH, 10
Re (i, 1) =R, (i, ) = R(J). (7.13)

ChopMymroeMo npasuio TIPO MOXIIMBI TEPMIHM BHKOHAHHS I0-

BUIbHOT HEKpUTHYHOT poOoTH (i, ]) 3 YacOM BUKOHAHHS tjj:

o sxmo R.(i, j) = R,(i, j), To 3a3HaueHy poOOTy MOXHA BUKOHATH Ha
Oy1b-SIKOMY ITPOMIXKY JIOBXXHHOIO ljj, 1110 IIITKOBUTO HAJICKHUTH TIPO-
mixkkoBi (t,(i), t,(j)), 6e3 mopyiieHHs TepMiHiB BUKOHAHHS TIPOCKTY;

o sxmo R.(i, j) <R,(i, j), To mouarok po6otu (i, j) MOKHA 3CYHYTH Ha
Bennunny A < R,(i, j) BimHOCHO t,(i), 6€3 mopyIleHHs paHHIX TepMi-
HIB IMOYaTKy HACTYIHUX POOIT.

OTxe, BUIbHUIA pe3epB 4acy MOKHA BUKOPUCTATH Ha 301TbIICHHS

TPHUBAJIOCTI 3a3HAYEHOI Ta MOMEPeIHBOI POOIT 0e3 MopyIIeHHS pe3epBy

gacy HacTyITHUX POOIT.
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Mpukaaxg 7.5. BuzHaunTy yacoBi mapameTpu poOIT It MEpEKEBOTO
rpadika, 300paxkeHoro Ha puc. 7.4. JlaiiTe BiAMOBIh HA TaKi 3alTUTaAHHS
1. Ha ckinpku MoxHa Bimkimacta pobdoty C, B, E i H, mo0 1e He
MOPYIIMJIO TEPMiHIB BUKOHAHHSI TPOEKTY ?
2. Ha ckinpku MoxkHa Bigkiactu pobory C, B, E i D, mo6 1e ve
MOPYIIXJIO PaHHIX TEPMIiHIB [TOYATKy HACTYIMHUX POOIT?
» 3amuiineMo 4acoBi mapaMeTpH pooiT y Tadim. 7.4.

Tabnuys 7.4. Yacosi napameTpu pooiT

Pofora %},,Sl f - 1;:31)M1H2:061T ::)e3epBI/IR;Iacy .
A w2 | s o | 5] o 5 0 0
B @3 | 6 0o |6 ] 6| 12 6 3
C 2,3 | 4 5 | o] 8] 12 3 0
D 25 | 3 5 | 8| 7] 10 2 2
E 24 | 1 5 | 6 | 5 6 0 0
F (4,5) 4 6 10 6 10 0 0
G (5, 6) 14 10 24 10 24 0 0
H 3,6) 12 9 21 12 24 3 3
| 6,7 | 2 24 | 26 | 24 | 26 0 0
Bionoeioi. 1. Moxna Bigkiaactu (Ha tioxui): C—3,B-6,E-0,H - 3.
2. Mosxna Bigkiaactu (Ha twokai): C—0,B-3,E-0,D-2. <

7.3. Cucrema PERT

ITix yac BH3HAYEHHS THMYACOBHX MapaMETPiB MEPEKEBOrO Ipa-
(hixa goremnep mepeadavanocs, Mo Yac BUKOHAHHS KOXHOI pOOOTH UiTKO
BU3Ha4YeHO. Take MPUITYIIEHHS PealbHO BUKOHYETHCS HEYACTO.

Haiiuacrimnie TpuBajgicTh poOOTH 3a34ajierighb HEBIiOMa 1 MOXe
OpUIMATH TIEBHE MOXIIMBE 3HAYCHHS 3 JACAKOK WMOBipHicTIO. ToOTO
TpuBaigicte pobotu t(i, ) € BUMAIKOBOIO BEIHYHHOKO, IO XapPaKTEPH-
3y€ThCS CBOIM 3aKOHOM PO3IMOJIIY 3 TAKMMH YHCIOBUMHU XapaKTepHUC-
THKaMH, 5K cepeone snavenns (i, j) i oucnepcis (i, j).
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AHai3 BENMKOI KUIBKOCTI CTAaTUCTUYHHMX IaHUX (XpOHOMETpaxi
Yacy peajizailii OKpeMHX poOiT, HOpMATHBHI JIaHi i T.1I.) 3aCBIAUYE, 110
JUISL OIIIHKHM CEPEIHBOI TPUBAJIOCTI POOIT HalmpumaTHIWKA B-po3nodin
[10, 15, 17].

JInst BU3HAYEHHs YHCIIOBHX Xapaktepuctuk t(i, j) i 6°(i, j) mporo
posnoaity maast pobotu (i, j) Ha MACTaBI OMUTYBAaHHS BiIIMOBIIATEHHX
BUKOHABIIiB IPOCKTY ¥ €KCIEPTIB BU3HAYAIOTh TPH YaCOBI OIIiHKH:

o onmumicmuuny oyinxy t,(i, j) TpuBanocti podotu (i, j);
o necumicmuuny oyinky t,(i, j) Tpusamocrti po6oru (i, j);
e nauimosipuiwy oyinky t,(i, j) tpusamocti po6oru (i, j).

IMpumnymienus npo B-posnomina Tpusamocti podotu (i, j) mae 3mory

OTPHMATH TaKi OI[IHKH ii YHCIOBUX XapaKTEPUCTHK:

to(i’ j)+4tui§’ j)+t”(i’ J) ; (714)

- .2

AN (N ) Ea N (N);

2 n\"1 o\

o (i,])= :
6

SIkmio daxiBipiM ckianHo omiHUTH (i, J), TOII BUKOPHCTOBYIOTH

crpoineHy (i MEHII TOYHY) OLIHKY CepeaHboi TpuBaiocTi podortu (1, j)
Ha IMiFCcTaBi Iuine IBoX yacoBux omiHok t,(i, j) i t,(i, j):

() - 200300,

3a 3nauennsaM (i, j) i 6°(i, j) MoxHa BU3HAUATH 4acOBi mapameT-

td, j)=

(7.15)

(7.16)

pu MepexeBoro rpadika i omiHWTH iXHIO HaAilHicTh. Hampukinan, 3a
JIOCUTH BEITUKOI KUTBKOCTI POOiT, 10 Halexarh nuisaxy L, i 3a BuUKoHaH-
HS JESKUX y3aralbHEHHMX YMOB MOJKHA 3aCTOCYBaTH IIEHTPaJbHY Ipa-
HUYHY TeopeMy JIAImyHOBa, Ha MiJICTaBi SKOT MOKHA CTBEPKYBaTH, 10
3arajibHa JIOBXHMHA NUIIXY L Mae HOpManbHUIA 3aKOH PO3MOALTY i3 ce-
pennim smauennam { (L) i aucnepciero o%(L), siki 06umcmo0Ts 3a Gop-
MyJIaMH:

(=286 1) o* (L) =20 ). (7.17)

1] 1]
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Hexaii mepexeBuii rpadixk Ha puc. 7.4 300pakac Mepexy 3
BHITQJIKOBIMH TPHBAJIOCTAMHU POOIT 1 4mcia Haj poOOTaMHU-CTPiIKaMH
3ana0Th cepenni 3Hadenns 1t (i, j) TpuBamocTi BimmosigHux po6ir,
oGuncreni 3a popmymnoro (7.14) a6o (7.16). Bigomi yci mucnepcii 6°(i,
J), obuncneni 3a popmynoro (7.15).

VY npoMy BHITQJIKy 4acOBi IMapamMeTpy MEpEeKeBOro rpadika: JoB-
JKWHA KPUTHYHOTO INIIAXY, PaHHI Ta Mi3HI TEPMIHN 3IiACHEHHS MOIIH,
pe3epBU Yacy MoJii Tomo — OyAyTh Taki K, SIK 1 BU3HAYEHI y MPHUKIIaaaxX
7.4 1 7.5. OgHak Temep BOHH € cepedHiymu 3HAYEHHSMH BiIIOBiTHUX

BUIIAJKOBHUX BCJIMYMH. CCPCAHBOIO JTOBXWHOK KPUTHYHOI'O LIIAXY th i

CepenHiM 3HAYEHHAM PaHHBOTO TEPMIHY 3aBEPIIEHHS MO fp (i) Tormo.

BaxjIMBMM MOMEHTOM aHAaJI3y MEPEX 3 BUIAJAKOBUMHU TPHBAIOC-
TAMH POOIT CTa€ OIiHKA HMOBIPHOCTI TOTO, IO TEPMiH BUKOHAHHS TPO-
EKTy t_Kp HE TICPEBUIIMTD 3a/IaHOTO TUPEKTUBHOTO TepMiny T. BBaxaro-

un 1,

7y, OTPUMAEMO:

BHUITaAJKOBOIO BCIMYMWHOIO, IIIO Mae€ HOpMaﬂLHI/Iﬁ 3aKOH pOBHOL[i-

- 1 1 T_t_Kp
P(th ST):E‘FE@ —— (718)

GKp

Cup =T (7.19)

ne ®(z) —interpan iimoBipHocTel Jlamaca (z = (7— pr) | O
SKmo 3HaYeHHS P(pr <T7) € manum (HampHKIag, MEHIIHNM 32

0,3), To Hebe3rneka 3pUBY 3aJQHOTO TEPMIHY BHKOHAHHS KOMILICKCY
poGiT € BelHMKOW, HEOOXITHO BKHBATH OJATKOBUX 3axomiB (mepe-
PO3MOILT PecypeiB y Mepexi, meperisil Ckiiamy poOiT i mofii ToIo).
SKmo 3HaueHHS P(t_Kp <7T) € 3Haynum (Hanpukiajn, Outeimum 3a 0,8),

TO 3 JIOCTAaTHIM CTYNEHEM HaJiHHOCTI MOYKHA POTHO3YBAaTH BUKOHAHHS
MPOEKTY Y BCTAaHOBJICHUH TEPMiH.

PosrnsayTi motemep Mepexi Oynmu oemepminoganumu, Xo49a po-
00TH y HHX MOTJIM XapaKTepU3yBAaTUCS HE TUIBKU JIeTEPMiHOBaHUMH,
aJie i BUNIaIKOBUMHU TPUBAJIOCTSIMH.
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BoaHouac icCHYIOTh TPOEKTH, KOJIM Ha JISIKUX eTarax Tou ado iH-
M KOMIUIEKC HACTYITHUX POOIT 3aJIe)KHUTh BiJl HEBIJJOMOTO 3a3/1aJIeTi/Ib
pesynbrary. SKui i3 IUX KOMIUICKCIB pOOIT (haKTHIYHO BHUKOHYBa-
TUMEThCSI, MOYKHA MepeI0aunTH JIUIIE 3 ISTKOI WMOBIpHICTIO. Mepexi,
0 BiZIOOpaxar0Th TaKi MPOEKTH, HA3UBAIOTh CIMOXACMUYHUMU.

Hanpuxknag, moxke OyTu mependadeHo JAEKibKa BapiaHTIB IMpPoO-
TOBKCHHS JOCIIHKSHHS 3aJIe)KHO BiI OTpUMaHUX JOCTITHUX JaHUX abo
KiJlbKa BapiaHTiB OYJIBHHUITBA IiJIPUEMCTB PI3HOI TMOTYKHOCTI 3
00poOKM CHpPOBHMHH 3aJIe)KHO BiJ] pe3yJbTaTiB pPO3BiAKH 3amaciB wi€l
CUPOBUHH.

VY CBOIO Uepry CTOXacTHYHI MEpeX i MOXKYTh XapaKTepH3yBaTUCS
JICTEPMiHOBAHUMH 200 BHUIAJIKOBUMH TPUBATIOCTSIMHU.

7.4. Anani3 Ta onTuMi3zalis MepeskeBoro rpagika

[Ticnst 3HAXOMKEHHST KPUTHYHOTO HUISXY W pe3epBiB yacy pooiT
Ta OL[IHKM WMOBIPHOCTI BUKOHAHHS MPOEKTY B 3aJlaHUi TEpPMiH HEO0OXif-
HO 3IIHCHUTH BCEOIYHMIA aHAJi3 MEpekeBOTo rpadika i BKUTH 3aXO0JiB
00 HOTO onmumizayii.

AHai3 MepexeBoro rpadika MOYUHAETHCA 3 aHAJI3y TOIOJIOTI]
Mepexi, Mo Haliuye KOHTPOJIb NOOYAOBH MepexeBoro rpadika, Io-
LIBHOCTI BUOOPY pOoOIT, CTYNEeHs iXHBOI BiJOKPEMJICHOCT.

BusHauuTH CTYIiHB B&KKOCTI BUKOHAHHS Y TEPMIH KOKHOT Ipynu
POOIT HEKPUTUIHOTO MIIIXY MOJKHA 33 JTOTIOMOTOI0 Koeghiyichma Hanpy-
orcenns pobit K, poboru (i, j), sxuii Bu3Hayac taka Gopmyia:

!
K, i ) = - omed) ~to (7.20)
typ —tkp
1e t(Lmax) — TOBXHHA MaKCHMaJIBHOTO MUISXY, 1[0 HIPOXOJUTH Yepe3 po-
6oty (i, j); t,’qp — IOB)KHHA BiJ[pi3Ka IBOTO IUIAXY, IO 30iracThcs 3 KpH-

THYHUM LUISIXOM.
KoedinienT HanpysxeHHS MOe 3MiHIOBaTHcs y Mexax Big 0 1o 1
(s poOIT KpUTHYHOTO NUIAXY). UuM Omkde 10 1 koedimieHT Hampy-
xenns K, (i, J), THM ckimajgHinIe BUKOHATH JaHy poOOTY V BCTAHOBICHHMIH
tepmin. Yum Onmkde K, (i, J) 10 HyJsI, THM OUTBIINM pE3epBOM BOJIOII€
MaKCUMaJIbHUH HUISX, 0 TPOXOAUTH Yepe3 AaHy podoTy.
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Mpuxnan 7.6. 3HaiiTu KoediuieHT HampyxeHHs podotu (1, 4) g me-
pexeBoro rpadika (puc. 7.5).

Puc. 7.5. Mepexesuii rpadix

» Kputnunuii nusx tpuBanocti 61 (ogunuip vacy): 0—1—3—5—-
—6—9—10—11. MakcuMaIbHHIA IUILX, [0 POXOAUTH Yepe3 POOOTY
(1, 4) - ue mwsix Ly (0»1—4—-6—9—-10—11) 3 TpuBaiictio t(Lmax)=
=t(Ls)=49 (ommuuup vacy). MakcumanpHuii nuisix L4, 30iraerbes i3
KPUTHYHUAM Ha Bifpisky 6—9—10—11 tpusamicrio 13+6+13=32 (omau-
HHUI Yacy). BukopucroByroun Gpopmyiy (7.20), BU3HaAYMMO:

K,@4)-2=382 _17 45 . <
61 -32 29

OOuncneHi koe(illieHTH HaNpyXEeHHS Jal0Th 3MOTY J0JaTKOBO
Ki1acudikyBatu poOOTH 3a 30HaMu. 3aiexHo Bia BenuunHu K, (i, ]) BUpi-
3HAIOTH TpU 30HU: kpumuuny 3ony (K,(i, j) > 0,8); niokpumuuny somny
(0,6<K.(i, j)<0,8) i pesepsny 3ony (K,(i, j) < 0,6).

Onmumizayia mepediceo2o epaghika — TPOLEC MOJIMILIEHHS
opranizaiii BUKOHaHHS KOMITIEKCY pOOIT 3 ypaXyBaHHIM TEPMiHy HOTO
BUKOHaHHS. ONTHMI3AIliI0 31IHCHIOIOTh 3 METOI CKOPOYCHHS JIOBKHHU
KPUTUYHOTO LUISAXY, BUPIBHIOBaHHS KOe(]iLi€HTIB Hampy:KeHHS pooir,
palioHaJIbHOTO BUKOPUCTAHHS PECYPCiB.
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[lepenyciM BiAIIyKyrOTH 3aXOAM IOJO CKOPOYEHHS TPUBAIOCTI
PpoOiT, o nepedyBaoTh Ha KPUTHYHOMY IIIIXY. LIporo qocsraioTs:

® [UIAXOM MEPEPO3NOILTY YCiX BHIIB PECYPCiB i3 MEHIIIE HAPYKEHUX
30H y 30HH, IO MOEJHYIOTh HAaltHANPYy KeHill poOoTH;

® [UIIXOM CKOPOYEHHS TPYJOMICTKOCTI KPUTHUYHHX POOIT 3aBISKU
nepeaavi YacTUHM PoOIT Ha 1HIII IUIAXH, IO MAIOTh PE3EPBH Hacy,

® mapajeIbHUM BUKOHAHHSIM POOIT KPUTUYHOTO HUISIXY;
®  3MIHOIO CKJIAJY POOIT i CTPYKTYPH MEPEXKi.

Yacro onTuMizariiro MepexeBoro rpadika peanizyoTb METOIOM
“yac — eapmicme”, TPUITYCKAIOYH, 110 3MEHIICHHS TPUBAJIOCTI POOOTH
HPOTOPLIHHO 3pocTaHHIo ii BapTocTi. TpuBamicts podotu (i, j) mMoxe
nepedyBatu B mexax a(i, j) <t(i, j) <b(i, j), ne a(i, j)— miniMansHO
MOXIIUBa TPUBAIICTh podotu (i, j), Ky TiIBKKM MOXHA 3IIHCHUTH B
ymoBax po3pobku; b(i, J) — HopmanbHa TpuBaticTs podotH (i, J) .

[Tpu upomy Bapticth C(i, j) podotu (i, j) HaOyBae 3HaueHHS y
MeXax Bif Cpin (i, J) 10 Chax (i, ]), me Cpin (I, j) — HOpManbHa TpuBa-

JICTB POOOTH, Cppay (I, ) — eKCTpeHa TPUBANIICTH POOOTH.

1 BapTicTe
poGoTIH

A\

el b

4 I

Aeft, j')I
f-uq':rl..l _.IJ'

L
i ari, j) ii, f) (T, §} TpueanicTe
poGoTm t

Puc. 7.6. Busnaduenns Butpar Ha npuckopenns podoru (i, j)
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BukopHcTOBYIOUM anpoKcuMallito 3a npsmoro (puc. 7.6), MoxkHa
JIeTKO 3HAaWTH 3MiHy BapTocTi pobotu AC(i, j) mpu ckopoueHHi ii TpuBa-
nocti Ha Bemmuuny Ac(i, j) =[b(i, j) —t(i, j)In(, j). Beauuuna h(i, j),
sKa TOKasye eumpamu Ha npuckopenns pobomu (i, j) (mopiBHSIHO 3

HOPMAJIBHOIO TPUBAJIICTIO) HA OOUHUYIO Ydcy, TOPIBHIOE TAHTEHCY KyTa
0. Haxuly alpOKCHUMYIOUYO01 IIPSMOi:

i) — _Cmax(ivj)_cmin(ivj)
e et ))

Onrtumizaniss MepexxeBoro rpadika 3 ypaxyBaHHSIM BapTOCTI BU-
KOPUCTOBY€ pe3epBH udacy poOiT. TpuBalicTh KOXHOI poOOTH, IO Mae
pe3epB yacy, 30UIbIIYIOTh JOTH, JOKH He Oyae BHUEpIaHO el pe3epB
abo moku He Oyzae mocsruyto 3HadeHHs D(i, j) . Y upoMy Bumaaky mo-

YaTKOBa BapTICTh BHKOHaHHS mpoekty C =) c(i,]) 3MeHIMTbCS Ha
ij
BEITHUHHY

C =2 Ac(i, j) = 2[b[i, j1-t, PInG, j) -
1] 1]
Tpusanicte koxHOi podotu t(i, j) MOLIMBHO 30iTBIINTH HA Be-

JIMYAHY TAaKOTO pe3epBy 4Yacy, mod He 3MiHUTH paHHi (O4iKyBaHi) Tep-
MIiHHM HACTaHHS YCIX TIOMIH Mepexi, TOOTO Ha BEIMUHNHY BITLHOTO pe3ep-

By uacy R.(i, ).

Mpukaan 7.7. 3aificuuTy onTUMizaliiio MepexeBoro rpadika (puc. 7.5).
I'pannuni 3HaueHHs TpuBajgocteit podir a(i, j) ta b(i, j), ixapoi Bap-
tocti C(i, j), KoedimieHTn BUTpaT Ha npuckopeHHs podir h(i, j) HaBe-
JieHo B Tabmii 7.6.

Hpumimru: 1.'Y tabauui 7.6 mpencTaBieHo mapaMmeTpu JIHIIE THX Po-
0iT, SIKi MalOTh BUTBHUN pPe3epB Yacy.

2. Baprocri c(i, j) iammx po6it: ¢(0,1) =50; ¢(0,3) =45; c(1,2)=82;
c(3,4)=55; ¢(3,5)=72; ¢(56)=30; c(6,7)=26; ¢(6,9) =75
c(6,8) =42; c(9,10) =35; ¢(10,11) =10 (yMOBHHUX OJUHHII).
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Tabnuys 7.6. YMOBH Ta po3B’si3aHHS NpUKIIamy 7.7

Pobo- TpHBanicTL poboTu o
i‘h Ta (2i6) R D) | iy | naii) | ac
LD | a@,j) | td,j) | bG,j)
1 05) |5 9 14 11 60 8 40
2 | @14 |4 6 10 9 28 4 16
3 | (L3 |3 4 37 12 12
4 @7 |2 3 13 | 86 6 24
5 |(36) |4 6 10 |92 10 30
6 | (47 |3 8 14 2 48 5 10
7 “46) |1 3 6 3 64 12 36
8 (5.8 |5 10 18 7 15 1 7
9 | (9 |3 6 12 16 |86 7 42
10 | (6,10) | 2 5 10 14 |44 5 25
11 | (7.10) |1 15 10 |74 4 40
12 | (89 |2 8 1 20 3 3
13 [ (9.11) | 11 17 23 2 40 4 8
Pazom | 694 - 293

> HenynboBi 3HaueHHs BUIBHUX pe3epBiB yacy pobit (R, (i, j) ), a Ta-
KOX pe3yJIbTaTH ONTHMI3allil MepeKi HaBeeHo y Taduiti 7.7. Y Tadnm-
i 7.7 makpecieHo Ti poOOTH, BIIbHI Pe3ePBH YacCy SKHUX LIIIKOBUTO
BUKOPHUCTaHI Ha 301IbIICHHS IXHBOT TPUBAJIOCTI.

BapricTs nepBicHOro BapiaHTa MepexeBoro rpadika (mepBicHOTo
TUIaHy) JOPiBHIOE CYyMi BapTOCTell ycix poOiT, y TiM dyucii poOiT, 1o He
MaloTh PE3ePBiB 1 HE BKIIIOYCHI Y TabmuIrio 7.7:

C=694+50+45+...+35+10=1216 (yMOBHHX OJHMHHUIIb).

Bapricte HOBoro many nopiBHioe C —AC =1216-293 =923
(YMOBHUX OJMHHIIB), TOOTO 3MeHIIMIAcS Maike Ha 25%. HoBuit ontu-
Mi30BaHUI MepexeBuil Tpadik 300paxeHo Ha puc. 7.7. Jlerko mepeko-
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HaTucCdae y TOMY, IO 3’ IBUJINCS HOBI KpI/ITI/IHHi nIIXu JOBXKUHOIO
t,, = 61, nanpuknan
05153-54—>7->510>11
053555859511
05153-54—>56->7->10->11,
053-55-56—>58->9->11iT. 1.

MoskHa TpOLTIOCTPYBATH, IO Y HOBOMY BapiaHTI MEpeKeBOTrO
rpadika (puc. 7.7) 3 64-X moBHUX HULAXiB 28 — KpuTH4HI. SIKOM BepxHi
TpaHMLi TpHUBAJIOCTEH pOOIT mependavaiv IKOBUTE BUKOPHCTaHHS
pe3epBy 4acy BCix poOiT, mpeacTaBieHUX y Tabnwii 7.6, To B HOBOMY
IIaHI yCi MOBHI NUISIXK OyIH O KpUTHIHUMU.

OTxe, y pe3ynbTaTi ONTHMI3allii Mepeki MU IPUHATIIIN 0 TUIaHY,
O Jae 3MOTY BHKOHATH KOMIUIEKC poOiT y tepmiH t,, =61 3a

MiHiIMabHOI fioro BaprocTi C =923.

Puc. 7.7. HoBwuii BapiaHT MepesxeBoro rpagika

3ayBakMMO, L0 NpH JiHIAHIN 3aJeKHOCTI BapTOCTi PoOIT Bix
iXHBOI TpHBANOCTI 3a7ady MOOYIOBH ONTHMAIBHOTO MEPEKEBOTrO Ipa-
¢bika MoxHa CHOPMYIIIOBATH SK 3a/ady JIHIHHOTO MpOTrpaMyBaHHs, Y
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AKili HeoOXigTHO MiHIMi3yBaTH BapTiCTh BUKOHAHHS MPOEKTY MPH ABOX
rpymnax oOMeKeHb.

IMeprra rpynma oOMEXeHb 3acBiMdye, IO TPUBATICTh KOXKHOI
po0OTH Mae 3HAXOMUTHCA Yy 33JaHuX Mexax. /Ipyra rpyma oOMexeHb
BUMarae, o0 TPHUBATICTh OYIb-IKOTO IOBHOTO MUISAXY MEPEKEBOTO
rpadika He TEpeBHIIyBala BCTAHOBICHOTO IHPEKTHBHOTO TEPMiHY
BUKOHAHHS TPOekTy. OMHAK BHPINTYBaTH TaKi 3aqavi KIACHIHUMHU U
METOIaMH JIIHIHHOTO IPOTrpaMyBaHHS, 3a3BUYai, HeePEKTUBHO.

? 3anuTaHHd 1Js8 caMonepeBipKu

[ITo Take KOMIUIEKC POOIT?

UuM BiJpi3HAETHCS CTPYKTYPHE IJIaHyBaHHS Bijl KaJ€HIapHOTO?
SIKi TOJIOBHI 3aB/IaHHSI CTPYKTYPHOTO TIAaHYBaHHS?

SIK OMUCYIOTh IPOSKT Ha PiBHI CTPYKTYPHOTO TUIAHYBaHHS ?

SIki ToIOBHI 3aBIaHHS KaJICHIAPHOTO TUIAHYBAHHS ?

SIki 3aBaHHS BHPILIYE ONEpPaTHBHE KEPYBaHHS?

IIlo Take momis?

Sk MO3HAYAI0Th MO0 HA MEpekeBOMY rpadiky?

©CoOoNTORAEWDNPRE

Sxi Bumm podit BuaisioTs y [IKM?

=
o

. OnuIiTe npaBmia MoOYI0BU Mepexki “pobomu — nodii”.

[EE
[EE

. Y 4oMy IOJISITaE yIOPsAKYBaHHS MEPExi?

[EEN
N

. o Take nuisx y mepexi?

[ERN
w

. o Take kpuTH4IHMI NUIAX Y Mepexi? Sk foro 3HaTH?

[N
SN

. 1o Take paHHi# TepMiH 3MIHCHCHHS OIT?

[N
(6]

. o Take mi3Hii TepMiH 3AIHCHEHHS TOJIT?

[ERN
[o2]

. o Take pe3eps yacy moii?

[EEN
~

. o Take paHHiil TepMiH MOYaTKy poboTH?

[ER
[e]

. o Take mi3Hiil TepMiH o4YaTky podoTu?

[N
[(e]

. o Take panHiil TepMiH 3aKiHUYeHHST pOOOTH?

N
o

. o Take mi3Hii TepMiH 3aKiHYEHHS POOOTH?

N
[

. o Take moBHMI pe3epB yacy podoTn?

N
N

. o Take BinbHMH pe3epB yacy podoTn?

N
w

. J171s1 90r0 BUKOPHCTOBYIOTH MIOBHUH pe3epB yacy podoTu?

N
N

. JI71st 90r0 BUKOPHCTOBYIOTh BUTBHUIN pe3epB yacy podboTu?

N
(4]

. o Take xoedimieHT HAIPY>KEHHS pOOOTH?
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26. Y yomy mossirae onTuUMizais MepexeBoro rpadika?

27. Slxi 3axoau IpUHMArOTHCS IIOI0 CKOPOUCHHS TPUBAJIOCTI pOOIT, 0 Hepe-
OyBarOTh Ha KPUTHYHOMY IUIAXY?

28. Jlo 4oro NpupiBHIOIOTH BUTPATH HA MPUCKOPEHHS pOOOTH?
29. OnuiitTe METO ONTUMI3ALT IPOCKTY “yac — eapmicmy”.

3aBaaHHs JJIs1 CAMOCTIiiiHOI po6oTH

3apaannsa 7.1. HeoOxigHo 3po6utH nepeB’sHy myxismy (poOOTy BHKOHYE
ofuMH YOJNOBIK). IS MBOTO JOBEAETHCS PO3MITHTH [OIIKH BiAMNOBITHO 10
posmipiB myxmsian (15 xB.); pospisatu momiku (12 XB.); CKICITH YacTHHH
nryxssind (40 XB.); mpuOWUTH 10 KPUIIKH Iyxjsad meri (8 XB.); mouexatw,
JIOKH HIyXJIsiia BUCOXHe, 1 ButepTH ii (15 xB.); metui (i3 KPUIIKO0) MPUOUTH 10
uryxssiad (10 xB.). V aykkax 3a3HaueHO TPUBATICTH POOIT.

[TobynyBatu mepexxeBuid rpagik. 3HAWTH Yac BUKOHAHHS KOMILIEKCY
po0iT, yacoBi XapaKTEPUCTUKH MO 1 poOiT.

3apaanns 7.2. Heo6xigHo 3aMiHUTH KOJeco MamuHu (poGOTYy BUKOHYIOTD Ba
gonoBika). Jlictati 3 6araxxHuka JOMKpaT i incTpymenTH (40 ¢); 3HATH JHCK i3
korneca (30 c); 3BimpHHUTH Kodeco (50 c); MOCTaBUTH JOMKpAT MiJ MAaIluHY
(26 ¢); migastn mamuay (20 ¢); 3 GarakHuKa B3ATH 3amacHe kojeco (25 c¢);
3HATH Traiiku i koneco (20 ¢); ycraHoBUTH 3amacHe Koieco Ha Bich (10 c); 3ar-
BUHTHTH (HE CHIIBbHO) raiiku Ha oci (15 ¢); omycTuTH MaruHy i 3i0pat J0M-
kpart (25 ¢); mocrtaBuTH JOMKpar Haszaj y Garaxnuk (10 c); 3arBHHTHTH Taiiku
Ha oci g0 kiHosg (12 c); MOKIacTH MOIIKO/PKEHE KOJeCO W IHCTPYMEHTH Y
Oaraxxuuk (40 c); mocraButH Ha Micue auck koieca (10 c¢). V myxkkax
3a3HAYCHO TPUBAIICTH POOIT.

[ToOynyBatn MepexxeBuil rpadik. 3HaHTH Yac BUKOHAHHS KOMIUIEKCY
po0iT, THMYAcOBI XapaKTEPUCTHUKH TTO/IH 1 poOiT.

3apnanns 7.3. [nst mepexesoro rpadika (puc. 7.8) 3HalTH yCi TMOBHI IUISIXH,
KPUTHUYHHMN NUISX; PO3paxyBaTH paHHI Ta Mi3HI TEPMIHM 3IMCHEHHS MOJiH,
MOYaTKH 1 3aKiHYeHHS poOiT; BU3HAUYUTH PE3EPBU 4acy MOBHHX IUISXIB 1 MOJIIH,
pe3epBu yacy (MOBHHMI Ta BiIbHUIT) pOOIT 1 KOC(iLliEHTH HATIPYKEHHS POOIT.

3aBnanns 7.4. Sk 3MiHUTBCS TepMiH BUKOHAHHS Tpoekty (puc. 7.8), peseppu
yacy poOiT i moxid, koedilieHTH HampyXeHHs POOIT, SKIIO 30UTBIINUTH TPH-

Banicts po6ory 1(9,10) na semmummy: a) R, (9,10);6) R,(9,10).

3apaanns 7.5. Sk 3MiHUTBCS TepMiH BUKOHAaHHsS TPOEKTy (puc. 7.8), pe3epsu
Yacy poOiT i mofii, KoedillieHTH HAMPYKEHHsS POOIT, SIKIIO TPUBAIICTH KOXKHOT
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pobotu t(i, j) 30inbIMTH Ha BeanuuHy: a) R, (i, j) 6) R, (i, j) Jlisa Bumaz-
KiB a), i 0) 3HAWTH yCi KPUTHYHI NIISIXM MEPEKEBOTO Tpadika.

Puc. 7.8. Mepexeswii rpadik (3apnanus 7.3 — 7.5)

3ananus 7.6. Y Tabnuii 7.6 3a3Ha4€HO OIIIHKK 4acy BHUKOHAHHs poOiT Mepe-
JKeBOTo Tpadika, HaJaHi BIAMOBIIaILHIMH BUKOHABIIIMH Ta CKCIIEPTAMHU.

Tabauys 7.6. YMoBU 3aBIaHHs 7.6

No | PoGora OuiHka 4acy BUKOHAHHs poOOTH, 100K
s/ (i, J) onTHMiCTHYHA HeCI/IMi-CT-I/ItlHa Haitimosipria
t(0, j) t,(i, j) t,(i,])
1 2 3 4 5
1w 5 5 5
2 1, 3) 2 7 5
3 |@&4 4 10 8
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Raxinuenns mabn. 1.6

1 2 3 4 5

4 (3,4) 9 14 11

5 (2,5) 7 13 10

6 (4,5) 1 4 3
HeoOximnHo:

a) oOyayBaTH MepeskeBHi rpadik;
0) BU3HAYKTH OYiKyBaHi 3HAYCHHS TPHBAIOCTI POOIT;
B) BH3HAYUTU KPUTHYHHUI IUIX Ta HOTO JOBXKHUHY.

BBakarouw, 1110 94aC KPUTHYHOTO IUAXY PO3MOALICHUN 38 HOPMATBHAM
3aKOHOM, 3HAWTH HMOBIPHICTH TOTO, IIO TEPMIH BUKOHAHHS KOMILJIEKCY pOOIT
He nepeBuImTh 17 1i6.

3aBaanns 7.7. Y tabmuimi 7.7 3a3HAYEHO OI[IHKK Yacy BUKOHAHHS 1 BapTOCTI
poOiT.
Tabnuys 7.7. YMoBHY 3aBnaHus 7.7

No | Po6ora | TpuBamicts poboru (mo6a) o C=(i,j) mpu
shn | () h(. J)
a(i, j) b(i, j) t(i, j) =b(i, )
1 2 3 4 5 6
1 0,1) 10 20 6 35
2 0,2 12 32 3 50
3 (1,2 2 12 3 15
41 13 2 7 8 10
51 @7 2 7 3 10
6 | (34) 16 26 2 50
7 | (35) 8 13 6 15
8 | (46) 12 22 4 40
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3axinuenns mabn. 1.7

1 2 3 4 5 6
9 (5,6) 20 25 4 30

10 (6,7) 8 13 5 25
11 (7,8) 6 11 9 20
Pazom 300

3a maunmu Tabmumi 7.7 HeoOX1aHO:
a) o0y ayBaTH MepexHHH rpadik;

0) BU3HAYUTH KPUTUYHHI NULIX i BAPTICTh MPOEKTY 3a MiHIMAIBHO MOJXKIIH-

BUX 3HaU€Hb TPUBAJOCTI YCiX poOiT;

B) TUIaH 3 MAKCUMAJIbHUMH 3HAYCHHSIMH TPHBAIOCTI yCiX poOIT i, BiAMOBIAHO,

MIHIMaJIBHOIO BapTICTIO MMPOEKTY.
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