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NPEANCNOBUE

Y:Ke NaBHO OMLYLAeTCsl HACTOSITe/MbHAsl HEOOXOAUMOCTb MOSBJIEHHS
xopouiero cOoOpHHKa 3aJa4 110 TEOPUH MHOKECTB H DYHKLMH, NpejHa3Ha-
YEeHHOrO AJ11 HAlHX INeJarorHYeCKHX HHCTHTYTOB.

JlmuTeNbHOE BpeMsi 3acJyXKeHHOH IMOMYJsIPHOCTBIO MO/Ib30BAJICSH
3aJlaYHAK 10 TEOPUH QYHKUMH AEHCTBUTENBHOH MEPeMeHHOH, BhIMYIIeH-
Hpli u3aarenscTBoM «[IpocBeuenne» B 1965 r*. M3menenns B nporpawm-
Max TeJHHCTHTYTOB, CBsi3aHHbIE C TPOrPeCcCOM HAayKH U H3MEHEHHEM
B3MVISiZA HA MOJIOXKEHHE TeOpHH (YHKLHH NeACTBUTEAbHOH NepeMeHHOH
BHYTPH MaTeMaTHYECKOTO aHa/u3a, MpPUBENH K HeoOXOAMMOCTH CO37a-
HUsi HOBOTO 3ajayHHKa, 6oJiee COBPEMEHHOTO.

Hacrosmuit c60opHUK fBJIAETCA Pe3YyJbTaTOM MNPEANPHHATONH aBToO-
pOM KOpEHHOH nepepalbOTKH Ha3BAHHOH BhIllE KHHUIH, B KOTOPOH MOC/e
€ra CMepTd MPHHUMAJH ydYacTHEe ero Apy3bA-MaTeMaTHKH, a TaKxke ero
zoup H. IO. Quan.

MHorde 3ajaud H MPUMEPHI, NMOMELICHHbIE B HACTOSLEM [OCOOHH,
HocAT y4ueOHbIfl xapakrep. OnHaKo HapAAY C 3JeMEHTapHLIMH 3aJa4aMu
COOPHHK CONEPIKHT TaKKe PAL 3a4ay MOBBIILEHHOH TPYAHOCTH; PeIleHHe
TakuX 3aj4ay TpefyeT OT Y4Yailerocs H3BEeCTHOH H300peTaTe/IbHOCTH H
HEKOTQPbIX HABLIKOB MaTEeMaTHYECKOTO HCCJAEAOBaHUA. DTH OoJiee TPYA-
Hble 3ajauyd (MJH LMKJbl 3aja4, oObeaHHEeHHble OoOUied TeMOoH) MOTYT
C/TYXKHUTh MaTepHaIoM /15 CHeLCeMHHAPOB H KPYXKKOB; HX MOXHO IpeJ-
JlaraTh TakKmKe B KauecTBe TeM AJsl KypPCOBBbIX padorT.

HeckoJbKO CJIOB O MOCTPOEHHH KHHTH.

BBuy TOro 4To B pasquuHbIX yu4eOHHKax yrnorpelb/sieTcs pasdy-
Has TEPMUHOJIOTUS H pa3/iM4Hble 00O3HAUEHH A, Mepel KaxAOoH TI1aBoH
aBTOp AaeT CBOAKY OCHOBHBIX OMNpefeJeHHH H O00O3HaueHHH, a TaKxke
(OpMYJHPOBKY TEX TeopeM, KOTOpbie MpeANoaararoTcs H3BECTHHIMH H
Ha KOTOphIe CJIefyeT ONHpaThcs MPH pelleHHH 3ajad.

Kuura pasfuta Ha JBe yacTH. Bcsi Teopusi MHOXKeCTB, HAauyHHas ¢
obuieil Teopud (omepanyH Hal MHOMKECTBAaMH, BOIPOCHI B3aHMHO Of-
HO3HAYHOTO COOTBETCTBHSI W MOLIHOCTH) H KOHYas TeopHefl Mephl Jle-
Oera, 3ak/oueHa B MepBOH yacTH. BTopas 4acTb MOCBSIUIEHA TEOPHH
GyHKUMiA, HaynHas ¢ OOWMX BOMPOCOB, CBA3AHHBIX C OTOODAXKEHH AMH
MHOJKECTB, U KOHYasi Teopueil HHTerpasaa JleGera B €BK/JIHAOBOM MpO-
CTpaHCTBe.

M. &. Bokwmeiin

* Ouan 0. C. COopunk 3axau u TeopeM 1o TeopuH $yHKUHI JeHCTBHTEBHO
ro nepemensoro. M., [Tpocsewenue, 1965.



YACTb NEPBAS
TEOPUA MHOXECTB

Fnasal.

OMEPALIMM HAL MHOMKECTBAMU
OCHOBHbIE OTMPEAENEHUA
N OBO3HAYEHUA

Ecnu a aBnsetcst snementoM MHoXkectBa A (WIH @ BXOZMT B A, npHHAANEXKHT
A), To numyT a € A, a ec/H a He SBJsSETC MeMEHTOM MHOXkectBa A, Toa € A (unn
a ¢ A). dnementir MHOMecTBa A MbI GyZIeM HHOTZA HA3LIBATB MOUKAMIL STOFO MHOME-
CcTBA.
MHoXKecTBo, He ColepxKaliee HH OAHOTO SJeMeHTa, Ha3bIBACTCs NYCIMbM MHOXCe-
cmeom U oGo3Hauaercs .
Ecnu Bee siemeHTH MHOXKecTBa A SIBJISIIOTCS TaKXKe BJEMEHTaMH MHoxecTsa B,
TO roBopAT, 4T0 A 8xarouaemcs 8 B unu A codepaycumes B B; roBopsT TakXe, u4To B
exatouqem unu codepacum A. dto gbosnavator Tak: A < B uan B o A.
Eciu A< B u B< A, To roBopart, uto A paBro B unu A coenagaer ¢ B, nu-
myt: A = B. Ecau A se pasuo B, To numyT: A == B.
Ecau ACB, To roBopsT, uto A siBasieTcst nodmHoocecmsom Muoxecrsa B. Ecin
npu a3ToM A = B, To roBODSIT, uTo A SBJSIETCS COOCMBEHHbIM NOOMHOMNCECMBOM MHO-
xkecTBa B.

JleficTBHSI HajJ MHOMXKECTBaMH

1. O63edunernuem mHoxectB A ¥ B HasbiBaeTCsi MHOXKECTBO, COCTaBJIEHHOE H3
TeX H TOJIBKO TeX 3JeMEHTOB, KOTOPbie BXOASAT XOTsl Gbl B OJHO H3 JaHHBIX MHOXKECTB.
O6bennHenne MHoxecTB A u B o6osuauaerca A |J B.

O6wedunenuen cemeitctBa MHoxecTB {A,},.a (Cle HEIeKC a mpoberaer He-
KOTOPOE HENyCToe MHOXKECTBO HHAEKCOB A) Ha3HIBAETCSl MHOXKECTBO, COCTAB/IEHHO® H3
BCeX 5/IEMEHTOB, BXOAALIMX XOTs Gbl B OLHO H3 MHOXecTB A, (o € A). O6nenunenue
cemefictsa MHOXECTB {Ay, }o 4 OG03HAUACTCS Uc A,.

s

2. Mepeceueruem (wnu obwedd wacmoro) muoxects A u B HaspiBaeTcss MHOXECTBO,
COCTaBJIEHHOE U3 BCEX TEX 3JIEMEHTOB, KOTOPHIE BXOAAT Kak B A, Tak u B B. Ilepece-
yenHe MHoxkecTB A U B o6GosHauaetcss A (| B. JlBa MHOXKECTBa Ha3LIBAIOTCS Henepe-
CeKQioWUMUCR, €CTIH UX TIepeceyeHHe NycTo.

Iepeceuernuem (unu obwjetl uacmoro) cemeiicTsa MHOXKeCTB {Ay },.p Ha3biBaeTCH
MHOXKECTBO, COCTaBJEHHOE H3 BCEX 3JIEMEHTOB, BXOASIIHX OXHOBPEMEHHQ BO BCE
mHoxectBa A, (@ € A). Ilepeceuenne muoxects A, o6osHayaercs ﬂAAac-

23

Jlnsi oObefIMHEHHs H NEPECEeUeHHs CNpaBelJHBbl NEPEMECTHUTEJbHBIH H CoueTas
TeJIbHbH 3aKOHbI:

AUB=B|A A\B=B( A;
AU(BUC)=(AUB)UC,Ann(BQC)Q(AnB)nc.

Kpowme Toro, cpaBesuBbL pacnpeieHTEbHbE 3aKOHbI
AN (UBy)= U (AN By), A U (NBy)= NN(A U By
azA afA acA oA

(pacnipelleINTe/ILHOCTb NepeceyeHus OTHOCHTENbHO OOBEAUHEHHS M OGbeJHHEHHS
OTHOCHTEJIbHO IlepeceyerHs).
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3. Pasuocmoeto muoxecte A u B HashiBaeTcs MHOXEeCTBO, 3JIEeMEHTAMH KOTOpPOro
ABJISIIOTCA T€ H TOJbKO T€ 3JIEMEHTH MHOXKECTBa A, KOTOpEIE HE BXOAST B B. PasHoctb

muoxects A u B ofosnauaercst 4 "\ B-
4. Cummempuyeckasn pasiocms A A B mHoxectB A u B ompegensiercst paBeH-

CTBOM
AAB= AN\ B) | B\ A).

SIcho, yt0o A AB= B A A.

5. Ipou3sederuesm MHOXKecTB A M B Ha3bIBaeTCsT MHOXKECTBO BCEBO3MOXKHEIX map
(x, y) TaKHx, 410 X € A, y € B. Ilponssegenne mHoxectB A u B o6GosHavaercs
A X B.

Ecnu, B yacTHOCTH, A — MHOXKecTBO uHcea Ha ocH Ox, a B — Ha ocu 0Oy, 10
A X B — MHOXECTBO BCEBO3MOXHBIX Map yucela (x, y), rie x € A, y € B. Tak kax
napy yHCeJ MOXKHO DacCMaTpHBaTh Kak TOuKy Ha miockoctd Oxy, 0 A X B moxHo
CYHTATh MHOXKECTBOM BCEX ToueKk (X, y) miockoctd Oxy Takux, utox € A,y € B.

Tlo aHAJOrHH C NMPOH3BEJEHHEM JABYX MHOXECTB MOXHO FOBOPHTH O IpOHM3Bee-
HUM TpexX H GOJIBLIEro YHcaa MHOXecTB. B gacTHocTH, ecin A — MHOKECTBO Ha OCH
Ox, B —Ha ocu Oy, C — Ha ocH 0z, To A X B X C — MHOXeCTBO BCEX T4KHX
Touek (x, ¥, 2) npoctpaHcTBa Oxyz, uto x € A,y € B,z € C.

6. Bepxnum npedesom mociefoBaTtenbHOCTH MHoxecTB E;, E,,... Ha3smBaetcst
mHoxectso lim E,, omnpejensieMoe paBeHCTBOM

—_ +oo oo
limE,= N U Ep.
n=1 m=n
Husxcrun npedesom 5TOR HOCTENOBATENbHOCTH HasbiBaeTcs MHOXKecTBo lim E g4,

ofnpesessieMoe PaBEHCTBOM
G000 oo
limE,= U N Ep.
—_ n=1 m=n
7. Ipocmpancmso. Ecou Bce MHOXecTBa, QHrypHpYIOLIHE B HEKOTOpOH 3ae
Jlaye, ABJISIOTCS MOAMHOMXKECTBAMH HEKOTOpOro MHoxectBa X, To X HaseBaercs
npocmpancmeon.

Pasnocts X \ E (rae E ¢= X) nasuiBaercs: donoanenuem & muoxcecrnsy E (ot
HOCHTe/bHO TpocTpaHcTsa X) u oBosnauaercss CyE uiau, xopoue, CE:

CE= X \ E.
8. 3axon dsolicmeennoomu. ks moGoro cemeficta MHomecTB {4y} 5ea,

KaxJ0e H3 KOTOPHIX SIBJSETCH MCAMHOXKECTBOM NpPOCTpaHCTBA X, CHpaBeAMNHBBL Ciae=
Jyiolue paBeHCTBa:

C Ag) = [} CAg, C Ag) = |J CAq.
(a,l'eJA oo) oOA * (GQA a) alélA *

B vacrnoctu, aas AByX MHO)KeCTB\A H B 3aKOHBI JBOHCTBEHHOCTH 3aMHIIYyTCH TAK?
CAUB=CACB C(A[ By=CA | CB.
3agaux

1. JloxasaTb paBHOCHJBHOCTH CJEMYIOWMX TPEX COOTHOLIEHHI:
AcB, ANB=A AU B =B

(T. e. HOKa3aTh, YTO W3 BHINOJHEHUS JIOOOIO U3 HUX BBITEKaer crpa-
BEJJIMBOCTb OCTAJIBHBIX ABYX).

2. Jlokasatb, uto A\ B =A4 (] CB.

3. Jlokd3aThb BKJIIOUEHH I

a) (AN UBND)=(AUBANI(CUD);

6) BNON(B\NA)<cAN\GC

B) ANCc (AN B) U B\ O.



4. Jlokasath paBeHCTBa:
Q) AN(BN\C =(ANB)U(@nOo;

0 (ANBN\NC=AN\NON(BN\O);
Ug)L(}AC\B)U(B\C)U(C\A)U(AnBﬂC)=AU
P)(A\B)ﬂC=(AﬂC)\(BﬂC)=(AﬂC)\B,

nNAUYBNC=(ANOU B\
e)(AﬂB)\C=(A\C)ﬂ(B\C)-
5. Burekaer au i3 A \ B =C,ut0 A =B |J C?
6. Burekaetmu U3 A =B |J C,ut0 A \ B =C?
7. Bepunl Jau pasenctBa: a) AN B U C) =AN B\ C
6) AUB N C) = (A U BN C: ) (4N B) U C= (4 U O\ B?

Ecan HeT, TO B KaKylo CTOPOHY MMEET MeCTO BKJIoueHHe?

8. Jlokasatb  paBHOCHJIBHOCTb  BKaowennii AN Bc C
AcB | C.

9. [lokasatb, uyro paBeHctBO A \ (B \ C) (A B) U C Bep-
Ho, ecsii A D C, u HeBepHo, ecau C \ A

10. ,lloxasaTb BKJIIOYEHHE

yAk\ lgBk = 9 (Ax\B,).
Ilokasatp Ha npuMepe, 4TO B O6LIEM CJYydae 3/1eCh HET paBEHCTBA.

n o0 o0
11. JloxasaTb, uro: a) ecm B, = U A, 10 U A, =U B,
n=1 n=1

6) ecau C,,=.nlAi, ﬂA __ﬂlC
= n=1 n=

12, Jlokasats, uto AAB =(A U B) \ (4 N B).

13. Ilycte A — 3anannoe MHOXKeCTBO. Jlokasarh, 4TO MHOXKECTBO X
NyCTO TOTAA H TOJMBKO TOTAa, Koraa AAX = A.

14. Jlokasate paBenctBa: a) AA (BAD) = (AAB) AD; 6) Af)
N (BAD) =(A N B)A(A N D); B) AAA = (&.

15. Jloxasatbk BrJouenus: a) AAB < (AAC) |J (BAC); 6) (A U
U B) AF < (AAF)U (BAF); B) (AU B)A(CU D)<= (4AC) U
U (BAD). IlokasaTb Ha mpuMepe, YTO B O6LIEM CYydYae 3[eCh HET pa-
BEHCTBA.

16. Jokasats paBenctBa: a) C (AN\B) =CAUB; 6) C(C(CAU
UBUM@MUCB)=B\A 8B (ANBUMANCBUECAN
N B)=AUB.

17, HMcnonp3yss 3aKOH JBONHCTBEHHOCTH, YIPOCTHTb BBHIPa’KEHHE

CCXUY)N (€X y Cr).

18. Jloxasarb, uto lim E, COCTOMT H3 TeX H TOJMbKO T€X TOYEK, KO-
TOpHIE BXOAAT BO BCE MHOXKECTBA NOCJIEI0BaTeJbHOCTH MHOXKecTB {E,},

HauMHas ¢ HEKOToporo Homepa. Jlokasarb, uto lim E, COCTOMT M3 Tex
H TOJBbKO T€X TOUEK, KOTOPhi€ BXOAST B GECKOHEYHOE YHENO WICHOB 3TOH
N0CJIe0BATEIbHOCTH,

6



19. JlokasaTh, 4TO eC/H MOC/IEAOBaTeNbHOCTh MHOXKeCTB {E,} mo-
HOTOHHO yOwiBaer (T. e. E, D E, 1, npu ao6oM n) HIX MOHOTOHHO BO3-

pacraer (r. e. E, — E, i, npu mobom n), 10 lim E, = lim E,,.
20. HdoxasaTtb, 4TO JHJs JoOOA mOC/JAEN0BaTeNbHOCTH MHOMKECTB
umetor mecto Bikmouenns (JE, < lim E, < lim E, < U E,. Tlo-
n - n

CTPOHTb NPHMEP TaKOH IOCJEJOBAaTEeNbHOCTH MHOXKECTB, JJISi KOTOPOH
HH OJMH H3 3THX 3HAKOB BKJIIOYEHHS HE MOXKET ObITh 3aMeHeH 3HAKOM
paBeHCTBA.

21. [okasaTb, uTo AJs J0ObIX MHOKeCTB E, F, G cnpaBef/MBHI pa-
BEHCTBA:

a) EX(FUG)=(EXF) | (ExG); 6‘)éFUG)><E=(F><E)U(G><E);
B) EX(FNG)=(EXF)( (EXG): ) (FNG)XE=(FXE) (GXE).

22, CnpaBefJuBBl JIU PaBEHCTBA:

a) (A X B) N (CXD)=(AnC)X(Bn D)
6) (A XB) | (CxD)=(A{C) x(BU D)
X C

23. okasatb, uro (A \ B) X C = (4 )\ (B X O).

24. Hokasats, utd (P X Q) \ (A X B) =(P\ 4 XQU
U (P X (Q\ B)).

25. Ilycte muoxectBa A u C Henycisl. JlokasaTb, 4TO, AJIfl TOTO
yro6sl A < B, C < D, Heo6X0AHMO H JOCTaTOUHO, 4YTOOB! OblI0 A X
X C < B X D. Ocraercs ju B cuJie 310 yTBepKAeHue, ecau A umu C
nycro?

26. [oxkasathb, uto eciu A < P, B — Q, 10

AXB=(AX%XxQ N (B X P).

Fnasall.

B3AMMHO OJHO3HAYHOE
COOTBETCTBUE

Eciin kaXJIoMy 3/eMEHTY a@ MHOXKECTBa A Mo HEKOTOPOMY 3aKOHY MOCTaBJjieH B
COOTBETCTBHE OMMH H TOJbKO OAMH JIEMEHT b MHOXKECTBAa B, mpHueM pasJHYHbIM 3Je-
MeHTaMm MHOXKeCTBa A OTBeualoT pas3/iHyHble 3JeMEHThl MHOXKECTBA B, B ecsii npH 3TOM
COOTBETCTBHA HCMOJb30BAHB BCE 3JIEMEHTH MHOXECTBa B, TO roBOpAT, YTO MEeXKAY
MHOXecTBaMH A H B yCTaHOBJIEHO B3aHMHO OXHO3HAayHOE COCTBETCTBHE.

Tak, Hanpumep, MOXHO yCTaHOBHTb B3aHMHO OLHOG3HAYHOE COOTBETCTBHE MEKIY
MHOXECTBOM BCEX DalHOHAJbHBLIX UHCEJ H MHOXKECTBOM BCEX HATYPaJbHBIX YHCEJN.

Ecnu mexpy HekoTopeiM MHOXKecTBoM E M MHOkeCTBoM N BCeX HATYpasbHBIX
YHCes YCTAHOBJIEHO B3aHMHO OJHO3HAYHOE COOTBETCTBHE, TO [OBOPST, YTO 3JEMEHThI
MHOXeCTBa E 3anymeposarbe ¢ MOMOILBIO HAaTypaJIbHBIX YHCEJI.

Uenpio 3a5ay HacTosiell 1aBel ABJASETCA YCTAHOBJIEHHE B3aHMHO ©AHO3HAYHOIO
COOTBETCTBHA MeXJy ABYMsl 3aJAHHBIMH MHOXKECTBaMH (T. €. MOCTpoeHHe (yHKLHH,
OIpeLe/IeHHON Ha OAHOM H3 3aJaHHBIX MHOXECTP H B3aHMHO OJJHO3HAYHO 0MoOpaX aro-
Ujetl 5T0 MHOXKECTBO HA APYroe 3aaHHOe MHOMKECTBO).

Cpeln MHOXKECTB, C KOTOPHIMH Mbl GyJeM HMETh J€/0, OCOGEHHO BaXKHBLIMH sB-
JISIOTCA 4UC/A08ble MHOMKECTBA, T. €. MHOXECTBA, 3/IEMEHTAMH KOTOPHIX SIBJASIOTCS
JeiCTBUTeIbHBEIe YHcsa. BaxHB cielyiomye npHMepsl YHCJIOBHIX MHOXECTB (Mpome-
KYTKOB): 1) MHOXKECTBO 8cex NeHCTBHTENbHBIX YHCEJl (YHCJIOBAs mpsiMast ]—oo, +-oof);
2) MHOXECTBO BCEX uHCes X, YAOBJICTBOPSIOUIHX HepaBeHCTBY X > a (ay4 [a, +oo[)
HJM HepaBeHCTBY X > a (ay4 Ja, -+oo[); aHaJOrHUHO OMpelesoTcss Ayqu ]—oo, a]
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n ]—oo, af (3Zech @ — 3aRaHHOE YHCJIO); 3) MHOXKECTBO BCEX YMCeJ X, YAOBJETBOPSIO-
IIMX HEpaBeHCTBaM @ < X < b, rlie a ¥ b — 3ajiannue uucna, npuueM a < b (3amk-
HYymobll npomescymox, uian ompesok [a, b]); 4) MHOXKeCTBO Bcex uHcea X, yIOBJETBO-
psomux HepaBeHcTBaMm a < x < b (omxpoimoul npomesxcymox, Win uxmepsasla, bl);
5) MHOXECRBO BCEX uMcel, YAOBJIETBOPSIOWHX HepaBeHCTBaM a < ¥ < b Wiu Hepa-
seHcTBaM @ < x < b (noayomxpeunoui npomexcymox [a, bl unn Ja, b]).

Yucnosoe MHOXKECTBO E Ha3hIBaeTCs 02DAHUMEHHBIM C8epXYy, eClH CYUIeCTBYer?
TaKkoe uuMca0 b, uto Aasi Beex x € E BumosHsieTcsl HepaBeHCTBO ¥ < b. Yucmo b,
VAOBJETBOPSIONIEE STOMY YCJOBHIO, HashiBaercs eepxwell epanuyed MHoxkectBa E.
Haumenbmas n3 BepxXHHX TpaHHIL HENYCTOrO OIPAaHHYEHHOrO CBEPXY MHOXKECTBA
Ha3LIBAeTCH gepxHedl 2panbio 3TOr0 MHOXKeCFBa. Kaxjoe Henmycroe MHOXeCTBO, Orpa-
HHYEHHOE CBepXy, MMeET BEPXHIOI I'paHb, NPHTOM eJHHCTBeHHYIO. Bepxmsas rpaup
mHoxectBa E ofosHayaercsi cuMBosioM sup E. Ecau mHoxectBo E He sBisiercs oOr-
paHHUEHHbIM CBEPXY, TO, MO OmpefeJieHHIo, nonaraior sup E = +-oo.

UncnoBoe MHOXKECTBO E HA3bIBAETCS 02DAHUMEHHBIM CHU3Y, €CJIH CYINeCTBYET
TaKOe YHCJIO &, UTo ¥ > a Ans Beex x € E. Yucio a, yrosaersopsioLiee 3Tomy ycio-
BHIO, Ha3blBaeTcsl HudscHell epanuyeldl MHOxecTBa. Hanbosbluas U3 HHXKHHX T'DaHHUIL
MHOXKeCTBA Ha3bIBaeTCsl HUdxCHeli epanbio MHOXKeCTBa M obo3Hauvaercs inf E. Kaxpoe
HENyCcToe MHOXECTBO, OIpaHHYEHHOE CHH3Y, HMEET HHIKHIOIO IDAHb, TMPHTOM eJHH-
ctBeHHy0. Ecyin MHOXeCTBO He orpaHMueHO CHU3Y, TO NMQJAraioT, No ONpeieseHHIOo,
inf E = —oo0.

Yucnosoe MHOXKectBO E, KOTopoe orpaHHYeHO H CBEpXY, H CHH3Y, Ha3biBaeTcs
oeparuuennbin. Bepxuell v HHXKHeH rpaHSIMH HEMYCTOTO OrPaHHUEHHOrO MHOXKECTBA
ABJISIOTCS KOHeuHble uncna (npuyeM inf E < sup E). [lpumepamMu orpaHHueHHBIX
YHCJIOBHIX MHOXECTB SIBJISIIOTCSI OTPE30K, HHTEPBaJ, NOJYOTKPHITEI NPbMEKYTOK® .

Hapsaay c wucaogoimu MHoXecTBaMH MBI GyJieM pacCMaTpHBATB TaKKe MAOCKUE
MHOXECTBa, T. €, MHOXKECTBA TOYEK Ha NJockocTH. [lpumeprr: 1) MHoXKecTBo 6cex
TOYEK TJIOCKOCTH; 2) MHOXECTBO BCeX T€X TOYEK IJIOCKOCTH, KOODAHHATbI KOTOPHIX
yRoBJeTBOpsiioT HepaBeHcTBY x% -+ y2 < a? (3aMKHYTHIlL KpYyr) HJH HepaBEeHCTBY
%%+ y? < a® (OTKpHITLIE KPYT) H T. 4.

Kpome toro, Mel 6ylieM HMETb JeJ0 C NPOCITPAHCIMEEHHHIMI MHOXKECTBAMH, T. €.
C TaKHMH, KOTOpDhIE PACMOJOXKEHH B TPeXMEpPHOM MpoCTpaHcTBe (Hafnpumep, chepa).

B nexorophix cayuasix IS YCTaHOBJIEHHst B3BAUMHO OJHO3HAUHOrO COOTBETCTBHSA
MEX]y 4UcA08bIMU MHOXKECTBAMH ObIBAeT MOJIE3HO YHCJNIA, BXOASLIHE B 3TH MHOXECTBA,
3aNHUCHIBATH C MIOMOLIBIO cUcmemamuyeckuy Opobetl.

Ecin nonoxuTENbHOE YHCIO G MOXKET ObITh NPEJCTABJICHO B BHAE CYMMBI CXOAf-
uerocs psAa:

ny ny ng ny
a=A+—+—+—+—+.>
p p? p - pt

rae p > 1 — nenoe nosioxuTeabHOe UHCI0, A — HEJ0€ HEOTPHUATEJbHOE YHCIO, &
ny, Ny, Ng, Ny, ... — HeJible HeOTpULATebHbIE dncaa oT 0 go p — 1, To roBopsrT, 4TO
a pa3jiokKeHo B CHCTEMAaTHUECKYIO Apo0b ¢ OCHOBaHHEM p (WJH B p-HYHYIO 1po6b). D10
3aMHCHIBAIOT CJCAYIOUWHM 06pa3oM:

a= A, ninyngny ... .

A HasblBaeTCs LeJIOH YacTbiO YHCIA Q; Ny, Mg, Mg, ... — P-HUHBIMH 3HAKaMH 4HCJa d.
Ecui Bce p-HuHBIe 3HAKH Ny, MAUKHAS C HEKOTOPOrO HOMepa &, paBHH HYJIIO, TO Apo6b
Ha3bHIBAETCS KOHeunod, B NPOTHBHOM Cayyae — OeckoHedHol.

Ipu 3aganndM p > 1 BCAKOS TIOJIOKHTENbHOE YHCIO @ MOXKeT GBITh npejcTaBie-
HO B BHJG- GECKOHEUHOH p-HYHOH ApOGH, MpHYeM KaxKJAOMY YHCIY @ COOTBeTCTByeT

* Hapsgy c BepxHeil U HHXHeill FpaHAMH YHCJOBOrO MHOXECTBA HEpeJKO MpH-
XOZUTCS BCTPEUATHCS C BepXHel U HudcHell epansimi GYyHKIHH (OZHOH HJIH HECKOJBKHX
nepemenssx). Ecin pyuxuns f (M) onpefenena Ha MHOXecTBe E M NpPHHHMAET YHCIIO-
Bble 3HAUEHHs, TO TOJA CHMBOJIOM supEf (M) (infE f (M)) nompasymeBaeTcst BepXHSS

Me Mg

(HMXHAS) TDaHb MHOXECTBA TeX 3HaYeHHH (GYHKUHH, KOTOphie COOTBETCTBYIOT Bce-
BO3MOKHBLIM 3HAYCHHSM He3aBHCHUMOl nepemMeHHoH M H3 MHoxecrBa E.
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TOJNIBKO OfHA GECKOHEeUHasl p-HyHas ApoGb H, 06PATHO, KAXKAOA GECKOHEUHO p-HUHO#
ApoGH OTBEUaeT @AUHCTBERHOE NOJIOXKHTENbHOE YHCIIO a. BMecte ¢ TeM HekoTophte pa-
IHOHAJILHEIE YHCNA a (He Beel) JOMyCKAloT, HapsAy C pas/oXEHHeM B GecKOHeuHyio
p-nqr%xo ApoGb, TIKKE pasnoKeHHe B BUAE KOHe4Hold p-MuHOf APOGH; HanpHMep, TIpH
p=

63

3
1-6-0- = 0,63000... (xoneunas xapoGb); —— = 0,629999... (GeckoHeyHas ApoGh).

6.
100
Yucna, koTOpeE MOrYT GITH PA3JIOMKEHBI B KOHE4HYi0 p-HuHylO APOGb, Hasbl-
BAIOTCH P-UHHO PAYUOHANOHBIMU.
Bcee ocranbBME YHCAA HABHIBAIOTCA P-UMHO UPPAUUOHAALHBIMU.
CuerematHyeckast ipoGe ¢ ocHoBauWeM p = 10 naspiBaeTcs decamuunoil Apobbio;
g OCHOBaHMeM p = 2 — Oeouunoli Apo6bio; C OCHOBAHHEM p = 3 — mpoudHoil Apa+
bIO H T. A.

3agaum

27. YCTaHOBHTb B3aHMHO OJHO3HAYHOE COOTBETCTBHE MEX/]Y MHOXe-
ctBoM N BceX HaTypaJibHBIX UHCEJ H MHOXKECTBOM S BCeX YETHBIX IO-
JIOXKUTEJIbHEIX YHCell.

28. YcTaHOBHTH B3aHMHO~OLHO3HAYHOE COOTBETCTBHE MEXKIY MHO-
»)keetBoM N BceX HaTypaJibHBIX YHCEN H MHOXecTBOM T BCeX YEeTHBIX
umcel.

29. YcTaHOBUTb B3aHMHO OJHO3HAYHOE COOTBETCTBHE MEXAY MHO-
KeCcTBOM @+ BCex HEOTPMLARe/BHBIX PAlMOHAJbHBIX UHCEJ W MHOMKe-
ctBoM N BCeX HaTypafbHBIX YHCeJ. .

30. CymecTsyer Mu ymkums Buga f(x) = ot @r .t

by + byx + ... + bpx™
(rne KO3(DDULHEHTH Ay, ..., A, by, .., b, — LeJbIE yncia), obManaomas
CJIEAYIONIMM CBOHCTBOM: JJisl JI0OOTO PauMOHaIbHOrO 4HCa 7 Haljercs
eJioe 4Kcao k, Takoe, 4to f (k) =r?

31. Ha#itu B3auMHo opHo3HauHoe oroGpaxkeHue orpeska [0, 1]
Ha OTPe3oK [a, b].

32. Haiitu B3auMHO opHO3HAuHOE oToOpameHue uHrepsBana 10, 1[
Ha BCIO WICJOBYIO NPAMYIO.

33. Haiitu B3auMHO OXHO3HAuHOE OTOGpaKEHHE YUCJIOBOH NpsAMOH
Ha uHTepBana Ja, b[.

34. Haiitu B3anMHO OJHO3HAYHOE COOTBETCTBHE MEXIY NPOMEXKYT-
koM [0, 1[ u aygom [0, H-oo[.

35. TlocTpouTh B3aMMHO OfHO3HauHOe orofpaxenue orpeska [0, 1]
na unrepan 10, 1[.

36. TTocTponTh B3aUMHO OAHO3HAYHOE oToOpassenue orpeska [0, 1]
Ha BCIO YHCJIOBYIO MPSMYK.

37. Hajith B3alMHO OJHO3HAYHOE COOTBETCTBHE MEXAY OTPE3KOM
[0, 17 u ayuom [0, —oof.

38, YcraHOBATbL B3aHMHO OZHO3HAYHOE COOTBETCTBHE MEXKAY Jy4OM
[0, +oo[ u uurepsasoMm Ja, b[.

39. Oro6pasuTb B3auMHO OfHO3Ha4HO Jy4 [0, 4-co[ Ha Bcio yHCJIO-
BYIO NpSIMYIO.

40. CyumecTBYeT Jii HenpepriBHAsA QYHKUMS, B3aHMHO OLHO3HAYHO
orofpaaromasi OTpe3ok [a; b] Ha BCIO YMCJIOBYIO OCb?
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41. CymecTByeT JH HenpepuBHAs (QYHKUHS, B3aHMHO OJHO3HAYHO
oTobpaxaiouias oTpe3ok [a, b] Ha unTepBan Ic, d[?

42, CyumectByeT /1 HenpepbiBHAsi (YHKIHS, B3aHMHO OJHO3HAYHO
ortoGpaxarolas oTpe3ox [a, b] Ha MHOXeCTBO, COCTOSILIEE U3 JBYX OT-
peskoB [0, 17 u [3. 477

43. I'loctpouth B3aHMHO OJHO3HAYHOE OTOOPAKEHHE OKPYIKHOCTH
eIMHHYHOro paauyca Ha orpesok [0, 1].

44. YcTaHOBUTH B3aUMHO OJHO3HAYHOE COOTBETCTBHE MeEXKIY OT-
KDBHITHIM €IMHHYHBIM KPYTOM H MHOMECTBOM TOYEK HJIOCKOCTH, SIBJISIIO-
IIHXCA JOMNOJHEHHEM K 3aMKHYTOMY €IHHHUYHOMY KpYTY.

[Tpumeuanne OTKPHTHM €JUHHYHBIM KDPYrOM Ha3bIBA€TCS MHOXKECTBO
Takux Touek M (x, y) maockoctd Oxy, IJisi KOTOPHIX BHIMOJNHEHO HEpaBeHCTBO x2 -
+ y2 < 1; 3aMKHYTbIM €IHHHYHBIM KPYIrOM — MHOXECTBO TOWEK, AJISI KOTOPbIX BhI-
noJsiHeHo cooTHowenue x2 + y* < 1.

45. YcraHoBHTb B3aHMHO OJHO3HAYHOE COOTBETCTBHE MEXKAY OT-
KPbITBIM €JUHHYHbIM KPYIrOM H 3aMKHYTbIM €I{HHYHBIM KPYyTOM.

46. Haiith B3aMMHO OJHO3HAYHOE COOTBETCTBHE ME€XIY 3aMKHYThIM
€HHHYHBIM KPYTOM H JOTOJHEHHEM K OTKPHLITOMY €IHHHYHOMY KpYTY.

47. HaiiTh B3aMMHO OJHO3HAYHOE COOTBETCTBHE MEXKJY 3aMKHYThIM
€JIUHUYHBIM KPYTOM H JOMNOJHEHHEM K HEMY.

48. YcTaHOBMTb B3aHMHO OJHO3HAYHOE COOTBETCTBHE MEKIY OK-
PYyKHOCTBIO H TNIPSIMOH.

49. YcTaHOBUTb B3aUMHO OJIHO3HAYHOE COOTBETCTBHE MEXKIY Cepoit
C OJHOH BBIKOJIOTOH TOYKOH H IJIOCKOCTBIO.

50. YcTaHOBUTb B3aUMHO OJHO3HAaYHOE COOTBETCTBHE MEXKAY cde-
pofi ¥ IIOCKOCTbIO.

51. YcTaHoBUTb B3aHMHO OJHO3HAUHOE COOTBETCTBHE MEXKAY I[Po-
H3BOJbHBIM 3aMKHYTBIM KPYroM H NPOH3BOJBLHOH 3aMKHYTOMH 3BE3JHOMH
006/1aCTbIO.

MMpumeuanue ILiockoe MHOXKeCTBO A Ha3bIBACTCS 3AMKHYMOU 36830HO
06.2acmot0 OTHOCHTENBHO TOYKH O, eC/iH Ha KaxJOoM Jyue, BhIXoAsALIEM M3 Touku O,
HafJEeTCA TaKash TOYKa M, OTJIHYHaA OT 0, 41O 33MKHyTblﬁ ﬂpﬂMOJ]HHel’lHHﬁ OTpPE30K
OM Bkmodaercss B A, a oCTasnbHasi 4aCTb 3TOrO Jy4ya HE COAEPKHT HH OJHOHK TOUKH
us A.

52, YcTaHOBHUTH B3aUMHO OJHO3HAYHOE COOTBETCTBUE MEXK]Y MHO-
JKECTBOM BCEX HPPaAlMOHA/IbHBIX YHCEJ H MHOXECTBOM BCeX JEHCTBH-
TebHBIX YHCEI.

53. YCTaHOBHTH B3aHMHO OJHO3HAYHOE COOTBETCTBHE MEXKIY:
1 n 1 1
a) TOYKamH OTKPBLITOTO KBajgpara ‘-—— o 3[ X ]——3, 3[ U TOYKaMH
OTKpBITOTO NpAMOyrosibHuKa Ja, b[ X Jc, d[;
n ml no=n
6) TOYKamH OTKpPHITOTO KBaApaTa ]—— > ?[ X l— S 5| ¥ TouKamH
TJIOCKOCTH; B) TOYKAMH OTKPBITOTO mpsimoyrosbuuka Ja, b [xJc, d[ u
TOYKaMH ILIOCKOCTH.
54. 3anuuieM B BUJE GeCKOHe4HOL NeCATHUYHOH APOOH KOODAHHATHI
touku M (x, y) u3 kBaapara J0, 1] X J0; 1]: abcumcca x =0, nynens ...,
opauHata y =0, mymyms ... . I[locTaBUM B COOTBETCTBHE KaxK-
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noii Touke M (0, mn,ng ..., 0, mymyms ...) W3 KBappaTa TOUKY
P (0, nymyn,mongmy ...) 13 npomexytka 10, 1]. Bee a1 TOYKH MPOMEIRYT-
Ka J0, 1] noayyarca npH 3TOM COOTBETCTBHH? BYJIET s 5TO COBTBETCTBHE
B3aHMHO OJIHO3HAUHBIM COOTBETCTBHEM MEXJY TOUKAaMH KBajpara
10, 17 X 70, 1] u Toukamu mpomexyTka 0, 177

55. YCTaHOBHTb B3aHMHO OJHO3HAUHOE COOTBETCTBHE MEXIY MHO-
JKECTBOM BCEX PallMOHAJNbHBIX yuces oTpe3kal0, 1] u MHOKecTBOM Bcex
TOYEK C palMOHaJNbHBEIMH KoopauHaramu kBazxpata [0, 1] x [0, 17.

56. YCTaHOBHTb B3aHMHO OJHO3HAYHOE COOTBETCTBHE MEMKLY MHO-
JKECTBOM BCeX DaLOHAJNbHBIX TOYEK YHCJIOBOH NPSIMOH H MHOMKECTBOM
TeX TOYEK IVIOCKOCTH, Y KOTOPHIX 0Ge KOOpAHHATH DPalMOHAJbHH.

57. YCTaHOBUTb B3aHMHO OZHO3HAYHOE COOTBETCTBHE MEXKAY MHO-
JKeCTBOM BCeX MHOTOYJIEHOB C pall{OHA/IbHBIMH KO3(ULMEHTaMH H MHO-
JKECTBOM BCEX HATYpaJbHBIX YHCEJ.

58. YcTaHOBUTb B3aHMHO QUHO3HAUHOE COOTBETCTBHE MEXIY MHO-
JKECTBOM BCEX KOHEUHBLIX INOAMHOXKECTB HATYPaJbHOTO Pffa uucen |
MHOKECTBOM BC€X HATYPaJIbHBIX UHCEJ.

59. YcTaHOBUTH B3aHMHO OJHO3HAUHOE COOTBETCTBHE MEXKAY MHO-
JKECTBOM BCeX IOC/IeAOBATEbHOCTE! HATYPaJbHBLIX UHCEJ H MHOXECTBOM
BCEX CTPOTO BO3pacCTalU U X MNOCAE]OBaTeIbHOCTEll HATY-
pasIbHBIX YHCed.

60. YCTaHOBHTb B3aUMHO OJHO3HAUHOE COOTBETCTBHE MEXKJY MHO-
JKECTBOM BCEX CTPOTO BO3DaCTAILHUX IIOC/IEL0BATENbHOCTEH HaTypaJlb-
HBEIX YHCeJ M MHOMXECTBOM BCeX TeX OeCKOHEUHBIX JABOMYHLIX Apobeii,
KOTOpbl€ COOTBETCTBYIOT YyHcJaM npomexytka 10, 1].

Fnasalll.
MOLLUHOCTb MHOMECTB

JlBa MHOMeCTBa Ha3bIBAIOTCH SKGUBAACHMHBIMU, €CIH MEXAY HAMH MOXHO yCTa-
HOBHTh B3aHMHO OfHO3HauHoe cooTBeTCcTBHE. ECn MHOXecTBa A H B 3KBUBAaNEHTHLL,
To mawyt: A ~ B.

Jlerko BHAeTh, ytoecii A ~ B, B ~ C,10 A ~ C.

| IIprnsHaKH 3KBHBAIEHTHOCTH MHOXeCTB (Teopembl Kanrtopa — Bepnureii-
Ha):

1. EcauA c BC C, npusems A ~ C, mo A ~ B.

2. Ecau A sxeusasenm#o nodmroxcecmey mroxcecmea B, a B sxsusasenmno nod-
mHooxcecmay mHoxcecmea A, mo A ~ B.

MuoxecTBo E Ha3LIBAaeTCH KOHE4YHbIM, €CJIH OHO SKBHBAJICHTHO MHOXECTBY BCex
HATypaJbHHIX YHCEN n, YAOBIETBOPsIOWHX HepaBenctBaM 1 < n < N Aas HexoTo-
poro (GHKCHPOBaHHOIC HaTypaJjbHOro uncaa N.

TTycToe MHOXKECTBO Mbl TakKe MPHUHC/ISEM K KOHEUHEIM MHOQMKECTBAM.

MHOXeCTBO, He sIBJSIOLICECS] KOHEYHEIM, Ha3bIBaeTCsl DECKOHeuHbIM.

JlBa KOHEUHEIX MHOMXECTBAa 5KBHBaJeHTHE TOTAA H TOJbKO TOTAA, KOTJa OHH
HMEIOT OIHHAKOBOE YHCJIO 3JIEMEHTOB.

Insn 6GeckoHEUHLIX MHOXECTB HeJb3sl TOBODHTb O YHC/IE SJIEMEHTOB MHOXECTBA;
KOJIMYECTBEHHOH XapaKTepPUCTHKO JI060ro MEOXKeCTBa, 06061aromell OHsSTHE YHcJa
S/1€MEHTOB, SBJSETCS MOW{HOCMb MHOXKECTBA; FOBODAT, YTO 06a MHOOKECMEA UMerom
00UHAKOBYI0 MOUZHOCITIL, ECAL OHU 3KBUBAACHINHYL.

MouHocTs MHOXeCTBAa A 0Go3HauaeTcss cHMBOJIoM A.
Ecau mHoxectBa A ¥ B nMelOT 0AHHAKOBYIO MOIMHOCTL (T. €. C/IA OHM SKBHBa-

AeHTHH), To nEmyT: A = B.
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Ecinu aBa MHOXKCCTBA HESKBHBAJIEHTHMI (T. €. MeXJy HHMH HeJb3sl YCTAHOBHTh

B3aHMHO OJHOSHAYHOrO COOTBETCTBHS), TO mumyT: A = B nau (A 4 B).

Ecan MuoxectBo B 5KBHBAJICHTHO KaKOMY-THG0 MOAMHOXKECTBY MHOXECTBA A,
TO FOBOPSAT, YTO MOHOCTb MHOXKECTBa B He MPeBOCXOAUT MOIIHOCTH MHOXKecTBa A,

310 3anucuBaoT Tak: B < A nan A > B,
Ecan MHOXectBa A M B Hesxeusasenmrsl, HoO MHOXKECTBO A 5KBHBaJIeHTHO He-
KOTOPOMY NMOJAMHOXKECTBY MHOXKECTBAa B, To roBOpPSAT, YTO MHOXKECTBO B MouiHee, yem

MHOxkecTBo A. 1o 3anuckBawT Tak: B > A wim A < B.

M3 reopem Kanropa — BepHmrefina Buitexaer, yto et A < B u B < 4, 10
= B.

Ecmuxe A < B,no A A4 B, 0 A < B.

Jlns nokasatesnbCTBa 9KBHBAJIEHTHOCTH MHOXKeCTB A H B MoxHO: JgHu6O Hero-
fqpell(:TBeHHO YCTaHOBHTh B3aHMHMO OJAHO3HAYHQE COOTBETCTBHE MEXKAY MHOKECTBAMH

H B; nu6o, ecq1 510 cAesiaTh TPYAHO, YCTAHOBHTh SKBHBAJIEHTHOCTb MHOXecTBa A
NOAMHOXKECTBY MHOXeCTBa B M MHOxecTBa B noJAMHOXeCTBy MHOXecTBa A, a 3aTeM
NpHMEHHTL BTOpyio TeopeMy KaHnropa — BepHiureiina.

Ecnn MHOXeCTBO A KOHEUHO H HMEET 71 3JIEMEHTOB, TO MHIIYT: A = n; B uacrtHo-
ctH, ecain A — mycroe MHoxecTBo, To A = 0.

MroxecTBo A, 5KBHBaJIEHTHOE MHOKECTBY BCeX HATypasbHLIX YHCeJ, Ha3blBaeT-
CH CHEMHbIM.

ITpuMeps CUSTHRIX MHOXKECTB: MHOXKECTBO BCEX IEJBIX YHCEJN; MHOXKECTBO
BCEX DAlHOHAJNbHBIX YHCENT; MHOKECTBO BCeX MOJMHOMOB C PalHOHAJbHBIMH KO3P-
(HUNHEHTaMH; MHOXECTBQ BCeX asre0paHyecKHX YHCEN H T. X.

Ec/H MHOXeCTBO HMeeT MOIIHOCTb, GOJIbIUYIO, YeM MHOMXKECTBO HATypasibHBIX
YHCeJl, TO OHO Ha3EIBAaeTCs1 HecuemHbim MHOXKetTBoM. Tak, Hanmpumep, otpesox [0, 1]
SIBJISIETCS HECUETHHIM MHOXKECTBOM.

Bcsikoe MHOXeCTBO, SKBHBaJieHTHoe oTpesky [0, 1], HasbiBaeTcsi MHOXeECTBOM
MOUWHOCTU KOHMUHYYMA HIIH MHOXKECTBOM KOMMUHYAAbHOL mougrocmu. Ecanm MHo-
XKECTBO A MMeeT MOIHOCT KOHTHHYYMa, TO NHYT: A = c.

Eciin MHOXeECTBO HMeeT MOLHOCTh KOHTHHYYMa, TO HHOT/AA AJsi KPaTKOCTH TOBO-
PAT, YTO OHO HMEeT KOHTHHYYM 3JIeMeHTOB.

ITpuMepn MHOXKECTB, HMEIOLHX MOLUIHOCTH KOHTHHYyMa (T. €. TY XKe Moll-
HOCTb, 4TO U otpe3ok [0, 1]): orpesok [a, b] u mutepsan la, b[ (npu mobwix a u b,
rie a < b); uncnoBas NMpsiMasi; MHOMECTBO BCeX GECKOHEUHBIX MECHTHYHHIX HApoGei;
MHOXECTBO BCeX HpPPAllHOHAJBHBIX YHCEJ; MHOXKECTBO BCEX TOYEK Ji060ro Kpyra;
MHOXKeCTBo Bcex Touek kBazparta [0,1] X [0,1] (u BooGmwe /r060ro mpsiMOyroJibHH-
Ka); MHOXECTBO BCEX TOUYEK IIOCKOCTH; MHOXKECTBO BCeX ToYex mpocrpaHctBa Oxyz;
MHOXKECTBO BCeX HEMpepHIBHBIX (PYHKIMI, 3afaHHbIX Ha oTpe3ke [0, 1], u T. 1.

Ecsii 3aiaHo HEKOTOpOe MHOXKECTBO E, TO MHOMKECTBO &, 5JeMEHTAMH KOTOPOTo
ABJIAIOTCA_BCe TOJMHOXECTBA MHOXecTBa E, HMeeT MOmWHOCTb, GOibmylo, ueMm
E:&>E.

Ecan E — KOHEYUHOE MHOXKECTBO MOLIHOCTH f, TO & — KOHEYHOE MHOXKECTBO
mouHocTH 27,

Ecau E — GeckoHEYHOE MHOXKECTBO MOIIHOCTH @, TO MOIHOCTh MHOXKecTBa E
o6osHavaerca 29.

B Tom ciyuae, Koria E siBASIeTCS CUETHBIM MHOXKECTBOM, 6 HMeeT MOIUHOCTb KOH-
THHyYMa.

Bcsikoe MHOXKeCTBO, MOLIHOCTb KOTOPOTO paBHa 2¢ (¢ — MOILLHOCTb KOHTHHYY-
Ma), Ha3bBAaeTCs MHOMKECTBOM MOU{HOCIMU 2UnepKOHMUHYYMA.

ITpuMeps MHOKECTB MOUHOCTH T'HMEPKOHTHHYyMa: MHOXKECTBO BCeX MOJ-
MHOXecCTB oTpe3ka [0, 1]; MHOXecTBO BCeX MOAMHOMECTB YHCJIOBOH MpSMOMH; MHOMKe-
CTBO BCEX HOJMHOMECTB IJIOCKOCTH; MHOXECTBO BceX (HE TOJbKO HeNpephIBHBIX)
YHCJIOBbIX QYHKIHKI, 3aaHHbIX Ha oTpeske [0, 1], U T. A,

B 3ak/loueHHe OTMETHM HEKOTOpHIe COLCMBA CHEMHOIX MHONECMB:

1. JIio6oe noAMHOKECTBO CYETHOrO MHOMKECTBA JIHG0 KOHEYHO, JIHGO CUETHO.

||
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2. Besikoe GeCKOHeUHOE MHOMKECTBO COAEDIKMT CUETHOE TMOAMHOMKECTBO (TOBOPHAT:
«CyeTHasi MOIIHOCTH SIBJIIETCS] HaMMeHbIIel W3 GECKOHEUHBIX MOLLHOCTEH»).

3. OGveiuHeHHEe KOHEUHOH HIH CUETHOH COBOKYITHOCTH CUETHHIX MHOMECTB €CTh
CYeTHQE MHOMKECTBO.

4. Ecin K HecueTHOMY MHOXecTBY E J06aBHTb MJIM M3 HEro BHIUECTb KOHEYHOE
HJIH CYETHOE MHOxkecTBo M, To Mo HOCTh MHOXeCTBA E He uaMeHUTCH:

EUM=E, E~M=E.

3agauu

61. KakoBa MOIIHOCTbH MHOKECTBa BCEX TPEYTrOJHHHKOB Ha TJIO-
CKOCTH, BEpILHMHbl KOTOPHIX HMEIOT PalHOHAJbHBIE KOODIHHATHIP

62. KaxkoBa MOIIHOCTb MHOXKECTBa BCEX PAlMOHAJbHBIX (QYHKIHH
C ueJbIMH Ko3(pHUHMEHTaMH B YUCJAUTENe W 3HAMeHarese?

63. [loxasarb, YTO MHOXKECTBO BCEX OKPYXKHOETeH Ha IUIOCKOCTH,
pajuychl KOTOPbIX palMOHANbHBI H KOODAWHATHI LIEHTPA KOTOPbIX —
pauxoHa/bHbe YHCJa, CYETHO.

64. KakoBa MOIIHOCTL MHOXKECTBA BCEeX KOHEYHHIX JAeCATHYHBIX
IpoGeii? KakoBa MOIIHOCTb MHOXKECTBA BCeX KOHEYHHIX p-HYHBIX Apobek
HpH 3afaHHOM p > 1?

65. KakoBa MOMIHOCTh MHOKECTBA BCEX MHOI'OYJICHOB, Ko3dduuueH-
TaMH KOTOPHIX CJYXKAaT ajrebpanueckue duc/iaa?

66. laHo GeckoneuHoe MHOXeCTBO E HEOTPHILATEJbHBIX 4YHCEJ.
O603HauuM depes3 s BePXHIO I'PaHb CYMM YHCEJ /5 JI0OBIX KOHEUHHIX
nojAMHOXKecTB MHOkecTBa E. Jlokasarh, yto eciin § < -+, T0 B E nme-
eTcst He Goslee CUETHOTO MHOMKECTBA YMCeJ, OTJIHYHBIX OT HYJd.

67. Jlokas3aTb, YTO MHOXECTBO TOYEK pa3pbiBa MOHOTOHHOH (PyHK-
IMH, 3afaHHOH Ha oTpeske [a, b], KOHEYHO HJIH CUETHO.

68. [lokasarb, 4TO MHOKECTBO TOYEK Pa3pLiBa MOHOTOHHOH QYHKIHH,
onpeJieJIeHHO# Ha BCeH YMCJOBOH NPAMOH, KOHEYHO MJlH.CYETHO.

69. Ilyctb E — Kakoe-mu060 HeCY e TH O € MHOXKECTBO IOJOKH-
TEeJNbHBIX YHCEN; JOKa3aTh, YTO HaHjeTcst Takoe ynucjao T > 0, yro MHO-
wectBo E ] Jv, 4oo[ HecueTHO.

70. Bepro jm ytBepxpenue: «Ecmu E — GeCKOHEUHOE MHOXKECTBO
YhCeJ, PacloJiokeHHoe Ha Jyde 0, +oo], To HalifieTcsl TAKOE YHCJIO
T > 0, yro MuoxecTBO E [} Jv, +oo[ Geckoneuno»?

71. Ilycts E — cueTHOe MHOXECTBO TOY6K Ha NPsMOH. MoXHO JiH
CIBHHYTb 3TO MHOXKECTBO Ha BEJHUUYHHY a (T. €. 3aMEeHHTb BCe TOYKH X €
€ E Toukamu x - q) Tak, 4TroObl IOJYYHBILEECS B pe3ysbTaTe CIABHTa
MHOxkecTBO E, He mepecekanoch ¢ E?

72. ITycts E — cueTHOe MHOXKECTBO TOYEK Ha OKPYKHOCTH. MOXKHO
JI1 TIOBEPHYTb OKPYMKHOCTb BOKPYI IIEHTpPa Ha HEKOTOPBIH yron ¢
TaK, 4To0bl MHOMeCTBO E , mosmyuuBuieecs: u3 £ B pesysibTare nopopora,
He repecekanocb ¢ E?

73. Jloxasarb, 4TO €C/JH PaceTOsIHME MeXAY JIIOObIMH ABYMSl TOYKa-
Mu MHOXecTBa E Ha mpsiMoil GoJiblue eIMHHILI, TO MHOXeCTBQ E Ko-
HEYHO MJIM CYETHO.

74. Ha nyockocTH 3afiaHo MHOXecTBO E Takoe, 4YTO paccros-
HHe MeXQy JIOOHIMH JBYMsl TOYKAMH 3TOIO MHOXeCTBa OOJIblIe, YeM a
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(rze a — nanHOe MOJOXKHTEIbHOE YUCI0). JloKa3aTh, YTO MHOKeCTBO E
He GoJ/iee 4eM CUeTHO (T. €. JIuGO CUETHO, JTHGO KOHEUHO).

75. Jlokasarb ¢ nomolbio Teopemst Kasitopa — BepHiureiina sKBuBa-
JICHTHOCTb 3aMKHYTOTO KDYra H OTKPHITOTO Kpyra TOro ke paiuyca
Ha IJIOCKOCTH.

76, Jokasatb c nomolubio Teopemsl Kautopa — BepHiureiina 3KBH-
BaJICHTHOCTb TWIOCKOCTH H 3aMKHYTOTO KBajJpara Ha IJIOCKOCTH.

77. Jokasatb ¢ nomoubsio Teopembl Kantopa — BepHiureiina 3kBu-
BaJeHTHOCTb KBajpara ]0, 1] X 70, 1] u nmpomexyTtka ]0, 1] (ucmosb-
SOBaTEk pe3yJsbTaT 3ajaud 54).

78, JlokasaTb, YTO MHOXECTBO BCEX KOHEUHBLIX MMOJMHOMKECTB CUeT-
HOTO MHOXECTBA CYETHO.

79. KakoBa MOIIHOCTb MHOXECTBA BCEX CTPOr0 BO3pAacCTaIOLIUX
[IOCJ/IEA0BATE/NbHOCTEH HATYpaJsbHBIX 4YHCes?

80. KakoBa MOLIHOCTb MHOMXECTBAa BCEX MOCJEJOBATEJNBHOCTEH Ha-
TYypaJbHBIX YHCET?

81. Ilokasarb, 4TO MHOXKECTBO BCceX MEPECTAHOBOK HATypPaJsbHOTIO
psAna N umeer MOLIHOCTb KOHTHHYYMA.

[Tpumeuanue. [lepecmanoskoll MHOXKECTBA Ha3blBAeTCs BCSKOE €ro B3a-
HMHO OJIHO3HAYHOe 0To6pa)KeHue Ha ce6s1.

82. KakoBa MOIIHOCTb MHOXECTBA BCEX KOHEUHBIX IOCJ/EN0BATE/b-
HOCTeH JNeHACTBUTEJNbHBIX YHCEJN?

83. [lokasatb, uTO MHOXECTBO E BceX CTalOHAPHHIX MOC/TENOBa-
TeJIbHOCTEH HAaTypaJsbHBIX YHUCEJ CUETHO.

Npumeuanue. [IlocnesoBatesbHocTs {a,} HA3LIBAETCH CMAYUOHAPHOL,
©CJIH /i Hee CYIIECTBYET HOMEp fp Takoi, UTO @, = Qn, A/ BCEX N > Mo.

84. JloxasaTb, 4To MHOMeCTBO E BCeX CTalOHapHBIX MOC/eL0Ba~
TEIbHOCTEH NEHCTBUTE/IbHBIX YHUCeN MMEeT MOLIHOCTb KOHTHHYYMa.

85. KakoBa MOLIHOCTb MHOXECTBAa BCEX I10CJIeJOBaTeNbHOCTeH Ha-
TypaJbHBIX YHCEJ, HEe COAepIKalMX yHcaIa 7°

86. KakoBa MOLIHOCTb MHOXKECTBa BCeX NOC/IefOBaTeNbHOCTEH Ha-
TYpPaNbHBIX YHCEJ, CONEpPKAUX YHCJIO 7?

87. KakoBa MOLIHOCTb MHOXECTBAa BCEBO3MOKHBIX IOCJEN0BATE/Ib-
HOCTEH palMOHa/NbHEIX YHCeJ?

88. KaxkoBa MOIIHOCTD MHOXECTBa BCEBO3MOXHBIX MHOTOYJIEHOB
(c NpOH3BOJILHBIMH AEHCTBUTENBbHBIMU KOI(PGdHIHEHTaMH )?

89. KakoBa MOMIHOCTb MHOXECTBa BCEX OTPE3KOB Ha YHCJIOBOH
npAMOH?

90. Ha npsiMoii 3aaHO MHOXECTBO IONAPHO He MNepeceKaloluxcs
oTpe3koB. UTO MOXKHO CKa3aThb O MOLIHOCTH 3TOrO MHOXECTBa?

91. KakoBa MOLIHOCTb MHOXKECTBA BCeX KPYIOB Ha IWIOCKOCTH?

92. Ha nJockocTH MOCTPOEHO HEKOTOPOE MHOMKECTBO MONapHO He
NepeceKaromuXCcs OKPYXKHOCTeH. MOXET Jii TO MHOMXKeCTBO ObITb He-
CYETHbIM?

93. Ha nuiockocTH MOCTPOEHO HEKOTOPOE MHOXECTBO MOMapHO He
nepecexatomuxcsi 6yks T (pa3mepbl 3THX OyKB MOTYT ObITb H Pa3jiHy-
HBIMH). MOXKeT JIH MHOXKECTBO 3THX GYKB OBbITb HECUETHBIM?
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94. Ha nnocKocTH TNOCTPOGHO HEKOTOPOE MHOXKECTBO TionapHo
He nepecekaromuxcsi 6ykB I'. MoXKeT 1 5TO MHOMKECTBO 6LIThH HECUET-
HBIM?

95. KakoBa MOHIHOCTb MHOMKECTBA BCEX IOCJENOBATEJIBbHOCTEH Aeii-
CTBUTEJIbHHIX YHCeJ?

96. KakoBa MOIHOCTb MHOXECTBA BCEX KOHEUHBIX H CYETHBIX NOJ-
MHOXeCTB MHOXectBa E, ecmu E HMeeT MOMHOCTb KOHTHHYYMa?

97. JlokasaTb, YTO MHOKECTBO BCEX YHCJIOBBIX QYHKIMEH, ONPENeNeH-
HHX Ha OTpeske [a, b], UMEEeT MOHOCTb THIIEPKOHTHHYYMA.

98. [lokasarb, YTO MHOXECTBO BCE€X HENpEPLIBHHIX (YHKuMH Ha
oTpeske [a, b] MUMEET MOIIHOCTD KOHTHHYYMA.

99. KakoBa MOIIHOCTb MHOXKECTBa BCEX (YHKIWMH, ONpeneseHHBIX
Ha orpeske [a, b] ¥ pa3spLIBHBIX XOTHA ObI B OHOH TOYKE 3TOTO OTPE3Ka?

100. KaxoBa MOIHCCTL MHOXKECTBA BCeX CTPOrO BO3PaCTAIOIMUX He-
NpepLIBHEIX PYHKUMH, 3aaHHbIX Ha orpeske [a, b]?

101. KakoBa MOMmHOCTL MHOXECTBA BCEX MOHOTOHHBIX (DYHKUHH Ha
orpesxke [a, b] (He TONBKO HENpPEepHIBHbIX)?

102. KakoBa MOmHOCTb MHOXECTBA BceX (QYHKUMIA, ONpPENE/IEHHBIX
Ha oTpe3kKe [a, b] 1 NpeACTaBUMEBIX B BHAE NMpeieaa CXOAsmedca nocue-
JIOBATeNbHOCTH HENPEPBIBHBIX (QYHKUHH?

103. lokasaTb, YTO CYIIECTBYIOT pPa3pLIBHbIE (DYHKUMH, Ompeje-
JieHHbIe HA [a, b] 1 He MpeACTaBHMBIE B BUJE Npejiesia CXOAslleHcs Mno-
CJIeJOBaTeIbHOCTH HeNPepPLIBHbIX.

104. KakoBa MOLIHOCTb MHOXECTBA BCeX JEHCTBHUTENbHBIX YHCEJ,
3ak/oueHHbIX Mexay O u 1, B pas/jioxeHHH KOTODHIX B GeCcKOHEUHYIO
JECATHYHYIO Ap0o0b OTCYTCTBYET uudpa 7?

105. KaxoBa MOIIHOCTh MHOMKECTBA BCeX AEHCTBUTENbHBIX YHCE,
3aKJIOueHHBIX Mexay O u 1, B pas/ioxkeHHH ROTOPHIX B GECKOHEUHYIO
JIeCATHYHYIO Jpo0b uudpa 7 HaXOAUTCS Ha TPeTbeM Mecre?

106. KakoBa MOIIHOCTb MHOXKECTBA BCeX NefCTBHTENbHEIX YHCEJ,
3aKJI0YeHHHX MexAYy O u 1, B pa3/ioxkeHUH KOTOPHIX B GECKOHEUHYIO
JECATHUHYIO Apo6Gb uMeeTcs uudpa 7?

107. KakoBa MOIIHOCTh MHOXKECTBA BCEX UYMCEJ, 3aKJIOYEHHbIX
mexay O u I, B pasioxeHHH KOTOpHIX B GECKOHEUHYIO TPOHUHYIO APO6H
oTcyTcTBYET 1Hdpa 1?

108. Tlyctb A w B — 3KBHBajleHTHhIe GECKOHEYHble MHOKECTBa.
CyuiecTByeT i NOJIMHOXKECTBO MHOKeCTBa A, otanunoe oT A, 5KBHBa-
JetHoe B?

109. Jlokasatb, wroeciu A \ B ~ B\ A, 10 A ~ B.

110. Hoxasatb, yroecin Ac Bu A~A JC,toB~B Y C.

111. Bepuo uau ner yrBepxjpenue: «Eciu A ~ C, B ~ D, npu-
yeM A DB, C>D, 0 AN\ B~ C\ D»

112. Ilyetrb A >C, B>o>D, C | B~ C. Hoxasarb, uTo
AU D~ A

113. Bepuo su yrBepxaenue: «Ecim A ~ B, C o A, C D B,
o C\ A~C\ B»?

114, Bepno su yrteepxjenne: «<Ecu A ~ B, A ©C, B> C,
T0 AN\ C~ B\ O
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115. ToxasaTh, YTO MHOMKECTBO BCEBO3MOXHHIX PABHOMEPHO CXO-
Jsauxcs Ha [a, b] nocnenoBaresbHOCTeH HENPEPHIBHBIX QYHKUME HMe-
€T MOLIHOCTb KOHTHHYYMa.

116. KakoBa MOIIHOCTE MHOKECTBA BCEBOSMOMKHEIX IIOCJ/IEOBa-
TeJIbHOCTEH HenpephBHLIX QYHKUME (Ha oTpeske [a, b))?

117. loxasaTth ciepymomee yTBepxkaeHue: «Ecau MHoxkectBo E
Ha IVIOCKOCTH HECYeTHO, TO HaH#eTcs Takoi KPYyr C LEHTPOM B Hauane
KOOPJAUHAT, KOTODPHI{l CONEPKHT HECYETHOE MHOXKECTBO TOYeK H3 E».

FnasalV.
METPUYECKUE MPOCTPAHCTBA

ToBopsiT, uTo MHOXKecTBO X CHaOXKEHO Mempuxoil, eCiM KakJo# mape ero sJje-
MEHTOB ¥, y IOCTaBJIEHO B COOTBETCTBHE HEOTPHIATeJbHOE YHCJIO P (X, ¥) («paccmos-
Hiue MEXKAY X H y»), YAOBJETBOPSIOIee CISAYIOIUM aKCHOMAaM (<aKCHOMBI METPHKH?):

1) p (x, y) = O Toraa u TOJbKO TOTJa, KOTAa X = Yy («<aKCHOMa TOXKIECTBa»),

2) p(x, ¥) =p (¥, x) ana mobbix x € X, y € X. («akCHOMa CHMMETpHHY),

3)) p(x y) <px 2+ p @y ammobox %, ¥y, 2 €X (<akcHOMa TPEYrojib-
HHKay).

MuoxecTBo X ¢ BBeJAeHHOl B HeM METPHKOH O HAa3bIBAETCS MEMpPU4ecKUM npo-
cmpancmeom U obo3xauaercst (X, p). IIpu 3ToM MHOXKeCTBO X Ha3pIBAIOT HOCLMEAEM
METPHYeCKOro npoctpaHctsa (X, p).

MeTpuueckoe npoctpaHcTBo (X, p) MBI yacTo 6yAeM 0603HauaTh Toi ke GYKBOil,
YTO H €ro HOCHTeJb (T. €. ToIbKO X, onyckasi 6yKBY 0), €CJIH [0 CMBICJTY ICHO, Kakas
MEeTpHKa BBelieHa B X.

ITpuMeps MeTPHUECKHX MPOCTPAHCTB:

1. Yncnosas npsmas, TA€ B KauecTBE PACCTOSHHUSA IPHHATO

pxy=|x—yl

2. EBKIMIOBO n-MepHOe NDPOCTPAHCTBO R”", HocHTeneM KOTOPOro SiBJSIETCS
MHOXECTBO BCEBO3MOMHEIX YNOpsiAOYeHHBIX HAaGopoB M3 n uHcesn (3TH Habophl HA3bl-
BAIOT TAKKE KOPMENOMU OAUHBL N> UIH CMOYKAMU N-MEPHOZ0 NPOCMPAHCMSa»), a
paccrosiHie BBOAHUTCA IO popmyJie

n
o =\ Xla—bp
i==1
rAe x — Ha6op n uucen (ay, ..., @), a y — Habop n uncen (by, ..., by).
YncoBasi mpsiMasi sSIBASICTCS YaCTHBIM CJyYaeM €BKJIHAOBA NMPOCTpPaHCTBA (nmpH

n=1).
3. Mpocrpancteo C [a, b], HocuTesieM KOTOPOro SIBJSIETCSI MHOXKECTBO BCeX He-
npepuiBHLIX QYHKUME Ha oTpe3ke [a, b], a MeTpHka BBORUTCA MO opmye

p(x,y)= max |f(x) —g®l,
x¢la, b)

rie f u g — HenpepuiBHEIe ByHKUHH Ha [a, b].

J1st Toro 4toGbl NPOBEPHTSH, YTO TO HJIHM HHOE MHOXKECTBO C BBEJIGHHEIM B HEM pac-
CTOSIHHEM P (X, ) SBJISICTCSI METPHYECKHM NPOCTPAHCTBOM, HAalO yO6eAMTHCH B TOM, 4TO
© (%, ¥) YROBJIETBODSIET BCEM TpeM aKCHOM3aM METPHKH. B YaCTHOCTH, A/isi TOro 4TOGHI
IOKa3aThb, 4T0 R* sBJsIeTCS METPHUECKHM IIPOCTPAHCTBOM, HCIIONB3YeTCS Hepasex-
cmeo Kowu — Bynaxosckoeo, KOTOpoe 3aKJIIO4AeTCs B TOM, UTo AJst JIOGBIX KopTexedt
{0ty vy %p) ¥ (B1, +.., By) ATHHB 1 HMEET MECTO COOTHOLLEHUE

Db | < ‘/glaﬁ . El B2

i=l1




Ecnm p — Merpuka Ha MHOXKecTBe X, TO CyXeHHE P HA KaXJ0C MHOMECTBO
E C X rakxe ecTh MeTpuka (6yAeM o6o3HauaTh ee Toit e GykBoii p). Merpuueckoe
n);zocgpaﬂcmo (E, p) HasbiBaeTCH nOGNPOCMPAKCMEOM METPHYECKOrO f1POCTPAHCTBA

’ P N

ITpuMep. MHOKECTBO palHOHAJBHEIX YHCEN C METPHKOHR P (x, ¥) = | x—y|
SIBJISIETCS MOATNPOCTPAHCTBOM YHCJIOBOH HpSIMOH.

Tocsien0BaTeN5HOCTH B  MeTPHYeCKOM npocTpaHcTse. [loawbie npocTjamcTea.
ToBopsiT, uTO MOC/IENOBATENBLHOCTD Xy, Xg, +.., Xy, ... (KOPOUe: {X,} ) 5/€MeHTOB MeT-
puueckoro mpocrpanctBa X cxodumcs x anementy b € X, ecnu piist joGoro wucsia
& > 0 cymectByeT Takoil Homep N, uTo AJIsl Bcex HOMepoB n > N BLIMIOJHSETCS He-
paBeHCTBO P (X,, b) < &.

Ecsi nocefoBaTesbHOCTh {X,} CXORHTCA K b, To b HasbiBaeTcs npedesoM 3TOH
nocJieoBaTeIbHOCTH; MHIIYT: b = lix:n'_ X g

n-—»-oo

ocnegoBatenbHOCTs {X,} 51eMEHTOB NpOCTpaHeTBa X HasHBaeTcs ¢hyndamen-
maabHod, ecnu Aas moboro € > 0 cyumectByeT Takoit HoMep N, UTO P (X, Xny) < €
ans Beex n > N, m > N.

Bceakas cxoasumiascs NocjaefoBaTeNbHOCTb (yHAaMeHTalbHA; ORHAKO oGpaTHOE
BepHO He BO BCSIKOM NPOCTpPaHCTBe.

IlpoctpancTBo X Ha3LIBACTCH NOAHbIM, €CJH Beakas GyHAaMeHTAaJbHAs MOCHe-
JIOBaTeJIbHOCTb €r0 3/EMEHTOB CXOAHTCH (K 9JIEMEHTY 3TOro HPOCTPAHCTBA).

TIprMepH NOMHBIX MPOCTPAHCTB: YHCJIOBAasi MpsAMasi, eBKJAHIOBO IPOCTPaH-
crBo, npocrpatctBo Cla, b]. [T puMe p HemosHOro npocTpaHCTBA — MHOMKECTBO
BCEX PalHOHAJBHBIX 4HCea (C OObIYHLIM DPACCTOSTHHEM).

Hsomerpus u roveomopdmusm. Merpuueckue npocrpanctsa (X, py) u (Y, py)
Ha3BIBAIOT USOMEMPUYHBIMU, ECIIH MEXAY MX HOCHTENISIMH CYLIECTBYEeT B3aHMHO OLHO-

3HauHoe cooTBeTcTBHE Yy = [ (X) (¥ € X, ¥y € Y) Takoe, uto anas moOux x; € X,
X2 € X HMeeT MecTO

Px (b1 X2) = oy (F (x1), [ (1))

Mertpuyeckue npoctpauctsa (X, py) u (Y, py) HA3LIBAIOT 2oMeOMOPPHOIMY, €CTH
MeXJY HX HOCHTEJSIMH CYUIeCTBYeT B3aHMHO OJHO3HAauHOE COOTBETCTBHE y == [ (X)
(x € X,y €Y), coxpausiomee CX0AHMOCTb (T. €. H3 TOTO, ¥TO Py (X, a) = 0, cie-
ayer, uro py (f (x4), f (@)) = 0 u o6patHo),

Hsomerpuuneie mpoctpaHctsa romeoMopdHul. OpHako of6paTHoe HEBEpHO; Ha~
npumep, uutepsadsl 10,1[, 10,20 n ayy JO, 4-oo[ (paccMaTpHBaemMble KaK MOANPOCTpaH-
CTBA YHCJIOBOH MPAMOI) rOMEOMOPHE!, HO HE H30METPHYHDL.

Ecnu npocrpasctso (X, py) H30OMETPHYHO HEKOTOPOMY MOANPOCTPAHCTBY MPO-
crpanctBa (Y, py), To roBopsT, 4to (X, px) H3OMETpHUHO BKIaALBaeTcs B (Y, py).
Happumep, R™ usomerpuyHo BkIafpiBaetcsa B R” npu m < n.

IMycTs B oasoM H ToM Xe MHoxecTBe X BBeleHH [iBe METPHKH: Py H Py. Ecun
JJisi 0GO0¥ [OCIeIoBaTeIbHOCT] {X,} U3 P; (X,, @) — O caenyer, uto Py (X,, @) =0
H 06paTHO, TO TOBOPSAT, 4TO METPUKH 01 H Dp SKBUBAACHMHSL., SICHO, YTO €CJIH METPHKH
Q1 M P2 SKBHBAJNEHTHEl, TO NpocTpaHcTBa (X, Pg) # (X, py) romeomMopdHeL.

3agaum

118. SlBasierca JI1 METPHYECKHM INpPOCTPAHCTBOM MHOMKECTBO BCEX
JIeHCTBHTEJNbHBIX YHCEJ, €CJIH IO PacCTOSHHEM MEXKAY X H Y NOHHMATh
sin® (x — y)?

119. Ilokasarb, 4T0 0y (X, y) = arctg |x — y| aBasiercss MeTpuKOH
B MHOKECTBE BCEX UHCEN. DKBUBAJIEHTHA JIH OHA METpUke P (X, y) =
=| x — y|? SIBAfETCA JIH NOJHBEIM NMPOCTPAHCTBOM YUCJIOBAs NpsAMas ¢
METPHKOH (y?
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120. Byner M METPUYECKHM TNPOCTPAHCTBOM MHOMKECTBO BCEX
JIEHCTBHTEIbHEIX YHCEJI, ECTIH PACCTOSIHHE MEXAY X ¥ Y ONPEAENHTh TaK:
Pty =VIe—yP

121. Tlycte X — MHOMKECTBO Bcex map uucen (a, b). Jas moGox
JBYX €ro 3JeMeHTOB X (a;, by), ¥ (@s, by) NONOKUM:

p1 (x, y) = max {la, — a;l, by — byl};
P2 (%, y) = la, — ay| + by — by};

05 (x,y) =V 1as — a1 |* + |b; — by|* (eBkAnIOBa MeTpHKA).

Jloxasarb, uTO p; H Py YAOBJETBOPAIOT aKCHOMAaM METPHKH H YTO Bce
TPU METPHKH (g, Py, P3 SKBUBAJICHTHBI.

Joxkasare nosxoty npoctpancts (X, p,), (X, pg), (X, ps).

122. Tlyctb X — MHOXKeCTBO BCeX TO4YeK OKpyxHocTH C; npumem
B KayeCcTBE pacCTOSHHS MEXAY TouKamu x € X, y € X aauHy Kparyaii-
medl 1yru okpyxHocTH C, coefliHsIome x 0 y. Y AOBJIETBOPSET JIH 3TO
pacCTOsSTHHE aKCHOMaM METPHKH?

123. ITycTb X — MHOMXKECTBO BceX NPSAMbIX Ha MJIOCKOCTH, HE TIPO-
XOAAMMX uepe3 HayajJo KoopAauHaT. OnpenennuM paccTOsiHME MEXAY
JBYMA TP AMBIMH

Li:xcosay +ysina, —p, =0,l,:xcosay, + ysina, —p, =0
(e 0 <oy <2x, 0Ky <2:, p; >0, ps >0) dopmynamu:

a) pi(ly, o) =V (py — p1)*+ (sin a,— sin e;)*+- (cos @y —cos ay)?;
0) P2 (hy l2) = |p2 — pyl + |sin oy— sin a;| +|cos ay —cos oy;
B) P35 (b, 1n) = |po — py| + |sin @y — sin a,].
SIBASIOTCS JIM Py, Pg, P3 MeTpHKaMH? Ecmn (X, py), wim (X, py), Hau
(X, ps) — MeTpuyeckoe NpPOCTPAHCTBO, TO TOJHO JIH OHO?
124. Byjer Au MeTpHYECKUM NPOCTPAHCTBOM CEMEHCTBO BCEX He-
NYCTHIX NOAMHOMECTB METPHYECKOTO NPOCTPAHCTBA X, €CIH PacCTOAHHE

Mexay MHOXectBamM E < X uw F < X onpeaenutb paBeHCTBOM
p(E, F) =il p (x, y)?
X<

y F
125. Tlycts X — mpou3BOJbHOE HENyCTOe MHOMECTBO. BBenem B
HEM CJELYIOULYI0 MEeTPHKY: p (¥, y) =1 npu x == y; p (x, y) = 0 npu
x =Y. byger an npocrpanctBo (X, p) NOMHBIM?
126. JloxasaTb, YTO MHOXKECTBO BCEX YHCJIOBLIX NOCJIEAOBATeNLHO-
~+o0
creit x (a4,-a,, ...), TAKUX, YTO PR Z la; | cxoquTcn, obpasyer MeTpu-

HecKoe NMPOCTPaHCTBO (OHO 0603HaqaeTca 1;), ecam 3a paccTosiHNE MEX-
Ay x (a1, Qg, ...) u Y (by, bs, ...) NIPUHATb YHCJIO

o0
P (x, }’)=§“bi’—azl-

127, TIyetb X, (X0 cooy Xy o) (0 = 1,2, ) ¥ @ (&g, ..y @ ..)) —
5JIEMEHTHI IPOCTPAHCTBA ll, ¥ @; = lim x,; A/ I0GOFO HATYPANbHOTO,
n-s-4-oo
Caenyer iy M3 3TOro, uTO P (X,, @) —0?
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128, Jlokasath mosHOTY mpoctpaucTBa l, (cu. sajauy 126).

129. Jlokasars, uto MuoxectBo M (E) Bcex orpannueRHbx byHKuM
Ha MHOMxecTBe E 00pasyeT MeTpHueckoe MPOCTPAHCTBO, €/ 32 pac-
CTOsIHHE MEXKAY QYHKUUAMH @ H P NPHHATH YHCAO

o (9, %) =sup o () —¢ (HL
tcE

Hokasarb MOJIHOTY 3TOr'0 NMPOCTPaHCTBA.

3ameuanue. YacTueiM crysaem mnpoctpancrsa M (E) — koraa E ects
HaTypaJbHEIA PAA — SABASETCA IPOCTPAHCTBO M BCEX OFPAHHYEHHBIX YHCHOBHIX MO~
CTefOBATE/ILHOCTEH, B KOTOPOM 32 DACCTOSHHE MEXAY X (ay, dg, ...) B ¥ (b, ba, «v.)
NPUHATO YHCIO

p(x,y)=sg,plbi—azl-

130. Jokasare nomsoty npocrpancrsa C [a, b].
131. Jloka3aTb, 4TO MHOMECTBO BCEX UMCJOBBIX I1OCJENOBATENb-

00
o 2
HOCTEH X (@, Ay, ...), A5 KOTOPBIX PSA ' af cxomuTCs, BAAETCS MeTpH-
i=1

YEeCKMM MpPOCTPAaHCTBOM (OHO oGo3Hauaercsi [,), €C/H 3a PacCTOsHHE
MEXAY X (a3, @, ...) H ¥ (by, by, ...) IPHHATD

“+o0
Pl D=} X b:—a)

Jlokasath, 4TO MPOCTPAHCTBO [, MOJHO.

132. Jlokasatb, 4TO MHOMECTBO BCEX HEMPEpPLIBHLIX (GYHKUHH Ha
[a, b] obpasyer meTpuueckoe npocrpancTBo (o6o3nauum ero C’ [a, b)),
€CJIM 32 PacCTOSIHHE MeXAY @ (J? 1 P (x) IPHHATD YHCIIO

p (W) = lo®—v )
a
OKBHBaJIEHTHBI /1 MeTpuKH mpoctpancts C [a, b] u C' [a, b]?
133. SIBisieTca M METPHUECKHM MPOCTPAHCTBOM MHOMKECTBO BCEX
HeNpepuBHBIX (PyHKuMil Ha [a, b], ecnu 3a paccrosiHHe MeXAy ¢ (x)
H P (x) NPHHATH YUCJIO

b
p(e, ¥) = \/J (@ (%) — § (1)) dx?

Y xasanue. [IpegBaputenbHo BbiBecTH HepaBeHcTBO Komm —
ByHSKOBCKOTO 1/t HHTErpaJsoB:

: b b
[0 (v (x)dr < Y [(@(epds- ] (b ()2 dx;

ero MOXHO MOJYYHTb NPeJe/bHbIM NIEPeXof0oM H3 HepaBeHCcTBa Koum —
DByHfIKOBCKOIO 1/11 KOHEUHbIX CyMM (CM. BBEJCHUE K 3TOH IJIaBe), ec/u
npuHaATh o; = ¢ (x;) VAx;, B, =¥ (x;)V Ax,.

134. [okasath, uro MHOXecTBO F [a, b] Bcex map HempepbiBHBIX
¢yukuuit Ha [a, b] ABJIsETCS METPHYECKUM NIPOCTPAHCTBOM, €CJIH 3a pac-
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crosiue Mexxay napamu (fi, g1) # (fa, £2) IPHHATD YHCAO
o ((f1r. 81 (f3r 82)) =:;S‘l?§a]’f1 (x) —F(x) |+ 18L(x) — g2 (x)]).

JlokasaTb MOJNHOTY 3TOTO NPOCTPAHCTBA.

135. [oxasats HenosnHoTy npoctpanctsa C’ [a, b] (cM. 3ajauy 132).

136. Jloka3aTh HENMOAHOTY NPOCTPAHCTBA, PAacCMOTPEHHOro B 3a-
nage 133.

137. Ilokaszats, uyro noanpocrpanctso E mnpocrpancta C [a, b],
COCTaBJIEHHO® M3 BCeX HenpepbiBHHIX (QYHKIMHA f, yAOBJETBOPSAIOMUX
yenoewio A < f (x) < B nnsa Beex x €[a, b] (rne A 1 B — 3ananHbie
upCJIa), SBJSETCH HOJNHBIM IPOCTPAHCTBOM.

138. [lycrs F u G — ¢QuKCHPOBaHHbIC HeNpephIBHbIE (PYHKUMH HA
[a, b], Takue, uto F (x) < G (x) Bciony Ha [a, b]. Jlokasarb, uyto nog-
npocrpancTBo npocrpanctsa C [a, b], cocrosiiee u3 BceX HeNpepuIBHLIX
dbyuxuui f rakux, uro F (x) < f (¥) < G (x), noaso.

139. IlycTb p; M P, — SKBHBAJIEHTHBIE METPHKH Ha MHOxecTBe X.
Crepyer M M3 TOJAHOTH NpocTpaHcTBa (X, p;) NOJHOTA MPOCTPaHCTBA
(X, po)?

140. Jioxas3aTb, YTO JI/151 5KBHBAJIEHTHOCTH METPHK P; M Py HA MHOXKeE-
crBe E poctaTouHo, 4TOOB CYIECTBOBa/M Takue 1Ba uyucaa A >0 u
B >0, uro pas mobrix x € E, y € E BHINOJHSIOTCS HEPABEHCTBA

Apy (x, ) < 03 (%, ¥) < Bp, (%, ).

Tlokasarh, UTO 3TO YCJIOBHE He fBJIseTCS HEOOXOAMMBIM JJISi SKBH-
BaJIEHTHOCTH METPUK O3 U Pg.

141, Mycts C; — MHQXKECTBO BCeX HENPEpLIBHBIX (yHKUME Ha
[a, b}, wMmeONMX HeNpPepLIBHYIO NPOU3BOAHYIO (1OJ TNPOU3BOJHOH B
TOYKE ¢ MJIH B TOUKE b MOpa3yMeBaeTcst COOTBETCTBYIOMAA ONHOCTOPOH-
HAg npousBofHasn). Beezem B C, JBe Pa3iHUHbIX METPHKH:

pu(F8) =sup 17 —g (] +sup | [ (1) —&’ (@
P2 (f, @) =sup (f () —g ()] + If ¥) —g ®)).

x¢[a, b

JokasaTb, 4TO 5T[n I]VIGTPHKH SKBHBAJEHTHH. JloKa3aTb NOMHOTY
npocrparcte (Cy, py) # (Cy. Pa)-

142, Tlyctb Kaxo0# mape 31eMeHTOB (x, y) MHOKeCTBa X rnocrasJie-
HO B COOTBETCTBHE HEOTPHIIATENbHOE YHCJIO P (X, ¥), YAOBJETBOPAOIEE
BCEM aKCHOMaM METPHKH, KPOME MepPBOH, KOTopas BLINOJHSETCS B Cle-
JylolieM ocnaGneHHOM BHue: € X =y, 10 o (x, y) = 0. Hasosem
Kxaaccom, codepacaugum X, (rae x, € X) muoxectso Beex x € X Takux,
uTo P (%, x,) = 0. $IcHO, uTO KJacCel MONApHO HE MepecexkaloTca M Hx
obbeUHEHHeM fBJsieTcs Bee MHOKecTBO X. JloxasaTb, YTO MHOXKECTBO
BCEX KJ1acCOB o06pasyer MeTpHueCcKoe NPOCTPaHCTBO, €C/H TOJ pacCTosi-
HMeM Mex1y AByMa kaaccamu A u B moapasymesatsb O (a, b), rme
a €A, beEB.

143. Byzer i MerpuueckuM npoctpancTsoM(X, p), rae X —MHoxe-
CTBO BceX (YHKIHMH ¢ HempephIBHO# NPoH3Boanoi Ha [a, b, a p(f, g)=

=sup |f' (x) —g" )]
x¢[a, b]
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ITpousBectn pasbuenne mHOXKecTBa X Ha KJacChl TaK, YTOOBI MHOXKe-
CTBO KJIaCCOB CTa/l0 METPHYECKHM IIPOCTPAHCTBOM.
144. Tlycte X — MHOXeCTBO BceX NOCJIEOBATENBHOCTEH Hempe-
gmsﬂux Ha [a, b] dynxuui fy, fo, ..., f,, ... CO CXopsumcs psgom
00

> sup |f,(x)]. Hoxasars, uto (X, p), rue
n=1 x[a, b]

+x
([}, (&) = E‘ xeS{g,pb] [fi(x) — g, (0],

SIBJISIETCS [TOJTHBIM METPHYECKUM MPOCTPAHCTBOM.

145. Tlycts A 1 B — nonsbie NOANPOCTPAHCTBA METPHUECKOTO NPO-
crpancrBa X. JlokasaTe, uto A |) Bu A (| B Takke SIBJSIOTCH MOJ-~
HBIMH TIpocTpaHcTBamH. Ilokasath Ha npumepe, uto A \ B moxer
0Ka3aThCAl HEMOJHBIM NIPOCTPAHCTBOM.

146. Tlycts (X, py) u (Y; p,) — monnele npocrpancrsa. Joxa-
3aTh, 4TO npocTpancTBo X X Y, cHabGxkeHHOe MeTPHKOH

Pxxy (%1, 1), (%2, ¥9)) = |4 (Px (%1, %2))® + (Py vy @)
SIBJISIETCSA IMOJHBIM IPOCTPAHCTBOM.

147. To xe, ecan
Oxxy (K1, Y1)y (2, ¥2)) = px (%1, X3) + Py (Y1, ¥2): )
148. JlokasaTb, UTO JJIsi CXOAMMOCTH NOCJAEN0BaTebHOCTH {(X,, ¥,)}
K (a, b) B mpocrpactBe X X Y, cHaGxeHHOM MeTpPHKOH no ¢op-
myJie (1) nau (2), HeOGXOAUMO 1 JOCTaTOUHO, yTOGH {X,} CXOMUIACh K a
B npoctpanctee X, a {y,} — kK b B npoctpancree Y.

FnasaV.
3AMKHYTbIE U OTKPbITbIE MHOXECTBA

ITycte X — kakoe-1HG0 METPHYECKOE TIPOCTPAHCTBO. DJIEMEHTH! 9TOrO IPOCTPAH-
CTBa Ha3HIBAIOT TOYKAMH.

OkpectHocrd. Oxpecmuocmoto (WIH €-OKPECTHOCTBIO) TOYKH Xo € X HasbiBaeTcs
MHOXKecTBO V (%o, €) Bcex Touek x € X, yOBJIETBOPSIOLIMX YCJAOBHIO P (X, Xo) < €.
Ilpu sToM uncio € > 0 Ha3LIB3IOT Paduycom OKPECTHOCTH, TOUKY Xo — €€ LeHMPOM.
OxpectHocTh V' (X0, €) Ha3BIBAIOT TAKKE OMKPLUMbIM WAPOM PAOUYCA & C YEHMPOM 8
mouke xo. Ecin 3HaHHe pajimyca OKPECTHOCTH TOYKH Xo HECYIIeCTBEHHO, MHl OyJeM
BMecTo V (xo, €) mucaTh npocto V (xo).

Ecan ocHoBRoe mpocTpaHCcTBO X — 4YMCIIOBasti psiMasi, TO €-OKPECTHOCTBIO TOY-
KH Xo SIBASIETCS. HHTepBaJl Jxo — €, Xo + €[. Ecau X — miockocts, 10 V (%0, €) —
OTKPHITHIH KPYT pPajuyca € C LEHTPOM B TOUKE Xo.

BaxHoe cBo it ¢ TB o oxkpecrHocreii: ecid y€ V (x, €), TO cymecTByeT 4ucio
8 > 0 raxoe, uto V (y, 6) < V (xo, €).

Kaaccudpukaiis TodeK METPHYECKOro NMPOCTPAHCTBA MO OTHOINEHMIO K JAaHHOMY
mHoxectsy, [lycte E — Kakoe-a1u60 MHOXKECTBO MeTpPHYECKOro mpocrpaHcrsa X.
Touxa xp € X HasbiBAeTCH mMouKoli npukocHosenus MHoxectBa E, ecnn B moGoi ee
OKPECTHOCTH UMeETCs XOTs OBl 0fHa Touka u3 E. Jlerko BRAETH, 4TO AJIs 3TOrO Heol-
XOAHMO H JOCTaTouHO, uToOh B E CyliecTBOBaJja [OC/ENOBATEJBHOCTb TOUEK (X},
cxoAsmanca B X K TOUKe Xo. MHOXECTBO BCEX TOUEK MPHKOCHOBEHH:A MHomectBa E
HasbiBaeTCsi 3aMmbikaruem MHoxkecTBa E H oGosnauaerca E. §lcHo, uto E < E.

ITpuwMe p. 3aMmbikanueM HHTepBaja la, b[ Ha npsMoi cayXkuT oTpesok [a, bl

Touka xo € X HaswiBaetTcst 6HympeHHeli moukol MHOXecTBa E, eCJiM CyliecTByeT
okpectHOCTb V (x0), copepxamascs B E.

MHOXeCTBO BceX BHYTPEHHHX TOueK MHOXecTBa E HasHIBAaeTCA €ro sHympex-
Hocmbio v o6osHauaercst E°. fcho, uto E° < E.
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ITpedeavroii mouxoi mHoXecTBa E HasbiBaeTcst Touka xo € X, B ymoGoit oKpecT-
HOCTH KOTOPOH HMeeTcst X0Ts Gbl ofiifa Touka H3 E, oTuiHuHas ot Xo. Jlerko BuieTs, yto
JJIs1 9TOr0 HeOOXOAHMO H JOCTaTOUHO, YTOGH B J1I060i OKPECTHOCTH TOUKH Xo COAEpKa-
Jock GECKOHeYHOo MHOro Touek u3 E.

MHoxecTBo Beex npefiesibHEIX TOUEK MHOXecTBa E Ha3biBAeTCsl €10 NpOU3B00HbIM
MmHoxcecmgom U o6o3nauaercs E'. MHOXeCTBO Beex mpefebHbIX ToueK MHoxecTBa E’
Ha3bIBaeTCsl BTOPLIM NPOU3BOJAHHIM MHOXKECTBOM MHoXecTBa E u oGosnauaerca E”.
AHaNOTHYHO OMNPEJENSIOTCS NPOM3BOAHBIE MHOMKeCTBa Gosee BHICOKOTO NOPSIAKA
(poH3BOJAHOE MHOXKECTBO MOPsiAKa n 0o603Hayaercs E),

Touka xo € X HasblBaeTcsi u3oauposarnHod mouxkol MHoxectBa E, ecam xo € E,
NpHYeM B HEKOTOPOH e€e OKpecTHoCTH V (xo) HeT Apyrux Touek W3 E (Kpome camoit
TOUKH Xo).

Touka xo € X HasbiBaeTcs epaxuurol mouxol mHoxecrBa E, ecan B moGoi OK-
PECTHOCTH 3TOH TOUKH HMEIOTCS KaK TOYKH, NpHHajJexawue E, Tak W TOUKkH, He
npuHapiexamue E.

MHOXecTBO Bcex TPaHHUHBIX TOYEK MHOXecTBa E  HasplBaeTcs epanuyeil MHO-
xkectBa E u obosnauaerca Fr E.

Jlerko Bugiets, yto E = E' | E= E° |J Fr E.

3amkHyThie MHOXeoTBAa. MuoxectBo E B MeTpHUYeCKoM mpocTpanctBe X HasHl-
BAETCH 3AMKHYMbIM, €CIH OHO COAEPIKHT BCe CBOH TOYKH NDHKOCHOBeHHst (MHaue

roBopsi, MHOXecTBO E 3aMKHYTO, €c/li OHO COBNAjaeT co CBOMM 3aMblKaHnem: E = E).

IIpuMepn 3aMKHYTHIX MHOXECTB: MyCTO€ MHOXECTBO; BCe NPOCTPAHCTBO X;
amo6oe KOHeuHoe MHOXKeCTBO B X; samxnymoul wap B (xo, €) B X pamuyca € >0 ¢
LEHTPOM B TOUKE Xp, T. €. MHOKECTBO BCeX Touek X € X, A5 KOTOPHIX P (X, Xo) < €.

CBOMCTBAa 3aMKHYTHIX MHOXKECTB: a) o0beiHeHHe KOHEYHOTO YMCJIa 3aMK-
HyTHIX MHOXECTB 3aMKHYyTO; 6) nepeceueHHe Jio60ii COBOKYMHOCTH 3aMKHYTHIX MHO-
KeCTB 3aMKHYTO.

Ecnu MHOXeECTBO 3aMKHYTO H He COAEPXKHT H30JHDOBAKHHX TOYEK, TO OHO Ha-
3LIBAETCH COBEPUICHHBIM.

[Tpumeph CcoBEPIIEHHBIX MHOMECTB Ha NpsMOI: BCS mpsMasi, MycToe MHO-
KEeCTBO, OTPe30K. BaxKHEIM npHMepOM COBEepIIEHHOr0 MHOXECTBA SBJISETCH TaKXKe
Kanmoposo mruoscecmso D, Koroploe c2Tpom-ca caepyiomuM  ofpasoM: M3 OTpe3ka

3730

PE3KOB NEPBOr0 PaHra») HCKJIOYAIOTCS HHTEPBAJIB! AJIHHBI 33 C lleHTpaMH B cepej-

[0, 1] uckaouaerca unrepBan |— —[' 3aTeM H3 OCTABIIMXCS ABYX OTPe3KOB («OT-

HaX 3THX OTPE3KOB; 3aTéM H3 OCTAaBLIMXCs YeTHIPeX OTPE3KOB (<OTPE3KOB BTOPOro
1
paHras) BHIGPACHIBAIOTCH HHTEPBa/bl ATHHbI 3¢ HEHTPaMH B CepeAAnHaX 3THX OTpe3-

KOB U T. J. Jo GeckoHeuHoctH. MHoxecTBO D, ocTaBiieecss Nocjae HCK/IOYEHHS BCex
ITUX HHTEPBAJIOB, IBJSETCS COBEPLIEHHHM. Ero HasbiBaloT KAHMOPOSHIM MHONECTIBOM.
ToukH KaHTOPOBA MHOXKECTBA Pa3fe]aloTCs Ha MO4KU nepsoeo poda — KOHIBL Bbl-
6pacbiBaeMbIX HHTEpPBa/JOB (HX — CUETHO® MHOXECTBO) ¥ TOUKM 6mopoeo poda (Bce
OCTanbHBIE TOYKH MHOXKeCTBAa D} HX — MHOXECTBO MOLIHOCTH KOHTHHyyMa). MHoxe-
ctBo D nMeeT caefyioulyio apupMeTHYECKYIO CTPYKTYPY: OHO BKJIOUAET T€ H TOJBKO Te
toukn otpesxa [0, 1], xoTopbie MOryT GHITh 3anHCcaHbl B BHAE TPOHUHOH ApPo6H  (Ko-
HeyHOH MJH GeCKOHeuHOl), He CoAepiKalleil eJHHHUb B uyMcJe CBOMX TPOHYHBIX
3HaKOB.

Kaxzoe Henycroe coBeplIeHHOE MHOXECTBO Ha NPAMOI HMMEET MOMHOCTb KOHTH-
Hyyma (cM. 3ajauy 253).

OTKpuiTHie MHOMecTBa. MHoxecTBo £ B METpPHYECKOM npocrpaHcTse X Hasbl-
BAETCA OMKPbUMbIM, €CIM BCE €r0 TOYKH sBASIOTCS BHYTPEHHHUMH, T. €. E coBnajaer
CO CBoel BHyTpeHHocThio E°.

[TpuMeps OTKPHITHIX MHOXECTB Ha NpsAMON — HHTepBaJ, OObEXMHEHHE
MoGoi COBOKYIHOCTH HHTEPBAJIOB, BCS NMpaAMas; Ha NJIOCKOCTH — OTKPHITHIA KPYT,
BCSI TJIOCKOCTb.

B moGoM MeTpHuecKoM nmpocTpaHcTBe X OTKPhLITH IYCTOE MHOMKECTBO M BCE MPo-
CTPaHCTBO; OTKPHITHIM MHOXECTBOM B X sBJISETCH TAKKE€ KaMABlH OTKPHTHIA wwap.
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CBoO i CTBa OTKPBITHIX MHOXKECTB: a) NEpeceyeHHe KOHEUHOr0 YHC/Ia OTKPHITHIX
MHOXECTB €CTb OTKPHITOE MHOXECTBO; 6) oObeHHeHHe /i0G0# COBOKYITHOCTH OTKpbI=
ThIX MHOXKECTB €CTh OTKPHITOE MHOXECTBO.

Mexay OTKDHITHIMH M 3aMKHYTHIMH MHOXECTBAMH CYIIECTBYET CJEAYIOUIAs CBA3b:
1) nrononHenne K JAOGOMY OTKPHITOMY MHOMECTBY €CTb 3aMKHYTOE MHOXECTBO; 2) Ho-
TOJIHEHHE K JI060MY 3aMKHYTOMY MHOXKECTBY €CTb OTKPHITOE MHOXKECTBO. 3jech (H
BCIOAY B AaJbHEfilIeM) HMeeTCst B BHAY AOMOJHEHHE 0 BCErO NMPOCTPAHCTBA.

Muoxecrsa THna F, u mHoxecTsa THna Gg . MHOXKecTBO, KOTOpoe MOXKeT GbiTbh
NPEJACTaB/IEHO KAK OOBEeJHHEHHE CYETHOH COBOKYIIHOCTH 3aMKHYTHIX MHOXKECTB, Ha-
3bIBACTCA MHO%CeCMBoM muna F; (THna «3d-curMa).

B uyactHoCTH, MHOXeECTBaMH THNA F SBJSIOTCA: JI060E 3aMKHYTOE MHOMKECTBO;
J1060€ OTKPBITOE MHOXKeCTBO (3agaua 205); n06oe CYETHOE MHOXKECTBO H T. I.

OueBupHO, 06BEAMHEHHE JI0G0H KOHEUHOH HJIH CYETHOH COBOKYIHOCTH MHOXKECTB
tuna F; ecTb MHOXeCTBO THna F .

MHO0X€eCTBO, KOTOPOE MOXeT GbiThb MpPEJCTAaBJIEHO KAaK MepeceyeHHe CYETHOH Co-
BOKYMHOCTH OTKDbITBIX MHOXECTB, Ha3blBaeTcsi mHoxcecmsom muna Gg (THna «xe-
JesibTav).

B vacrHocTH, MHOXecTBamu Tuna Gg sIBJISIOTCS BCE 3aMKHYTBIE H BCE OTKpHIThIC

MHOXKECTBA HAa YHCJIOBOH HpﬂMOﬁ; KpoMeé Toro, MHOXKeCTBaMH THIIA Gﬁ SIBASAIOTCA BCE

I0JIYOTKPBIThIE TPOMEXKYTKH, MHOMXECTBO BCEX MPpPAIHOHAMbHHIX TOUEK U P. J.
OueBnjHO, mepeceuyeHHe JHo60il KOHEUHOR HJIH CUETHOH COBOKYIHOCTH MHOXKECTB
tuna Gg ecTb MHoXecTBo THna Gg.

PacoTosiiHe OT TOYKH 0 MHOXECTBA, PacOTOsiHME MEXAY MmHOXecTBamu. JiHa-
MeTp MHoxkecTBa. Paccmosnuem om mouku x € X 0o muowecmsa E — X (rme X —
METPHYECKOe IPOCTPAHCTBO) HA3bIBAETCs HHXKHsIsi TPaHb 4Mces P (x, y), rAe y npobe-

raet MHOXecTBO E:
d (X, E) = iﬂgp (x’ y)'
e

<
Hast toro utobut d (x, E) Gbi1o paBHO HyJIO, HEOGXOAHMO H JIOCTAaTOYHO, 4TOOBI %
6bia TOuKOH npuKocHoBeHHst Aas E. Orciofa caenyer, uto ecin E 3amkHyTO, TO

d (x, E) = 0 toraa u Tonbgo toraa, koraa x € E. Ecnu xe x € E (rne E 3aMkHYTO),
to d (x, E) > 0.
Paccmosnue d mewdy muoxcecmsamu A w B B metpHueckom npoctparcTBe X
OnpejesieTcss pPaBeHCTBOM
d (4, B) = itgp (*, y)-
xz

yiB
Huamempom mMHOKecTBa E B MeTpHuecKoM NPOCTPAHCTBE HA3bIBAeTCS BEpXHAA
rpaHb PacCTOSIHHil MeXJy BCEBO3MOXHBIMH MapaMH €ro TOYeK:
diam E = sup p (x, ¥).
x:E, yiE
MaotHbie U HUCZE HEe NAOTHHIE MHoXeoTBa. MuoxkectBo E — X HasmBaetcs
naomusim 6 muoxcecmee A, ecnu E > A. Ecau, B yactHoctH, E MJIOTHO B mpocTpaH-

ctBe X (1. e. E = X), to E HasniBaeTcs 6ci00y nAOMHbIM.

Muoxectso E, nexamee B MeTpHueckoM mpocTpaHcTBe X, HaseiBaetcs Huede
He NAOMHbIM, €CTH OHO He MJIOTHO HH B KaKOM OTKpLITOM Luape 5TOro mpo¢TpaHCTBa.
1o omnpejeneHue paBHOCHIBHO ClelyloleMy: MHoXecTBO E Hurie He mioTHo B X,
ecad Jii0Goft OTKPHITHI 1ap NpocTpaHcTBa X COAEPKHT OTKPBITHIN LIAp, MONHOCTHIO
cBOGOAHBII OT TOYeK MHOXKecTBa E.

B uacTHoOCTH, MHoXecTBo E HUIJe He MJIOTHO Ha 4MCJOBOi mpamo# R, ecau
mo6oit uuTepBan la, b[ comepxut uutepBan ], B[, MOAHOCTBIO CBOOOAHBI OT TOUEK
mHoxectBa E. I p M M e p bl HAre He IUIOTHBIX MHOXKECTB Ha MpsMaii: Jo6oe Ko-
HEeYHOEe MHOXEeCTBO, MHOXECTBO BCEX LEJBIX YHCEeT; KAHTOPOBO COBEpIIEHHOe MHOXe-
CTBO.

MHoXecTBo, sBasolleecs o6beJUHEHHEM KOHEYHOH HJIH CUETHOHl COBOKYMHOCTH.
HUrJe He NJIOTHBIX MHOXKECTB; HAa3LIBACTCS MHOMCECMEOM nepgoil kamezopuu. MHoxe-
CTBO, He MpPeACTaBHMOE B BHJE OOBENMHEHHs CUETHOH COBOKYNHQCTH HHIL/AE He IJIOT-
HBIX MHOXXECTB, HA3bLIBAeTCA MHOXMCEeCMmEOM 8mopol Kameeopuu.
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3agauM

149. Tlokasarb, uto V (x,, &) = B (x,, €). IlpuBectn nmpumeps me-
TPHYECKHX NPOCTPAHCTB, B KOTOPHIX V (,, €) 7= B (x,, €) RN HEKOTO-
pBIX X, 4 € M METPUYECKAX MNpPOCTPAHCTB, B KOTOPHX V (x,, &) =
= B (x,, &) 11 Bcex x, U €.

150. JlokasaTb, YTO 3aMbiKaHHe OOBEIMHEHHA ABYX MHOXKECTB
PaBHO OOBEAMHEHHIO X 3aMblKaHHH. [loKa3aTh, 4TO AJIsi GECKOHEUHOro

cemeiictea Muoxects {A:} cnpaseamuBo Bkmouenne JA4 < U4 ,
t [

HO He BCerja BepHO PaBEHCTBO.

151. Mokasars pasencrsa C (E°) = CE, C (E) = (CE)°.

152. Bepro /n yTBepxkieHHe: «BHYTPEHHOCThL NepecedeHds ABYX
MHOXECTB pPaBHa NepeceyeHHI0 HX BHYTPEHHOCTER»? BepHo Ju anajo-
THYHOE YyTBepXKIeHHe JJ1si GEeCKOHEYHOH COBOKYIHOCTH MHOXKECTB?

153. Bepuo Jsu yTtBepxkienne: «BHyTpeHHOCTb OOBEnMHEHMS ABYX
MHOKECTB PaBHa OOBENMHEHHI0 UX BHYTpPeHHOcTei»? Ecam ner, TO
UMEeTCA JI B KaKyl0-JH60 CTOPOHY BKJIOYEHHE?

154. TIocTPOHTb MHOXKECTBO, J/Isi KOTOPOTO MPOH3BOJIHOE MHOXKECTBO
HENnycro, a BTOPOe NPOM3BOZHOE MYCTO.

155. TlpuBecTy mpHMephl: a) MHOMKECTBA Ha IIOCKOCTH, He HUMElo-
WEro rpaHHYHBIX TOYeK; 6) MHOkecTBa E HA IJIOCKOCTH TakKoro, 4ro
Fr Es= &, E (1 Fr E = J; B) HecueTHOro MHoxecrBa £ Ha MJIOCKO-
ctu Takoro, utro E =Fr E.

156. [Moxkasarb, yro Fr E = E \_E° ans moGoro mMHoxkectBa E.

157. Hokasarb, 4YTO rpaHuia OOGBEIHMHEHHST JBYX MHOMKECTB CO-
JepXKUTCA B 06belMHeHHH HX rpanul. [lokasarb Ha npuMepe, 4TO aHa-
JIOTHUHOE YTBEpIK/AeHHE JJis1 GeCKOHEYHOH COBOKYNHOCTH MHOXKECTB HE
BCErJa BepHO.

158. JloxasaTb, UTO 3aMbIKaHHe KaxKJIOTO MHOMXKECTBA 3aMKHYTO.

159. Jloka3aTth, 4TO NPOM3BOAHOE MHOMXECTBO KaKJOrO MHOXKECTBA
3aMKHYTO.

160. [loxasaTh, 4YTO TIpaHHIA KaxJOTO MHOXKECTBA 3aMKHYyTa.

161. Jlokasarb, 4YTO AJSI 9KBHBAJEHTHOCTH METPUK Pf H Py B NPO-
crpadcTBe X HEeOOGXOAMMO H JIOCTAaTOYHO, YTOOBI COBOKYIIHOCTb BCeX
MIOJIMHOKECTB MPOCTPaHCTBA X, 3aMKHYTHIX B CMBIC/IE METPHKH Qy,
COBIIaJajia C COBOKYFHOCTBIO BCEX INOAMHOXECTB, 3aMKHYTHIX B CMbIC/TIE
METPHKH 0,.

162. Ha mnsiockocTH JaHa MOCJA€R0BaTeIbHOCTh KOHUEHTPHYCCKUX
OKPYKHOCTEH PpaguycoB 73 <ry < ... <r, < .. SlBasercs JH HX
00beiHHEHHE 3aMKHYTBIM MHOXKECTBOM?

163. Ha msockoctd jaHa MOCJIELOBATENbHOCTh 3aMKHYTHIX KOH-
LEHTPHYECKUX KPYroB PaiuycoB ry <7, < .. <r, < ... flBasercs
JH UX OGbeJUHEHHEe 3aMKHYTBIM MHOMKECTBOM? SIBJISIETCS JIH OHO OT-
KPBITHIM MHOXKECTBOM?

164. Bynem cunTarh 3eMJI0 HAEaTbHO IMIajikuM mapoM. Paccmor-
puM MHOkecTBO E Bcex Tex Touek M Ha NMOBEPXHOCTH 3eMild, KOTOphie
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o6Js1afatoT CJAeAYIOMHM CBOHCTBOM: ecau H3 M mpoiitn 7 kM Ha ceBep,
3aTeM 7 KM Ha 3anaj H, HakOHeN, 7 KM Ha IOT, TO OKa)XelibCsi CHOBA B
touke M. SIBasiercs mm E 3aMKHYTHIM MHOMxecTBOM? Ecin HeT, TO Ka-
KOe MHOXECTBO SIBJISIETCS ero 3ambiKaHueM? Ero nmpou3BOIHEIM MHOMKe-
CTBOM?

165. ITyctb [ — uenpepriBHas (YHKIMs, onpefefeHHas BCIOAY Ha
ocu Ox. Jloxasatb, uTo MHOxKecTBO E , Tex Touek ocu Ox, rae f (x) > a,
3aMKHYTO.

166. ITycrb f, — dukcupoBanHas HenpepuiBHas GpyHKua Ha [0, 17;
Jl0Ka3aTth, 4TO MHOXeCTBO E Bcex HempepriBHbIX ¢yukuuit f Ha [0, 1],
yIOBJETBOPsIOWHX HepaBeHCTBY f (x) < f, () ana Bcex x €[0, 1],
3amMkHyTO B mpocrpancree C [0, 1].

167. Jloka3aTb paBHOCHJbHOCTb CJENYIOINHUX ONpeLeNeHUH 3aMKHY-
TOTO MHOXKECTBA: a) MHOXECTBO Ha3HIBAeTCSl 3aMKHYTHIM, €CJH OHO
BKJIIOUaeT BCE CBOM TOYKH MPUKOCHOBEHHs; 6) MHOXKECTBO Ha3bIBaeTCH
3aMKHYTBIM, €CJIM OHO BKJIIOYAeT BCe CBOH NpPEJeNbHbIE TOUKH; B) MHO-
JKECTBO Ha3bIBAETCS 3aMKHYTHIM, €CJIH OHO BKJII0UaeT BCE CBOH IPaHHYHLIe
TOYKHU.

168. [loxasatb, uto 3ambikanue E MHOxecTBa E ecTb mepeceyeHHe
BCEX 3aMKHYTBIX MHGXKECTB, cofepxauwx E.

169. Jloxasatb, yto aJs JoGoro MHOXecTsa E cnpaBellIiBHL BKJIO-
yeguss ' D E"> ... D EmW > ...

170. Jdoxasarb, uto eciu E samkuyrto, To Fr E = Fr (Fr E). Nas
qoboro xe muoxkecrsa E Fr E > Fr (Fr E) = Fr (Fr (Fr E)).

171. Jlokasarb, 4TO BCSIKOE 3aMKHYyToe nopmpoctpanctso E noa-
HOTO METPHYECKOTo NpocTpaHcTBa X ecTb MOJNHOE METPHYECKOe Npo-
CTPaHCTBO.

172. Jloka3saTb, 4TO HE3aMKHYTOE MOANPOCTPaHETBO E MeTpHuecKoro
npoctpanciBa X He sBJASIETCS NOJHBIM MPOCTPAHCTBOM.

173. Ilyctb X — mHOXKecTBO BceX. GyHKuuil Ha [a, ], UMEIOMHX
HenpepuIBHYIO MPOU3BOAHYIO. BBelieM B HEM METPHKY

p(f, 9 =ﬁ‘[’fb|]f (x) —g W)l

Byner mu npoctpanctBo (X, ) NOMHBIM?
174. SIBnsieTcsi /i COBEPIIEHHBIM MHOXKECTBOM THmnepbonuyecKasn

cnyupalib p =$ (0 < ¢ < -o0) Ha nyIOCKOCTH? SIB./1f€TCS JIM COBEp-

HIEHHLIM MHOXECTBOM 3aMbiKaHHe 3TOH CIHpPaJH?

175. Bcerga Ju oGbennHeHHE KOHEUHOTO CeMeHCTBa COBEPIIEHHHIX
MHOJKECTB SIBJISIETCS] COBEPILUEHHBIM MHOXKECTBOM? A OOBbEIHHEHHE CYer-
HOTO CeMeHCTBA COBEpIIEHHBIX MHOXKECTB?

176. Jloka3aTb, YTO BHYTPEHHOCTb JIOOOTO MHOMKECTBA €CThb OF-
KPBITOE MHOKECTBO.

177. [okasatb, yto BHyTpeHHoctb E° MHoxectBa E ecTb o06bnenu-
HeHHe BCeX OTKPBLITHIX MHOKECTB, cofepxamuxcsa B E.

178. JlokasaTb, 4TO A J1060ro MHOXKecTBa A B METPHYECKOM NPO-
cTpancTBe u Jforo yucaa € > 0 MHOXkecTBO E BCex TexX TOYex X, Al
KOTOPBIX HMeeT MecTo HepaBeHCTBO d (¥, 4) < &, OTKPHTO.
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179. Ilycts [ — HenpepbiBHaa ¢yHKUMA, ONpeAeIeHHass BCIOAY
Ha ocu Ox. Jlokasarh, uro MHOxecTBo E, Tex Touek ocu Ox, rae
f (x) > a, oTkpwiTO.

180. Jloka3aTh, uTO MHQXKeCTBO E Bcex HempepbiBHbIX (QyHKUHi f
wa [0, 1], ynosjerBopsitomux mist Bcex x €[0, 1] HepaBeHCTBam
A <f{x) < B (rie A < B — 3ajaHHbIe YHCIIA), ABJAAETCS OTKPHITHIM
MuoxecTBoM B npoctrpaunctee C [0, 1].

181. ITycts F — dukcupoBaHHast HenpepoiBHas ¢gyukuus Ha [0, 1].
JlokasaTb, YTO MHOXECTBO BCeX ()YHKUHMH f, yIOBJIETBOPAWOUWMX IJs
Bcex x € [0, 1] uepaBenctBy f (x) > F (x), otkpuiro B C [0, 1].

182, [locTpouTb mMmoc/ae0BaTENbHOCTD OTKPBITBIX MHOMKECTB, lepe-
CeueHHe KOTOPBHIX He SIBJISIETCS OTKPHITHIM.

183. BepHo nu yrBep:kaenue: «Ecau E — 3aMKHYTOE MHOXeCT-
BO, TO 3aMblKaHHe BHyTpenHocTH E coBnapmaer ¢ E (1. e. E = E°)»?
Ecnu 3TO yTBepIKIEHHE HEBEpHO, TO MMEET JIM MeCTO OJIHO U3 BKJIOYe-
uuit E © E°, E < E° u Kakoe MMEHHO?

184. Bepuo s yTBepxzuenue: <Ecau E — OTKPBITOE MHOXKECT-
BO, TO BHYTPEHHOCTb 3aMbikanusi E coBmagaer ¢ E (1. e. E= (E)°)?
Ecau 3TO yTBepikIeHHE HEBEPHO, TO UMEeT Jii MeCTO OfHO H3 BKJIIOYe-
it E o (E)°, E < (E)° u KaKoe UMEHHO?

185. [lokasatb, 4to A J000ro MHOXKecTBA A HMCIOT MeCTO

BraIoverusi: a) (A)° < A, 6) (A°)° > A°, HO paBeHCTBa He Bcerja
HMEIOT MECTO.

186. Ilycte f — HenpepeiBHass gyHKuus Ha [a, b] u E, — MHOXe-
CTBO TeX Touek oTpeska [a, b], rae n < f (x) < n + 1. Hokasars, 4yTO
muoxectBo E; U Es U Ey U «.. U Egp—1 U ... 3aMKHYTO Ha 4HCJIO-
BOH NpAMOH.

187. [lyctb | — koueunwii uuTepBan Ja, b[ Ha mpamo#i, E, <
c E, — ... — Bo3pacraioiiasi NOCJAeI0BaTENbHOCTD 3aMKHYTHIX MHO-
KecTB, B o0bemuHeHHH fAaiomux /. BepHo s, yro qo6oe 3aMKHyTOE
mHOxecTBO F — [ copepxkutcst xors Oul B oqsoMm u3 E? Ecnu BepHo —
JOKa3aTh, €M Het — MOCTPOUTb NPOTHBOpeualunii npumep.

188. [locTpoutr Ha mpsmofi Takoe MHOxecTBO E, uro 1) Bce ero
TOYKH U3OJHDPOBAHHBIC; 2) HHXKHSS TPaHb PACCTOAHUI MEXKAY pas/Hy-
HBIMH €r0 TOUKaMH paBHA HYJIO; 3) OHO He HMEeT MpelesNbHbIX TOYEK
Ha MNpaMOH.

189. [Mokasarp, uto JM0Goe MHOXKeCTBO E, Bce TOYKH KOTOpOro
H30/IMPOBAHHEIE, ABJAETCS MHOXKECTBOM THNA Fg.

190. Ilyctp I, — MHOXECTBO BCEX W3O/JMPOBAHHEIX TOYEK MpPO-

H3BoJIbHOTO MHOXKecTBa E. JlokasaTb, 4To /. €CTh MHOXeCTBO THHa Fg.

191, [TpuBecTu mpumMep HECUYETHOTO MHOKECTBA, BCE TOYKH KOTO-
pPOr0O H30JIMPOBaHHLIE.

192. ITycte X — meTpHuYeCKOe NPOCTPAHCTBO, Z — €ro IMOANpO-
crpanctBo 4 E < Z. a) [lokasats, 4To E* =_1:=Xﬂ Z, tae E? uw EX—
3ampikanusi E coorBercTBeHHO B Z u B X. 6) [lokasats, 4yTO, AJ TOTO
yToObl E OBIIO 3aMKHYTO B Z, HEOGXOAMMO H JOCTAaTOYHO, YTOOHI Cyiie-
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CTBOBaJIO 3aMKHYToe B X MHoxecTBO F Takoe, uto E =F ) Z.

193. Ilyctb X — meTpHYecKoe NPOCTPAHCTBO, Z — €ro TMOATpO-
cTpaHcTBo. Jlokasark, uTO, JJ1s1 TOro yrofn! MHOXKecTBO E — Z 6BLIO
OTKpHITO B Z, HEOOXOAMMO U JIOCTaTOYHO, YTOOHI CYINECTBOBANO OTKPHI-
Toe B X MHOxecTBO (J TaKoe, uto E =G ) Z.

194. Tlycte Z — nopnpocTpaHCTBO METPHUECKOTO NPOCTpaHcTBa X,
E < Z u E 3amknyTO (MJH oTKpHTO) B X. JloKasarb, uTo E 3aMKHYTO
(COOTBETCTBEHHO OTKpHITO) B Z.

195. Ilyctb E 3aMKHYTO (MJIH OTKPHITO) B 3aMKHYTOM (COOTBET-
CTBEHHO OTKPHITOM) NMOANPOCTPAHCTBE Z METPHUECKOro MPOCTPaAHCTBa X .
Jlokasatb, ut0 E 3aMKHYTO (CCOTBETCTBEHHO OTKPHITO) B X.

196. Ilycte X u Y — merpuueckue npocrpanciBa, X X Y — ux
npoussenenue. [Tycts B X BBeleHa METPHKa, pacCMOTPeHHAs B 3ajiaue
146 (nnm 147). [okasartb, uto ecnun E — 3aMKHYTOE MHOXECTBO B X,
a F — 3aMkHyTOe MHOXKeCTBOB Y, TO E X F — 3aMKHYTOE MHOKECTBO
B X XY.

197. JlokasaTb, 4TO ec/H B — 3aMKHYTOE IOJIMHOXECTBO METpHUE-
ckoro mnpocrpauctBa X, 1o (A° U B)’ =(A U B)° ana Jo6oro
A c X.

198. Bepro Jm, 4TO A5 J11060H TOUKH X, METPUYECKOFO NPOCTPaH-
cTBa X u Jtob6oro MuoxkectBa A — X

d (x01 A) =d (x(h Z)'.)
199. BepHo JH, 4TO AJis J100OH TOYKH X, METPHUECKOTO NpPOCTpaH-
cTBa X u Jjoboro MuoxectBa A — X
d (x5, A) =d (%4, A°)?
200. Jloka3saTb, yTO ;19 JiIOGHIX ABYX MHOXeCTB A H B B MeTpuue-
CKOM TIpOCTpaHCTBe X HMEET MecTo
d (Ay B) = in} d(x, B) = irg d (4, y).
x¢ Y

201. Ioxasarb, 4To JJ151 JMOOBIX ABYX MHOXeCTB A H B B MeTpuue-

CKOM TPOCTPaHCTBE CIPaBENJHBLEI PABEHCTBA
d (A, B) =d (A, By =d (A, B) = d (4, B).

202. na BCAKMX JM ABYX MHOXecTB A U B B MeTpHueckoM npo-

CTPAHCTBE HMEET MECTO PaBeHCTBO
d (A, B) =d (4°, BY).

203. Hokasarb, 4TO AJ9 JiOObIX ABYX HENepeceKalounXxcs 3aMKHY-
THIX NOAMHOXeCTB F; u F, MeTpuueckoro nmpocrpaHctBa X CYHIeCTBY-
10T HenepeceKalolHecst OTKpuIThie MHOXecTBa G; < X u G, — X rTa-
Kue, uro G, D Fy, G, D F,.

204. [lokasaTb, 4TO JAONOJIHEHHE KO BCAKOMY MHOMKECTBY THma Gy
ABJISIETCAl MHOXECTBOM THNa F , a jonosHente KO BCAKOMY MHOXECTBY
tina Fj — MHOkecTBoM THNa Gj.

205. Bcsikoe 3aMKHYTOE MHOXKECTBO B METPHUECKOM IPOCTPAHCTBE
€CTb MHOXECTBO THIIa 05, a BCsKoe oTkpuToe — THna F_. loka-

o
3aTb 3TO.
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206. Hokasarb, 4ro MHOXKECTBO £ BCeX TOUEK IIOCKOCTU, Y KOTO-
phiXx ofe KOOpAHMHATHI HpPPAIHOHAJNbBHE, €CTh MHOXecTBO THma Gi.

207. IMycts {E,} — nociefoBaTe/bHOCTb 3aMKHYTHIX MHOKECTB.
Hokasarb, uto lim E, ectb MHOXecTBO tuna F . CdopmymupoBarb u

JI0Ka3aTb AaHAJOTHYHOE YTBEpKJEHHE JJIf BepXHEro Ipejena.

208. lokasaTp, yTo yOHIBaMOUAsl MOCJE0BAaTENbHOCTE 3aMKHYTHIX
MHOX)ectB £, D E, ™ ... B IOJJHOM METPHYECKOM NIPOCTPAHCTBE TaKafd,
yro lim diam E, =0, uMeeT HemycToe IepeceyeHue.

[dadeel

209. BepHo /M yTBepikKACHHE, YTO BCsKas YObIBaiomias NoOCjaeo-
BaTeJbHOCTb 33aMKHYThIX mapoB E; > E; D ... B mmobGoM MOJHOM
METPHYECKOM MPOCTPAHCTBE MMCEET HENMyCToe MepeceueHHe?

210. Bepro Ju yTBepxIeHHe, UTO YOBIBAOLIAA MOCJEAOBATE/Nb-
HOCTb OTKpPHITHIX 1apoB E; D E, D ... B NOJHOM METPHYECKOM MPO-
CTPaHCTBE HMeeT Hemycroe mnepeceuenne, ecau lim diam E, = 0?

n-—oo
211. Ilyetp  E; > E, D ... —Takad 1NOCAeOBaTeNbHOCTb  OT-
KPHITHIX IJapoB B  [OJHOM METPHYECKOM MPOCTPAHCTBe, YTO
a) lim diam E, = 0; 6) E,, <= E, ana kaxuoro n. IlokasaTb, 4TO
n--oo

N E, uemycro.

n

212. JIoka3aTb, 4YTO JIIO00OE HEMYCTOE OTKPHITOE MHOMECTBO Ha Ipfi-
MoOHi mpeacTaBJsieT coboii o0beiHMHEHHe KOHEeYHOH WJIM CYeTHOH COBO-
KYIHOCTH MOMapHO He MepeceKalolMXcsd HHTePBAJIOB (KOHEUHBIX HJIH
6ECKOHEYHBIX).

ITpuvenanue Takoe npeacTaBleHHe OTKPHTOO MHOXECTBA B BuJe oGbe-
AHHEHHUS1 UHTEpBAJIOB €AHWHCTBEHHO (STH HHTEPBAJbl HA3BIBAIOTCS COCMABAAOU{UMU

uxnmepsaramui OTKPbLITOro MHOXECTBA Ha NpAMOH, a8 TAKKE CMEICHUMU UHMePsaraml
8aMKHYTOro MHOXeCTBa, CJy¥XKallero AONOJHEHHEM K 3TOMY OTKpblTOMy).

213. Hoxkasatb: «JIna Toro uro0bl 3aMKHYTOE MHOKECTBO Ha Ipsi-
MOl OBLIO COBEpIIECHHBIM, HEOOXOAMMO H JOCTATOYHO, UYTOOL HHKaKHe
IBa €ro CMEXHbiX HHTepBaja He MMeJd OOIIHX KOHIIOBY.

214. Jokasath, 4TO OTpe3oK [a, b] HeNb3s NpeiCTaBUTb B BHJE
00be/IMHEHH A ABYX HENYCTHIX HEIepeceKawlHXcsl 3aMKHYTBIX MHO-
JKECTB.

215. Jloka3sare, 4TO OTpe3oK [a, b] Heab3d MpPeACTaBHTb B BHIE
00BeIHHEHU 1 CUETHOH COBOKYITHOCTH IONAPHO HE NepeceKatoiuxcs He-
NYCTHIX 3aMKHYTEIX MHOXECTB.

216. oxasarb, 4TO MHTepBal Ja, [ Henb3s NpeacTaBuUTb B BHe
o0be/MHEHHS] CYETHOH COBOKYNHOCTH TONApHO He MNepeceKaroluxca
3aMKHYTHIX MHOXKECTB.

217. Jlokasarb, uro uncaoBas mpsMas R!' He Moxer ObiTb mpej-
CTaB/ICHA B BUJE OOBEAMHEHHSI CUETHOH COBOKYIIHOCTH IONAPHO HE Iie-
peceKawlyXCs HENYCThIX 3aMKHYTHIX MHOXECTB.

218, MoxHO /M NPEICTaBUTb KaHTOPOBO MHOXKECTBO B BHJe 0Obe-
JIMHEHHA CYETHOW COBOKYMHOCTH MOMApHO HE NMEPeceKalolUXCd Hely-
CTHIX 3aMKHYTHIX MHOXECTB?

219. Ha npsMoii nadbl oTpesok [a, b] U coBeplueHHOe MHOXeCTBO £,
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NIpHUEM KOHIL OTpe3Ka He npuHaiiexar E. Jlokasars, uto [a, b] ()
1 E — coBepuieHHOE MHOXECTBO.

220. Hoxa3satb: «/la15 TOro utobnt 3aMKHYTOE MHOXecTBO E Ha nps-
MOH OBIIO HHTJAE He IVIOTHBIM, AOCTAaTOYHO, 4TOOHI J1060H MHTepBas Co-
Jepxan xoTs Obl OfHY TOUKY, He NpHHAAIEKAILYI0 Ey.

221. Ha npsamoii nansl nHTepBan Jo, B[ 1 HUTJE HE IVIOTHOE COBEp-
meHHoe MHOxecTBO E. Jloka3aTh, uTO HX NepeceueHue sBJasieTcs Ju6o
COBEpIIEHHLIM MHOXeCTBOM, JH00 OOBLeIHHEeHHeM CUETHOH COBOKYIHO-
CTH IIONapHO He NepPeceKarolMXCs HEeNYCTHX COBEPLIEHHBIX MHOXKECTB.

222, Ha npsmoll naHb! IBa HHTAE HE IVIOTHBIX COBEPIIEHHBIX MHO-
kectBa P u Q. J[loka3atb, uto P \ Q siB/1sieTcs TGO COBEPIIEHHBIM MHO-
JKECTBOM, /1160 00beMHEHHEM CUETHOH @OBOKYIIHOCTH IIOTNIapHO He mepe-
CEKaIOMUXCS COBEPIEHHBIX MHOXKECTB.

223. llokasarb, 4TO OGbENHHEHHE CUYETHOH COBOKYNMHOCTH HHIIE
He TVIOTHBLIX COBEpIIeHHBIX MHOXKECTB Ha NPAMOI MOXKHO NPEICTaBUTH B
BuJe OObelHHEHHs CUETHOH COBOKYNHOCTH MOMAapHO He mepe-
CEKalMyXCs HHUIJEe He IUVIQTHBHIX COBEPLIEHHBIX MHOIKECTB.

224. Jloka3arb, YTO KaHTOPOBO MHOKECTBO D sIBJISIETCSI HHTAE He
IVIOTHBIM COBEPIUCHHEIM MHOXKECTBOM Ha IMPSMOH.

226. M3BecTHO, 4TO KAHTOPOBO MHOKECTBO HMEET CJAENYIOILYI0 apud-
METHYECKYIO CTPYKTYPY: OHO COCTOHT H3 TeX M TOJbKO H3 TeX TOYeK
orpeska [0, 1], koropsie MOTyT GHITh 3aNUCaHBI B BUJE TPOHUHOM ApobH,
He cojepxalliell eJMHHLBEI B UYMCJI€ CBOHX TPOMYHHIX 3HaKoB. Jloka-
3aTh 3TO.

226. KakoBa apudmeTHyeckasi CTPYKTypa MHOXKECTBa TOUEK Iep-
BOTO pojfa (T. €. KOHLIOB CMEKHBIX HHTEPBAJOB) KAaHTOPOBA MHOXKECTBA?
KaxkoBa apu¢mersnueckasi CTpyKTypa TOUEK BTOPOro poza (T. €. oCTalb-
HBIX TOUEK KAHTOPOBA MHOXKECTBA)?

227. HaiiTi B KaHTOPOBOM MHOXKECTBE KaKYIO-JH6O TOUKY HEPBOro
pona, 3aK/MOUEHHYIO MEXAY AecATHYHBIMH Apobsimu 0,1 u 0,2.

228. HaiiTi B KaHTOPOBOM MHOXKECTBE KaKyIO-THOO TOUKY BTOPOIO
pona, 3aKIIOUEHHYIO MEXAY JecaTHYHbIMH Apobsmu 0,05 u 0,1. MoxHo
Ji1 BBIOpATh 3TY TOUKY Tak, 4TOObI OHA Oblj1a palMOHANBbHON?

229. TlocTpouTh HEMyCTOE COBEPHIEHHOE HOAMHOMKECTBO KaHTOPOBA
MHOKecTBa [, He BKJIOUAIOLIEE HH OLHOH ero TOYKH NMEepPBOTrO poia.

230. CymecTByeT i HHTepBaJ, cojepKaui Xors Gbl OXHY TOYKY
NepBOro poja KaHTOpOBa MHOXKecTBa D, HO me cojepKalldil HH OLHOH
TOYKH BTOPOro poja?

231. Ilokasarb, uTO /17 M0G0 TOUKH x € D (rae D — KaHTOpPOBO
MHOXKECTBO) CyLIeeTByeT Toyka y € D Takasi, uTo p (¥, y) Hppaumo-
HaJIbHO.

232. Ilyctb E — NpoOu3BOJIbHOE CUETHOE MHOXKECTBO Ha MNpPSAMOH.
ITocTpouTh HEmycTOe COBEpIIEHHOE MHOXKECTBO Ha NPsIMOH, He comep-
XKalee HH OJHOH TOYKH MHOXKecTBa E.

233. Ilyctb E — HuTZe He TJIOTHOE COBEPILIEHHOE MHOXKECTBO, a
Joy, By ...y Jat, B, ... —ero cmexubie uHTepBasihl. IlocTpouM Ha
KaXK7ioM uHTepBane Jo, B[ HuILe He IVIOTHOE COBEPINEHHOE MHOXKe-

ctBo E; < Ja;, PB[. Jokasarb, uro muoxectso F =E {J E; U ...
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«. U E; U... COBEpLIEHHO, HHTAE HE IVIOTHO H YTO BCE HHTEPBa/HI,
Ha KoTopmle pacmajaworcsa MHOXectBa Jo, BL N\ E, (0 =1, 2, ..),
H TOJbKO OHH SABJSIOTCS CMEXHBIMU HHTepBasamu s F.

234. Hoxkasarb, yTo MHOXKecTBO E Ha npsmoil, comepxkaiee Gosee
OJIHOH TOUKH, HE MOMKET YIOBJCTBOPSATH OJHOBPEMEHHO TPEM YCJIOBH SIM:
a) ans mobbix a € E, p € E (& < P) cymectsyer y € E Takoe, 4TO
a <7y < B; 6) E 3amruyro; B) E Hurze He miorHo. OfHako cyme-
CTBYIOT HEelyCThle MHOXECTBa Ha [a, b], yAoB/IeTBOpsIOIIHUE JIOOHIM JBYM
U3 3THX yCJoBHI (63 TPeThero).

Jasi panesefimero (3agaun 235—241) nam noHaRoGATCH MOHATHA HPeOeAbHOL
mouku u npede/ebl-toeo MHOXCECMBA NOCAe008amMeAbHOCTU TOYEK METPHUYECKOro mnpo-
cTpaHcTBa. [Tpedensroli mouxoil nocaedosamensrocmu {a,} Ha3biBaeTcsi TOYKa, sB-
JAI0MAACH NPEAe/oM KaKoH-TH60 ee CXoAsilelics noanocaenoBarenbHocTH. MHoXe-
CTBO BCEX NpeAeJIbHBIX TOYEK I[10C/€J0BATR/IBHOCTH HA3bIBAETCH npede/tbnu.u MHONMCe~
CcMmeom 3TOW MOCJAEJOBATENbHOCTH.

235. TlocTpouTh NOC/ENOBATENBHOCTh, Npele/bHOE MHOMXECTBO KO-
TOpOH NYCTO.

236. Toxkasatb, 4TO eC/IH IpefesIbHOe MHOXKECTBO HEKOTOPOH UHCJIO-
BOH MMOCJIEOBATENBHOCTH TYCTO, TO MOCJEN0BATENbHOCTL MONYJIEH ute-
HOB 3TO MMOCJ/I€0BaTe/IbHOCTH CXOAUTCS K -+ oo.

237. TloCcTpOMTh YMCJIOBYIO MOCJIEA0BATENLHOCTD, JJSi KOTOPOH mpe-
JIeIbHEIM MHOXKECTBOM CJIYXKHT BCS INpsMas.

238. Jloka3aTtb, 4YTO NpelesibHOe MHOXKECTBO JII0GOH NOC/Ie[0BaTe N hb-
HOCTH 3aMKHYTO.

239. [loka3aTh, YTO, KaKOBO Obl HH ObIJIO 3aMKHYTOE MHOXeCTBO F
Ha 0PSMOf, MOXHO MOCTPOUTH YHCJOBYIO TIOC/IEJOBATEJNBHOCTb, JJ5
KoTOpo# F C/IyXHT NpefesbHBIM MHOMKECTBOM.

240. Tokasatb, YTO JJIsi CXQIHMOCTH UYMCJIOBOH [1OC/IE[OBATENIbHO-
CTH HeoOXOAHUMO, a B C/Iyuyae ee OrPaHHYEHHOCTH — H JOCTaTOYHO, YTO-
Obl ee MpefesibHOE MMOXKECTBO OBLIO OJHOTOYEUHBIM.

241. llpuBecTd mpuMep pacxoifmICHCH MOCHEAOBATENBHOCTH, Y
KOTOpO#l NnpefesibHOe MHOXKECTBO COCTGHT BCEro M3 OJHOH TOYKH.

242, Ilycte E — MHOXeCTBO ToueK Ksaapara [0, 17 X [0, 1], vy
KOTOpBbIX' 00e KOODAMHATHI HppauHoHalbHEI. [loKa3aTh, 4TO CyHIECTBY-
eT HeNYyCTOe COBEPILIEHHOe NOAMHOMECTBO MHOMecTBa E.

243. TlpeacTaBuTh 3aMKHYTHI KBajgpaT B BHAE OOBEAMHEHH 1 KOHTH-
HyYyMa HHTJ€ He NJIOTHBIX NOFAapHO HemepeceKarolUXCs HENYCThIX CO-
BEpUIEHHbIX MHOXECTB Ha IJIQCKOCTH.

244, TTocTpoum Ha IJVIOCKOCTH MHOXeCTBO A CJepyiolliM o0pa3oM:

pasnenum kBazpar [0, 17 X [0, 1] npsaMbiMu x = %, X = %, y =é~,

2 o
y = — Ha JeBATb OJHHAKOBBIX KBaApParoB H BBIKHHEM UEHTPaJJLHBIH

OTKPRITBIEt KBajipaT (T. e. KBajpar ]é, %[ X]%, %[) 3areM KaxkIbli

H3 OCTABLIMXCSl BOCbMH 3aMKHYTHIX KBaipaTOB JeJUM Ha JEeBATb OfM-
HAKOBBIX KBaJPAaTHKOB M BHIOpAChHIBaeM BCe [EHTPaJbHBIE OTKPHITHIE
KBQJIPaTHKH; jajlee NMPOIOJIKAeM 3TOT MpOIecC HeOorpaHMYeHHo. Muo-
JKECTBO, OCT4BIUEECS MOC/E CYETHOro 4hc/aa maros, 06o3HauuM A (oHo
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MHOKECTBO.

245. TToCcTpoMM Ha TJIOCKOCTH MHOKECTBO <
B crnenyomum o06pasoM: pasjenum 3aMKHY- N
thiii  kBagpar [0, 1] X [0, 1] npsambiMu N\
X =—3-, X =§—, y = %, y =% Ha JeBATh
OJWHAKOBHIX KBaJparoB. UeTbipe 3aMKHY-
ThiX KBajpaTa, NPHMBIKAOMHUX K BepPHIMHaM \
OCHOBHOT'O KBajpara, Ha3OBeM KBaJpaTaMu
fepBoro paHra, a ux obbenuneHue o003Ha-
uuM B, (1a pucyske 1, a MHoxecTBO B, He 3auiT-
PHXOBaHO). 3aTeM KaxAblil 3 KBaJpaToB nep-
BOTO paHra pasjieJiiM Ha AEeBSTb OJNHHAKOBBIX
8aMKHYTHIX KBaJApPaTHKOB, H Te H3 HHUX, KOTO-
phle TIPUMBIKAIOT K BEPUIMHAM COOTBETCTBYIO-
IIEro KBajipaTa TNEPBOTO paHra, Ha30BeM
KBajJipaTaMH BTOPOTO paHra; o0befHHeHHe
BCeX HIECTHAJNATH 3aMKHYTHIX KBAJPaTOB
BTOpOro panra o6o3HauuM B, (Ha puCYH-
ke 1, 6 MHOXeCcTBO B, He 3amTPHXOBaHO).
Janee, nenum Kaxnpili KBajpar BTOpOro
paHra Ha JeBATh OJMHAKOBEIX 3aMKHYTHIX b)
KBaJIpaTOB M Ha30BeM KBajlpaTaMH TpPeThero
paHra Te M3 HMX, KOTOpbleé TPHMBIKAIOT K
BEpIIIMHAM COOTBETCTBYIOLIUX KBaLpaTOB BTO-
poro panra; oObeAHHEHHE BCEX ILIECTHAECHTH
YeFeIpeX 3aMKHYTHIX KBaJpaTOB TPEThero paHra o6o3nauum Bz M T. X.
Slcno, uto B; © B, D By o ... O6myio yacth Bcex B, HasoBeM «.aod-
6uwen Cepnunckoeo» 1 0003HauuM yepe3 B:

B = (B,

Hoka3aTb, yro B — HHIJe He IJIOTHOE COBEPLIEHHOE MHOMECTBO.
UccnenoBath ero apu¢pMeTHUecKylo CTPYKTYpY.

246. «Kanmoposoii epeberikoil» naswiBaeTcsi MHOXecTBO E Ha mio-
ckoctu Oxy, cocTosimiee U3 BceX Tex Touek M(x; y), KOOpAHHATHI KOTOPBIX
YAOBJICTBOPAIOT caepytomum ycnosusiM: x €[0, 1], y € D, rae D —
KaHTOPOBO MHOXKeCTBO Ha ocH 0y. [lokasarb, uto E — HUTJE He TJIOTHOe
COBEpIIIEHHOE MHOXECTBO, H HCCJAEJOBaTh €ro apugMeTHUYeCKYyIo CTpYK-
TYPY.

247. MoxHo 1 MHOxecTBa A («koBep CepnuHCKOro»), B («kiaanbu-
me Cepnunckoro») U E («KaHTOpOBY rpeGeHKy») BLIPasHTh 49epe3 KaH-
TOPOBO MHOKECTBO C TIOMOIIbIO NEACTBHII TonoaHenu s (1o otpeska [0, 1])
H MpOHM3BENEHHA?

248, Tlycte G — OTKPBHITOE MHOMKECTBO, IUVIOTHOE B METPHUECKOM
npocrpaHcTge X. JlokasaTb, uTo /151 JM06Oro OTKPHITOro mapa S, <

< X Haiizercs oTKpuTHI wap S Tako#t, uto S = S, ] G.

Ha3bIBaeTCs «k08pomM Cepnunckozov), JlokasaTp, \
9yTo A — HHTJEe He IIOTHOE COBEPILEHHOE \

Puc. 1
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249. Nlokasarb, UTO mepeceyeHne CIeTHON COBOKYHHOCTH OTKPBHITHIX
MHOZKECTB, INIOTHBIX B IIOJHOM IIpPOCTpaHCTBe X, SIBJISETCS IVIOTHLIM B
X MHOKECTBOM.

250. ITokasath Ha mpumepe, YTO NpeBILYIlee yTBEpPXKAEHHE CTa-
HOBHTCS HEBEPHbIM, €C/JH NPOCTPAHCTBO X HENOJHO.

251. Tlyctb X — moJiHOE OPOCTPAHCTBO 0€3 H30JHPOBAHHBIX TO-
uek. JlokasaTh, uTO mNepeceyeHHe CYETHOH COBOKYIHOCTH OTKPBITHIX
IJIOTHBIX B X MHOKECTB HMEeT MOIIHOCTh, HE MEHbIIYIO MOIIHOCTH KOH-
THHYYyMa.

252. TlpexctaButh orpesok [0, 1] B Buje ob6beanHEHUA NBYX Herne-
peceKaromuxcg BCIOAY [VIOTHBIX Ha HeM MHOXecTB A u B, obaajarommx
TeM CBOHGTBOM, 4TO JJis JioOnXx a H ff Takux, uto 0 L a <P £ 1,
nepeceuenus Ja, L 1 4 u Ja, L | B UMEIOT MOMHOCTE KOHTHHYYMA.

253. Jlokasatb, 4TO HEMYCTOE COBEpIEHHOe MHOxecTBO E B moJ-
HOM MpocTpaHcTBe X HMEeT MOLIHOCTb, HE MEHBIIYIO MOLIHOCTH KOHTH«
HyyMa.

254. Jlokasath, YTO nepeceyeHHe KOHEUHOH WJIM CUETHOH COBOKYI-
HOCTH MHOXeCTB Tuna (,, Kax/J0e H3 KOTOPHIX IJIOTHO B HOJHOM IpO-

crpaHcrBe X, siBAfieTCst MHOXKeCcTBoM Tuna G, AJIOTHBIM B X.

255. IlpuBectu mnpumep YyOwBatomed nocsaenosaresabnoctd {E,}
BCIOAY IVIOTHBIX MHOKECTB Ha MpPSMO#, UMEIOMIell MycToe MepeceueHue.

256. IlocTpouTh CYETHYIO COBOKYNHOCTb MOMApHO HE INepeceKaio-
IHMXCS BCIOAY TVIOTHBIX MHOKECTB Ha NPSMOH.

257. Itoxasarb, YTO MHOKECTBO BCEX palliOHAJIbHBIX YHCEJ HA Nps-
MOii ecTb MHOXeCTBO Tuna F, HO He fABAsieTCA MHOXecTBOM THNa Gy .

258. JlokasaTb, YTO MHOMKECTBO BCEX HPPAlMOHAJBHBIX YHCEJ Ha
P SIMOA €CTh MHOXECTBO THIIa Gy, HO HE ABJSETCS MHOXKECTBOM THNa F .

259. Ilycte E — cueTHOe BCIOZY IVIOTHOE MHOXKECTBO Ha IIpSMOM;
JI0Ka3aTb, YTO OHO HE SIBJISIETCS MHOKecTBOM Tuna G.

260. Ilycte E — jono/HeHHe K CYETHOMY BCIOAY MNJVIOTHOMY MHO-
KECTBY Ha MpAMOH; JNOKa3arb, 4ro E He sBJseTCS MHOXKECTBOM TH-
na F,.

261. [loxasaTb, 4TO MHOMKECTBO BCEX palMOHANbHBIX YHCeJ, pac-
TIOJIOKEHHBIX Ha MNoJayuHTepBane [a, B, He 4BJseTCs MHOXKECTBOM
tuna Gy.

ﬂOKaSaTb, YTO MHOXKECTBO BCEX HPppANHOHAJNBHBIX 4YHCEJ, JeXKalluX
Ha TOM K€ MOJIYHHTepBaJe, HE fIBJAeTCS MHOXCCTBOM THIlA Fo'

262. TlocTpouThb npuMep MHOXKECTBA Ha INPAMOM, HE fABJAIOWETOCH
HH MHOXKeCTBOM THNa Fg, Hu MHOxecTBOM THna Gj.

263. [lyctb A — HMTAE He IUVIOTHOE MHOXKECTBO; 10Ka3aTb, YTO ero
3aMbLIKaHHE TaKKe HUTJe He IJIOTHO.

264. IlokaszaTb, YTO HOMNOJHEHHE K HHTJE HE IVIOTHOMY MHOXECTBY
BCIOAY MaoTHO. CrHpaBejyiMBO JIM YTBEpXKJEHHE, YTO JOMOJHEHHE K
BCIOAY IIOTHOMY MHOXECTBY HHTIE He IJIOTHO?

265. JJoka3aTb, 4TO JOMOJNHEHHE K OT K P bI T O M Y BCIOAY ILIOT-
HOMY MHOXKECTBY E HHIJie He MJIOTHO.
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266. Jokasarh, uTo oGbegHHeHHe E KOHEUYHOrO YMCJa HHTAE He
IVIOTHBEIX MHOXKECTB B METPHYECKOM MpPOCTpaHCTBE X SBJSETCS HHTAE
He TUIOTHEIM MHOKecTBOM B X . COXpaHseTCs JIi 5TO YTBEPKAEHHE B CHJIE
J7si OO beJUHEHH 1 CYETHOH COBOKYIHOCTH HHUTJIE HE ITOTHBIX MHOKECTB?

267. Jloxasarb, 4TO NOJAHOE MPOCTPAHCTBO X HE MOXKET OHITh MpEj-
CTaBJIEHO B BHJe OOBEAMHEHHS1 CUETHOH COBOKYIHOCTH MHOXKECTB, HH-
TJie He IJIOTHBIX B X (T. €. 4TO NOJIHOE NPOCTPAHCTBO €CTh MHOXKECTBO
BTOpO# KarteropuH) (meopema Bapa).

268. IlokasaTh Ha npHMepe, YTO CYIIECTBYIOT HEMOJHBLIE NMPOCTPAH-
CTBa, fIBJISIOLMECS MHOXECTBAMH I€PBOH KaTErOpHH.

269. KanTopoBo MHOKeCTBO D 3aMKHYTO Ha NPSMOM; CJIeOBaTe/b-
HO, OHO SIBJISIETCS TMOJIHBIM NIPOCTPAHCTBOM. BMecTe ¢ TeM OHO HHTJE He
IUJIOTHO H, CJIENOBATENbHO, SIBASCTCH MHOMKECTBOM II€PBOI KaTErOpHH.
Her su 3gech mporuBopeuusi ¢ Teopemoin bBapa (3amaua 267)?

270. Joxa3drb, 4TO BCSIKOE METPHUECKOe NPOCTPAHCTBO, HMEoLlee
X0Tsl Obl OJHY M3OJHPOBAHHYI® TOUKY, fIBJISAECTCS MHOMKECTBOM BTOPOH
KaTeropHu .

271. IlpuBecTn npuMep HEMOJHOTO NPOCTPAHCTBA (€3 H30/IMPOBaH-
HBIX TOYEK, AIBJIAIOLIETOCH MHOXKECTBOM BTOPOH KaTeropuH.

272, Jloxasarb, 4TO B IOJIHOM NPOCTPAHCTBE [OMNOJHEHHE K MHQMKE-
CTBY MNepBOH KAaTeropHH €CTb MHOXKECTBO BTOPOH KaTeropHu.

273. Kakofi Kareropuu Ha IUIOCKOCTH SIBJISIETCH MHOMXKECTBO E
BCeX TOoueK, o6e KOOpJHHAThl KOTOPBIX UppauHoHadbHe? Kako# karero-
pPHH €ro AONOJIHEHHE?

274. JlokasaTb, 4TO MHOXECTBO D, BCEX TOUEK BTOPOH KaTeropHu

s E 3amkuyTO M comiepxkutcs B E'.

INpumeyanue. Touka x, MeTpHYecKoro mnpocrpancTBa X Ha3blBaeTCs
mouxoti emopoil kamezoputi Ans MHoxectBa E < X, ecan Aas yio6oii OKPeCTHOCTH
V (xo} MHO)ecTBO V (xg) | E e€cTb MHOXECTBO BTOPOH KaTErOpHH.

275. Jlokasartb, uTo eciu E — HUTZEe He MJIOTHOE (WM BCIOAY ILIOT-
HOE) MHOKECTBO Ha NpsMOMH, To MHOXecTBO E, Bcex Touek BUAA X + a,
rae a — QUKCHPOBAHHOE YHCIO, a ¥ poberaeT E, TakxKe HUTJE He IJIOT-
HO (WJH BCIOY IUIOTHO) Ha HPSIMOH.

276. Tlyctb E — BCIOLY NJIOTHOE OTKPHITOE MHOXKECTBO HAa NpPSAMOMH
R!. Joxasarb, uro Jobas Touka a € R' npeacrapumMa B BHJE
a=1x -+ x, tie x; €E, x, €E.

277. Tlycts E — Bclofy INVIOTHOE MHOXKECTBO Ha NpsMmod u A —
Kakoe-qmu060 ero KOHeyHoe noaMmHoxkecrBo. Jlokasare, uto E \ A
BCIOAY IJIOTHO Ha NPSIMOH.

278. TlocTpouTh HAa NPAMOH CYETHYIO COBOKYIIHOCTh BCIOAY ILFOT-
HBIX TIOMAPHO HE [EePECEeKAaIONMXCsl HeCcUeTHnIX MHoxecTB {E;}.

279. B aroii u AByX ciaepyiommx 3ajgavdax X M Y — MeTpuueckue
npocrpanctBa, X X Y — HX NpOH3BefeHHE C MeTPH KON, BBEJEHHO! B
3anaue 146. [Tyctb E — Hurae He IJIOTHOE MHOXKeCTBO B X, F — npo-
H3BOJIBHOE MHOXKECTBO B Y. Jlokasarb, uro £ X F HHIJe He IJIOTHO B
X XY.

280. Ilycts E U F — 3aMKHYTble MHOXECTBA COOTBETCTBEHHO B X

33



U Y, mpuueM omHO U3 HHUX coBepiueHHoe. Jlokasatb, yto E X F —
COBEpIIEHHOE MHOXKECTBO B X X Y.

281. Ilyctb E — MHOXKeCTBO, miiotHoe B X, F — MHOKeCTBO, MJIOT-
noe B Y. Jlokasath, uto E X F miaotHoB X X Y.

2
282, HaiitH 3aMbiKaHHe MHOXKeCTBa BCeX TOYUEK BHAA f?, rie pu
q

G — BCEBO3MOXKHbIE IIeJIble YHCJa, NpHYeM g = 0. »

283. Haiitn 3aMblKaHHe MHOXKeCTBa BCeX TOYEK BHJa 29, TAE p H
g — BCEBO3MOXKHble HaTypaJibHbIE HHCJA. a

284. HaiitTh 3aMbiKaHHe MHOXKECTBA BCeX TOYEK BHJA :1?%72
TIe p 0 ¢ — BCEBO3MOKHBIE LIeJIbIC YHCJMA, OTVIHYHBIE OT HYJIA.

285. Ilyctb { — uppauuoHaibHOe uyucao. I[oKasaTb, YTO MHOXKE-
CTBO BCeX uuces BUAa m -+ nf, Tie m u n — BCEBO3MOXKHBIE LIEJIbIE YHC-
Ja, IJOTHO Ha MNpsMOH.

286. Ilyctb { — uppauuoHaNbHOE YHCIO. SIBJASIETCS JIK MHOXECTBO
BCeX uHces BUaa m - n{, TAe m W n — BCEBO3MOXKHEIE U € T H bl €
yycsa, MJIOTHBIM Ha TPSMOMH?

287. Jloka3aTb, YTO MHOXKECTBO M TOUEK, PACHOJIOKEHHEIX Ha €JH-
HHYHOH OKpYxXHOCTH I' ¢ neHTpoM B Hauajie KOOpAMHAT H HMEIHX
noaspusie yrae 1, 2, ..., n, ... paguaH, njaorHo Ha I,

288. Jloka3saTb, YTO MHOXECTBO BCEX TOUEK (¥, ¥) C PalliOHAJIbHBIMH
KOOpJAHHAaTaMH IJIOTHO Ha IJIOCKOCTH.

289. Ilocrpoum mHOxkecTBO E Ha orpeske [0, 1] caenyromum obpa-
30M: 33JlaJiM TPOH3BOJIbHYIO IOCJE0BATEJNBHOCTh MOMOXKHTEIbHBIX
uncesn {a,}, 06pa3yomyio CXOASAIHICS Psil, CYMMa KOTOPOro MeHbiie 1.
Hcximiounm 13 [0, 1] uHTEpBaJ IVIHHEL @; C LIGCHTPOM B CepejinHe OTPe3Ka;

a
JaJjiee, U3 OCTaBIIMXCA IBYX OTPE3KOB YAAJUM HHTEpPBaJbl JJIHHBI 32

C HIEHTPaMH B CepelHax 3TUX OTPE3KOB; 3aTE€M M3 OCTABIIHMXCS YEThIpEX
a
OTPE3KOB YyjpaJIUM HHTEPBAJIbl JJIHHBI ;: C IEHTpaMH B CcepearHax 3THX

OTPE3KOB, U TP. [i.; MHOXKECTBO, OCTaBlIeeCs IOCJIe CYETHOTO YHCHa Iia-
roB, o6osHauum E. Jlokasarb, 4TO OHO HHTZe He IOTHO Ha [0, 1] u
COBEPIIEHHO.

290. Jlokasartb, uT0 MHOXecTBO E Touek orpeska [0, 1], necstuu-
HOE Pas3/IOXKEHHE KOTOPHIX BO3MOXKHO 6e3 mudp 4 u 5, ABJASETCS HUTIE
He IJIOTHBIM COBEPIUEHHHIM MHOXKECTBOM.

291. 3aMKHYTO JIH MHOXecTBO E Tex HppaniOHAJbHBIX UYHCEJ
orpeska [0, 1], B A€CATHYHOM pa3/IOKEHUH KOTOPHIX OTCYTCTBYeT Lud-
pa 5? Ecui HeT, TO 4T0 MpeACTaBJsieT coGoi ero 3ambikanne? ColepKUT
JIL 3TO MHOXKECTBO H30JIHPOBAHHEIE TOUKH? SIBJISIETCS JIH OHO HHUTJE He
NJIOTHBIM?

292. TlocTpouTh CYeTHOE NMOJMHOXKECTBO KaHTOpPOBa MHOXKecTBa D),
nyiorHoe B D.

293. Joxasarb, uTO J060E 3aMKHYTOe MHOXKecTBO F Ha HpSAMOH
06JlafiaeT KOHEUHBIM HJIH CUETHBIM [OAMHOMKeCTBOM E Takum uTO

E =F.
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Jlnst peleHHst HEKOTOPBIX H3 MOCISAYIOLMX 3a/a4 HAM NMOHAJOGHTCS CJeAylowas
QAnnPOKCUMAYUOHHAS meopema Bedepumpacca:

Teopewma. Ecau pynrxyus f (x) nenpeposra na ompesxe [a, b], mo das sw-
6020 & > 0 cywecmsyem maxoli mrozouren P (x), umo 0as ecex x € [a, b] cnpasedauso
nepasencmso |f (x) — P (x) | < e.

294. Jloka3aTh, YTO MHOXECTBO BCEX MHOTOUJIEHOB.ILIOTHO B-IPO-
crpanctee C [0, 1].

295. JlokasaTb, YTO MHOXECTBO BCEX MHOTOUWIEHOB C DPalHOHalb-
HbIMU KO3¢duuuentamu miaotHo B C [0, 17.

296. Ilyctb f (x) — vyeTHas (HeueTHasi) HenpepniBHAsi (QPYHKIUA Ha
orpeske [—I, 1]. Jlokasatb, yro ans mo6oro € > 0 CYIIECTBYET MHO-
rouned P (x), comep:Kalluil JUIIb YeTHhe (HEUETHHIE) CTENEeHH x, Ta-
Koit, uto |f (x) — P (x)| < & gast Beex x €[—1, 1].

297. JokasaTb, uTo 1ns 000 GyHKuMH f (x), HEmpepuBHOH Ha
Bceli ocd (Ox, CYLIECTBYeT NOCJENOBATENbHOCTh MHOTOWJIEHOB, CXO/fi-
mascs K f (x) B Kaxkzao# Touke x € Ox.

298. JlokasaTb, yTo ecau aiast QyHKuuH [ (X), ompeneseHHOH Ha
Bceft ocu Ox, CYWECTBYeT IOC/IELOBaTeNIbHOCTb MHOTOWIEHOB, PaBHO-
MepHo Ha Ox cxopsmasics K f (x), To f (x) — mHorousen.

299. IlpusecT mnpumep nocJAefOBaTeJbHOCTH MHOXectB {E,},
KaxJoe u3 Koropeix maorHo B C [0, 1], a ux mepeceueHue mycro.
MoryT Jim Bce E,, 6bith OTKPHITHIMH B C [0, 17?

300. JlokasaTb, 4TO MHOXeCTBO E BCeX MHOIOW/IEHOB CTElE€HH He
Beie N, rae N — GuKCHpPOBaHHOE HaTypaJlbHOE YHCJIO, HUTHAE HE IJIOT-
o B C [0, 1].

301. JloxasaTb, 4TO MHO}KeCTBO E BCeX YHCJIOBHIX MOC/IEIOBATE/Ib-
HocTe# (Xp, X, ...), Y KOTODBIX JIHIIb KOHEYHOE YHCJIO YIEHOB OTJIHYHO
OT HYJIfl, IVIOTHO B HPOCTPAHCTBe [,.

302. IokasaTb, 4TO MHOXeCTBO E BceX UYHMCJIOBHIX IIOC/IENOBATEJb-
HOCTeH (X1, Xg, ...y Xy, ...), Y KOTOPBIX X, = OmsisiBcex n > N (rie N —
(uKCHPOBAaHHOE HATypa/JbHOE YHCJO), HUI/IE HE TUIOTHO B [,.

Fnasa Vi

KOMMAKTHOCTb, CEMAPABE/IbHOCTb,
CBA3HOCTb

Komnakreeie muoxecrsa. Ilycte X — Merpuueckoe mpocrtpanctBo, E < X.
Ecau 13 Kaxgoil nocienoBatebHOCTH {X,}, BCE 5J€MEHTH KOTOPOM NpHHagnexar E,
MOXHO BBIICAHTb CXOAAIYIOCA B X MOANOC/IEN0BaTENbHOCTD {x,,k }, 10 MHOXecTBO E
Ha3blBAETCS OMHOCUMENOHO KOMNAKMHbIM.

Ecin U3 KakJ0# MOCTENOBATENBHOCTH {X,}, BCE 3JEMEHTHl KOTOPOH NMpHHajIe-
xat E, MOXHO BbIACTHTb NOANIOCIEA0BATENBHOCT {Xp,}, CXoAsILyIOCS K Touke H3 E,
TO MHOXKECTBO HA3bIBACTCA KOMNAKMHbLIM (HIIH KOMNAKMOM).

SIcHo, uTo J0GOE KOMIAKTHOE MHOXKeCTBO E OTHOCHTENbHO KOMNAKTHO, HO He
HaoGopoT. [Hasi Toro 4to6bl MHOXKecTBO E B MeTpHuecKoM mpoctpaHcTse. X Gbllo
KOMIAaKTHBIM, HEOGXOAHMO H JOCTATOYHO, YTOOBI OHO GbLJIO OTHOCHTEJBHO KOMIIAKTHBIM
H 3aMKHYTHIM (3afjaua 304).

MuoxectBo E B METPHYECKOM MPOCTPAHCTBE HA3LIBACTCS O2PAHUYEHHLIM, €CJIH
ero AuaMerp ecTb KoHeyHoe yncao: diam E < - oo,
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Bcsikoe OTHOCHTENILHO KOMIIAKTHOE MHOMECTBO B METDHYECKOM IIPOCTPAHCTBE
OrpaHHYEeHO, BCAKOE KOMIIAKTHOE — OrpaHHYEHO H 3aMKHyTO (3afaua 303); o6parHbie
yTBepXKJAEHHs, BooGlle roBopsi, HeBepHH (3afaua 309).

Teopema Kauropa. [Iycme Ay, Ay, ... — Henycmole KOMNAKMHbIE MHO-
acecmea 8 mempueckom npocmparcmse X, nputsem Ay > Ay O ... Tozda nepeceuerue
N A, nenycmo. Ecau, xpome moeo, lim diam A, = 0, mo (J A, cocmoum u3 eduncm-

n

n- oo n
setHoll moyxu (3agaua 317).

VYkaxeM OfMH KPUTEPHH OTHOCHTEJBHOH KOMHIAKTHOCTH MHOXECTBA B MeTpHYe-
ckoM npocrpasctee. [IpefiBapHTeNbHO JafiM HECKOJbKO onpefelennii, Ilycts & > 0;
MHOXKeCTBo M HasblBaeTCsl £-cembio IJist MHOXKecTBa E, ecam pis kaxnoi Touku x € E
cyutectByer Touka y € M rakas, uto p (¥, y) < €. MHoxecTBo E HasbBaetcs 8noaxe
02pAHUHEHHbIM, €CTTH LTS Hero npy mo6oM & > 0 cyliecTByeT KOHeuHast 8-CeThb.

Teopema Xaycnopda. [Haa mozo umobss muonecmso E 8 mempuue-
cxom npocmparcmse X Obin0 OMHOCUMEAbHO KOMNAKMHOIM, Heobxo0umo, a 8 cay4ae,
ecau X — noaxoe npocmpancmso, mo u docmamouno, umobsi E 6bi10 enoane oeparu-
YeHHolM (3amiaua 325).

H3 teopemer Xayclopa BbITEKAIOT BaXKHbl€ NPH3HAKH OTHOCHTEJIbHOH KOMMAKT-
HOCTH ¥ KOMMaKTHOCTH MHOXKECTBA B €BKJIHJ0OBOM IIPOCTPAHCTBE.

Teopema Boanprnano—Befiepmrpacca. Eciu mnosecmso E
esxaudogom npocmpancmee R™ oepanutero, mo OHO OMHOCUMEABHO KOMNOKMHO, a
ecau E C R" oepanuveno u 3amxuymo, mo oHo komnaxmro (3anaun 329, 330).

CnepcrBue l. Bcakas oepanuveHnas nociedo8ameabHOCMb MO4EK e8KALL-
008a npOCMPAHCMBA UMeem EXO00AUWYICA NOONOCAeA08AIMEeAbHOCMb.

CnencrBue 2. Y 6cakoeo beckoreunozo oepanuternozo mHoxcecmsa E 8 eg-
Kaudosom npocmparcmge cyujecmsyem xoms 6w 00Ha npedeavras mouka (He o6a3a-
TeJbHO NMpUHaAJexamas E).

Ilycts E — kakoe-1160 MHOXKECTBO B MeTpHuecKoM npoctpanctBe X. CemeiicTBo
OTKPHITHIX MHOXKECTB {Gy} (@ € A) Ha3LIBAETCS OMKPOUTOIM NOKPOIMUEM MHONECTST
E, ecmn |J G, D E.

acA

OrxpbiToe MOKPHITHE MHOXKeCTBa E Ha3HIBAaeTCS KOHEYHbIM, €CIH OHO COCTOHT H3
KOHEYHOTO YHCJIa MHOXKECTB.

Muoxectso E HasbiBaeTcs Guxomnaxmuoim (M 6UKomnaxmon), eCid U3 ao6Goro
oTKpriToro nokputust {G, ) MHOXECTBA E MOMKHO BHAECNHTD KOHEUHOE IOKPLITHE 3TOTO

MHOXecTBa (T. €. OTGPOCHTH BCe MHOXecTBa H3 NokpuTtHs {G,}, KpoMe KOHeyHoro

MX YHCJa, TaK, YTOOB OCTABIIHECS MHOXECTBAa TAKKe NMOKpHIBAJIH MHOXecTBo E).
IMMpumepsn. JhoGoe KOHEYHOE MHOXKECTBO GHKOMIAKTHO. MHOXeCTBO

1
{l, —, -l—, ey Ty ey 0} 6uxomnakTHo B R,

23 n

Teopewma. [Jua moeo umobo. mronecmso E 8 mempudeckom npocmpancmee
6vi10 Gukomnaxmubim, Heobxo0umo u docmarmouro, 4mobol oro 6uia0 KoMnaxmuoim (3a-
Aaya 336).

CaepcrtBue. Ecau muonecmso E g esxiudosom npocmparcmee R"™ samgnymo
U ozparuteHo, mo u3 a106020 €20 OMKPBIMOZO0 NOKPLIMUR MONCHO 6bi0eAUmb KOHeyHOe
nokpoimue.

CenapaGeabHocTb. CueTHmil 6a3uc. MeTpHueckoe MpoCTpaHCTBO X HaskIBaeTcs
cer)zgfaéeﬁbnuu, eCJIH CcyluecTByeT He Gosiee yeM cyeTHoe MHoxecTBo E < X, mioTHoe
B X*.

INpumepn cenapaGenbHLIX NPOCTPAHCTB: J060€ METPHYECKOE IPOCTPAHCT-
BO, COCTOsIiee H3 KOHEYHOr0 YMCJa TOuek; J06oe eBKJIHJOBO HPOCTPAHCTBO R7;
Cla, b; I, (3amaun 345—347), mo6oii komnakT (3afava 350); npocrpancreo M [a, b]
(3amauya 351); specb M [a, b] ectb M ([a, b]) (cM. 3agauy 129).

Basucom omxpoimoix mHoxcecms (M4 npocto 6a31com) METPHUECKOrO NMpPOCTpPaH-
cTBa X Ha3biBaeTCsl BCSKOE CEMeHCTBO OTKPHLITHIX MHOMKECTB, o0Jajaiolee TeM CBOji-

* OueBUAHO, YTO MHOXKECTBO E KOHEYHO TOrjfia M TONBKO TOrAa, Koria X Koley-
Ho (B 3ToM cayuae E = X); ansa OeckoHeyHoro cenapaGesibHoro npocrpancrsa E
BCerja CYeTHO.
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CTBOM, 4TO Ji060€ OTKPHITOE MHOXECTBO MpocTpaHcTBa X sIBAseTCS OGbefHMHEHHEM
HEKOTOPO# COBOKYIHOCTH MHOMECTB H3 5TOro CeMeiHcTBa.

IMTpumepr G6a3ucos: 1) Bce OTKPHTHE MHOXKECTBA METPHUYECKOro MPOCTPaH-
ctBa X ofpasylor 6a3uc 3TOro NPOCTPaHCTBA; 2) BCe HHTEPBAJL Ha YHC/I0BO# NPAMOH
R* ofpasyior Gasuc B R'; 3) BCe HHTEpBAJILI C PALHOHAJBHEIMU KOHLAMH 06pasyioT
Gasuc B R

ITpoctpancTBO X Ha3bIBaeTCsl NPOCMPAHCMEOM CO CuemHbiM 6a3UCOM, eCH OHO
obiafaer xot1s1 OB OAHHM cueTHbM 6asucoM (T. e. 6asHcoM, 06pa3oBaHHEIM CYETHOM
COBOKYIHOCTBIO OTKDLITHIX MHOXECTB).

Teopema 1. [Jasn moeo umobb. mempu4eckoe npocmpancimeo UMeo CHemHolil
6a3uc, Heobxo0umo u docmamouro, 4mobet ono 6640 Geckoreuto u cenapabeasho (cM.
sajauy 355).

Teopema 2. Mownocme CcOB0KYRHOCMU 6CeX OMKPbIMbLX (BCEX 3AMKHYMBbIX)
MHoMsecma cenapabeabroe0 NPOCMPAHCMBA He NPEBOCX0OUM MOUHOCMU KOHMUHYYMA
(3apaun 358—359).

Teopema 3. Mowrocme atboeco cenapabesbrozo npocmparcmea He npegoc-
xo0um mowgHocmu Kowmunyyma (3agada 360).

Touku koHpencaumu. Touxa Mo € X HasmpiBaeTcsi mo4kod KOHOeHCQyuu MHOXKe-
c-rBaE E — X, eciin B KaxkApii ee OKPECTHOCTH COIEPIKHUTCS HECUCTHOE MHOXKECTBO TOUEK
us E.

Teopemad4d (Jluupgenéoda). Ecau muomecmso E 8 cenapabeabrom
npocmpancmse X He umeem mouex KoHOewcayuu, npuxadaexcauux E, mo E He 6oaee
4em cuemro (3agaua 366).

Teopema 5. Mnooecmeo mouex KonOencayuu npou3ssonbHozo mroxcecmsa E
8 cenapabeavbrom npocmpancmee cogeputerto (3afada 367).

Teopema 6 (Kantropa—DBenagukcona). Jwboe samkuymoe
mrooicecmso F 8 cenapabeavrom npocmparicmee npedcmasumo 8 sude 06vedurenus 08yx
MHOXCeCmB: cosepuienHozo U He Goaee 4em cuemnozo (3afaua 368).

Teopema 7. 3amxrnymoe mHONCeCMBO 8 NOAHOM CenapabesbHOM NPOCMPAHCMEE
Au60 He Goaee em cuemno, AUGO UMeem MOUSHOCTMb KonmuHgyma (3afaya 371).

Ceasnoors. MuoxecTBa A u B B MeTpuueckoM npocTpaHcTBe X HasbIBalOTCA
Pa3veOuUReHHbIMY, €CJIH OHH HEMYCThl H HH OJHO H3 HHX He COAEPXKHT TOYEK NMPHKOC-
HOBEHHs Jpyroro.

SIcHO, uTO pa3beAHHEHHBIE MHOXKECTBA HE mepecekaloTcst (XoTst o6paTHoe Hepep-
HO). SIcHO Takxke, uto ecid A U B pasvepunesnl 4 A; = A, By — B, npuuem 4, u By
HenmycTsl, To A; H B; Takxke pa3befHHEHH.

MuoxectBo E HasbiBaeTcsi C6A3H6IM, €CJIH OHO He MOMXKeT OBbITh INPEJCTaBJICHO
B BHAe OGbelMHEHHS JIBYX pa3beJHHEHHBIX MHOXKecTB. Ecan xe E mpeacras-
MO B BHJe OOBENWHEHHS ABYX pasbeJHHEHHLIX MHOXKECTB, TO OHO Ha3bBaeTCs He-
CBAZHBIM.

Ilpuwme psr. IlycToe H OXHOTOUEUHbIE MHOXKECTBA CBSI3HH B JIOOOM MeTpHue-
ckoM npocrpaHcrBe. Ha uncioBoil npsimoii R! cBsi3HEI, KpoMe Toro, JioGhle mpome-
KYTKH, H TOJbKO OHH (3agaua 395).

3apgaum

303. Ilokasarb, YTO JI000€ OTHOCHTEJNbHO KOMITAKTHOE MHOKECTBO
OrpaHHuYeHo, a Jo6oe KOMIIAKTHOE — OTPAHHYEHO H 3aMKHYTO.

304. [oxasarb, YTO AJi KOMIIAKTHOCTH MHOecTBa E-B MeTpHuye-
cKoM mpoctpaHcTBe X HeoOXOOMMO H AOCTATOYHO, YTOOB! OHO ObIJIO OT-
HOCHTEJIbHO KOMIAKTHO M 3aMKHYTO B X.

305. [okasaTbh, uTO VII000E 3aMKHYTOE TOAMHOXECTBO KOMIaK1a
€CTb KOMIIaKT.

306. [Tyctb E — OTHOCHTENBbHO KOMIIZKTHOE MOAMHOZKECTBO IpO-

crpasctsa X. Jlokasarb, uTo E KOMIIAKTHO.
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307. Jokasarb, uyTo MHOXecTBO E ¢yHKuMil y = kx?, rae k npobe-
raer orpesok [0, 3], komnakrao B C [0, 1].

308. Jokasarb, uro MHOXkecTBO E Bcex OYHKUME Y = kx -+ b
O <k, 0LKb <K 1) komnakrao B C [0, 1].

309. Jlokasarb, yro MHOXecTBO E Bcex HenpepmBHHIX Ha [0, 1]
¢ynkmui Takux, uto |f (x)| < A (rae A —pUKCHPOBAaHHOE MOJNOXKH-
TeJbHOE YHCJO0), orpaHHueHo u 3amkHyto B C [0, 1], oguako He xom-
NAaKTHO (M Jlake HE OTHOCHTEJbHO KOMIIAKTHO).

310. IlpuBecTH mnpHMep 3aMKHYTOTO OrPAHHYEHHOI'O MHOXKECTBa
B [,, He SABJISIIOIIETOCST KOMITAKTOM.

311. Tlycte A M B — HemycTbieé OTHOCHTE/NbHO KOMMAKTHBIE MHO-
xKecTBa B mpoctpanctBe X. Jlokasarb, uTo 4yucaa p (x, y) (rae x € A,
y € B) o6pa3yioT orpaHHYeHHOE UYHCJIOBOE MHOKECTBO.

312. JlokasaTb, uTO 00beIHHEHHE KOHEYHOTO YHCJIa KOMIAKTOB €CTh
KOMIAKT, a o0belHeHHe KOHEYHOro YHC/1a OTHOCHTENbHO KOMIAKTHBIX
MHOXKECTB —— OTHOCHUTEJIbHO KOMIIAKTHOE MHOXKECTBO.

313. [lokasarb, uTO mepecedyeHue JOOOH COBOKYNMHOCTH KOMIAKTOB
€CcThb KOMIIAKT; J0Ka3aTb aHAJOTHYHOE YTBEPXKJEHHe NJsi OTHOCHTeJNb-
HO KOMIIAKTHBIX MHOKECTB.

314, Mlyctb A — X u B Y, npuuem A u B nenycrel. J{okasarb,
YTO JJI5i KOMMAKTHOCTH MHOxkecTBa A X B B mpocrpaHctBe X X Y,
HaJieJICHHOM METPHUKOH, yKa3aHHO# B 3ajave 146, Heo6xonumo u JocTa-
TOYHO, 4TOObl A U B OGBLIM KOMIAKTaAMH.

315. [lokasarb, 4TO ]Il OTHOCHTE/NbHOH KOMIAKTHOCTH HEMyCTOro
mHoxectBa A X B B X X Y Heo6XoguMO M JOCTaTOYHO, 4YTOObl A
6bLIO OTHOCHTE/IbHO KOMNAakTHO B X, a B —B Y.

316. Jlokas3aTb, 4TO BCAKHH KOMIAKT €CTb IIOJHOE INPOCTPaHCTBO.

317. Ilyctb A;, A,, ... — HemycTsle KOMIAKTHblE MHOXECTBA B
MeTpHueckoM npoctpaHctBe X, npuuem A; > A, O ... JlokasaTb, 4TO
N A, nenycro, npuuem ecau diam A, — 0, To (J A, cocTout u3 eaux-
n n

CTBEHHOH Toukd (meopema Karnmopa).
318. Ilycte Ay, A,, ... — yOblBaromasi Noc/Jef0BaTeJbHOCTb KOM-
naktoB ¥ K = ] A,. [loka3arts, yTo A/ Kaxjoro e > 0 Ha#zercs Ta-

n

Koit Homep N, uro A, < V (K, &) nna Bcex n > N (rae V (K, &) =
= | V(x,e).

x:K

319. Ilycts A;, A,, ... — yObIBaiomas IOCJeL0BATENbHOCTb KOM-
MaKTOB, IIepeceyeHHeM KOTOPHIX SIBJISIETCS OJHOTOYEUHOE MHOXKECTBO.
Jloxkasartb, uto diam A, — 0 npu n — oo,

320. INycrs {E;} — moc/enoBaTeNbHOCTD MHOXECTB B MeTpHUe-

cKoM mpocTpaHcTBe X TaKHX, uTo a) E; — KOMNAKT /s KaX[Ioro i;

6) E; — E;_, nis xaxnoro { > 1. lokasarp, uro (] E; nemycro. Ilo-
i

Ka3aTh Ha MPHMEpE, YTO 3TO YTBEPKJEHHE CTAHOBHUTCS HEBEPHBIM, €C/IH

ycaoBue 6) 3amenuth Ha 6'): E; < E;_, nnda kaxnoro i > 1.
321. Iycrb G, Gy, ... — BO3pacTaollas MOCHE0BATEIbHOCTL OT-

KPHITHIX MHOKECTB TaKas, YTO 3aMbiKaHHe G ux obbeauHeHHs G €CTb
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Komnakr. Jlokasarb, 4To AIs1 Kaxporo & > 0 cymecTByer Homep N
TaKoH, 4TO /15 BCEX 1 > N HMeeT MECTO BKJIOYeHHe

Fr G, < V (Fr G, ¥).

322. IlpuBecTH mnpuMep IMOCJAENOBATEIbHOCTH HENYCTHIX 3aMKHY-
ThIX OrPaHHYEHHbIX MHOKeCTB {E,} B MOJIHOM NpOCTpaHCTBE X TakHX,
yro 1) E,,; < E, ansa Bcex n, 2) (| E, nycro.

n
323. Ilycrb {E,} — moC/Ief0BaTeNIbHOCTh KOMIIAKTOB TaKasi, 4TO
nepeceyeHye JI0G0H KOHEYHOH COBOKYITHOCTH 3THX KOMIIAKTOB HEMYCTO.
Jlokasatb, yro nepeceyenne (] E, Bcex 3THX KOMIIAKTOB TaK:Ke HEIyCTO.
n

324. Ocraerca Jiu B cuJle pe3yJbTaT NpelbAYUIEH 3ajaud, ecJH,
Bce E, jexxaT B NOJHOM NpocTpaHcTBe X, a YCJIOBHE KOMNAKTHOCTH
MHOXecTB E, 3aMeHHTb yCJIOBHEM HX 3aMKHYTOCTH H OI'paHHYEHHOCTH?

325. Jlokasark, uTO, JJ/1s1 TOTO YTOOR MHOXKECTBO E B MeTpHUYECKOM
npocrpaHcTBe X OblIO OTHOCHTEJNBHO KOMIAKTHBIM, HEOGXOQHMO, a
B CJyyae MoJHOTH X H AOCTAaTOYHO, 4TOObl E GbLJIO BIOJIHE OrpaHHYEH-
HBIM (meopema Xaycoopga).

326. Jloxkas3aTb, YTO JAJSl OTHOCHTEJbHO KOMIIAKTHOTO MHOMKECTBA
B METPHYECKOM IPOCTPAHCTBE MOXHO NpPH Jobom &€ > 0 BHIOpaTh KO-
HEYHYIO €-CeTb TaK, YTOObl OHA COAEeprKaslachb B 3TOM MHOXKECTBE.

327. Hoxasarb, 4TO, /151 TOTO YTOOBl MHOXKeCTBO E B MeTpHUYECKOM
npocrpanctse X OblJI0O KOMIIAKTHO, HEOOXOIUMO, a B CTyYae MOJHOTH X
M J0CTaTO4YHO, 4TOOK E OBIIO 3aMKHYTO M BHOJIHE OrPaHHYEHO.

328. Ilycte E — MHOKECTBO B IIOJTHOM METPHYECKOM IIPOCTPaHCTBE
X. Iokasatb, 4To €CJH NpH Jo6oM € > 0 CYLIeCTBYeT OTHOCHTENbHO
KOMIIaKTHas &-CeTb Mg E, To E OTHOCHTEIbHO KOMIAKTHO. BepHo s
3TO yTBEpIKIEHHE, ecaH X HeNoJHO?

329. [lokasarb, 4TO B €BK/JIHAOBOM IpocTpaHcTBe R” moboe orpa-
HHYEHHO® MHOKECTBO E OTHOCHTE/JIbHO KOMIAKTHO (meopema boasbuya-
Ho — Bellepumpacca).

330. JlokasaTb, YTO B €BKJWAOBOM NpocTpaHcTBe R” JoGoe 3aM-
KHYTO€ OrpaHHYeHHOE MHOXKECTBO KOMIIAKTHO.

331. Jlokasatb, uTO J060€ OTHOCHTENBHO KOMIAKTHOE (a CJejo-
BaTeJbHO, U J10060€ KOMIIAKTHOE) MHOKECTBO B [, HUTJIE HE TJIOTHO B /,.

332. JlokasaTb, uTO J1I060€ OTHOCUTETHHO KOMIIaKTHOE (a CJelo-
BaTeJIbHO, H J1000e KOMIAaKTHOe) MHOKecTBO B C [a, b] Hurme ne mior-
Ho B C [a, b].

333. Byznem roBoputhb, 4TO MHOXKeCTBO E B METpPHYECKOM NPOCTpaH-
cTBe X 00/1af1a€T CBOHCTBOM [/, ec/lu ero nepeceyeHue ¢ JoObIM 3aMKHY-
THIM 1IAPOM KOMIAKTHO. JloKa3arb, uTo Ji060e KOMIIaKTHOE MHOXKECTBO
obJiajaer cBoicTBOM H M uTO J000e MHOXKECTBO, obJiajaroliee CBOM-
cTBOM H, 3aMKHYTO.

334. Tlokasarb, 4TO B €BK/JIMJOBOM npocTpaHcTBe R” Kijacc Beex
3aMKHYTBIX MHOXXECTB COBINAjJaeT C KJIacCOM MHOXKeCTB, 00/ajaromux
cBoiictBoM H (cMm. npeawmiaynLyio 3ajaady). [1ocTpoUTh NpUMEP IMOJHOIO
MEeTPHYECKOI'0 MPOCTPAHCTBA M 3aMKHYTOrO MHOXKECTBA B HeM, He o6Ja-
Jamwllero cBouctsom H.
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335. Hokasarb, uto MHOXecTBo FE, o6napaiomee cBOHcTBOM H
(cm. sanauy 333) B C [a, b], uurze e miotHo B C [a, b].

336. Jlokasarb, yTO, JJi TOTO 4TOObI MHOXKECTBO E B METPHYECKOM
npocrpanctBe X Obiio OHKQMMAKTHBLIM, HEOOXOAMMO H JOCTaTOYHO,
yToObl OHO OBLIO KOMMAKTHBIM.

1 1
337. IlaHO cueTHOe KOMIIAKTHOE MHOXeECTBO E = {0, 1, 5

1

o [ Ero mokpeiBaeT cucreMa uHTepBajoB |l —e, 14¢g[,
1—e 1+4¢ l—e 1+¢ l—e 1-+¢
] 2 ) 9 [, ] 4 y 4 [, .-.,] on ’ on [9 e H J—e" 3[1

rae &-—3aJaHHoe T0JIOKHUTEJNbHOE YHUC/IO, MEHbIIE 4YeM -5 Brizenutb

M3 3TOM CHCTEMbl MHTEPBAJIOB KOHEUHYIO CHCTEMY, IOKPBIBAOLLYIO MHO-
xecTBo E.

338. Jlano cuerHoe MHOXecTBO E = (1, —1-, LI —1;" } Ero
TIOKpEIBAET CHCTEMa HHTEPBAJOB: 24 2
l—e 1+4¢ l—e 14¢
11 —e, 14e[, ] = = [ ] S o [

1
rre 0 <e <§. MOXHO JIH U3 3TOrO NMOKPHITHS BHIIEIHTb KOHEUHOE

TIOKpHITHE MHOXecTBa E?

339. Ilano samkHyTOe cuerHoe MHOXecTBO E = {1, 2, 3, ..., n, ... }.
Ero nokpriBaer GecKOHEUHasl CHCTEMa HHTEPBAJIOB:
N—e, 1 +¢f, 12—e, 2+¢, 13—e, 3+¢[, ...,Jn—e, n+¢], ...y
Flie € — TPOH3BOJIbHOE IIOJOXKUTEJbHOE UYUCJI0. MOXKHO JIH U3 3TOrO
MOKPHITHS BBEIJENUTb KOHEUHOE MNOKpbITHE?

340. PaccmoTpuM Ha IVIOCKOCTH OTKpPHITHIA Kpyr E efuMHHYHOrO pa-
JIHyca C HEHTPOM B TouKe O; NpoBeJieM KOHLEHTPHUECKYIO OKPYKHOCTb C

pamHyca — H MOCTPOHM CeMEiCTBO BCEBOSMOXKHBIX OTKPHITHIX KPYroB

2
Pajuyca -, UHTPHI KOTOPHIX JIexaT Ha OKPYKHOCTH C. DTH OTKpHITHIE

Xpyru o6pasyioT 6eCKOHeUHOe MOKphITHE MHOXKecTBa E. JlokasaTb, uTO
H3 STOrO NMOKDPHITHSA HEJNb3s BHIACIHTL KOHEYHOTO MOKPHITHSA.

341. MoxHO i1 U3 TOTO NOKPHITHSA Kpyra E, KoTopoe pacCMOTPeHO
B 3ajiaue 340, BBIAGIHTH CUETHOE MOKPHITHE?

342. CoBOKYINHOCTb OTKPHITHIX KPYrOB, PacCMOTPEHHas B 3ajaue
340, moxpeIBaeT 3aMKHYTHIH KpYr paguyca 1 — & ¢ ueHTpom B Touke O,

rlleDO <e <L 3 Kak 43 31010 NOKpHITHS BHIJEJIHTh KOHEUHOE NMOKPHI-
THE?

343. IloctpouTh npUMEpP OTPAaHHYEHHOTO OTKPHITOTO MHOXKECTBa
Ha MNPAMOH, NOKPHLITOrO HHTEPBaJaMH TaK, YTO H3 3TOrO MOKPHITHS
HeAb3f BBLAENUTb KOHEUHOIO MOKDHITHS.

344. Bepna Ju Teopema: «M3 s060ro MOKPHITHSI KOMMAKTa 3aMbl
KaHHAMH OTKDPBITBIX MHOXKECTB MOXKHO BBIIEHTb KOHEUHOE NOKPBLITHEN?

345. JlokasaTb cemapaGesbHOCTh €BKJAHAOBA mpocipaHctBa R”.
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346. [lokasath cemapaGenbHOCTb mpoctpancTBa C [a, b].

347. Jlokasatb cenapaGesbHOCTb NDPOCTPAHCTBA [,.

348. Jloxasarb cemapaGe/bHOCTb NMPOCTPAHCTBA nap HenpepbiBHLIX
¢$yukuuil Ha [a, b] ¢ MeTpHKO#

P ((fn &), (o 82)) i’faa’;] Ifz (x) — Fr ()1 +x’r?:’;]|g2 *) — g1 ()]

349. lina Toro wuroGm npoctpancTBO X GbuIo cenapabesbHO
HEOOXOMMO H JOCTaTOYHO, YTOGKI TpH Jo6om € > 0 mas X CYILECTBO-
BaJla He GoJiee yeM cueTHas e-ceThb. JlokasaThb 3TO.

350. Joka3arb, UTO 060N KOMNAKT SIBJSAETCS cenapabesbHbIM MPO-
CTPaHCTBOM.

351. Jlokasatb, uto mpoctpancTBo M [a, b] HecenapaGesbHo.

352. lokasarb, uTo JI0G0E MHOXeCTBO E, Jexaiuee B cenapabeJib-
HOM npocTpancTse X, o6Jafaer He GOJIee YeM CUCTHBIM TTOJIMHOMKECTBOM

A, wiotbiv B E, T. e. TakuM, uto A D E. (PaccmarpuBasi E kak noj-
NPOCTPAHCTBO MPOCTPAHCTBA X, MBI MOXEM 3TO yTBEDXKIAEHHE CHOPMY-
JIIPOBATh TAKKE CJEAYIOMUM 00pa3oM: JM06oe MOANPOCTPAHCTBO Cena-
paGesbHOTO METPHYECKOTO IIPOCTPAHCTBA cemapabesbHo. )

353. IlocTpoutb Kako#-mH60 CYeTHw Gasuc Ha MIOCKOCTH Ox!

354. Ilyctb A ' B — JBa ceMeliCTBa OTKDBITBIX MHOKECTB B METp! -
YECKOM NpocTpaHcrse X TakHe, UTo AJis Kaxaoro A us A Haiizercs B
u3 B, comepxameecs B A, u 11 Kaxzgoro B u3 B maiinercas A us A,
cozepxaineecst B B. [lycte B — 6a3uc B X. MOXHO /1 YTBEpKAaTh,
uyro A Takxke Gasuc?

355. JlokasaTb, YTO JJIsl TOTO YTOOH METPHYECKOE MPOCTPAHCTBO X
6bl10 cenapabesbHBIM, HEOGXONMMO H JOCTaTOYHO, 4TOOHI OHO HMEJO
CYETHBIH (HJIM KOHEeuHbIH) Gasuc.

356. [lokasars, uTo M3 Joboro Geckoneunoro cemeiicrsa {G,} ot-

KPBITHIX MHOXECTB B NPOCTPaHCTBE X CO CYETHHIM GA3HCOM MOMKHO Bhbi-
JEJIMTh CYETHOE IOACEMEHCTBO C TeM K€ OGBhENHHEHHEM.

357. BepHo su yTBepxkaeHue: «Eciu u3 J060ro 6eCKOHEUHOro ce-
mefictBa {G_} OTKPHITEIX MHOMXECTB B MPOCTPAHCTBE X MOKHO BEIEMHTD
CYETHOE TOACEMENCTBO C TeM Ke 00befHHeHHeM, To X eCTb IPOCTPAHCTBO
CO CYETHBbIM (HJIH KOHEUHLIM) 6asHcoM»?

358. JlokasaTb, YTO MOLIHOCTb COBOKYIHOCTH BCEX OTKPHITHIX MOj-
MHOXECTB cenapabe/bHOro MeTPHYECKOro NMPOCTPAHCTBA HE NPEBOCXO-
JHUT MOIIHOCTH KOHTHHYYMa.

359. loxasarb, YTO MOI{HOCTb COBOKYIHOCTH BCEX 3aMKHYTHIX MOJ-
MHOXKeCTB cerrapabe/lbHOr0 METPHYECKOIo IPOCTPaHCTBA HE HPEBOCXO-
JUT MOIIHOCTH KOHTHHYYMA.

360. IoxasaTb, 4TO MOLIHOCTb JIIOGOTO cenapabesbHOTO NPOCTpPaH-
CTBa He NPEBOCXOAMT MOLIHOCTH KOHTHHYYMa.

361. Jlokasatb, yto eciin X — cenapaGe/ibHOE NIPOCTPAHCTBO, HMEIO-
Iee MOMIHOCTh KOHTHHYYMa, TO COBOKYNHOCTb BCE€X €r0 3aMKHYTHIX
MHOXECTB TaKxe MMeeT MOIIHOCTb KOHTHHYyMa.

362. [oxasarb, yTo HemyCTOH KOMNAKT Ge3 H30JMPOBAHHBLIX TOYEK
HUMeeT MOLIHOCTb KOHTHHYYMa.

M“



363. OGosHauuM 4epes S, MHOMKECTBO BCEX TOYEK KOHJEHCALUH

MmHoxkecTBa E B MeTpHuecKoM TPOCTPaHCTBE X Jlokasarb, 4TO A1 JIIO-
Oeix MHOXKeECTB A M B nmeer Mec10: S, j5=3S, U Sp.

364. CnpapeiuBO Ji YTBEPIKJIEHHE, UTO SU g = US  Ans mpo-

H3BOJMILHOTO CYETHOTO CeMeHCTBA MHOXKECTB {A »

365. JlokasaTb, 4TO, AJIsI TOTO YTOOHI X, ObliIa Tquoﬁ KOHJIEeHCallUH
715 MHOxkecTBa E B METPWYECKOM NpOCTpaHCTBe X, HEOGXORUMO H JO-
cTaTrouHo, 4yTo6Hl JoGoe MHOKecTBO G M3 6Gasuca mpocrpancTBa X,
coziepxkaliee X,, BK/I0YaN0 HECUETHOE MHOKECTBO ToyeK H3 E.

366. Hokasarb Teopemy Jlunnenéda (c. 37).

367. Jlokasarb, uro Aas Jwoboro MHoxectBa E B cemapa6esbHoM
npocTpaHcTBe X MHOXKECTBO TOYEK KOHJAEHCAUMH S COBEPLIEHHO.

[TpuBectu npumep HecenapabGesbHOrO IPOCTPAHCTBA X H MHOXe-
ctBa £ B HEM TaKOro, YTO MHOXECTBO S, €r0 TOYEK KOHJEHCAIHMH He-

COBEpILEHHO.

368. Ioxasarb Teopemy Kantopa — Benaukcona (c. 37).

369. Jlokasarb, YTO €CJIM NPOCTPAHCTBO X HE TOJABKO cenapalbeJib-
HO, HO H TOJHO, TO J0Ooe 3aMKHYTOe MHOxkecTBO F — X el U H -
CTBEeHHBHM 00pa3oM pa36uBaeTCs Ha JiBa HelepeceKaloLyXCs MHO-
JKECTBA: COBEpIlIEHHOE H He OoJiee 4eM CUeTHOe.

370. TlokasaTb Ha NpUMEpE, YTO €AUHCTBEHHOCTb Pa3CHEHHS 3aMK-
HYTOI'O MHOXKECTBA Ha COBEpILECHHOE K He 6oJiee 4yeM CUETHOEe MHOXKECTBA
MOXeT HapYIIHThC S, €CJIH [IPOCTPAHCTBO X He MOJHO.

371. Jlokasarb, YTO 3aMKHYTO€ MHOXKECTBO F B IOJIHOM cenapabe/b-
HOM mpocTpaHcTBe X JiuBo He GoJsee yeM CYETHO, JH60 HMeeT MOLIHOCTD
KOHTHHYYMa.

372. [lokasarb, 4TO €CJIH BCe TOUKH MHOXKecTBa E B cenapabesbHOM
nmpocTpaHcTBe X H30/MpoBaHEl, TO E He Gosiee yeM CYETHO.

373. Tlokasarb Ha mnpumepe, 4TO IpeJBIAYIEE YTBEpXKAEHHE He-
BEPHO, ecJH NpocTpaHcTBO X HecemapaGebHo.

374. Moxer 1 MHOXxecTBO E Ha IUVIOCKOCTH, HMeIOLee MOLIHOCTh
KOHTHHYYMa, CONEep:KaTb JHIIb KOHEYHOE HJIH CUETHOE MHOXKECTBO
CBOGUX IpejesbHbIX TOUYEK?

375. Jlokasarb CyiiecTBOBaHHE XOTs OBl ONHOH TOYKH KOHJEHCa-
UMM Y HECUETHOrO MHOXKeCTBAa E Ha KOHEUHOM OTPe3Ke MEeTOLOM IIoCJe-
JIOBATeJIbHOT'O le/IeHH s OTPe3Ka Ha JiBe PaBHBIE YacTH, OTMedas KaJpblil
pa3 Ty NOJOBHHY OTp€3Ka, KOTOpasi COAEPMKHT HeCYeTHOe MHOXKECTBO
Touek u3 E.

376. Ilyctb E — cBSI3HOE MHOXKECTBO, cojep:kaiee Gosee OLHOM
rouku. Jloka3alb, YTO OHO He HMEeT H30JHPOBAHHBIX TOYEK.

377. Iokasarb, uTO, AJis TOrO YTOOHI HemycThHe MHOXecTBa A u B
OblIH pa3befliHeHbl, HEOOXOIUMO H JOCTATOYHO, YTOOBI BBHIMOJHAJIOCH
PaBeHCTBO

AnBUMANB =g

378. Hokasarb, uto ecsii A u B — 00a 3aMKHYThIE HJIH 00a OTKPHI-
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ThI€ HENyCThle MHOXKeCTBa, npudeM A | B = &, To A u B paspemu-
HEHBI.

379. Ilycte E — HECBSI3HOE 3aMKHYTOE MHOMKECTBO. Joxkasarb, yro
€r0 MOXKHO NPEJICTAaBUTh B BUJie O0beJMHEHU ST ABYX HEMEPECceKaIomUXCs
HENYCTBIX 3aMKHYTHIX MHOXKECTB.

380. IlycTe E — HeCcBSI3HOE OTKPHITOE MHOMECTBO. JOKasaTh, 4TO
€ro MOXKHO NpPeJCTaBUTh B BHJE 00beUHEHH S ABYX HENEpeceKalomuXcs
HENYCTBIX OTKPHITHIX MHOXKECTB.

381. Ilycte E v F — 3amkHyTHe MHOXKecTBa. JlOKa3aTh, YTO €cJu
E J FuE (| FcBssubl, T0 E u F CBSA3HHI.

382. TlokasaTb Ha IpHMepe, YTO YTBEPKJEHHE MPeNbIAyIel 3a1auH
CTaHOBHTCSl HEBEPHBIM, €CJH OTKa3aThCA OT TPeGOBaHHSI 3aMKHYTOCTH
XoTs1 Obl OnHOro W3 MHOXKecCTB E, F.

383. Hokasarb, uTo ecau E CBs3HO, TO €ro 3aMoiKanue E Towxe
cBsasHo. [lokasaTh Ha mpuMepe, 4TO OGpPaTHOE YTBEPXKIEHHE HEBEPHO.

384. Jlokasatb, uro ecmu E cBsisho ¥ E < H < E, To H Takxe
CBSI3HO.

385. Jlokasarb, 4TO eciu JJisi JIOGBIX JBYX TOYEK MHOXKecTBa E
CYIIECTBYET CBSASHOE MHOXKECTBO (), COZEpIKallee STH TOYKH H BKJIIOYAIO-
mweecs B E, T0 E CBSI3HO.

386. JloxasaTh, 4TO MHOXKECTBO TOYEK IIOCKOCTH, Y KOTOPHIX o6e
KOOPJHMHATE HPpPalMOHANbHBI, HECBSI3HO.

387. JlokasaTb CBA3HOCTb OTPe3Ka, COSAHHSIOLIETO JBE TOYKH Nps-
MO#, IUIOCKOCTH, TPEXMEDHOIO eBKJHAOBA IPOCTPAHCTBA.

388. JloxasaTh CBA3HOCTb 3aMKHYTOTO KpYyra Ha IJIOCKOCTH M 3aMK-
HYTOrO 1apa B TPEXMEPHOM €BKJIHMIOBOM IPOCTPAHCTBE.

389. Ilycrs E, u E, — CBsI3HbIE MHOXKECTBA C HENYCTHIM Iepeceye-
nuem. Jlokasats, yro £ = E, |J E, cBsA3HO.

390. Ilycrs E,, E,, ... — Bo3pacraiomas I0C/Ie]0BaTeIbHOCTh
CBSA3HBIX MHOXeCTB. JloKa3aTh, yTo HX oObenuHenne E = UEi CBSI3HO.

15

391. Ilycte {E,} — moc/ief0BaTeIbHOCTL CBSASHBIX MHOXECTB Ta-
Kasi, uto E; (| E,y; Hemycro Ajs Kaxjaoro Homepa . [lokasarb, uTO
+

00
U E; cBs3HO.
i=1

392. IMycry {E;} — moc/iefoBaTe bHOCTh HENYCTHIX MHOMKECTB Ta-
Kas, uto E; | E;y, cBA3HO Aas Kaxaoro Homepa i. [lokasarb, 4TO
U E; cBs3HoO.

i

393. [loxasaTb, 4TO MHOXKECTBO TOYEK IIJIOCKOCTH, Y KOTOPBIX XOTS
6bl OZ1HAa KOOPAMHATA PallMOHANbHA, CBS3HO.

394. Jlokasarb, 4TO MHOKecTBO E Ha Npsmoil CBA3HO B TOM H TOJb-
KO B TOM CJIyyae, €CJM BMeCTe C JIIOObIMH JBYMSl CBOHMH TOYKaMH OHO
COJIEPIKHT H BEChb COEJUHSIOMMUIN HX OTPE3OK. i

395. Jloka3aTb CBSI3HOCTb CJIENYIOIIMX MHOMKECTB Ha INpPsMOH:
a) [a, b]; ©) Ja, b[; B) Ja, b]; 1) [a, ;1) [a, +oo[; €) Ja, +oo[;
X) ]—o0, a]; 38) J—oo, a; u) ]—oo0, +oo[; K) OAHOTOUEYHOE MHOMKe-
crBo {a}; 1) &
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JloKa3aTb, 4TO HHKAKO€ MHOXKECTBO Ha IpPsIMOH, KpPOME MHOXKECTB
BHJia a) — J1) (IpH BCEBO3MOXKHKX a U b, a < b), He ABJISETCS CBSA3HbIM.

396. Jlokasarb CBSI3HOCTb €BKJHJ0BA MPOCTPAaHCTBA R”".

397. Ilycre X — cBsA3HOe MeTpuuecKoe npocrpaHcTBo. JloKasarh,
4TO B HEM, KpOMe MYCTOro MHOXKECTBAa M BCEro mnpocrpaHcrBa X, He Cy-
IEETBYET MHOMKECTBA, KOTOpPOe OO Obl OZHOBPEMEHHO 3aMKHYTHIM H
OTKPBITBIM.

398. MOXKHO JI OTKPBITHIH KPYT Ha MJIOCKOCTH NpPEACTaBHTb B BUAE
nepeceyeHn s IBYX OTKPHITEIX MHOXKECTB, OTJIHYHBIX OT BCEH MJIOCKOCTH,
o0belHHEHHE KOTOPHIX €CThb BCSI IIJIOCKOCTH?

399. Ilycts X u Y — merpuueckue mpoctpaHncTBa. JlokasaTtb, 4TO
JJIs1 CBABHOCTH HemycToro MHoxecrsa E X F B npocrpanctee X X Y,
HaJle/IECHHOM METPHKO#, yKa3aHHOH B 3ajave 146, Heo6xonuMoO H A0CTa-
TOYHO, YToOk! E u F 00a Obl1M CBSI3HEIL.

400. Jloxasarb, uTO JM00bIe ABE TOYKH CBSI3HOTO OTKPBITOIO MHOMXE-
ctBa G Ha IJIOCKOCTH MOXHO COSAHHHTH JIOMAHOH, KaXKJA0e 3B€HO KOTO-
poll napasyienbHO OAHOH M3 Ocell KOOpAMHAT.

401. ITycts {A,} (@ € A) — HEKOTOpOE CEMENCTBO CBS3HBIX MHO-

JKECTB C HENYCThIM mHepeceueHueM. JlokasaTb, uTo OOBEIAMHEHHE BCEX
MHOXKECTB CEMEeHCTBa, T. €. MHOXecTBO E = |J Aa, CBS3HO.
aZA

402. loxasaTb, 4TO A9 JIOOOH TOUKH X, € E CymeeTByer, ¥ NpH-
TOM €IMHCTBEHHas, KOMIIOHEHTa MHoxecTBa E, comepxkamas x,.

INpumeuanne Henycroe MHOX)ecTBOo A Ha3hBaeTCst KOMNOHEHmOLU MHO-
wectBa E, ecin: 1) A < E; 2) A cBasHo; 3) /mo6Goe cBsi3Hoe MHOXeCTBO B, Takoe, aTo
A < B < E, cosnapaer ¢ A.

403. [oxasarb, 4TO KaKJasi KOMIIOHEHTa A 3aMKHYTOro MHOXKeCTBa
E ecTb 3aMKHYTOE MHOXECTBO.

404. Hoxasarb, uTo Moboe HemycToe MHOXkecTBo E pa3buBaercs
Ha KOMIIOHEHTH!, W IPHTOM €JUHCTBEHHBIM O6pa3oM.

405. MHOXeCTBO Ha3bIBaeTCs BCIOJY Pa3pbIBHBIM, €CJIH OHO COAep-
JKHT 6oJlee OJIHOH TOYKH H BCE €T0 KOMIIOHEHTHl — OXHOTOYEYHBIE MHO-
xecTBa. [IpUBeCTH NpHMepHl HECUETHBIX BCIOZY Pa3pHIBHBIX MHOXKECTB.

406. Ilycts F < E, F cBs3HO M HemycTo. JloKa3arh, YTO CYLIECTBYET,
H [PUTOM €UHCTBEHHAs, KOMIIOHEHTa MHOxecTBa E, BKioyaromas F.

Fnasa VIl

MEPA MHOXKECTB (B EBKJIMAOBOM
MPOCTPAHCTBE)

Mapannenenunessl H uXx o6nemel. IlycTe R” — eBkaHJOBO npocTpaHcTBo. Bo
BCeM JanbHejilneM H3J0XeHHH OyleM CcYuTaTh f (GHKCHPOBAaHHBIM HaTypaJbHEIM
qHCIIOM.

Mycrs A (ay, ..., a,), B (by, ..., b,) — ABe ToukH H3 R” rakue, uTo q; K b
npu (=1, 2, ..., n. MuoxectBo Bcex Touek M (xq, ..., ¥,) € R® Tagux, uto a; <
< %; < b; npu moGoM i, Ha3LIBAETCA OMKPOUMOIM N-MEPHbIM NAPAANEIENUNEOOM

D (A, B). MuoxecrBo Bcex Touek M (xy, ..., X,) Takux, 410 @ < X; < b;, Ha3HI-

BaeTCS SUMKHYMOGIM n-mMeprbis nopasnesenunedom D (A, B). Haxomeu, n-mepuoin
napaasesenunedom C BepIIHHAMH B Toukax A H B HasmiBaeTca Jl06o€ MHOXKECTBO
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D (A, B), yaoBnerBopsioliee BKJIOUCHHAM
D (A, B)y=D (A, B)=D (A, B).

o
Slcro, uro D (A, B) u D (A, B) — uactHbie cayyau napansienenuneia D (A, B).
Ecan xoTs1 661 0Ha KoopanHATa TOUkH A paBHa COOTBETCTBYIOLLE KOOpJAHHATe TOUKH
B, 1o napannenenuney D (A, B) HaseiBaeTcst 86ip0OeHHbM, B IPOTHBHOM Clyyae —
HesbipONCOEHROLM.
n-mepHoim ob6vemon mapannenenunesa D (A, B) c¢ sepumnamn A (ay, ..., a,),
B (b4, ..., b,) HaswBaercs umcio

D = (by — ay) ... (bp — ap).

Ecan D — Bupoxjennsiii napamnenendnef, To WD = 0; B npoTHBHOM ciayyae
uD > 0. YacTHEIMH ClyyasiMH n-MEPHOrO OGbeMa SBASIOTCS: NpH n = | — JJuHa
oTpeska, MpH n = 2 — AJowaAb [PSIMOYTOJIbHHKA, NMPH N = 3 — OGLIYHEI 06BEM
TPeXMEpHOro napalesenunesa.

BuewHsia mepa muoxkecrsa. Ilycte E C R™. Brewmed n-meprod mepol (nnm

npocro eHewned mepod) mE muoxecrsa E HaspBaeTcsl HHXHAS FpaHb CyMM n-Mep-
HbIX OGBEMOB OTKPHTGIX NapalifiesienHnesio, ofbelMHeHHe KOTOPHX MOKpeiBaer E

o
(HHKHsst TpaHb Gepercsi 110 BCEBO3MOXKHBIM TAKHM NOKphITHaAM {D,, }):
—_ o
mE = inf Z uD.
(27

CsoficTBa BuemHeli Mepe: 1) mE ompefenena ;s JoGOro MHOXKeCTBa
E < R", npuuem 0  mE < + o0; 2) ans m060ii cHCTeMBl {D; }» nokpoiBatoweit £,
HMEeT MeCTo Zpﬁa >'mE; 3) ecnu E < R™ u mE < + o0, 10 ans moGoro & > 0
CyIIECTBYET [OKpPHITHE {[o)a} MHOXKectBa E OTKpHITEIMH NapajuiesieninelaMH Takoe,

41O Zp,Doa < mE 4 ¢; 4) ecin E = F, 10 mE < mF; 5) aas M0Goit KOHEeWHO Han
cueTHoli cucremu muoxectB {E,} cnpasemneo Hepasenctso m (| Ep) < ZmE,;
n

n
6) BHeLIHsIS MEpa KOHEYHOTO HJIH CYETHOIO MHOXECTBAa TOYEK pPaBHA HYJIQ; 7) BHewl-
Hsis Mepa napajenenunesa D (A, B) paBHa ero n-mepHoMy o6wveMmy: mD = pD;
8) KOHIDYSHTHEIE MHOXKECTBA HMEIOT PaBHble BHEHIHHE MepHI.
Usmepumbie mHoxeorBa. Mepa JleGera. MuoxectBo E — R"™ HashiBaeTcs u3-
Mepumbim no Jlebeey (WM NPOCTO U3IMEPUMbIM), ECITH IS JIIOGOTO MHOXKecTBa A — R”
CrpaBejiyIiBO PaBeHCTBO

mA=m(A N E+m(AnCE),

T. e. ecan E paccekaet mo6oe MHoxectBo A — R” Ha Takue ABe 4aCTH, CyMMa BHelll~
HHX Mep KOTOPHIX JaeT BHELIHIOI Mepy Bcero A.

Ecau E u3meprMO, TO €ro BHelIHss Mepa HasnBaercsi mepoil JleGeea (uau npo-
cTo Mepoi) MHoXecTBa E H o6o3Hauercss mE.

CBoiicTBA M3MEPHMBIX MHONKECTB H HX Mep:

1. Ecan E namepumo, To u CE uamepumo.

2. Ecin mE = 0, 1o E uamepumo. Takue MHOKECTBAa Ha3bIBAIOTCS MHOXCECMSA-
Mu mepot Hyav. JIio6oe MOAMHOMKECTBO MHOMKECTBA Mephl HYJb H3MEPHMO H HMeer
Mepy HyJb.

3. Jlo6aBAeHHe K H3MEDHMOMY MHOXECTIBY HJIH H3bsATHE H3 HEro MHOXeCTBa
MepHl HYJIb HE HapylIaeT ero H3MEepHMOCTH M He H3MeHsSeT ero Mephl.

4. JlioGoit napaJyiesienine] H3MEPHM, H €ro Mepa paBHa €ro n-MepHOMY o0BbeMy.

5. Ecin E u F — u3mepHMble MHOXeCTBa Takue, yto E — F, 10

mE < mF (<MOHOTOHHOCTb MEpEI»).

6. O6bveanHeHHe 060N KOHEYHOH HJIM CYETHOH COBOKYIPHOCTH H3MEPHMBIX MHO-

xkectB {E,} ectb H3MepUMOEe MHOXECTBO, NpHYEM

m(UE,) < ZmE, (nonyaliuTHBHOCTL MepbI»),
n n
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7. Ilns o6befMHeH s 0G0 KOHEUHOH HMJIH CYETHOI COBOKYIHOCTH IONAapHO He
IepeceKaloluXcsi H3MepUMbIX MHoxKecTB {E,} cnpaBefiuBo paBEeHCTBO

m(UE, = ZmE n (¢«cueTHast aiAHTHBHOCTb MEphI»).
n n

8. Ecan E u F usmepumsl, 1o E '\ F Takxe H3MEpHMO; eciH npHu stoM E D F
# mE <-4 o0, 10 m(E \ F) = mE — mF.

9. IMepeceuenue n060i KOHEYHOH HJIH CUETHOH COBOKYNHOCTH H3MEPHMBIX MHO-
HKECTB H3MEPHMO.

10. Jlio6oe 3amKHYTOE H JI060€ OTKPLITOE MHOXKECTBO NpoCTpaHCTBa R™ H3Me-
pHmo.
11. IOna moGoro uamepuMoro MHoxecTBa E M qo6oro uncna € > 0 cyuectByer
3aMkHyTOe MHOXecTBO F  E Takoe, 4TO

m(E\F) <e.

12. Mepa Besikoro H3mepuMoro MHoxecTBa ECR™ siBisieTcsi BepXHei TpaHblo
Mep 3aMKHYTHIX MHOXecCTB F, BkiIoyaomuxcs B E, H HUXKHEH FPaHbIO MED OTKPHITHIX
mHOXecTB G, BKIOYaomux E:
mE = sup mF = inf mG.
FCE GDE

13. Ecmun {E,} — Bo3pacraoiasi noc/ief0BaTeJbHOCTb H3MEPHMbIX MHOXKECTB

TO m (| Ep) = lim mE,,.
n n—-»-+4oo

14. Ecmu  {E,} — y6hiBalowas moCnef0BATebHOCTh HM3MEPHMBIX MHOMECTB,

upuueM mE; < +o00, 10
m(N\E,) = limmE,.
n n->-oo

15. Eciu E uaMepHMo, TO BCSKOE KOHFPYIHTHOE €My MHOXKECTBO TakXKe H3Me-
PHMO M HMeeT Ty e Mepy, uto H E.

16. B mpoctpancTse R”™ cyuecTByioT HeusMepHMble MHoxectBa. Bosee Toro,
BCSIKOE M3MEDHMOE MHOXEeCTBO, Mepa KOTOporo GoJjblue HYJIS, COAEPXKHT HeH3MepH-
Moe MOAMHOKECTBO.

Ecin n= 1, 1. e. ecain paccmatpuBaeMoe NPOCTPAHCTBO SIBJSIETCS UYHCJIOBOMH
NpsiMOf, TO H3MeDHMble MHOXECTBa B HEM Ha3bIBAIOTCS AUHELHO USMEPUMbIMU, &
mepa B R! HaswiBaeTcsi auseiinoti mepodi. Jlns oTpe3KoB OHAa CBOXHMTCS K OGHLIYHOIM
aauHe. )Kenasi MORYEPKHYTb, UTO peub HIET HMEHHO O JIHHEHHOH Mepe, Mbl MHIIeM
BHH3Y uHpekc 1: myE.

Ecan n= 2, 1. e. ecin peub HAeT 0 MHOXKECTBAaX Ha IVIOCKOCTH, TO Mepa Ha3bl-
BaeTCsl NAOCKOLl, a U3MepHMble MHOXEeCTBa— MHOXECTBAMH, H3MEDHMBIMH B CMEICJIE
naockoii mepot. Tlnockas Mmepa mHoxectBa EC R? o6GosHauaercss myE. Ilas npsamo-
YroJbHHKOB OHa CBOJZMTCS K OGBIYHOM IVIOaJH.

Amnasnoruuno o6cTouT Aeso Ansi MHoXecTBa B R3. B 3ToM ciryuae MH roBopUM 0
TpexMepHoii Mepe H o6o3HayaeM ee mzE. Jlas TpexMepHHIX napaJsulesenHnefoB oHa
CBOJUTCH K OObIYHOMY 0OBEMY.

B nanbHeiimem nuAeKc, 0603HaYAIONIHE pa3MEepHOCTb Mephl, GYAeT, KaK IpaBHJIo,
OMYyCKaThCs.

B 3ak/ioueHHe OTMETHM OJHO CBOHCTBO JIMHEHHOH Mephl: eciH G — OTKpBITO®
MﬂomeCTgo Ha npsMmo#, To mG = Zmly, rae [, — cocTaBisonlye HHTEPBAJIBLI MHO-
xectBa G.

3agaum

407. Jloxasarb, 4TO BCSIKOE MHOXKeCTBO E, pacnosioXe€HHOe Ha OCH
Ox (naxke ecyii OHO SIBJISIETCS] HEM3MEPHUMLIM MHOMKECTBOM Ha NPSMOH),
H3MepHMO Ha IocKocTH Oxy H ero IJocKasi Mepa paBHa HYJIO.

408. JloxasaTb, 4YTO COBOKYMHOCTb BCE€X H3MEPHMBIX MHOMKECTB

46



Ha TpsMO# (a TakxKe Ha IJIOCKOCTH) HMEeT MOIIHOCTb 2¢ (THIepKOHTH-
HYYM).

409. TMoctpouth Ha orpeske [0, 1] HUTZle HE IVIOTHOE COBEpIIEHHOE
MHOKECTBO, JIHHeHHasi Mepa KoToporo pasHa 0,9.

410. IToctpouth Ha orpeske [0, 1] HHTZe He MJIOTHOE COBepIEHHOE
MHOXKECTBO 3alaHHOi Mephl a < 1.

411. MoxHo Jii mocTpouTh Ha otpeske [0, 1] HurAEe He MJIOTHOE CO-
Be PIIIEHHOE MHOXKECTBO Mephl 1?

412. TTocrpouts Ha kBagpare [0, 1] X [0, 1] Hurge He MJIOTHOE CO-
BepIIEHHOE MHOXECTBO, IIJIOCKAasi Mepa KOTOPOTO paBHA 3aJaHHOMY
HeoTpHIaTeibHOMY yucay a < 1.

413. KakoBa mnjockasi Mepa MHOKECTBA, INOCTPOCHHOI'O B 3ajaye
244 («xoBep CepnHHCKOIro»)?

414. KakoBa mnjockasi Mepa MHOXKECTBa, IIOCTPOEHHOIO B 3ajauye
245 («kyapbume CepnHHCKOTr0»)?

415, KakoBa mjockasi Mepa MHOXKeCTBA, [OCTPOEHHOTO B 3ajauye
246 («kaHTOpOBa TIpeGEHKay)?

416. [loka3aTb, uTo J000€ OrpaHHUYEHHOE H3MEPHMOE MHOXKECTBO
E na npsiMoii, uMeroliee MOJOXKUTENbHYIO JHHEfHYIO Mepy p, copep-
JKHT H3MEePUMOe TIOIMHOKECTBO MepHI ¢, I'le § — TPOH3BOJIbHOE 3aJlaHHOe
NOJIOXKUTEJIbHOE YHCJIO, MEHbILee, 4eM p.

417. oxasarb, uro Jio6oe H3MepuMoe MHOxKecTBO E Ha mpsmo#
(e o6Gs3aTeNbHO OrpaHHyeHHoe) Takoe, 4yTo 0 < ME = p < oo,
COZIEP3KUT OTPAaHHYEHHOE H3MepPHMOe HOAMHOXECTBO MepHl ¢, Fie ¢ —
NPOM3BOJIbHOE 33JJaHHOE IOJIOXKHTENBHOE YHCJIO, MEHbLIee, 4YeM p.

418. Ilyctb E — u3MepuMOe MHOXKECTBO Ha INPsAMOH Takoe, 4TO
0 <mE =p <+ o0, a g — Kaxkoe-JH0O TOJOXKHUTEJbHOE UYHCJIO,
MmeHbliee, yeM p. Jlokasarb, YTO CYIIECTBYET OIPAaHHYEHHOE C O B € P-
meHHOe MHO)ectBo M — E rtaxkoe, yto mM =gq.

419. IoxasaTb, YTO BCSAKOE H3MEPHMOE MHOMXKECTBO E NOJOXHTENb-
HOH JIMHEHHO! Mepbl UMEET MOIUHOCTh KOHTHHYYyMa.

420. JlokasaTb, yTo JM1060€ H3MEPHMOEe MHOXKECTBO E Ha IVIOCKOCTH,
HMEIOoIEe TIOMIOKHTEIbHYIO IJIOCKYI0O Mepy p, CONEPKUT H3MEPHUMOe
NOJIMHOXECTBO M TJIOCKO# MepHl ¢, THe g — NPOH3BOJNIBLHOE 3aJlaHHOE
NOJIOKUTEJIbHOE UHCJIO, MEHbIlee, YeM p.

421. JlokasaTb, 4TO MJIOCKOE MHO}kecTBO M < E (cM. NpeApIAYILyIO
3aJiayy) MOXKHO BhIOpaTb COBEPIIEHHBIM.

422. MoxeT /i1 paBHATHCA HYJIO Mépa MHOXKECTBA, KOTOPOE Cojep-
KHT XOTf Obl OHY BHYTPEHHIOIO TOYKY?

423. MoXHO /I TIOCTPOHUTh Ha oTpeske [a, b] 3aMKHYTOEe MHOXKECTBO
JIMHEHHOH MepH b — @, OTJIHYHOE OT BCero oTpeskar

424. Moxer su nepeceuenne E = (| E, yGmBaomeit nocjexoBa-

n
tesbHOCTH {E,} M3MEPHMBEIX MHOMXKECTB GeCKOHeUHOlH Mephl HMeTb Gec-
KOHEUHYI0 Mepy? KoHeunyio Mepy, OTJIHUHYIO OT HYJA? Mepy HYyJ/b?

425. Moxer su ob6nepunenne E = |J E, Bospacraiomed rmocJe-
n
IOBaTeJbHOCTH H3MEPHMBIX MHOXECTB KOHEUHOH MEphl HMETh KOHEYHYIO

Mepy? DBeckoHeuHyio mepy?
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426. ITycts E — MHOXKeCTBO BCex TeX Touek orpeska [0, 1], B pas-
JIOXEHHH KOTOPBIX B 6 € CKOHE@YH Y0 JBOHUHYIO ApoGb Ha Bcex
YeTHBIX MeCTax cTosAT HYJu. [lokasarb, uto E HMIJE HE IJIOTHO H 4TO
mepa E paBHa Hy.0.

427. MoxeT Jii HEOrpaHHYEHHOE H3MEPHMOE MHOXKECTBO Ha NpPSMOH
HMETb KOHEYHYIO IIOJIOXKHTEJIbHYIO Mepy?

428. Jloxkasartb, 4TO BCSIKOE HENYCTOe 3aMKHYTOE MHOMECTBO MEpHI
HYJb Ha NPsAMOH HHUTJe He IUIOTHO. PelMTh aHAJOrHYHYIO 3anauy
JVIsi TUIOCKOCTH H JJIS TPEeXMepHOro MpOCTPaHCTBA.

429. Tlycrtp muoxectBo E Ha orpeske [0, 1] umeer Mepy Hysb. [loJ-

JHO JM U €FO 3aMblkaHHe E GbITh MHOMXECTBOM MePHI HYJIb?
430. Ilycte E — HHUTIe He NJIOTHOE MHOXKECTBO MepPhl HYJb Ha OT-

peske [0, 17. JomxkHO M U ero 3ambikanue E GBITb MHOXKECTBOM MePHI
HYJIb?

431. Hoxasatk, uTo ecau E — U3MEPHMOE MHOXKECTBO HOJIOXKH-
TeJIbHOH Mephl Ha NMPSMOM, TO B HEM HaHAYTCS TOUKH, PACCTOSHHE MEXK-
Iy KOTODBIMH HPpPaLHOHAJIBHO.

432. Noxasatb, uyTo ecid E — u3MepuMOe MHOXKECTBO IIOJIOXKH-
TeJIbHOH MepHl 1, PacIoJIOKEHHOe Ha oTpe3Ke [a, b], To B HeM HaiizeTcs
xors Obl OfIHA Mapa Pas/MYHbIX TOYEK, PAaCCTOSHHE MEXJY KOTOPBIMH
paLUOHA/bHO.

433. Joxasarb, uTo eciu E — HeorpaHHuYeHHOE M3MEPHMOE MHO-
JKECTBO TOJIOXKHUTEIbHOH MEPH Ha NPSAMOH, TO B HEM HaHAeTCs XOTs Obl
OflHA Napa pa3JHYHBIX TOYEK, PACCTOSIHHE MEeXAY KOTOPBLIMH pamuo-
HaJIbHO.

434. KakoBo CTpoeHHe H KakOBa Mepa MHOxecTBa E Tex Touek oT-
peska [0, 1], KOTOpHIE JONMYCKAIOT Pa3JioXKeHHE B JAECATHUHYIO JPoOb
6e3 Kcrnoab30BaHu 1 LUPpeL 77

435. KakoBo CTpoeHHE H KakKOBa Mepa MHOXKECTBA TeX TOYEK OT-
peska [0, 1], necsATHYHOe pa3/IOKEHHE KOTOPHIX HEBO3MOXHO 06e3
uudpel 77

436. KakoBo CTpoeHHe U KaKoBa Mepa MHOxecTBa H BCeX TeX TO-
YyeK IpsiMOH, KOTOpBbIE AOMYCKAaIOT PAa3/IOKEHHE B JECATHUHYIO JIpobb
6e3 Hcrnosnb30BaHUs LHGpPLL 7 TOCIE 3ansTOH?

437. KakoBo CTpoeHHe M KaKoBa Mepa MHOXKECTBA TOYEK OTpe3ka
[0, 1], B pa3so:xkeHHH KOTOPHIX B 6€CKOHEUYHY 0 JeCATHUHYIO
J1po6s GUrypupyloT Bce mudpet ot 1 o 9?

438. KakoBo cTpoeHHe U KaKoBa Mepa MHOXECTBA TeX TOYEK OT-
peska [0, 1], KoTopble HOMyCKAIOT JeCATHYHOEe pa3jiokeHHe 6e3 KomOu-
HallUK CTOAIMX pagoM wudp 2, 2, 27

439. OKoJIO0 KaXXIOH TOUKH KaHTOPOBA MHOXECTBA ONHMCAH HHTEp-
BaJ ayunel 0,1 ¢ nenTpom B 310# Touke. Uemy paBHa Mepa 0ObeIMHEHU
BCEX 5TUX MHTEPBAaJIOB?

440. Tlycrs Jay, byf, ..., Ja,, b,[, ... — CMEXHbIE HHTEPBAJIBI HUT/E
He MJIOTHOTO COBepllieHHOro MHOxecTBa £ mepwl 0,6, pacnosioxeHHOro
na orpeske [0, 1] u Takoro, uro inf E =0, sup £ = 1. Onuniem oko/0

o b;—a
KaxI0Od TOYKM @;, KaK OKOJIO LIeHTpAa, HHTepBaJ «; JJIHHBL —‘4—’;
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b —a o
TaKHe e HHTePBaJIbl U; JIHHBI ’—4—‘— OMHKILIEM OKOJIO KaxKAOH TOUKH

b,. TTokpoeT Jiu MHOXKECTBO (Uu) U (Uv) Bce MHOXecTBO E? Uto
MOKHO CKa3aTb O Mepe MHO}KeCTBa (Uui) U (Uv)’-’

441. MOXHO /M TNPEACTABHUTH 0Tpe30x (o, l] B BHJIe OOBEAHHEHH A
JBYX HellepeceKaloluXCcsl H3MepuMbiX MHOXKecTB A u B Tak, urolnl
JLJIA KaxJoro uurepsaia Ja, b € [0, 1] ymeso mecro:

mJa, L N 4) >0 u m(Ja, o[ N B) >0?

442. Moxer Ju OObEIHHEHHE CUETHOH COBOKYIIHOCTM HHUTAE He
IVIOTHBIX COBEPILIEHHBIX MHOXKECTB Ha oTpe3ke [a, ] umeTb mepy, pas-
HYylO b — a?

443. Moxer 1 00beHHEHHE CUETHOH COBOKYMHOCTH MOM a p H O
He NMepecekKawU uXCs HATAe He IUIOTHBIX COBEpPUIEHHBIX
MHOKeCTB Ha OTpeske [a, b] nMerb Mepy, paBHYyIO b — a?

444, CymectByeT Ju Ha orpe3ke [0, 1] HecueTHOe MHOXKECTBO MepHI
HYJb, TIJIOTHOE HA 3TOM OTpe3Ke?

445. Tycts {E,} — rocnef0BaTeIbHOCTD H3MEPHMBIX MHOMKECTB
Ha orpeske [0, 1], obnajaroias TeM CBOHCTBOM, 410 AJ1s Jjoboro &€ >0
Haijercs Takoe k, uto mE, > 1 — e. Jloka3arb, uro Mepa o0beAuHe:
Hus E 3THX MHOXKeCTB paBHa 1.

446. [okasarb, uro ecau E, u E, — u3mepHUMble MHOXKECTBA B
€BKJIHAOBOM IPOCTPAHCTBE, TO

mE, +mE, =m(E; U Ey) + m(E, N Ey)-

447. Hoka3sarb, 4TO A/ JM060H KOHEUHOM HJIH CUETHOH COBOKYIMHO-
crd {E, } H3MepHMBIX MHOXKECTB B €BK/IHMJOBOM IPOCTPAHCTBE HMeEET
MeCTO HepaBeHCTBO

ZmEz m(UEi)+ 2 m(E;NE)).

448. B 3amMxHYTOM NapaJiejenynese I ¢ peOpaMu efHHYHOH IJIH-
HbI 33/1aHBI 71 HU3MEPHMBIX MHOXECTB Ay, A,, ..., A,, CyMMa MEp KOTOpBIX
Gonbpie yeM n — 1:

mA, +mAy, + ... +ml, >n=—1.
Hoxasath, ut0 (] A; HMEET NOMOKHUTEJBHYIO MEPY.

I<i<n
449. Ilycrs {E,} — yObiBamolas MNOC/JIEL0BATENbHOCTh H3MEPHMbIX
MHOXKECTB B €BKJIHJO0BOM IPOCTPAHCTBE H € — 3aj|aHHOE MOJIOKHTE/Ib-
Hoe uHcio. Jlokasarb, YTO CYLIECTBYeT YGbiBaiollasi IOC/TeI0BarTe/b-
HOCTb 3aMKHYTHIX MHOXeCTB {F,} Takas, uTO JJIs KaXJOro n HMeeT
MeCTO

F,c E,, mF, >mE, —e.

450. Hy(:Tb E — u3mepuMoe MHOXKECTBO Ha npsAMOH, k — mpo-
H3BOJIbHOE JAefcTBUTENbHOE unciao. OGo3HauuM yepe3 RE MHOXKECTBO
BCEX TOUEK BHAa kx, rje x npoberaer E. Jlokasarb, 4TO MHOXeCTBO RE

M3MEPHMO H
m (kE) = |k| - mE
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451, Tlycte u3mepumoe MHOXecTBO E Ha mpsmoit obJanaer Tem
cBoiictBoMm, 4TO mpH Jwo6om 6 >0 muoxectso E ) ]—§, 6[ umeer
nojoxkutenbHyio Mepy. Ilyctb, kpome Toro, 0 € E. J[lokasars,
UTO CYIIECTBYET COBepIUeHHOe MHOXecTBO Q — E  rakoe, uUTO
m(Q ) 1—6, 6[) > 0 npu mobom 8 > 0.

Ilycts E — u3mepumoe MHoxecTBO B R u x, € R™.
. m(E NV (x €)
Ecnn lim———————
e-0 mV (xo, €)
naomrocmoto muoxcecmsa E B Toure xp. SIcHo, uto 0 < a < 1. Ecm a = 1, 10 %o
nasbiBaeTcs moukotl naomuocmu jns E, ecnin o = 0, TO xo Ha3biBaeTcsl Mo4Koi pas-
pesicerus.

CylLiecTsyer, TO €ero 3HayeHne Ha3bIBaeTCsa

452, KakoBa miorHoctb Kpyra x? 4 y2 {1 B pas/uuHbIX TOUKaX
naockoctd R?*? KakoBbl €ro TOYKH IVIOTHOCTH M TOYKH Pa3pekeHHsi?

453. KakoBa mJiotHoCcTh MHOXectBa E =7J—I1, 0[]0, 1[U {2}
Ha npsmoii? KakKoBbI €ro TOYKH INIOTHOCTH M TOYKH DaspeKeHus?

454. TlocTpouTb MHOXKECTBO Ha IJIOCKOCTH, HMEIOIIEE B JAaHHOH
Touke M, € R* mIOTHOCTb, paBHYIO 3ajaHHomy uucay o €0, 1[.

455. TlocTpONTbL MHOXKECTBO Ha NPAMOH, MMEIiee B JaHHOH TOUYKe
X, TWIOTHOCTb, PaBHYIO 3ajanHomy yucay o« € J0, I[.

456. Ilyctb E — n3mMepumoe MHOXKECTBO Ha IPSIMOH U MyCTh Touka 0
npuHagiexuT E ¥ saBisercs ero Toukol miotHocTd. Jlokasarb, urto cy-
IECTBYET CoBeplIeHHoe MHOXecTBO F — E, nas xoroporo 0 Takxke siB-
JISIeTCsl TOYKOH MJIOTHOCTH.

457. Ilycte E — Heu3MepHMoe MHOXKeCTBO Ha mnpsmofi, A — mHo-
KECTBO Mepbl HYJb Ha ToH ke npsmoH. [lokasaTbh, YTO MHOMKECTBO
E n CA wueusmepumo.

458. Tlyctb A, B — OTKpBITHIE MHOXKECTBA KOHEUHOH JHHEHHOH
mephl Ha ocsix Ox u Oy cooTBercTBeHHO. [lokasarh, uto m, (A X B) .=
=3 mlA * mLB

459. Ilyctp A — MHOMXECTBO JIHHEHHOH Mepnl HY/Jb Ha ocu Ox,
B — npousBonbHOe MHOKeCTBO Ha ocH Oy. Jlokasath, 4TO MHOXKECTBO
A X B uMeeT IIOCKYIO Mepy HYJIb.

460. JlokasaTh yTBepxkjeHHe 3ajaun 458 mas cayyas, korga A <
< Ox, B < Oy — npou3Bo/ibHEIE H3MEPUMBbIE MHOXKECTBA KOHEUHOM
JUHEHHOH MepHI.

461. Tlyctb A < Ox, B < Oy JuHeHiHO H3MepHMBI, IpHYeM mMy;A =
= +4o00, 0 <myB  +oo0. [lokasarb, uto A X B u3MepuMO B CMbIC-
Jie TJIOCKOH MepHl, IpHueM

my (A X B) =
462. OGosnauum yepe3 E MHOXKecTBO BceX TeX TOUeK KBajpara
[0, 17 X [0, 1], y KoropelX o0e KOOpAHHAaTHl HppaudoHadbHbl. [lo-

CTPOHTb COBEpIIEHHOe MHOKecTBO M — E NOJOXKHTENbHOH IJIOCKOH
MephI.

B 3apauax 463—469 nox X noApasyMmeBaercsi MPOM3BOJBHOE €BKJHAOBO NpO-

CTPaHCTBO, a MoA M (MAH m) — Mepa (HJIH BHeLIHsAs Mepa) MHOXKeCTBa B 3TOM IIpo-
CTpaHCTBE,
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463. JlokasaTb, uTO NPH JOGABJIEHHH K NPOM3BOJIBHOMY MHOKECTBY
E < X unu npu U3BATHH M3 HETO MHOXKECTBA H Mephl HY/b BHEIUHss
Mepa MHOxectBa E He meHnsercs.

464. doxasaTb, uTo AJs JMo6oro MHOXeCTBa E < X KOHEUHON
BHEIUHEH Mepel H J060ro umcaa &€ > 0 CYHECTBYeT Takoe OTKPHITOE
mMHOXeCTBO A D E, uto mA —e < mE  mA.

465. JlokasaTb, uTo A5 JoGoro MHoxkectBa E < X cymecrByer
TaKOe CojepKallee ero MHOxecrBo B tuna G,, uro mB = mkE.

466. Ilycts E — orpanuyenHoe MHOXecTBO B X, | — Kako#-iau60
3aMKHYTBIH Mapa/uieendne], BrMoudaonmi E. JlokasaTb, 4To ecsH
ml =mE + m (I \_E), ro E usmepumo.

467. Ilycte E — X. [lokas3aTb PaBHOCHJIBHOCTb CJAEAYIOUWHUX YT-
BepKAeHH:

1) E usmepumo.

2) Has xaxporo & > 0 cymecTByeT OTKphITOe MHOXKeCTBO G Takoe,
sro GO Eum(G\ E) <e.

3) Has kaxporo e > 0 cymecTByeT 3aMKHYTOe MHOXeCTBO F Takoe,
uro F < Eu m(E\ F) <e.

4) Cywecrsyer muoxectso A Tuma Gy Takoe, uto A D E u

m(A\ E) =0.
5) CymecrByer muoxectBo B tuna F; Takoe, uto B E
m(E\_B) =0.

Huaue roeopsd, JioGoe u3 ycaoBuit (2) — (5) paBHOCHJIBHO H3Me-
pumocTH MHOxKecTBa E.

468. Ilokasarb, YTO AJIS1 M3MEPUMOCTH MHOXKecTBa E — X HeoGxo-
JUMMO H JIOCTATOYHO BBHINOJIHEHHE JIIOOOrO H3 CJEAYIOUHX YCJIOBHH:

a) Ilna xaxuaoro & >0 CYIECTBYIOT 3aMKHYTOe MHOXeCTBO F
1 oTKpbiToe G Takue, yto FC Ec Gu m (G\ F) <e.

6) CymecrytoT mEoxectBo A Tuna G, u B tuna F_ Takue, uro
BcEcAum(AN\ B) =0.

469. Jloka3aTb cienytomuii npusnak Basne-ITyccena: «Jlaa Toro
uTo0bl MHOXKECTBO E < X KOHEYHOH BHemHeil Mephl ObLIO H3MEPHMO,
HeoGX0/IMMO U JIOCTaTOYHO, 4TOOHl /il Kaxioro € >0 cymiecTBoBajo
TAKOE MHOXECTBO H, COCTABJIEHHOE M3 KOHEUHOTO UYMCJAa OTKPHITHIX

napannenenunenos, uto m (EAH) < e».
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UACTb BTOPAS
TEOPUA YHKLUA

Fnasa VI
OBLLIASt TEOPUS OTOBPAXKEHMA

Ecan Kaxf0#l Touke ¥ MHOXKECTBAa R mocTaB/eHa B COOTBETCTBHE HEKOTOpAs TOY-
Ka y MHoxecTBa L, To roBopsT, uTo 3ajaHo omobpaxcenue R 6 L; sto oTroGpaxeHune
HasbiBaeTcsl Takke (QyHKuued, orobpaxatome R B L (uan onpefeseHHOH B R H
npHHHMalomed 3Hayenus B L). [Ipn sTom R HasbiBaeTcst 06.2acmeto onpedeserus byHK-
uuu, a L — ee o6racmer npubsimus.

OGosHauuM uepe3 f kakyo-1u6o ¢yHKUMIO, otoGpaxkatomyio R B L. Ecnu sta
(YHKIHS CTaBHT B COOTBETCTBHE ToyKe X € R Touky y € L, To y HasniBaeTcs 3Hade-
Huem pynkyuu f 8 mouxe x u o6osnavaercs f (x). Ilycrb A < R. Toraa uepes f (A)
0603HayaeTCss MHOXECTBO BCEX Te€X Touek Y € L, KOTOphi€ SBJSIOTCSI 3HAYEHHSMH
oyukunu f xoTs 661 A ogHoro x € A. MHoxectBo f (A) HaswiBaeTcs 06pasom MHo-
acecmsa A. B uacTHOCTH, 06pa3 Beei o6nacTu onpefieniesasi (1. . MHoKkecTBo f (R)
C L) HasbiBaeTcs 064acmolo 3HAUEHU U MHOJCECMBoM 3HadeHul GyHKUMH f.

IMycts B — kakoe-1u60 noAMHoxkecTBo MHOXKecTBa L. O6o3nauum uepes [~ (B)
MHOXKECTBO TEX H TOJIbKO TeX TOYeK X € R, A/l KOTOPLIX 3HAUeHHs PYHKUHH NpPHHAA~
nexar B. Muoxectso f~1 (B) nasmiBaetca npoobpasom MHOXKecTBa B.

Ecau o6nacts 3HaueHu# pyHKUHMH | coBnajaer co BceM MHoxecTBoM L, To f Ha-
3bIBaeTCsi omobpascetuem MHOXKecTBa R Ha MHOXecTBO L.

Ecnn npoo6pa3 KaxAoro OAHOTOYEYHOTO MHOXKECTBA H3 061acTH 3HaueHui QyHK-
1HH f eCTb ONHOTOYEUHOE MHOXKECTBO, T. €. eclH H3 f (x1) = f (%) (x; € R, x3 € R)
CIELYeT X; = Xy, TO [ HA3KLIBACTCS B3AUMHO 0OHO3HA4HbM omobpancerues R na | (R).
Ecan npu stom ¢pyukuus f oto6paxkaer R na L, 1. e. f (R) = L, 10 f Gyzet Bsaumuo
OJIHO3HAYHLIM OTOOpaXKeHHeM MHU2KecTBa R Ha MHOXecTBO L (B 5TOM Cliyuae roBOpAT
TaKXKe, YTO [ OCYIIECTBJISIET 83AUMHO OOHO3HAYHOE COOMEEMCMAUEe MEXIY MHOXKeCT-
BaMH R u L); ajs Takoil (pyHKUHH OIHO3HAYHO omnpejensercss obpamuasn Pynxyun,
CTaBsilllasi B COOTBETCTBHE KaXIoi Touke y € L Ty efUHCTBEHHYIO TOYKY X € R, Ais
zomplgifx f (x) = y. SicHo, uTo o6partHas (GyHKUUS B3AHMHO ONHO3HAYHO OTOGPANKAET

Ha R.

Yacro ¢pynkunio f o6osHayalor yepes f (x), cunras x nepeMeHHOH Toukoi obna-
ctH onpegenerns R dyukuun f. Ect R < X; X ... X X,, 10 dyHkuuio f o603Ha-
4aIlOT TakXe uepes f (X1, ..., X,;) H CUHTAIOT ee 3aBHCSLIEH OT 1 NMEPEMEHHHIX Xj, ...,
X,, TNPHHAMAIOIMX 3HAUYEHHS B COOTBETCTBYIOUIMX MHOXKeCTBaX Xj, ..., X, TaK,
YTO IPH 3TOM (X1, ..., X,) € R.

3agaun

470. ITyctb A — Npou3BOJbHOE MHOXKECTBO M3 O0JacTH onpejeJe-
uua ¢yHkuun f. Bepro su pasenctso f—1 (f (4)) = A?

471. Ilycte B — npou3BONIbHOE MHOMKECTBO M3 00JIaCTH 3HauyeHHH
¢yukuun f. Bepuo su pasenctso [ (f~1 (B)) = B?

472. BepHpl 1 yTBEPKIEHHS

f(AU B) =f(A4) U [(B),
A n B) =fA) N fB)?
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Ecnu kakoe-mi60 M3 3THX YTBepKIECHUH HEBEPHO, TO NMPUBECTH IIPOTH-
Bopeyauui npumep.

473. Jloxas3aTh, YTO €CJIU [ SBASETCI B3 AU MHO OJA H O3 H a U-
H Bl M OTOGpakeHHeM MHOKeCTBa R Ha MHOxkecTBO f (R), TO 11si moGoi
I0C/Ie10BATeIbHOCTH MHOXKeCTB Ay, Ay, ..., A;, ... (A, = R) cmpasen-
JIMBBl paBeHCTBA:

D £ (YA = YF (4,
2) f(QAk) = f’lf(Ah)°

474. Kakue u3 paBeHCTB, pacCMOTPEHHHIX B INpexbiAyLIeH 3anaue,
nepectaroT 6LITb BEPHLIMH, €CJIH OTOOpakeHHe f He SIBJSETCS B3aMMHO
OXHO3HAYHBIM?

475. Bepuo J, uto f (R \ A) =f (R) \\ f (A), rre R — obnactsb
onpeneJjieHuss QyHKLIUU?

476. Tlyctb A 1 B — MHOXECTBa H3 00J1aCTH TNPHOBITHA (YHK-
uuu f. BepHbl M paBeHCTBa:

AN B) =*A)nf*d),
[(A U B) =) U ®Be

477. Tlyctb ¢yHkuus f oTob6pakaeT MHOXECTBO R B MHOXKeCTBO L
H A — L. CiopaBefyiMBO JIH paBEHCTBO

FPLNA) = L)\ AP
478, Ilyctb [ — xakas-1u00 GYHKUHS H MHOXKecTBa Ay, A,,

ooy Ap, ... ABJSIIOTCS NOAMHOXKECTBAMH €€ 00JIaCTH NpPHOLITHSA. Bephut
JIM paBeHCTBa

f (l%Ak) = l’.zlf_l (4,), (QAI:) = Qf_i (4,)?

FnasalX.

HEMPEPBIBHbIE YACAOBBIE dYHKLUMKU B
METPUHECKUX MPOCTPAHCTBAX

Yucaosoti pynkyued HaspiBaeTcst GYHKUHSA, NPHHAMAIOMIAS YHCIOBbIE 3HAYEHHS,
T. €. HMelollast 06/1acTbl0 3HAYEHHH HEKOTOpOe MHOMXECTBO ACGHCTBHTEJNbHHIX UYHCEN.
Tonbko Takne PyHKUHH paccMaTpUBAIOTCS B HACTOsIMIEH rJlaBe, rie OHH Ha3blBAIOTCS
npocto ¢ yHKIHIMH.

[lycTe 061acCTblo ONpeAeseHHsl YUCI0BOH QYHKUHU [ (X) ABIACTCS NOAMHOXKECT-
Bo A MeTpHYeCKOro mpoctpadctBa X, H myctb E — NmpoH3BOJNIbHOE MHOMXKECTBO, pac-
nosoxeHHoe B X. JaguMm onpegeneHne Henpepwisrocmu yukyuu f (x) 8 mouke xo
omuocumensvo muoocecmsa E.

Onpenenenue l (Kouwn). Pynkyus f (x), onpedesennas na muoxcecm-
ge A, HQ3bIBACIMCA HeNpepbiBHOL 8 MOuKe Xo OMHOCUMeAbHO mHoxcecmsa E, ecau

1) 0o €A ] E;

2) 0Oaa a06020 € > 0 cyuwjecmeyem maxaa okpecmuocms U (xo) mouku Xo, 4mo dan
scexx €A N E N U {x) umeem mecmo nepasercmso

1) — x| <.

Orciofia, B 4aCTHOCTH, CJIEAYET, UTO €C/H Xo ABJASETCS H30JHPOBAHHOH TOUKOI
obnact onpefeneHus yHkuuu f (x), To 3Ta GyHKIKA HENPepPHIBHA B TOYKE Xo OTHO-
cHTeJbHO Mo6oro MHoxectBa E, cofeparuero Touky Xo .

M3 onpegenenns | ciaepyer Takixe, UToO €ClH Xo SIBJASICTCS H301HPOBAHHOM TOUKOH
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MHOXecTBa E, To mo6as ¢pyHkuus f (x), onpefiesieHHasi B TOYKE Xo; HENpEpLIBHA B
3TOH TOYKE OTHOCHTeNbHO E.

Ecnu ¢ynkuus f (x) HempepbiBHA B TOUKE Xo OTHOCHTEJBLHO HEKOTOPOH €€ OKpecT-
HOCTH, TO OHA Ha3bIBAETCSH NOAHOCMbIO HEenpepbieHol 8 mouke xo. B Tex ciyuasx, Koraa
3T0 He GyJeT NMPHBOAHTb K HESCHOCTH, Mbl GYJIeM OMYCKAaTb CJIOBO <IIOJHOCTBIO® H
Ha3plBaTh (DYHKIIHIO, TMOJHOCTBIO HEIPEPHIBHYIO B TOUYKE Xo, NPOCTO HenpepuisHoil B
9TOH TOUKE.

SlcHo, uTo ecau GYHKUHS MONHOCTBIO HEIIPEPEIBHA B TOUKE Xo, TO OHa HENpEephIB-
Ha B 5TOH TOYKe TaK:kKe OTHOCHTeNIbHO Jio6oro MHoMecTBa E, coflepkKaimero TOUKY Xo.

IMpumepsr. 1) Pynrunus f (x) = x2, onpelenennas Beiofy Ha R, Henpepbis-
Ha B KaxJofi Touke Xo € RL.

2) Dynxyus Qupuxae
)= {l NpH X palHOHAJIbHOM,
0 npH X HPpaLHOHAIBHOM,
ompesieieHHas BeloAy Ha RY, HempeprIBHA B Touke Xo = /2 OTHOCHTE/IbHO MHOXKECTBA
BCEX HPPAllHOHAJBHBIX YHCEJ; OAHAKO OHA He sIBJIAETCS NMOJHOCTHIO HENpEpPHIBHOH B
9TOH TOUKe.

3) dynkuus

Fy) = {10, ec x% + y2 1,
’ 5, ecnin x2 4 y2 > 1,

HenpepbeiBHA B TOUKE Mo (V—zz, ]%) OTHOCHTE/JIbHO 3aMKHYTOrQ €JAMHHYHOIO Kpyra

E cuéutpom B Hauasne KOOPAHHAT; OXHAKO OHA He SIBJISIETCS TIOJIHOCTBIO HENpEpHIBHOI
B 3T0i Toyke. Ta e (QyHKUMS MOJNHOCTbIO HempepelBHA B J0G0i Touke My (xq, ¥4),
Jexaniei BHYTpH Kpyra E; ciefjoBaTesibHO, OHa HempephiBHA B Touke M; Takke OT-
HOCHTEJIbHO KaKOI'0 YrOJHO MHOXKEeCTBa, CoAepKalero Touky M.

Hnsa dynkuui ofHol nepeMeHHOH (T. e. QyHKUHMH, 06/1aCTh ONMpeJeNEeHHs KOTO-
PHIX JIEXHT Ha NpsMOH R') MOXKHO FOBODHTb Takke 00 00HOCMOpPOHHel Henpepbisto-
cmu.

Dyuxius [ (x), onpeliesieHHas Ha YHCIOBOMH NPAMOI HJIH HA €€ YacTH, HA3LIBAeTCS
HenpepoigHOt Cnpasa B TOYKE Xo, €CJIH OHA HENMpEPEIBHA B 3TOH TOYKE OTHOCHTEJBHO
HEKOTOPOro NpoMexyTKa [xo, b[, rie b > xo; 5Ta GYHKIMS HA3HIBAETCH HenpepoisHoll
/€64 B TOUKE Xg, €CTH OHA HeNpepHBHA B 3TOH TOUKE OTHOCHTEJBHO HEKOTOPOTO MPO-
MexyTsa Ja, xol, The a < Xo.

Jlerko BuAeTb, YTO ecu @YHKUHSI HenpephiBHa B TOUKE Xo CIpaBa H CjeBa, TO
OHa NOJIHOCTBIO HelpephiBHA B 3TOH TOUKeE.

Hanum Tenepb Apyroe onpefiejieHHe HENpPEPHIBHOCTH (YHKIMH, SKBHBaJeHTHOE
onpefenenuio Ko,

Onpenenenue 2 (Ceiine). Pynkyus [ (x), onpederennas wa muoxce-
cmee A, Hasbieaemca HenpepuisHoil 8 mouke Xo omHocumessno mroxcecmsa E, ecau

1) xo €A ) E;

2) 0an aobolk nocaedosamersvrocmu movex {xp} u3 A (| E, cxodaweiica Kk xo
(1. e. Takoii, q'r’c; lim p (xp, o) = 0), umeem mecmo pasercmso

- 00

lim f () = f (x0-
k4o

KoneGanue ¢yukuun na MHOXecTBe H B Touke. [Tycth dyHkuus f (x) onpegenena
Ha MHOXecTBe A. KoneGanuem of Gpyngund f (x) Ha 5TOM MHOXKeCTBe Ha3bIBaeTCs pas-
A

HOCTb MeXJy BepXHell H HHKHeil rpaHsMH 5To# GyHKIHH Ha MHoxXecTBe A:
of = sup f (x) — inf f (x).
A xcA x<A
3aMeTuM, 4TO MH He Tpe6yeM, uToOH GyHKUHA f (x) Gbia OrpaHHYeHa HAa MHOMKECTBE
A. Tostomy sugl f (x) moxer paBHATbCs GO KOHEUHOMY uHcay (ecaH f (x) orpaHH-
X

€
ueHa cBepXy Ha MHoxecTBe A), in6Go 0o (ecau 31a YHKUHUS He OrpaHHUEHA CBEPXY
na A). TouHo Tak xe H inf [ (x) moxer paBHATbCA JHOO KOHEYHOMY 4YHC]Y, JHOO
XA

—oo. CnepoBaTenibHO,
0< g)f < oo
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Ecin A; C Ay, 10 sup f(x) < sup f(x), inf f(x) > inf f (x).
x€A, %€A, xcd, x€A,
Toatomy ;lof < of.

A

Hycmlq;yﬂxufua f (x) onpenenena Ha MHOXKecTBe A, pacroJIOKEHHOM B MeTpUue-
CKOM MPOCTPAHCTBE; yCTh E — Kakoe-HHGYJb MHOMECTBO, JIeXaliee B TOM Xe Mpo-
crpancTBe, H nyctb xo € A [ E. Kosebanuen dpynryuu f (x) 8 mouke xo omuocumeao-
no mnoxcecmsa E (o603navaerca o [f, xo, E]) HasniBaeTcs mpefiel1, K KOTOPOMY CTpe-
MuTC KosieGaHHe 3Tofi ¢yHkuuu Ha muoxectBe E [}V (xo, 6,) mpu 8, — 0. Dror
npefes (KOHEUHBIH HJIH DaBHBHI -00) BCEr[a CyLIECTBYeT H HE 3aBHCHT OT BHOOpa
nocsiefoBaTesbHOCTH okpectHoctedt {V (xo, 6,)} (MHIIb GBI pajHyCHl 3THX OKPECTHO-
CTeii CTPEMUJIKCH K HYJIO pH 1 — -+ oo). Hrak,

o[f, x,, E]= lim [0) f.
bn-»OE n V (xg, 6")

Ecaint, roBopst o Kosie6anuy QyHKUMH f (X) B TOUKE Xo, Mbl HE YKa3bIBaeM, OTHOCH-
TeNbHO KAKOro MHoxkectBa E paccMaTpuBaerTcst 9To KoseGaHHe, TO MOApasyMeBaeTcs,
YT0 peyb HAET O KOJeGAaHHH B TOYKE Xp OTHOCHTENHLHO HEKOTOPOH OKPECTHOCTH 3TOM
ToukH. B 3ToM ciyuae koneGaHue ¢pyHKuMH f (X¥) B Touke Xo o6o3Hayaercs o [f, xol.

C nomompblo NOHATHS KoJeGaHUsl QYHKIHH B TOUKE MOXKHO JaTh TPEThe ompefie-
JieHHe HenpephBHOCTH (QYHKIMH, 5KBHMBAJIEHTHOE NEPBLIM ABYM.

Onpenenenne 3 (Boapa). Pynkyus f (x), onpedesenrasn Ha mHoKcecmse
A, nasvisaemcs HenpepisHoll 8 mouke Xo omuocumeasro mrosxcecmsa E, ecauxo € A(\E
u Koaebarue pynxyuu 8 smoti mouxe omuocumervHo mroxcecmsa E pasro nyato:

® [f, xo, E]= 0.

Toukn paspmiBa. Ilyctb ¢pyukuus f (x) onpenesneHa Ha MHoxectBe E (E C X);
moukoll paspeisa 3Toit HYHKUHH Ha3bIBaeTCst BCsikasi Touka U3 E, B KOTOpO#H Kose6a-
Hue GYHKUUY (OTHOCHTeNbHO MHOXecTBa E) He paBHO HyJO, a Takxke JoGass mpe-
JieNbHAs ToYKa ee o6sacTy onpenenenus E, He BxoAsmas B E.

[Ipumep. OyHKUHA SgN x (YHTaeTCs CCHCHYM HKC»), ONpeJe/ieHHas paBeH-
crBamu sgn x = | npu x > 0, sgn x = —1 npu x < 0, sgn 0 = 0, pa3pbiBHa B TOU-
ke xo = 0.

Touka Xxo Ha3HBaeTCs TOUYKOH YCMPAHUMO20 PA3PLIBA, €CIH MOXKHO H3MEHHThb
3HayeHHe (pyHKIHH TOJNIBKO B 9TOH TOuke (HJH JOONpPEeJENHTh QYHKUHIO B 3TOH TOY-
Ke, CJIM OHa B Hell He onpefieieHa) TaK, YyToGb (PyHKIHS CTaja HEeNpepbIBHONX B TOY-
Ke Xo.

Touka xo, ABJAOMANACS TOYKOH pasphiBa ¢yHKuuM [ (x), Ha3wBaeTcss MoOuKOL
paspuisa nepsozo poda, ecli CyIIeCTBYIOT 06a OAHOCTOPOHHHX Npefiesa MPH X —> Xo:

f(xo—0)= lim f(x) u [(x,+0) = lim [(x),
X->Xq+0

X->Xq—0

1 OHH 062 KoHeuHBl. IIpu 3TOM pasHocTs f(xy + 0) — f (xo — 0) HasbBaeTcs ckaukom
¢yHkuuu f(x) B Touke xp. Eciu ¢yHKnMA onpejeneHa B TOYKE X, TO PasHOCTH
f(xo+ 0) — f (x0) u f (x0) — f (¥o — 0) Ha3LIBAIOTCS COOTBETCTBEHHO NPABLIM. CKA4-
KoM 1 nesbim ckaukom QYHKIMY [ (X) B TOUKe Xo.

SIcHO, YTO TOYKa YCTPAHMMOTO pPa3phiBa SIBJSIETCS YACTHHIM CJy4YaeM TOYKH pas-
phIBa NEpPBOTO POAA H CKAUOK QYHKIHH B 3TOH TOUKE PaBeH HYJIO.

Touka paspeiBa, He fBJSIOMIASACS TOYKOH pa3peiBa MEpBOro PoOAa, HashBaeTCs
moukoti paspuisa emopozo poda.

CeoiicTBa ¢yHKumii, HenpepbiBHbiX B Touke. 1) Ecau ¢yukuun ¢ (x) u § (x) He-
NpepHBHE B TOYKE Yo OTHOCHTEJbHO MHOXecTBa E, TO CyMMa H NpPOH3BEJCHHE 3THX
GYHKUHA HelpepHBHH B 3T0# Touke oTHocuTenbHo E. Ecnu, kpome Toro, P (xo) = 0,

P ¥, o
TO YaCTHOE TaK:Ke HeNnpephsiBHO B 5TOi TOYKE OTHOCcHTeNbHO E.

2) Tlycte pyHKUHS @ (¥) HenpepniBHA B TOYKE Xp OTHOCHTENBHO MHOXecTBa E,
npuueM @ (xo) = yo. Ilyctb, kpome Toro, dynkuus ¥ (y), onpelieieHHasi Ha YHCJIO-
BOM MHOXKECTBE, HempephiBHA B TOUKE Yo OTHOCHTeILHO HEKOTODOrO MHOMECTBa
F — R'. Toraa cynepnosuuus 3Tux QyHKUMi, T. €. caoxHas QyHKuus P (9 (x)),
HempepblBHA B TOYKE Xo OTHOCHTE/IBHO MHOXectBa E () ¢~ (F).
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3) Ecaun ¢ynkuusa f (x) onpefeneHa Ha MHoXKecTBe A H HenpepeiBHa B TOUKE Xo
oTHOCcHTeNbHO E, To OHa orpaHHYeHa B HEKOTOPOH OKPECTHOCTH 3TOil TOUKH (TouHee
roBopsi, Ha nepeceueHHH MHokecTBa A [} E ¢ HEKOTOPO# OKPECTHOCTBIO TOUKH Xo).

4) Ecnn ¢pyukuns f (x) onpefesieHa Ha MHOXecTBe A M HenpephlBHa B TOUKE Xo
OTHOCHTENIbHO MHOXecTBa E, mpuueM f (xo) > 0, To cymecTByer Takas OKPeCTHOCTb
V (xo) TOUKH X, 40 f (x) > 0 anst Bcex x € A | E | V (x0); aHasorHyHoe yTBEpK-
IEHHE CIpaBeJyINBO H TOrAa, korfa f (xo) < 0. Hpyramu cnoBamu: «HempepeiBHas
B TOYKE Xo PYHKIMS CoXpaHsieT CBoH 3HaK B HEKOTOPOH OKPECTHOCTH 3TOi TOUKH».

5) Ecnu Ey — E 4 B HeKoTOpOii Touke Xo € E; dyHKunus f (x) HenpepniBHa oTHO-
curenbHo E, To B 3TOi e TOYKe OHa HeNMpepHIBHA M OTHOCHTENbHO E; (o6paTHoe yT-
BepXK/IeHHe HeBepHO: QYHKIMA MOXKET OKa3aThCH HENPEepLIBHOH B TOYKE Xo OTHOCH-
TesibHO E7, HO He GBITh HemnpephIBHOMH B 5TOH TOYKE OTHOCHTeJbHO MHOXecTBa E D Ey).

CBoiicTBa (yHKuuil, HenpepbiBHBIX Ha KOMMAKTHOM MHOXECTBe.

Onpepenenwue. Iycmo dynxyus f (x) onpedesena na muonecmse E. Ecau
OHQ HenpepuBHa 80 8cex MoUKax MHoxcecmea E omuocumenrbHo 3moeo mHoxcecmsa, mo
oHa Hasvisaemcs Henpepoigrot Ha E.

Mbi paccmoTpHM HekOTOphie CBOMCTBA (yHKIMH, HENDEpLHIBHBIX Ha KOMMAakTe.

Teopewma 1. Ecau gynxyus f (x) nenpepviena na xomnaxmHom mrosxcecmse E,
mo muosxcecmso f (E) maxace komnaxmuo. Ipyrumu cioBaMu: «Henpepogroil obpa3s
Komnaxma ecmb Komnaxm» (cM. 3azauy 505).

HemnocpeacTBeHHBIMH CJIEACTBHSIMH STOH TEOpPeMbl IBASIIOTCS TeopeMsl 2 1 3 (3a-
npaun 514, 515).

Teopema 2. Ecau pynkyus f (x) Henpepoisrna Ha komnaxmrom mrosxcecmee E,
mo oxa ozpanuvena na Hex (T. e. cyumectByer Fakoe yncao C > 0, uro | f (x) | < C ans
Bcex x € E).

Teopewma 3. Ecauynryus f (x) nenpepssia sa komnaxmuom muosxcecmge E,
mo ona docmuzaem caoedl eepxreld U ceoell HUNCHell 2PAHU HA 3MOM MHOXCecmee, T. €.
CYLIECTBYIOT TakHe TOYKH X3 € E, x5 € £, uto

f(x0 =xsg% f), fx) =xi€n§E f (x)-

Jlasi Toro uto6hl chopMyIHpOBaTh TeopeMy 4, HajuM OrpefeseHHe PaBHOMEPHO
HenpepLIBHOA QYHKIHH.

PyHkuHs [ (X), onpeleneHHass Ha MHOXecTBe E, Ha3hBAaeTCH PABHOMEPHO Henpe-
poigrod na E, ecan mns moGoro & > 0 cymecryer § > 0 Takoe, 4TO Ajisi BCAKHX
%' € E v x" € E, takux, uto p (x’, x") < 0, BpIno/IHs€TCA HEPABEHCTBO

[FG&) =7 <e.

Jlerko Buzets, uto ecau f (x) paBHOMEepHO HenpepbsiBHA Ha E, To OHa HenpephiBHA
Ha E; o6paTHoe yTBepxAeHHE, BOOOLIE roBopsi, HEBEPHO; OAHAKO eciH E — KoMmakT-
HOE MHOXeCTBO, TO CNpaBeJJIHBa H o6paTHas TeopeMa (3afaua 540):

Teopewma 4. Ecau gynkyus HenpepbisHa Ha komnaxmuom mrozxcecmge E, mo
OHQ DPABHOMEPHO HENPEPBIBHA HO HEM.

CaojicTBa (pyHKuMi, HempephiBHHIX Ha CBSI3HOM MHOXeECTBe.

Teopema 5. Ecau ¢hynxyus [ (¥) HenpepHiBHA Ha CBA3HOM MHOXectBe E,
mo mroxcecmso f (E) maxace cesasno. Ipyrumu cioBamu: «Henpepoisubil 06pas cens-
HO20 MHOXCECBA eCib C8A3H0e MHOXCecmsoy (cM. 3agauy 535).

HenocpecTBeHHBIMH CIEJCTBHSIMH 9TOH TeOpeMbl SIBISIOTCA TeopeM:l 6 u 7 (3a-
aaun 536 u 537).

Teopema 6. Ecau ynxyus f (x) nenpepoisra Ha cessnom mroxcecmse E,
npusen f (@) = A, f (b) = B, rne a € E, b € E, mo 0aa aoboeo uucsa C, 3axtouen-
nozo mexcoy A u B, cywecmsyem mouxac € E maxas, umo f (c) = C.

B uacTtHoCTH, ecnd Ha E HafiRyTcst ABe TOUKH, B KOTOPBIX f (X) MpHHHMaeT 8Ha-
YeHHs pasHbIX 3HAKOB, TO CyulecTByeT Touka ¢ € E Takas, uro f (¢) = 0.

Teopewma 7. Ecau pynxyusn f (x) Henpepoisna Ha C6A3HOM KOMNAKMHOM MHO-
acecmse E, npuvem ins5 f(x)=A,sup f(x)= B, mof(E)=1[A, B] (unu, B yacr-

x€

X €
HOCTH, OAHOTOUYEUHOE MHOXKECTBO, ecin A = B).
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Xapaxkrtepuctuueckas ¢ynkuus. ITyctb E — HpOM3BOJIBHOE MHOXECTBO B MeT-
puueckoM npoctpaHcerBe X. Xapaxmepucmuseckol yrxyueidl mnoxcecmsa E Hasu-
BaeTcsi GyHKUMSA Y (¥), onpemenennas Ha X M 3ajaBaeMasi CNSAYIOLIHMH paBEHCT-
BaMu:

A ) =1lnpux €E, 5 (1) =0 npu x € E.
Tak, Hanpumep, ¢yukyus Qupuxae 7, (x), paBHas 1 Iis BCeX pauHOHAJbHHIX

uncen B 0 A/ BCeX HPPANHOHANBLHBIX YHCEJ, BJSETCS XapaKTepHCTHUECKOH (ByHK-
uHell MHOXeCTBA PalHOHAJIbHBLIX YHCEN HAa NPSAMON.

3agaun

479. Tlycte ¢yHnKuus f (x) ompejeneHa B METPHUECKOM MPOCTPaH-
crtBe X. Jlokasarb, 4TO MHOXKeCTBO E BCeX ee TOUeK pasphiBa €CTh MHO-
*kecTBo tHna Fg B X.

480. Ilycts ¢yHkuus f (x) ompeaeseHa B METPHYECKOM MPOCTPaH-
crBe X. JlokasaTb, YTO MHOXKECTBO BCEX €€ TOUEK HEIPepLIBHOCTH €CTh
MHOXKecTBO THma Gs B X.

481. Ilycte E — mpou3BOJIbHOE CYETHOE MHOMKECTBO TOUEK X OT-
peska [a, b]. [loctponTb GyHKIHIO, Pa3PHIBHYIO BO BCEX TOUKAX MHO-
kecTBa E M HenpephiBHYIO B OCTaJbHBIX TOYKax oTpeska [a, b].

482, Tlyctb ¢ (x) — ¢QyHKUHMSA, 3aaHHAs BCIOAY Ha YHCJIOBOH mpsi-
MOH, OrpaHHYeHHAsi Ha HeH M HeNpepniBHASl BO BCEX TOYKaX, KPOMe
ToukH ¥ = 0; mycTb 2@, — CXONSIMIACS YHUCAOBOH pPSA C TOJOXKH-

n
TeJbHBIMH YJleHamH, a {X;, X, ...} — CUETHOE BCIOAY MJIOTHOE MHOXe-
CTBO TOYEK Ha NpaAMOH. HalTH MHOXKECTBO TOUEK pa3phiBa H MHOMKECTBO
TOYEK HENpPEePLIBHOCTH (PYHKILHH

o0
19 = 3 a0 —x).

483. JlokasaTh, uTO (GyHKUHMs, ONpeleNeHHas Ha BCeH INpPAMO,
He MOXeT ObIThb HelpPepHIBHON Ha CUETHOM BCIOXY NMJIOTHOM MHOXKeCTBE E
H PaspLIBHOH B OCTANbHBIX TOUKaX IMpPSAMOMH.

484. TlocTpouTb (pyHKUMIO, ONpeNeeHHYI0 BO BCEX TOUKAX UHCJO-
BOH MNpsIMOH, pa3phiBHYIO BCIOAY, KpOMe TOYeK X =1 u x = —1,
M HEMPEepEIBHYIO B 9THX TOYKax.

485. TlocTpouTh (GyHKIHMIO, Pa3phIBHYIO BO BCEX TOYKAX YHMCJIOBOM
npsMo#, Kpome Touexk x =0, +1, &2, ...

486. KakoBnl TOYRH paspeiBa y (QYHKUMH, HMelowel 3Hauenue |
B TOYKaX KaHTOPOBAa MHOXKECTBA M 3HaueHHe 2 BO BCEX OCTANbHHIX TOY-
Kax 4YHCJIOBOH NpsMOA. BYAYT /in 5TH TOUKH pa3pniBa NepBOro HJH BTO-
poro poxa?

487. Tloctpouth ¢yHKIHMIO, onpefesneHHyl0 Ha orpeske [0,-3],
pPaspeiBHYI0 B KaxKJI0o# TouKe, H300paxkaemMOi KOHEUHOH NeCATHYHOH
Ipo6bio, H HENPEPHIBHYIO B TOYKaX, KOTOpPhIE HE MOTYT GbiTh H306pa-
JKEHHl C TIOMOIIBI0O KOHEUHOH JeCSTHYHOH APOOH.

488. Hafitu TOuKH paspriBa H TOYKH HENpPEPHIBHOCTH (yHKIHH
f (x), onpenenennoii Ha orpeske [0, 1] ycaoBusiMu:

f (x) =0 B ToUKax KaHTOpPOBa MHOXKECTBA,

f (x) =1 B cepenrHax €ro CMeXHbIX HHTEPBAJIOB,
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a b
———"-; “, b,,], rie
Ja,, b,[ — n-i cMeXHBIH HHTEPBAN KaHTOpOBA MHOXeCTBA (n = 1, 2, ,.)).

489. HccnepoBaTh Ha HeNpepoBHOCTb (PYHKIHMIO, 3aJaHHYIO Ha
orpeske [0, 1] caenyomuMy YCIOBH SIMH:

f (x) =0 B TOYKax KaHTOPOBA MHOKECTBA,

[ (x) =c, B cepeauHe n-ro CMEXHOTrO HHTepBana la,, b,[;

o a b a b

f(x) nuHeHna Ha ydYacTkax [an, "_; ”], [ ”_; 2, b,
(n =1,2,3,..). Ilpn 3TOM mpepnoJaraercsi, YTO CMEXHbE HHTEP-
BaJibl KAHTOPOBA MHOKECTBA TNIePeHYMePOBaHH B MOpPsiKe YObIBAHHA HX
IJIVH:

Ja L= |55 | 10 L= 5o | Do bal=] 5 5],
lay, b —]'“ Jas, b5[ = ]277 ;[,

27’ 27[

PaccmoTpeTb caydad: a) HocJaeloBaTesNbHOCTh {C,} TakoBa, 4TO
limc¢, =0; 6) lim ¢, cyliecTByeT U OT/IMYeH OT HYJ.
n-»-+oo n-»—+oo

490. HaiiTu Bce TOYKM paspbiBa M TOYKHM HENPEPHIBHOCTH (PYHKIMH
f(x) = { ¢, BO BCeX HHTepBaJax 7n-T0 PaHra KaHTOpOBa MHOecTBa D;

0 npu x €D.

Paccmorpers cayuan: 1) ¢, =0 npu n— -oo; 2) ¢, —>q (g *
= 0) npu n — —+o0; 3) {c,} He uMeeT npepea.

491. Tloctpouts QYHKLMIO, HEIPEPHIBHYIO BO BCEX HPPAIM OHATLHBIX
Toukax orpeska [0, 1]u paspbiBHYIO BO BCeX €r0 palldOHANbHBIX TOUKAX.

492, CymecTByeT Ju (pyHKUM S, HENPEpPEIBHAs BO BCEX PalMOHAJ/b-
HHIX Toukax orpeska [0, 1] u pasphiBHas BO BCeX €TI0 HPPALHOHAJbHBIX
TOYKax?

493. Tlocrpouth QYHKHUIO, HEMPEPHIBHYIO BO BCEX TOUKAX KAaHTOPORA
MHOMKECTBA M Pa3pPhIBHYIO BO BCEX TOYKAX €r0 CMEXKHBIX HHTEPBAJIOB.

494, TlocTpoHThb QYHKIIHIO, HENPEPLIBHYIO BO BCEX TOUKAX CMEXKHBIX
HHTEPBAJIOB KAHTOPOBA MHOXKECTBA M Da3phIBHYIO BCIOZY Ha KaHTOPO-
BOM MHOKeECTBe.

495. lkccaenoBaTh Ha HEeIPePEBHOCTL (byHKumo, paBHylO Xx* B
pauMOHAJBHBIX TOYKAX YMCJIOBOH NPSMOH H —x® B HPPAlMOHAJBHBIX.

496. ®yuxuusa f(r) ompexenena ua orpeske [0, 1] crenyromum
06pa3oM: OHa paBHa HYJIO BO BCeX TOYKaX HEKOTOPOTO HHIJE He MJOT-
HOTO COBEPILEHHOTO MHOXKECTBA; HA KaXKJ0M CMEKHOM HHTEepBaJse 3TOro
MHOKeCTBa [ (X) mosioxuTeNbHAS U HMEET CBOMM I'PapuKOM TIOMYOKPY K-
HOCTb, JHaMeTPOM KOTOPOH CJYXKHT 3TOT CMEXKHBIH HHTepBaJ. B Kakux
TOYKax 3Ta QYHKUHMS HeNmpepheBHA?

497. loxasare, uto A/s JMobGoi (QYHKIMHM, ONpejeJeHHO# Ha MHO-
)KecTBe A, HMEET MeCTO paBeHCTBO:

of = [FE—Fml.

f(x) muuelina Ha YyuacTKax [an. ‘i":;—b”—] U [




498. Ilokasatb, uTo JuIa JOGLIX ABYX $yHKIMH f (x) u g (x), onpe-
HENEHHbIX Ha MHOXECTBE A, CIPaBeTHBO HEpPaBEHCTBO

o+ g) < of + og;
A A A

€CJIH JKe XOTsi Obl OIHO U3 uHCes ®f, ®g KOHEYHO, TO, KPOMe TOrO, HMe-
A A

€T ME€CTO HEPaBEHCTBO

) — ogl.
o (G +g) > lof — gl
499. Ilycrs {f,} — nocnenoBareabHOCTs GYHKIWH, ONpeleIeHHBIX

00
B METPHYECKOM MPOCTpaHCTBe X, Takas, 4To psn 'f, (x) paBHOMepHO
0

cxogutcst Ha X. Jlokasatb, uto Ass1 Jo6oro MHoxectBa E — X u
J11060# TOYKH X, € X MMEeT MECTO HepPaBEHCTBO

+w +o
m[gtfk’ X0 E]<k2—1m[fk' %y EJ.

500. [TokasaTh, uTo ecii (yHKuMs [ () HempepelBHA B TOUKe Xy
1O ¥ PyHKIHUA |f (X)| HEenpeprIBHA B 9TOH TouKe.

501. IlpuBectn npumep dyHkuuu f (x) Tako#, uto f (x) paspbiBHa
BO BCex Toukax orpeska [0, 1], a |f (x)] nenpepniBHa Ha [0, 1].

502. Oynkuus f (x) onpeneneHa Ha YKCJAOBOH NPSMOR CAENYIOLIUM
obpasoMm:

f (¥) =0 B uppanMOHANbHEIX TOYKAX,

—~1)0
f(x) =(% B palMOHANbHBIX TOYKAaX, NPEJCTaBUMHIX B BHAE We-

cokpatumoit 1pobn £ 5= 0 (rze g >0),

f(x) =1mpux =0.
Ha#iTn Bce ee TOUKH paspriBa U TOYKH HENPEPHIBHOCTH.

503. IToctpoute ¢yHKuMIO f (X, y), PaspuiBHYIO BO BCEX TOYKAax
kBazpata [0, 1] X [0, 1], HO HemnpeprIBHYI0 KaK QYHKIHs OT X INPH
J1000M TOCTOSIHHOM Y.

504. PyHKuusa ABYX mepeMeHHHIX [ (X, y) omnpejpeneHa Ha KBajipa-
te [0, 1] X [0, 1] coenyromum o6pas3om: B TOUKax, rje o6e KOOPAHHATHI
HppalMOHaJbHE HJH 00e paumuoHandbHB, [ (X, y) = 0; Kpome TOrO,
f(x,y) =0ram, rne x =0 unu y = 0; B Toukax, rjie abcurcca paBHa

pauxoHalbHOMYy wHCAy £ >0 (% — Hecokpatumasi Apo6b, g > 0),
q

1
a OpAMHAaTa HppalKMOHaNbHa, f (X, ¥) = —q—; B TOYKax, rje abcuucea Hp-
palyoHalbHa, a OpPAMHATA 3aNUCHIBAETCS] B BHJE HECOKpPaTHMOH ApobH
L2 >S0@g>0,Ffxy = ! B xakux Touxax sra ¢Gyuxkuusa pas-
q q

PHIBHA U TJie OHa HeNpephIBHA?
505. JloxasaTb, 4TO HeNpepLIBHHIM O6pa3soM KOMIAKTHOTO MHOXKeE-
CTBa fIBJISIETCS KOMIIAKTHOE MHOXKECTBO.
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Mpumeuanne. Henpepowsron o6pasom MHOXKecTBa E HasbiBaeTcst MHOMKe-
cto f (E), rpe | — xaxas-nn6o dyHRumsi, onpefeseHHass 4 HenpepHBHAa A
Ha

506. Iloka3aTb Ha mpuUMepe, YTO HEMPEPLIBHLIA 06pa3 HeOorpaHHYeH-
HOrO 3aMKHYTOTO MHOXKECTBA Ha UYHCJIOBOH NpPSIMOH He 00f3aTebHO
AIBJISIETCS. 3aMKHYTHIM MHOXECTBOM.

507. ITokasaTb Ha NpHMepe, YTO HENPEPHIBHBIE 06pa3 OTKPHITOTO
MHOXECTBa He 00f3aH ObITb OTKPBITHIM MHOXECTBOM.

508. Ilyctb f (x) — HenpepbiBHAst (GYHKUHUS, ONpENENeHHAss B MeT-
puuyeckoMm mpocTtpaHcTBe X, a F — NPOH3BO/NIbHOE 3aMKHYTOE MHOMKe-
CTBO Ha YHCJIOBOI IPSMOH. JloxasaTb, uTO MHOXeCTBO f~1 (F) 3aMKHYTO
B X.

509. Ilyctb f (x) — HempephiBHAsl QYHKIMS, ONpefeNeHHAss B MeT-
pHuecKoM npocTpaHcTBe X, a G — NPOU3BOJIBbHOE OTKPHITOE MHOXKECTBO
Ha yucJoBoH npsmoii. Jlokasarb, uTo MHOXKecTBO [~ (G) oTKphITO B X.

510. MoxeT sin npoo6pa3 KOMNAKTHOTO MHOXKECTBA NPH HENpephIB-
HOM oTOOpaXeHHH ObITb HEOrPaHHYEHHBIM?

511. Jloxa3saTb, uto QpyHKuHA f (x), Onpe/ieleHHast Ha BCel YHCIOBOH
npsiMOR, HempephiBHA TOrJa M TOJbKO TOTA3, KOTJa Ipoobpashl BCex
HHTEpBANOB |a, b[ ABJSIOTCS OTKPHITHIMH MHOXECTBaMH.

512. Jloxa3saTb, uyTo ecau (yHKUMS f (X) onpenesieHa Ha BCeii YuCIO-
BOH IIpAMOH U NPoo6passl MHOXKeECTB ]—oo0, a] u [a, oo 3aMKHYTHI IpH
Jo6oM JeHCTBHTENBHOM @, TO QYyHKIHMS f (X) HenpepriBHA BO BCEX TOU-
Kax 4YuCJIOBOH IpAMOii.

513. Tlyctb pyukuus f (x), onpeaeneHHas Ha BCeH 4HC/IOBOH mnpsi-
MOH, MPHHUMaeT TONBKO LeJkle 3HayeHHA. JlokasaTb, YTO MHOXKECTBO
TOYEK HENPEPHIBHOCTH TAaKOH (QDYHKIMH SIBJASIETCS OTKPHITHIM MHOXKECT-
BOM, a MHOXXECTBO TO4€K Pa3pblBa 3aMKHYTO.

514. JlokasaTb, 4TO Ji06asi HenpepulBHAS Ha KoMNakTe E QyHKuHs
orpanuueHa Ha E.

515. Ilyctb f (¥) — uucnoBass (pyHKuUHMs, HENmpepbiBHAs Ha KOM-
nakte E. Jlokasarb, 4TO cymeCTByer Touka a € E Ttakas, uro f (@) =

mf f (x), n Touka b € E rakas, uro f (b) = sup f (x).

516 TlpuBecty npumep YHCIOBOH QYHKIMH, HenpepblBHon Ha 3aMK-
HYTOM OTPaHHYCHHOM MHOXXeCTBe E HEKOTOpOro NOJHOTO METPHYECKOTO
NPOCTPAHCTBA M HE OrpaHHueHHOH Ha E.

517. IlpuBectn mpumep uucjoBo# (GyHKIuMH [ (x), HEeNpepHIBHOA Ha
3aMKHYTOM MHOXecTBe E HEKOTOpOro IOJHOrO METPHYECKOro Mpo-
CTPaHCTBa, Takoi, uto f (E) orpanuueno, Ho B E He CYLIECTBYeT TaKOro
3JIeMeHTa a, uTo f (@) = 1nf f (x).

518. Jlokasarb, qTo p (x, y,) (rme y, — PuxcupoBaHHasi TOYka
METPHYeCKOro TpocrpaHcTBa X) €CTb HenpepbiBHas (YHKLIHSA OT X.

519. Hokasatb, uto d (x, E) (rne E — 3ajaHHOe HEMyCTOE MHOXKe-
CTBO B METPHUECKOM IpocTpaHcTBe X) ecThb HempepbiBHas (QYHKIHSA
OT X.

520. Ilyctb E — KOMIAKTHOE MHOMKECTBO B mpocTpaHcTBe X H
x, € X. Jlokasarb, 4TO CylIecTByeT Touka y, € E Takas, uTop (¥y, ¥,) =
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=d (xy, E) (1. e. paccrosiHne or x, 1o Kommakra E nocruraercs B
HEKOTOPOH TOUKE 3TOr0 KOMIIaKTa).

521. JlokasaTb, 4TO €C/IH MHOXKeCTBO E B MeTpHUECKOM MPOCTPaH-
crBe X o6sazaer cBoicTBoM A (cM. 3anauy 333) u x, € X, To cymecTBy-
er Touka y, € E Takas, uTo p (X4, ¥,) = d (%, E).

522, Jlokasarb, YTO A1 JIOOBIX ABYX MHOxecTB E, F B merpuue-
CKOM TpocTpaHcTBe X HMEEeT MEeCTO PaBeHCTBO

d (E, F) —infd (y, E).
yeF

523. Ilycre E u F — MHOXXecTBa B MeTPHYECKOM MpocTpancTe X,
npuyem E obmanaer cBoiictBoM H, a F xomnakrHo. Jlokasarb, uTO Cy-
WECTBYIOT TOYKH X, € E, y, € F Takue, 4TO

0 (%o, ¥o) =d (E, F)
(paccrosinne mexny MHoxecTBamd E u F jocTuraercsi B TOUKaxX 3THX
MHOeECTB).

524. oxasaTb, YTO pacCTOSIHHE MEXJY JBYMS KOMIAKTHBIMH MHO-
JKECTBAMH METPHUYECKOr0 NPOCTPAHCTBA JOCTHTaeTCs B TOYKAX 3THX
MHOZKECTB.

525. Jlokasarb, 4Te B €BKJHMAOBOM NpPOCTPaHCTBE R” paccTosiHue
MeXJY 3aMKHYTBIM MHOXXeCTBOM E U 3aMKHYTHIM OI'p aHHUeHHbIM MHOXKe-
ctBoM F JocTuraercs B TOUKaX 3THX MHOXKECTB.

526. IlokasaTb Ha mpuMepe, YTO PacCTOsIHHE MEXKAY JBYMSl 3aMK-
HYTHIMH HEIepeCeKalolMMUCs] MHOXECTBAMU B €BKJHJOBOM IIPOCTpaH-
CTBE MOXKET PaBHATHCH HYJIO (ECMH 3TH MHOXKECTBA He OT'DaHHYEHH).

527. TlpuBectH npuMep 3aMKHYTHIX HEOTpaHHYEHHEIX MHOXKeCTB A uB
Ha IVIOCKOCTH TakuX, 4To d (A, B) =1 ¥ 4TO He CYlIeCTBYeT TO4YeK
a €A, b € B rakux, uro p (a, b) = 1.

528. IlpuBecTH npuMep IBYX 3aMKHYTHIX OrPaHUYEHHEIX MHOXKECTB
B HEKOTOPOM IIOJTHOM METPHYECKOM IIPOCTPAHCTBE, PACCTOSIHHE MEXAY
KOTOPBIMH HE JOCTHTaeTcsl B TOUKaX 3THX MHOXECTB.

529. Ilyctb (X, p) — Merpuueckoe mpocrpadcTBo, (X X X, R) —
MHOXecTBO map (¥, y) (x € X, y € X), merpu3oBanHoe 1o c¢opmyse

R ((#1, ¥1), (%, ¥2)) =V (01, %2))* + (0 (1, ¥2)).

Jlokazath, uto p (x,y) sBIsfercs HenpepuBHOH ¢YHKUHeHR Ha
(X X X, R).

530. Ilycte E — HenmycTON KOMIIAaKT B METPHYECKOM NPOCTPaHCTBe
X. lokasarb, 4TO B HeM HaiayTcd TOYKH X, € E, y, € E Takue, uTO
P (%5, ¥o) = diam E.

531. Ilyctb x; U X, — JiBe TOYKM METPHYECKOTO NpocTpaHcTBa X,
X, 5= x,. Iloctpouts HenpepoiBHY B X ¢yHKumio f (x) Takyoo, 4ro:
1) f (x) == 0 B HEKOTOpOH OKPECTHOCTH TOUKH X3; 2) f (¥) = 1 B Heko-
TOPOH OKPECTHOCTH TOUKH X,; 3) 0 < f (x) < 1 nas Beex x € X.

532. Ha npsimo#i faHBI n ONMAapHO HE NepeCeKalomy XCsA 3aMKHYThIX

muoxectB E,, E,, ..., E,; noctpouts ¢yHKuMIO f (X), HENpPEpLIBHYIO
BCIONY Ha NpPsSIMO H Takylo, 4To f (x) = p, mpu x € E, (kR =1, 2, ...
«..y M), THE Py, Pgy ..., P, — 33JaHHBIE YHCJA.
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533. Ha npsmo#i jaHa cueTHAas COBOKYNHOCTb IOMAapHO He mnepe-
CEKaIOUIUXCs 3aMKHYThIX MHOXecTB E, (k =1, 2, ...), npuueM HH OfHO
M3 3THX MHOXECTB HE COJEPIKHT TOYEK NPUKOCHOBEHHS OODbeAMHEHHS
BCEX OCTaJbHbIX MHOXecTB. IlocTpouth QyHKIMIO f (X) HENPepHIBHYIO
BCIOZY HA IPSIMOH M TaKylo, YTO JJId J000r0 HaTypaJbHOI'O yucsa R
umeeT MecTo f (x) = p, npu x € E,, rie p, — 3aJaHHBIE YHCJIa, TAKHE,
4TO AL, gpk aGCOJMIOTHO CXOIMTCA.

534. Ha npsamoli naHa cYeTHAas COBOKYNHQCTb NONApHO He Iepe-
CeKaloImnxcs 3aMKHYThIX MHoOxecTB E, (k = 1, 2, ...), npuuem E,
COIEPKUT XOT$ Obl ONHY TOUKY NPHKOCHOBEHH s OGBE{MHEHH 5T OCTAbHAIX

muoxkecTs. I1yctb Xp, — aGCOMIOTHO CXOAAMMICA DAL, NPUUEM p, 7=
3

= 0. JlokasaTp, 4TO He cyuecTByeT (GyHKUMH [ (X), HENpepbLIBHOH Ha
Beei IpsiMoit U Takoi, uto f (x) = p, npu x € E, 1Jis mo6oro HaTypaib-
HOro uucaa k.

535. IlokasaTb, 4TO HeNpephiBHLIA 00pa3 CBSI3HOIO MHOXKECTBA €CTh
CBSI3HOE MHOMECTBO.

536. [lokasarb Teopemy Bonbuano — Komm: «Ecu uncioBasi hyHk-
uus f (x) HempepniBHA Ha CBfI3HOM MHOxkecTBe E, mpuuem f (a) = A,
f(b) =B, thea € E, b € E, 10 a1 moboro yucaa C, Jexalero Mex-
Ay uucaamu A u B, Hafizercs Touka ¢ € E rtakas, uto f () = C».

537. Ilyctb f (X) — uncioBast ¢yHKIMSA, HeNmpepbiBHAsi Ha CBf3-
HOM KOMIAaKTHOM HenycTomM MHOxecTtBe E. [lokasatb, uto [ (E) —
J1160 OTPe3oK, 160 OXHOTOYEUHOR MHOKECTBO.

538. T'oBopsr, uto pyHkuus f (x), onpenenennas na[a, b], obnanaer
ceoticmsom Hapby Ha otpeske [a, b], ecan ans mobuix x; € [a, b],
x5 €{a, b] (x; < x,) u Qs moBoro wucna C, nexamero mMexny [ (x,)
u f (x,), Hafinercs Touka § € (¥, x,) Takas, uro f (§) = C. Ysaserca
JIM BHINOJIHEHHE cBoHcTBa JlapOy AOCTAaTOUHBIM YCJIOBHEM MJIsI Hempe-
peiBHOCTH GyHKuuH f (x) Ha [a, b]?

539. SIBnsioTCA 1M PABHOMEPHO HENPEPLIBHRIMA HA YKA3aHHBIX MHO-
JKeCTBaxX cjefylomye (GYHKIMH, HENPEPHBHBIE HA 3THX MHOXKECTBAX:

1) sin 1 na unreppane 10, 1[; 2) xsin 1 ha ayue 10, 4-oof; 3) 3x
X X

. . o 2 . . o sinx
Ha BCeil 4HCJ/IOBOM mpsmoi; 4) x* Ha Bceil uyMCJIOBOH npsmolt; 5) —=

X
Ha ayue J0, --oo[?

540. Jloxa3saTb, uTo ecau (GYHKIUHUA [ (¥) HenpepelBHA Ha KOMIIAKT-
HOM MHOXecTBe E MeTpHUYeCKOro NMpOCTPaHCTBA, TO OHA PaBHOMEPHO
HenpepoiBHa Ha E.

541. [okasarb, 9TO ecjqu (QYHKUHS PaBHOMEDPHO HeNpepLiBHA Ha
OTHOCHTEJIbHO KOMIIAKTHOM MHOxKecTBe E MeTpuuecKoro npocTpaHcTBa,
TO OHA OrpaHayeHa Ha E.

542, Ilyctb f (x) 1 g (x) — GyHKUMH, PAaBHOMEPHO HeNpephLIBHBIE
Ha E. SlBasiercsi in UX cymMMa paBHOMEPHO HenpephiBHOH Ha E ¢yHK-
uuei?

543. Ilyctb f (x) n g (¥) — QyHKUMH, PaBHOMEDPHO HeNpephIBHbIE
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Ha MHOxecTBe E. Bcerza Ji MX npousBefieHHe SIBJISIETCS] PaBHOMEPHO
HenpepuiBHOH (yHKuHeH Ha E?

544. SlBnserca sm mnpousBeleHne AByX ¢GyHkumi f(x) u g (x),
PaBHOMEDHO HENpPEPLIBHEIX HA OTHOCHTEIbHO KOMITAKTHOM MHOXKeCTBe E
MeTpngecxoro NPOCTPaHCTBa, PABHOMEPHO HENPEPHIBHOH (QyHKUMeH
Ha E?

545. JlokasaTb, uTo ecau GyHKUMS [ (x) onpejeseHa H HENpephIBHA
Ha ayue [0, Hoo[ liin f (x) cymecTByer, TO OHAa PABHOMEPHO HEMPEPLIB-

X100

Ha Ha 3TOM JIyue.

546. BepHo Jin, uTo QyHKUHA f (X), HENpepLIBHAS U OrpaHHYEHHAS:
Ha Jiyue [0, +-oo[, paBHOMEPHO HENpepLIBHA HA 3TOM Jyue?

547. Slnserca smu yukuus f(x), mocTpoeHHas B 3agaue 488,
pPaBHOMEPHO HeNpephiBHOH Ha MHoxecTBe E, rae E — JonoJiHeHHe K
KaHTOPOBY MHOXKECTBY L0 Bcero orpeska [0, 17?

548. 3ananum f (x) na [0, 1] crenytomum o6pasom: f (x) = 0 Bciony

1
Ha KaHTOPOBOM MHoOxKecTBe D; f (x) = 5 Ha CMEXXHOM HHTepBaJe nep-

11 2 1

BOTO paHra, T. €. Ha |, ?[; fx) = 5 12 CMEXHLIX HHTEpBA/aX BTO-
oro panra, 1. e. na |~ 2| u |Z, &[: soos ef()—1
poro p , T. €. o 9l me f (x) =7 Ha Beex
CMEXXHBIX MHTepBaJjax k-ro panra. Halitu Bce ToukM paspbiBa QyHK-
[ (x).

SIBaisieTcst i1 3Ta (YHKUUSI DABHOMEPHO HENpPEPHIBHOA Ha AOMOJ-
HeHun CD K KaHTOPOBY MHOXeCTBY J0 Bcero orpeska [0, 177

549. Ioxkasarb, yro ecau ¢QyHKuus f (x) paBHOMEPHO HeNpephBHA
Ha MHOXecTBe E MeTpHYecKoro HpOCTPAaHCTBA, TO OHA MOXeT ObITh

npojo/k€na € COXpaHEHHEM HENPEPHIBHOCTH Ha €ro 3aMmblKanue —E
H NIPUTOM €IMHCTBEHHBIM 06pa30M (T. €. CyueCTBYET OJHa U TOJIbKO OJHa

HenpepeiBHas pyHKUUA ¢ (x), onpejenenHas Ha E u Takas, 4To @ (x) =
= [ (x) aust Beex x € E). [Nokasarb, 4To ¢ (x) paBHOMEPHO HENPEPHIB-

HaHa E.

550. JlokasaTb, 4TO ecau GYyHKIHs f (¥) paBHOMEPHO HenpephiBHA
Ha MHOXKecTBe E 4HTJIOBOH NP sIMOH, TO OHA MOXKeT ObITh NPOJOJIKEHA Ha
BCIO MPSIMYIO C COXPaHEHHEM HEINPEpPLIBHOCTH.

551, IlpuBectu npumep ¢yHKIHMH [ (x), HENPEPHIBHOA H OrpaHHYeH-
HOH Ha OrpaHHYeHHOM MHOXecTBe E ulicJIOBOH NpPSIMOfi, KOTOPYIO HeJIb-
35 NPOLOJIXKUTb HA BCIO YHCJIOBYIO NPAMYIO C COXPaHEHHEM HeNpephIB-
HOCTH.

552. Jlokasarb, uTo ecqd (GyHRUMsA [ (x) HenpephiBHA, HO He paB-
HOMEpHO HerpephiBHA HAa OFPaHHUEHHOM MHOXKecTBe E uHCJOBOH nps-
MOH, TQ OHa He MOJKET ObITb IPOJOJIKEHA Ha BCIO YHC/IOBYIO NPSAMYIO C
COXpaHEHHEeM HeIPEePLIBHOCTH.

553. Ilycrb f (x) — QyHKUMsi, paBHOMEPHO HempephiBHAs Ha Bceil
yHc/IOBOA npsmod. [loxasarb, UTO CYIIECTBYIOT JBa HEOTPULATeNb-
HbIX uncaa A u B Takue, uto |f (x)| <A - |x| + B nas Beex x € R?

554. TlpuBecTH npumep YHCJIOBOH (GYHKUMH [ (X), HENMpepHIBHOH Ha
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3aMKHYTOM OTPaHHYEHHOM MHOKeCTBe E HEKOTOpPOro MOJHOrO MeTpHYe-
CKOTO NPOCTPAHCTBA, HO He DABHOMEPHO HENpephBHOH Ha E.
1

555. Jlokasarb, uTto ¢yHKuHA [ (X) = Sx (f)dt, onpenenennas pnis

0
Bcex x € C[0, 1], paBHomepHo HenpepniBHa Ha C [0, 1].

556. [TokasaTb Ha mpumepe, YTO QYHKLHS, PABHOMEPHO HelNpephiB-
Hasi Ha OTPaHHYEHHOM MHOXecTBe E HEKOTOpPOro MeTpPHYEcKOro Ipo-
CTPAHCTBA, MOXET OKa3aThCsl HeorpaHuueHHO# Ha E.

557. Ilycts E — npoM3BO/IBHO 3aJlaHHOE MHOXKECTBO Tuna Fj Ha
uncs10Boit npsimoit RY. TlocTpoutb dyHKIHMIO f (X), ONpeseIeHHYIO BCIOAY
Ha R!, paspeBHYIO BO BCeX TOYKAaX MHOXKeCTBa E M HeNpepuBHYIO B
OCTalbHBIX TOYKAX.

558. Ilyctb y, (x¥) — xapakrepucTHyeckas QyHKIHMsA MHOXecTBa E.
Jloka3atb, uTO 151 JMOObIX MHOXecTB E, Ej, E, HUMEIOT MecTO paBeH-
CTBa:

xElﬂE,(x) = Xg, (x) - Xg, (),

'Xslugg (x) = )(,)5l (x) + ng (x) - XE; (x) : XE, (x),
Xce (x) =1— Xe (x)

559. [lycre M =E; ... N E,, N =E;| ... U E,. Buipasuts
Xy () 1 2y () 5epes g, (1), oo 2g (-

560. IokasaTb, 4TO XapaKTepHCTHYECKasi (QYHKUHS JIOGOr0 MHO-
xecTBa E paspbiBHA B I'DaHHYHBIX TOYKAaX 3TOTO MHOXKECTBA H HEIpe-
pHIBHA BO BCEX OCTA/IbHBIX TOYKaX MPOCTPaHCTBA.

561. Jlokasarb, 4to ecau @ (x) M P (x) HenpeprBHL Ha E, To QyHK-
win F (x) = max {@ (x), ¥ (x)}, G(x) =min {p (x), ¥ (x)} Takke
HenpepuiBHE HA E.

562, lokasarb, uTo etau f (x¥) — HenpephiBHas ¢(yHKuus Ha E,
TO JyIsi IPOH3BOJMIBHO 3aJJaHHBIX uKcen a, b (a < b) byHKuHus

[ (x), ecnn a < f(x) <D,
[f®)E ={a, ecm [ (x) <a,
b, ecim f(x) > b

Takxke HenpepoiBHA Ha E.

563. Ilyctb pyHKumMa f (x) onpenesneHa BCIOAY Ha YHCJIOBOH NpPsMO#
R!. lokasarb, uTo Aas1 TOro yrobbi f (x) Obuia HempepeiBHA Ha RY,
HEOOXOMMMO U JOCTATOYHO, YTOOBI NpPH BCAKOM a > 0 ompeneseHHas B
npeapiymed sanade Gynxuua [f(x)] ¢ Obwia HenpepsiBHa Ha R!.

564. Tloctpours npumep ¢yHkuuu f(x), ompeaenenHo#i Ha [0, 1],
Yy KOTOpPOH KaK MHOMECTBO TOYEK HENPEPLIBHOCTH, TAK H MHOXKECTBO
TOYEK pa3peiBa BCioAy mOTHH Ha [0, 1] U WMeIoT MOIHOCTL KOHTHHY-
yMma B J06om unTepBaje Je, L < [0, 1].

565. 3aganum ¢yHkuuio [ (x, y) Ha kBagpare [0, 17 X [0, 1] cue-
Jyomum o0pasoM:

f (x, ¥) = 0 B Toukax MHOxecTBa A, Tie A — «koBep CeprnuHCKOro»
(cM. 3anauy 244);
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f (x, y) =1 B uenTpax Bcex BHIOpPAaCHIBaeMbIX KBaJpaToB;

f (x, y) nMHefiHa B KaIOM H3 YETHIPEX 't PeYroJILHHKOB, Ha KOTOPHIE
JeJIMTCA NHaroHavIfIMH BCAKHH BriOpachiBaeMbIll KBajpart.

SIBnsierca qu dyukuus f (x, y) HenpepoiBHO#M Ha KBajpare [0, 1] X
X [0, 17? SIBnsiercst iu oHa HenpepsiBHOH Ha MHOXecTBe £ = {[0, 1] X
X [0, 17} \ A? dBasercs Ju oHAa pPaBHOMEPHO HeNpepLiBHOH Ha E?

566. 3ananum dyukumio f (x, y) na reagpare [0, 1] X [0, 1] rak:
f (x, y) =0 B Toukax mHoxkectBa A, rae A — «koep CeplIHHCKOrO»;

1
fx,y) =— B LIEHTpPaxX BCEX KBAJpaToB, BLIOpachblBaeMHIX Ha 71-M

miare;

f (x, y) IuHeliHA B KaX0M U3 YETHIPEX TPEYTOJbHHKOB, Ha KOTOPLIE JIe-

JIUTCSl BCSIKMH BhIOpAcHIBaeMbIH KBaipaT CBOUMH JHArOHAMSIMH.
sIBnsierca s ynkumusa f (x, y) HempepsiBHO# Ha kBajupare [0, 1] X

X [0, 177 Ha muoxkectee E = {[0, 1] X [0, 1]} \ A? SBasercsa

OHa PaBHOMEDHO HempepLIBHOH HA KBaapare? Ha muoxectse E?

567. ®yHKuus 2xy - HENpephiBHA HA OTKPHITOM MHOJXeCTBe 0<

< x* 4+ y* < 4 (OTKPHITHIA KPYT C BHIKOJIOTHIM LIEHTPOM); SIBISIETCS JIH
9Ta (QYHKUHSA DABHOMEPHO HENPEPHIBHOH Ha YKa3aHHOM MHOMKECTBe?
SIBnsieTcss JM OHAa PaABHOMEPHO HENpephLIBHOH B OTKPHITOM KOJbLE
I <x*+y% <4?

568. IMoctpoutb (yHkuHio f (x), onpeneneHHyi0 Ha BCeH NpsIMOM,
HEMNPEPBLIBHYIO B HEKOTOPOH TOUKE X, OTHOCHTEAbHO KAaHTOPOBA MHOXKe-
ctBa D, HO He SBJSIOUYIOCS NOJHOCTBIO HENpPEPHIBHOH B 3TOH TOUYKe.

569. Bepuo sin ytBepxkaeHue: «Eciu f(x) HenpepniBHa B TOUKe
X, OTHOCHTEJILHO JIF0OOTr0 CYETHOTO MHOXKECTBA, COLEPIKAINETO TOUKY X,
TO ©Ha ITOJIHOCTbIO HETNpepPEIBHA B 3TOH TOUKE»?

570. Tlyctb ¢yHKuUMS IBYX nepeMeHHHIX f (x, y) omnpenesneHa B He-
KOTOPOH OKPECTHOCTH TOUKH M, {4, ¥,). BepHo s yTBepkzenue: «ls
Toro urobel GyHKuMA f (X, y) Obl1a OJHOCTBIO HENPEepLIBHA B TOUKe M,
Heo0XOIMMO M JOCTAaTOYHO, YTOOBI OHA OBLIAa HENpephiBHA IO JIOOOMY
Jyuy, HCXOASILEMY H3 TOYKH My»?

571. Ilyctb ¢yukuus f (x, y, z) onpeneneHa BO BCeM TPEXMEPHOM
npotTpaHcTBe R® W HenpepbiBHA B Touke M, € R® OTHOCHTENBHO IO
60it NVIOCKOCTH, NPOXOASIEH Yepe3 3Ty TOUKY. MOXKHO JIi yTBEPKIaTh,
4TO 3Ta QYHKLHUSA MOJHOCTBIO HENpephiBHa B Touke M,?

572. Tlycrs ¢ynkuus f (x, y) onpeneneHa BCIOfy Ha MJIOCKOCTH H
HenpepeiBHa B Touke (0, 0) oTHOCHTeNbHO 1060 apXHMEN0BOi CIHpaJH
p =a (¢ — a) (npH JoObIX 3HAYEHH IX TTOCTOSIHHLIX @ > 0 u a). Mox-
HO JIH YTBEPXKJaTb, 4TO 3Ta (yHKLHS TOJHOCTBIO HelpephiBHA B TOY-
ke (0, 0)?

Fnasa X.
HEMPEPBLIBHbIE OTOBP AYKEHUA

Hycrs f — oToGpakenne MHOXKecTBa A MeTpHUECKOro mpocTpaHcTBa X B MeTpH-
yecKoe MpoCTpaHcTBo Y, Tak uto A < X ectb 06sacTh onpefleseHus: 0ToGpaxeHus f,
a f(A) = Y — ero obsacte 3HAueHHH (IPH 5TOM METPHYECKOE NPOCTPAHCTBO X
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HAa3bIBaIOT 06/1aCTHIO OTIPABJEHHA, a METPHYECKOE NPOCTPAHCTBO Y —o6aacTeio npu-
GoiTusi oToGpaxenus f). YacTHBI ciyyail TaKOro oToGpaKeHHst — KOrjAa mpocTpaH-
CTBOM Y sBJISIeTCSl YHCJIOBast npsiMasi — GblJ1 PacCMOTpeH B MpefblAylledt raase. Pac-
NPOCTPaHUM Tenephb JaHHHE TaM ompellesieHHs Ha ciyyail, Korfa Y — NpoH3BosibHOE
METPHYECKOEe TPOCTPAHCTBO.

Orobpaxenue [ MHOxecTBa A — X B NPOCTPaHCTBO Y Mbl GyJieM Ha3blBaTh He-
npepoigrbim 8 mouke xo € X omuocumeavno muoscecmsa E = X, ecin xo €A () E u
AJis1 Joboro & > 0 cyuecTByeT OKpeCTHOCTh V (o) Takas, uto ansiscex x € A (| E )
() V (xo) umeer MecTo HepaBeHCTBO O (f (x), f (x0)) < & (onpenenenne Koum).

Ao onpejeneHre paBHOCHJIbHO CJeAyloleMy: otoGpaxenue f MHoxecTBa A — X
B IIPOCTPAHCTBO Y HA3biBaeTCs HENMpepLIBHEIM B TOUKE Xo€ X OTHOCHTENbHO MHOXKECTBA
E < X, ecmi xo € A ) E ¥ s mobofi nocefioBaTebHOCTH Touek {x,} us A ) E,
cxonsweiics K xo, uMeeT Mecto lim f (x,) = f (o) (onpenenenne Ieiine).

n->-oco

Ecnn oto6paxeHune HENPepHIBHO BO BCEX TOUKAX MHoxecTBa E oTHocuTennHO E,
TO OHO Ha3blBaetTcst HenpepbigHbim ua E.

Teopema 1. Ecau omobpascenue | HenpepoisHo HG KOMNAKMHOM MHOXMCECHGe
E < X, mo f(E) makxce ecmb Komnaxmroe mHOxcecmso (KOPOTKO: «HenpepolsroLil
obpas Komnakma ecms KoMnaxkm», cM. 3ajauy 575).

Teopema 2. Ecau omobpaxcenue [ HenpepviBHO HQ C6A3HOM MHOJICECTBE
E < X, mo f (E) makxce ecmb cga3Hoe mHosxcecmso (KOPOTKo: «Henpeposubiii obpas
CBA3H020 MHOXCECMBQ ECIMb CBAZHOE MHOXCECMBOY, CM. 3ajauy 579).

OroGpaxenue f, onpefenentoe Ha E < X, Ha3bIBaeTCA pABHOMEPHO HenpepbisHbim
na E, ecnn pas oGoro uucaa & > 0 cyumectByer 6 > 0 Takoe, uTo AJs JOOBIX
x' € E,x" € E, rakux, uto p (', x") < 8, umeer mecto p (f (x), f (x")) < e.

Teopema 3. Eeau omobpaxerue f pasHomepro nenpepvisno na E, mo ouo
nenpepoigro Ha E.

Teopema 4. Ecau omobpascenue f HenpepoigHo Ha KOMRAKMHOM MHOdcECMSe
E, mo orno pasromepro Henpepowsro Ha E.

Cxumalomee oTobpaxenne. OroGpaxenue [ Merpuueckoro npocrpascrtsa X B
MeTPHYECKOe NMPOCTPAHCTBO Y HA3HIBACTCH CocumaiOujum (WIH CHCQMbIM), €CH CylIe-
crByer Takoe uncio K, 0 < K < 1, uro gas mo6eix x' € X, x” € X uMeeT Mecro

o (¢ ), F () < Ko (', x7).

SlcHo, uTo CXKHMaloee 0TOOpaXKeHHe HenpephHBHO (M Jaxe PaBHOMEPHO Hempe-
puiBHO) Ha X.

Teopema b (bawnaxa). Eciruomobpasceruef noanoeo mempuseckozo npo-
cmpancmsa X 8 cebs A8ASEMCA CHCUMAIOUWUM, MO CYulecmeyem, U nPUmom eduncmeen-
nasn, mouxa xo € X makas, 4mo Xo = [ (xo) (TaKas TOYKa HA3HLIBACTCA HENAOBUNCHOL
moukoti omobpasicerus f).

F'omeomopduam. Eciu oroGpaxenue f mHoxectBa E < X Ha MHOXectBo G <= Y
SIBJISIETCS B3aHMHO OJHO3HAUHBIM H HENPepLIBHEIM H eClH o6paTHoe oToBpaxeHne f~1
MHOXecTBa G Ha MHOXeCTBO E TakKike HempephiBHO, TO [ Ha3bIBAETCHA 20MEOMOPPHOLLM
omobpaceruem WM 20MeoMopdUIMOM.

Ecnn ansa muoxects E u G cymectsyeT roMeoMopdu3aM, oroGpaxawomuit E ua G,
TO rOBOPST, UTO MHOXKecTBa E U G 2omeomoprei.

Besikoe cBoficTBo MHoxecTBa E, coXpaHslowieecsi NPH romMeoMopgusme, Hasbl-
BaeTCs MONOAO2UHECKUM CBOLCMBOM. YTOUHHM 3TO: MyCTh A — KJIACC BCeX MHOMKECTH,
06/1afal0IHX HEKOTOPHIM CBOHCTBOM; 3TO CBOMCTBO Ha3bIBAaeTCsl TOMOJOTHUYECKHM,
ecan u3 Toro, uto E €A, f— romc;omo)pdm:m, 3ajlaHHBIi Ha E, cjeayer, 4TO

(E) €A.

OroGpaxeHns eBKAMAOBBIX MPOCTPAHCTB. BaXKHHIM YacTHHIM CiydyaeM oToGpaxe-
HUA ABJAsETCs oToOpaXKeHHe, Y KOTOpPOro o6JacTbio OTIpaBJeHHS H 06JacTbio Mpu-
GBITHS ABJISIOTCA €BKJHJOBBI NPOCTPAHCTEA.

HenpepriBHoe oToGpakenue f MHoxkectBa E < R™ B eBKJIMIOBO MPOCTPAHCTBO
R"™ moxer ObITb 33JaHO C IIOMOLIbIO 1 HENpPEPHIBHBIX HAa E YMC/NOBHIX (QyHKUHE OT m
nepeMeHHBIX:

"= (xl'v cery xm)’ wn Yn = Pp (xl’ cees xm)r
rie Xy, ..., X;; — YHCJIOBbIE TlepeMeHHbie (KOODAHHATHL TOUKH X), @ Y1, eeey Yy —
KOOpAHHATH TOUKH y = f (x).
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Kpusas )Koppana. HempepniBHoe oroGpawkeHue oTpeska E umcaoBofi ocu R?!
B 1-MepHOe eBKJUJA0BO MPOCTPAHCTBO R™ Ha3blBaeTCs n-MepHOH xpusol Xopdana uan
ocopdarosol Kpusoii (B 4aCTHOCTH; NMpPH n = 2 — IVIOCKOA KpHBo#l )KopZana, npu
n = 3 — npoCTpaHCTBeHHOI).

O6pas orpeska E mpH ToM OTOOpaK€HHH HAa3bIBAETCS HOCUMENeM 3TOH XKopJa-
HoBo# KpuBO#H. Hocuresb XopAaHOBOK KPHBOH — BCerAa C8A3H0e MHOXKeCTBo. MHor-
Ja — B TeX cayudasx, KOrja 3To He OGyJeT BHI3bIBATb HeJOPA3yMeHHsl, — Mbl GyAeM
Ha3bIBaTh JXOPAAHOBOfi KDHBOHl He TOJbKO HENpephBHOE O0TOGpaxeHHe OTpe3Ka, Ho
H o6pa3 oTpe3Ka IPH 3TOM OTOGpaxKeHHH.

SlcHO, uTO KOpJaHOBa KpHBas MOkeT OBbITb 3aJaHa HENPEPHIBHHIMH YHCJIOBBHIMH
GYHKUHSMH OJHOH HepeMeHHOi Xy = @y (¢), ..., X, = @, (¢), rae t € E (E — otpe-
30K Ha ocH Of).

BaxHbIM MpHMepOM KOPAAHOBOH KpUBOH siBasieTcs kpusas [leano, HocuTeneM
KOTODO# fIB/IsIeTCS 3aMKHYTHIH KBajpaT Ha IJIOCKocTH. [lepBhIf mpuMep Takoro He-
npepbIBHOrO 0TOGpaKeHHs! Gbijl TPUBENEH HTaNbsIHCKHM MaTeMaTHKoM [Teano B 1890 r,
(cm. HuxKe, 3ajauy 594).

MpoekTuposanue. PaccMoTpuM elile 0fHH Croco6 HeMpephIBHOrO OTOGPAXKEHUS —
NIPOEKTHPOBaHHE MHOMKECTBA, PAaCMOJOXKEHHOIO Ha MJOCKOCTH, HAa KAaKywo-1u60 oCh,

ITpoexyueii mouku M — Oxy Ha ocb Ox Ha3bIBaeTCsl MepeceyeHue ¢ OCbio OX mpsi-
MOH JIMHHH, TPOXOAsILeil yepe3 ToUKy M Mo 3aJaHHBEIM yIJoM & K ocH Ox.

I poexyueti muomecmsa E — Oxy Ha ocb Ox Ha3bIBAaeTCsi MHOXKECTBO IPOEKIHI
BCeX TOueK MHoxkKecTBa E Ha och Ox; IIPH 3TOM NPOGKTHPOBAHHE BCEX TOUEK MHOXKECT-
Ba E NpoBOAHTCS MO OJHHM U TeM 3Ke YrjioM & K ocH Ox.

IMpoexkituss MHOXKeCTBa, NpoBefeHHas Nofk yraoM 90° x ocH, Ha3bIBAeTCs 0PIMO2o-
HaavHotl (WM npaAmOy20abHOLL) TPOEKUHEN.

IMpoexuus MHOXKeCTBA, MPOBeJeHHAast NOJ YIJIOM, QTIHYHEIM OT IPSIMOro, Hasbi-
BaeTCSl KOCOY20AbHOU TPOEKIHEH.

ApudmeTuueckas cymma muoxecTs. sl pelueins HEKOTOPHIX 3ajiay HaM [IOHa-
JIOGMTCS TIOHsITHE apH(MEeTHYeCKOH CyMMBI MHOXKECTB.

Apupnemuuecxoii cymmoii Osyx muoxcecms E u F, pacronoKeHHbIX Ha YHCIOBOR
NPsIMOI, Ha3LIBAETCS MHOXKECTBO BCEBO3MOXKHBIX CyMM BuJa x + y, rme x € E, y € F.
Apudmernueckas cymma mHoxects E u F o6o3nauaercst E <p F.

Tak, nanpumep, apudmerTHueckoit cymmoii otpeska [1, 2] u uutepBana ]4, 6[
sBAsercst uHTepBan 15, 8[.

3agaum

573. Jloka3aTh, UTO e€Ciu [ — HempephuiBHOE OTOOpakeHHE MHOXKe-
crBa E MeTPHYECKOro MPOCTPaHCTBa X B METPUUYECKOS MPOCTPAHCTBO Y
u E, < E mworuo B E, to f (E,) nnotHo B f (E).

574. JIloxasaTb, YTO MHOXeECTBO ToueK In (2 + 1) umcioBoi ocw,
rie r npoferaer Bce palHOHa/NbHbE YHCJAA, MJIOTHO Ha Jyde [0, —oof.

575. Jlokasarb, YTO HeNpepHBHLEIA 06pa3 KOMIaKTa eCTb KOMIAKT.

576. Tlycte [ — orofipaxeHue METPUYECKOrO IMpocTpaHcTBa X B
METpHYeCcKoe NpocTpancTso Y. JlokasaTb, 4TO AJS HENPEPLIBHOCTH 3TO-
ro oro6paxkeHusi HEOOXOAMMO H JOCTaTOYHO, YTOOBI TPOOOpasoM JIo-
60ro 3aMKHYTOrO MHOKECTBA NPOCTPAHCTBA Y SBJASJIOCH 3aMKHYTOE
MHOKECTBO npocrpaHcTsa X.

577. Tlyctb f — oToGpakeHne npocTpancTBa X B NPOCTPAHCTBO Y .
Jlokasarb, 4TO /ISl HEMPEPHLIBHOCTH 3TOTO OTOGPa)KeHHs HEoOXOXMMO
H JOCTaTOYHO, YTOOLI TPOOOPA3kl BCEX OTKPHLITHIX MHOMKECTB IMPOCTpPaH-
ctBa Y OBbLIH OTKPHITHIMH MHOXKECTBaMH NpocTpaHcTBa X.

578. Ilokasarb, uro ecau npu oroOpaxkenuu f mpocTpaHcTBa X B
NpoCTPaHCTBO Y mpoobpasbl BCeX OTKPHITBIX L1apOB MPOCTPAHCTBA Y
SIBJISIIOTCS] OTKPBITBIMH MHOXKECTBaMH B X, TO oro0pa:keHue f Hempe-
PBIBHO.
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579. Ilokasarb, YTO HelpephuBHLIA 06pa3 CBS3HOIO MHOXKECTBA €CTh
CBSI3HOE MHOXECTBO.

580. IokasaTb, uro /mofoe JUHEAHO CBA3HOE MHOXECTBO E CBSI3HO.

ITIpumeudanne MnuoxectBo E B eBKIMJAOBOM NDOCTDAHCTBE HA3HIBAETCS
AUHEHHO CEA3HBIM, €CTH AN MoObiX ABYX Touek X; € E, x5 € E cymectByer xopAa-
HOBA KPHBAas, HOCHTEJb KOTOPOi BK/OYaeTCss B E M COREPIKHT TOUKH Xy, Xa.

581, IlpuBecTn mnpuMep KOMIAKTHOTO MHOKECTBA, SBJISIOMWIEFOCSH
CBSI3HBIM, HO HE JIMHEHHO CBSI3HBIM.

582. JlokasaTh, 4TO €CJIM OTKPBITOE MHOXKecTBO G eBKJIHMAOBA MpO-
ctpaHCTBa CBS3HO, TO OHO M JIHHEHHO CBS3HO.

583, Tlyctb f — B3auMHO OfHO3HAYHOE HENPEPLIBHOE OTOOpaKEHHE
MHOXECTBa E MeTpHueckoro npocrpancTsa X Ha MHOxecTBO E, MeTpH-
yecKoro mpoctpaHctBa Y. O6s3aHo jim o6paTHoe otobpaxenne E; Ha
E Obith HenpepriBHBIM? EcnM J1a — 10Ka3aTh, €Cld HET — IPHBECTH
IPOTHBOpEYalHH IpHUMeED.

584. Ilyctb f — B3aHMHO OJHO3HAUHOE HENPEPLIBHOE OTOGPaXKEHHE
KOMIIaKTHOTo MHOXecTB3 E Ha MHOXecTBO E;. Jlokasarb, uro o6paTHoe
oro6paxenne E; Ha E TakKe HENPEPLIBHO (T. €. UTO [ SABASETCS FOMEO-
MophU3MOM).

585. IlycTb f — B3aMMHO ORHO3HAYHOE HENpPEPHIBHOE OTOGPaXKEHHE
mHoxkectBa E Ha E;. Jloka3arb, uTo eciu E He umeeT M30/1MpOBaHHBIX
Touek, To E; Takxe He MMeeT H30/MHPOBaHHBIX ToueK. Ocraercs JH B
CHJIE 9TO YTBEPKIEHHE, €CIi [ — HeNpephBHOE, HO HE B3aHMHO OIHO-
3HayHOe o100pakeHue?

586. BepHo . yTBepxkaeHue: «Eciu f — HenpepuBHOE OTOGPaKeHHE
MmHOxecTBa E Ha E; u ecau E, He UMeeT H30JIHPOBAaHHLIX TOYEK, TO E
TaKXKe He HMeeT H30/HPOBAHHBIX TOUueK»? DyJer i BepHO aHaJOTHUHOE
yTBepKJeHHe, ecH [ — B3aWMHO ONHO3HAYHOE HelpephiBHOE oToGpa-
xeune E na E;?

587. IlycTh f — B3aMMHO OJHO3HAYHOE HEMPEPHIBHQE OTOOpaXKEHHE
KoMnakTHoro MHoxectBa E Ha E;. Jlokasarb, uTo ecau E; He HMeeT
H30/HPOBAHHBIX TOYEK, TO H E He nmeer ux.

588. Jlokasarb, YTO KOMIAKTHOCTb H CBSI3HOCTh fABJISIIOTCS TOIIOJIO-
THYECKHMH CBOHCTBaMH.

589. JlokasaTb, 4TO OTCYTCTBHE H30/JHPOBAHHBIX TOUYEK Yy MHOXKE-
CTBa fIBJISIETCSl TOMOMOTHYECKHUM CBOHCTBOM.

590. Jloka3aTb, YTO CBOHCTBO MHOXECTBA ObITb MOJHBIM IIPOCTPaH-
CTBOM HE IBJISIETCS TOIOJFOTHYECKHM CBOHCTBOM.

591. JlokasaTb, UTO €CJIH HEKOTOPOE CBOACTBO SIBJISIETCSI TOINOQJIOTH-
YeCKHM, TO €r0 OTPHIIaHHE TaKXKe ABJSETCS TONOJOTHYECKUM CBOHCTBOM.

592. JlokasaTb, UTO He CYIIECTBYeT B3aHMHO OJHO3HAYHOTO Hepnpe-
puiBHOTO oTobpaxenus orpeska [0, 1] Ha 3amkHyThIH KBagpar [0, 1] X
X [0, 1] (r. e. 4TO-OTPE30K H KBajApar He ToMeOMOP(HEI).

593. Ilyctb S™ — m-mepHasi enMHHuHasA cdepa B m -+ 1-mepHOM
€BKJIHJOBOM HPOCTPAHCTBE R’"+‘,+IT. €. MHOXEeCTBO BCEX TOueK
m
(%15 +evs Xppy1) S R™*Y, 1151 KOTOPBIX Z)lc? =1, ¥ a — Kakag-1H00 TOYKa
=

aToi ctepel. [lokasars, uto S™ \ {a} romeomopduo R™.
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Puc. 2
594. {Iyctb f (x) — HenpepniBHOe oToGpamenre orpe3ka [0; 1]
ocu Of na Bechb kBagpar [0, 17X [0, 1] mnockocta Oxy («<kpuBas [Teanos).
Sr0 oToGpaxkeHue OCYWECTBUM CJenyiowuM obpasoM. Pasjenum orpe-
3ok [0, 1] Ha ueTbipe paBHBIX OTpe3Ka NEPBOrO paHra, a 3alaHHbil
KBaJpaT — Ha YeThipe PaBHLIX 3aMKHYTHIX KBaJpaTa NepBOrO paHra;
OTPE3KH MEPBOTo paHra 3aHyMepyeM CJeBa Halpaso, a KBajparsl Iep-
BOro panra — B TOM NOpsJiKe, KaK yKa3aHO Ha pucyHke 2, a. Jajee
KaXK/Iblil OTPE30K [IepBOro paHra pasGHBaeM Ha YeThipe PaBHBIX OTpe3-
Ka BTOPOT'O PaHra, a KaxJblil KBaJpaT NepBOTro PaHra — Ha YeThipe pas-
HEIX 3aMKHYTHEIX KBajpaTa BTOPOr'O PaHra; IOJYyYHBIIHECS B pe3yJb-
TaTe IIeCTHaALAaTh OTPE3KOB BTOPOrO PaHra HyMepyeM cJjieBa Hampaso,
a KBaJpatbl BTOPOIO paHra HyMepyem Tak, UToObl ABa KBajpara € CO-
CeJHHMH HOMEpPaMH HMeJH OOILLylo CTOPOHY (cM. puc, 2, 6). Jlanee pas-

N
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~
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6riBaeM KaK[InIH OTPe30K BTOPOTO PaHTa Ha YeThIpe OTPe3Ka TPEThero
paHra 1 HyMepyeM BCe OTPE3KH TPETbero paHra cjeBa HamnpaBo, a
Kax bl KBaJpaT BTOPOTO paHra — Ha YeTHIPE KBajipaTa TPEThEro paHra
M HyMepyeM BCe KBaJpaThl TPETHErO PaHTa MO TOMY 2Ke IPABUJY, UYTO
M KBajparel BTOPOro paHra (cM, puc. 2, 8). Jajee npojomkaem 3TOT
NpoLecc HeorpaHHuyeHHO.

[ocTaBuM B COOTBETCTBHE KaXKJOMY OTPe3KY A-T'O PaHTa C HOMEPOM i
KBaZpaT TOIO e PaHra 7 C TeM Ke HoMepoM i. Tak Mbl yCTaHOBHM
B3aUMHO OJHO3HAYHOE COOTBETCTBHE MEXJY OTPe3KaMu H KBajpaTaMH
OJIHOTO M TOTO K€ PaHra; 3aMeTHMm, 4YTO 3TO COOTBETCTBHE 06nafaeT
CNeAYIOIMHUM CBOHCTBOM: €C/JHM OTPE30K A-T0 paHra 8; COOTBETCTBYET
KBajpary n-ro padra V;, a otpesok n -+ l-ro pamnra §, — KBajpary
n 4 l-ro panra V, u ecn 8; > 8,, To V; D V,,.

Tenepr ycranaBmiBaem oToGpaxkenue oTpeska [0, 1] ocu Of Ha 3a-
JlaHHBIH KBajpaT cjaepyiomum obpasom. IlycTs #, — Kakas-1u6o Touka
orpeska [0, 1]. ITocrpoum mocnenoBatesnbHOCTb OoTpe3koB {§,} (rzme
6, — orpe3ok nepBoro pawura,d, — OTPe30K BTOPOTO paHra H T. A.),
CONEpPIKANUX TOUYKY %,; TOH MNOC/IeNOBaTeNbHOCTH OTPE3KOB COOTBET-
CTBYET II0C/Ie/I0BaTeNbHOCTh KBagpatoB {V,}; mpu 3Tom Tak Kak 6; O
26,0..06, ..., o VyoV,o...0oV, o.. Tak xaxk
diam V, — 0 npu n — -}-co, TO CyLIeCTBYeT eAMHCTBEHHAS Touka M,,
npuHajsexamas scem V,,. Ee MBI H CTaBUM B COOTBETCTBHE TOUKE I,
T. €. nosaraem f (f,) = M,.

Jokasarb, uro: a) Kaxuo# Touke #, € [0, 1] oTBeuaer ToAbKO oaHa
Touka M, U3 JaHHOTO KBajipaTa; 6) NpHU 5TOM OTOOpaXKEHHH MOJY4aloTCst
BCe TOUKH KBajpara; B) 3To oTobpaxenue HenpepsiBHO Ha [0, 1]; T) oHO
HE SIBJISIETCS] B3aUMHO OJHO3HAYHBIM.

595. JlokasaTb, 4TO NpOeKTHpoBaHHe Ha ocb Ox MHOXecTBa E,
JieXKalero Ha miaockoctdt Oxy, sIBISIETCS] HEIPEPBIBHEIM OTOODaXKeHHEM.

596. Bcerna s npoeknysi Ha ocb OX IJIOCKOTO OTKPEITOTO MHOXe-
CTBAa SIBJISIETCS] OTKPHITHIM MHOXKECTBOM Ha NpPSIMOMH?

597. Bcerna su npoeknusi Ha ocb Ox IVIOCKOTO 3aMKHYTOI'O MHOXe-
CTBa SIBJISIETCA 3aMKHYTHIM MHOXKECTBOM Ha NpsMOH?

598. Jlanbl JIBe mnepecekamwlMecss OCH Ha MJocKocTd. JlokasaTh,
YTO MPH OPTOTOHAJbHOM INPOEKTHPOBAHHHM KaxJoe HECUETHOE MHOXKe-
CTBO [IPOEKTHPYETCH 110 KpaliHell Mepe Ha OfHY
H3 3THX OCeH B HECUETHOE MHOKECTBO.

599. [okasarb, uTO apuMeTHUYECKYIO
cymmy MHOxectB E m F (T. e. MHOXeCT-
Bo E @ F) MOXHO TNOCTPOUTDL CJIENYIOLHM
o6pasom: momectuM E Ha ocu Ox, F Ha ocu
Oy u nocrpoum MHoxkectBo E X F Ha mioc-
Koctd Oxy; sarem crnpoektupyem E X F Ha
ocb Ox ¢ TIOMOIIBI0 KOCOYTOJNBbHOH NPOEKLUH

Puc. 3 C yIJIoM TPOEKTHPOBaHHsi, paBHbIM 135°%
nosiyyeHHasi Npoekuus u 6yaer muoxectBom E @ F (puc. 3).

600. [lokasaTb, yTO apu¢merHyeckasi CymMMa JBYX OTPaHHYEHHBIX

8aMKHYThIX MHOKECTB SIBJISIETCS] OTDaHH YEHHBIM 3aMKH Y ThIM MHOXKECTBOM.
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601. Yro npexcraBaser coGoit apudMervueckas cymMma ABYX KaH-
TOPOBBIX COBEpPLIEHHBIX MHOXKECTB?

602. JlokasaTb, 4TO €C/IM MHOXKECTBO A HA NPSAMOH OTKPHLITO, TO,
KakuM Opl HH OBbIO MHOXKECTBO B, apudMmernuyeckas cymma A B B
SIBJISIETCS] OTKPBITHIM MHOXKECTBOM.

603. lokasatsp, uyroecyH E; u E, — HEMyCThbIe YUHCIIOBLIE MHOXKECTBA,

TO sup (E; ©® E,) =sup E; + sup E,,
inf (E, @ E,) =inf E, + inf E,.

604. Ilyctb E u F — cBs3HbIe MHOXKECTBa Ha mpsmoii. JloKasarh,
yro E b F Takxke CBA3HO.

605. Uro npejcrasiisier co60 MHOXKECTBO BCEBO3MOXKHBIX PacCTOfA-
HHH MeXJy TOYKaMH KaHTOPOBA MHOMKECTBa?

606. ITyctb A — OTKpHITOE MHOXKECTBO Ha ocH OX, B— IPOU3BObHOE
MHOJKECTBO Ha TOH ke ocH. [{oKas3aTb, YTO MHOMKECTBO BCEBO3MOKHBIX
paccTosiHuil Mexx1y ToukaMu § € A u n € B sBasieTcs: MM6GO OTKPHITHIM
MHOKECTBOM, JiH00 oObeliHEHHEM OTKPHLITOTO MHOMECTBA H OJHOTOYeY-
HOTro (Hauana KOOpAHHAT).

607. Ilyctb f(x) — uncaoBasi GyHKUMS, ONpefeseHHAass Ha Beefi
ocu Ox, umelomasi NPOM3BOAHYI AIs Beex x, mpuuem |f (x)| < K,
rie K — 3aganHoe uucio, 0 < K < 1. [lokasarb, uYTO YypaBHeHHE

= f (X) umeeT pemieHne, H NPUTOM €IHHCTBEHHOE.

608. ITyctb [ (x) — uucjoBasi (QYHKUHMs, ONpeleJeHHAss Ha Bcedl
ocu- Ox, uMelolasi NMPOH3BOAHYIO I/ Bcex x, mpuuem |f' ()] > K,
rie K — ¢ukcupoBanHoe uucao, K > 1. JlokasaTh, YTO ypaBHEHHE
X = [ (¥) uMmeer peimieHue, W TPUTOM EIUHCTBEHHOE.

609. PaccMoTpuM OECKOHEUHYIO CHCTEMY YypaBHeHHI:

“+oo
Xi= élczkxk +b,(E=12 ),

rae Z < 1, zbf < 0. JlokasaTb, UTO faHHasl CHCTEMAa UMeeT OJIHO
|24 TOle’l;KO OIHO [;emeﬂue (x4, x4, ...) B IpOCTpaHCTBE [,.

610. Paccmotpum dynkumio f(x) :-% In x Ha yuactke 1 < ¥ <+ o,
IOna mobbix Xy €[1, oo, x,€[1, oo umeem: |f (x5 —
—F(x)) =If’(0)(xz—x1)l<—; | X, — x|, tae ¢€ ]y, x,[. Caenosa-
TeJBHO, JaHHOe oToOpaxkeHne cxumaiomee, OIHAaKo OHO He HMeer
HEMOJBHKHOH TOYKH (YpaBHeHHE X = élnx He UMeeT JeHCTBUTEJNbHBIX
pewennil), Her qu 3gecy npotmsopeunsi ¢ Teopemoil Danaxa?

611. dyukmus f(x) =§—’i;— He HMeeT HEMOJBHKHOA TOUKH, XOT$
anst mobbix x; € E, x, € E, rne E — obGnacth onpesnenenus GyHKUuM
f (x), umeer Mmecto HepaBeHCTBO |f (x,) — f (xy)] < 3 | x5 — x4l-
Her /1 3gech nportuBopeunsi ¢ teopemoit bBanaxa?
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Fnaga XI.

UUCIOBLIE dYHKUMU OAHON
MEPEMEHHOW (MOHOTOHHOCTb,
OFPAHMYEHHASA BAPUALUA)

MoHotonnbie dynkuun. OyHKuus f (x) or oAHOR AefiCTBHTENbHONH mepeMeHHOR
Ha3HBaeTCs: gospacmarouel Ha MHoxectBe E, eciu oHa ompefejeHa BCioAy Ha E u
ecnmu Aast mobbix xq € E, xp € E, TakuX, 49T0 Xy < X3, BLINOJHEHO HEPaBEHCTBO
F(x) < T (%)

cau ke i BeeX Xy € E, x9 € E, x; < X5 BHIIOJHEHO HepaBeHCTBO f (x1) <
< f (x2), TO DyHKIHMS HA3HBAETCH CMPo20 803pacmarnuyer.

AHaJIOTHYHO onpejensioTcss ybsigaiouias u cmpozo ydeigarouwas OyHKIHH.

Ecan ¢ysxuusa Bo3pacraer Ha MHoxecTBe E mam yGbiBaeT Ha MHoxectBe E, To
OHA Ha3bIBaeTCsl MOHOMOHHOX Ha E; aHAJOrHYHO OUpEAENISIeTCH CMpoe0 MOHOMOHHAR
GYyHKUHS.

Ecnn ¢yHknus MQHOTOHHA Ha oTpeske [a, b], TO MHOXKECTBO ee TOYeK pa3phiBa
He GoJlee ueM CYETHO H BCe ee TOUKH pa3peiBa — [epBoro poja (cM. Bhille, 3afaya 67).

Bapnauus ¢yskumu. ITycrs dyuxuus f (x) 3agaua na [a, b]; pasoGoem [a, b] Ha
n OTPe3KoB TOUKAMH %3 < X3 < ...< X,_;; 0603HAYUM, KPOME TOTO, @ = Xo, b = x,.
PaceMoTpuM crenyiomyio cymmy:

o= D17 (x) —F (51 |
i=1

Dta cyMMa 3aBHCHT OT crniocofa pasGueHust oTpe3ka [a, b]. Ecam aJs BCeBO3MOXKHBIX
pa3Guenuit orpeska [a, b] 3Ta cyMMa He MPEBOCXOXHT HEKOTOPOTO MOJNOXHTEJIbHOr0
YHCJIa, TO FOBOPAT, 4yTo QYHKUHS f (x) HMeeT ocparutennyo sapuayuro (MU o2paHu-
uennoe usmenernue) Ha [a, b]. Tlpu 3ToM BepxHsisi rpaHb CyMM O npH BCEBOSMOMHBIX
pas6uerusx [a, b] HasmBaeTcs egpuaqued GYHRUHH [ (X) (WIH NOAHOIM USMEHEHUEeM

¢yukuuH f (x)) n o6o3navaercs Vf:
a

b n
Vi=sup 317 () —F (1) 1
a =1

rie sup GepeTcs mo BCEeBO3MOXKHHIM pa3bueHusM otpeska [a, b].
Eciu MHOXeCTBO CYMM ¢ He OrpaHHueHo, TO QyHKUHS f (X) HasmiBaercs yHk-
el HeoZpaHueHHol sapuayuy; 3To 3aHCHIBAETCS C OMOIIbIO CHMBOJIHYECKOrO pa-
b

petcrBa Vf = --oo.
a
DyYHKIHH, HMEIOHe OrpaHHUYeHHYI0 BapHALHIO, KODOTKO HA3hIBAIOT (yHKYUAMU
b
oepanutennol sapuayuu. Ins yuknuit orpaHnuenHon BaprHauun Vf < oo,
a

ITpumepn ¢yHkuHi orpaHHyeHHOfi Bapualmuu: 1) BCAKas MOHOTOHHAst Ha
[a, b] pyHkuus (B yacTHOCcTH, M Jso6as paspblBHAsT MOHOTOHHAs (yHKIHS); 2) BCs-
Kasi HerpephiBHAs (pyHKLHS, UMelolIasi orpaHuueHHyo Ha [a, b] npousBoLHYIO.

Crneflyer 3aMeTHTb, 4TO JAJIEKO HE BCsAKAsl HeNpepbiBHAS (QYHKLHS HMeET OrpaHH-
yeHHyI0 BapHauuio (cM. 3amayy 645).

Teopema 1. Ecau ¢ynxyua umeem ozpanudennyro sapuanuw sa [a, b], mo
0Ha ABAAEMCA PA3HOCTBIO 08YXx 803pacmaruiux Gynryuil.

B uactHocTH, scakyo ¢ynxyuio [ (x) oepanutennotl sapuayuu na [a, b] moxcro
npedcmasums ¢ gude caedyoueit pasnocmu:

. F) =0 —¥H), .
rae @ (x) = Vf (sapuanua dyskunn f(x) Ha [a, x]), ap )=V —f(x); o (*¥) u
P (x) Asasomes sospacmarouumy pynrkyuinu na [a, bl.
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M3 Teopembi, copMyMpOBaHHON Bhile, B YACTHOCTH, CJEXYET, TO MHOKECTEOQ
TOYEK Pa3phiBa (yHKIUMH OrpaHHYEHHOH BapualMH He 6oJiee yeM CYETHO ¥ 4TO BCe
TOYKH PaspbiBa Tako# QYHKUHH SBJSAIOTCS TOUKAMH PAspbiBa NepBOTo poja.

Teopema 2. Ecau ynsyus Henpepoisra u umeem O2panudeHHyo eapuayuiio
;a [a, b], mo ona npedcmasuma ¢ sude pasnoCmu O8Yx HenpepbisHbIX BO3PACTAIOULLL

YHKY UL,

Tipoussonsas. i (yHKUMH OAHOM NepEeMEHHOH, ONpENeNEHHOH B  HEKOTOPOI
OKPECTHOCTH TOYKH X, MOXKHO ONPEeJEe/NHTb OOHIYHBIM 06pPasoM NpPOH3BOAHYK B TOY-
ke x. MaBecTHo, uTo ecnu mpousBoiHast PyHKUHH f (¥) B Touke ¥ cymecTByed, To
f (x) BenpepbiBHa B 3Tolt TOuke; 06paTHOE yTBEPXKACHHE HEBEPHO.

Ecau npoussoanas gynxunu f (x) cymecrsyer Bciogy Ha la, b[ u, Kpome Toro, B
TOYKE @ CyLleCTByeT npaBasi NPOH3BoJHas
fla+h—i@

h ?

’
fop (@) = lim
p h->-0
a B Touke b — JieBasi MPOU3BOJHAsL

"= tim [@ER—O)
f.'IEB (b) - hl—l:EO h ’

TO FOBOPSAT, YTO f (X) HMeeT TOUHYIO NPOH3BOAHYIO HA [a, b], B 3ToM cayyae GyHKUHIO
f' (x) HasbiBaoT mounol npoti3800HOL Qymcquu i (x). Ecan [a, b] ectb o6nacrtb onpe-
Aenennst GpyHkuun f (x), To BMecTo fnp(a) H [, (b) mumyT mpocto f (a) u f' (b).
TouHast npou3BozHas He o6si3aHa GbITh HeMpephIBHOH By HKIMeH (cM. 3aKauu 612—614).
OnHako ToyHast NMPOH3BOAHAs 06nafiaeT PsiloM BaXKHBIX CBOHCTB!

Teopemad (Lap6y). Ecauf(x) umeem mounywo npousgoduyrw Ha [a, b],
npusen f' (a) = A, [’ (b) = B, mo das aw0bozo yucaa C, 3aKatouenrozo mexcdy A u B,
cywecmeyem mouxa ¢ € [a, b] maxas, umo f' (¢) = C (1. €. TouHas mpousBoAHas
o6nagaer cBoiictBoM apGy).

5 Teopewma 4. Tounas npoussodnasn ' (x) He moxcem umems paspsisos nepeozo
oda.
g Ycaosre TI'éabpepa. Oynkumio f (x) HaswBaioT ydosaemsopaioweld ycrosuo érv-
Oepa nopadka a (rae o > 0 3agano) Ha otpeske [a, b], ecan cywectByer Takoe K > 0,
uTo Anid Jo6uX X; € [a, bl, X5 € [a, b] BrmONHSIETCST HEPABEHCTBO

) —F ) | < K- Jxg — x|

Uucao K wuasmiBaercs xoncmaumoil I'éavdepa, a — noxasamesem I'éavdepa. Jlerxo
BHJETb, uTo ecnu (yHkuMa yIoBiaersopsier Ha [a, b] ycnoBuio T'énbiepa nopsixa

o > 0, To oHa HenpeprBHA (M Ja)ke paBHOMepHO HempephiBHa) Ha [a, b]. B cayuae

o =1 ycnosue 'énpiepa HaswBaercs ycaosuem Junwmuya (¢ koncmanmotl JTunuwu-
a K).

4 Cnpsmasiembie Kpusble. IlycTh xopJaHoBa KpHBas (T. €. HelpepbiBHOE OTOGpa-

KeHue orpeska[a, b] ocu Of B R™) 3agaHa HenpepbiBHEIMH Ha [a, b} hyHKIHAMH

=1 (), ., X, = Py (). )]

Pa3o6bem npoH3BoJbHbIM 06pasoM [a, b] Toukamu f;:
a=th <th <. <tpy <tp=nhb 2)
Illazom 3TOr0 pas6ueHus HA3HIBAETCS UHCIO A =1 Qi}; (t; — t;—y). C pasGuenuem

(2) MBI MOXEM CBA3aTh CJEAYIOLIEE YHCIO 50y (¢ANHHA BIHCAHHON JOMaHOMH»):

k
Lo = 2 p My Mi_y),
i=1
rae M; — o6pas Touku #; npn oro6paxennn (1). Ecan npu crpemneHud mara pas-
GHEeHMs K HYJ 10 CYLIECTBYeT KOHEUHbIH NpejieJl AJMHH JIOMaHBIX, TO 3TOT Mpejes Haskl-
Baercs daunoi xpusedl (1), a cama KpuBasi Ha3blBaeTcs cnpamisemoi Ha [a, b]. Yrou-
HHM 3TO OTIpejieieHAe: ecau npH aoboM & > 0 cymecrsyer & > 0 Takoe, uT0 npH
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Jio6oM pasbuenun [a, b] ¢ maroM, MEHbWIMM, YeM O, BHINOJNHSETCH HEPAaBEHCTBO
| Inow — ¢ < &, To uncino ! HasbiBaeTCs MIMHOM JaHHON KPHBO.

Teopewma 5. [aa capamasemocmu xpusoil (1) Heobxodumo u Gocmamouno,
umobbl MHOXcecmso 4ucen lpoy (npu ecesosmoxmcuoix pasbuenusx ompeska [a, b))
6biA0 02pAHUMEHO CBEPXY; NPU IMOM

I = sup lyoy.

Teopema 6. Has cnpamasemocmu kpusots (1) neobxodumo u docmamouro,
umobb sce Gynxyuu @; (£) (1 < i < n) umeau oepanuuenryto sapuayurwo Ha [a, bl.

3agaun

612. IlocTpouTh (PyHKIHIO, HMEIOMIYIO NPOU3BOAHYIO BO BCEX TOY-
Kax ocu Ox, IpHYeM 3Ta NIPOU3BOJHAS Pa3pPhIBHA B Hayasle KOOPAHHAT U
He orpaHuyeHa B JI00OM OKPECTHOCTH Hayala KOOPAWHAT.

613. Iloctpoutb Ha orpeske [0, 1] dyHKIHIO, HMEIOLLYIO IPOU3BOJI-
HYI0 BO BCeX TOYKax, NPHYEM 3Ta IPOM3BOJHAS Pa3pbiBHA Ha 3aJlaHHOM
HENYCTOM HHUTJE He IJIOTHOM 3aMKHYTOM MHOXKECTBE, H TOJbKO Ha HEM.

614. Tlocrpouts Ha otpeske [0, 1] dyHKuMIO, HMEIOMYIO IPOH3BO/I-
HYIO BO BCeX TOYKaX, IPHYEM 3Ta NPOU3BOJHAS HE OrpaHHUeHa B J1060k
OKPECTHOCTH JII00Oft TOUKH HEKOTOPOTO MHOMKECTBA [MOJOKHTENbHOH
MepHI.

615. CymecrByer au ¢yHkuus f (x), HMelolIas BO BCEX TOUKAX MPO-
H3BOJHYI, coBnajamomyo c¢ ¢yukuueii dupuxmae (1. e. f' (x) =1 B
pauMOHa/MbHBIX TOYKaX, f' (¥) =0 B HppalMOHANbHBLIX TOYKaX)?

616. dyukmusa f (x) HMeeT NPOU3BOAHYIO BO BCEX TOUKAX UHMCJIOBOH
npamoii. Moxer Ju mpousBopHast f' (X) GbIThb PaspbLIBHOH M MOHOTOH-
HOH?

617. Tlycrs BO Bcex TOYKAX oTpeska [a, b] CYLIECTBYIOT U TpaBas,
u JeBasi npousponube pyukuun f (x). Bepno am, uto ' (x) npuHu-

MaeT Bce NMPOMEXKYTOUHbE 3HaueHns (T. e. obnanaer cpoiictsom [lap6y)?
618. TlocTpouTh HENPEPHIBHYIO HA BCell NP AMOf HYHKIHUIO, HMEIOLLYIO

TIPOHU3BOJIHYIO BO BCEX TOYKaX, KPOME TOYEK 3aJaHHOTO OTPaHHUYEHHOrO

CYUETHOTO MHOKecTBa E, B KOTODHIX NPOM3BOAHAS HE CYIIECTBYET.

619. Ilycre ¢ (f) — dynkuusa, Bospacraomas Ha [a, b], a [ (x) —
¢ynkuusa, moHotoHHas Ha [A, B], rne A = ¢ (a), B = ¢ (b). HBaa-
eTcA Ju MOHOTOHHOH ¢yHKuMs f (9 (2))?

620. Paccmorpum MOHOTOHHBEIE QYHKIME @ (£) U f (x) U3 npensiayimes
sanaun. Ilycth ¢ (f) paspbiBHAa B Touke #, (@ < #, < b). O6si3ana an
ObiTh paspeiBHOH GyHKIWA f (¢ (£))?

621. Jlokasatb, uto ecu QyHKIMSA f (X¥) CTPOro MOHOTOHHA HAa OT-
peske [a, b] u econ lim f (x,) = f (b), rae x, €[a,b] (n =1, 2, ..)),

n-co
10 lim x, = .

n-»00

622. Jlokasarb, uTO ecau [ (x) — HenpepbiBHas Ha oTpeske [a, b]
byHKuusA, 10 ¢yHkumn m(x) =inf f(2) u M (x) =sup f (2) mouo-

z2:[a, x] 2 [a, x]
TOHHBI H HENPEPLIBHL! Ha [a, b].
623. Jlokasatb, uro ecau [ (x) — NPOH3BOJbHAs BO3pacTaiolas

¢ynkuua, 3aganHas Ha [a, b], TO ¢pynkuua M (x), onpenesneHHas B
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npenpiylled 3agave, cosnanaer ¢ f (x). Ecau ke onpenenuts M (x)
PaBEHCTBOM

M(x) = sup [(2),

~ 2¢[a, x[

10 M (x) MOXeT He COBNACTb ¢ dyHKuHel f (x) B ee TOUKax pasphiBa.

624. JlokasaTb, uto ecnu QyHKuMs f (¥) onmpeneseHa H MOHOTOH-
Ha Ha [, b] U ecqM OHa NPHHHMAeT B KauyecTBe CBOMX 3HAYEHHH Bce
qHc/la OTpe3Ka [i[nfbf](x); Spr]; (x)], To ona HenpepniBHa Ha [a, b].

x {a, X \a,

625. Ilyctb na muoxectse E < [a, b] 3anaHa orpanuyeHHasi GyHx-
uud f (x), yroBJeTBopsiomas ycJaoBHIO: f (1) < f(x,) mas Beex x; €
€E, x; € E, x; <Xy MOXKHO JIU ee JOONPEJeNTHTb Ha BCEM OTpe3Ke
[a, b] Tak, uTobbl OHA ObLTa MOHOTOHHOMH Ha BCEM OTPe3Ke?

626. ITycrb na muoxectse E  [a, b]3ajana HeorpaHuyeHHas QyHK-
uua f (x) Takas, uto f (¥;) < f(x,) aast Beex xy € E, xy € E, %3 < X,.
Mo3KHO 11 ee IPONOMIKUTE HA BeCh OTPe30K [a, b] Tax, uro6bl OHA cTaJjaa
MOHOTOHHOH Ha BCeM OTpe3ke?

627. Ilokasath, uTo ecnu ¢QyHKIMA [ (r) HenpepslBHAa Ha [a; b],
TO JJ/151 CYIIECTBOBAHM A 00paTHON (QyHKUUH HEOOXOAUMO ¥ JOCTATOYHO,
uyToObl f (x) ObLIa CTPOrO MOHOTOHHA.

628. Moxer Ju cyMMa JBYX MOHOTOHHBIX (PYHKUUH OBITH HEMOHO-
TOHHOH QyHKIHeH? MOoXKeT /i NIpou3Be/ieHHe ABYX BO3PacTaloluX hyHK-
A ObITe HEMOHOTOHHO? [IpHUBeCTH COOTBETCTBYIOHIME NPHMEPH.

629. Ilycts dpynkuus f (x) onpenesnena Ha [a, b] u uMeeT B KaxK10fl
TOYKe HHTepBasia la, b[ npejes cjeBa u mpegen crnpasa. JlokasaTb, 4To
MHOXKECTBO TOUEK pas3phiBa TakoH (YHKIUU He 6oJiee 4eM CUETHO.

630, IlocTpoutb mpumep CTPOTO MOHOTOHHOH (DYHKLMH, ONpEreNeH-
HOH Ha BCeH YHCI0BOH NPSAMOH 1 Pa3pPLIBHOH BO BCEX PalMOHAIbHBIX TOU-
Kax, U TOJTbKO B HHX.

631. Jdoxasarb, 4TO AJif JIOGOTO CUETHOTO MHOMKECTBA TOYEK HA OCH
Ox MOXHO IIOCTPOUTH CTPOT'O BO3pacTaloILyIo GYyHKIHUIO, Y KOTOPOH MHO-
JKECTBOM BCEX TOYEK pas3phiBa fBJSETCS 3TO CUETHOE MHOMKECTBO.

632. Tloctpoum Ha orpe3ke [0, 1] KaHTOPOBO COBEpIIEHHOE MHOXKeE-
ctBo D. 3amanum ¢yHKuIHO T (X) caepyiouuM o6pasoM: Ha CMEXKHOM

1
HHTEpBase NepBoro panra* 1 (x) = 5 Ha CMEeXHHIX HHTepBajax BTO-
1 3
poro paHra T (x) = 55 1@ JIeBOM H T (x)= - Ha NpaBOM MHTEpBAJeE;

1
BOOOIIE Ha CMEXHBIX MHTepBaJax k-ro paHra mosaraem: T (x) = o 1
caMoM NepPBOM HHTepBaJe k-I0 paHra (ecju ABHUIAThbCs CJIeBa Halpaso),
3 5
T(X) = 7 Ha BTOPOM WHTEpBaJe k-ro paura, T (x) = ¢ Ha TperbeM
* WnrepBanamu k-ro paHra Mbl HasbiBaeM Te CMeXKHble HHTepDBajJbl KaHTOPOBa
1

MHOXKECTBA, AJHMHA KOTOPHIX paBHA g,;.
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H T. 1., Ha TOCTEJHEM HHTepBae
—1
k-ro paHra T (x) = . Takum

2k
obpasom, QyHKuMA T (x) ompege-
JeHa Ha BceM jpononnenun CD K
MHOXeCTBY [) OTHOCHTE/NbHO OT-
peska [0, 1]. Ona MOHOTOHHA Ha
CD, u MHOXECTBO ee 3HaueHHH
BClony nsorHo Ha [0, 1] (3Hauenu-
saMu ¢yHKuuu T (x) va CD aBas-
I0TCS1 BCE JBOMYHO palOHAJbHBIE
_ﬂ uncsia Mexxay O u 1).

Tenepsb noonpenennm GyHKIHUIO
Ha D, mosioxuB 111 x € Dt (x) =

=supT({) (T. e. B KauecTse
Puc. 4 t<x, LeCD

3HaueHUsl BTouke x€ D npunuMa-
€M BEPXHIOIO TPaHb 3HAYEHHH TOA QYHKUMH Ha TOH 4acTH MHOXKECTBa
CD, koropasi Jexut cjeBa oT x). [losaras, kpome Ttoro, T (0) =0,
Mbl onpeneniM GyHKUHIO T (x) Ha Bcem orpeske [0, 1]. Ora pyHruus
HasbiBaeTcst ynkyuel Kanmopa (cxemarnueckufi rpaduk 31oM QyHK-
UMH cM. Ha pucyHke 4). IokasaTb, 4To T (x¥) — Bo3pacrawoumast QpyHk-
Lus, HeNpeprBHAs BO BceX TouKax orpeska [0, 1].

633. Moxer Jii MOHOTOHHass HefipepHBHAas Ha OTpPe3Ke
[a, b] dyukuus, OT/IMUHAS OT TOCTOSIHHOH, UMETh NPOHW3BOAHYIO, PaB-
HYIO HYJIIO MOYTH BCIOAY B 00JIaCTH ompejesieHHs (TOBOPST, YTO KaKoe-
160 CBOACTBO HMEET MECTO noumu 6ciody Ha muoscecmee E, eciu oHO
BBITIO/IHSIETCS BO BCEX TOYKAX STOrO MHOMKECTBA, KPOME TOUEK HEKOTO-
POro NMOAMHOXKECTBA MEpPhbI HYJIb).

634. TokasaTb, uTO ec/qu (SyHKuHs [ (X) MOHOTOHHA, OrpaHHYeHa
H HernpephiBHA Ha KOHEUHOM HHTepBaJse Ja, b[, To OHa paBHOMEPHO He-
npepeHiBHA Ha 3TOM HHTepBaJe.

635. CnpaBefyiMBO Ju TNpejbILyliee YTBepXKAEHHE, eCJU 3aMEHHTb
KOHEUHBIH HHTepBaJ Ja, b[ GeCKOHEYHBIM NPOMEXYTKOM |—oo, —-oo[?

636. Ilyctb f (x¥) — nponsBo/ibHAsl HenpephiBHAs (QYHKUMSA, OIpe-
Jenennasi Ha [0, 1], 1 nycTb & — NPOKH3BONBLHOE NONOKHTENbHOE YHCIIO.
Jlokasars, yTo CyLiecTBYyeT HenpepriBHAas GYHKUHA @ (X), onpeeseHHas
Ha [0, 13 u Takag, uro: a) @ (0) = (0), ¢ (1) =f(1); 6) ¢' (x) =0
nouru Beiony Ha [0, 17; B) | (x) —f (x)| <& mns Bcex x € [0, 1].

637. [Tyctb E — Hurze He IVIOTHOE 3aMKHYTOE MHOXKECTBO Ha OTpe3-
ke [a, b]. ITocTpouTb Ha 5TOM OTpE3Ke CTPOro BO3PACTAIOLLYIO (Y HKIIHIO
f (x), nMeromyI0 HenpepHBHYIO MPOH3BOAHYIO BCIOAY Ha oTpeske [a, b],
npuuem f' (x) = 0Bo Bcex Toukax MHoxkecTBa E.

638. Imeer sin peinenue npenpiaymiasi 3agava, ecyd OTKas3aTbCsl OT
TpeGoBanus, 4To E sBISETCA HUTJE HE TUIOTHBIM MHOXKECTBOM?

639. [lokasatb, uTo ec/i f (¥) — MOHOTOHHasl yHKuUHMSH, YIAOBJET-
Bopsiouas paBeHcTBY f (x) 4+ f(y) = f (x + y) Ans Bcex x u y, npH-
gem f (1) =a, 10 f (x) = ax.

of @kl ~oloNumh ~

Wlro

[EST
[
(SN
ESTEN]
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640. Bapuauusa dyukuuu f (x) Ha[a, b]pasua A. Uemy paBua Bapua-
uus Gynkuun kf (x) + m ua [a, bJ?
641. Uemy paBHa Bapuaumus GpyHKUOUH

0 npu x =0,
f ) =Il—x mpu 0 <x <1,
npa x =1
Ha orpeske [0, 17?
642, Yemy paBHa Bapuauus GQyHKIMH

x—1 gna x <1,
fx) =110 g x =1,
X2 —gaa x >1

Ha orpeske [0, 27?

643. Ecnu u3MeHHTb 3HaueHHe (QYHKIMH M3 TPSHBIAYUIEH 3anaun
B TOYKe pa3peiBa (npu x = 1), To Bapnauus ¢pyHKuuu usmenurcs. Kak
H3MEHHTb 3HauyeHHe 3ToH GYHKIMH B TOYKe ¥ = 1, 4yrobbl BapHauus
CTajla HauMeHbIIeH?

644. Ioxasarb, uTo QyHKUHSA

0 mpu x=0,
() ={xzcos£ npu x =0
P

HMeeT orpaHvyeHHYIo Bapuauuio Ha orpeske [0, 1].
645. [Toxasarb, uTo GYyHKIMA

0 nmpu x=0,
f(x)={xsini npu x 70
X

2
MMeeT HEOTPaHHYEHHYIO BapHalHI0O Ha OTpe3Ke [O, —E]'

646. @ynkuws f(x) umeer orpaHuuenHyio Bapuaumio Ha [0, 1)
JoKa3aTb, 4yTo GyHKuua F(x) = f(ax +b), rre a >0, mlwebeT orpaHH-

—

1 a
YEHHYIO BapHallHIO Ha OTpe3Ke [— b :l———b], npuuem V=V F,
b
~a

’
a a

647. OGoOImKMTE pe3yabTaT NMpeJbiAyLIeld 3a1auu, J0Ka3as, YTo €C/IHU
f (x) umeer orpannyenHyio Bapuauuio Ha [0, 1], a ¢ (x) — cTporo Bo3-
pacraromiasi HernpephiBHas ¢yHKua Ha [, f] Takas, uro ¢ (o) =0,
¢ (B) =1, To pynkuus {? (*) = f (¢ (x)) umeer orpaHnyeHHYIO BapHa-

uuio Ha [a, B], npHuem \Olf = VF.
01

648. [lokasaTb, 4TO QyHKIHS, HMelouasi BO BCeX TOYKAX OTpPe3ka
[a, b] npousBoaHylo, OrpaHHueHHYI0 Ha [a, b], sBaserca QyHKUHeH
OrpaHUYEeHHOH BapHalyH.

649. JlokasaTb, 4TO XapaKTepuCTHUecKasi GYHKIHMS ¥ (x) MHOXKe-

ctBa E — [g, b] umeer orpaHHueHHyI0 Bapuauuio Ha [a, b] Torza
77



TOJMILKO TOT/A, KOTJa MHOXeCTBO E HMeeT JHIb KOHEUHOe YHCJO Ipa-
HHYHBIX TOUYEK.

650. O0a3aTesIbHO JIH CyMMa DaBHOMEPHO CXOAsLIerocd psna He-
NpepLIBHBIX (PYHKIMH OrpaHHYeHHOH BapuauuH sBJsercs (GYHKUUeH
OrpaHvyeHHOH BapHalHH?

651, JlokaszaTb, uTo eciid (PYHKUHMS YIOBJIETBOpsieT yciaosHio Jlum-
LIMIa Ha OoTpe3Ke [a, b], To OHA HMEeeT Ha 3TOM OTPe3Ke OrPaHHYEHHYIO
BapHaluio.

652, Jloxasarb, uTo ecad QyHKUUS [ (X) yLOBJETBOPSET YCJIOBHIO
I'énbpepa mopsinka o > 1 na orpeske [a, b], To f (x) nocTosiHHA Ha 5TOM
OTpeskKe.

653. [lokasarb, uto ecau ¢yHKuHsA [ (x) YLOBJIETBOpSAET YCJIOBHIO
I'énbpnepa mopsinka o Ha oTpe3ke [a, b], To OHA YAOBJETBOPSET HA ITOM
OTpe3Ke Takxke ycJoBuio ['énbrepa nopsinka B, rae f — Jo6oe HEOTpH-
LaTe/IbHOE YHUCJIO, MEHbILEe U4eM o.

654. Ilycte ¢yukuus f (x) ynoBJjerBopsieT ycJjoBHio I'éibaepa mno-
psiaka o Ha [a, b]; nokasath, uto Toraa F (x) =K [ (mx 4+ n)
YIOBJETBOPsieT  ycjaoBUIO I'énpiepa mopsiikd o Ha  OTpe3Ke

[a_n b—n (ecain m > 0) wsu Ha OTpe3Ke [b noe n} (ecmt m < 0).

’

m

655. [TocTpouThb Ha KaKOM-HHOyIb OTpe3ke [a, b] HeNpepbBHYIO
(dyHKIMIO, KOTOpasi MMEET Ha 3TOM OTPe3Ke OIpPaHUUYEHHYIO BapHalHIo
U He yJOBJETBOpPSIET HA HeM ycJoBHIO 'énbrepa Hu mpu KakoM o > 0.

656. ITocTpouTh Ha KakOM-HHOYAb oTpe3ke [a, b] HenpeprBHYIO
¢GyHKUHIO, KOTOpasi HMeeT Ha 3TOM OTpe3Ke HEOIDaHHUEHHYIO Bapua-
LOUMI0 M YJOBJETBOpPSIET YCJOBHIO ['é€/bJiepa HEKOTOPOro NOpsiiKa o,
rie o — 3agaHHoe uncio, 0 < a < 1.

657. TloctpouTh Ha KaKoM-HUOyAb oTpe3ke [a, b] HenpepuBHYIO
¢yHKUHMIO, KOTOpas HMeeT Ha 3TOM OTpe3Ke HEeOrPaHHYeHHYIO Bapua-
H{I0 U He Y[OBJIETBOPSIET HA HeM ycJoBHIO 'é/bliepa HH IIPH KaKOM
w > 0.

658. [lycte ¢yHKuuH f (X) U g (¥) MMEIOT OrpaHHUEHHYIO BapHaLHIO
Ha [a, b]. JloKa3aTb, 4TO HX CyMMa H NPOM3BEJIEHHE TaK:Ke HMEIOT orpa-
HHYEHH YO BapHalUIo Ha [a, bl, npnqu

V(f—l—g) Vf—l—Vg,

V(fg) LSup 17 ()] Vg+ Sup Ig(x)l Vf
659. I'IyCTb f (x) GyHKIHU S orpaaneHHon Bapnaupm Ha [a, b],

npuuem f (x) > ¢ > 0 Bciony Ha [a, b]. loka3ars, 4To—— TakwKe HMe-
eT OrpaHHYeHHYIO Bapuauuio Ha [a, b]. f®
660. Hy;:Tb f (x) ompenenena Ha [a, b] 1 a <c¢ < b. JlokasaTb
b

paBenctBo V| = \clf -+ VF.
661. Hyg'rb f (;) —({)y_HKLLHH OrpaHHueHHOH Bapuauud Ha [a, b],

F (x) = V| — papuauus ¢pyuxuuu f Ha [a, x].
a
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Jlokasarb, 4TO 1J1s1 HENPEPHIBHOCTH [ (x) B Touke X, € [a, b] Heol-
XOJMMO M JIOCTATOYHO, YTOObI QyHKUHA F (x) Obl1a HempephiBHA B 3TOH
TOUKE.

662. ITycte ¢pyukuus f (x) onpenenena Ha [a, ++oo[ u umeer orpa-
l-mquHylo BapuauuIio Ha Jo6oM otpeske [a, t] (¢ > a). IlokasaTb, 4TO

ecmu lim Vf cymectyer, To # lim f (x) cymectByer. [Tokasars Ha npu-
t->—+oca X0
Mepe, 4TO H3 cym.eCTBOBaHHﬁ KoHeyHoro npezesna lim f (x) ewe nHe cie-
x-»-l—oo
Iyer cyluecrBoBanus lim Vf.
t>4 a
663. Jlokasarb, uTO ecau f (x) — paspbiBHast QYHKUHMS OTrpaHHUeH-
x

HOH Bapwauud Ha [a, b], T0 F (x) = V[ Takxke paspuiBua Ha [a, b],
a

NpHyYeM Pa3pHIBHI 00euX GYHKUME HAXOJSATCS B OHHX U T€X Ke TOYKaXx.
Jlokasarb, 4TO B KaxJOH TOYKE Pa3phiBa X, HMEIOT MECTO PaBEHCTBA:

| F(xo 4+ 0) — f(x)| =F (x4 + 0) — F (x),
|F (%) — T (%o — 0)| = F (x)) — F (xy — 0).
664. oxasatb, urto mMHOXecTBO V (@, b) GyHKOMI OrpaHM4YeHHOH
BapHauuu Ha {a, b] ABJIAETCS METPUUECKHM NPOCTPAHCTBOM, €CJIH 34
paccrosinue mexny f €V (a; b) u g €V (a, b) npuHATh 4HCJIO

o, =1f@)—g@|+V(—.

Jlokasarb, 4yTO 3TO NPOCTPAHCTBO MOJMHO.

665. OGbeqvHEM B OfHH Kjacc Bce yHKUMH OTPAaHHYEHHOH Bapua-
uuH Ha{a, b], oTyiyaromuecs ApYyr OT ApYyra Ha MOCTOSIHHOE CJ1araemoe.
Jlokasarb, 4TO MHOXECTBO 3THX KJ/acCOB SIBIAETCS METPHYECKHM IIpO-

~ ~
cTpaHcTBOM V (a, b), €cilu 3a pacCTOsiHHE MEXAY ABYMS Kjaccamu [ H
g TPHHATH YHCJIO

~ ~ b
os (f, g)=Y(f—g),

~
rae f — KaKaﬂ-JIH60 ¢GyHKUMS U3 Kaacca f, a g — Kakada-aubo GpyHKUMA

U3 KJacca g
JloKazaTh MOJIHOTY IIPOCTPaHCTBA vV (a, b).
666. IIpencTaBuTb (YHKUMIO OrpaHHYEHHON Bapuauuu cos®x Ha
orpeske [0, 1] B BHAE PasHOCTH ABYX BO3pacTaiolX QyHKuuH.
667. IIpencraButh (YHKUMIO OrpaHHYEHHON BapHalMHu sin x Ha
[0, 2n] B Bume pa3HOCTH IBYX Bo3pacTaolUX GYHKIHMH.
668. INpencraButh (GYHKUMIO orpaHuueHHoit Bapuauuu Ha [0, 2]
—x? mpu x € [0, 1[,
f(x) = {0 nmpux =1,
1 1mpu x €71, 2]
B BHJ€ Pa3HOCTH JBYX MOHOTOHHBHIX (DyHKUMH.
669. Uemy paBHa Bapuauus (yHKLIHH
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x? npu x €[0, I[,
fx) = {5 npu x =1,
x+3 mpux €11, 2]

2 1 2
Ha orpeske [0, 2]? IIposeputs, uro Vf = Vf + Vf. TIpencraButs f(x)
0 0 1

B BHJE Pa3HOCTH JABYX BO3pacTaroluX GyHKUHMH.

670. [okasaTb, yTO ecid PYHKUMSA [ (¥) UMEET OrpaHUYEHHYIO Ba-
puamuo Ha [a, b], To ee abcomoTHasi BeqHuHHa |f (x)| Takke HmeeT
OrpaHMYEHHYIO0 BapHalMIO HA 3TOM OTpe3Ke.

671. CnpasennuBo /i yTBep:kjeHue: «Eci | f (x)| umeeT orpannye-
HYI0 Bapuauuio Ha [a, b], To u f (x) UMeeT orpaHHUeHHYIO BapHalHIO-Ha
3TOM OTpe3Ke»?

672. Tlyctb f(x) —HenmpeprnBHas Ha [a, b] ¢yHKuus.
CnpasenyiBo s yrBepxkjeHue: «Ecau |f (x)| nMeer orpannyeHHyIO Ba-
puauuio Ha [a, b], To u f (x) UMeeT orpaHHYEHHYIO BapHaUHIO HA 3TOM
OTpe3Ke»?

673. oxasatb Teopemy: «[lsisi Toro utobnl ¢yHKuMs f (¥) uMmena
OI'paHHYEHHYIO BapHaluio Ha [a, b], HeoGX0AUMO H JOCTATOYHO, YTOOHI
CylllecTBOBa/ja Takasgs Bo3pacTawula g (yHKuus @ (x), yTo Aas
Joboro x € [a, b] u gns moboro A > 0 (takoro, uto x + A € [a, b])
umeet mecto [f (x +h) — f (X)] € @ (x + h) — @ (x)».

674. Jlokasarb, 4TO KpuBas

{xzsin—i npu x =0,

0 npu x =0
cpamiasema Ha [0, 1].
675. IloxkasaTb, 4TO KpuBas

{xsinl npu x %0,
y= x
0 npy x =0
He crpswisiema Ha [0, 17.
676. Jloxasatb, uyto ¢yHKIMH ¥ =@ (), y =9 (f) O Lt L)),
3ajamomue kpuBylo [leano (cM. 3aauy 594), He MOTYT HMETb OTPaHHYeH-

HOH BapuauuH.
677. PaccMOTpUM KOpJ@HOBY KDHUBYIO:

po 1 1
v {bsmt npu ¢ # 0, g {tsmt npu ¢ =0,

0 npu ¢t =0, 0 npu t =0 (¢€[0, 17).

Tak kak o6e QyHKIUHH, 3ajaloliye 3TH NapameTpHyeckHe ypaBHe-
HH S, HE UMEIOT OrpaHuueHHOl BapHauuu Ha orpeske [0, 1] (cM. 3anauy
645), To, coryacHo TeopeMe 6 BBeJleHH 51 K HACTOSIIIEH IJ1aBe, 3Ta KpHBas
He cnpsmisieMa. C 1pyroii CTOpOHBI, KpuBas, OnpejeasemMas STHMH Ypas-
HEHHSIMH, SIBJASIETCS OTPE3KOM IPSIMOH y = X OT TOYKH (@, @) 1O TOY-
ku (b, b), e a= min (t sin 1y b= max (tsin—l); HO KOHeY-

1¢10, 1] t £e10, 11 ¢

HBIH OTpe30K NpAMOF Bcerjja HMeeT KOHEUHYIo IJHHY, UeM 0OBSCHHTHL
Kaxyleecs NpOTHBOpEYHE.
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678. [doxasarb, uro ecan ¢yHkuuu @ () u P (f) uMeoT BCIOAY Ha
[0, 1] npousBozuyto, npuuem ¢’ (¥) u ¢’ (f) orpanuuenn ua [0, 1], TO
KpuBasi ¥ = ¢ (¢), y =V (f), (0-< ¢t < 1) cnpamnsema.

Fnasa Xil

MU3MEPUMBbIE dYHKLIMWA, MHTETPAJIbI
PUMAHA U JIEBET A

Uamepumbie dynkuuu. UncnoBasy yHkuus f (x), onpeleneHHass HAa MHOMECTBE
E, rae E — noaMHOXeCTBo eBKJKJ0Ba npoctpaHctBa R™ (B yacTHOM ciydyae — MOA-
MHOECTBO YHCJOBON MpsIMOi), Ha3hIBAaeTCs UBMEPUMOL, eCIH H3MEPHMbl MHOXKECTBO
E u Bce mHoxecTBa E (f (x) > @) ana mobuix @, —o < a < + oo.

3pech, Kak M Beiofly ganabine, E (f (x) > a) mnu E (f > a)) — MHoXecTBO Beex
Tex Touek x U3 E, B KOTOPbIX HMeET MeCTO HepaBeHCTBO [ (x) > a. AHamoruyHmii
cmuicn uMeroT oGosHavenusi: E (f (x) > a), E (]P W<a, EFW<KLa, EFK =
=a), E(a<f@x) <b)ur g wmum EFf>a), EFf<a)urg).

Ins usmepumoctd GyHkuuH f (x), 3ajanHoil Ha uaMepHMOM MHoxecTBe E, He-
06X0JHMO H AOCTAaTOYHO, UTOOH GpliM usmepumsl Bee E (f (x) 2> a), uan uto6H GeH
usmepumbl Bee E (f (x) < a), nin uto6el 6uiu naMepumbl Bee E (f (x) < a).

CBoiicTBa H3MepUMbIX (QYHKUHIL.

1. Ecau pgpe ¢yHKIUuE f; (X) H f3 (X) H3MepHMbl, TO H3MEPHMH TaKXKe HX CyMMa,
npousBeJieHue, yacTHoe (LoC/iefHee — NpH YCJIOBHH [y (x) 5= 0 Ha E).

2. Ecin jaHa noclefioBaTeslbHOCTb H3MepHMbIX Ha MHoxectBe E  dyHkumi
fL %), fa (®), s fr (%), ..., cxomsmascs Beiopy Ha E x pyskunn F (x), To F (x) us-
mMepAMa Ha E. Jlaxe ecin coorﬂomeﬂne:i_m fn (x) = F (x) BunonnsieTcs He BCIOAY,

n->--o0o
a JIMIb MOYTH BCioAy™ Ha E, 1o u Toraa F (x) uamepuma Ha E.

3. Ecin pse QyHKLMH, onpefieNeHHble Ha E, oTaMyaloTcs APYr OT Apyra Ha
MHOXECTBE Mepkl HyJib, TO OHH JIH60 06e H3MEPUMDI, J60 06 HeH3MEPHMBL.

QyHKUMH, OTJIHY3IOIHECsT APYr OT APYra TOJbKO Ha MHOXECTBE MepH HYJib,
Ha3bIBAKTCS IKBUBANCHIMHBIMUL.

4. Ecan f (x) namepuma Ha E M ecli H3 M€ p H M 0 € MHOXecTBo A sBAsieTcs
noAMHOXecTBoM MHOXecTBa E, 1o f{x) usmepuma Ha A.

IIpumepn u3MepHMHX YHKIHH.

1. dyHkuMs, NpHHHMalOmas NoCTosiHHoe 3HayeHHe C BO BCEX TOYKAaX H3MEpH-
Moro MHOXectBa E, uamepuma Ha E.

2. Besikas GyHKUMS, HenpepHBHAs HAa OTpe3ke [a, b], usMepuMa Ha HeM.

3. dyHKuHs, HenpepbIBHASA MOYTH BCIOAY Ha oTpeske [a, b], H3MepHMa Ha HeM.

4. OyHKuus, SBJAAOLIASNCS MpeJeJoM CcXoAduiefics MNOC/JeA0BaTeIbHOCTH He-
npepuBHLIX Ha [a, b] dynkuuii, uaMepuma Ha [a, b].

He Bcakas ¢ynkuus usmepuma. Tak, Hanpumep, ecin E — Heusmepumoe MHO-
JKECTBO Ha NpPsMOH, To GyHKUHSA, umelomas 3HaueHue 1 Ha E u 0 Bre E, HeHsMepuma.

Cxouumoctb mo mepe. Ilycts E — H3MepHMOe MHOXKeCTBO KOHeuHoii mepwl. ITo-
cnefoBatenbrocth {f, (¥)} u3Mepummx Ha E ¢yHKuMA HasbiBaeTcs cX00Auelics no
sepe k uamepumots pynkyuu @ (x) na E, ecau 1us Besikoro uucaa § > 0 mmeer Mecro:

lim mE (@ (8) — f, (9| >8) = 0.
n—>+oo>

Teopemal (leGera). Ecau nocredosamensrocmp gynxyui {fn (x)}

* HanoMHHM, YTO TEPMHH «HEKOTOPOE CBOJCTBO BHINIOJIHSETCS NOUTH BCIOAY Ha E»
03HayaeT, YTO ITO CBOMACTBO BHIOJIHSIETCS BO BCeX TOYKAX MHOXECTBa E, KpoMe TOueK
HEKOTOPOro IOJAMHOXKECTBA MEPHl HYJIb.

81



uamepumotx Ha mroxcecmge E xoneunoti mepel, cxodumes nowmu eciody Ha E k  ¢ynxyuu
@ (x), mo ona cxodumes k smoil pyrxyuu u no mepe Ha E.

TakuM 06pa3oM, CXOZHMOCTb IO Mepe sIBJseTCs 0GOOEHHeM CXOAUMOCTH TOYTH
BCIOZy. BMecTe ¢ TeM 3T MOHATHS He COBMAAalOT: CYLIECTBYIOT NMOC/IELOBATENbHOCTH
H3MepPHMBIX QYHKIHMI, CXOASIIHECS IO Mepe Ha MHoOxecTBe E KoHEeuHoOil Mephl, HO He
CXOAsiHecs: B OGLIYHOM CMBbIC/IE HH B OJIHOH TOUKe MHOxecTBa E (cM. 3ajauy 699).

Teopema 2. Hsz ecarol cxodawetica no mepe Ha E nocredosamenrvrocmu
{fn ()} moxcro eoidesumos nodnocredosamensrocme, cxodawyroca noumu ecody Ha
E (ede E — mHodmcecmso KoHeuHol mepol).

Teopema3 (Eroposa). Ecau nocaedosamensrocms {f, (x)} cxodumcs
no mepe k ¢ (x) Ha mHoxcecmee E xoneuroti mepol, mo 041 ao6ozo & > 0 cywecmsyem
maxoe usmepunoe nodmrnoxecmso E; < E, umo

a) mE; > mE — §;

6) nocaedosamenvrocmo {f, (x)} pasHomepro Ha Ey cxodumes k ¢ (x).

Hurerpan Pumana. Ilycte dyukuus f (x) aagana Ha [a, b]. Pasobvem [a, b]
ToukaMH @ = xp < %; < ... < X, = b M Ha30BeM IIAroM A 3TOro pasGHeHus MaKCH-
MaJIbHYIO JIHHY HHTEPBaNoB lx;_;, ;[ A = max (x; — Xj—y)-

L

Jlanee mocTpoHM CyMMbl

n n
§= 2 miAxi HS= ZIMisza
i=

i=
rie

Axy=x;—x—y, my= inf [ (x), M= sup f(x).
x:[xpq, %3 xe [xp—1, %]

DTH CyMMbl Ha3bIBAIOTCS COOTBETCTBEHHO HUdcHetll v eepxueli cymmamu Japby. Ecan
CymecTByeT OOIIMfT IIpefes BepXHHX W HHKHAX cymM Jlap6y npH CTpemJeHHH Iara
pasGueHHs A K HYJII0, TO STOT Npejes HasbiBaeTcss unmeeparom Pumana ot f (x) Ha
orpeske [a, b]:

b n n
() [ (x)dx =lim ¥, mAx;=1lim 3} MAx;.
a A0 1= A0

Ecan anst gysrunn f (x) Ha orpesxe [a, b] cymecTBYIOT npeesbl HUKHUX U BepXHHX
cyMMm Jlap6y u 5TH npefensl paBHBL APYF APYTY, TO FOBOPAT, uTO [ (X) unmezpupyema
Ha[a, b] no Pumany.

Teopewma. [Qas moeo umober gynxyus f (x) 6eira unmeepupyema no Pumany
na [a, b], Heobxo0umo u docmamouro, umobst ona bvtaa oepanuvera Ha [a, b] u mepa
MHOXCECBA ee MO4eK PABPHIBA PABHAAACL HYAo (T. €. uToO GyHKuHus f (x) Gbia ModTH
chong Ha [a, b] HempepriBHa).

BOiicTBa MHTerpaja Pumana.

1. Ecnu @ (x) u ¢ (x) unrerpupyemsl mo Pumany ua [a, 4], To aas moGuix uncen

a, B umeer mecro

b b b
f (a@ (¥) + B (x)) dx = aI(p(x)dx-}-Bj.ip(x)dx.

a a

2. Ecnu f (x) unterpupyema Ha [a, b] u Ha [b, ¢], To oHa MHTerpupyema u Ha
{a, c], npuuem

c b c
[T de=[F)de+ [ f ) dr.
a a b

[ b?. Ecmn m < f (x) < M Bcioay Ha [a, b] u f (x) uarerpupyema no PumaHny Ha
a, bl, To

b
moe—a<[fWd< M- 6—a).
a
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Hurerpan JleGera or orpanuuenoii ¢pynkuuu. ITycte f (% ~— orpaHuueHHad
u3MepuMast QYHKIMS, ONpelesieHHas HAa M3MepHUMOM MHoxecTBe* E eBKJMAOBA Mpo-
CTpaHCTBA M NIPHHHMAIOWAs 3HaueHus ctporo mexay A u B: A < f (¥) < B ans scex
x € E. Paso6ben orpesok [A, B] ocu Oy Touramn A = yo <y < Yo < ooe <y, =
= B 4 noeTpouM CJEeAYIOMHE CYMMbIL:

n n
s= | Yime;, S=¥ yime;,
i=1 i=1
rie ¢ = E (y;, < [ (¥) <y;). DM CymMMBl Ha3LIBAIOTCA COOTBETCTBEHHO HUdcHell
u gepxuel cymmanu Jlebeea. HauGonbiyas AyuHa oTpe3koB [y;_, y;]1 npH HaHHOM
pa36ueHHH HA3BIBARTCS wiG20M pasbuexus W oGosHauaeTcs A.

Ecau cymectsyer ofmuii npefes BepXHHX M HHXKHHX cyMM JleGera mpH CTpem-
JIHHH mara pasGHeHHs A K Hyuo, To GyHKuus f (x) HaswlBaeTcs UHmMezpupyemorl
no Jlebeey na muoxcecmee E u stotr obmuit npegen cymm JleGera HasblBaetTcs unmezpa-
aom Jlebeza ot [ (x) no mHoxecmsy E:

n n
(L)f f () de=1m D) y;_yme; = lim > y;me;
(xoraa sicHo, 4TO peub uAeT 06 HHTerpane JleGera, To 3Hak (L) mepen o6o3Hauenuem
HHTErpasna 4acTo ONyCKaioT).
MuoxectBo E HaselBaeTcsi IIpH 3ToM o6aacmbio  urmezpuposanus. Ecnn, B ua-
CTHOCTH, 00/1aCTbIO HHTETPHPOBAHHUS siBjsieTcss oTpe3ok [a, b], To uHrerpan JleGera
MO 3TOMY MHOXKECTBY 3alHChIBAIOT B BHJE

b b
(L) [ [ (x) dx, nna ([ (x) dx.

Teopewa. Beakaa oepanuuennan usmepumas na E pynkyus unmezpupuesa
no Jlebecy Ha amom muodxcecmsge (npenmonaraercss, 4to E — MHOKECTBO KOHEuHOR
MepHI).

Caoiictsa unterpana JleGera.

1. Ecnmu dynruus f (x) uarerpupyema mo Pumany Ha otpeske [a, b], 10 oua
HHTerpupyema u no JleGery Ha 3ToM OTpe3Ke, NPHYEM 3TH HHTErpajsl paBHW APYP

Apyry: 5

b
R) [ F () de = (L) [ ] (x) dx.
a

a
Takum Q6pasom, uurerpan JleGera Ha oTpe3ke sB/sieTcss 00600lIEHHEM HHTerpasa

Pumana.
2. Ecmu bk < f (x) < K Beoay Ha E, To

k- mE< (L) [ ds< K- mE.
E

3. Ecnu MHoxecTBo £ KOHeUHOHN Mephl Pa3GHTO Ha KOHEUHYIO HIIH CUETHYIO COBO-
KYIHOCTb TONAPHO HE MEepPeceKaloMXCs, H3MEPHMbIX MHOXecTB Ep, To Ais moboil
u3MepuMoll orpaHuueHHoil Ha E dynkuuu f (x) HmMeeT mecro

[Fyde=2[ (v dx
E kEk

(3T0 cBOMiCTBO HHTerpana JleGera HasblBaeTesi «noAHOL QOOUMUBHOCMBIOY).
4. Ecau @ (x) u { (x) orpannuens u u3mepumel Ha E, o st yioGbix uncesn o i f

HMeeT MeCTo
[ @ () 4B () dx =g (@ (1) dx +B [ (v) dx.
E E E
5. Ecnu f (%) 1 @ (x) orpaHHueHsl ¥ H3MepHMbl Ha E, mpHueM ModTH BCIOAY

* 3/iech W BCIOAY B MaAbHeflllleM Mbl cuMTaeM, 4To E — H3MepuMoe MHOXKECTBO
KOHEeYHOH Mep bl €C/IH ClelHaJbHO He OroBOpeHO MPOTHBHOE.
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f) <o),
_[‘f(x)dx<jl;q)(x)dx.
E

B uactHocTH, ecaH f (x) = @ (x) noutH BcioAy Ha E, To
[ de=[o0)ds
E E

6. Ecmm f(x) —HCcoTpHumaTeanbHas H3MEDHMas orpaHHueHHas QyHK-
uua Ha E, npuyem j f(x)dx = 0, 10 f (x) = 0 mouru Bcioay Ha E.
E

7. Ecnu f (x) u3aMepuma H orpaHHueHa Ha E, to

dx| < | dx.
!lfaf(x) x]<£lf(x) X

8. Ecin ZaHa noc/efoBaTeNbHOCTb M3MEPHMbIX OrpPaHHUYEHHHX Ha B QyHKuUM#A
fi (), Fa (%), +oes 2 (%), ..., cXORAWAsICS TOUTH Betonty HA E K Qpyuruuu F (x), 1 ecny
cymectyeT Takoe uncio A, arto |fz (x) | < A ang seex k, To

kli&)gfk(x)dx=£ux)dx.

HUnrerpan JleGera or neorparuyenroii dynkumn. [Tycts f (x) — HeorpaHuueH-
Has usMepuMas (YHKUMA TOCTOSHHOTO 3H3Ka, Hanpumep Bcony Ha E (F (x)2 0).
TTocrpoum BemoMoratenbhyto dynkumio [f (x); («cpeskar dynxuun f () unciom ),
KOTOpasi onpeAesieTcs CaeAylomuM o6pasom:

_ff@umpr 0L f(x) <8
[fF )= { ¢t opu \f(x) >t
Sra QyHKUHA H3MepUMa M orpaHuyesa (unciamu O u ).

Huterpan JleGera oT HeorpaHHueHHOH He OTPHI AaTe€JbHOH (QyHKUHH
f (x) no MHOXecTBY E onpejensieTcss paBeHCTBOM

@ [ F @ de= lim @) [T () dx.
E t—~>-o0 E

YkasaHHbI# 34€Ch ApeJes BCerja CyuecTBYeT; OAHAaKO OH He 06s13aTeJbHO paBeH
KOHEUHOMY 4HMCHy (OH MOMKCT paBHaThest H +-00). Ecmn (L) j [ (¥) dx koHeueH, TO
E

dyuxuus HasmBaeTcs cymmupyemots nHa E (wnn unmezpupyemoii no Jebeey na E);
eC/IH 3TOT HHTerpaj 6ecKoHeueH, To GyHKUHs HasbiBacTCs Hecymmupyemol (Wiu He-
unmeepupyemoti no Jebeey).

WHTerpan or 3HakKonmepeMe HHO i H3MCPHMOH HeorpanuyeHHo# ¢yHk-
unH f (x) Ha E onpefessicTcst paBeHCTBOM

O [F@de= L) {F D dx— Q) [F- () dx,
E E E

rae

= 20,
neo={9 B 28

0,
o= g st

1 1
e fr@=g O +F0), -0 = 2 (F @I =1 ()

®ynxuus f (¥) HasuBacTCs cymmupyemots, ecu f (x) u f- (x) oGe cyMmupyeMul.
Torma maTerpan or f (¥) paBeH KOHEUHQMY YHCJY, ONpEAEJCHHOMY YKa3aHHOM Bhille
dopmynoit.

Dyuxuusa f (x) secymmupyena, ecii xots Obl OHA H3 HEOTPHUATEILHBIX HYHK-
unit f, (x) wam f— (x) Hecymmupyema,
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Caoiictsa MuTerpana JleGera oT HeOrpaHH4EHHBIX (DYHKuUHIL.
1. Ecnu @ (x) u P (x) cymmupyemsl Ha E, To mnsa JoGuix uncen o, f dyHxmua
ag (x) 4+ By (¥) Takke cyMmHpyema, npuuem

@) | @ () + b (1)) dx =0 - (L) g;p () dx +B - (L) £ ¥ (x) dx.
E

2. Ecn f (x) cymmupyema Ha E H MHOXecTBo E pa36GHTO HAa KOHEUHYIO M.
CUETHYIO COBOKYMHOCTbH TOMapHO HE MepecekaloUIHXCst H3MEPHMBIX MHOXECTB Ejp, TO
f (x) cymmupyema Ha Bcex Ep u

O [Fwde=D@) [ F)ax
E k Ek

(«nonHas aAAMTHBHOCTLY HHTErpasa JleGera). dais HeoTpHuaTeNbHOH Ha E HaMcepHuMOoil
oGynkuuu f (x)) T0 paBEeHCTBO COXPAHSETCS H B TOM CiIydae, korja f (x) HecymmHpyema
Ha E (B 00enx 4acTsix paBeHCTBA TOrAa CTOHT --00).

3. Ecou f (x) u @ (x) cymmupyemst Ha E u f (x) < @ () mouru Bcioay Ha E, To

@ [Fyde < @) [ () dr.
E E

B yacrnoctu, ecnu f (x) = @ (x) mouru Bciogy Ha E, To ux MHTErpassl paBHHL.

4. Ecnu f (x) — uaMepumasn Ha E GyHKUHsS, TO U3 CYMMHPYEMOCTH  (x) BeITekaer
cymmuapyemocts |f (x)[, a u3 cymmupyemoctu | f (x)| BoiTekaer cymmupyemocts f (x)3
TIPH 5TOM HMEET MECTO HEPaBeHCTBO

@) [F@ de| <@ [\ )] dx.
E E

5. Ecau f (x) u g (x) usmepumst Ha E, npuuem mouTH BCloAy Ha E uMeer mecto
HepaBeHCTBO | f (¥)| < | g (¥)], 1 ecan g (x) cymmupyema va E, 1o u f (x) cymmupyema
Ha E.

6. Eciu f (x) > Oua En (L) ff (x) dx =0, 10 f (x) = 0 nouru Bcrogy Ha B.
E

7. Ecan nocnenoBatenbHocTs {f, (¥)} usMepuMbix Ha E ¢yHKUHME CXOAUTCS MO
mepe Ha E k pynkuun F (x) 1 ecau CyuiecTByer Takas cymMmupyemas Ha E neorpuua-
TenbHas GyHkuug G (x), uto |f, (x)] < G (x) Ana Bcex n 4 nouTH Beex x € E, 10
bynkuuu f, (x) u F (x) cymmupyemsl Ha E, npuyem

lim (fn () dx= [ F (x)dx.
n->-+o0of E

3apaumn

679. Joxkasarb, uro ecau ¢ynkuus (f (x))* usmepuma Ha E, To u
f (x) uamepuma ua E.

680. Iloxasatb, uto H3 Taro, uro (f (x))® usmepuma Ha E, eue He
caenyer, uto f(x) usmepuma Ha E.

681. Jlokasarb, yto ecu f (x) uameprima ua E, To u |f(x)| uamepu-
ma Ha E. [lokasaTe Ha npumMepe, yTo o6paTHOE YTBEPKAECHHE HEBEPHO.

682. Jlokasarb, uto ecqu QyHKUMH f (x) ¥ g (x) u3mepuMsl Ha E,
TO (QYHKUUH

m (x) = min {f (x), g (©)}, M (x) = max {f (1), g (v)}

TaKXe H3MepuMel Ha E.

683. IMoxasaTb, uTo eciu (pyHKuKsA f (x) HU3MepHMa Ha BCSKOM OT-

Eeslgti [a, B], e a <@ <P < b, To OHA U3MEpPHMA U HA BCeM OTpPE3Ke
a, bl.
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684. Mamepuma yu dyuxkumsa f (x), paBHas x¥* BO BCex TOYKax Ile-
peceyeHUs] KAHTOPOBA MHOXKECTBA U HEKOTOPOTO HEH3MEPHMOTO MHOXKeE-
crBa E u paBHas x® Bo Bcex OCTasIbHEIX TOYKax orpeska [0, 177

685. [lokasaTtb, uTO e f (x) HMeeT NPOM3BOAHYIO BO BCEX TOUKAX
orpeska [a, b], To ata npousBoxHas [’ (x) siBAsieTCA U3MEPUMOH (DYHK-
uxel Ha orpeske [a, b].

686. llokasatb, uTo ecan E — m3mepumoe MHOMKECTBO, TO Xapak-
TepucTHueckas GYHKUMA y (X) u3mepuma. Ecan xe E — Hensmepumoe

MHOXECTBO, TO ¥, (¥) — HEH3MEpHMas (QYHKLHA.

687. IloctpouTb u3MepuMylo (GYHKUHIO, ONpeNeseHHYI0 Ha BCeH
NpsMOH, Pa3pLIBHYIO BO BCEX ee TOYKaX U 003 aolLyio TeM CBOHCTBOM,
YTO, KaK Obl HH M3MEHSITh 3HAYEHH 51 3TOH PYHKIMH Ha JI060M MHGCIKECTBE
MEpHL HYJb, OHA OCTAETCA Pa3pLIBHOH BO BCEX TOYKaX NPAMOI.

688. JloxasaTb, 4To ecau QyHKuus f (x) H3mepnMa Ha MHOxKecTBe E,

1o dynkmus [f (x)5 Takke usmepuma Ha E (ompenenenie dyHKUHH

[f (x)]Z, rae a < b, cM. B ycsaoBud 3amadn 562).

689. Ilyctp 1y (x) — xapaxrepucTuueckass (YHKUMS MHOXKeCTBa
panyoHanbHHIX unceds. Jlokasars, uTo ee npousBe/ieHHe Ha JI00YIo QYHK-
LHI0 eCTh QYHKUMSA H3MEPUMaS.

690. [lokasarb, uTo BCsKAasi QyHKIHS OrpaHUYEHHOH BapHaluHu Ha
[a, b] ecTb u3mepumasn QyHKuus Ha [a, b].

691. Ilyctb pynkuus f (x) usmepuma Ha MHOKecTBe £ u nycts E; —
NPOH3BOMBHOE OTKPHITOE UM 3aMKHYTOE MHOXKECTBO Ha YHCJIOBOH MNps-
moit. JlokasaTs, w10 npoo6pasom MHO}kecTBa E; BO BCeX 3THX CJAydasx
IBJISIETCST H3MEPUMOE II0JIMHOXKECTBO MHOxKectBa E.

692. Ilycrb dyukuus f (x) uamepruma na MHoxectse E; nyctb E; —
NpOH3BOJIbHOE H3MEPHMOe MHOXKECTBO Ha uucsoBofi npsamoii. O6s3aHo
au MuoxectBo f—1 (E,) GHITh H3MEPUMBIM?

693. Ilycte pyukums f (x) u3mepuma Ha MHOXectBe E; mycts E, —
u3MepuMoe IOJMHOXecT1BO MHOxectBa E. OO0si3aHO JiM MHOXKECTBO
F(E,) ObiTb u3MepHMBIM? EC/iM HET—IIPHBECTH COOTBETCTBYIOMH il TpUMep,

694. Ilyctb ¢ (f) — usmepumas Ha mHoxecTBe E ¢yHkmms, E; =
= ¢ (E) — e¢ MHOxkecTBO 3uHauenu#. [lycrb f (x) — dyuruus, He-
npepeiBHasi Ha E;. JloxkasaTb, YTO CYNeprnosHuus 3THX QYHKuH
f (¢ (t)) aBasercs usmepumoit ¢yHkuuel Ha E.

695. Ilyctb ¢ (f) — ¢yHKums, HempepbiBHass Ha orpeske E =
=[a, p], n E; = ¢ (E) — ee mHOKecTBO 3HayeHuil. Ilyctp [ (x) —
¢GyHkuus, uamepuMas Ha E;. O6s3aHa Jiu ObITh H3MEPHMOH CYNepIo3H-
uMA 9THX QyHKUMHA, T. e. dpynruus f (¢ (¢)?

696. Ilyctb E — u3mepumoe MHOXECTBO IIOJIOKHTEIbHOH MepHI,
{f.} u {g,} — nBe mocenoBaTeIBHOCTH H3MEPUMBIX QYHKLMH, CXORS-
wHecs: Mo Mepe Ha MHOxecTBe E COOTBETCTBEHHO K ¢GyHKuMAM [ (x) H

g (x). Hdokasarb, uro nocienosarenvnoctd {f, + g,}, {f. €.} {éﬂ}

CXOJATCS [0 Mepe COOTBETCTBEHHO K QyHKumaMm [ + g, fg, —2— (mocuien-
Hee — B CJIydae, ecu g (x) %= 0 noytu Bciony Ha E).
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697. Tlycrb {f, (x)} cxonutca no mepe Ha E Kk ¢yukuuu f (x). Ho-
Ka3aThb, 4YTO ecju AJs BeeX x € E U BceX n HUMeeT MeCTo HepPaBeHCTBO
fn(x) < a, 10f (x) < anouru Bciogy Ha E.

698. TMonstue cxomumocTH nocnenoBaredbHocin {f, (x)} mo wmepe
K ¢ (x) Ha MHOXecTBe E MOXHO 0GOOIIUTH (HE MEHSS OIpe/eseHust)
Ha TOT cayvail, Koria E usmepumo, HO uMeeT GECKOHEUHYIO Mepy.

Bepusl au a5 cnyuasa mE =-- oo teopemnl 1 u 2 (c. 81—82) ocxo-
JUMOCTH IIO Mepe M3 BBEJEHHUS K HacTosell ryase?

699. TlpuBecTu npuMep NOC/ENOBATELbHOCTH H3MEPHMBIX (QYHKUH,
cxonsmieiics no mepe Ha orpeske [0, 1], HO He cxonseldcsa B OOBIYHOM
CMBICJIE HU B OJIHOH TOUYKE 5TOro OTpe3Ka.

700. BeienuTb M3 NOC/AE0BATEAbHOCTH, NOCTPOEHHOH B NpenpbiLy-
meil 3ajaue, MOANOCAENOBATENbHOCTb, CXOJASILYIOCS TOYTH BCIOAY Ha
fo, 17.

701. Ilycte E — u3MepHMOE MHOXKECTBO KOHEUYHOH HJ/U OecKoHeu-
HOit Mepel, 6 > 0 — 3aj1aHHOe YMCJA0. MOMKHO JIH H3 BCAKOH MOC/IENO-
BareJbHOCTH {f,} u3mepumbix Ha E QyHKuMH, cXonsmelcs NOYTH BCIo-
oy Ha E, u3BJeYb MOAMNOC/IE0BATENbHOCTD, CXOASAMLYIOCS PABHOMEPHO
Ha HEKOTOpOM MNoaMHO:kecTBe E; < E takom, uro m (E \ E;) < 6?

702. [oxasaTb, uTO Jmo0as GyHKIMsS OTpAaHHYEHHOH BapHanuu Ha
[a, b] unrerpupyema no Pumany Ha [a, b].

703. Moxet jtu ObiTh HHTErpupyemoit o Pumany ua [a, b] gynkuus,
pa3pbIBHAsE BO BCEX TOYKAX HEKOTOPOTO HENYCTOrO OTKPBLITOTO MHOMKe-
ctBa G < [a, b]?

704. IloxasaTb Ha. mpuMepe, 4TO U3 UHTEIrpUpPyeMOCcTH 1o Pumany
dyukuuu f (x) Ha Bcsikom orpeske [a, fl, rme a <a <P < b, eme
He ClelyeT, YyTo OHa HHTerpupyema no Pumany Ha [a, b].

705. JlokasaTb, 4To ecs f (x) uHTerpupyema no Pumany Ha BCs-
Kom orpeske [a, f] Takom, uTo a < @ < P < b, U ecii oHA orpaHuue-
Ha Ha [a, b], To ona unTerpupyema no Pumany Ha Bcem orpe3ske [a, b].

706. Ilyctp mnocnenoBaresnbHocTh yHkumit {f, (x)}, kKaxpas us
KOTOpBLIX HHTerpupyema no Pumany Ha [a, b], cxoauTcs Bciony Ha [a, b]
K ¢ (x); nycTb, Kpome Toro, cymecryer takoe A >0, uro |f, (x)] <
< A nns Beex x € [a, b] u Beex. n. Crepyer M U3 3TOrO, YTO QYHKIH 5
¢ (x) uaTerpupyema no Pumany Ha [a, b]?

707. Joxasarb, 4TO mpejfesl PaBHOMEPHO CXOAsIleHCS IOCJCRO-
BaTeJbHOCTH (QYHKUMH, HHTErpHpYyeMeiX Ho Pumany Ha orpeske [a, b,
ABfAeTCA PyHKuUHel, HHTerpupyemoil no Pumany Ha [a, b]. Jokasars,
YTO MHTerpajd OT GYHKUWH, SBJSOWEHCS IpefesoM, paBeH Ipeaeay
UHTErpaJsoB OT (PYHKUHH JaHHOH MOC/NEJ0BATENbHOCTH.

708. Bepuno mu yrBepxknenue: «Ecau E — MHOXECTBO Mephl HYJb
Ha [a, b], 10 ¥ (x) unTerpupyema no Pumany Ha [a, b]»?

709. Bepno qu yrBepxkiaenue: «Eciu E — HHUTIE He IVIOTHOE MHO-
xeCTBO Ha [a, b], To ¥ (x) unTerpupyema no Pumany Ha [a, b]»?

710. Bepuo nu ytBepxaenue: «Ecnau E — HUTZE He NJIOTHOE MHO-
KECTBO Mepbl HyJb Ha [a, b], TO ¥, (x) HHTEerpupyema no Pumany Ha
[a, b]»?
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711. Tlycte E — 3aMKHYTOE MHOMECTBO MEPHI HYJb, PACIONOKEH-
Hoe Ha otpeske [a, b]. WUnrerpupyema s ¢yHKums Xg (¥) Ha [a, b)
no Pumany?

712. BepHo s yrtBepxgenue: «Eciu E — muoxectso Ha [a, b],
3aMbIKaHHE KOTOPOTO HMEET MepY HyJb, TO ¥ (X) HHTErpupyema Io
PuMany Ha [a, b]»?

713. Wnrerpupyewmbl Jiu no Pumany Ha orpeske [0, 1] ¢yHxmuu npu-
mepoB 486, 488, 489, 495, 502? '

714, [loxasatb, uTO BCe DyHKUUH, PACCMOTPEHHEIE B 3THX NpHMepaXx,
uHTerpupyemst 1o JleGery na orpeske [0, 1]. BLiuncanTb HX HHTETpaIBL
Ha 3TOM OTpe3Ke.

715. ®yukuus f (x) paBHa x* B TOUKaX KaHTOPOBA MHOMKECTBA M

1 1
paBHa 2_11 Ha TE€X CMEXHBIX HHTEpBaJiaxX, AJHHA KOTOPLIX paBHa -3-;‘.

Briyucauts (L) lfo f (x)dx.

716. Murerpupyema i no Pumany dyHKHMS M3 npeipiayuiell sa-
paun? Ecim ja, To uemy paBeH ee uurerpan Pumana?
717. Hurerpupyema Jju no Pumany ¢yskums
Fo) = x® B HppalOHANbHBIX TOYKAX,
1 B pauHoHaNBHBIX TOUYKaX

Ha orpeske [0, 177 MuTerpupyema qu ona no JleGery? Uemy paBen ee
gHTerpan uHa orpeske [0, 17?

718, lokasatb, uro ecnmu E — u3mepumoe MHOXecTBO Ha [a, b],
TO €0 XapaKTepHUCTHYeCKass GYHKUMA Xe (x) MHTerpupyema no JleGery
Ha MHOXeCTBe [a, b], npuyeM ee MHTerpajl paBeH Mepe MHOxecTBa E:

b
(L) y %z (X)dx = mE.

719. Ha orpeske [0, 1] mocrpoeHo Hurae He IJIOTHOE COBEPILIEHHOE
MHOXKecTBO E Mepnl —+ CMEXHEIE HHTEDBA/Ib! STOT0 MHOXKECTBA epeHy-

MEpOBaHbl B nopsijike yObIBaHH A HX AJUH oy, Byl Jotg, Bof, ..., Jet,, B0,
... . 3arem Ha [0, 1] 3anana ¢yukuus f (x), onpeneneHHas Cljegyio-
MM o0pa3oM:

f(x) =0 Ha E,

f(x) =1 B cepenunax uHTepBasOB Jot,, P,[,

f(x) omHeiina Ha oOTpeskax [oc,,, a”;—B"] u [a”;_B”, ﬁ,,]
Hurerpupyema Ju 3Ta ¢ynkuusa no Pumany? Hurerpupyema sm ona
no Jlebery? Uemy paBeH ee unterpan Jlebera na orpeske [0, 17?

720. Ilycts f (x) — HeoTpuIaTeNIbHAS OTpaHHYEHHAs] H3MEPHMAsT Ha
E ¢ynkuus u Mepa MHOXKecTBa Tex Touek u3 E, rue f (x) > ¢, paBHa a.

Hokasatb, uto (L) Igf (x)dx > ac.
721, Yemy paBen unrerpax JleGera na muoxectse [0, 1] o pynkuun
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f (x), paBHOi1 x* BO BCEX TOUKaX MepeceyeHHsi KAHTOPOBA MHOMKECTBA
HEKOTOPOTO (1axe ¥ HEM3MEPUMOro) MHOKecTBa E 1 paBHO# x° B ocTasb-
HBIX TOukKax orpeska [0, 17?

722, Bouucautb uuterpan JleGera or ¢yHkum# f(x) Ha orpeske
[0, 1], ecan f (x) = 10 B TOUKax KaHTOPOBA MHOXKECTBA, a HA CMEXKHBIX
MHTEpBaJax FpaguKOM (QYHKUHMH CJIy¥KaT BePXHHE INOJYOKPYKHOCTH,
OMuUpalolMecss Ha 3TH HHTEPBAJIbl, KaK Ha AHAMETpHI.

1
723. Boiuncauts (L) [f (x)dx, ecau
0
x* LASL X HPPALUOHANbHEIX, GOJBIINX, YeM %,

’

f) =iy IVIsl X HPPalHOHaJbHBIX, MEHbLIHX, YeM —é—

0 B pauuoHaNbHBIX TOYKaX.

724, Bpiuncautb ¢ TouHOCTBIO 10 0,01 muTerpan JleGera ot ¢ynk-
uun 3x* Ha wMHOxkecTBe E, KOTopoe MOJIYYHTCS, €CIH H3 OTpe3Ka

[0, 1] BHIGpoCHTHL HHTEPBAJIBL ]—;, 1[, ]l i[, ] L1 [, ceey

1 4’ 3 6’ 5
1
]2,:’ 2n—l[’ 1

725. Bruucauts (L) [f (x)dx, ecou
0

sin tx aJs xE[O, —;—[ﬂCD,
f (%) =1 cos nx ans xE[—;—, l]ﬂCD,

x?2 pana x€D,

rie D — kanropoBo mHoxkecTBo, a CD — ero IonoJjiHeHHe IO BCEro
orpeska [0, 1].

726. O6Gosnauum uepe3 P, (¥} GyHKUHIO, 3HAUEHHE KOTOPO# B Kaxk-
Jof Touke x € [0, 1] paBHO k-My 3HaKy B Da3/IOKEHHH UYHCIa X B
OecKOHEYHYI0 JBOHUHYIO Apo0b. [lokasarh, uTo

! 1
(L) BBy () dx = mpw 15, (L) ] B (o) dx = .

727. OGo3HauuMm uyepe3 @, (x) QYHKLMIO, ONpELeNeHHYI0O Ha OTpe3-
ke [0, 1] caenytomum o6pa3om: ecsid Ha k-M MecTe B IBOUUHOM PasJjioxke-
HHUH TOYKH X B GECKOHEYHYIO IBOMUHYIO Apo6b cToHuT 1, To @, (x) =1,

a ecu Ha k-m mecre crout 0, To @, (x) = —I1. Jlokasatb, YTO cHcTeMa
¢yHkuui {Q;, @55 ..., Pp, ...} OPTOHOPMHpOBaHA Ha orpeske [0, 1],
T. €. 4TO

1 1
(L) [ @, () @; (x)dx = 0 mpu i =, (L) ] (@ (0)*dx = 1.

728. Jlokasarb, 4TO €CJH ¢ (x¥) UMEeT NPOM3BOJHYIO IOYTH BCIOAY
Ha[a, b]u ecnu @' (x) orpanuyena Ha [a, b], To ¢’ (x) uHTErpHpyema no
Jlebery Ha [a, b].
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729. Ilycrs  {f,(x)} — nmocnenoBatesbHOCTD H3MEPHMBIX Ha £
OrpaHHYeHHBIX HeoTpuuaTesbHeIX QyHKuui. [lycre (L) Sf,, (x)dx—0
E

npu n— —oo. Cnexyer Ju u3 31010, 4ro f,(x) > 0 npu n — 4o
BCIOAY U/l XOTs Obl IOYTH BClony Ha E?
730. Ilyctb Ha [a, b] 3ajiana M3MepUMasi OTrpPaHHYeHHAs (YHKLHSA
4

f (x). Jokasarb, YTO ecju Sf(x) dx =0 npu mobom ¢ € [a, b], To f(x)

a
NOoYTH BCIOAY Ha [a, b] paBHa HYyJIO.
731. Bprumcauth yHTerpas JleGera or QyHKuuu

Ha HHTep-

3 —
X —

Baje 11, 2[.
732. CymmupyeMbl i (QYyHKUUH % H x-lz Ha wumrepBase 10, 1[?

1
733. Beruncauts (L) [ f(x) dx, ecom
0
0 mna x€D,

fx) = 1aa x €D,

s

rie D — KaHTOpPOBO MHO2KECTBO.

1
734. Boruucuth (L)f f(x)dx, ecom
b

1
——— L8 X UPpAlHOHAJBHBIX,
fx) =1 Vx
x® I8 X pauuOHAJIbHBEIX,

735. Ecnu orpanuuennasi GyHruus f (x) uurerpupyema no Jlebery
Ha MHoxecTse E, To OYAYT Jid HHTErpUpYyeMsl 1o Jlebery Ha 3TOM MHO-

xectBe QyHRuuu (f (x))1°, |f (x)I, —lx—?

736, Hokasatb, utoecu f (x) =0 B TOUKax KaHTOPOBA MHOXKeCTBa D
1

# f (x) = n Ha ero cMeXXHbIX HHTEPBaNax paHra f, 1o (L) j'f (x)dx = 3.
i)

737. Jokasatb: «[1a5 TOro 4to6bl HeoTpHLATeNbHAA GyHKIMA [ (X),
u3MepuMasi Ha MHOxkecTBe E Koneunofi Mepni, OblJia CyMmmupyema Ha E,
+oo

HeoOXOIMMO H JOCTATOUHO, YTOOBI CXOAWJICH PAL > k-mE, rne E, =

k=0
—E(k<f®) <k 1)
738. JoxasaTk: «[las Toro yrobbl HeoTpHLATeNbHAst QyHKUUA [ (X),
n3mepuMas Ha MHOXectBe E koHeuHo# mephl, Ob1a cyMmmupyema Ha E,

HEeoOXOMMO H JOCTATOYHO, YTOOBI CXONHJICH DAL ZmEk, rie £, =
b

=E (f(x) = k).
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739. Iokasath: «Ecaum ¢ynkuua f(x) cymmupyema Ha OTpeske
[0, a], To npu JoOOM NOJOKUTEJNLHOM £ hyHKuus f (kx) cymmEpyeMa Ha

T
[0, %] H jz'f(x) dx = ‘Y f (kx) dx».
0 0

1
k

740. Hoxasartb, 4TO (yHKUHSA 1 cos £ pe cymmupyema Ha 0, 1[
X X

HU Tpu Kakom B > 0.

741, Ilyctb Ha [a, b] PAacHONOKEHB N M3MEPHMBIX MHOXeCTB Ej,
E,, ..., E,; nycTb Kaxpuas Toyka OTpe3Ka [a, b] NpUHAJJIEXKHT IO
MEHblIeH Mepe g M3 3THX MHOXecTB. JlokasaTb, 4TO XOTs Obl OXHe H3

muoxectB Ey, E,, ..., E, umeeT mepy, 60/1b111yI0 HIH paBHyo (b — a)l.
n

742. Tlycts ¢yHKkumus f (x) u3mepuma Ha MHOxKecTBe E KOHEUHOMH
Mepel. JloKa3aTh, 4TO CYWIECTBYET u3MepuMasi GyHKUHSA @ (X), moJjo-
XKHTeJIbHas npu BceXx x € E u Takas, yTo npoussefeHue [ (x)@ (x)
cymmHpyemo Ha E.

743. TlocTpouTh Ha KakKoM-HHOYAb MHOxkecTBe E KOHEUHOH Mephl
T0C/IeI0BATENbHOCT OTPaHHUEHHBIX H3Mepumbix Qynkuuit  {f, (x)},
cxonslyocs K Hecymmupyemoii Ha E QyHKIMH @ (X).

744. TlocTpoHTb Ha KaKOM-HHOYIb MHOxKecTBe E KOHEUHOH Mme-
PH TOC/IEOBATebHOCTh cymmupyembix ¢yukmait {f,(x)}, cxons-
myioca mouT Beiony Ha E K cymmupyemoil QyHKIHH @ (X) TaK, 4TO
lim gf,, (x)dx 9&5‘ @ (x)dx.

n—-oo v o

745. TlocTpouTb Ha KakoM-HHOYIb MHOMecTBe E KOHEYHOH MepHl
TOC/Ie0BaTeIbHOCTh cyMMUpYeMbiX ¢yukiumit {f, (x)} Takyio, 4To

a) {f, (x)} cxonuTcs MOYTH BCIOAY K HEKOTOPOH CyMMHPYEMOH (yHK-
WM @ (X);

6) lim [f,(x)dx= [ (x)dx;
n--+too E E

B) He CyIECTBYeT CyMMHpYyeMoil HeoTpuuaTenbHOl dyHkuuu G (x)
takoii, uto |f, (x)| < G (x) Ans Bcex n u mouth Bcex x € E.

746. IToCTPOHTb Ha KAaKOM-HHOYIb MHOXKecTBe E KOHEUHOH Meph
IOC/Ie/I0BaTeIbHOCTL cyMMupyeMbix Gyukuuil {f, (¥)} Takyio, u4TO

a) {f, (x)} cxomuTcs MO Mepe K HEKOTOPO#H CyMMuPYeMOi (yHKUHH
¢ (x), HO He cXOnUTCSA K Hell B OOBLIYHOM CMBIC/IC HH B OJIHOH TOUKE MHO-
xectBa £

i — .

0 Jim [ f, () =[owads

B) HE CyIIECTBYET CyMMHPYyeMOH HeOTpHLaTeJbHOA (yHKIMH G (x)
takoii, uto | f, (x)| < G (x) 4Jast Bcex n u noutu Beex X € E.

747. Tlyctb dynkums [ (x¥) HempepbiBHa BCloAy Ha orpeske [a, b],

"



Kpome Toukd a. Hasosem 3ty ¢yHkuuio C-unmezpupyemod ua [a, b],
€CJIH CYLIECTBYET KOHEYHBIH Npejes HHTerpaia

b
J;f(x)dx 0

npu t—a + 0; ecmn ¢yukuus f (x) C-unrerpupyema Ha [a, b], TO
npenen uurerpaia (1) HasbiBaercsi C-unmeeparom (UM HECOOCMBEHHbIM
b

unmeeparom Kowu) or dyukumu f (x) 1 obosnauaercs (C) if (x)dx.

b
©) [f(x)dx = lim ff(x)dx.
a t+at0 ¢

JokasaTb, YTO €cju HenpepeiBHAasA GYHKuMA Ha Ja, b] cymmupyema
no JleGery Ha [a, b], To oHa u C-unterpupyema Ha [a, b], npuuem oba
HHTerpajia PaBHBI APYT ApYTY.

748. Tlokasath Ha mnpumMepe, YTO CYLIECTBYIOT (PYHKUMH, Hempe-
PHIBHBIE BCIOAY Ha [a, b], Kpome TOUKH @, KOTOpEe C-HHTerpupyeMel Ha
[a, b], Ho ne cymmupyemsl 1o JleGery Ha 3TOM OTpe3Ke.



OTBETbl K YKA3AHUA
K PELLUEHUIO

UACTb NEPBAA

TEOPMA MHOMECTB

Fnasal
OMEPALIUM HAL MHOMECTBAMU

5. He Burekaer. M3 A \ B = C BuTekaer Jumb, uto A < B |J
U C.
6. Her; us A = B |J C BuiTeKaer jub, yTo A \ B < C (puc. 5).

7. a) PaBencrBo crpaBenuBo; 6) HE BEPHO; CNPaBEIJIHMBO BKJIOYe-
e A |J (B\. C) > (A U B) \\ C; B) He BepHO; CNIPaBENIHNBO BKJIIO-
venne (AN B) U C>(A U O\ B.

10. Cm. puc. 6. (4; U Ay) \ (B1 U By) — obaacte, samrpuxo-
BaHHafA KaajpaTHo#l wrpuxoBkoil; (A; \ B;) U (4, \\ B,) —BcCa
3amTpuxopanHas ofmactb. 3pech (A; U Ay \ (Bi U Bj) ¥
# (Ar\ By) U (A2 \ By).

13. AAX = A osnauaer, uro (A \ X) U (X \ 4) =A. Cue-
nosarenbho, X \| A = &, T. e. Ta yacTb X, KOTOpasi He BXOJHUT B A,
nycra. C npyroit croponet, A \ X =A4, 1. e. X (| A =, 1K W10
Ta yactb X, KoTopasi BXOIUT B A, Takxe nycra. Urax, X = &.

15. Ilnsa cayyas 6) eM. puc. 7. 3nech (A |J B)AF — MHOXeCTBO,
3alITPHXOBaHHOE KBaJPaTHOH IUTPHXOBKOH, a (AAF) U (BAF) —
BCe 3aITPHXOBAaHHOE MHOXKeCTBO, Tak uro (4 | B)AF = (AAFNU
U (BAF).

I7m.cexyyvynecxycy)=cCx y vyuvcexu
UCY) =X uY)y@xneey) =XyyY)u (xny) =
=XUY, rak kak X U YD XNY.

21. a) Ilyets (x,y) €E X (F U G); Torna x €E, y €F U G
crefoBarenbHo, y € F unu y € G 3uaunt, (x,y) € E X F wm

A1=A 2

A
A,

Puc. 6
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A : 8 (x,¥) € E X G, HO B TaKOM cJayuae
(x,y) €(E X F) U (E X G),

i T. €.
= EX(FUGcC(EXF) U (EXQG. ()
TouHO TaK KE JOKAa3LIBAETCS, YTO
(EXF)UEXGcCEX((FUG. 9
” CpaBuuBas BxioueHdd (1) u  (2), nonyunm
DPaBeHCTBO a).
Puc. 7 OcTajlbHBIE  PABEHCTBA  JIOKA3HIBAIOTCS
aHaJIOTHYHO.
22. a) CnpasepnBo mis Jobbix MHoxectB A, B, C, D (nokasa-
TeJbCTBO, Kak B 3ajzaue 21; cm. puc. 8).
6) CrnpasemuBo He 1 JMoOsX MHOXKecTB A, B, C, D (cM., Hanpu-
Mep, puc. 9); ogHAKO BCerja ChpaBejIiBO BKJIIOYCHHE

(AxB)|) (CxD)yc(AXC) U (B XD),

KOTOpOe JI0Ka3bBaeTcs Tak ke, Kak B 3ajave 21.
25. Ilpu nycrom C u3 A X C < B X D ue caenyer, uto A < B.

Fnasall

B3AMMHO OAHO3HAYHOE
COOTBETCTBME

27. B3auMHO OJHO3HAYHOE COOTBETCTBHE MEXJy MHOxecTBamu N
i S MOXKHO YCTaHOBHTb C MOMOINbI0 (QYHKUHH y = 2x, THe x € N,
y €8S.

28. PacnonoxkuMm BCe YeTHbiEe 4HCaa (T. €. JEMEHThl MHOXeCTBa
T) B moC/efOBaTeJIbHOCTh CJEYIOHUM 00pasoM:

0,2 —2,4, —4,6, —6, ..., 2k, —2k, ...,
H 3aTeM KaxkKJAOMY YeTHOMY YMCJYy NOCTaBHM B COOTBETCTBHE TOT HOMED,
KOTOPLIA 3TO YMCJO 3aHHMaeT B JaHHOH I0CJIeJ10BaTEIbHOCTH.

29. 3anuueMm Kaxjoe unucio r € Qt B BuIe HECOKpPaTUMOH JPobH H
Ha30BeM 66/Comoll YHCHa r CYyMMY YHCJIHTENS] U 3HaMeHaTessl; fCHO, 4TO

i Y k (AuC)x(BuD)
}D CxD I® e
B{ AxB B{ AxB
e P S 2
Puc. 8 Puc. 9
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HMEETCA JIMIIb KOHEYHOE MHOXKECTBO HEOTPUNLATEJbHBIX palMOHAJbHBIX
4pces JaHHOH BBICOTH. Pacrosioxkum TEnepb BCE€ HEOTpHIATEC/ILHBEIE pa-
UM OHAJNbHBIEC YHC/A B IOCJACAOBATE/NbHOCTL B NMOPAAKE BO3paCTaHud HX

0
BBLICOT: Ha MEpPBOE MECTO NOMECTHM 4Hcao 0 = T (370 — YHCJIO BBLICO-
1
Tel 1), 3aTeM — €JMHCTBEHHOE YHCJIO BBLICOTHI 2 (qncno —1-), najnee —

1 2
uycsa BRICOTH 3 ('mc.na -2— H -—1—) H T. ., €C/IH KaKy}O-JIH6O BBICOTY HMe-

I0T HECKOJIbKO Pas/IMYHBIX PalldOHAJNbHBIX UHCEJN, MBI UX pacrosaraem
B NOpsJIKe Bo3pacTtaHus. TakuM o0pa3omM, Bce 3JIEMEHTH MHOKeCTBa QT
pacnoyiokaTcsi B BHJE CJeIYIOWeH MOC/ef0BaTe/bHOCTH

0,1’1’2’131 2 3 1 1 2 3
2

»ir ety de oo

[TocTaBuM Tenephb B COOTBETCTBHE KAXKJOMY PaliOHANbHOMY YHCIY 7
H3 @ TOT HOMEp 7, KOTOPBIH 3TO UMC/IO 3aHUMAET B HaIleH MOocCJe/10B a-
TEJBHOCTH; 3TO COOTBETCTBHE SIBJISIETCSI B3aUMHO OJHO3HAYHBIM COOT-
BETCTBHEM MeX1y MHOxecTBamu QT u N.

30. He cymectByer. Besikas ¢yHkuusa f (x), npeicraBuMasi B BHJe
YACTHOTO OT J€JIeHH S IBYX MHOrOUYJIEHOB, HMEET KOHEUHHIH WM GecKo-
HEUHBIH Tpeges NpU X — ~4co. Ecan lim f (x) =¢ (xoHeuyHoe umcio),

X400
TO CYyLIECTBYeT Takoe N, uTo Jijisi Bcex k > N MMEIOT MecTo HepaBeHCcTBa:
g—1 <f(k) <g+ 1. Ho Torna Tem pauMOHAJbHLIM YHCJIAM, KO-
TOpBIE JIexkaT BHe uHTepBana | g —I, g -+ 1[, Moxer coOTBETCTBOBaTh
JIMIIb KOHEYHOe YHCJIO HOMEPOB & (TOJBKO Te HoMepa k, KOTOpHIE NIpeji-
mecTBYIOT uucay N). CliefoBaTesbHO, HE BCE PalMOHAJbHBIE YHC/IA T0-
Jyyatcsi B Buje 3HaueHudt f (k).

Eciu lim f (x) = oo, TO paccyxkIeHHsi aHAJIOTHYHBI (B 3TOM CJyyae
X~ -oco

pal{OHAaNbHBIM YHCJIaM, HPHHAIJEKAUM (HKCHDOBAHHOMY HHTEpBa-
ay 1—A, A[, MOXeT COOTBETCTBOBATh JIUIIIb KOHEUHOE YHCJIO HOMEPOB &),

31. Jlunefinoe mpeoGpasoBanue x = (b — a) ¢ + a.

32. Oyukiua x = ctg mt.

b —
33. dyHkuug x = a -+ Ta arcctg?,
35. Boinesmm Ha uutepBane 10, 1[  Kakyio-aubo mocsesoBaTelIb-
1 1

HOCTP NOMAPHO PASTHYHBIX TOUEK, HANMPHMEP: ¥y = —, %= —,

1 1
= ey K= PR YcTaHOBHM clleflyiolliee COOTBETCTBHE: TOY-
ke 0 oTpeska CTaBUM B COOTBETCTBHE TOYKY X, HHTeppala; Touke 1€

1

€[0, 1]—Touky x,€7 0, 1[; TOUKe X, = -56[0, 17— Toury x5€

x3=

€10, 1[; Touke x, =é—€[0, 17— rtouky x,€70, 1[; u, BooOIe, TOY-

ke x,€[0, 1]—Touky x,4,€70, I[ ... . Bcem oOCTalbHEIM TOYKaM
x€[0, 1] craBuM B COOTBeTCTBHE caMy 3Ty Touky x. IlosyuenHoe co-
OTBETCTBUE B3aUMHO OAHO3HauHO (puc. 10).
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S

Xs XsX4 X3 X2 M X & 7
N ‘ L >‘\ 4-.

Puc. 10

36. Oro6pasuts [0, 1] Ha]O, I[ (3amauva 35) u 3arem ]O, I[ ua
J—o0, oo (3amaua 32).

37. Wcnosbp3oBath MeTOJ, KOTOPHIM pelileHa 3anaya 35.

38. Oro6pasuts Ja, b[ Ha [a, b[ Tem MeTONOM, KaKUM pelueHa 3ajia-

iy W .
ua 35, 3arem [a, b[ Ha [0, ;[ C NIOMOLIbIO JIHHEHHOH @YHKIUH; HAaKOHell,

[O, J—;-[ Ha [0, +oo[ ¢ nomompto QyHKIHH ¥y = tg x.

40. Her, Tak kak HenpepblBHasi QYHKIUSA, ONpeJeNeHHas Ha OTpes-
ke [a, b], fomxHa GbITh OrpaHHYeHHOH.

41. Her; ecau 6bl cymecTBoBasna HenpepbiBHAsi QYHKUHA X = @ (7),
orobpaxatomas [a, bJualc, d[, To Ha [a, b] He Hamoch OBl TOUKH £,
TakoH, 4to ¢ (f{,) =d (Torma KaKtstbcp () =d). D90 npoTHBOpPEUHIO

¢la,
Okl TeOpeMe O TOM, UTO HeNpephiBHAs }]Ia oTpe3ke (PyHKIHMS AOCTHTaeT
Ha HEM CBOSH BepPXHEH rpaHH.

42. Her, Tak Kak AJs HenpepuBHOH GQYHKUMH @ (f), OnpeneneHHOHR
Ha [a, b], BepHa TeopeMa O NPOMEKYTOYHBIX 3HAYEHHAX (B YaCTHOCTH,
nycts @ (4) =1, @ (£,) =3, rae 4, €[a, b], ¢, € [a, b]; Torna nonxHa
6bl1a Obl HARTHCDH TOUKA £, € [a, b] Takas, uto ¢ ({,) = 2).

43. OrobpaxaeM OKPYKHOCTb Ha mnpomexyTok [0, 2z, craBa B
COOTBETCTBHE KaxKJOH TOYKE OKPYXKHOCTH YHCJIEHHOE 3HAuYeHHe yrJa,
COCTaBJICHHOTO PafHyC-BEKTOPOM 3TOH TOYKH C HEKOTOPBHIM (PHKCHPO-
BaHHBIM pafHycoMm. 3aTeM npomexyTok [0, 2ni[ JuneliHbM npeobpa3oBa-
HHeM oTo0paxkaem Ha npomexyTtok [0, 1[; Hakonen, nocaegHuii Tpo-
MexyTok oto6paxaem Ha [0, 1] MeTogom, pacCMOTpeHHEIM B 3amaue 35.

44. Cunavana orobGpakaeM OTKpHITHIH Kpyr x* + y2 < 1 Ha Kpyr ¢
BBIKOJIOTBIM eHTpom 0 < x® + y2 < 1. Jlas 3TOro BHIRENsIEM B OT-
KDHITOM KPyre Kakywo-i160 NOCJe0BaTeNbHOCTh MONAPHO Pa3JMYHBIX
Touek My, My, My, ..., M, ..., rie M, — UeHTp KpyTa, H YCTaHABJH-
BaeM CJIe1yIoliee COOTBETCTBHE: KaxI0H Touke M, U3 Kpyra x> + y*> <
< 1 craBUM B COOTBeTCTBHE TOUKY M, t; U3 Kpyra C BHIKOJOTHIM LI€H-
TpoM. OcTa/bHEIE TOYKH OGOMX KPYTOB (T. €. TOUKH, OTJIHYHbLIE OT BCEX
M,) cTaBHM B COOTBETCTBUE MO NPHHIMNY HASHTHYHOCTH (T. €. KaxAOH
Touke N (X, y) U3 NEepBOro Kpyra CTaBHM B COOTBETCTBHE TOUKY N’
€ TeMH Ke KOOpAMHaTaMH U3 BToporo kpyra) (puc. 11).

3areM OTKPBHITHIH KPYT C BBIKOJIOTOH TOYKOH OTOOpaKaeM Ha Jo-
TNOJIHEHHE K 3aMKHYTOMY KPYTry C NOMOLIBIO HHBEPCHH: yepes3 IIpOH3-
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745
4
My Mz
Ms Mz
M2

M, 7 1 M’

xy

L\ B
| N

Puc. 11

BOJIbHYIO TOuKy M u3 xpyra u uenrp O nposomum jayu OM u Ha ero
NPONOJIKEHHH HaXoiuM Touky M’ Takyio, uto OM - OM' = 1. Torna
TOuKe M U3 Kpyra ¢ BbIKOJOTHIM LIEHTPOM CTaBHTCS B COOTBETCTBHE TOY-
Ka M’ u3 [IonoJIHeHH st K 3aMKHYTOMY KpyTy (pHc. 12). dro cootBeTcTBHE
B3aHMHO OJ{HO3HAUYHO.

45. Vcrnonb3oBarh MeTOJ peleHHs 3ajaud 35 Lasl KaskJOro oTpes-
Ka, SBJISIIOIIErocsl pajHycoM Kpyra.

46. Cwm. 3anauy 44.

47. Oro6pasuTh 3aMKHYTBHIfI KPYyT Ha OTKPHITHIH (cM. 3ajauy 45),
3aTeM OTKPEBITHIH — Ha JIOTIOJIHEHHE K 3aMKHYTOMY (3anaua 44).

48. Cm. pemrenue 3anauu 43 wau 3anau 49 u 50.

49. OrobOpaxkeHHe TPOM3BOAMUTCS C I[IOMOIBbIO TaK Ha3bBaeMOi
«cmepeoepaguteckoli npoexyuuy. O603HaYuM yepes P, BHIKOJOTYIO TOY-
Ky Ha cdepe, a yepes M, AuaMeTpanbHO NPOTHBONOJNOKHYIO €H TOUKY
Ha cdepe. ITocTpoum miaockocTs, Kacamomyiocs cdepbl B Touke M,.
Jlanee mposeneM ApSAMYIO yepe3 TOUKY P, U NPOHU3BOJbHYIO TOUKy M
ceper. Touky N, B KOTOpOii 3Ta npsiMasi neépeceder MIOCKOCTb, CTABHM
B cootBeTcTBUE TOuKe M. [TosryueHHOe COOTBETCTBHE B3aHMHO OJHO3HAY-
HO (puc. 13).

)

M by
M
0 X
Mo N
Puc. 12 Puc. 13
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50. Oro6pa3uM cHayana Bcio cepy Ha chepy ¢ BHIKONOTOH TOUKOM
(3T0 MOXKHO CHeslaTb TeM 3Ke croco00M, KaKHM KpYT OToGpakascs Ha
KPYT C BHIKOJOTHIM LIEHTPOM, CM. perienue 3anauu 44). 3arem cdepy c
BBIKOJIOTOH TOYKOH 0TOGpakaeM Ha INIOCKOCTD C TOMOLILbIO cTepeorpagu-
UecKOH IPOeKIMH.

51. Ilomemaem uenTp Kpyra B Touky O M yCTaHaBAMBAaeM B3aHMHO
ONIHO3HAYHOE COOTBETCTBHE MeKAY Todkamu orpeska OM (rape M —
Npou3BOJbHAs TOYKA TPaHUIbl 3Be3AHOH 06/1aCTH) ¥ TOYKAMH TOTO pa-
nuyca OB, KoTophbIi JIexKHT Ha syye OM; COOTBETCTBHE YCTaHaBJIMBAaEM
Tax, yToObl TouKa O COOTBETCTBOBaJA caMoi cebe.

52. Boizesum B MHOXKecTBe A HppalMOHANbHBIX YHCET KaKYIO-IH60

II0CJIEJOBATE/IbHOCTD IIONADHO pAa3JMYHBIX YHCEJd, HaIlpHUMEp Vz

2V2,3V2, ..., nV?2, .., paccMOTpHM MHOXKeCTBO R BceX JeMCTBH-
TeJbHBIX YHCEJ H MHOKECTBO Q BCeX PallMOHANbHBIX YHCeJ; PalOHANb-
HEIE UHC/IA 33HYMEPYEM: 7y, Tgy T3y -ooy Ty y +..; MHOMECTBO BCEX UHCE

Buna n )/ 2 o603naunM uepes L; MHOMECTBO BCEX HPPAUHMOHAMbHBIX
unces, He TpeACTaBHMBLIX B Buae n V' 2 (n > 0, uenoe), 06o3HauuM ye-

pe3 C. Toraa

A=CUL R=CULUQ:
DneMeHTH MHOXKECTBA L CTaBHM'BO B3aWMHO OJJHO3HAYHOE €OOTBETCTBHE
3/IeMEHTaM MHoxkecTBa L () @, Hampumep, ClIeAYIOLIHM €IHOCOGOM:

L: V2 2V2 3V2 4V2... 2k—1DVZ 26V2..
LYUQ: r, V2 2V2.. s V2 ..

Touxu mHOxkecTBa C CTaBHM B COOTBETCTBHE camu cebe. B urore nosay-
UUTCS B3aMMHOE OfHO3HauHoe cooTBeTcTBHE Mexay A H R.

53. a) Kaxnoit Touke ({, m) npaMoyrojbHuka Ja, bf X J¢, d[ cra-

BUM B COOTBETCTBHE TOUKY (X, ¥) xBa;xpaTa} —-—g-, 32';[ X 1_— i;_, _’2‘. [

celyiolHuM o0pasom:

7 t—a T
X=—— n>— —_— e —
2 + b-—a’y 2

n—e¢
F:4 .
+ d—c¢

o k4 3 n EL

6) Kaxnoi Touke (x, y) Kpaiaparta }——?; - [x ]—-—7; ?[

CTaBUM B COOTBETCTBHE TOUKY (X, Y) mocKocTH crepyiomum oGpasom:
X =tgx, Y =1gy.

B) Cm. a) u 6).

54. He Bce: He nanyuuTcss HH OFHOH TOUYKH, Pa3sioXKeHHE KOTOPOH
B GECKOHEYHYIO JECSATHUHYIO ApPOPb COAEPXKHT HYJH Ha BCEX UYETHHIX
MECTaX, HauHHasg C HEKOTOpPOro HoMepa; HampuMep, He NMOJYYHUTCs TOY-
Ka 0,35703070... Utak, 310 He 6yaeT B3aHMHO OJHO3HAYHBIM COOTBET-
CTBHEM MexJy Toukamu KBajpata J0, 1] X JO, 1] u npomexyrka J0, 1].
Onnako 3T0 COOTBETCTBHE SIBJISIETCS B3aMHO OfHO3HAYHBLIM MEXJy TOY-
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KaMH KBajpaTra M TOYKAMH HEKOTOPOTO MMOAMHOXKECTBA IPOMEXKYTKa

10, 17.

55. IlepenymepyeM Bce pauuoHambAbIE Yxc/aa orpeska [0, 1];

Ty Tay cvey Ty oee (1)
Bce TOYKHM KBajpara ¢ PanUOHANbHBIME KOOPAHHATAMH PACIIONIOKHM B
CIeAYIOLLYIO TabJsuny:

(riy 1) (ray 1) (11, 13) oo

(ro, r1) (ra, 1) (ra, 13) oo

(ra, r1) (r3, 1) (rs, 13) ...

(rar r1) (ras ro) (ras rs) ...
BrinmuiieM BCé TOUKH H3 3TOH TaﬁJIHl[hI B OAHY IoCJIeA0BATEJbHOCTL B
CTEAYIOIEM TIOPSAKE; CHauaAa (ry, ry), 3aTeM TOUKH, Y KOTOPHX CyMMa
HHJIEKCOB alCIMCCHl M OPJAMHATHl paBHA 3; TOYKH, Y KOTOPHIX CymMMa
HHJEKCOB paBHa 4, U T. #., T. €.

(r1, 1), (ryy 1)y (ray 1), (ra, 75), (o, 73), (75, 11), (r1y 7)), (Fay 73),s .. (2)
Tenepr ycranaBMHBaeM B3aMMHO OJHO3HAYHOE COOTBETCTBHE MEXIY
yneHamH mocJaenoBarespHoctd (1) M wieHamu nocieoBaTesqbHOCTH (2)
OOBIYHBIM CIIOCOOOM: n-My 4/ieHY TocjefoBaTensHocTd (1) cTaBum B co-
OTBETCTBHE n-i WIEH MOC/Ae10BaTeNbHOCTH (2).

56. Y xasaunme. YcrauoBHTe B3aHMHO OJHO3HAYHOE COOTBET-
CTBHE MEXJy MHOXeCTBOM Bcex kBagparoB Jm, m + 1] X IJn, n 4+ 1]u
MHOKeCTBOM BCEX TIpomMexyTKoB 1p, p + 1] (rae m, n, p — BCceBO3MOX-
Hble [[e/Ible YHCJa). 3aTeM YCTaHOBHTE B3aHMHO OJHO3HAYHOE COOTBET-
CTBHE MEXIy MHOXeCTBOM TOueK kBajapara im, m + 1] X Jn, n 4 1]
€ PauMOHAJIBHLIMY KOOPAMHATAMH U MHOXKECTBOM PAUHOHAJIbHLIX TONEK
COOTBETCTBYIOLIErO MPOMEXKYTKA.

57. Y ka3 auue. Bcakuii MHOTOWIEH C PalHOHA/IbHLIMH KO¥p-
bUIHeHTaMH MOMHO NPEACTABUTb B BHJE YaCTHOTO OT J€AEHU S MHOTG-
4/eHa C LesabiMH KO3 UMeHTaMd Ha HaTypaJbHOe YHCJIO.

58. YcraHOBHM CHauana B3aHMHO OJHO3HAYHOE COOTBRTCTBHE MEXKAY
COBOKYIHOCTBIO BCEX KOHEUHBIX MOAMHUMKECTB HATypPa/IbHOTO Psifa W
MHOKECTBOM BCeX JBOMYHO PALHOHAMbHBIX ToyeK npomexyrka [0; 1[:
KaXKJOMY KOHEMHOMY MHOXECTBY {n,, f,, ..., .} (rae n; < n, < ...
... < n,) CTaBUM B COOTBETCTBHE [BOMYHYIO Jp0o0b, Y KOTOPO# HA Me-
CTax C HOMEpaMH 1y, fg, ..., M, NOCIE 3aMATOH CTOAT €AHHMIL, a HA
OCTaJIbHBIX MECTax — HYJIH; Haflpumep, MHOXecTBY {2, 3, 5} coorser-
cTByer aBouyHas apo6e 0,01101, t. e. nf;gmno paluOoHaNbHAA TOYKA

1 1 1
22 ' 98 2 32

ITocsre TOoro KaKk Takoe COOTBETCTBHE YCTAHOBJIEHO, OCTAETCSI TOVILKO
niepeHyMepoBarh BCe IBOHYHO pauMOHaJbHbIE TOUKH npomexyTka [0, 1[.
310 MOXKHO CleNaTh, Hanpumep, CAEAYOIUM 06pasoM:

|| 3 1 3 5 7 1 3 5 7 9 11 13

99



TeM caMBIM MHOXECTBO [BOHYHO pPallMOHAJbHBIX YMCEJT NPOMENKYTKA
[0; 1[ mocraBiieHO BO B3dUMHO OfHO3HAYHOE COOTBETCTBHE C MHOXKe-
CTBOM BCE€X HATYpa/bHBIX UHCe.

59. Kaxno#t nocsenoBaTe/ibHOCTY HaTYPaslbHBIX YHCEN

ny, 7l2, gy couy nk, ces

CTaBUM B COOTBETCTBHE BO3DPaCTANOLLYO MOCAEN0BATE/NbHOCTL HATYypaJb-
HBIX 4YHCEJ
m <my <mg<...<my<. ..,
rae
ml =n1, m2 =n1+n2, m3 =n1+n2+n3, cesy mk =n1+...
v T Rgy el

D10 COOTBETCTBHE B3aUMHO OJHO3HAUHO.

60. [TocnenoBatenmpHocTt 1y < Ny < ng < ... < n, < ... CTaBUM
B COOTBETCTBHE GECKOHEUHYIO IBOMUYHYIO Jpobb, Y KOTOPOH IocJe 3ans-
TOH Ha MeCTax C HOMEepaMH 7y, My, Mg, ..., My, ... CTOAT E€IUHHIML, a HA
OCTaJIbHBIX MeCcTax — HYJH (cp. C pelieHHeM 3anaud 58).

Fnaealll.
MOLLUHOCTb MHOMECTB

61. MHOXECTBO CYETHO.
62. MHOXeCTBO CYETHO.
64. MHOXKeCTBa CUeTHHI (CM. JJIs CIy4asi p = 2 peiieHue 3ajaun 58).
65. MHOXXeCTBO CYETHO.
66. OGosnauum uepe3 E, (n 2> 1) MHOxecTBO Tex aJjeMeHTOB U3 E,

KOTOpHIE NPEBOCXOAAT —, a uepe3 B — MHOXKEeCTBO BCEX OTJIHYHBIX OT
n
HyJs1 3nemenToB u3 E. flcHo, yro |J E, = B. Ecuu 66 B Gbl10 Hecyer-

n
HBIM, TO XO0Td Ol onHO u3 E,, Hampumep Eno, TOXKe OBIO Obl HECUET-
HbiM. Ho TOTa KOHeUHLIE CYyMMEI U3 E 6GyIyT CKOJb YIOJHO BETHKH

(Tak KaK Cymma p 5/eMeHTOB H3 E, npeaocxonm P a2 crpemures
ny

ny
K 0ECKOHEYHOCTH MpH p — +-00), I/ITaK, B ne moxer 6blTb HECUETHBIM.
3HauHT, OHO KOHEYHO HJIH CUETHO.

67. 3amernM, UTO KaxKAas TOUKa Pa3phiBa X, MOHOTOHHO BO3PacTaio~
melt ¢pyHkuuu f (X) ABIAETCS TOYKON paspuiBa mepsoro poja. eficTsu-
TENbHO, TaK Kak QyHKuuA f (X) MOHOTOHHA M orpaHHueHa Ha [a, X[,
TO OHA HMeeT NpeJiel IPH X — x, — 0; aHaNOrHYHO STOMY NpoBepsercs,
yto pyHKIHMA f (x) HMeeT npenés u npu x — x, + O.

HasoBem ckaukom QyHKu#H B TOYKe pasphiBa X, pasHocTb f (x, +
+ 0) — f (x, — 0) sTux mpenenoB. B kaxmofi Touke pa3priBa MOHO-
TOHHO BoO3pacrawilell (GYHKIHH CKAUYOK HoJOoxHTeJeH. Jlerko npose-
PHTb, MTO MHOXECTBO TOYEK pPasphiBa, B KOTOPHIX CKayoK OoJblie
(rme o — Kakoe-1M60 MONOXKHTENBHOE UHCJI0), KOHEUHO, a YHCJIO 3THX

b) —
Touek He Gonbue vem =L@ O6oznaunm uepes E, MHOXKeCTBO ToueK
[0
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t
paspniBa CO CKa4KoM, GoJILIINM YeM -; MuoxectBo E Bcex Touex pas-

pbiBa paBHO 00BejiHEHHIO Beex E,:

E=E1UE2UE8U"‘UEkU"‘
Tax kak Bce E, xoHeuHrl, To E He Gosee yem cueTHoO.

Jlns moHOTOHHO YyOwBamome# Ha [@, b] QYHKUMH JOKa3aTeJbCTBO
aHaJIOTHYHO.

68. OfGo3Hauum uyepe3 A, MHOXKECTBD TOUYEK pa3pbiBa (QYHKLHH Ha
orpeske [—i, {]. MuoxxecTBo A Bcex TOYeK pa3priBa (Ha BCeH UHCJIOBOH
npsimMoii) paBHO O0OBEAMHEHHIO Beex A;:

A=4,UA, U .U A4 U .
Kaxjoe A; ne Gosee uem cUeTHO (cM. 3afauy 67). O6bejHHeHHe CYETHOTO
yycJIa TAKUX CJlaraeMbiX TaKke SIBJIsieTcs He OoJiee yeM CYETHBEIM MHOXKe-
ctBoM. Utak, A He Gosee yeM CUETHO.

69. ITomoxum E, =E n]-l-, +-00 [ flcho, uro JE, = E, Tak
n n
Kak
1 1
UE, = U{Enl—, —I—ool}:En{U]—, +oo[}=
n n n nin
= , + o[ =E.
Ecsu 661 Bce E,, Gbliin He GoJiee ueM CUETHBI, TO H HX OOBEIUHEHHE, T. €.

MmHOxkecTBO £, OblI0 Gbl HE GoJsiee UueM CUETHO; HO E 10 yC/JIOBHIO HecueT-
Ho. CyiejoBaTesIbHO, MO KpaiHe#l Mepe ofHO u3 E, HecuerHo.

70. Hepepro. [Ipumep. E = {1, t 11 e l—, } Ca-

2’ 3’ 4’ n
MO MIOXKecTBO E GecKOHEUHO; OJHAKO JJIs Jioboro T > 0 MHOKECTBO
E N Jv, +oo[ xoueyno.

71. MoxHo. B KauecTBe @ MOXHO B3ATb JIOGOE IONOXKHTENLHOE
YHCJI0, OTJIHYHOE OT BeeX uHeel | x; — X; | (THe {Xy, Xg, X3y +v0y Xjy -0} —
JlaHHOE MHOXKeCTBO E). Pas/IMuHbIX 4HCEN | X; — X; | CUETHO® MHOKECTBO.
[TosToMy Bceraa Haiiercsi uucao a > 0, oTan4HOe OT BeexX | x; — X;l.

72. MoxHo. CM. pemienue 3ajaun 71.

73. Pa3obbem NpSIMYIO HAa CYETHOE MHOMKECTBO OTPe3KOB Toukam 0,
41, £2, 3, ... Kaxaniii oTpe3ok coiepKUT He 6osee OfHOH TOUKH
JIaHHOTO MHOXECTBA; CJEJ0BaTeJbHO, MeX]y TOYKaMH MHOxecTBa E
H HEKOTOPOH COBOKYMHOCTBIO MOCTPOEHHBIX OTPE3KOB CYILECTBYET B3a-
HMHO OJIHO3HAYHOE COOTBETCTBHE. 3HAUMUT, MHOXKecTBO E He Gosee uem
CUETHO.

74. Y ka3 auue. Pasbeiite mI0CKOCT NPSIMBIMH X = const u

o a
y = const Ha cyeTHOe MHOXXECTBO KBaJpaTOB CO CTOPOHOH ——. [la-

Ve’
Jiee CM. pelleHHe 3ajaud 73.
75. OGo3HaunM 3aMKHYTHIE KPYr paauyca r G6ykBoil A, OTKpBHITHI
KPYT C TeM JKe LEHTPOM H TOro ke paauyca GykBoil B, a 3aMKHYTHIH

Kpyr pamuyca —;- c Tem ke uentpom GykBoit C. Torna A > B o €.

MruoxectBa A u C 3KBHBAJIEHTh! (B3aUMHO OJHO3HAYHOE COOTBETCTBHE
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MEXIY HHMH YCTaHABJHBAETCS C MNOMOMbIO Bpeo0pa3oBaHus Nonobus.
W3 skBuBasentHOCTH MHOXKECTB A u C BhITeKaeT (Ha OCHOBAHHH TeEO-
pembl Kantopa — DBepuinreiina), uto A skBuBaseHTHO B.

76. Ecin A — Bcsi maockocTb, B — 3amkHyTHIl KBagpat, C —
BKJIIOYEHHBIH B HETro OTKPHITHI KBazpar, To A > B > C. Ho A 3ksu-
BaseHTHO C (cM. 3amauy 53, 6). CienoBaresqbHo, A 3KBHBaJIeHTHO B.

78. Cm. 3apauy 58.

79. MouHocTh KOHTHHYYMA (CM. 3anauy 60).

80. MomHocTb KOHTHHYYMa (cM. 3ajaun 79 u 59).

81. IMepecTaHoBKa HATYpaJbHOTO psiia €CTh IOCJENOBATENbHOCTD
HaTypaJbHBIX YHCEJ, 3JIEMeHThl KOTOPOH IONapHO PasjHYHHEL H B COBO-
KYIHOCTH HCUEpPNBIBAIOT BeCh HATypaJbHbifl psia. 103TOMY MHOXECTBO
BCEX TEPecTaHOBOK HATypasbHOTO Psilia, KaK 4acTb MHOXKECTBA BCeX
TIOC/Ie/I0BaTeJbHOCTeHl HaTypaNbHbIX YHCEJd, WMeeT MOLIHOCTb, He Tpe-
BOCXOASILLYIO MOIIHOCTL KOHTHHYYMa (cM. 3ajauy 80).

JlokaxeMm Tenepb, YTO MOLIHOCTb MHQOXKECTBA BCEX NEPECTaHOBOK Ha-
TYpaJbHOTO PSiia HE MEHbIlle MOLIHOCTH KOHTHHYyma. HasoBem nepe-
CTaHOBKY MHOXKECTBA 10AHOL, €CJIV TIPU HEH HE OCTAETC Sl HEMOXBHXKHBIMY
HH OJIHH 3JIEMEHT MHOMkecTBa. Kak JIerKO BHIAETb, KaXK10€ MHOXECTBO
HaTypaJlbHBIX YHCeJ, COZepiKallee Gosiee OJHOrO 3JeMeHTa, JONycKaeT
MOJIHYIO NlepecTaHoBKY. [10CTaBUM B COOTBETCTBHE KaXJOMY MHOXECTBY
Mc N \_{l, 2} (rne N— MHOXeCTBO BCeX HAaTypaJibHBIX 4HCEN)
NepecTaHOBKY HATYPaJbHOTO PAlA, OCTABJSIOULYIO BCE JEMEHTH H3 M
Ha MecTe n moxsepramomyio N\ M kako#i-1160 MoJHOM nepecTaHoBKe
(MHOkecTBO N\ M [0myCKaeT MOJHYI0 NMEPECTAHOBKY, TaK KaK OHO
cocTouT Gojiee yeM M3 ORHOro 3jeMmenta). Torna pasusiMm M 6yayT co-
OTBETCTBOBATb pa3HEIie NepecTaHOBKH, NMOCKOJABbKY Y 3THX NMEPeCTaHOBOK
Pas3IUYHbI MHOXKECTBA HX HENOABHKHBIX 3/1eMeHTOB. [T03TOMY MOIIHOCTD
MHOXKECTBA BCEX NEePecTaHOBOK HATYPaJbHOIO Pslla He MeHblle MOLIHO-
CTH MHOXeCTBa BCeX MOJAMHOXKeCTB cyeTHoro mMuoxecrsa N \ {1, 2},
T. €. He MEHbIIE MOIHOCTH KOHTHHYYMa.

82. MomHocTs KOHTHHYYMa. JleficTBHTe/bHO, MHOMECTBO BCEX KO-
11emmx TN0CJIeI0BaTeIbHOCTEH JEHCTBHTENbHBIX YHCEJ eCTh 00beiHeHHE

00
UA,, rie A,—MHOXECTBO BCeX NOCJEAOBATEJIbHOCTEH AJMHHBI A.
n=1

Tak kak A, =B X ... X B, rie B — MHOXeCTBO BCeX AEHCTBUTE/b-
Ds————

n pas
HBIX uYHceJ, W TaK Kak B ~ J0, 1], To A, SKBUBaJEHTHO MHOXECTBY
10, 17 X ... X 0, I]. Ho nocnepnee MHOXKECTBO 3KBHBanentHo 0, 1]
n pas
(3TO MONYYAETCA MO HHAYKLMH, CM. 3anavy 77). 3HaunT, A, uMeeT mou-
HOCTb KOHTHHYYMa H TOTOMY SKBHBaJIEHTHO NpPOMeXYyTKY Jn — 1, n].

~+ o0
A Ttorpa | A, (T. e. MHOXECTBO BCEX KOHEUYHBIX NOCJENAOBaTeNbHOCTEH
n=1

JNeHCTBUTENIbHEIX YHCes) 3KBHUBaJleHTHO muoxectsy 10, 17U 11, 2]U ...

... =0, 4-0o[ u, caenoBaresibHO, HMEET MOLIHOCTb KOHTHHYYMA.
83. O6Go3snauum yepe3 E, MHOXKECTBO BCeX TeX CTallMOHAPHBIX MOCJIe-

JIOBATEJNLHOCTEH HATYpPajibHREIX YHCE, Y KOFOPHIX UJAEHH, HAYHHaA C
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HEKOTOpPOro HoMepa, paBHH k. MuoxecTBo E, cueTHo. [leficTBUTENBHO,
Kaxjas nocJefoBarenbHocTh u3 E,, oriuynas or (k, k, ...), npeacra-
BUMa B BUZe (qy, €, ..., 4, R, &, ...), TOe a, = k; HO TaKoO# MOCJIeNO-
BaTe/IbHOCTH MOMKHO TOCTaBHTb B COOTBETCTBHE KOHEYHYIO MOC/EeN0Ba-
TeJbHOCTb U3 HATYPabHbIX YHCeN (@, Ay, ..., Q,,); MHOXKECTBO e TAKUX
KOHEUHHIX MOCEN0BATENbHOCTEH, KaK JIETKO BHAETh, CueTHO. Temepb
ocraercd 3ameTutb, uto E = J E,.
k

84. Cwm. pemenve 3anaun 83 (ucnosb3oBaTh 3a1ayy 82).

85, 86. MomHOCTb KOHTHHYYMA.

87. MomHoCTb KOHTHHYYMA. ¥ K @ 3 @ H H €. YCTaHOBHTEe B3aHMHO
OAHO3HAYHOE COOTBETCTBHE MEXK/Y MHOXKECTBOM BCEX DalHOHAJbHBIX
YHCEeJI U MHOMKECTBOM BCEX HATYpaJIbHbIX 4ucesa. TeMm caMbiM yCTaHOBHT-
Csl B3aHMHO OJHO3HAYHOE COOTBETCTBHE MEX1Y MHOXKECTBOM BCeX MO-
CJIeI0BaTe/IbHOCTeH HaTypaibHeix uncet. amee cM. 3agauy 80.

88. MowHOCTE KOHTHHYYMA.

89. MouHOCTb KOHTHHYYMa (KaxKa0MYy OTpe3Ky [a, b] COOTBETCTBYET
TOYKA C KOOPAMHATAMH d, b Ha NOMYIIOCKOCTH y > X; 9TO COOTBETCTBHE
B3aHMHO OJHO3HAYHO, 8 MHOXECTBO TOYEK IMOJIYILIOCKOCTH y > X HMe-
€T MOUIHOCTb KOHTHHYYMa).

90. MOWHOCTb 3TOr'0 MHOXKECTBA KOHEYHA HJIH CYETHa.

91. MowHocTs KOHTHHYymMa. ¥ K a3 aHue. Kaxiaomy Kpyry
(x — a)® + (y — b)* < R? nocraBbTe B COOTBETCTBHE TOYKY Tpexmep-
HOT'O NPOCTPAHCTBA C KOOpAHHATamH a, b, R 1 3aTeM HaijuTe MOUIHOCTDH
NOVITYYEHHOTO MHOMKECTBAa TOYEK MPOCTPaHCTBA.

92. MoseT;, Haupumep, MHOXKECTBO BCEX OKPYXKHOCTEH, HMEIOUHX
o0UWMET HEeHTP.

93. JlioGoe MHOMECTBO MOMApHO He nepecekawouuxcs 6yks T Gyxer
He GoJiee uem cueTHbIM. Jlokaxkem 310. [1oCTaBHM B COOTBETCTBHE KaM0H
6ykse T u3 JaHHOTO MHOXKECTBA TPOIlKYy PauHOHaIbHbIX Touek M, N, P
Ha MJOCKOCTH Tak, uToObl oTpe3sok MN mnepecekas HOXKY GykBu T,
a orpesku MP u NP nepecexamu GOKoBbie OTPOCTKH 3TOH GYKBbI (pHC.
14). Torna omsoit W Toit Xe TPOHKE paLHOHANbHHEX Towek M, N, P
MOXET COOTBeTCTBOBAThL He Govtee ofHOH Oyksbl T (JIerko J0Kas3arb, 4TO
ecau Gbi 3TORt Tpoiike COOTBeTCTBOBanM jBe pasiuunbie 6yksel T, TO
oHH OBl mepecexanuch). Mrak, mexay 3ajiaHHbM MHOxecTBoM Gyks T
H HEKOTOPbIM MHOXKECTBOM TPOEK pauMOHAJbHBIX TOYEK Ha I/JIOCKOCTH
YCTaHOBJIEHO B3aHMHO OJHO3HAYyHOE COOTBET-
ctBue. Tak Kak MHOXKECTBO TAKHX TPOEK He AN _
6o/lee Yem CYETHO, TO U MHOMKECTBO mnonapHo /¥ P
He nepecekaomux Oyks T ne Oosee uem
CYETHO.

94. Takoe MHOXKECTBO MOXKET HMEThb JIO-
6yi0 MOHIHOCTb, MEHbINYIO HJH PaBHYIO MOLL-
HOCTH KOHTHHYYMa. [yt Toro urobei B. 3TOM
yGeguThCs, NOCTPOMM NPOM3BOJBHOE MHO-
xectBo £ Ha npamoit y = —Xx U 4epe3 Kax-
IYI0 TOUKY 3TOr0O MHOXECTBA MpoBeneM Oyk- Puc. 14
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gk By I', IpHHAB 3Ty FOYKy 3a BepUIMHY yIia
6yxser I 1 HanpaBuB orpe3ku G6yksel I mapaj-
JIeJIBHO OocAM KoopauHar (puc. 15). Bee moert-
poerHble GYKBEI OYAYT monapHO He nepeceka-
IOIMMHCS, © MHOXKECTBO 3THX OYKB HMeEeT
MOLIHOCTb, PaBHYIO MOLIHOCTH MHOKecTBa E.
95. MOIHOCTb KOHTHHYYMa. [eficTBH T b-
=-x  HO, TIYCTb X;, X3, Xg, ... — NPOU3BOJIbHASA 110C-
JIEJIOBATeJbHOCTb JNEHCTBUTEJbHBIX YHCeN. B
cusy pesyJabTara 3agaud 80, KaxkAOMY HHCIY
x,(n =1, 2, 3, ...) cooTBeTcTByeT mocJe-
Jl0BATE/ILHOCTb HATYPANIBHEIX YHCEN €, , C,,
¢, - IlepenymepyeM MHOKECTBO BCeX 1ap HATyPa/NbHBIX unCel (1, m):
(ny, my), (ny, my), (s, Ms), ... (3TO BO3MOKHO, PAK KAK MHOXKECTBO TAKHX
T1ap CYETHO H TIOCTABHM B COOTBETCTBHE IOC/IEJOBATENbHOCTH Xq, Xgy X3y - -+
TOC/Ie/l0BATE/IbHOCTD  HATYPAIbHBIX WuCel €, ., €, ., ¢, ., ... Kak
JIETKO BUJETH, TEM CaMbiM YCTaHAaBJIMBAeTCS B3aHMHO OXHO3HAYHOE CO-
OTBETCTBHE MEX]Jy MHOXECTBOM BCE€X IIOCJIeJ0BaTeIbHOCTEH NeHCTBH-
TeJIbHBIX YHCET 1 MHOXKECTBOM BCeX II0C/IeL0BaTeNbHOCTEH HAaTypaibHbIX
ypces. 3HAYHT, B CHJY pe3ysbraTa 3ajnaud 80, paccMaTpHBaeMOe MHO-
JKECTBO HMeeT MOLIHOCTb KOHTHHYYMa.

96. MolHOCTb KOHTHHYYMA.

97. MoUHOCTb 3TOTO MHOXKECTBA HE MEHbIlle MOLUIHOCTH THIep-
KOHTHHYYMa. [leficTBHTeNTbHO, MHOXKECTBO QYHKIHMH Ha [a, b], npuHu-
MarlHX Bcero ABa 3HayeHus: O u 1, yke UMeeT MOLIHOCTb THIIEPKOHTH-
HYYMa, TaK KaK MHOXECTBO 9THX (YHKIUHH HaXOAUTCS BO B3AHMHO OJHO-
3HAYHOM COOTBETCTBHH C MHOXKECTBOM BCeX IOJMHOMKECTB OTpe3Ka
[a, b] (xaxno# Takoi QYHKIHK CTaBHM B COOTBETCTBHE MHOMKECTBO BCEX
TeX TOYek oTpeskxa [a, b], B KOTOPEIX OHAa PaBHa HYJIIO).

C npyro#i CTOpOHBI, KaXKAOH YMCJIOBOH (QYHKUHMH f, OmpeneneHHOH
Ha [a, b], COOTBETCTBYET ee rpadHK, T. €. MHOXKECTBO TOYEK IJIOCKOCTH
BHUja (x, f (x)), roe x mpoGeraeT oTpe3oK [a, b]; nNpu 3TOM RasHLIM QYyHK-
LM SIM COOTBETCTBYIOT pPasHble rpaduku. ClieoBaTesbHO, MOUHOCTD MHO-
JKeCTBa BCeX YHCJIOBHIX QYHKuuH Ha [a, b] He Gosblile MOLIHOCTH MHOKe-
CTBa BCeX IMOAMHOMKECTB INIOCKOCTH, T. €. He GOJIblie MOLIHOCTH THIep-
KOHTHHYYyMa.

IIpumensia reopemy Kantopa — BepHiureiina, nonyyaem TpeGyembiit
pe3yJibTar.

98. PaccMoTpuM MHOXKeCTBO @ BCeX palMOHAJbHBIX TOUEK OTPe3Ka
[ a, b], sanymepoBanHOe KakKuM-m160 obpasom: Q = {ry, 7, ...}. Ilo-
CTaBHM B COOTBeTCTBME KaxJOH HempepeiBHOH Ha [a, b] dyHkumu f
TI0C/IEI0BATE/IbHOCTD JeHCTBUTENbHBIX uncea [ (ry), f (ry), ... Tak xak
HenpepriBHasl GYHKIMSA HA [a, b] HOMHOCTLIO onpeiessieTcsi CBOUMH 3Ha-
YeHH SIMH B TOYKaX MHOXKeCTBa ), TO TeM CaMbiM YCTaHaBJIMBaeTCs B3a-
HMHO OJITHO3HAYHOE COOTBETCTBHE MEXK 1Y MHOKECTBOM BCEX HENPEPLIBHBIX
¢yHKuM# Ha [a, b] K 4acTbiO MHOXKECTBA BCEX MOCJeN0BaTeJbHOCTeH Jel-
CTBHTENbHBIX YuCes. 3HAYUT, B CAJY pe3ysbraTa 3afaud 95, MOLIHOCTh

[S)
xv

Puc. 15
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MHOZIKECTBA BCEX HeNpPephIBHLIX (GYHKUMi Ha [a, b] He GOsbllle MOLIHOCTH
KOHTHHYYMa. C IpYyrofi CTOPOHbI, OHA ¥ He MEHbIle MOLIHOCTH KOHTHHY-
yMa, Tak Kak Bce QYHKLHH, NOCTOSIHHBIE Ha OoTpe3ke [a, b], yxe obpa-
3YIOT MHOXECTBO MOIHOCTH KOHTHHYYMa. OCTaeTcsi NpUMEHHTDb TeOpeMy
Kantopa — Bepniurefina.

99. MoIHOCTE THHEPKOHTHHYYMA.

100. OGo3naunM uepe3 A MHOXKECTBO Bcex GyHKuMH Buia kx,
rne k > 0; yepe3 B MHOXECTBO BCEX CTPOTO BO3PACTAIOWIMX HEMPEPHIB-
HBIX (PYHKIMH; yepe3 C MHOXKECTBO BCeX HeNpephBHEIX GyHKumHA. Torzaa
A < Bc C. Ho A u C uMEIOT MOIIHOCTh KOHTHHYYMa; CJIE10BATEb-
HO, B TaKxe HMeeT MOIIHOCTh KOHTHHYYMa.

101. MomHOCTL KOHTHHYYMa. ¥ Ka3 aHH €. YUTHTe, YTO MHO-
’KECTBO BCEX TOUEK pa3pbiBa MOHOTOHHOH (GYHKIMH He GoJiee ueM cuer-
HO M 4TO Y TakoH QYHKIUMH BCe TOUYKH Pas3puiBa ABJSIOTCS TOYKAMH pas-
pbiBa nepBOro poza (CM. peleHue 3anauu 67), a Takke TO, YTO MHOXKe-
CTBO BCEX CYETHBIX NOJIMHOXKECTB OTpe3Ka [a, b] HMeeT MOIIHOCTb KOH-
THHYyMa (3azava 96).

102. MolHOCTb KOHTHHYYMa.

104. MomuocTe KouTHHyyMa. [l JOKas3aTesJbCTBA YCTAaHOBUM
B3aHMHO OJIHO3HAYHOE COOTBETCTBHE Mex1y MHOxecTBoM A Bcex Gecko-
HEUHBIX JIeCATHYHBIX JpoGeli, B JeCATHYHOM Pa3JIOKeHHH KOTOPEIX OT-
CYTCTBYeT 7, M MHOXKeCTBOM B BceXx GECKOHEUHHIX J€B ATH P U U-
H Bl X apobGeil Ha orpeske [0, 1]: kaxkno#i jpecaruuHo#t npobn u3 A
CTaBHM B COOTBETCTBHE ApoOb U3 B, KoTopas MOJNyYUTCS U3 NepBOH Apo-
Ou, ecJ B Hell noBcroay uHdpy 9 3ameHuTh MPPOH 7. 310 COOTBETCTBHE
B3anMyo onHosHauHo. Ho B =[0, 1] = ¢; ciegoBatesnno, A = c.

105. MomHocTb KOHTHHYYMa. B3auMHO OJHO3HauHOe COOTBETCTBHE
MeXKJy MHOXKecTBOM A JecATHYHBIX Apobefi YKa3aHHOro BHJa H MHOXKe-
CTBOM B Bcex necsATHWYHBIX ApoGel ycTaHaBJMBaeM CJefyloluM obpa-
30M: KaxkJo0# GecKoHeuHoH npo6u u3 A craBuM B coorBeTcTBHE GECKO-
HeuHYIo 1po0b, MOJYYAIOIYIOCs H3 Hee Bh9epKUBaHHeM OUQPHI, CTOS-
el Ha TpeTbeM MecTe, Hampumep: npobu x = 0,257361... € A coot-
BeTcTByeT JnpoGb y = 0,25361... € B; npobu x = 0,237758... € A
cooTBeTcTBYeT 1pobb y = 0,23758... € B. MHoxecTBo B nmeeT Moll-
HOCTb KOHTHHYYMa; CJIeJOBaTe/bHO, A TakKe HMeeT MOIIHOCTb KOHTH-
HyyMma.

106. MouiHOCTb KOHTHHYYMa.

107. MoiusocTh KOHTHHYYMA (cM. 3anauy 104).

108. [a; mo6Goe muoxkectBo A \ C, rue C — Kakoe-TH60 KOHEYHOe
MOIMHO2KECTBO MHOXKecTBa A, 9KBHBaJEHTHO B.

109. A =(AN\BU@ANB); B=B\A4UI(@AANB). Ipu
atoM A \ B u A () B He umelor o0IIHX TOYEK, TAK ke, KaK H MHOXKe-
ctBa B\ A u A} B. Tak Kak A\ B~ B\ A 1o ycJoBuio H
ANB~AQN B, 0o A~ B.

110. B ycJjoBHM 3aaudl MMEIOT MECTO JIETKO MpPOBEpseMBIE COOT-

HOILICHH 41:
B =A| B\ 4), (1)
BYC=@AU(CN\B)U B\ 4. @)
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O6benuHAEMbIE MHOXKECTBA B NpPaBOH uacTi paBeHcTBa (I) He umeioT
o0IUX TOYEK; TO XK€ BEPHO U JJIS IPaBOH 4acTH paBeHCTBa (2). MHoxe-
ctBa Au A U (C \ B) 5KBHBa/NEHTHHI; 3TO CJI€NyeT U3 TOro, yTo A <
cAUJ(€C\BcAUC u ugro no ycnosuio A ~ A | C. Urax,
A ~ A |J (C\_ B). U3 3Toro CoOTHOLIEHHS, @ TaKke H3 paBeHCTB (1)
u (2) BuiTekaer, yto B ~ B |J C.

111. Hesepuo. [Tpume p:
A=1{1,2234..},B=1{234..}C=A
3pece A~C,B~D, ADB,C>D, 0 A\
C\ D (A \\ B cocToUT H3 OZHOrO 3JEMeHTa, a

113, 114, He BepHbl.

116. MowmHOCTb KOHTHHYYMA.

117. O6o3nayum yepe3s C KpYF paguyca n ¢ LEHTPOM B Hayaje KO-
OpAHHAT. $ICHO, 4YTO

,D =1{3,4,5,..).
HE 3KBHBAJIEHTHO

B
C \\ D — u3 jaByx).

o0
E =nlil (Cn N E).

Ecsn 66t Bce C, (| E Gbutn He GoJiee yeM CUETHBI, TO TAKUM Ke OBLIO
6t ¥ MHOXKECTBO E; HO, N0 yc/10BHI0, E HecueTHo; c/1e0BaTe/IbHO, XOTH
6bt onHo u3 mMHoxects C, (| E HecueTHo.

FlnasalV.
METPUYECKME MPOCTPAHCTBA

118. Her, ue apasercs (He BLINONHEHA yXe aKCHOMa TOXAECTBaA:
u3 paBeHCTBa sin® (x — y) = 0 He BHITEKAET, YTO X = ¥; HETPYAHO BHU-
A€Th, YTO HE BLINOJHEHa W AKCHOMA TPEYrOoAbHHKA).

119, BrinosnHenue nepBuIX ABYX &KCHOM METPHKH O4eBHAHO. UToObt
MNpPOBEPHTb TPeThbio, HaJO CHa4asa JOKa3aTb, YTO Mf Mobux o > 0,
B >> 0 umeer mecto HepaBeHcTBO arctg a 4 arctg p > arctg (a + p)
(znist 3TOrO JOCTATOUHO JOKa3aTh, UTO Npu dutkcupoBaunoM f > 0 PyHk-
uun f (@) = arctg o + arctg p — arctg (¢ + P) Bo3pacraer: Taxk kaxk
f@©) =0, Tonmpu o >0 f (a) > 0). MeTpuKHY P, H P IKBUBATEHTHBI, TAK
Kak n3 arctg |x, — a| - O crenyer: |x, — a| - 0, u obparHo.

[Nokaxem, uTo yuc/IOBasi NpsAMas C METPUKOM P, FABJISACTCS MOMHBIM
MeTpH4eCKUM MpocTpaHcTBoM. [IycTb|x,| — dynpamenTanbhasi nocse-
JOBaTeJbHOCTb B 3TOM NpocTpaHcrse. [{as npoussosbroro € > 0 Bh-
Gepem 8 > 0 tak, utoGnl npu | x| < 8 610 tg |x| < e. [danee ans sto-
ro 8 BoiGepem Homep N Tako#i, uTo npu 1, m > N BLINOJHAETCS HEpa-
BedcTBO arctg |x, — x,,| < & (3T0 MOXKHO caeNaTh, TaK KakK MOC/ELO0Ba-
TenbHOCTb {x,} dyHaamentanpua). Torna

|xn_xml = tg (arctg lxn— xml) <e
ans mobeix n, m > N. Crnenosarensho, {x,} ¢yniamentanbHa u B
MeTpHKE p, a MOTOMY uMmeeT mpeaen lim x, = a. Yucno a 6ynet npene-

n-»oo
JAOM JIaHHOH NOC/TeOBATEBHOCTH H B METPUKE p;, IOCKOJbKY METPHKH
p; U P IKBHBAJIEHTHEI.
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120. Jla. BrinonHeHHe akCHOMBI TPEYTOJNBHHKA CJAEAYET U3 Hepa-

BenctBa Voo + B < V' -+ VB, koTopoe mmeeT MecTo npu JMoGbIX a >
> 0, p > 0 (npoBepsieTcs 5TO HEPABEHCTBO H3BJIEUEHHEM KBaLpaTHOIO
KOpHA M3 o0enXx yacTedl OYeBHIHOro HepaBeHcTBa o + B L a + B +
+ 2 l/ozﬁ.

121. DKBMBANEHTHOCTb METPHUK 0;, Py H Q3 CJCLYET N3 HEPaBEHCTB
lag — ay| + by — by| <2 max {la, —ayl, 16, — b1} <

<2 Via, — a P + 1o, — b, < 2 (lag — ay| + 1o — b4)), (1)
CNPaBeIJINBLIX AJ5 J0ObIX JAeHCTBHTEJNbHBIX YUCEN @y, Qq, by, 0.

[pocrpanctBo (X, p3) MOMHO, TAK KaK 3TO €BKJIMAOBO NPOCTPAHCTBO
R?. Ecau nocneposareabuocts {x,(a,, b,)} GyHnamentansna B mer-
puke p; (MM p,), TO U3 HepaseHCTB (1) cienyer, uro {x, } dyHnamen-
Ta/llbHa B METPHKE P3, @ 3HAYHT, {X, } CXOAUTCH B METpHKe p3. Toraa
{x, } 6yzer cXomuTbCsi K TOMY Ke Mpeleqy H B METpUKe 0, (COOTBeT-
CTBEHHO U B METPHKE P,) B CHJIY SKBHBAJIEHTHOCTH METPHK.

122, Ja.

123. (X, py) u (X, py) — MeTpuueckne mnpoctpaHcTBa. (X, ps) He
SIBJISIETCS METPHYECKUM TPOCTPAHCTBOM; 31€Ch He BHITIOJHEHA aKCHOMa
TOXJECTBA: NpPAMEIE
lirxcosa + ysina —p =0; l,: x cos (n—a) + y sin (n—a)—p =0
He COBNAJaloT, TOrAa Rak Pz (l;, l;) = 0; c Apyroit CTOpoHHl, NpsaMbIe
Li: xcosa +ysina =0; Ly, xcos(m 4+ a) +ysin(n +a) =0
coBnajaT, Xora Ps (L, L,y =2 |sina]=0 (mpu 0 <a < x).

ITpoctpancrea (X, p;) u (X, p,) HomHbI. JleficTBUTENbHO, €CJH
{l,(@,, p,)} — dynnamenTampHas nocjenoBaTenbHOCTE B (X, py)
(um B (X, pg)), To {@, } u {p, } — dyHIaMeHTaIbHbIE YHCIIOBLIE TIOCJIE-
noBatesqbHOCTH. I1ycTh @, 1 p, — HX npelesibl U

ly: xcosay, + ysinay, —p, =0.

Torza p; (I,, ;) = O (coorBercTBenHO o, (I, L) — 0).

124. 310 ceMeACTBO He $BJIAETCA METPHYECKMM NPOCTPAHCTBOM,
ecan X cocTouT Goslee uem M3 OfHOM TOukM. [eficTBHTENIbHO, TOTA Hail-
ayres E < Xu F < X takue,uto E [ F 5= & (4, 3Hauut, p (E, F) =

=0), Ho Es~ F.

125, TpocrpancTBo (X, p) NOJHO, TaK Kak Mobas ¢yHaameHTaabHan
NI0C/IeOBATeIbHOCTh B HEM CTallMOHApHA (T. €. BCE WIEHBI €e, HaunHas
€ HEKOTOpPOTro HOMepa, COBNAAaloT).

126. Ilpexkne Bcero noKaxkeMm, 4TO AJf JIOOBIX TNOCJEA0BATENbHO-
creit x (ay, Qg, ...) U Y (by, by, ...), Y KOTOPBIX PAL H3 MOAYJIEH UJIE€HOB
cXoAuTCs, paccrosuve p (x, y) Gyner onpefeieno. [HefictButensHo,

~+o0
pan > |a; — b,| cxonutes, Tak kak |a;, — bl < la;l+ |b,], a pagu
-
o0 ! +o00
3 la] u 3 1b;] cxonsres no yenosuio.
i=1 i=1
Jlsnsl pOBepKH BLINMOJHEHHS aKCHOMEI TPEYTroJbHHKA (BBITIOMHEHHE
NepBLIX JABYX aKCHOM OYeBH/HOG) 3aMeTHM, YTO M Jo6ore Homepa i
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H JioGoro yucaa ¢

Ial —b,l< lai '_'C"‘ + IC" _bil’
a MoToMy
o0

o0 ~+o0
téllai—bzlgz Iaz—01|+‘2___llci— i1y

T.e.p(x,y)<Lp(x,2) +p (Y, rrez =2, cy, ...).
127. YcaoBue 3aiaun HE SBJSETCA JOCTAaTOYHBIM VIS CXOLUMOCTH B
npocrpancree L. [Tpumep. Ilyetb a =(0, 0, ..., 0, ...) u x, =

=(0, 0, ..., 0, A URRET ) Torna Ixni—al.l =0 npu n >i
, c.ne;l'cl)g;sTeJIbHo a; —nll_lglmx aas moboro i. Omnako o (r,, @) =
=2°° ke, — O] =§i — 1 npu mo6om n.

= o 2

128. Ilycts {x, (xnl, 400 oo Xy +o2)} — GyHIaMeHTaNbHAS HOCTe-

JIOBaTeJIbHOCTb 3JIeMeHTOB npoctpaHncrsa /;. [1o onpenenenuto, Ams Jio-
6oro ¢ > 0 Haiinercss Homep N Takoii, 4To npu mobeix n > N, m > N
HMEeT MeCTO:

o0
E_ lxnk—xmkl<8' (l)

U3 unepaBenctBa Ixm. 2 Ix — x,,| cnenyer, uro yucoOBas

T0C/IeAOBATENBHOCTD { m.}+°° npn .mo60M i ¢ynpameHTanbHa H, 3Ha-

n=1
yuT, cxogutest. Ilycrb a, = lim x .. [Tokaxem, uyrtoa (ay, ..., €l
i ni 1

n—oo

n’ e
HX,—>aBl.
K
Hleficteutenbno, u3 Hepasenctsa (1) cuaemyer, uTO kgl | X —

— Xzl < € 1715 moboro K u Bcex n, m > N. Ilepexossi B aTOM Hepa-
BEHCTBE K IIpeJesy CHayasna npH m —- 0o, a 3aTeM npu K — —-oo.
TNOTYYHM:

+

fo o}

l,xnk“'ak|<3 (2)

T

s Beex n > N. Tak xak la,| < |x,, — a4+ 1x,.1, 3_0 H3 Hepa-
+

BEHCTBA (2) H CXONMMOCTH psifia Z [x,,| cnenyer, 9ro pfm Z |a, | cxo-

qutes, T. e, a € [,. A Torpa (2) noxasbm’aeT 4TO X, > 4.

129. BrinonHeHne nepBeIX JIBYX akcuoM B M (E) ouesuHO. IIpo-
BEPHM BBHIITIOJHEHHE aKCHOMBI TPEYToJbHH KA. [l JI0OBIX OrpaHHYeHHbIX
¢byukuni @, Y u ¥ Ha E umeem:
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P (9, 1)) —sug lo ) —¢ ()1 <
sup(lcp(t)—x(t)l+lx(f) —% @) <
sux) lw(t)—x(t)l +SUP lx () —b @O =p (@ %) + 0 (D).

lloxa)xeM, yro npocrpanctBo M (E) noano. Ilycte {¢,} — dynaa-

MEeHTaJIbHasl NocJeaoBaTesabHOCTh GyHkuui u3 M (E). Torna B kaxaoi

Touyke ¢ € E wucsoBasi mocsenoBaTesbHOCTb {@, (f)} GyHLameHTanbHa

H, CJIefoBaTebHO, CTPEMUTCS K HeKoTopoMy npefieny ¢ (f). [asa sapas-

Horo & >0 uafinem Homep N Takoii, uTto qup o, () — o, )] <e
¢

Jist Bcex n, m > N. Ilepexons K mpejeny npu m — -}-0co B HepaBeH-
ctBe |, () — @, (f)] < e, monyuaem:

o, () — ()] e
ans Beex n > N u ¢t € E. Orcioga serko caenyer, uro ¢ € M (E);
a Tak Kak ¢ > ( NpoM3BOJIbHO, TO OTCIOAA K€ CIEAYET, YTO §, CXOLUTCS
K ¢ 1o MeTpuke npocrpancrsa M (E).
130. Iycts {9, } — dysnamenTanbHas nocnefoBaTe/bHOCTb B
C [a, b]. Torna B kaxpoin Touke x € [a, b] cymecrByer lim g, (x);
n->-co

o6o3Hauum ero ¢ (x). Has kaxnoro & > 0 cymecTByeT N Takoe, 4TO
lp, (x) — o, (x)] <e mpag Bcex n, m > N u Bcex x €[a, b]. Bepsa
3nech m — -}-oco, moJayuuM B mpegene | @, (x) — ¢ (x)| < & pns Beex
n > N u Bcex x € [a, b]. Tem cambiM ¢,— ¢ paBHOMepHO Ha [a, b].
Tax xak Bce @, HENpepHIBHE, TO OTCIOJA 3aKJI0UaeM, YTO @ TaKKe He-
npepsiBHa. CrepoBartesbHo, ¢ € C[a, b] U ¢,— ¢ N0 MeTpuke Impo-
crpauctea C [a, b].

131. Ecam psagsl 2a; ¥ Db CXOASATCA, TO H Pl (a, — b;)? cxo-

i i i

JUTCST; 3TO CJIeAYeT H3 TOro, 4To

@ —0b)*= at —2ab, + b7 <ai + (af + b)) + b} = 2(ai + b))
BrinosiHeHHe NepBBHIX ABYX aKCHOM METPHUYECKOrO NMPOCTPAHCTBA Ouye-

BHIHO. TpeTbﬂ aKCHuoMa IpQaBepAETCA TaK: AJs n-MEPHOro €BKJ/IMAOBa
NPOCTpaHCTBa CIpaBeAJIHBO HEPaABEHCTBO

‘/El (@ —b)? < ‘/;2:1 (a;—c)*+ Ex (¢, —b)?.

[lepexonst B 3TOM HepaBeHCTBe K npejeay OpH n— oo, HoJyyaems

V 2 $ 2
2 (a - bz) Z (ai - ct) + El (Ci - bi)

JlokazaTeqbCTBO MOJNHOTH NPOCTPaHCTBA [, aHAJOTHYHO [0Ka3aTedb-
CTBY NOJIHOTH DPOCTPaHCTBa /; (cM. pewenue 3anaud 128); ToabKo Ha
IOCJIEIHEM IIare Hajo BMECTO HepaBeHCTBA |a, | < | X, — apl + X1
BOCIOJIb30BaThCA HEPABEHCTBOM

0 < 2 (Xpp — @)* + Xoe)-
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132. AkcuoMa TpeyroJbHHKAa NPOBEPSeTCH HHTerpupoBaHHeM (B
rpaHuuax or a A0 b) HepaBeHCTBa

lo () — ¥ ()] < g (x) — % @)+ Iy () —$ (%)].

Metpuxu B mpoctpauctsax Cla, b] u C’[a, b] He 3KBHBaJCHTHBHL
Harpumep, mocnerosaTesbHOCTb (QyHKUHE

Q, (x) = (_l)n xn9

sajanueix Ha [0, 1], cxomutesa K @(x) =0 B MeTpHKe MNPOCTPAHCTBA
C’ [0, 1], o He cxonutcs BooGue B npoctpanctee C [0,1]. AHaNOrHuHO
CTPOUTCS TIpUMEp AJIsi MPOHM3BOJILHOTO OTpeska [a, b].

133. Ha. [eiicTBuTenbHO, YMHOXKAs B HepaBeHcTBe Komn — Bynsa-
KOBCKOro o0e ;lacm Ha2 u 3areM npubaBnsis K OOEUM YaCTAM
b

! (p (X)) dx +af (P (x))%dx, monyunm nocste npeobpa3oBaHui:

b b /b
‘/i @+ yrdrg ‘/iqﬂdx +V j; prdx.

[ycts Temepy u, U H W — NPOH3BOJbHBIE HETPEPLIBHLIE (QYHKUNY HA
[a, b}, noACTaBJAA B MOCACAHEE HEPABEHCTBO @ =4 — 0, P =U — ©@,
NOAYUHM:

p(u,w) Lp(yv)+plow),
T. €. aKCHOMa Tpeyronbuuxa BHLINOJIHEHA. BLINONHEHHEe aKCHOMBI CHM-
MeTPUH OYEBUAHO. JIErko MpoBepsieTCsi H BHIMOJHEHHE AKCHOMBI TOX-
JecTsa.
134. BeimosHeHWe mepBBIX ABYX aKCHOM MeTpHKH oueBuaHo. Cnpa-
BeAJHBOCTb AKCHOMBI TPEYTOJIbHHKA BHITEKAeT H3 HEPaBEHCTB

s[up U —Ff W+ g ) —g, ()D) <
sup (m (x) ——fs O+ 1fs ) — o () + 18y (x) — g5 (O] +
+ lga (x) —g: ) < sup (lf; () —fs )+ lg () — gs ) +
+ sup (lfs *) -—fg (x)l + lgs (x) — gs X)D).

Hanee, eciu {(f,, £,)} — dynnamenTanbHas nociefoBaTeNIbHOCTD B
F(a, b], 0 {f,} u {g,} — byHrameHTa/NbHBIE MOC/IENOBATEJLHOCTH B
C{a, b], a crano 6eits, cxonsarcs B C [a, b]. O603Hauum npeje/ibHble
¢Gyukuuu coorserctsenHo f u g. M3 HepaBencrsa

p ((fo &) (. 8) <sup |f,(x¥) —F(x)| + sup lg, (x) —g ()]
x¢ [a, 6] x¢ [a, b1

cnenyer, 4ro o ((f,, g,), (f, &) —>0 npu n — oo. Takum obpasom,
F {a, b] — nojinoe nmpocTpPaHCTBO.

135. Bor npumep ¢yHIameHTaAbHOH MOCJEA0BaTeNbHOCTH (QyHKUMHA
u3 C' [a, b], He uMeroleil mnpejcia B 3TOM NpPOCTPAHCTBE:
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Fopr e x T o
(0 =10 mpn 22 <X <,
JHHeHHa npH “J;"—-";”';“gxg“;”

136. Cm. pemenne 3agaun 135.

137. Tlycts {f,} — dynaamentanbuass 1oCaeL0BATENBHOCTb (DYHK-
unit u3 E u f — ee npenen B C [a, b]. Tak kak A < f, (x) < B a4
Bcex n u Beex x €[a, b], a f(x) =limf, (x) B Kaxpnoit Touke

x €la, b], on A Lf(x)KBB Kamnoﬁn;:qxe £ €fa, b], T.e. fEE.
CnegoBarenbuo, E moJHO.
138. Cm. peuenne 3anauu 137.
)

139. He cnenyer. Hanpumep, B npomexyTke T = —12‘-, - o0b1y-

Has MeTpHKa p; (X, y) = |x—y| u MeTpuka p, (x, y) = |tg x — tg y|
SKBHBAJICHTHEI, OAHAKO TPOCTPAHCTBO (T, 0;) HE TOJHO, TOTAA KaK (T, P,)
H30METPHYHO YHCJIOBOH NPAMOH U NOTOMY IOJIHO.

140. JlocTaToYHOCTb HEPABEHCTB /ISl SKBHBAJEHTHOCTH METPUK P
U 0, oyeBHAHA. TO, YTO 3TH HEPABEHCTBA HE ABJAIOTCA HEOGXOMHMBIMH,
TOKashiBaeT NpuMep, MOCTPOEHHHI B pelieHdH 3ajaud 139,

141. B coorBerctBun ¢ 3apaueit 140 3KBHBAJIEHTHOCTh METPHK Py
U p, B npoctpancTBe C; clefyeT U3 HEPaBEHCTB

xf_sllipbglf(x) —g W+ I ®) —g &) <x:?¢lszb]'f(x) —g )+

+sup [/ (x) — 8" ) < 2sup (If () —g )| + |J' (x) —g" W))).
x¢la, b) x¢fa, b

Hokaxem nonxory npoctpanctBa (Cy, py). Ilycre {f,} — dynnamen-
TanbHas nocaenosarenbHocts B (Cy, pq). Toraa {f.} » {f.} — dys-
JaMeHTa/IbHble H, 3HAYHT, CXOAsIMecs nocnejoBareabHoctd B C [a, b].
Tlycts f u g — ux npegensl, T. e. {f, } paBHOMEPHO CXOAMTCA K f Ha

[a, b], a {f,} — k g. Kak u3BecTHo H3 Kypca asa/iu3a, B TOM Cjyuae
g =['. CneneBareanto, {f,} cxomutcs x fB (Cy, p;) H TeM caMbiM
(C,, p1) noano.

ITosnora npocrpanctBa (C,, p,) AOKa3blBaeTCs aHAJOTHYHO.

142. JloxaxkeM, 4TO paccTosiHue MeXAy Ki1accamu A u B He 3aBuCUT
oT Bbi6opa Touek a € A u b € B.llyctb @' € Au b’ € B. Torza

p@,b)y<p@,a)+p@b+p@®b) =pb).

Ananoruwno p (a, b) < p (a', b') u, 3nauut, p (a, b) =p (@, d').
Janee, ecmia € Aub € B, A = B, 10 o onpejenennio p (a, b) = 0.
CnenoBaTenbHO, aKCHOMA TOXK1€CTBA BLINONHETCS. BHIONHEHHE OCTalb-
HbIX aKCHOM METPHKH OYEBHIHO.

143. He 6yner (ne BhimosmsieTcsi mepBasi akcioma MeTpHku). Pas-
6HeHHe MHOKeCTBa X Ha KJacChl CJIeAyeT IPOU3BECTH TaK, YTQOH QyHK-
LIMH H3 OJHOrO KJacca OTJHYaJHCh IPYT OT ApPYyra Ha NOCTOSHHYIO.

144, Buinosnenne axkcHoM MeTPHKH HPOBEPRETCHA TaK Ke, Kak B
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sanave 126. ITomHora npocTpancTBa (X, p) IOKa3bIBAaeTCsi MO TOMY e
IJIaHy, YTO ¥ IOJIHOTA MPOCTpPaHCTBA [, B 3agaue 128.

145. Tlonnora npocrpanctsa A () B oueBnana. [lokaxeM NMOVNHOTY
npocrpanctea A (J B. Ilyers {x, } — dynnamenTanbhas mocsenosa-
TeJbHOCTL Touek u3 A |J B. Torna nm6o A, qmbo B comepxut Gecko-
HEYHYIO MOJNOC/E0BATeNBbHOCTD {X, } U3 {x }. TocrenosarenbHOCTD

{x k} Takxe QyHIaMeHTaabHa (B l'IpOCTpaHCTBe A, pnsa onpeeneHHo-
cru). Tak kak A nomno, To {x, } cxomutesi. Ilyers p (x, , %) — 0.

M3 ¢ynaamenTanbHOCTH HOCJIe,ELOBaTeJIbHOCTPI {x, } nerko cne)lye'r TOT-
Aa, uto u o (x,, x,)—0, T. e. mocjeaoBaTeIbHOCTb {X, } CXOAHTCS.
ITpoctpanctBo A \ B MoOxeT 0Ka3aTbCS HEMOJNHBIM. 11 p U M€ p-
A — gucnoBas npsimasi, B — orpe3ok [—I1, 1] ¢ o6buHOl METPHKOH.
146. Ecim nocnenosareabnocts {(x,, ¥,) } ynnamentanbuas X X Y,
T0, KaK BUAHO U3 popmyuni (1), {x } u {y } dynzamenTabHb (4, 3Ha-
YHT, CXOASTCS) COOTBETCTBEHHO B X nY. Ilycts x, = 11m X, 0 Yy =
= 11m Yo TOTHA (X9, ¥o) = llm (*,, ¥,) B ﬂpOCTpaHCTBe XXY ¢
n-—
ﬂ,a}mon METPHKOH.
147. Cum. pemenne 3anaun 146.
148. 210 HemocpeACTBeHHO caenyeT u3 opmya (1) nam (2).

Ffasa V.

3AMKHYTBIE U OTKPbITbIE MHOXECTBA
149. Ecmu x € V (xy, &), TO X = lim x,,, rae x, € V (x,, €). U3
HEPaBeHCTB P (X, X,) < p (%, x,) + p (x,, , X)< p (x, x,) 4+ & nony-
yaeM (Tepexoisl K Ipeneny npn n —- 00), 410 P (X, X,) < e. Hostou
o3HauaeT, uyto X € B (x,, €). Takum obpasom, V (x, &) < B (x,, €).
[Tpumepom mpocTpanctBa, B koTopoMm V (x,, €) # B (x,, €), Moxer
CIYKUTh HENYCTOe MHOXECTBO X, HAJeJIEHHOe MeTPUKOH 3ajaunl2b
(rre.p(x,y) =1mpux=yup(x,y) =0 npu x =y). [aa moboi
TOukH x, € X umeem: V (x,, 1) =V (x,, 1) = {x,}, a B(x,, 1) =X
ITostomy, eciu X cozmepkut 6osiee 0HOH TOUKH, TO V (¥y, 1) 5= B (x,, 1).
C 1pyro# CTOPOHEI, /151 TAKHX NPOCTPAHCTB, Kak R”, [, I,, C [a, b],
npu BCex x, U € Oyznet B (x,, &) =V (x,, €¢). [lokaxem 3To, Hanpu-
Mmep, IJs HpOCTpaHCTBa C[a, b]. HyCTb f € B (fy, €); nojoxum

fo=0— —)f + —f0 Tormaf, €V (f, &) u f =limf,, Tak uro
f €V (fo €).

150. Tlycrb {A,} — nponsBonbHOS (KOHEUHOE HJH GeCKOHEHoe)
ceMefCTBO MHOXKecTB M U — ero ofbeguuenne. Tak kak Ag c U,

TO Z{; — U a4s Kaxmoro { u, 3HAYUT, %J?l—gc U. B uacrhocru,
AU Bc A B. Ilycrs Teneps ¢ €A J B.Ecmm6sic € A | B,
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TO CYMIECTBOBAMH Okl €, > 0 1 €5 > 0 Takue, uto V (c, &) He mepeceka-
ercic A, aV(ceg) —c B. Hortorna V (c, €), rie € = min {4 g5}
He mepecekasoch Okt ¢ A |J B, a 370 MpOTUBOpEUMT TOMY, YTO € —
TOuKa nprukocHoBennst Aist A |J B. Takum obpasam, 4 | B« AUB
u, saunt, A Y B =4 | B.
Jlna GeCKOHEUHOro ceMelCTBA MHOXKECTB PABEHCTBO HE BCErja HMe-
et mecro. IlycTh, HanmpuMme p, A,,=[ ! ,i] n =1 2, ...
_ o In+1 _
Torna UA,=UA4,=10,1], a Yy 4, =[0, 1], Tak uto |J A
n n n n

% UA,. Jlpyroli mp u Me p: MHOXKECTBO BCEX PalMOHAJbHBIX TOYEK
n

orpeska [0, 1] ectb o6beHHEHHE TOC/IE0BATENBHOCTH OJHOTOYEYHEBIX
(1 TOTOMY 3aMKHYTHIX) MHOKECTB, @ €TI0 3aMbIKAHHEM CJIYKUT Bechb OT-
pesoxk [0, 1].

151. YrBepxienue x € C (E°) o3Hayaer, 4To X HE €CTb BHYTPEHHSA
TOYKa MHOXecTBa E, T. €. YTO HHKaKas OKPeCTHOCTb TOYKU X HE Cofiep-
*uTcs B E. Ho 5TO paBHOCHJIBHO TOMY, YTO BCSIKAsl OKPECTHOCTD TOUKH X

conepxnt Touky u3 CE, T. e. x € CE. Takum obpasom, x € C (E°)

TOrJa ¥ TO/MbKO TorAa, Korgax € CE, 1.e.C (E°) = CE. 3aMeHHB B 3TOM
pasenctBe E Ha CE M mepefifd K JOIOJHEHHSIM, TIOJYYHM BTOPOE pa-
BEHCTBO.

152. PasenctBo A° (] B°=(A ] B)° Bceraa Bepro. [lns Gecko-

HeuHoro cemeiicTBa MHOxecTB {A¢ } BepHo Brmovenre () Ay D (. Ap)°,
4 g

OJHaKoO paBeHCTBO CIIpaBeaJInBO HE Bcerjga (ﬂ pumMmep:
A,,=] 1+—[(n_12,.))

153. meoqenne A° |y B°< (A U B)° oueBumno. Opuako pa-
BEHCTBO He Bceraa umeer Mecto (npumep: A =[0, 1], B =[1, 2)).
154. Dromy YCJOBHIO YAOBJAETBOpSET, HANpUMep, MHOxkecTBO E;
TOYeK Ha mpsamoit: 1, l, Il, —1-, ey —l-, wer 0.
2 3 4 n
3neck Ey = {0} (omHOTOueuHoe MHOXeECTBO), Ej = .

155. a) IlycTtoe MHOKECTBO M BCSH IIOCKOCTb; 6) Jso6oe Hemycroe
OTKPBITOE MHOXECTBO Ha IIOCKOCTH, OT/JIHYHOE OT BCefl IIOCKOCTH;
B) npsimasi ¥ = 0,

156. Touka a — rpannudas ais E Toria W TOIBKO TOTAa, KOrAa
KaxJasi ee OKPECTHOCTb CONEPXKUT KaK Touky u3 E (1. e. a € E), Tak
u Touky u3 CE (1. e. a € E°). Takum obpasom, Fr E = E \_E°.

157. Cornacuo 3apaue 156, Fr (AU B) =A | B\ (4 U B)".
Ho, oueBugno, (A J B)° > A° |J B° a mo samaue 150 A J B <
— A | B. CnenosarefbHo,

Fray Be@UB\ AU B)c@ANA)U B\ B) =
=FrA
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Ecmu xe E sBrsiercsi o0beliHeHHeM GECKOHEUHOH COBOKYNHOCTH

MHOKECTB, TO AHANOTHYHOE YTBep:KIeHHe yxke HeBepro. H a mp u-

N . 1 1
M € p, BO3bMEM Ha YHCJOBO#H npsiMoil MHOxkecTBa E, = [—, 1 ——

n n
(n=1,2 ... Torma E = UE, =10, I[, tak uro Fr E = {0, 1};

n
158. TTycTb a — Touka NpHKOCHOBeHHA aas E u V (a) — npous-

BoOJIbHAs ee okpeeTHOCTh. Torpa V (a) copepxut Touky b € E. Paccmor-
pum okpecTHocTh V (b) Touku b, Brmwouamomyiocs B V (). Tak kak

b € E, 1o V (b) (a 3nauut, u V (a)) conepsxut Touky u3 E. HUrak, npo-
M3BOJIbHAsH OKPeCTHOCTb V (@) TOuKH a cofepkuT Touky u3 E, 1. e.

a € E. Takum o6pasom, E CONEpIKHT BCe CBOM TOUKH NPHKOCHOBEHH S,
T. e. E 3aMKHYTO.

159. Tlyctb a € E' u V' (a) — Npou3BoJIbHAs OKPECTHOCTb TOUKH a.
B V (a) naiigercst Touka b € E’. Bo3bmeM Kakylo-1H60 ee OKPECTHOCTb
V (b) < V (a). Tak kak b — npeaenrpHasi Touka s E, T0 B V (b)
(a 3HauuT, 1 B V (@) conepxutca 6eckoHeyHo MHoro Touek u3 E. Ciue-
noBaresbHo, a € E'. Tem cambim E' < E’, 1. e. E’ 3amKkuyTO.

160. 3To BHITEKaeT M3 JIerko nposepseMoro paseHcTBa Fr E =

= £ () CE u u3 1oro, uto muoxectBa E u CE 3amkHyThl (3anaua 158).
3amkHyTtocTh Fr E MOXKHO J0Ka3aTb TaKXke HENOCPeLCTBEHHO — Ta-
KHM 2Ke CrnocofoM, KaK M YTBep:KJAeHHe 3ajauu 158.

161. Heo6xoanumocTb. Ilyctb mMeTpurn p; M p, 9KBHBaA-
JaeuTHel 4 E 3amMknyTto B (X, p,). EcaM x, — TOUKAa NPHKOCHOBEHH S
asa E B (X, py), TO CymecTBYeT MOCA€10BaTeJbHOCTb {X, } Touek H3
E rakas, uto p, (x,, x,) = 0. Torna u p, (x,, x,) =0, T. e. X, — Touka
npukocnosenus ansa E B (X, p;) n, 3naunT, x, € E; TeM cambiM E 3aMK-
HyTO B (X, p,). AHanoruuno, e F 3amkuyTo B (X, p,), TO F 3aMKHYy-
T0 B (Xa pl)

JdoertatounocTb. IlycTb COBORYIHOCTH 3aMKHYTHIX MHO-
xecTB B (X, p;) H B (X, p,) cOBNajaoT, U mycrb p, (X, , X,) = 0 npu
n— oo. Ecy {x, } He cxonuTcs K x, B (X, p,), TO CYIECTBYIOT MOAMO-
C/ieJl0BaTeJIbHOCTh {xnk} U uucio €& > 0 Takue, UTO P, (xnk, Xy) > €

npu JioboM k. [lyers E — MHOMeECTBO, 00pa3oBanHOE TOUKAMH X, M

Ho Toyku O u 1 ne copepxarcs B UFr E, = U {:7, 1 — i}.

E — ero 3aMbikaHue B MeTpHKe p,. SIcHo, uto x, € E. He Tak Kak E
3aMKHYTO B (X, p,) (3anaua 158), TQ 1O YCNIOBHIO OHO 3aMKHYTO TaKKe
B (X, p;) ¥, 3HAUUT, JOMKHO COLEPKATH X, (MOCKOMBKY Py (xnk, x,) — 0).
INonyuennoe npoTHBOpeyHe NOKa3HBaeT, 4TO P, (x,, 0)— 0. Anano-
THYHO H3 Py (¥,, ¥o) — O BITekaeT py (¥,, ¥o) =0, T. €. METPHKH p,
U py B X 5KBUBAJIEHTHHI.

162. O6benyHeHHe STHX OKPYXKHOCTeH 3aMKHYTO, €CJH TocJe/0Ba-
TEeNBHOCTD 7y, Fy, ..., I, , ... HE OFPaHHYEHa, H HE 3aMKHYTO, €CJH OHa
OFpaHHYeHa; B NOCJAEJHEM CJyyae 3aMblKaHue OOLeMHEHHN OKPYKHO-
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crefl MOMYUNTCH, €CIH K HUM 166aBUTH MHpe-
NIe/IbHYIO OKPYKHOCTb paguyca a = lim 7,.

n-~co

163. 3OTo MHOXKECTBO B3aMKHYTO, e€CJH
lim rn = +o0 (B 3TOM C/ayuae OHO COBNajaeT

n->o0
€O BCell MJIOCKOCTBIO); OHO HEe 3aMKHYTO, ec-
ai limr, =a < 4+o0o. B oboux cayuyasx

=00
5TO MHOXECTBO SIBJSIETCS] OTKPLITHIM.
164. OGosnauum uepes C, OKPYKHOCTb

7 o
paanyca _— KM C LEHTPOM Ha 3eMHOH ocH,
n

pacIoNIOKEHHYIO B CeBEPHOM MOJIYIIAPHH Ha Puc. 16
MOBEPXHOCTH 3eMJIM; JJIMHA 5TOM OKpYKHOC-

TH paBHa 7 kum (puc. 16). Uepes Bn. 0603HaYuM OKPYKHOCTb, pac-
n

TIOJIOXEHHYIO HA NOBEPXHOCTH 3eMHOIO Iiapa Ha 7 KM IOXKHee, 4YeM
Cn. Torpa uckomoe MHOXxecTBOo E TakoBo:

E=B,UB, U ..UP,

rae P, — oAHOTGYEYHOE MHOMKECTBO, oOpa3oBaHHOe FOXKHBEIM MOJIOCOM.

MuoxectBo E ne 3amkuyTo. Kpome Touek okpyskHocreit By, B,, ...,
npefe/IbHEIMH SABAAIOTCA TaKKe BCe TOYKM OKPYKHOCTM A, OTCTOsLe
Ha 7 KM 10xkHee CeBepHOro mojoca (OKpyxHOCTb A me BxomuT B E).
[TosTomy

E=EUA, E=(EUA\P,

165. [lycte { — Touka npukocHoBeHusi Muoxkectsa E,, T.e. B E,
CywmecTsyer nocneaoBareabHocTb {x, }, cxonsmascs k §. Torza f (§) =
= llm f(x,) (B cuny wuenpepoBHOCTH OGyHkuun [). Tak kak

f(x,,) a ans Beex n, 1o Takke f (§) > a. CnepoBarensHo, § € £, u,
spauut, £, samkuyTto.

166. Tycte @ € E. Torna B E cymecTByeT NOCTEAOBATENLHOCTD
{f,}, cxomsmasca B C(0, I] kK ¢. Tak kaxk f, (x) < fo (¥) mas Bcex
x €[0, 13u Bcex 1, a @ (x) = llmf,, (x) B xawaon Ttouke x € [0, 1],

Tod f(x) Ty (x) ana Bcex x E [O, 1], 1. e. ¢ € E. CnenoBarenbho, E
3aMKHYTO.

167. TpeGyerca 10Ka3aTh PaBHOCH/BHOCTh BKMouenuit a) E o E,
6) E o £, 8) E D Fr E. Tak Kak Bcerja CrnpaBe//IuBbl BK/IOYEHHU I

E' = EuFr E — E, 1o u3 a) cieayer 6) u u3 a) clieayer B). C apyrod

cTopounl, Tak Kak E < E {J E’, To u3 6) creayer a); a Tak kak E =
=E° |y Fr E n E° < E, 10 13 B) ciienyer a).

168. CorsacHo 3anaue §8, E 3amkHyTo. C npyro_ﬁ CTOPOHBI, eCJlH

E = F u F 3avknyto, 10 E = F = F. Tem cambiv E — HauMeHbInee
3aMKHYTOE MHOXECTBO, Cojepauiee F,



169. Tak xak E’ samkuyTo (3amaua 159), To E' > E" > E". Co-
BEpIUEHHO TaK xe E” > E” u 1. 1.

170. Tak kak aas moBoro E mHoxkecttBo Fr E 3aMKkHYTO (3ajaua
160), 10 Fr (Fr E) — Fr E (3anaua 167). Ecau xe E 3aMKHYTO, TO
Fr E < E; caepoBareasno, (Fr E)° < E° u mnotomy, COIJIacHO 3ajia-
ye 156, Fr(FrE) = Fr E\ (Fr E)° =(E \ E°) \ (Fr E)° =
=EN E° =FrE.

Jas npousBoabHoro E pasenctBo Fr (Fr E) = Fr (Fr (Fr E)) cae-
ZyeT Tenepb U3 3aMKHYTOCTH MHOXecTBa Fr E.

171. Ecm {x,} — dyHnameHTanbHAs MOC/IENOBATEIBHOCTh TOYEK
u3 E, 10 {x,} dynnameHTanbHa i B X, a 3HAUUT, CXOAHTCS B X K HEKO-
Topoii Touke x. Tak Kak E 3amkuyTo, To ¥ € E; nostomy {x,} cxonurcs
K x U B E. CnegoBatenbHo, E nomHo.

172. Tak Kak E He3aMKHYTO, TO CYIIECTBYIOT MOCJENOBATETbHOCTD
{x,} Touek u3 E u jouka x € X Takue, uto x, — x, HO ¥ € E. Torna
{x,} dynnamentasbHa, Ho He cxomutca B E. CnenoBarenbHo, E He-
TIOJIHO.

173. Her, He G6yzeT, Tak Kak X He3aMKHYTO B HPOCTPaHCTBE
Mla, b] (cm. samauy 129). Hanpuvep, nosoxum [, (x) =

_ V(x_a-;-b

)2-1-—’11. Torpa f, € X npu xaxmom n, Ho {f,} cxo-

autes B M[a, b] x dyuruuu f(x) = lx —-a—;_—él, He uMerolled npo-

H3BOJHOH B TOUKe g—;_—be[a, b].

174. 3710 MHOXKeECTBO He SIBASIETCH coBepiueHHbIM. Ho no6asienne K
HEMY OJHOH TOYKH (Hayand KOODAMHAT) HeJaeT ero COBEPLICHHBIM.

175. O6GbenyHeHHe KOHEYHOTO CeMeHCTBa COBEPUIEHHBIX MHOMXECTB
BCETJIa ABJSIETCS] COBEPIIEHHBIM MHOXKeCTBOM. OGbeIUHEHHE XKe CUETHOTO
ceMeHCTBa COBEPILIEHHBIX MHOMKECTB He BCErJa COBEPILEHHOE MHOMECTBO
(cm. mpumMepnl B pemenuu 3anauun 150).

176. Tlycte E — jaHHOE MHOXECTBO U ¥, € E°. Hano nokasars, uto
Xo — BHYTPEHHss1 Touka MHOXecTBa E°. JIJIs1 5TOrO OMHILIEM OKOJIO X,
okpecTHOCTh V (¥,), BXoasAmyio B E (4TOo BO3MOXKHO, TaK Kak X, —
BHYTpeHHsis1 Touka MHoxkecTBa E). Kaxnas touka x € V (x,) Takxke 6y-
JIeT BHYTpeHHe# TOUYKOH MHOKecTBa E (TaK KaK OKOMO X MOXKHO ONHCATh
okpecTHOCTb V (x), BXopsmyio B V (x,) 1 TeM cambiM Bxoasimyio B E).
Hrak, Bcaxas Touka x € V (x,) siBasercs Toukoit u3 E°. 3Hauut, x, —
BHYTpEHHsIs Touka MHoxecTBa E°. TakuM o6pasom, Kaxpas TOYKa
MHOXkecTBa E° sABAAETCS €20 BHYTpewHe#l Toukoid, T. e. E° — oTKpmH-
TOE MHOKECTBO.

177. Coraacuo mpenpiayuieii 3anavye, E° — OTKPHITOE MHOXKECTBO.
C npyroit croponsl, ety G < E u G — orkpeitoe, T0 G = G° < E°,
Tem cambiM E° — HauGosblee OTKPHITOE MHOMKECTBO, COJE€pIKalle-
ecsi B E.

178. 310 cepyer u3 ToOro, uTo E = UA V (x, €).
x€
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179. Y x a3 au ue. VcnonbayiiTe CBOACTBO HENPEPLIBHOH (DYHK-
LMH: €C/IH HempepbiBHAst GYHKUHMSA NONOKHTENbHA B TOUKE X,, TO OHA
NOJIOXKHTEJIbHA H B HEKOTOPOJ OKPECTHOCTH 3TOH TOUKH.

180. Ilycrb @ € E, T.e. A < ¢ (x) < B Bcioay Ha [0, 1]. O603ua-
unM sup @ (x) =B, inf @ (x) = a. SIcHo, 4TO sup ¢ (x) He MoxKeT paB-

x:[0, 1] x0, 13 x[0, 1]

HATbCA B, Tak Kak o CBOHCTBaM (PYHKIMH, HENpPEpPLIBHBIX HA OTPE3Ke,
sup ¢ (x) mocturaercs B HeKoTopoi Touke x' orpeska [0, 1]: p = ¢ (x').
Tak xak ¢ (x') < B, Top < B. Ananornuno o > A. O6o3HauuM yepes
& HauMmenbinee u3 uucen o — A u B — B. Torna Bce QyHkuuu ¥,
yRosJeTBopsatomue A Kaxgoro x € [0, 1] nepaBencrBam ¢ (x) — & <
<y (x) <o (x) + &, npuHaniexaT MHOXKecTBY E. C Apyroii CTOpOHHI,
9TH QYHKIHUH ¥, 00pa3yIOT €-0KPECTHOCTh MYHKIUMY @, TAK KAK BCE 3TH
(QYHKIMH, H TOJbKO OHH, YJAOBJIETBOPHAIOT YCJaOBHIO: p (@, ¥) < &.
Hrak, BmecTe ¢ dyHKIMeH ¢ B MHOXKeCTBO E BXOIUT TaKKe HEKOTOpas
€e OKPECTHOCTb, a 3TO M O3HAayaeT, YT0 E — OTKPLITOE MHOXECTBO B
clo, 11.

181. Cm. pemenue 3anauu 180.

182. Ilycte E, — OTKpPHITBIH KPYT Ha IVIOCKOCTH C HEHTPOM B Ha-

yajle KOOPAMHAT H PaJuyCcoM —:: Torpa (| E, sBJsieTCS ONHOTOYEUHBIM
k=1

MHOKeCTBOM (00pa3oBaHHBIM HayasoMm KoopiuHat). OHO He sBJAsieTCs
OTKPBLITHIM MHOKECTBOM.

183. Hepeprno. [Ipume p. E — MHOXKECTBO Ha IJIOCKOCTH, $IB-
Jgsiomeecsi oGbeAHHEHHEM 3aMKHYTOr0 Kpyra D U OJHOTOYEYHOTO MHO-

»KecrBa, Jexauero sae D. Torga E° =D°u E° =D, vo E = D.
OnHaxo AJisi BCAKOTO 3aMKHYTOrO MHOeCTBa E HMeeT MeCTo BKJIIO-

uene E° < E.

184. Her. [IpuMe p. E — OTKPHITHHA KPYT Ha IVIOCKOCTH C BHI-
KOJIOTBIM LIeHTpoM; 3fech (E)° %= E. OnHako Jisi BCSKOTO OTKPHITOTO
MHOxecTBa E cnpaBensuBo BrJouenue (E)° D E.

185. Y ka3 aHue: mNpuMeHHTe pe3yabTaTel 3agad 183, 184.

186. Kaxnoe u3 muoxects E, 3aMkuyTo (cM. 3axauy 165). Tak kak
f — HenpepriBHasi QYHKLKHS HA OTPe3Ke, TO CYIECTBYeT N Takoe, 4TO
If ()] < N nasa Bcex x € [a, b]; cnenoBarenbHo, Bee E, npu n > N
nycrel. [Toatomy muoxkecrso E; J Es U ... U Egpr U ... ecTb oObe-
JUHEHHE KOHEUHOTO YMCJIA HEMyCTHIX 3aMKHYTBIX MHOXECTB H, CJEeNO-
BaTeJNIbHO, 3aMKHYTO.

187. Hesepuo. [Ip ume p. Ilycts

Ey=[—1+ —]ulo 1—] ¢>2
n n n
(Toma UE,=]1—-1L1)mu F=[——;-, é]c U2E,,; 3neck F- He
n=2 n=
cozepxutcsi B E, HH NPH KakKoM 7.

188. I1p u m e p. MHoxecTBO E Bcex uncensuia | + % +«% + e
et L =12 ..).
n
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189. Scuo, uto E | E' = &. Ecom E’ nycro, To E 3aMKHYTO.
Ecan xe E' Henycro, TO ONMILEM OKOJIO KaxJo# TOUKH MHOxecTBa E’

o 1
OTKPHITHIH Iap paguyca —, a oObeAUMHEHHe 3THX INApPoB (pH ¢HKCH-
n

poBanHOM n) o6osnauum A, ; nanee, nonoxum B, = E \ A, . Torza
Kafloe B, 3aMKHYTO (OHO He HMeeT NnpeJieJbHbIX Touek), H Y B, = E.
n

CrenosarenbHo, E ecTb Muoxectso tHna F .
190. /. ecTb MHOXECTBO, BCE TOYKH KOTOPOrO H30JIMPOBaHHLIE;
C/1eJl0BaTe/IbHO, B CUJIY NPeIbIAYILeH 3aaaun, I, — MHOXECTBO THNa F.
191, Tako#i mpumep MOXHO NpPHBECTH He B JIOOOM APOCTPAHCTBE:
(HanpuMep, Ha MPSAMOHA HJIN B €BKJIHA0BOM NPOCTPAHCTBE Jit000e MHOKe-
CTBO H30JHPOBAHHEIX TOueK He Gostee yeM cueTHO). Onnako, HampUMep,
B mpocrpaictBe M ([0, 1]) (cm. 3amauy 129) mHoxkecTBO GYyHKUME

(0mpn 0<x <E,
fﬁ(x)—{13§:g<f<

rae & npoGeraer unrepBan 0, 1[, sABAAETCS HECUETHHIM, a BCE €ro Jje-
MEHTHl H30JIH POBAHHEIE.

Jlpyroii mpuMep cM. B pelueHuu 3agauu 373.

192. &-OKpEeCTHOCTBIO TOUKH X € Z B Z JJIA1 KaxAore € > 0 CayxuT
vV (x, e) N Z, roe V (x, €)-okpecTHOCTb 3T0# Touku B X. Flostomy x €
¢ E* torna n Tombko Torna, Kora 1) ¥ € Z;2) (V (x, &) [} Z) ) E ne-
nycro aas Kaxaoroe > 0. Atakkak(V (x,e) N Z) N E =V (x, &)
N E, To ycnosue 2) o3Havaert, 4to V (x, &) [1_E HemycTo als Kaxjoro
e >0, T.e.uTox € E*. Taxum obpasoM, x € E% torna n Tonbko TOrAa,

xorna x € EXN Z. Tem caMbiM yTBepKJeHHE a) JIOKa3aHO. YTBepije-
Hue 6) Jierko c.ue,uye'r M3 HEro. ILeHCTBnTeJleo nycts E 3aMKHyTO B
Z;torma E = EX = E*( Z, npuuem E* 3avkuyTo B X (3amaua 158).
OﬁpaTHo, nycte E = F (| Z, rae F — 3aMKHYTO® MHOXECTBO B X;

rak kak E  F, o EXc F (3apaua_ 168); nostomy E =F ) Z =

S E*n z __EZ > E, orkyna E = E%, 1. e. E 3amknyto B Z.

193. Jro caenyer us paBHocuanocm CNEAYIOIWNX YTBEPXKIACHHA
OTHOCHTENIbHO MHOXecTBa E C Z:

1) E oTKpHTO B Z;

2) Z \\ E samxuyto B Z;

3 Z\ E =F ) Z, rae F — 3aMKHYTOE MHOXECTBO B X;

4) E =GN Z, tne G =X \ F — OTKpHTOE MHOXECTBO B X
(BTOpOoE M TpeTbe YTBEPKACHHS PABHOCHJbHB COFJAaCHO NYHKTY O)
3agauy 192, a TpeTbe M YeTBEPTOe PAaBHOCHJIbLBI, NOCKOJbKY M3 BKJIO-
gennit Z < X u F < X cnenyer, uto Z\ (F 1 Z) =(X \\ F) N 2).

194. 310 caepyer u3 3agau 192 n 193.

195. Cornacho 3anave 192 (uan 193), E—F N Z, rae F 3amkHyTO
(coorBercTBenHO OTKpHITO) B X. Ho Toraa E 3aMKHYTO {€OOTBETCTBEHHO
OTKpHITO) B X, Kak IlepeceyeHHe ABYX 3aMKHYTHIX (COOTBETCTBEHHO OT-
KPLITBIX) MHOECTB.
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196. Ilycts (%, ¥,) — TOUKa MpHKOCHOBEHHA MHOXecTB2 £ X F.
Kaxnas ee okpectHOCTb V ((x,, ¥,), €) COZEPKHT XOT Obl OXHY
TOuKY (x, y)u3 E X F.Horornax € V (x,, 8)uy €V (x,, &), TaK uto
Xo U ¥, — TOUYKH TIPHKOCHOBEHHS MHOXecTB E H F COOTBETCTBEHHO H,
B CHJIy 3aMKHYTOCTH 3THX WMHOMECTB, NpHHaQIexaT MM. [loaTomy
(%0 ¥o) €E X F.

197. Iycts x € (A U B)°, r.e. V(x,7) = A U B npu nekoropom
r >0. Torna V (x, r) \ B <= A. Ho V (x, r) \\ B oTKpHTO; c/Ief0Ba-
Tenbho, V (x, N\ Bc A° orkyna V (x,r) < A° Y B. 3mauur,
x €(A° U BY. TeM CaMbiM (A U B)° = (A° U B)°; ofpaTHOe BRJIOYE-
HHE OYEBHJHO.

198. Bepro. B camom fene, Tak kak A < A, 10d (%, 4) K d (%, 4).
C Ipyroil CTOPOHBI, ANfA KaxKAOro &€ > 0 CcymecTByeT a/eMeHT as € A,

A KOTOPOro  p (¥, a,) < d (xy, A) + 23, a pam sTOro a, —
o i g
anement a, € A Takodi, uto p (a, a,) < 5 Otciona p (%, a) <

<p (K a)+pla,a)<plna)+ %. Torxa

At AP (0 @) <Pt B+ 7 < Ao A) + 545 =

"=d(xo» A-)'i_a

Tak kak € npousBoiibHO, TO d (x,, A) < d (x,, “A).

199. Hesepwuo. Hanpumep, eC/M Ha TPAMOA B3ATH X, =2 U

A =[0,1]JU {2}, 10d (x5, A) =0, B TO Bpemst kKaK d (x,, A°) =1,
nockonbky A° =10, 1f.

200. Boobme mias Mobof YHCAOBOM OrpaHHUEHHOH CHU3Y QYHKIMH
f, onpeneaenucHt na npousBesenvn A X B maGeix ABYX MHGKeCTB A
u B, umeer mecro:

mf f(x y) = inf (inf (f (x, ¥)) = inf (inf f (x, ¥)). 1)

KA, y %A yeB ¥eB xcA

Llei/’lcramenbno, TaK Kak, oueBuaHo, inf f(x, y)<Linff(x, y) nma
*:A, yeB y<B

Kaxjaoro x €4, to

inf f(x, y)<inf) inff(x, y)).
x¢A, yB XA yeB

C npyroft cropoubl, Ais Kaxaoro &€ >0 cymectsyer mapa (x,, y,)
Takas, 4TQ

Feg y) < inf fex, ).
T . f .
a wax inf (inf}(x, ) < inff (xe. W< 5y 39, 10
inf (inf f (x, y)) <inf f(x, y)+ e.
X€A yeB x€A, yeB
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OTO HEpaBeHCTBO BEPHO AJst KaX0ro € > 0, mosromy
inf (inf f (x, y) <inff(x, y).
XA yiB xzA, yB
Caenoparennro, inf f(x, y) =inf(inff(x, y)). Copepwenno tax xe
x¢A, yeB x¢cA yiB
JlOKasbiBaeM BTOpoe M3 paBeHCTB (1).
Bsss B (1) MHOKecTBa A 1 B U3 MeTpryeckoro npocrpanctsa (X, p)

# TONOXHB [ = p, MOJAY4YHM TpeGyeMble COOTHOIYEHHS.
201. B cuay 3amau 198 u 200, umeem:

d (A, B) =infd (x, B) =infd (v, B) =d (A, B).
xzA xcA
AHaJIOrHYHO JOKA3bIBAIOTCS OCTA/JbHEIE PABEHCTBA.
202. He qnsicex. ITpu Me p. Bosbmem Ha mpsamoit A =[0, 1]

U{2}, B={2}U[3,4]; morma A°=]0,1[, B°=13, 4 =
d (A°, B°) =2, B 10 Bpems Kak d (4, B) =0.

203. Ina Kkaxnod ToukH x € F; MNOMOKHM &, =Eld (x, F,).

AHanornyHo A5 Kaxnod Todku y € F, NOJTOXKHM g, =%d (y, Fy).
Hoxaxem, uro MHOmectBa G, = UV (x,e,) u G, = |V (y, e,)
XEFy XFq

0061aja10T TpeGyeMBIMH CBOACTBAMH. $ICHO, YTO OHH OTKDHBITHI, NPHYEM
G, © F, u G, D F,. Tlpennonoxum, uto cymecTByeT Touka z € Gy
N G,. Torna naiinyrcs Touku x € Fy, y € F, raxue, uro z € V (x, &),
2 €V (y,e¢,). dna nux 6yneMm HMeTh:

1 1
p(x’ J’)QP(x; 2)+p(z1 y)<3d(x’ F2)+_3"d(y’ F.l)‘<
1 1 2
S0 N+ e )= Tp ¥,
T. e 0 (%, ) <§p (x, ¥); HO 3TOrO He MOXKeT ObiTb, IIOCKOJIBKY

o (x, y) > 0. Cnenosareanro, G; | G, = .
204. Tlycte A — muoxectso THna Gy, T. e. A =0T, rne T, —

oTKphITEE MHOKecTBa. Torna CA =C (NT,) = U CI‘,: rae CI', 3amk-
HyTel. Htak, CA ecTb MHOXKecTBO THNA F.
ITycts B — muoxecrsotdna F, t.e. B = | B, rae B, — 3aMKHY-
Thle MHOkecTBa. Torma CB =C (U B,) = NCB,, rae CB, — OTKpHI-
n

n
Thie MHOXKeCTBA. HTak, CB ecTb MHOXKecTBO THNA .
205, Ilyctb F — 3aMKHYTOe MHOKecTBO. PaccMOTpUM AJI KaxA0ro

1
HaTypaAbHOTO YHCJA 7 OTKPbITOe MHOXecTBO Gn = |J V (x, —). Ovue-
F n
(oo} xe (s
BugHO, yto F < [1G,. C gpyro#i croponn, ectn y € | G,, To nag
n=l1 n=1

“ 1
KaxKJ0ro n Haijercs Touyka x, € F Takas, 4T0 p ér,, y) < - Cneno-
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BaTeJIbHO, Y — TOUKA MPUKOCHOBeHH s 14151 F; a Tak kKak F 3aMKHyTO, TO
0

y € F. Takum obpasom, F = G,, 1. e. F — mHoxectBo Trna Gy,
n=1

CnpaBejIHBOCTh BTOPOTO YTBEPKIEHHS 3ajaud BHITEKAET OTCIOAA
10 NBOACTBEHHOCTH (CM. 3anauy 204).

206. B cuay pesyabrara sagaun 204, JOCTAaTOYHO JOKa3arb, 4TO
CE — wmuoxectso tina F;. Ho CE ecTb oGbelHHEHHE CUETHOTO YHCIA
npaMbiXx X =r,(k =1,2, .. )uy =r,(k=1,2,..), tnery, ry ... —
MHOXKECTBO palHOHANbHBIX YHCeNI, 3aHYMEPOBAHHOE IIPOH3BOJBHBIM
obpasoM. Tak KakK Kaxpaas npsiMasi sSiBJASIETCS] 3aMKHYTBIM MHOKECTBOM
Ha miockoctH, T0 CE — mHoxecTBO THna F .

207. Jloxa3aTesqbCTBO BLITEKAeT HEMOCPENCTBEHHO W3 OINpeJeseHHs
HHIKHETO IpeneJsa.

208. Bribepem B KaxJioM E. 1o Touke x. [TocaenosarenbHoctsb {x, }
obnajaeT TeM CBOMCTBOM, YTO Kaxkaoe E, CONEpP:KHT BCe HUJIEHH! 3TOH
TOC/IEIOBATE/IbHOCTH, HaUHHas ¢ X, . [loaromy p(x,,, X, )L diam E ;-
H, 3HauuT, P (X,, x,)—> 0 npu m, n — co. Cnenosarenvto, {x, }—
¢dyHaaMeHTaNbHAs TOCJAeOBaTeNbHOCTh. Tak KaK NPOCTPAHCTBO MOJ-
Ho, To cyuiectByeT X =1im x,, . [Tokaxeu, 4To x¥ €CTb TOUKa MPHKOCHOBE-
HisA Jas Kaxporo E,. JledcTBHTeNbHO, NMPOM3BOJAbHAs OKPECTHOCTh
V (x, €) TOYKH X CONEP:KUT BCE UJIEHBI NOCJEI0BATENbHOCTH, HAYNHASA C
HeKoToporo N; npu 3TOM Bce WIeHHl C HOMepamH 7 > max (m, N).
Bxoaar B E,. B cuny samxHyTOCTH Kaxzaoro E,,, Touka X BCEM MM MpPH-
HaJJIexkuT, T. e. (E,, = .

m
209. Her. ITpu me p. Ilyerb {g;} — cTporo yGeBalomas 4ucio-
Basl MOEJIeOBATENbHOCTD, CXOAAMWAnACH K 1, H X — CUeTHOE MHOXKECTBO

TOYEK X;, X, ... , B KOTOPOM METPHUKa BBeJieHa GopMyJiaMu:
p(x;, X)) = @ ine, y TP i ],
p (x, x) =0.

Tak Kak Kaxzaas ¢yHIaMeHTanbHas INOCJeLOBaTeNbHOCTL B X CTa-
uuoHapua, To X noaHo. 3aMkHyTee wapsl B (x;, a) = {x,, Xy
Xiygs ---} OOpasyoT YObIBAIOULYIO IOC/ELOBATENBHOCTD, HMEIOILYIO
IyCTOe MepeceyeHue.

210. Her. Hanpumep, B R! mnocienoBaTesbHOCTh HHTEPBaJOB

0, ll(n =1, 2, ...) umeer mycroe nepeceuesue.
n

211. BriGepem 1o Touke x, B Kaxaom E, . Kak n B sanaue 208, yGe-

JIUMCA B TOM, 4TO CYIIECTBYET TouKa X, obmas aas scex E,. B caay
ycnoBusi 6) 3amaud, oHa GyieT MpHHajAIexaTb H BceM E, .

212. Iycts E — HemycToe OTKPHITOE MHOXKECTBO Ha NPsiMOH, X, €E.
OGo3nayuM 4Yepe3 ¢ HHIMKHIOIO TpaHb JIEBBIX KOHIOB HHTEPBaJIOB,
coflepKalUX X, U BKMovaouuxcs B E, a uepes B BepXHIOO I'paHb npa-
BbIX KOHIOB TAKHX HHTEpPBajoB (He HCKIIOYEHO, 4TO O = —O00 HUJIU
p = +oo). Torna Ja, P € E, @ € E, p € E (ecu Gbl, Hanpumep, Obl-
g0 p € E, To, B cusy oTkpmitoctd E, Hexkoropbifi HHTepBaad Jf — &,
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B 4 e[ Takxe BKMouascs Ow B E; HO Toraa uurepsan Ja, fp + e[ Bkiio-
yancs Ol B E, 4TO NpoTHBOpEUHT BLIGOPY P).

Hrak, kaxnaas Touka x, € £ BXOIUT B HEKOTOPHIl HHTEPBAJ, BKJIIO-
yaomuitcss B E, KoHuBl KoTOporo He npuHamiexar E. JlokaxeM, 4To
TaKo# MHTEPBaJ (1151 JaHHOH TOYKH X,) €UHCTBeHHbIH. Ecyu Obl Haw-
JUCb JBa TakuX uHTepBana Jay, B[ u Jou,, Pgf, mpuuem, Hanpumep,
x, < Py < P, TO P, mpuHAAIERKANO OBl HHTEPBANY ]a,, B[ U, 3HAUUT,
BXOIUJIO Ot B E BOpeKy NMPeAnONoKeHHI0. AHAJIOTHYHO HE MOMKeT ObITh
a; <0y AH oy < 0. EAuHCTBEHHOCTHh AoKasaHa. HMurepBan, Bxoxs-
ukit B E, KOHIBI KOTOPOTro He nmpuHajyexar E, u OyAeT cocrnagantouyum
unmepeasom pjasi E. MHOKeCTBO COCTaBJAIOIMX WHTEPBanoB He Oojiee
yeM CYeTHO: QUKCHPYS B KaKAOM COCTABJSIOLIEM HHTEpBa/e MO OfHOH
pauMOoHAAbHOR TOYKE, MBI NOTYYaeM B3aHMHO OXHO3HAYHOE COOTBET-
CTBHE MEXJy MHOMXECTBOM BCEX COCTaBJSIOUMX HHTEPBAJIOB H HEKOTO-
PHIM TOAMHOMECTBOM PalMOHANBHBIX YHMces (a8 3TO NMOIMHOMXKECTBO KO-
HEYHO HJIM CYETHO).

213. Heo6xoagumMocTh oyeBunna. flokaxeM xocTartou-
HocTh. Ilycts Jay, by, ... — CMeXHbIE HHTepBaNH MHOXecTBa E
Ip{ueM OHH HE WMMEIOT nonapHo obmux KouuoB. Jomyctum, uro E
MMEeeT H30JHPOBAHHYIO TOUKY X,. Toraa cymectByer takoe £ > 0, uro
Txg —e, XL = CE u Jx,, x, + ¢ < CE. Ho Torna Jx, —e¢, x{ u
%o, X + €[ BKIIOYAIOTCSH B HEKOTOPBIE CMEXHbie HHTEPBAJBbI C OOLIMM
KOHLIOM X,,. YTO TPOTHBOPEYHT yeJioBKIO. MTakK, E He nMeeT H30JHpOBaH-
HBIX TO4EK; Kpome Foro, £ 3amkHyTto. 3HauuT, £ — coBepilieHHOe MHO-
JKeCTBO.

214. Honycrum, uto [a, b] = F (J @, rae F u O 3aMKHYTH, He-
nycTl 0 He nepeceratorcs. Kaxnoe u3 mioxects F, @, GynyuH 3aMkRY-
ThiM, HETYCTLIM H OPPAHHYEHHHM CHH3Y THCJAOBbIM MHOMECTBOM, 00Ja-
JlaeT HauMeHbiel Toukoil. [1py 3ToM Yy OAHOrO H3 HHX, CKAXEM, Y MHO-
skectBa F, 370l TOUKO#M CaAYXHUT a. [1ycTh ¢ — HAUMEHbIUAS TOYKA MHO-
wecrBa @. Toraa ¢ > a (tak kak F (| @ = <); 3nauur, [a, { < F,
a noromy u [a,c]c F (rak xak F 3amkayro). Cnenosartenbo,
¢ € F [} @, sonpeku Tomy, uto F u @ ue rfepecekatorcs.

215. Honyctum, uto [a, b] =F, U F, U ..., tae F, (¢ =1, 2,

..y — HemyCThle TMOMapHO He IepeceKaloHecsi 3aMKHYThIe MHOXECTBA.
HyCTb F.,,— MHOXECTBO C HaHMEHbLIHM HOMEpOM, A/l KOTOpPOTO-
Ja, 60N F F I Tak kak F_ ne coBnagaer co Bcem OTpeskom [a, b],

TO 4 ]a, b[ N CF, T <. ﬂoaTomy Ha uHTepBaJe Ja, b[ Hafizercs
TOYKA Gy, ABAIOWASACS KOHLOM HEKOTOPOI'0 CMEXKHOTrO UHTEepPBaJia MHO-
weersa F, . O603unaunm yepe3s /, HHTEPBAJ, OAHUM H3 KOHIOB KOTOPOTO
CTyHHUT 3Ta TOYKa, ¥ Takoit, yro /; < CFn 1, = Ja, b[.
Ixanee, cpemu muoxects F, ey F, ST HaitgeM MHOKecTBO F_
C HaUMEHbIHAM HOMEPOM, AJI KOTOPOTO I1 n F, 7 & (u, 3nauurt, [, ﬂ
N (Fy U... U F,_) = &). Jlerro Buzers, qTo torgau Iy (| CF, +

#= . ﬂencmmenbﬂo ecau Obi MHTEpBAJ [; LEJHKOM co,uepx(anca B
F,, TO n TouKka ot BXOJH/a 6w B F, (B caty 3amkHyTocTH F ); HO
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o, €F » @ MHOXeCTBa F, u Fn He nepecekatorcsi. Urax, I, | F, 7
#* Du 11 n CF, 7 . HOI-)TOMy Ha HHTepBaJe I, Halijercs Tqua a,,
SIBJISIOILASACS KOHLOM CMEXKHOTO uHTepBasa MHoxectBa F, . Ho Torna
CylnecTByeT UHTepBaJ [ ,, ONHUM H3 KOHUOB KOTOPOTO c.ny;xm TOUKA Oy,
U Tako#, uto I, < CFn,’ I,c I,

[Tponomkas Takum xe ob6pasoM faJee, NOJTYYHM B pe3yJbTaTe YOH-
BaIOLLYI0 TOCJEHOBaTebHOCTL HHTepBanoB [, =Ja, b[, 1, I, ...

Takyio, uto I, < I,_;, ¥ CTPOro BO3pacTaIOLLYIO NOCJEI0BATEIbHOCTD
HOMEpOB A3, Mgy, ... TAKYIO, YTO

N EFLU ... U F,,‘k_l) =gk =12, ..).
Torza pomxHa cymecTBOBaTh TOYKA, NMPHHAJ/IEXKalLasi BCEM HHTEp-
BajaM /, (a umenHo ofmas Toyka oTpe3koB [,, & =1, 2, ...). Jra
TOYKA He NPHHAJJIeKUT HY OJHOMY U3 MHOKECTB F,, XOTs NPHHAINEKUT

orpe3ky [a, b]. CnenoBarennHo, [a, b] 5= CD F;, 4TO NpOTHBOPEYHT Ji0-
i=1

NYILIEHHIO.

216. Ecau Ja, b = U F;,, tne F, — nonapﬂo He IlepeceKalomuecs
HEMyCThle 3aMKHYThle MHO)KeCTBa T0 [a ={a} U {6} U (UF),
YTO TIPOTHBOPEUMT pPe3yJbTaTy 3ajiauu 215‘) i

217. Y1Bepxknenus 3azau 216 u naHHOH PaBHOCHJbHHI, MOCKOJIbLKY
Ja, b{ 1 R! romeoMOpQHHI.
218. MoxkHO, HanpHMep, CJIEAYIOWNM 00pa3oM: NMyCTb €; — CepefiHa

CMEXHOrO MHTEpBaJla NepBOro paHra (T. e. ¢ = ?)’ ¢, — cepelHHa

CMEXHOTO HHTEpBaJa BTOPOTO paHra, JIeXallero cnpasa or ¢; (T. e
7 8
CepeliiHa MHTEpBana ]3, —9—[), 1 BOOOILIE C;4; — CEePEAHHA CMEXKHOr0

HHTepBanaa (k + 1)-ro pawnra, JieXxaHiero crpaBa oT ¢, . Torza KaHTopoBo
MuOMecTBO D pa3buBaeTcd Ha CAeAYIOUIHE RONaPHO He NepeceKaolyecs
HeNyCThie 3aMKHYThIE MHOMKECTBA:

={1} UMD NI0,c)UDAnle,c)U .
U DN et U -

219. MuoxectBo [a, b] | E 3amkuyTo. JloKaxeMm, uTO OHO He CO-
JEPKUT U30/HPOBAHHBIX TOYEK.

Ilycts x, €[a, b] N E. Tak kak a € E, b € E, T0o xy — BHYyTpen-
Hf9 TOYKa oTpe3ka [a, b]. OnunieM NpoH3BOIbLHYIO OKPECTHOCTL V ()
c[a, b]. B aT0ii oxpecTHOCTH HaiifeTcs Touka x € E, oTanunas oT x,.
Ho x €[a, b] | E. CnepoBaTenbHO, B TNPOH3BOJIbHOH OKPECTHOCTH
TOYUKH X, HAWwAach OTJIMYHAs OT X, Touka x € [a, b] () E; 3naunrt, x4
He §BJISIETCS H30JMPOBAHHON TOYKOH MHOXecTBa [a, b] ) E. Hraxk,
[a, b] N E — coBepiieHHO® MHOXECTBO.

220. Paccmotpum nio6oii vuTepsan A na npsmoil. Ilo ycaosuio cy-
mectsyer x € A () CE. Tax xak CE oTkpuiTo, T0 A ] CE Toxe OTKpH-
TO M CYILECTBYET HHTepBaa A’, colepikauuii TOUKY X, Takoi, uto A" <
c A ) CE. Orciona A" C A, A (Y E = & u, 3HaunT, E HUrae He NJIOTHO,
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221. Paccmotpum jBa cayuasit 1) KoHusl uHTepBana o H f ofa ne
npunaniexar E; 2) xorst Gbl OfUH H3 3THX KOHLOB IpHHAmJIeXHT E.

B nepBom ciyuae umeet mecto paseHcTso o, L | E =[a, ] N E;
B MPaBOH YacTH 3TOTO PABEHCTBA CTOHT COBEPIIEHHOE MHOXECTBO (CM.
3agauy 219); cneposarenbuo, U MHOXeCTBO Jo, B [} E sBaseTcs cosep-
HIEHHBIM.

Paccmorprm BTOpO# caydaii: mycTe o € E, B € E (ecan Gbl TOJIbKO
OiHA M3 TOuYeK o, P mpuHayiexana E, noKa3areabCcTBO Obl1o Obl aHa-
JgoruynbiM). Tak Kak E Hurje He IJIOTHO, TO Ha JM000M HHTepBaJe
Je, &'[ HaliayTcs ToukM, He mpuHamiexaumue E. Orciopa crejpyer, yTo
CYLIECTBYET IOCAENOBATEIbHOCTh TOYEK @y >y > ... > a, > ..., HE
npuHagaexamux E, cxoxsmascs K o. M3 Tex xe coobpa:keHuli BbiTe-
KAaeT, YTO HallXeTC A MoC/eIoBaTebHOCTh Tovek by < b, < ... < b, < ...,
He npuHajpnexamux E, cxopsumascs K f; Ipu 5TOM BCera MOXHO Cu-
TaTh, 4TO @y < b, (puc. 17). Ho Torna Ja, B[ E sBasieTcs: OOGbeAUHE-
HHEM CJICAYIOUUX MHOMKECTB:

]al» bl [ﬂ E, ]azv 23] [ﬂ E1 ]a?n ap [ﬂ Et ]a41 Qs [ﬂ Er eee
)44

]blv bz [ﬂ E» ]b29 bs [ﬂ E» ]bs’ b4 [ﬂ E’ e

Bce 3T MHOKeCTBa coBepineHHbe (CM. nepBhiil ciyuail). Ecau cpe-
IM HHUX JIHIIb KOHEUHOE YHCJIO HemyCTHIX, TO UX OGbelHHEHHEe, T. €.
Jo,, P [N E, Takxe coBeplIeHHOE MHOXKECTBO; B POTHBHOM XKe Cly4ae
Jot, LN E ecTp obbepuHeHne CYETHOH €OBOKYITHOCTH NONAPHO He Iepe-
CEeKAaIONMUXCS HENYCTBIX COBEPUICHHBIX MHOMKECTB.

222, 3ametum chHayana, 4to P\ Q =P (1 CQ, rze CQ — or-
kpeitoe MHOxkectBo. ITycts CQ = UJe,, BL, rae Jo, P,[ — cocras-

Jsiouye uHrepBansi. Torma P \b = U (lo, B,[N P). Coraacno
i

mpefbIIylled 3a7aye, Kamxaoe MHOXecTBO Jo, P, [ P smbGo cosep-
IeHHoe, Jubo eCTb OGBbeJHHEHHe CUETHOH COBOKYIHOCTH IOMAapHO He
NepeceKaronuXCs HeMyCTEIX COBEPINCHHBIX MHOXKECTB; HO TOTAa M HX
obveauHenre P\ Q sABasgercss quGO CoOBepIIEHHbIM, JHOO OObeaHHe-
HHMEeM CUEeTHOH COBOKYIHOCTH IONAapHO HE MepeceKarlliXCs HemyCThX
COBEPILEHHBIX MHOKECTB.

223. Ilyctb A = JE,, rae E, — HUTJe HE IUVIOTHBIE COBEPIICHHbIE

MHOXKeCTBa. MHO}KeC’I"]lBO A MOXHO 3anmcarthb CJIey oM oépasom:
n—1
A =E U B\ EDUEs \ (BUEDU o U (E,N\(UE) U ()

Cnaraempie npaBoﬁ YaCTH HOMNApHO HE IMEepPeceKaroTCs; KaxKAoe U3 HHX
sBJIsieTcs Ju60 HUTJE HE IIJIOTHBIM COBEPIICHHBIM MHO2KE€CTBOM, 160
HeIIYCTOﬁ Pa3HOCTbHIO ABYX HHTJI€ HE IVIOTHBIX COBEPLICHHBIX; BO BTOPDOM

a, a; a, a by b, 63 by b5
[T TN R ] lIIIIHHHlIle »
AT T T 1 T T T T T
o B
Puc. 17
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a1
3!7

A
— } o } -4
0 « A8 '
3/1\‘1
Puc, 18

cjllyyae Ha OCHOBAaHHMH MNpeAbIAYUIeH 3aJadd OHO NpPeACTaBHMO B BHIE
O0beIMHEHHS] CUETHOH COBOKYIHOCTH IIONApHO He IepeceKalouyXxcs
HENYCTBIX COBEPIUEHHBIX MHOKECTB.

Orciopa cepyer (B cuay paeerctsa (1)), uto u MHOXecTBO A mpen-
CTaBHMO B BHJie OOBeIMHEHUSI CUETHOH COBOKYIHOCTH NMONApHO He fepe-
CEKaIOUMXCA HHUTIE He IVIOTHBIX COBEPLIEHHLIX MHOXECTB.

224, MHoxecTBO D 3aMKHYTO (KakK JONOJHEHHe K OTKPBHITOMY),
H HHKaKHie ]JBa ero CMeXHbIX HHTepBaJia, MO NOCTPOEHHIO, HE HMEIOT
o0mux koHuos. CrenoBaTesqbHO, [) — COBEpIIEHHOE MHOXKECTBO (CM.
3ajauy 213).

JokaxeM, yTo D HHUTIE He IVIOTHO Ha mpsmoii. Bosbmem mpowus-
BoJibHBIH HHTepBan | = e, B[. Ecam on He comepuT Touex u3 D,
TO B KauecTBe WHTepBasa, cofepikamerocst B / W MOJHOCTbIO CBOGOI-
HOTO OT ToueK MHOxecTBa D, Gepem cam 3ToT nHTepBai. Ecin xe ume-
ercsl Touka x, € D, copepxamascs B /, To MbI MOXKEM HaHTH OTPE30K
KaKOro-ii60 JOCTAaTOYHO BHICOKOTO PaHra n, coiepxaimuil x, 1 BKJIO-
varomuiica B | (TakoH HaiijieTcsi, Tak Kak MJMHA KaXKAOIO OTpe3Ka

1 1
n-TO panra pasHa .- ). BosbMeM HHTepBas JJIHHEL po ¢ LEHTPOM B

cepeuHe 3Toro orpeska (puc. 18). DToT uHTEpBAJ HE CONEPKUT TOUEK
u3 D u BmecTe ¢ TeM copepxuTcsi B 1.

225. CMmexHBIH HMHTepBas NEPBOro PaHra COCTOMT M3 BCEX 4YHcel,
B TPOMYHOM pAas3JIOKEHHM KOTOPHIX NEPBHIN 3HAaK 0083aTeNIbHO PaBeH
eqnnnne*®. Kaxipifi CMEXHBIH HHTEpBaJ BTOPOIO paHra COCTOHT U3
BCEX 4YHceJ, B TPOMYHOM pa3jIOKeHHH KOTOPhIX (MPH (HhHKCHPOBAHHOM
NepBOM 3HAKe, OTVIHYHOM OT €WHMIEBI) BTOPOH 3HAaK 00653aTeqNbHO pa-
BeH efuHuIe. Boobmie Ka)kiblfi CMEXHHIA HHTEepBal R-TO paHra cocTo-
UT M3 BCeX YHCEJ, B TPOHUHOM Da3/IOKEeHUH KOTOPHIX (NpH (HKCHPO-
BaHHBIX NepBhIX & — | 3HaKaxX, OTJIHYHBIX OT €AHHHILI) Ha k-M MecTe
00513aTeIbHO CTOUT enHuna. OTCI0/ia BHITEKAET, YTO MHOXKECTBO, OCTaB-
nieecsl mocse Hekmouenua u3 [0, 1] BceX CMeXHLIX HHTEpPBaJOB, CO-
CTOMT M3 TeX M TOJBKO Tex uucen orpeska [0, 1], kotopsie MOryT ObITh

* CnoBo «o6s13aTe/IbHOY HAZl0 IOHUMATh B TOM CMBICJIE, UTO CCJIH X JONyCKaeT ABa

Pa3/MYHHIX Pas3’/ioKEHHs B TPOHUHYIO APOOL — OJIHO C €AIMHHIIEI Ha NepBOM MecTe, a
1

Jpyroe Ges eIMHHIH Ha IEPBOM MeCTe (Hanpnmep, X = 3), TO MBI X HE BKJIOuaeM

B MHTEPBaJ NePBOro PaHTa; HHBIMH CJIOBaMH, B MHTepBaJl NepBOro paHra BOMAYT Te H
TOJIBKO Te YHCJA X, KOTOpHIE NPH Jio6oM PassioeHMH B TPOMUHYIO APOGL HMEIOT HA
NepBOM MeCTe MOoCJie 3ansiToi eAMHHILY.
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3aMuCcaHbl B BHIE TPOHYHOH ApOOU, He coAepiKalledl €JUHHIBI B HUCIE
CBOHX TPOHYHBIX 3HAKOB.

226. Touku nepBOro poja KaHTOPOBA MHOXKECTBA COCTOAT M3 BCEX
TEeX YHCEJN, KOTOphIE SIBJSIOTCA TPOMYHO PALMOHANBHBIMH (T. €. MOTYT
OBITb MPEACTaBJIEHE B BHJE KOHEUHOH TPOUUHOH APOOH) U BMeCTe C TeM
JIONYCKAIOT TPOHYHOE PAa3/IOKEHHe, HE COJepiKailee eJUHHIL B YHC/Ie
CBOMX TPOHYHBIX 3HAKOB.

Toukd BTOpPOro poga — 3TO Te TOUKH, B TPOMYHOM pPAa3/IOKEHHUH
KOTOPBbIX OTCYTCTBYIOT €JUHHIBI H KOTOPbie SIBJSIOTCS TPOHYHO Hppa-
LHOHANbHLIMH (T. €. B HX Pa3JIOXKEHHH HMeeTCsl H GECKOHEYHO MHOrO
HyJiell, 1 6ECKOHEUHO MHOTO JBOEK).

227. Mexny necsaruunbivu apobsivu 0,1 u 0,2 nmeercs GeckoHeyHoe

1
MHOXKECTBO TOYEK MEpBOro poaa; OJHA U3 HHUX X = ; (ee pasJ/ioxeHue

B TPOHUHYIO Npo0b TakoBo: x¥ = 0,0100...; cienoBaresnbHO, 3Ta TOUYKA
TPOHYHO paUMOHANbHA; €e TPOUYHOE PasjIOKeHHe MOXKET ObiThb 3alHca-
HO 6e3 exuHui: x = 0,00222...; cienoBaTenbHO, 3Ta TOYKa NpHHALJe-
JKHT KaHTOPOBY MHOJKECTBY).

228. Mexny 35TUMH 4YHMCJIaMH HMeeTCss OECKOHEYHO MHOIrO TOYEK
BTOPOTO pOAa; HANpHMep, ONHOH U3 HUX SABJAETCS TOYKA X, TPOHUHOE

paanoxenue Koropoil umeet Bua: 0,00202020202... (TaK KaK X = 2 +

33
+£ + 2 + =L 0l <x <—!-)' X sBASIETCS TOYKOA BTO-

e S T i 10/’
poro poja KaHTOPOBAa MHOMECTBA, TaK KaK €€ TPOMYHOE PasJOKeHHe
conepkuT GecKOHeYHO MHOTO JBOEK, GeCKOHEYHO MHOro HyJeH H He
COAEPIKUT EJAUHHL; NPHTOM OHA PaLMOHAJIbHA.

229. B kavectBe H MOXKHO B3Tb MHOXECTBO TOYEK, Pas3/OXKeHHe
KOTOPBIX B TPOHUHYIO JpoOb COCTOUT Juib H3 yucesn O v 2, npuuem Ha
MecTax ¢ HoMepamu Buaa 3n -+ | CTOAT TOMbKO HYAM, 4 Ha MECTax C
Homepamu Buaa 3n + 2 — ToAbKo ABOMKH. SICHO, yTe H coaepkuTCA B
D, He cogepKHUT ero ToYeK MEepPBOTO POXA, 3aAMKHYTO H He HMeeT H30-
JIHPOBAHHBIX TOYEK.

230. He cyuwecrtyer. [doraxem 310. Bo3bmeMm TOuKy X, nepsoro
POAa KaHTOpPOBa MHOXKeCTBa D ¥ OMHILEM OKONO Hee HPOU3BOABHYIO
okpectHocTb /. Tak kak D He uUMeeT H301HPOBaAHHEIX ToYek, T0 / (1 D

TaKXe He HMeeT H30/JHpoBaHHBIX Touek. ChemosarenvHo, [ [} D —
coBepiieHHOe MHOXecTBo. Ho HenmycToe coBepiieHHOe MHOXECTBO (&
OHO HEMyCTO, TaK KaK COLEPIKUT TOYKY X,) UMEET MOLIHOCTb KOHTHHY-
yma (3agaua 253). Torna u / () D umeeT MOIIHOCTH KOHTHHYYMa (OHO
OT/IMYaeTCst OT CBOEro 3aMblKaHHs He Gosiee yeM Ha JBe KpaiHHe TOY-
k). CnenoBarenbHo, / () D He MOXKeT COCTOATb TOJNbKO H3 TOYEK
NepBOro poja (X BCEro CYETHOE MHOMKECTBO), HO AOJIKHO COAEPXKaTh
TakXe TOYKH BTOporo popa. Takum oOpa3oM, BCAKHN HHTepBan [,
cogepxaiuii XoTst Obl OAHY TOUKY IePBOro poma MHoxectBa D, co-
JepXKHT OECKOHEYHO MHOIO TOYEK BTOPOro poja.

3aMeTuM, YTO 3TO PacCyXKAEHHE BEPHO HE TOJbKO ]Il KaHTOPOBa
MHOXECTBA, HO H J/i5l JIOOOTrO COBEPLIEHHOr0 MHOXKECTBA Ha IMPAMOM.
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231. Tak Kak MHOXeCTBO D HeCUETHO, TO Pa3jHYHBIX PAaCCTOAHHMII
OT faHAo# ToukH x¥ € D 50 Touek y € D KOMKHO OLITb TaKKe HeCUeTHOe
MHOXKECTBO (A1l KaXAO0ro uyucaa a > O MHOXKeCTBY D NpHHAJIEKUT
He 6oJblle ABYX TOYEK y; H Y,, OTCTOSIIMX OT X Ha PACCTOSIHHU q).
3HauHuT, CPef BCEBO3MOXKHBLIX PacCTOSHHE P (x, ¥) (y € D) naiipyrcs
HppalyoHaJbHbE (TaK KaK PalMOHA/IbHBIX UHCEN HMEETCH TOAbKO CUeT-
HOEe MHOXKECTBO).

232, IlepenymepyeM Bce TOUYKM MHOXectBa E:

X1y Xgy eeey Xpy ooe

PaccMoTpumM BCEBOSMOXHBIE PacCTOSHHSA O (X;, X;) MEXIy TouKa-
MH x;, x; MHOxkecTBa E. HX cueTHoe MHOXKecTBO. OnHEM NMPOH3BOJIb-
HBIM PajliyCOM €;, OTJIHUYHBIM OT KaxJoro p (X;, ¥;) (Takoe uucao o6s-
3aTeJIbHO HalJeTCs, TaK KaK BCETO YHces Ha NPsSMOH HecueTHoe MHOXKe-
€TBO), OKPECTHOCTb OKOJIO X;; Ha3oBeM ee /;. [lajee, cpeny Touex x,
Xg, ..., Xp ... HaflleM TIepBYlo, He BoweAuyio B /4; nycTb 310 Gyner
X,,; OHa He COBNIQJaeT HH C OJHHM M3 KOHLOB HHTEepBana 1;, Tak Kax
&, 5= p (%, x;) ana moboro x;. OnuuieM OKOJO X;,0KPeCTHOCTb Pauuy-
ca &,, OTJIMYHOrO OT KaxJoro p (x;, x;), He mepecekawyoes ¢ I, U He
HMEIOULYI0 C HUM OOLMX KOHLOB; 0603HauuM ee [,

CriepyIolUM [aroM HaXOAUM CPeIH TOUeK X, ., X, ., ... NEPBYIO,
He BXOJIfilLYI0 HU B /4, HU B /,; mycTb 31O Oyner X, ; OHa He COBMajaer

HH C OJIHMM W3 KOHUOB Kak I,, Tak u /,; NO9TOMY QK0/10 HEE MOXKHO OINH-
caTb OKPECTHOCTb pajuyca €s, OTJIMYHOTO OT BCexX o (x;, X;), He mepe-
CEeKalolLy1ocs HA € [;, HU C [, U He UMEIOLLYI0 C HUMH OOCINHX KOHILOB;
obo3naunm ee /.

ITponomxas aajsee TakuM ke 00pa3oM, Mbl TOCTPOHM TNOCJELOBa-
TEJbHOCTb TONApHO He Nepecekaiouxcs nuTeppanos I, 1,, ... . Jo-
nonnenne F K OGbelMHEHAIO 3THX WHTEPBAJIOB SIBJSETCS HCKOMBIM CO-
BEpLIEHHHIM MHOXecTBOM. JlefictBuTesnbHO, F 3aMKHyTO, Kak J0noJ-
HEHHE K OTKPHLITOMY MHOXeCTBY (K OOBeAMHEHMIO HHTEpBANOB [,).
OHO He NMYCTO, TaK KaK COLEPKUT, HANPHMEP, KOHIILI BCEX MHTEPBaJIoB
I,. OHO He ¥MeeT H30MHPOBAHHBIX TOYEK, TaK KaK M0 NOCTPOEHHIO €FOo
cMeXHbIe HHTepBanbl Iy, 1,, ... He uMeloT obimx konnos. CienoBaTesb-
HO, MHOXKECTBO F COBEpIIEHHO W HEMycTo.

233. MHoxecTBo F He ¥MeeT U30JHPOBAHHLIX TOYEK, TaK KaK HH
onno u3 MuoxectB E, E,, E,, Ej, ... He UMEET H30MMPOBaHHBIX TOUEK.

MuoxectBo F 3aMKHYTO, TaK KaK €ro JONOJIHEHHEM sBJsETCS
orkpuiToe MHoxectso | (Ja;, B; [\ E;])s orciona Takxke Cl€RYeT, YTO

t

BCe MHTEpBalhl, Ha KOTOphIE Racmajairtcs MHoxectsa Je;, B; [N\ E;
(i =1,2,..), H TOTbKO OHH, SABJSIOTCS CMEXHBIMH MHTepBaJaMH K F.

JlokaxeM, uto F nurne ne miorso. Ilycte Ja, bf — npousBONbHbIA
WHTepBaJl; B CHIY TOFro yTo E HUTJe He TMJOTHO, Ja, bl colep:HuT HHTEp-
Baa [, MOMHOCTLIO cBOGOAHEI OT Toyek MHoxectBa E; Ho Toraa I —

< e, Bm[ IJi HEKOTOporo n,. HurtepBan / noaHoctbio CBOBONEH
OT TOYeK MHOXKeCTB FEi, E,, ..., Em_,, En.JH ..., a TaK Kak En. —
HHTJie HEe TVIOTHOE MHOXECTBO, TO B [ Haiijercsi moauuTepsan [, cBo-
GonHblii TaKxKe H OF Touek MHoxectBa E, . Hrak, yutepsan /, co6o-
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IeH OT Touek 6cex mHoxectB E, E,, E,, ..., T. €. OT TOueK MHOXecTBa F.

234. JlokaxeMm, YTO €CJ/IH BBINOJIHEHb! YCJIOBHS 6) U B), TO a) BHINOJI-
HATECA HE MOXKeT. [lefCTBUTE/bHO, MO NpeiyoxeHuto E comepskut ase
pas/MYHble TOYKH X, ¥; MYCTb, CKaxeM, ¥ < y. Tak kak £ 3aMKHYTO U
HHTJe He NAOTHO, TO CYLIECTBYeT CMexHufi K E uuTepBan Jo, Bl <
< Jx, y{. Torna @ € E, p € E, HO HH OfHA TOYKA Y, 3aK/IOYEHHAS
MeX1y a U P, He npHHaNIeXUT E, T. e. yCJOBHE a) He BHITNOJNHAETCS.

[Ipumepom MHOXKECTBa, AJist KOTOPOrO BHINOJHSMOTCS a) H 6), MOXKET
CITYXHTb 000K OTpe3oK. B KayecTse mpumepa, B KOTOPOM BBHIIOJIH -
IOTCS @) ¥ B), MOXHO B3$ITb MHOXKECTBO, HOJyuYaiolleecs U3 KaHTOPOBA
MHOecTBa D BbIKHJbIBAHHEM KOHLIOB CMEXKHEIX HHTEPBANOB; OHO CO-
JepKUT Gosiee OfHOH TOUKH, TaK KAK D HMeeT MOUIHOCTb KOHTHHYYMa,
a KOHLBI CMEXKHBIX HHTEepBa/oB 00pasyioT cueTHoe MHOMecTBO. Haxo-
Hell, TPUMEepPOM MHOXKECTBa, YJAOBJIETBOPAIOUIErO ycJoBUsSM 6) H B),
cayxut D.

235. HarypanbHbiii psifi (1 BooOlle BCcsiKasi HEOTpaHHYEHHAs] MOHO-
TOHHas IOCJIeI0BAaTeIbHOCTD).

236. B mmoGoM oTpeske C I[EHTPOM B Hauajle KOOpPAHHAT HMEeTCs
JIMIIb KQHEYHOEe YHCJIO WIEHOB NaHHOH MOC/IeNOBaTeNbHOCTH (ecyH Obl
HX OblJI0 6ECKOHEYHO MHOTO, TO, 110 Teopeme Bonmbuano — Befiepmrpac-
ca, M3 HMX MOXKHO OblIO Obl BBIIEJUTH CXOASLLYIOCS IMOAINOCJE-
JoBaresabHocTh). CriefoBarenbto, aiasa Jjwodoro M > 0 cymecTByeT Ta-
koe N >0, uto |a,| > M pmns Bcex HomepoB n > N, a 3T0 U O3Ha-
4aer, 4To

lim |a,] = +oo.

n-o00

237. TlpumepoM MOMKET CJYKHTb II0C/ENO0BATENbHOCTb, COCTABJIEH-
Has M3 BCeX palMOHAJbHBIX YHCEJ, 3aHYMEPOBAHHEIX IIPOM3BOJIbHBIM
obpasom.

238. Ilyctb F — npejieIbHOE  MHOXKECTBO  MOCJI€A0OBATeJ]bHOCTH
{a, } v & — Touka mpuKocHOBeHHs MHOxecTBa F. Torma cyuecTByer
I0CJIe10BaTeNbHOCTE {X,} Touek u3 F, cxonsimascs kK §. Tak kak x, —
npejesbHas TOYKa MOC/AEN0BAaTeNbHACTH {a@,}, TO HAHNETCs HOMep fy
TaKoOH, UTO P (anl, x;) < 1. Jlanee, Tak Kak M X, — TpeJe/ibHas TOYKa

3aJaHHOH IOCJIEOBATENBHOCTH, TO CYHIECTBYeT HQMEP H,, GOMBLINH,
uem My, W Takoi, uto o (a, , X)) < 5 Ecnu Tenepp y:xe BeiGpaHbl HO-
2

Mepa fiy, fyy .oy Ny g TAKHE, UTO Ny < My < ... <Ny y HP (a,,i, x) <

1 .
<—i- g § =1,2,...,k—1, To B KauecTse 7 BO3bMEM HOMep

iy > Mgy, LIS KOTOPOTO P (a,,, Xp) <%.

Ilo HHAYKUMH MOJYYHM MOANOC/IEN0BATENBHOCT 4, 5 &, , ... HC-
XOIHOM mocJefoBatenbHocTd {a,}, cxopsmyocs K §.
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JleficTBHTE/ILHO,
P (@nys DK P(@ny» Xp) +0 (X B)s
OTKyZa CJIefyeT, uTo a,, — § npu k — oo. Hoato osnauaer, yro EECF.

Hrtak, n06asi TouKa NPUKOCHOBEHHS § MHOXKeCTBa F NPUHANJICKHUT
3TOMY MHOXECTBY; CJIEJOBaTeNbHO, OHO 3aMKHYTO.

239. Canyuait F = & paccmorpen B 3agave 235. Ecaim F Hemycto
¥ Koneuno, F = {ay, ..., a,}, To TpeGyeMbIM cBOHCTBOM OyneT obsanath
NOCTE A OBATENBHOCTD Oy, .y Qpy Oy, -ovy Qpy Ayy oevy Apy -

Ilyctb Tenepbp F OeckoHeuHo. Toraa cyulecTBYeT CYETHOE MHOXKe-
crBo E, 3aMbIKaHue KoToporo paBHo F. A umeHHo B KauecTBe E MOXKHO
B35IThb 00be/lHHEHHE CJIEAYIOMMX JBYX MHOMKECTB: MHOxecTBa E; Bcex
KOHIIOB CMEKHBIX HHTEPBAJIOB K F 1 MHOKecTBa E , BCceX pPaLHOHAIBHBIX
TOYEK, FABJASIOUINXCS BHYTPEHHUMH TOYKaMH MHOxecTBa F (KoHeuHo,
E» MoxeT oKasaThbcs M MYCTHIM; 3TO GyJeT B TOM caydae, Korna F nurae
He IJIOTHO). JIerko BHJETb, YTO KaXkAas TOYKA X, MHOXeCTBa F sBJIs-
€TCsl TOYKOH NPHKOCHOBEHHS 1isi E: eclu xo — BHYTPEHHSIS TOUYKa
mHOXecTBa F, To B sncGoit ee okpecTHOCcTH V (X) HaWAyTCA TOYKH H3
E,; ecnu ke xo — rpaHMYHasl TOYKa MHOXKecTBa F, To B JoGoil ee

okpectHocTH V (xo) Haiinytcst Toukn u3 Ey. Takum o6pasom, F < E.
C npyro#t croponnl, Tak Kak E — F u F 3amknyto, T0 E < F. Tem

campm F = E:

PacnoJioxkuMm Temepb TOYKH MHOXeCTBa E NpPOH3BOJIBHBIM 06pa3om
B nocsenoBareabHOcTb {a,}. Eciu E He HMeeT H30/IHPOBaHHBEIX TOYEK,
TO 3Ta mnocJjiefoBaTebHOCTE M Gyner uckomoil. Ho B jioGoM cayuae
TpeOyeMbIM CBOHACTBOM O6yjaer o6/ajaTb IMOCTENOBATENbHOCTL @y, @,
Qy, a4, Ay, Q3, Q4, Ay, A3, Qgy ...

240. Heo6xoxnumocthb. Ilycts {x,} — mocienobaress-
HOCTb, cXoxfmascs K Touke x. OueBHAHO, X — NpefeNbHass TOYKa AJisi
{x,}. C npyroii cTopoHsl, mycTb y — m06asi TOUKA, OTJIHYHAA OT X.
OTrgenuM x ¥ y JAPYr OT ApYra HemnepeceKalolUMHCS OKPEeCTHOCTSMH
V (x) u V (y). B CV (x), a 3HauuT, u B V (y) MOXeT HaXOAHTbCS JIHLIb
KOHEUHOE UHCJIO UIEHOB u3 {x,}, T. €. y — He Npejie/ibHas TouKa AJs {x, }.

Hocrtatouynoecth. [lycts {x,} — orpaHnueHHas mocJexo-
BaTeNIbHOCTb C IPEeJe/bHEIM MHOXKECTBOM, OOpDa30BaHHBLIM OIHOH TOY-
KO# Xp, H MycTb V (X;) — TMPOM3BOJIbHASI OKPECTHOCTb TOUKH Xg. Ecau
661 B CV (xp) Haxomusoch GECKOHEYHOE UHCJIO 4ieHOB U3 {x,}, To, B
cuny teopeMbl Bonbunano — Befiepirpacca, H3 HHX MOXKHO OblIO Gbl
BLIIE/MTD TIOANOC/IE/OBATENBHOCTD {X,, }, CXOASILLYIOCH K HEKOTOPOH
Toyke x. Tak Kak x,, € CV (xof u CV (xo) samruyro, TOo % € CV (%),
T. €. X 5= Xo; CJIel0BaTeJbHO, Yy {x,} cyllecTBoBaIH Gbi [0 KpaiiHeil Mepe
IiBe TpefiesIbHble TOYKH (Xp H X), YTO NPOTHBOPeYHT ycjoBHio. Hrtak,
BHe J1I000f OKPECTHOCTH TOUKH X, JEXKUT He GoJiee yeM KOHEUYHOe MHO-
KecTBO ToueKk u3 {x,}, T. e. xo = lim x,,.

n-»oo
241. {a,}, rne ay, =k, azy_, = 1.
242. Tlyctb A — coBeplLIeHHOe IIOAMHOXECTBO MHOXKECTBA Hppa-
LMOHANBHBIX ToYeK oTpeska [0, 1]. Takoe MHOXKECTBO MOMHO NOCTPOHTD
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No cXeMme peiueHns 3agaud 232, ecnm B KauecTBe g€, GpaTh Hppanuo-
HaJIbHbl€ YHCJIa, MEHbILHME EIHHKIBI, YAOBJETBOPSIOLIHE NPHHIHIAM
BoiGopa B peiweHun 3anauu 232. Torna HCKOMBIM COBepIIEHHBIM MHOXe-
ctBoM Gyner A X A. SameruM, yto A X A HHUTE HE IJIOTHO, TaK Kak
OHO 3aMKHYTO, H €ro JOTOJHEeHHe BCIOAY MJIOTHO.

243. Ksagpat [u, b] X [c,d] (@ < b, ¢ < d) ecrb obbenuHeHue
MONapHO He IepeceKalolHXCs BePTHKANbHBIX OTPE3KOB: X = k&,
¢ <y < d(a<< k< b). MHOXECTBO 3THX OTPE3KOB HMEET MOLIHOCTb
KCHTHHYYMa. Kax/plii 13 HUX SIBJSIETCH HENYCTbIM COBEPIIEHHBIM MHO-
JKECTBOM.

244. Ha3oBeM 3aMKHYTbIMH KBaj[paTaMH TE€PBOTO paHra Te BOCEMb
3aMKHYTHIX KBaJpaToB, KOTOPbIE OCTAlOTCSi Ha NJOCKOCTH IOCJE BHI-
GpachiBaHUS IIEHTPAJbHOTO OTKPBLITOTO KBaJpaTa, acaMm 3TOT Bhibpackl-
BaeMbI KBaJ[paT Ha30BeM OTKPHLITBIM KBajJpaToM TNEPBOTO paHra
(puc. 19, @). ABanorHyHO ONpeneNuM 3aMKHYTHE KBajpaThl BTOPOTO

paHra (MX 4HcJo paBHO 82, CTOpOHa KaxJ0ro W3 HHX paBHa 5 M-

puc. 19, 6) u OTKpHITHIE KBaZpaThl BTOPOTO paHra (MX YucJo paBHo 8,
CTOPOHA Ka)KJOTo paBHa 55). Ilponomxas Tak jaajblue, Mbl ONPeNeNTHM

OTKpHITbIE ¥ 3aMKHYTHIE KBaJpaThl BCEX PAHTOB.
Slcno, uto A = (| P,, rne P, — obbelnHeHHe BCeX 3aMKHYTHIX
n

KBaJpartoB panra n. Tak Kak KaxJoe MHOXecTBO P, 3aMKHYTO, TO H
HX nepeceweHue (T. e, A) ToXKe 3aMKHYTO.

UTto6bt f0Ka3aTh, YTO A HUTAE HE TWIOTHO, PACCMOTPHUM IPOH3BOJIb-
HBIA OTKPHITHIA KPYT J. 3TOT KpyT JM60 NMOJHOCTbIO CBOOOLEH OT TOYEK
MHOXecTBa A, n160 CONEPKUT XOTs Obl ONHY €ro Touky M; JOoKaxkeM,
4TO M B 3TOM NOCJEHEM cayyae B Kpyre J HaiiieTcl MEHBbIUMH KpYT,
[I0JTHOCTbIO CBOOOZHBIH OT Todyek MHOxecTBa A. Il Toro 4ytobhl y6e-
JANTbCS B 3TOM, pacCMOTPHM 3aMKHYTHIA KBazpar K, pasra n, cojep-
JKauui Touky M U Tako#, 4yTo6bl €Fro AHaroHaJjb Obljla MEHbLIE paccTosi-
HUSA OT TOYKH M 10 rpaHuusl Kpyra J (3TO MOXKHO Clenath, TaK Kay
AMaroHajH 3aMKHYTBIX KBaJpaToB CTPEMATCA K HYJIIO NPH CTPEMJIEHHH
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Puc. 20 Puc. 21

HX PaHra n K 6eCKOHeYHOCTH). DTOT KBajApaT IEJIHKOM JIEKHT BHYTpPH
kpyra J (puc. 20). Torna oTkpwITHIl KBajpar n + l-ro pawura, .Je-
)Kauuii B cepeiute KBaapata K, NOJTHOCTBIO CBOGOJEH OT TOYEK MHOXKe-
ctBa A (4 ToXKe JIexHT BHYTpH Kpyra J). CanenoBatensho, Kpyr V, Buu-
CaHHBII B 3TOT OTKpBITHIH KBajapar, OyIeT JexaTb BHYTPH Kpyra J
u He GYIeT cofepKaTh Touek MHOKecTBa A. Mrak, A — HuUTle He WIOT-
HOe MHOXKeCTBO Ha IIJIOCKOCTH.

[TonoOubIM ke myTeM JOKas3blBaeTcsl, 4To A He MMeeT W30JIMPOBaH-
HbIX ToueK. [Tycte My€ A; onuiueM okojio Mgy NPOU3BOJNBHYIO OKPECT-
HocTh J M paccMOTpuM 3aMKHYTHIH KBanpar K, comepxamui M,
1 Br/ovatowuiics B J (puc. 21). I'panunsl storo kBagpara GyAyT npu-
HansexaTb A ¥ cofepxatbes B J. 3HauuT, My He ABJSeTCsS H30/1HPOBaH-
HOH TOYKOH.

Tak kak A 3aMKHYTO W He COAEPXHT ¥30/IHPOBAHHBIX TOYEK, TO
A — CoBeplIEHHOe MHOMKECTBO.

BuisicHuM apudMeTHUecKyio CTpYKTypy MHoxkectBa A. Ha nepBom
3Tale MBI MCK/IOUaeM H3 OCHOBHOIO KBajpara Takue Touku M (x, y),
y KOTOPBIX pasJioxKeHHe W abCUHCCHl, H OPJIHHATBHI B TPOHUHYIO APOGb
00s13aTesIbHO COJEPXKUT equHHIy Ha mepeoM Mecte. Ha BTopoMm sTane
HCKJIIOYaOTCST, KPOMe TOro, BCe TaKHe TOYKH, Y KOTOPHIX M abciucca,
M OpJMHATA COePKAT eIUHULY HAa BTOPOM MecTe, H T. A. Takum obpa-
30M, B MHOXKecTBe A OCTaHYyTCSl Te U TOJMBKO Te Touku M (x, y), y Ko-
TOPBIX aGClHCCY M OpAHHATY MOXHO DPAa3JIOXKHTb B TPOHUYHBIE APoOH
x = 0,a40sa3..., y =0, bybybs... Tak, utoObl HH TPH KakoM R
He BRINOJHSJIOCH paBeHcTBo a, = b, = 1.  Tak, Hanpuwmep,
My (0,212121..., 0,121212..)) € A; M. (0,202020..., 0,202020...)€ A4;
M, (0,1000..., 0,1111...) € A (B mocaenHem cJjayyae, XOTd @ =
= by = 1, abcuuccy 310# TOUKM MOXKHO nepenucarb Tak: 0,02222...)%.

C zpyroii cropour, M, (0,1010..., 0,1021...) €A (3Ta TOYKa HCKJIO-
yaeTcs yxKe Ha IepPBOM Iiare; OHa BXOJUT B OTKPHITHIH KBafpaT NepBOro
paura).

* 3mece n Janee KoopAHHATHL Touek My, My, M3, M, 3aiansl C NOMOILBIO TPOUY-
HEIX Jpobeit.
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245. HccaepoBanue aHaJIOTHYHO APOBENEHHOMY B peILEHUH 3aja-
un 244. ApudmeTnyeckas CTPYKTypa MHOXKecTBa B TakoBa: B HEr0 BXO-
JAAT T€ H TOJILKO Te TOYKH M (X, y) OCHOBHOTO KBajpara, Y KOTOPhIX KaK
aBcuucca X, TaK M OpMHATa Y MOT'YT GbITh 3aNUCaHbl B BHJIE TPOMYHBIX
IpoGeit, He COAepKalUX eIUHHHBl CPEAH CBOMX TPOMUHBIX 3HAKOB.

246. VccrenoBanve NPOBOJMTCA aHAJOrHYyHO. ApH(MeTHYeCKas
CTPYKTypa MHOxecTBa E TaKOBa: OHO COCTOMT M3 BcexX Touek M (x, y)
OCHOBHOTO KBazparta, abcuucchl KOTOphIX HpousBoabHbl (0 < x < 1),
a OpAMHATHI MOTYT OBbITh 3aNHCaHbl B BUAE TPOMYHOH Jpo6H, HE cozep-
JKauieil eIMHHIBI CPeH CBOMX TPOHYHBIX 3HAKOB.

247. A = {0, 1] X [0, 1]} \\ {€CD X CD}, rne CD — pomosn-
HeHHEe K KaHTOpOBY MHOxecTBY D jo Bcero orpeska [0, 1}; B =D X
X D; E=1[0,1] X D.

248. Tak kak G mioTHO B X, TO Sy COIEPKUT TOUKY Xxo € G. Ho xp —
BHYTPeHHAS ToyKa MHOxkecTBa G. [lo3TOMy HeKOTOpas ee OKPeCcTHOCThb
V (%o, &¢) Takxke BxoguT B G. DTy OKPECTHOCTh MOXKHO BHIOPATb CTOJb
MaJioro pajauyca, 4toGbl OHa cojepikajach B So H G BMecTe CO CBOMM
3aMuikanueM: V (xg, &) < So | G.

249. Ilycts Gy, Gy, Gy, ..., G, ... — TOCJENOBATENbHOCTb OTKPbITHIX
MHOXKeCTB, NJIOTHEIX B X, # Sy — NpOU3BOJBHBIA OTKpHITHE map. Co-
raacHo 3afaue 248, HalineTcs OTKpHITHIL ap S Takol, uto S; < Sp )
N G, npuueM S; MOXKHO BHIOpaTh TaK, uTo6bl diam Sy < 1. Corsacho

TOH Ke 3ajlaue, HaBJeTCs OTKPHITHIA wap Sy Takoif, uto S; < Sy ()
. 1
N G, npuueM S, MOXHO BHIGpaTh Tak, 4ToGel diam S, < —2—; JaJjee,

o o . 1 . o
Hafzercs OTKpHITHIA map Sz ¢ diam S; < 3 Takoi, uro S; < S, M)

) Gg, B T. 1. B utore y Hac noJy4yHTcs NMOC/IENOBATEIbHOCTb OTKPHI-
ThIX mapos {S,} Takad, uro S, <= S, (n=1, 2, ...), npuuem Bce
OHH colepxarcs B paHee BuiGpaHHoM mape S,. CiepoBaresbHO, CO-
rJacHo 3afauve 211, cymecTByer Touka §, obmas JAjst BceX 3THX MIAPOB
H, 3HaYHT, TOXe coflepKamasics B Sy. C ApYroi CTOpoHHl, & copepXkuTcs
B KaxJoM G, (tak Kak § € S, = S;,—; 1 G,). Takum o6pa3som, B npo-
H3BOJIbHOM Luape S, Hauwlach Touka § € DGk. A 370 u o3Hauaer, yTO

NG, nuotHo B X.
k

250. Ilycts p — oObIYHOE paccTOsHHE Ha npaMoit, X = {ry, 7, ...}
—— MHOXECTBO palHOHAJbHBHIX TOYEK Ha INpPSIMOH, 3aHyMepOBaHHBIX
npousBo/ibHEIM 06pasom. Toraa (X, p) — HemoaHOe MeTpHUECKOE IMpo-
crpancTBo. MuoxectBa F, = {ry, ..., 7,} (n = 1, 2, ...) 3aMKHYTH B
(X, p), u, snaunr, MHoxecrBa G, = X \ F, orkphith. Kpowme Toro,

G, nnotee B X. Ho NG, = J.
n=1
251. Tlyers Gy, G, ..., G,, ... — OTKPBITHIC MHOKECTBA, IVIOTHBIE B
X,nE= ka. CoraacHo 3agaue 249, £ naotHo B X.
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Bosbmem B X Kakue-1u00 ABa HemepeceKawouuxcsi mapa S, # S,
A B KaxkIOM M3 HUX BbiGepeM maphl 8y u 8, Tak, urobel 6, = Sy 1 Gy,
8, = S; | Gy, npuyem diam 8, < 1, diam 8; < 1 (cM. 3ajauy 248).
HasoBem 6, u 0, wapamu nepsoeo panea.

J1sa paibHeidiiero 3ameTHM, YTO B KaxaoM mape S < X MoxHO
BLIOpaTh 1Ba Hemepecekaiomuxcs mapa. JeficTBurenbHo, B S eyie-
CTBYIOT J{BE Pa3JIHUHBIE TOYKH X H Y, TaK Kak X He HMeeT H30JHPOBAHHbIX
ToueK. TOUKH X ¥ ¥y MOXKHO OTAEJUTD PYT OT Apyra HenepeceKalomuMH-
csl wmiapamu, NPHYEM CTOJIb MaJbiX PafMyCoB, YTOGHI 3TH Iiaphbi BXO-
auad B S.

Hcnoabsyst 3TOT pe3y/abTaT, pacCMOTPHM Tenepb KakHe-iu60 ABa
HemepeceKaomuxcs mapa Soq U Sy, BKJIIOYaromyecs B 8y, u 1Ba Hemne-
pecekawomuXxcs wapa Sy U Syy, B/Ioyatouyecs B 6y B kKaxiaom us
HUX HafieM 1o mapy 8go, 801, 010, 844 Tak, uTOGHI

800 < Soo N Ga, §;s < Sot N Gz, 819 < Syo N Gos
81y = Su N Gy,

1
M JMaMeTp KamJAOro M3 3THX IIapoB Obl1 MeHble 5 MIaper 849, So4,

810, 014 HA30BEM wapasu 8mopoeo parea. Booblie, ec/id NOCTPOEHHI Maphl
k-ro panra, TO AJs noOCTpoelHd mapoB k - l-ro paHra nocrymaem
cJenymomum o6pasoM: NycTb 6:.{,.., ‘, (rme iy, ig, .., i, — HYJH HJH

eNMHHIb) — KaKo#-1ubo wap k-ro paura, npuuem diamé,, . <
XA S

1

< e BoigeniM B HeM JBa HemepeceKalolHXcsl Iiapa S” 1o H
s e by

Sii, ... i1 M B K2KIOM H3 HUX HafiileM n0 wapy 6% TR 6% iyl
TaK, YTOOBI

6,4, .. o & Sii, . 0,0 N Getwr 61‘,{2 g1 Sii, it N Geta
" 1 1

diam 6;‘,:, e 1,0 < Py dlamaili, iV <ET

Bce nojiyueHHble TakuM o6pasoM miaphl HasoBeM wapamu k + 1-26
parea. VIx BaBoe GoJibllie, 4eM IIapoB k-ro paHra. SlcHo, yrto: a) pas-
JIMYHBIE IapHl k-To panra (npH GUKCHPOBAHHOM k), M Jaxe HX 3aMpIKa-
HHsl, HE MepeceKawTcs APYr € Apyrom; 6) ¢ Bo3pacraHueM HoMepa k
IuameTps! mapoB crpemarcs K 0; B) A/1s moGoi moc/ief0oBaTebHOCTH
HyJellt U eIMHULL Iy, {2, ...,y [y ... HMEEM:

8§ o86,.,8 D,
51 Ll

U3 cBoiicTB 6) ¥ B) BRITEKAET, YTO JJIsI JIOOOH MOC/EN0BATENBHOCTH

HyJefl 0 ENWHHL iy, {3, ... CYUIECTBYET eJHCTBEHHAsA TOYKA X, .,

3

ofuas s Beex 1wapos 8, , 6, i 6il%, ... (cm. 3anauy 211); BMmeere
1

C TeM M3 CBOMCTBA a) CJAeyeT, UYTO ABYM PA3AULHbIM NOCJIE0BATEILHO-

’ Iy

CTAM iy, gy &gy oo M i}, iy I3, ... COOTBETCTBYIOT JIBE PASAU4HLIC TOUKH

iyiy? fyiply? o0
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xl.l [ ALY Hx ' il «eoy CIENOBATE/BHO, MHOXKECTBO A BceX TaKHX TOYEK
i
xi‘% e 6y,zle'r HMETb Ty XK€ MOLLIHOCTb, YTO M MHOXKECTBO BCEBO3MOXK-

HHIX TOCJIEAOBATENbHOCTEH M3 HYJEeH H €UHHI, T. €. MOUHOCTb KOHTH-
HYyMa.

JoxkaxeM, uro A — E. Ilycrs iy, iy, i3, ... — TPOM3BOJIbHASK TTOCJIE-
JOBaTe/IbHOCTb HYJIEH W €JMHMI; AJA J000ro Homepa k nMeeM:
xixi:ia ".E 61,1', ikC: Gk.

CnenosarebHo, X.. €NG,=E, T e moGasi TOYKAa MHOMKeECT-
3
k

Ba A sBaserca snementoM MHOXecTBa E. Tak Kak, 1o joKasaHHOMY,
A HMeeT MOIWHOCTb KOHTHHYYMa, TO MOUIHOCTb MHOXeCTBa E He MeHb-
Iié MOLIHOCTH KOHTHHYYyMA.

252. Tloctpoum Ha otpeske [0, 1] nocjenoBate bHCCTB COBEpLiEH-
HBIX MHOXKecTB Ay, A,, Aj, ... caenyomnm o6pazom. B kauectBe A,
EO3bMeM KaHTOpoBO MHoxecTBo D. Jlns moctpoerus A, npu n > 1
pasobbem [0, 1] Ha n paBHBIX OTPE3KOB H Ha KaxJAOM M3 HHX MOCTPOHUM
HHTZIe He NJIOTHOE COBEpIIEHHOE MHOXECTBO TeM JKe NMPOILeCCOM, KaKUM
crpounock D na [0, 1]; o6be1nHeHne 3THX 1 MHOXKECTB NpuUMeM 3a A ,.
INonoxum rtenepp A = |JA4,, B=1[0, 1]\ A. Kaxablii unrepBan

n

Jee, B[ = [0, 1] comepxuT OTpe3oK Buaa |—, it! € JIOCTaTouHO 60J1b-
p p P

l+]

i
wum n. Tlo noctpoenuio A,\[—~, ——] ecTb COBEepIIEHHOE MHOXKe-
n

CTBO, NOAOGHOE KAaHTOPOBY, H IOTOMY nmegr MOILLHOCTb KOHTHHYYMa.
A rax xak [0, 11> AN Jo, B[ D 4, n[i-, fil], Ton AN Jo, B[
n n

HMEeT MOILHOCTb KOHTHHYYMa.
Joxkaxem Tenepb, uto B [} Ja, B[ nMeeT MOHHOCTbL KOHTHHYYMA.
Bosbmem npoussosbhbiil 0Tpe3ok [y, 8] < Ja, [, Mmeem:

B N [y, 8] =N {v.81\ 4, }.

Ho [y, 6] — 3amKHyTOe W NMOTOMY NOJHOE MOANPOCTPAHCTBO YHCJOBOH
npsmoil (HaneneHHOH oObYHOH MeTpukoi), a [y, 6] \\ A, — OTKpH-
Tbieé B HeM MHOecTBa (cM. 3anady 193). Tak Kak oHM BCIOAY MJIOTHBI
B [y, 8], To, B cuay pesymabrara 3amaus 251, B [} [y, 6] umeer monr-
HOCTb, HE MEHbIIYIO MOIHOCTH KOHTHHYYMa. A Tak Kak [0, 1] D> B
Nle, L > B N [y, 6], To B N Je, P[ ¥MeeT MOMHOCTL KOHIHHYYMa.

253. JTO HeNOCPEACTBEHHO BhITEKaeT H3 3ajauu 251, ecay yuecTs,
4TO COBEpIlIEHHOe MHOXKECTBO E caMo sIBJISI€TCS TOJHBIM NPOCTPAHCTBOM

6€3 H30/I1POBAHHBIX TOYEK W 4TO E = ﬂ E, rtne E, =E npu n =
=1, 2, ..., Tak 4TO Kaxkj1o0e E OTKPBLITO 14 naotHo B E.
254 Ilycte B,, B,, ..., By, ... — nuotusle MHOMecTBa Thma Gy

BXuB—ux nepeceqeﬂue. Torna ans moGorok B, = | Gy;, rae
13

G,;, — OTKphIThe MHOXKecTBa. Tak Kak G; D B,, To Bce G, Takxe
niotHel B X. CrnejpoBartesbho, B = ﬂ(nGk,) __ﬂGh, ecTb mepeceye-
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HHE KOHEYHOH HJIH CYRTHOH COBOKYNHOCTH IJIOTHBIX OTKPBITBIX MHO-
skecTB G;. Ho Torna B siBisieTcs mHOXecTBOM Tuna Gy, NMJIOTHbBIM B X
(cm. 3amauy 249).

255. B kauectBe MHOXecTB E, MOXHO B3ATb MHOxecTBa G, H3
peienns 3agaun 250.

256. Kak M3BECTHO, MHOXECTBO BCEX IMPOCTHIX uUHMCeNa GECKOHEUHO
H, 3HAUHT, CUeTHO. [lepeHymepyeM ux: py =2, py = 3, pg = 5, py =71,
ps =11, ... n oGosHauim uepe3 E, MHOXKECTBO BCeX uHCeNl BHAA
r 4+ V p,, The r mpoBeraer Bce palHOHAABHEIE YHCHAA, A P, (QUKCHPO-
Bano. Torna kaxnoe E, CUeTHO H BCIOAY NVIOTHO Ha NPSMO# (OHO TONTY-
YaeTCs M3 MHOMKECTBA BCEA PalHOHATBbHBLIX 4HCeN CIBHrOM Ha V py).
Jokaxem, uro MHOx)ecTBa E, INONapHO He NepeceKaiTcs.

IIyctb k 5= { u, crefoBatenbHo, p, % p;. Bo3bMeM NpPOHM3BOJbHBIN
snemedT § =r; + V/ p, us muHoxkectBa E, W IPOM3BO/NbHBIA 3JEMEHT
n =r, + V'p, u3 muoxectsa E; u nokaxem, uro § %= . Homycium
gyro & =m; Torma ry 4+ V p, =1, + Vb, oTKY 12 (ry —ry)? =
=V, —Vp):um Vpp, =" +pk;(" =% wp nomyuHH 3a-
BEOMO HEBEpHEI pe3ysabTarT (KBaApaTHBIA KOPeHb M3 IIpOu3Be-
JIeHdsl JBYX PpasqHuHbIX IPOCTBIX YHCEJ OKasalCs pPauyOHAJIbHBIM
uncsiom). CleoBaTesbHO, Halue NOMYLIeHHe, YTO § = 1), HEBEPHO; 3Ha-
unt, E, | E, = & npu mobbIX pasauunbix i H k.

257. MuoskeciBo E Bcex pauluOHa/JbHBIX YHCEN, KakK BCSKOe CYeT-
HOe MHOMECTBO, €CTh OObeiHEHHE CYUCTHOH COBOKYIHOCTH OJHOTOYeY-
HBIX M, 3HAUMT, 3aMKHYTbIX MHOxecTB. CiefloBare/bHO, E — MHOMKe-
ctBo Tuna F .

C apyroit croponnl, E Bcioay mioTHo Ha mpsmoii. Ecau Obl 0HO
66110 MHOKecTBOM THIA Gy, TO MHOXKecTBO Ej, nonyuenHoe u3 E casu-

rou Ha /2 (1. e. mHOKecTBO BCex uicen Buaa r + V2, tue r € E),
TaKKe ObLIO Obl BCIOAY IJIOTHBIM MHOXKecTBoM THNa G,. Ho B 31OM cay-

yae u Mx mepeceyenne GbuIO Obl BCIOJLY TJIOTHBIM MHOXKECTBOM (CM. 3a-
nauy 254), Toraa Kak Ha camoM jeje E, N E = &. CnenoBarenbho,
jonymenue, uto E siBasieTca MHOxKecTBOM Thna Gy, HEBEPHO.

258. Jlaa jpoxkasaresbcTBa HaAO0 HMCIO/Mb30BaTh pe3yJsbTaTel 3ajad
204 u 257.

259. Cwm. pemenue 3afaun 257. ¥ K a3 a H u e. CABHT HaJl0 NPOH3-
BOJUTb HA YHCJO @, BLIGPAHHOE TaK, YTOObl MHOMECTBO TOYEK BHJA
x + a (rne x € E) ue nepecekanoch ¢ E (3T0 BO3MOXKHO B CHJIy CUeT-
noct E, cM. 3ajauy 71).

TpeGyeMbiil pe3ysabTaT MOMKHO MONYYHTb H JAPYTHM criocobom —
Kak ciaeictsue 3ajayd 251.

260. Cm. 3apauy 259.
261. Ecaiu 661 muoxectso [0, 1 [N/, rme [ — MHOXeCTBO BCeX
MppAIMOHANbHBIX yHces, umeno tun F, 1o J060e MHOMKECTBO BHJA

{k, k + 1[N/, roe k — uenoe, Takxe umeso Obl TN F, TaKk Kak OHO
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KOHTPYsHTHO JdanHomy. Ho Torna obwemunenue | {[k, & + 1[N1},
k

rae k mpoGeraer Bce uesbie YuC/Ia, TakxKe Obl10 Gbl MHOXKE®TBOM THNA
F,, uTO HEBO3MOXHO, TaK KaK OHO COBIaJaer CO BCEM MHOMKeCTBOM [
(cM. sanauy 258).

Hoxkasarennsctso Toro, yto [a, B[N I npu mobuix a u P, roe a < B,
He eCTb MHOXECTBO THNa Fj, MPOBOJHMTCS aHAJOTHYHO; TONLKO CABHUTH
NPOM3BOJNATCS He Ha LieJible YHCJIa, a Ha Le/ble KPaTHhE KaKoro-Jau6o
(HUKCHPOBAaHHOTO palMOHANbHOTO uHcAa 7 €70, f — a].

Yro6rl nokasarh, uto [@, P [ E, rie E — MHOXKECTBO BCEX palHo-
HaJbHBIX YHCEJ, He €CTb MHOXecTBO THNa G, JOCTATOYHO 3aMETUTh,
uTo ero ponosnnenue [, B [ [ xo nomyuHTepBana [a, P[ HEe €cTb MHO-
xecTBo THNa F.

262. Hanpumep, MHOXKecTBO M, COCTaBJIEHHOE H3 BCEX OFpHIA-
TeJbHBIX PalMOHANbHBIX H BCEX IIOJIOXKUTENIbHBIX HpPPalkOHAIbHBIX
ypces. Ecau 661 M umesto THIT Gﬁ, TO €ro0 4acTb, NOMNABLIAA B NPOMEKY-

1ok [—1, O, Takxke umena 6u THn Gy, uTO HeBepHO (cM. 3ajauy 261);
ecar Obl M umeno tan Fj, TO €ro yacth, NMonaBmias B IIPOMEXYTOK
[1, 2[, Trakxe umesna Obt THN F, YTO TOXKE HEBEPHO.

263. Ilyctb A murae He muotHo, V — kxako#-au6o wap, a V, —
OTKPHITHIA AP, coiepxauiica B V, CBOGOAHBIH OT TOYEK MHOMKe-

cta A. Toraa V, He coiepKHT TaKxke TOYeK MHOMKECTBA A, H TeM ca-

MbiM A HHTHE He MJIOTHO.

264. Ilpsamoe yTBepxKIeHHe JOKasbiBaeTcsi Ge3 Tpyna. OBparhoe
yTBepxkaeHHe HeBepHo. IIpuMmep. MHOXECTBO paluOHANbHBIX
ypceJs BCIOAY IUIOTHO Ha NPSAMOMH, HO U €ro JONOJHEHHE BCIOAY ILIOTHO.

265. [Iyctb S — /moGolt oTkpLITHH map. CoraacHo 3ajaue 248,
S N E conpep:xuT BMECTe C 3aMbIKaHHEM HEKOTOpHIH Iuap S,, OYeBHIHO
csoSonuniit ot Touek CE. 3naunt, CE HMTJE HE IJIOTHO.

n
266. Ilycte E = |J E,, rae E,, E,, ..., E, — HUTHE HE ILICTHHIE
=1

MHOXeCTBa H S — npousBosbHBIH map. Tak kak E; HUTHE HE IJIOTHO,
To Haijercs wap S; B S, cBobonublil oT Touek E,. Jlanee, Tak kak E,
HMTZIE He IVIOTHO, TO B S, Haiiflercs map S,, CBOOGOAHHIH OT Touek E,;
a Tak Kak S, < S;, TO S, He COIepKHT TaKXKe TOYeK MHOxecTBa E;.
Ilposno/mxas 3TOT mporecc, Mbl MOJAY4YHM, MOCJA€ n 1iaros, map S,
tBOOOZHKEIH OT Touek MHOXKeCTB E,, E,, ..., E, u, 3HauuT, CBOOQIHLIH
oT Touek MHOxecTBa E, mpuuem S, — S. CrenoBarenbno, E Hurge
He TJIOTHO. s ofbheirHEHH s CUETHOH COBOKYNHOCTH MHOMKECTB 3TO
yTBEpKAEHHE OIpPOBEpraercs INPHMEPOM MHOXKECTBA PalliOHAJbHBIX
TOYEK Ha MPAMOI, KOTOpOe BCIOAY IJIOTHO, HO sIBJIsieTCsl 06beu HEHHEM
CYETHOH COBOKYNHOCTH OJHOTOYEUYHBIX M, 3HAUMT, HHTJAE HE IIJIOTHHIX
MHOKECTB.

267, Ilycte X = |J E,, rne E, nurae He mjotHel B X. Ilycrs

13
V (x4, &) — map, cBoGopHbifi OT Toyek MHOxectBa Ep; V (x,, &,) —
map, CBOGOAHBIE OT TOYEK MHOKecTBa E,, BKJ/IOYAIOMIMKCS BMECTE CO
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CBOMM 3aMbiKaHueM B V (x;, &) ¥ Takoil, uto €, < é; V (x5, £5) —

Hiap, CBOGOAHBIA OT ‘TOYEK MHOKeCTBa Ej, BKIOYAOWMHCA BMecTe
¢ 3aMbiKanueM B V (x,, ,) M Takoil, uto g5 < —;—, u 1. A. Ilocnenopa-

TEJIBHOCTD Xy, Xg, X3, ... QYHAAMEHTAJBHA H, CJIEKOBATENbHO, B CHAY
TNOMHOTEL _NPOCTPAHCTBA, uMeeT mpefen: { =limx, ({ € X). Tax

KaK § € V (X;41, &4q) 2171 BCOX i, @ V (%44, &4,) < V (x,,8), TO
T € E;, pia Bcex i. 3Haumr { € U E;, 4TO NPOTHBOPEYHT TOMY, HTO

13
X = | E,. UraKk, X — MHOXeCTBO BTOpOii KaTerOpHH.
U

268. MHoxectBo E BCeX panMOHaNbHBIX TOYEK Ha HnpsAMOH, Haje-
JIEHHOe OOBIYHLIM PaCCTOSIHHEM, €CTb HEMNOJHOE METPHYECKOe MPOCTPaH-
CTBO, fBJIAIOLIEECS OOBEAHHEHHEM CUYETHOH COBOKYHNHOCTH HHUTJE He
TIJIOTHLIX (28 HMEHHO OJHOTOYEUHBIX) MHOXKECTB; CJIEJOBaTeNbHO, F —
MHOXECTBO TIEPBOH KaTeropHH.

269. TporuBopeuns: Her. KanTopoBo MHOXeCTBO D HHTIJE HE IJIOT-
HO KaK MOJMHOXeCTBO NpocTpaHcTBa R!, HO He ABJSETCS TAKOBHIM B
camoum cebe, rie oHo, Hao60pOT, BCIOAY MJIOTHO.

270. Tlyctb X, — H30/IMPOBAaHHAsi TOYKA METPHUECKOTO IMPOCTPaH-
crBa X. Onnoroueunoe mMHOXecTBO {x,} oTkpnito B X. Ecin E —
KaKoe-JH00 HUT/E He IUIOTHOE MHOXECTBO B X, TO CYIIECTBYET HEMy-
croe OTKpeIToe MHOXectBO U < {x,} Takoe, uro U | E = &. Ho
€MHCTBEHHOE HEIYCTOe MOAMHOXECTBO B {X,} ecTb OHO camo. [Tostomy
U = {x,} n x, € E 151 KaXJOro HUIJE He IUIOTHOTO MHOecTBa E.
3HauuT, X He NPeACTaBHMO B BHJe 00beJHHEHH I MI060ro, B TOM UHc/e H
CYETHOTO, CeMelICTBA HHUTIE He IJIOTHBIX MHOXECTB.

271, Tlyctb X — uncjoBass npsiMasi ¢ BBIKOJIOTOM TOUKOM, HanpH-
mep, X = R\ {0}; p — obbiunoe paccrosinue Ha X. Toraa (X, p) —
HETMOJNHO2 MeTPHYeckoe INPOCTPaHCTBO 6e3 H30JHPOBAHHBIX TOYEK.
Jlio6oe MuOkecTBO E, HUTAE He MIoTHOe B X, HUTJE He IJIOTHO H B R!.
HeficrButenbro, Ana Mmoot Toukn x € R!' u Jo6oi ee OKPeCTHOCTH
V (x) naiinercs unrepBan I < V (x), He comepxxamusi Toukn O u, 3Ha-
unt, BXxdaaumui B X. Takx Kak E Hurge He miotHo B X, 1o B I comep-
KHTCS HHTepBas I, He nepecekaromwuiics ¢ E. Ho I, < V (x) < R!.
A 370 ¥ J0KashiBaer, uTo E HHUTZE He IIOTHO B RY.

Ecau Tenepk npeanonoxkuth, uro X = |J E,, rae-Bce E, nurie

n

He mwioTHel B X, To R! npeicraBuTCst B BHJE OOBEIMHEHHS CYETHOTO
Yic/ia HUTJE He TJIOTHBRIX MHOKECTB:

R'=U E, U {0}.

n
Ho 3TO HeBO3MOXKHO, NMOCKOJbKY R! -— NOJHOE NMPOCTPAHCTBO (CM. 3a-
nauy 267). CrnenoBaresibHO, X — MHOXECTBO BTOPOH KaTeropHH.
272, Tlycte X — moJHOe MeTpuuyeckoe IpocTpa€cteo u E —
MHOXECTBO NepBoH Kareropud B X, Tak uto E = |J E,, rae Bce E,

n
Hurae He ot B X. Ilpepnonoxum, uro CE — MHOXECTBO nepBo#
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kateropuu, T. . CE = |J S,, rie S, — HHI/e He IJIOTHbIE MHOXECTBa
n
B X. Torna X =(UE,) U (US,), uro npotusopeuut Teopeme bapa.
n n

3naunut, CE — MHOXKeCTBO BTOPOH KaTeropHH.

273. MuoxectBo CE — nepBofi KaTeropuu, Tak Kak OHO fIBJISIETCA
ofbenuHeHHeM MPAMBIX X =7, (kR =1,2, .. ) n y =r, (k =1,2, ..),
rae r, npoberaer Bce pallMOHA/IbHBIE YHC/Ia (KaXJAas OpsMasi — HULIE
He IJIQTHOEe MHOXKEeCTBO Ha IJockocTH). CrenoBaresnbHo, E — MHOKe-
CTBO BTODOH Kareropuu (cm. 3agauy 272).

274. Ilyctp x EBE. B mo6o#t okpectHoctd V (x) Haiijercs Touka
%, € D . Bosbmem okpectHocTs V (x)) = V (x). Tak kak V (x)) N E —

MHOKECTBO BTOpOH Kareropuu, 1o u V (x) [} E — MHOXKeCTBO BTOpO#
Kareropud, T. €. x € D .. CnenoBarenbno, D, 3aMKHYTO.

[Tyctb Tenepb x, € D,. Tak kak ans J000# okpecTHOCTH V (x,)

mHoxecTBo V (x,) 1 E BrOpoil KaTteropuu, H, CJIeLOBaTebHO, Oec-
KOHe4HO, To V (x,) conepuT GecKOHeuHoe YyucJso Toyek u3 E. 3HauuT,
x, € E.

275. [lyctb E nurpe He mioTHO U [ — MPOU3BOJIbHBIA HHTEPBAJ
Ha npsvoii. Mutepsan /_,, monyuenHnsiii u3 / ciBurom Ha —a, copep-
XHT nofuHTepBas J, cBoOONHBIH OT Toyek MHoxecTBa E. Ho Torga
HHTepBaJ J,, KOTOPBIA MOJNYYUTCA U3 | CABUIOM Ha a, BKJIo4aercs B [
M HE COlepKUT HU OfHOH Touku u3 E. CneposarennbHo, E, HHuTAe He
IVIOTHO.

Eenn e E Bciopy mIoTHO U [ — NPOU3BOMBLHBIA HHTEpBaJ, TO [,
COlepKHUT TOuKy X, € E; a Torna x, +a € /(1 E, H, cl1enoBarenbHo,
E, Bciopy IJIOTHO.

276. Ilyctb E2? — MHOXKECTBO BCeX TOYEK BUAA a — X, TL€ x MNpo-
Geraer E. Kak Jerko npoBeputb, E® — OTKPBHITOE BCIOAY IIIOTHOE
MHOXXECTBO Ha npsimoii. {IoaTomy u3 3anauu 249 cnenyer, uro E [ E%=
== . Ilyctb x; € E ) E4 torna x, € Eu x; =a —x,, rae x, € E.
CnenoBatesibHO, @ = X; + X,, TO€ Xy, X, € E.

277. Ecau mHoxkectBo E BCOAY IMJIOTHO HAa MNPAMOH, TO J106GOH
uHTepBan o, P comepxuT 6GeCKOHEUHO MHOro Touek u3 E, Tak Kak B
NPOTHBHOM CJy4ae Ha Jo, P[ Hawesncs Obl HHTEpBaJ, MOJHOCTbIO CBO-
6oaHbIl OT Touek MHOXxecTBa E. Ecau Tenepb u3 E HCKJ/IIOUHTb KOHed-
HOE MOAMHOXKECTBO A, TO Ha Mpox3BONbHOM HHTepBaste o, P Bce ke
ocTaHeTcs 6ecKoHeYHO MHOTO Touek U3 E \ A. 3nauut, E \ A Bciony
IVIOTHO Ha NPAMOH.

278. B 3apaue 256 6bl1a nocTpoeHa nocjefoBaTenbHocTh £y, E,, ...
MONApPHO HE MepeceKalollUXCsl BCIOAY IMJIOTHBIX CUETHbIX  MHOXKECTB
Ha npsamoi. O603HaUUM JOMOMHEHHE K OOBEAHHEHHIO 3THX  MHOXKECTB
yepe3 [ (ero mepeceyeHue c JOObIM HHTEPBAJIOM HECYETHO) H PacCMOT-
PUM CYETHYIO COBOKYNHOCTb MHOXKECTB:

E,UU N k-1E)Ek=120..).

$IcHO, YTO 3TH MHOXeCTBa onapHo HE IMEpPEeCeKaroTCd, a KaxKioe Hu3
HHX BCIOAY IVIOTHO Ha HpﬂMOﬁ H HECUYETHO.
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279. Tlycre (x,, ¥,) — NPOU3BOJIbHAsA TOYKa npocTpancTBa X X Y
n V ((x,, y,), € — npousBo/ibHas ee OKpecTEOCTb. Tak kak E nurae
He naotHo B X, TO OKpecTHOCTb V (xo, i_) conepxut wap V (z,, 8)

V2

& o
pamnyca & 75 cBobozHbI OT Touek MHOxecTBa E. Ho Torna wap

V (24, ¥,), 8) conepxkutcs B V ((%,, ¥,), €) H CBOGOLEH OT TOYEK MHO-
xectBa E X F.

280. Cornacno 3anaue 196, mHoxectBo E X F 3amknyro. [Ipeano-
JIOXXHM Tenepb, YTO OHO HMeEl M30JHPOBAHHYIO TOUKY (X, ¥,), T. €.
cymecrByer & > 0 takoe, uto V ((x,, ¥,), €) HE COAEPKMT HH ONHOMH
ToukH M3 E X F, oramuHo# oT (x,, ¥,). Ho Toraa V (x,, €) He conep-
JKHMT HH OJHO# TOYKHM M3 E, OTJIHMYHON OT X, (ecau Obl HaWIaCh TOYKa
X 7= x, Takas, uto x € V (x,, &) | E, To Mbl HMemn Ob (x, y,) €
€V ((xy ¥y), &) N(EXF) u (x,¥)5 (%, ). Auarornuno
V (¥4, €) He colepXHT HH OfHOH Touku u3 F. Ho 310 mpornBopeuut
TOMY, 4TO E uan F — COBEPIIEHHOE MHOXKECTBO.

281. Tlycets  (x,, ¥,) — NpousBOIbHast Touka H3 X XY
V (%9, ¥,), €) — npousBoabHas ee okpectHocTh. CymecTByior x u3 E
TaKoe, uto P, (X, X)) < —92_«, u y u3 F Taxoe, uto p, (¥, ¥,) < ]782;. Ho
Toraa (x, y) € V ((xg, ¥9), 8) NN (E X F). Tem campiv E X F miorHo
BX XY.

282. Jlyu [0, +oo[. I[eﬁCTBHTeJleS, Joboit iHTepBan Ja, P, rae
0 < a <P, conepxur uuciao BHAA p? (370 uMcsIO JIerKO HalTH:
q
CHayaJla HafileM pallOHaJbHOE UYHCJIO %, 3akJIIOueHHOe MEXAY } o u
1/ B, a sarem BO3BenEM €ro B KBaipar).

283. Jlyu [1, +oof.

284. Orpesoxk [0, 17].

285. Jlais KaxIOro HaTypasJbHOrO 4ucja R CYIUECTBYeT Takoe Le-
JIOE YHCIO n,, 4To n, < kL < n, 4 1; nomoxum x, = —n, + kg;
acHo, uto 0 < x, < l. TloxaxeM Temepb, YTO NPOH3BOJIbHBIH HHTEp-
BaJl U CONEPKHUT YHCJIO BUAa m -+ n{ ¢ weawiMu m u n. [lyctb i — Ha-

TypaJIbHOE 4HCJIO TaKoe, YTo li <|ul, rne |u| — nmna uHTEpBana u.
Torpa cpepu uucen Xy, X, ..., X;4; HAHAETCA 1O MeHblUEH Mmepe ABa
TaKHX, PACCTOSIHHE MEKJY KOTOPLIMH MEHbILE, YeM ll
1
[J\fkx ——x,hl < R

HJIM, CYHuTas, YTo, HanpHMmep, xkl > xkzz 1

0<x, —x, <—i—.
Tonoxum § = Xy — X, H pa3obbeM MPAMYIO TOUKaMi, KpaTHbIMH 6:
.., —36, —28, —9, 0, 6, 26, 36, ...
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Tak xak 0 <6 < |ul, To no Kpafineil Mepe OfHA U3 ITUX TOYEK, CKa-
xem pd, rae p — nesioe uKcII0, MonaneT B HuTepBas u. Ho

p6 =p (xkl - xk') =p ((—nkl + le) - ("—'n’k' + kig)) =m -4 nCy
Tae m =pn, —pn, Hn = pky — pky — uennie. Taxkum o6pasom,
Jo60i Hayraj BHIGpDAaHHBIH MHTepBal 4 CONEPKUT IO MEHBINEH Mepe
ORHY TOYKY BHIA m -+ nf, T. €. MHOXECTBO 3THX TOYEK BCIOAY IVIOTHO
Ha TPSAMOML.

286. la. dro crepyer U3 pesyabraTa npegblAyulel 3agaud. Jleicr-
BHT@JbHO, NycTh o, f — ApousBosbHbIA HHTepBad. Tak Kak 92—,%
COJIEPKHT YHCJIO BHAA m -+ n§ (TAe m u n — uedasie), To Ja, P conep-
K1 umcso 2m -+ 2ng.

287. Honycrum, uro cymectsyer ayra Ay < I, cBofopHas or
Touek MHoxecTBa M. OGo3Hauum uyepe3 A, Ayry, Koropas MnoJydaer-
csl B pe3yJibTare NOBOPOTa AYr# A, Ha k pajuaH Mo 4acoBOH CTpeJke.
SlcHo, yto A, npyu moboM nesiom kB 2> 0 Takke cBoGoJHA OT TOUEK H3 M.

Hyru Ay, Ay, ..., A, ..., HMEIOLIHE OAMHAKOBYIO JJVIMHY M pac-
TMOJIOXEHHBIE HA OKPYXHOCTH I KOHEYHOH JIJIMHEIL, HE MOTYT Bce IO-
napHo He nepecekarbcsi. Ilycts, mampumep, A, NA, . +J.
[lpu 3tom At.o = Ai0 m» TOCKOJNBKY YTOJI /M HE MOXeT OLITb KpPaTHBIM
yray 27 B CHJTY HPpanyoOHalIbHOCTH YKcaa 5. M3 Toro, uto A N Ai, m
= (J, BBITEKaeT, UTO NMpH NoBopoTe Joboro A, no 4acoBOd CTpeske Ha
yroJi m Mbl NOJAYYHUM AYTY A,y ,., Iepecekaromyiocs ¢ A, Mo HEnycToMy
MHOXKECTBY. B 4YacTHOCTH, [0 HENYCTOMY MHOXKECTBY IlepeceKarorcs
Jobbie JBE COCefHHE NYTH M3 MOCJEN0BaTeNbHOCTH

Ay Ay Agps .
Ho Torma 3T# 1yrd MOKPHIBAIOT BCIO OKPYXKHOCTb I', 4TO HEBO3MOKHO,
TMOCKOJIbKY HH OZHO A, He COlepxKHT ToueK u3 M (puc. 22).

HUrak, Ha okpyxuoctH I He cymecTByeT n1yri, CBOGOIHOH OT TOUEK
MHozkectBa M, T..e. M niorno Ha I'.

YA

Ytz

My

! p

Y=
V2

Lo —]

¥—\/ g _E X r £ 7
Ao %o 73 X0+V7
Puc. 22 Puc. 23
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288. €-OKpeCTHOCTb NPOH3BOMBHON TOukM M (x,, y,} TWUIOCKOCTR
Oxy conepXuT pauroHalbHyl Touky P (', r"), rue

&
Xo — V2<r<x0+72“’y0 .V‘2—<r<y0 -’/2

(puc. 23).

289. Cm. pemenue 3afauu 224.

290. D10 MHOXKECTBO CTPOHTCS CJIENYIOMHM ofpa3oM: HeauM OT-
PE30K Ha JIeCATH PaBHBIX yacteil u BbiGpaceiBaem untepsan 10,4, 0,6[.
3areM KaxKIblH H3 OCTaBLIMXCSI OTPE3KOB IIEPBOTO paHra:

(o, o,13, ..., [0,3, 0,4], [0,6, 0,7], ..., [0,9, 1] nenum Ha jpecsTh
paBHBIX gacTei 1 BhIOpachiBaeM B KaX<JOM H3 HHX JlBa CPeHHX HHTep-
BaJla BMeCTe C pagie/sAwollell HX TOYKOH, T. €. u3 orpeska [0, 0,1] —
unrepBas 10,04, 0 06[, us orpeska [0,1, 0,2] — untepsan 10,14, 0,16
U T. A. 3aTeM Kax[Iblll U3 OCTABIIMXCSl OTPE3KOB BTOPOTO PAHTa JEJIHM
Ha JlecATb PaBHbIX YacTell M BbiOpachiBaeM JBa CpPeIHHX HHTepBaJa
BMecTe C pasiessiollel HX TOYKOH U T. 1.

JlokasaTenbcTBO TOro, 4yto E HHUIJle He IVIOTHO H COBEPIIEHHO,
TPOBOJUTCS TaK K€, KaK JJf KaHTOPOBa MHOXKECTBA.

291. D10 MHOXECTBO He 3aMKHYTO. ET0O 3aMbiKaHHE COCTOHT H3
Bcex (B TOM YHCJIe H panyoOHAJbHBIX) Toyek oTpeska [0, 1], o6namaio-
MHX JIECATHYHEIM pas3joXKeHueM, He cojepxkamuM uepe 5. Kak camo
3aJlaHHOe MHOXKECTBO, TaK H €ro 3aMblKaHHe He COJEpIKaT H30JHPO-
BaHHHIX ToueK. Kak 3ajaHHOe MHOXKECTRBO, TaK H €ro 3aMBIKaHHMe HUIJe
He IJIOTHbI Ha HPSMOM.

292. Takoe MHOXKeCTBO O6Pa3yiOT KOHIBI CMEXHHIX WHTEPBAJOB K
D. Ero niotHocTb B D JI€TKO CJeAYyeT U3 ONHCaHUS apudMeTHUeCKOH
CTPYKTYPHl TOYeK MePBOFO H BTOPOTo pojia MHoxkecTBa D (CM. pelnenue
sajaun 226).

293. Cm. peweHue 3amaun 239.

294. IlycTb ¢ — mpou3BOJIbHBEIA 3JeMeHT mpocTpaHcTBa C [0, 1].
Corsacio onpegenennto paccrosiuug B C [0, 1], okpecrHocts V (9, €)
coctouT u3 Beex pynkuuii y € C [0, 1] Takux, uto @ (x) — & < % (x) <
< @ (x) + & nas Bcex x € [0, 1]. Ho corsacHo annpoxcuMaiuoHHOM
TeopeMe Beflepmrpacca, cymecTByer Takoll MHorouseH P, uto ¢ (x) —
— e < P (x) < @ (x) + & nna Bcex x € [0, 1]; takum o6pasoMm, MHO-
JKEeCTBO Bcex MHorouseHoB miotHo B C [0, 17.

295. IlycTb & — NPOU3BOJIBHOE MOJIOXKHTENbHOE uHcsa0. as mo-
6ot ¢pyHkuuu ¢ € C[0, 1] cymecTByer Takoii MHorouneH P, uro

1 o
o(p, P) < > (reopema Beftepmitpacca). Ilyets P (x) = ap + ayx +
+ o+ axn 3aMeHuM BCE @; PalOHAJbHBIMU YHCJIAaMH b, TaKHUMH,
uTo | @; — b;| < , 1 0603HaYuM uepe3  TMOJyUYHUBIIMHCST MHOTO-

+1)

YJieH C paunonanbﬂmmu KosddunuenTamu b;:

Q(x) = bo + bix + ... + b,x".
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Torxa mas Becex x € [0, 1],
[P (x) — Q%) = [(ap — bo) + (@ — by)x + ... +
+ (@, — b,)x" | < lag— bol + lay — by| + ... + |a, — 0,1 <

e e
. = =,
<2(n+1) (n41) >

T. e. p(P, Q) <§, Ho Ttorna

p(e, Q<o P)+p(P, Q <§+§= e.

Hrak, MHOXECTBO MHOTrOUYJIEHOB C PAalMOHAJBHBIMH KOI(dHUHEeHTaMU
mjaotio B C [0, I].

296. Ilycrb f (—x) = —f (x) mns Bcex x € [—I, 1]. TTo Teopeme
Beiiepitpacca, nis motoro € > 0 Haiigercss mHorousneH Q (x) Tako#,
4TO

If (x) — Q (x) | < & pas scex x € [—1, 1]. 1)
Tak kak Bmecte ¢ x Takke —x € [—1, 1], To 1 |f (—x) — Q (—x)| <
< & anqa seex x € [—1, 1]. Ho

1 A=0) —Q (=9 = |- () —Q(—0)| = I () —(—Q (=))I.
CrenoBareJibHO,

If () — (—=Q (—x)| < & mna Beex x €[—1, 1]. @
U3 nepaBencts (1) u (2) monyuaem:

f(X) . Q(JC}—Q(—X)

2 < &.

Mtuorousen P (x) = W ABAAETCA HCKOMbIM. [leficTBHTeNB-
HO, MYCTh

Q (x) = ap + awx + axx® + ax® + ... + a1
Torzna

—Q (—x) = —ap + ax — ax® 4 agx® — ... + (—1)*tlg " H

P (X) cCOLePKUT JIMIIb HEUETHBIE CTEMEHH X.

Has cayyas, xoraa f (x) — uerHass (QYHKUMs, pacCyXkIeHHe aHa-
JIOTHYHO.

297. Jlns mo6oro HaTypa/JbHOTO 4HcJa k HafiileM MHOTou/eH P,

Tako#, uro |P, (x) — f (x)| < 2lkzum Bcex x € [—k, k]. Tlocnenosa-
TesibHOCTh {P,} GyIer HCKOMOH.

298. Ilycts {P,} — naHHasi [OC/ENOBATEILHOCTL MHOTOUJIEHOB,
cxoxsuwasncs K f paBHomepHo Ha Ox. Toraa cyuiectByer Homep N Ta-

KOH, 4TO AJ1s1 Bcex m, n > N Hu Bcex BEHICCTBEHHBIX X BBINIOJHAECTCA
HEPaBEHCTBO

IPm (x)""Pn (x)l <L
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3adurcupyem Homep ny > N. Muorounens P, (x) — Py, (x) orpanu-
yeHbl Ha BCEHl MPSMOM, YTO BO3MOXKHO, JHIb Koraa P, (x) — Py, (x) =
= a,, I1e a, — nocrosuuse. Orciona f (x) — P, (x) = lir_r: o

m->~-co
IJie BcexX X, Tak uro f (x) — P,, (x) = ¢, rae ¢ — nocrosinnas. Creno-
BaTeJbHoO, f (x) = P, (x) + ¢, T. e. f (x) — MHOTOUJIEH.

299. Ilycts E( — MHOXECTBO BCEX MHOTOWJIEHOB C paliOHaslb-
HbIMM Ko3h¢uuuentamu. OHo cueTHo (cM. 3amauy 62 nmam 65). Pacno-
JIOXKHUM €ro Kak-HuGyap B nocjenoBatenbHocTh Ey = {gy, gs, ...} H
nonoxum E, = {g,, €ut1» .-} (n = 2, 3, ...). M3 pesyarrara 3anaun
295 caenyer, uto E; njorHo B C [0, 1]. Ocranbubie MHOXKeCTBa 11JI0T-
mel B C [0, 1], Tak Kak oTiuualorcsi oT E; TOJbKO Ha KOHEYHBIE MHO-
xkecTBa Touek. [lockoabky C [0, 1] noaxo (3apauya 130), Hukakas no-
CJIEZIOBATENbHOCTL €0 IJIOTHBIX TOJMHOXKECTB C TNYCTHIM Iepeceye-
HHEM He MOXKeT COCTOSIThb M3 OJHMX OTKPHITHIX MHOXECTB (CM. 3aja-
uy 249).

300. JdoxkaxeMm cHauana, uto E 3amknyrto. Ilycte P, — f, rae
P,€E((k=12..),f€C[0,1]. BuGepem B [0, 1] xakne-uubyap
N -+ 1 nonapHo pasiMYHbIX TOYEK Xy, ..., Xy .. Torna gna i = 1, ...,

N + 1 6ynem mumers: P, (x)— f (x;), uan P,,N(x,.) = f(x) + Vi

rae y;; — 0 npu k— +o0o. O6osHaunM P, (x) = X a,, X" U paspe-
=0
" N
kM (npH GHKCHPOBAHHOM k) CHCTeMY JIMHEHHBIX ypaBHeHH Eak,,x';=
n=0

=fx)+v.(=1 .., N+ 1) ortHocurenbno a,,. Tak kak
lim y,, = 0, To, Kak J€TKO BHIETb, Q,,—> @, TpH k~> oo, rae
k—>-+too

(ay, ..., Q) — PEILLEHHE CHCTEMEI JIHHEHHBIX ypaBHEHHH

N
Saxt=[(x)(i=1,..,N41). Toraa lim P, (x) =
n=0 k00
N N
=1lim ¥ apx" =3 a,x" ans seex x€[0, 1],
k>0 n—g n=0

N

T. e f(x) = 3 a,x" u, ssauur fEE. Crenosareirio E 3samk-
n=0

HyTo, TaK yto CE OTKpHITO.

Ho Torza, B cuay pesyabTata 3ajayn 265, HaM JOCTaTOYHO AJIA
mo6oro P € E u moboro £ > 0 Hafitu anement us C [0, 1], Bxops-
muit B V (P, &) u He npuHapjexamuid E. Takum snementom Oyner,
Hanpumep, ¢yskuus ¢ (x) = P (x) + %x”“
nmiotio B C [0, 1].

301. Ilycts ¢ (ay, @, ...) — Npou3BoJbHAs Touka u3 I, Tak xax

00

. Hrak, E Hurme He

paa Zaf CXOAUTCS, TO AJsA KaxKAOro & >0 CyHleCTBYeT N TakKoe, 4To
i=1
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4o
> a? < &¥. O6osHaunM yepes z IOCJENOBATENBHOCTD (@, Az, ..y Ay,
i=N+l
0, ...). Slcuo, wto 2 € E wu p (, 2) < &. Mrak, E nnotHO B .
302. Ilycte U — npousBoJIbHBIA map B I, JTOT wap JH60 moJ-

HOCTBIO CBOGOZIEN OT Touek MHOXKecTBa E, JHG0 CONepXKUT TOUKY § € E,

= (2 -.r2y, 0,0,..). B nocnemxnem ciayyae BosbmeM & > 0 Ta-
Koe, uro V (C, &) < U, u pacCMOTPUM TOUKY 1 (21, ..., 2y, —Z—, 0, ...).

Torna nnsa mo6oit Touku x € E umeeM: o (x, M) > -g-, T.e. V (n, %) c

< CE. Kpome Toro, V ('r], —;—) < V(@ e < U. Takum aobpasom,

B U Bcerna Haiigercs wiap, CBoGOJHBIH OT ToueKk MHOXecTBa E, T. e. E
HUTJE HE MJIOTHO.

lnasa V%L

KOMIMAKTHOCTb, CEMAPABEJIbHOCTb,
CBA3HOCTb

303. Ecuu MHOXecTBO E He orpaHHueHd, T. e. diam E = sup p(x, y)=
y&

= o0, To, KakoBa Obl HHM Oblla TOYKa Xo€ E, sup p (xg, x)=
x:E

= -}oo (Tak Kak ecau P (xy, X) < M st Bcex x € E, 10 p (1, y) <
< o (%, x0) 4 o (%0, ¥) < 2M pasiBeex x, y € E). INostomy, 3adukcu-
poBaB KaKyIo-HHOYIb TOUKY X, € E, MoxHo HaliTH B E mocsefioBareb-
HOCTB TOYeK {X,}, Asl KOTOPOHi p (X0, X,)— +-00. Toraa p (xo, %,,)—
— - o0 u Ana J06oH ee MOANOC/IEAOBaTebHOCTH {xnk}, a HoTOMY
nocyeHAa He Oyner QyHZaMeHTaJbHOH M, 3HAUHT, cxopsmelica. Cae-
JoBartenbHO, E He sIBJISIETCS OTHOCHTENBHO KOMMAKTHBIM.

TouHo Tak ke, ecau £ He 3aMKHYTO, TO HaHJeTCs NOCJeNOBaTeNb-
HOCTb €0 TOYeK, CXOAAIMLAsICA K TOYKe NMPHKOCHOBEHHS] MHOXecTBa £,
He TNpuHaAMexalledi £, HO M3 TakoH MNOCJeN0BaTeJbHOCTH HeJb3st
BBIIE/IUTDL TOAINOCTELOBaTeNbHOCTH, CXOAAuedcs K Touke H3 E, Tak
uto E HEKOMIIaKTHO.

304. [locTatoyHOCTb OYEBHJHA, TaK e KaK M OTHOCHTeJbHas
KOMIIAKTHOCTb JIIOGOT0 KOMIAKTHOI'O MHOXKeCTBa. 3aMKHYTOCTb KOM-
NIAaKTHOrO MHOXKECTBA YCTaHOBJIEHA B DeHICHHH INpeibfylled 3ajaul:

305. Britekaer M3 pe3yJbTaTa NpeAbAyLeH 3afayd.

306. Ilycts {x,} — mocnenoBateJbHOCTb ToueK M3 E. Paccmorpum

1
nocJjefoBarebHOCTs {y,} Touek U3 E Takyio, 4TO0 P (¥, X,) < —.
n

Tak kak E oTHOCHTeNBHO KOMMNAaKTHO, To {y,} oGJafaeT MmoxmocJeno-
BaTeabHOCTHIO {y,, }, cXonsuweiics K Touke ¢ € X. Torna mnocienoBa-

TEJBHOCTh {x,,h} CXOIHTCS K TOH Ke TOUKe ¢, a TaK Kak E 3aMKHYTO,
T0 ¢ € E. HUrak, E KOMIaKTHO.
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307. Ykasauue. [IocTPOHTE KOHEUHYIO €-CETh.
308. CM. ykasaHWe K JIpEAbIAYLIe#H 3ajmave.
309. TlocnenoBatesbHOCTD GYHKIMH

fo(x)=Asin2"nx(n=1, 2, ..),

rae A> 0, ynosnersopsieT ycaoBHIO |f, (x)| < A ans Beex x € [0, 1]
1 Beex n. BMecTe ¢ TeM He TOMBKO caMa 3Ta TO0CJIe0BaTeNbHOCTD, HO U
HHKaKasi ee MNOJANOC/eN0BaTebHOCTh He MOXKeT cxoauThesl B C [0, 1],
TaK KaK PacCTOSAHHe MeXJy JI0ObIMH JBYMS pa3/HYHBIMH YJIEHAMH
9TOH Moc/e10BaTeNbHOCTH He MeHblue yuciaa A. UTobbl yGenuThCsi B
3TOM, 3amMeTuM, uTo GYHKUMA f; (¥) = A sin 2!nx paBHa A npu x =
= 2l+1 , a ¢ynkuus f, (x) = A sin 2*nx, rne k£ > i, passia 0 npu
TOM JXe 3HaueHuH x. [Tosromy

0o 1 =38 11, —Fu (1 > | (r ) — e () | =4

CrenoBareibHO, HHKAKasi IOANOC/EN0BATENLHOCTh AaHHOH I0CJIEN0Ba-
TebHOCTH He SiBJseTcsi QYHAAMEHTAAbHOH M, 3HAUMT, HE CXONUTCH.
310. PaccmoTpuM cueTHOe MHOXKecTBO Touek e (1,0,0,0, ..),
e (0,1,0,0,..),...u3 I, (y e, eIMHHIIA CTOUT Ha N-M MeCTe, a Ha
OCTaJIbHBIX MecTaX — HyJH). OHO OrpaHHYEHO M 3aMKHYTO, HO HH-
Kakasi TOJANOC/Ie0BaTebHOCTh TOCJe/ioBaTe/bHOCTH {e,} He dyHaa-

MeHTaJIbHa M, 3HAUMT, HE CXONMTCS, NMOCKOJBKY P (¢, €,) = /2 npu
i = k.

311. OrHocuTe/IbHO KOMIIaKTHBIe MHOXecTBa A u B orpaHuueHbt
(3amaua 303). BuiGepeM B KaxkjoM u3 HHX no Touke a € A, b € B.
Torna ansa mobbiXx Touek x € A, y € B GymeM umeTb: p (¢, ¥) <
ggi}_(x,a)—l—p(a,b)—l-p(b, y) < diam A 4+ p (a, b) + diam B <
< -+ oo.

312. Ilyctb {x,} — mpoH3BOJMbHAS MOCJENOBATEJIbHOCTh TOUYEK M3

U A,. Tak Kak YHCJIO YIEHOB 3TOf MOC/i€I0BATEJBHOCTH GECKOHEWHO,
i=1

TO XOTf Gbl OHO M3 MHOXKeCTB A, ..., A, COIEPKUT ee GECKOHEUHYIO
nognocienoBarenshocts {x, }. Torma {r, } (a smawur, u {x,}) co-

JCPXHUT CXOLALLYIOCA  IIOAMNOC/E€NOBATeJbHOCTb, €CJAH MHOXKeCTBa
A;, coey Ak OTHOCHUTEJIbHO KOMIIAKTHBI, H IIOANOC/AE€A0BAaTE/IbHQCTb, CX0O-
k

JISAIYIOCST K TOYKE U3 UIAE, €CJIM 3TH MHOXKECTBa KOMIAKTHBI.
=

313. OueBHAHO, BCAKOE MOJMHOMXKECTBO OTHOCHTEJBHO KOMIAKTHOTO
MHOXKECTBa OTHOCHTE/JBHO KoMNakTHO. [loaroMy mnepeceuenue JoGoit
COBOKYITHOCTH OTHOCHTE/IbHO KOMIIAKTHBIX MHOXECTB OTHOCHTEJIBHO
KOMIIakTHO. Ec/iM ke paccMaTpuBaeMble MHOXKECTBA KOMIAKTHBL, TO
OHHM 3aMKHYTHl (3a7aua 303) u MOTOMY 3aMKHYTO TaKXKe HX nepéceye-
HHe. Tak Kak 310 nepeceuenue, KpoMe TOro, OTHOCUTEIbHO KOMNAKTHO,
TO OHO KOMIIaKTHO (3amaya 304).

314. Heo6xogumocThb. Ilyctb A X B xomnakTHo, a {x,} —
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npousBosibHast  mocjenoBaTesbHocTh  Touek u3 A, Tlocaenoa-
tesibHOCTb {(X,, ¥)}, TAe y — Kakas-iu6o Touka u3 B, obGnajgaer nox-
TOC/IE0BATeNbHOCTBIO  {(X,,, ¥)}, CXOLfimeficss K HEKOTOPOH TOUKE

(x,y) €AX B (rak uro x€A). Tak kKak p &, ¥ <
P (%5, ¥)(x, ¥')), 10 X,, > x. 3Haunt, A XomnakTHo. AHajoruy-
HO JOKasHBaercsl KOMNaKTHOCTh B.

HdoctatounocTs. Ilycts A u B Komnaktael, a {(x,, y,)} —
NpoH3BONbHAsL TOC/EnoBaTesbHocTh Touek M3 A X B. Tlocaenosa-
TenbHOCTh  {X,} o6najaer mnoAnocnenoBaTENbHOCTBIO {X,, }, CXOAs-

lefici K HEKOTOpo# Touke x € A; aanee, mocaenosarenbnocts {y, }
o6/1a52eT MOATOC/Ie0BaTeNbHOCTEIO  {Y, kz}’ cxoasimefics K HEKOTo-

poii Touke x € B. Torga nomnocsenoBaTeJbHOCTD {(x,,kl, y,,kl)}

nocyenoBarenbHoctd  {(x,, ¥,)} Oyrer cxoauTbcsi K Touke (x, y) €
€A X B.

315. CM. peliense npeaplaylieii sanaui.

316. Ilycte E — xomnakr, {x,} — ¢yHaameHTanpHas nocJjej10Ba-
TeNbHOCTb ero ToyekK. OHa 06J1aKiaeT NMOANOC/IeN0BATEIbHOCTBIO {x,,k},

CXOI[HH.leﬁCH K HeKOTopOﬁ Touke ¢ € E. Toma H X, — ¢, TAK KaK
€ €
p(X,,, C) < p(xn’ xnk) + p(xnk’ C) <_2 + '2‘ =8

npun > N, k > N (a 3aauut, u n, > N), rae N BHIGpPaHo TaK, 4ToGH
GLIO P (X Xp) <—;— npy m >N, n >N u p(x, ¢ < _;_ npu

k> N.

317. Buibepem B KaxuoM A, no Touke a,. Tak Kak Bce 3TH TOUKH
JeXXaT B KOMIAKTHOM MHoxecTBe A,, TO nocJjejoBateJbHOCTh {a,}
ob/azaerT MOAMNOCJEI0BATENbHOCTHIO {a,,k}, cxonsiueiics K HEKOTOpOH

Touke a € Ay. Ot6pacbiBasi B {a,, } nepsbie £ — 1 wieHOB, NOJY4HM
TOC/IeIOBATENBHOCTD @y, Qpy, s @y, -+v» CXOAAILYIOCH K TOH XKe
TOYKE @ U COCTOSIILYIO H3 ToueK, cojiepKalliXcs B A,,k. Tak kak A,,k
3aMKHYTO (cM. 3anauy 303), To 3aKJjiouaeM, 4TO a € A,,k s 106oro
k u, 3HauuT a € Q A, = Q A,. CnenoBarensio, (A, = J.

n
Ecmu diam A, — 0, To ana Bcskoit apyro#t Touku b € (] A, Gymem
n

umets p (a, b) < diam A, npu Bcex n, a notomy p (a, b) =0, T. e.
a =b.

318. HonycTtuM, uto 3TO He Tak; Toraa cyuiectByer € > 0 Takoe,
yTO IJIS KaKAOro n Haljercs Todka x, € A,, He cojepxauiasics B
V (K, €). Tak Kak Bce 3TH TOYUKH NpHHALJIEXAT KOMNAkKTy Ay, TO MO-
caefoBarenpHocTh  {x,} 06JajaeT CXOAsiLEHcs IOATOC/EN0BATE b
HOCTBIO {X,, }; TaK Kak AJs J1o6Oro n Bee HJIeHbl TOH MOCJEA0BaTe]b-
HOCTH C HOMepaMmH k > n npuHapiexar A,, a A, 3aMKHYTO, TO U § =
= lim Xp, € A, nns Bcex n, T.e. £ € K. A TaKk KaK, ¢ gzpyroii cropo-
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HBI, X, €V (K, ¢), T0p (Xn,» &) > & st Beex k. 310 MPOTHBOPEUHT
TOMY, 4TO X,, —> E.
319. 310 HEMOCPEACTBEHHO CJeAyeT H3 pe3yJbTarTa IpeAbiAyLled
3a1a4H.
320. Tak xak E,y, = E; < B, 10 NEy < | EC (i]—E“,. Kpaii-
l 13

HHE uJieHbl MOCJEAHMX BKJIOueHHHE HenmycThl (TeopemMa Kautopa) u
coBnanaior. CnepoBatenbhno, (\E;, = E; 5 &. HenpocratouHoctsb
i [

ycJoBust 6') 1/l CIPaBeAJMBOCTH YTBEPKIEHHS 3a[aud BHAHA HA TpH-
1 1
Mepe mocJjenoBatenbHocTH HHTepBasnoB 0, If,. ]0, Y [, 10, 3 [, .

1, l{,
321. O6o3nauum K, =G \\ G,. SlcHo, yto K, — KOMINIaKTHI, Nnpu-
gyem n K,=FrGu Fr G, < K,. Tak kak {K, } _— ’yéblBalow,aﬂ no-

CJIElIOBaTEJIbHOCTb KOMIIAKTOB, TO, B CUJy pe3ynabTara 3ajauu 318,
s Kaxaore € > 0 Haiigercsa Takoit Homep N, uto K, < V (Fr G, ¢)
npu n > N; Ho Toraa u Fr G, < V (Fr G, ¢).
1

322. Ilycrs f, (1) L
f € C[—1, 1], ynosaersopsiouux HepaBeHcTBY 0 < f (x) < f, (x) ans
Bcex x € [—I1, 1] u ycaosuio f (0) = 1. MuoxectBa E, 3aMKHYTHI,
orpanuuensl (p (f, g) < 1 an1a Beex f, g € E,) u E,,, < E,. Onnako
NE,=9.

n

E, — MHOXecTBO BceX (YHKLH

Hpyrofi npumep cMm. B peweHun 3agauu 209.

323. Ilomoxkum A, =E N ... N E,(n=1,2,..). Muoxecrsa
A, HEemyCTHl MO YCJIOBHIO, KOMNAKTHBI (cM. 3amauy 313) u Ay D A, D
D Ay D ..., anotomy, B cuay Teopemsl Kantopa, NE, = A, = J.

n n

324. Her (cM. 3apauy 322).

325. Heo6xoaxumocTb. Ilycte E — OTHOCHTENBHOE KOM-
[AKTHOE MHOXKECTBO U & — MPOU3BOJIBHOE MOJIOKHTEIbHOE YncIo. O6o-
3HAYUM yepe3 X, NPOU3BOJBbHEIA 3eMeHT u3 E. Eciu Bce Touku u3 E
OTCTOAIT OT X; MEHbIle YeM Ha &, TO HCKOMas &-CeTb MOCTpoeHa (OHa
COCTOUT M3 OJIHOTO X,;). Ec/u e 3T0 He TaK, TO Hailjercs xs € E Takoe,
4T0 P (X4, X2y > €. EcsM TOUKH x;, X B CBOIO Oyepeib He 06pa3ylo'r
e-ceTH, TO Haiijercsl xg € E Takoe, uto p (X4, X3) > €, P (x2, x3) > &.
Eciu u TOUKH Xy, X3, X5 HE 06pa3y10T e-CeTH, To Hahgerca x, € £
Takoe, 4To p (X;, X,) > € npu i = 1, 2, 3. E)TOT npouecc 06513aTeNbHO
06GopBeTCs HAa HEKOTOPOM HOMEDE 11y, TaK KaK eCJiH OBl OH MPOAOJIKAICS
HEeOrpaHHYeHHO, TO M3 [MOCJ/IeNOBATeNbHOCTH {X,} HeAb3sd ObLIO Gbl
BBIIENUTDh CXOASALIEHCS NOANOC/aENOBaTeIbHOCTH (/M06asi ee HoAMOC/Ie-
JOBaTeJbHOCTh HE (yHJaMeHTa/lbHa). Mrak, MHOXKECTBO Xj, ..., Xp,
o6pa3yeT HCKOMYIO &-CeTb, a 3HAuuT, £ BIIOJHE OrpaHHYeHo.

HJocrtaTouunocTb. [lyecrb E — BrosiHe OrpaHU4eHHOE MHO-
XeCcTBO B MOJHOM MeTpuuecKoM npoctpaHctBe X H {x,} — mocseno-
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BaTeNbHOCTh TOUeK H3 E. JloKaxeM, 4TO y Hee CYLIECTBYET CXOAsLias-
csl TOANOC/EeN0BaTEeIbHOCTD.

Bo3bMeM Kakylo-HHOYAb KOHEUHYIO CeTb s & = | M OKOJIO Kaxk-
JIOTO ee 3JeMeHTa omuueM wap paguyca 1. Xors Obl OQUH H3 3THX
1apoB — 0603HayYHM ero V, — BKJioyaer GeCKOHEYHOe YHCJIO UJIEHOB
HOCJIEJOBATENbHOCTH {X,} (MO 9TUM MBI NOApPa3yMeBaeM, YTO HMEETCs
6EeCKOHeUHo MHOTO HOMEPOB TaKHX, YTO YJeHbl MHOCJEN0BATEJbHOCTH
C 3THMH HOMepaMM cojepxkarcs B paccMaTpuBaeMoM Iiape). ITycre
Xp, — OJMH H3 3THX YJIEHOB. 1

Jlanee, BoO3bMeM KOHEUYHYIO C€Tb AJfA €3 = 5 H OKOJIO Kaxzoro

1
ee S/IeMeHTa OMHIIeM L1ap Paanyca —-. Xors Gbl OAHH U3 3THX IIAPOB —

HasoBeM ero V', — BKJIOuaeT G€CKOHEYHO MHOTO 3JIeMEHTOB IOCJe0-
BaTeJbHOCTH {X,} M3 uyucsaa TeX, KOTopble nomand B V,. OGo3HauuMm
yepes x,, KaKOoH-1u60 U3 HUX, C eIMHCTBEHHBIM YCJIOBHEM, UTO Ny > Ny.

BooGue, nycTb yxe NOCTPOEHBI 3JEMEHTBL Xp, «ov 5 Xn,,  TAE

< .o <My X, €Vy(i=1,..,k)uV,—wap paguyca g =-:—,

BKJ/IIOUAIOIH# GeCKOHEYHO MHOTO YJIEHOB TOCJe0BaTeqbHOCTH {x,}
H3 yHcJsa conepkamuxcs B wape V,_,. Toraa crpoum KOHEUHYIO CeThb 151

€ = ——— H OKOJI0O KaxJoro ee 3jJ€MeHTa OIIUChIBaeM liap pa-
k41 k+l

1 .
auyca T Tor map, KoTophiii BKAOUaeT GECKOHEUHO MHOFO UJIEHOB

nocJ/1e/I0BaTeJbHOCTH {X,} M3 YHC/Ia BXOAAmMX B V,, o6osHaunm V,
M NPHMEM 33 X,, =~ KaKOH-IHGO H3 ITHX WIEHOB, C €AMHCTBEHHBIM

ycjoBueM, 4Tobbl OBUIO 1N, > n,. Heorpanuuenno mnpopomxas
9TOT IPOLECC, MBI NOJYYHM IOANIOC/]ef0BaTeNbHOCTs {X, } mocaeno-

BaTeJbHOCTH {x,}. OHa ¢yHAaMeHTa/bHA, TaK KaK NPH i >k, j >k
2
uveeM: X, €V, x, €V, u, suawnt, p(x,, x,,j) <—k—. B cuay

HOJIHOTBI NPOCTpaHcTBa X, OHA CXOAUTCS. 3HAUUT, £ — OTHOCHTENBHO
KOMNaKTHOE MHOYKECTBO.

326. Cm. 10Ka3aTe/IbCTBO HEOOXOAMMOCTH B PeIeHHH Npexbipyes
3ajaui.

327. 3r0 HenocpeACTBEHHO cJelyeT H3 TeopeMbl Xaycropda (3aza-
ua 325) u pesyJbrara 3agauu 304.

328. Ilycts € — mpOM3BOJILHOE NOJIOXKHTENbHOE yHca0, A — OTHO-

e &
CHTEJLHO KOMMAaKTHas 5 cetb aaa E, a B — goseupag 5 -CeTh

JJisl OTHOCHTEJIbHO KOMIAKTHOTO MHOXKecTBa A (CyIiecTBYIOLLasi B CHJY
TeopeMbl Xayczopga). MuoxkectBo B sBIsiETCS KOHEYHOH &-CEThIO
aaa E; cnenoBarenbHo, L OTHOCHTENBHO KOMIIAKTHO.

Ecnn X HemoJsiHO, TO YTBepKIEHHE 3afaud CTAHOBUTCH HEBEPHBIM,
[IpumMep. X — MHOXKECTBO BCeX PalMOHAJBHBIX YHCEN C OGBIYHON
MeTpHKOH, E — MHOXKeCTBO pauHoHa/NbHBIX ynces x u3 [0, 1]. Muoxect-
Bo E He sIB/ISI€TCS OTHOCHTEIbHO KOMIIAKTHBIM, XOTS /151 HETO NIPH JII0GOM
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e > 0 cyuiecTByeT OTHOCHTE/NIBHO KOMIAKTHAS (flaxe KOHEYHas) &-CeTh.

329. Tak Kak E orpaHuyeHo, TO OHO BKJIOYAETCH B HEKOTOPHIl Ha-
pamnerenunen [ay, by] X [as, b2] X ... X [a,, b,]. 3azagum npous-
BosibHOE € > 0 M pasoObeM Kaxblii OTpe3oK [a;, b;], TouKamu a; =
=X <P < ... < x8~D < xP)=b,; TaK, UTOOHI PACCTOSTHUE MEKAY

€
JIOOBIMH JIBYMSI COCEIHHMH TOYKaMH ObLIO MeHbie ——. Torma Muo-

n
JKeCTBO Bcex Toyek H3 R”" Buja (x(lsn), x5, L, XSo ), The Sy, S3, ...y S,
NPHHUMAIOT, HE3aBHCHMO JPYr OT Apyra, 3HaueHHsa §; = 1, 2, ...,
P S2=1,2,.., pa..., s, = 1,2, ..., p,, ABIASIETCS KOHEYHOH €-CETHIO

ana E B npoctpanctse R”. CnenoBarenbHo, E BNOJHE OrpaHHYEHO, a
3HAYUT, B CHJIY NOJHOTHL R" M nepBoil TeopeMbl Xaycjaopda, OoTHOCH-
TEJBHO KOMIAKTHO.

330. 3to caenyer u3 3amau 329 u 304.

331. Ilycte E — OTHOCHTETBHO KOMOAKTHOE MHOMKECTBO B [5. Eciiu

6Bl OHO He GbLIO HHTJE He IVIOTHBIM, TO €ro 3aMbikanue E BKJIOYano 6bl
uekoropolit wap V < [, Ilyete a = (ay, a3, ...) — UEHTP 3TOTO Lia-
pa. ITocTpoum nocnenoBarenbHocTs {b;} (b, € l;) ciepyoomum oGpa-

3oM: by = (a, + —62—, as, s, ..., by = (a,, a, + 2 as, ), by =
= (a,, as, Az —g-, ), ..., rae 6 — pamuyc wmapa V. Bce b; cozmep-

xatcs B V, a snauut, 1 B E. Ho Tak Kak p (b,, b) = ‘/(%)2 + (—g)’n

6 .
= OpH { = j, TO HUKaKas MNOAMOCJEN0BATENbHOCTb MOCJEN0Ba-

tenbHocTd {b,} He dyHNaMeHTaJbHAs H, CIELOBaTeJbHO, HE CXOAHUTCH,

YTO. IPOTHBOPEYUT KoMnakTHocTH E (cM. sagauy 306).

332. Jloka3aresbCTBO aHAJOTHYHO NPHBEJEHHOMY B PEIUEHHH Ipe-
neiaymied 3agaun. Ecou ueHTp éurypupymomero taMm mapa V paauyca
8 ectb hyHKUHA fo, TO 3a b; MOXXHO NPUHATb (GYHKUHH fo + f;, THE [; —
dynkuuM u3 pewenus 3agaud 309, B KoTopeix A 3ameHeHo Ha 0, a
orpe3ok [0, 1] muHeliHO nmpeo6Gpas3eBaH B OTPe3okK [a, b].

333. Ecau MHOXeCTBO £ KOMNAKTHO, TO OHO 00JafaeT CBOHCTBOM
H, taxk KaK /moGoe 3aMKHYTOe NOAMHOXKECTBO KOMIIaKTa eCTh KOMHAaKT
(cM. 3amauy 305).

ITycts Tenepr MHOXKecTBo E ofnapaer cBofictBom H. Jlokaxem,

410 OHO 3aMKHYTO. ITycTh X € E, TaK uTo X, = lim x,, e {x,} —

n—oo
HEKoTOpasi Moc/efoBaTenbHoCTh Touek u3 E. Ilyctb, panee, V (xo) u
B (xp) — OTKPHITHIH U 3aMKHYTHIH 11aphl OAHHAKOBOIO pajuyca C IEeHT-
pom B x,. Tak Kak, HauuHasi C HEKOTOPOro HoMepa, x, € E N V (x)) <
< E () B(x0), a E () B(xp) 3amkuyto, T0 X5 € E (1 B (%) ®, 3Ha-
uuT, Xy € E. CnegoBarensno, £ 3aMKHYTO.

334. YTBepxueHue caepyer u3 pesysabrara 3agaun 330. C apyroi
cropousl, mpocrpanctso C [0, 1] mosxo (3amaua 130), a 3aMKHYTHIA
€IMHHYHBIH L1ap B HeM He oOJagaeT cBoHcTBoM [, TaK KaKk OH He-
komnakren B C [0, 1] (cM. 3agauy 309).
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335. Ilycts V — npoussoabhbiil oTKphiTHI wap B C [a, b]. Toraa

V N E xomnaktho B C [a, b] #, 3HauuT, HUTIE He IJOTHO (CM. 3ajayy
332). CnepoBatenbHo, Haiizercss wmap V, < V, cBOGOAHBIA OT TOYEK

mHoxecTBa V () E, a 3HAauuT, H OT TOYeK MHOXKecTBa E.

336. Heo6xoanumocTb. Ilycre E 6ukomnaktao. Paccmot-
PHM NPOM3BOJILHYIO NOCJIeoBares bHOCTb {x,} Touek u3 E. JlonmycTum,
YTO HH OJIHA €€ TOJNOCJ/IEN0BATENbHOCTE HE CXOAHTCA K Touke M3 E.
Torna kaxnas touka z € E obGnanaer oKpecTHOCThio V (2), coxepxa-
Hiell JHIIb KOHeYHOe (ObITb MOXKET, NMYCTOe) YHCJO UJIEHOB MNOoCcJeNoBa-
TeJBbHOCTH. ODTH OKpecTHOCTH V (2) 06pa3yioT OTKpLITOE MOKpPbLITHE
MHokecTBa E. Tak Kak E GMKOMNAKTHO, TO CYMIECTBYET KOHEYHOE YHCJIO
TOYeK 2y, ..., 2, € E Takoe, uto EC V() U ... U V (2,). Ho 310
HEBO3MOXHO, INIOCKOJBKY MHOMKECTBO, CTOSfIlee CHpaBa, COAEPIKHT
KOHEYHOE YHCJIO YJEeHOB NOCJEN0BaTeNbHOCTH, TOTAA Kak E colepXuT
Bce ee uieHbl. [losyueHHOe NpOTHBOpeyHe NOKAa3bIBaeT, YTO Kaxjad
NI0CIeI0BATeJbHOCTL ToueK H3 E 00safiaeT MOAIOCJEeA0BaTeNbHOCTDIO,
cxonsueiica K Touke u3 E, T. e. E KOMIAKTHO.,

HdoctaTtounocTbsb. Ilyers E kKomnakrHo. onycTtum, uTo cy-
L1eCTBYET OTKPHITOE NMOKPHITHE {Ga} MHOXecTBa E, W3 KOTOPOTO HeJlb-
351 BBIIEJHTb KOHEUHOTO MOKPHITHA. 3afaauM YObIBawomlyio nocJeno-
BaresbHOCTh unces {e,}, crpemsmyiocs K 0. Iloctpoum KoHeuHyio
g4-ceTb auis E (3agaua 325) ¥ OKOJIO KaXKIO#H ee TOYKH ONHMIlLeM iap
paauyca €;. 3aMblKaHHe KaXJ0oro M3 3THX 11apoB uMeeT ¢ £ KOMNaKT-
Hoe nepeceuenne (cM. 3ajzauy 305) ¢ nuamerpoMm He GoJibliie uyeM 2eq;
caenoBatenbio, E npencraBasercss B BHAe OOBENMHEHHSI KOHEYHOTO
yycJa KOMIIaKTOB C jJuaMeTpaMH He GoJblue yeM 2e,. Ecau, Kak Mbl
NpPEANOJIOXKNAU, F He MOXKET ObITh MOKPBHITO KOHEUHBLIM YHCJIOM MHO-
#ectB G, TO MO KpaiHel Mepe OJMH M3 3THX KOMIIAKTOB TaKXKe He

JIMEeT TaKoro KOHeYHOro nmokpbitHs. O6o3HauuM ero Ej.

Hanee, noCTPOHM KOHEUHYIO €p-CeTb 1151 Ey M, ONHCAB OKOJMO Kax-
JiO¥ TOUKM 3TOH CeTH map pajuyca &,, npeactaBuMm E, Kak W B npelbl-
JyilleM cJiyyae, B BHJIE OOBEIMHEHHS KOHEUHOTO YMCJIa KOMNAKTOB C
auaMeTpaM He GoJsibliue yeM 2e,. TOT U3 HHX, KOTODHIH He NOKpHIBAET-
Csl KOHEUHBIM YHCJIOM MHOXecTB G, 0603HauuM E.

ITpononkasi HeOrpaHUYEHHO 3TOT NPOLECC, NMOJYYHM YOBIBAIOLLYIO
10CJe10BaTeJbHOCTL KoMNakToB E D Ey D E; D ..., HH OIWH U3
KOTODHIX He MOXeT OBITb TNOKPHIT KOHEYHbIM YHcJOM MHOXKecTB G,
npuueM diam E, — 0. [1ycts § — nx obmas touka (3agaua 317). Tak
Kak § € E, 10 HaI/IlIeTCil MHOKECTBO Ga M3 HaIllero OTKPLITOrO NMOKPHI-
THsl Takoe, uto § € G, . [lyctb V (§, §) = G, . 2e, < 8. Torna E, <
< G, . Mu npuiim K NPOTHBOPEUHIO: C om{on CTOpOHbI no nocrpoe-
HHIO, "W OZHO H3 E, ne MoxeT 8biTh NOKPHITO KOHEYHBIM YHCJIOM MHO-
JKECTB ceMeliCTBa {Ga} C IPYTo# CTOPOHbI, MHOXECTBO En,, BKJIIOYaeTCs
B OJIHO 3 MHOXKECTB 3TOT0 ceMeiicTBa (B Ga.,)' [lonyuennoe nporuBope-
yHe J0Ka3biBaeT, yTo £ GHKOMIIAKTHO,
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337. Iycts k, TaKoBo, 4TO 5%— <e, Torma Touka 0, a Takxe

1

1
TOYKH —2—,'{0', -*————Qk"_i_l, __2k0+2’

... TIOKDBITEI HHTepBa/oM ]—¢, &f; ocTa/bHbIe
l—e 14e
ok 7 ok

2Ke TOYKH MOKDBITbI HHTEpBaJaMHU ]

ky—1,

338. Heunb3si, mockosibKy Ka[iasi Touka MHOMKecTBa E NOKpHITa
TOJILKO OJHUM HHTEPBAJOM H3 JAAHHOH CHCTEMBI.

339. Heup3si, nockonbky E He orpanuueHo, a oGbefHHEHHe JHO-
60ro KOHEYHOTOo YHC/Ia HHTEPBA/IOB M3 JaHHOH CHCTEMbl — OTrPaHHYeH-
HOE MHOKECTBO.

340. lonmycTum, 4TO U3 JAHHOTO NOKPHTHS MOMHO BBIIEAHTb KO-
HEeYHOe MOKPhITHE Kpyra E; mycThb ero o6pasyioT Kpyru Cy, C,, ..., C,.

{, rme k=0, 1, 2, ...,

Torna U C, > E u, 3uauur, G(z = D C,> E (cM. samauy 150).

i=l1 i=l1 i=1
Ho 3To HeBO3MOXKHO, TaK KaK Ka[biii 3aMKHYTBIH KPyr C; CofepxKuT
JIHILIb OJHY TOUKY OKPYKHOCTH, OTpaHWYMBaicliel Kpyr E, M, 3HAUHT,
n

U C; He nokpbiBaeT Bcero kpyra E.
=1

341. Moxuo. [nst 5Toro A0OCTaTOYHO U3 BCEro NMOKPHITHS BIAEIHUTD
Te KPYTH, UEHTPbl KOTOPBIX JIEXAaT B PalHOHAJIbHBIX TOYKaX OKPYKHOC-
T C (MBI Ha3bIBaeM TOUKY OKDY2KHOCTH PallUOHAJNBHOH TOYKOH, €Clid ee
PajnyC-BEKTOP COCTABJSET YroJ rit ¢ (PHKCHPOBAHHBIM HEIOABHUXKHBIM
paguycoM, Tje r — pauHOHa/IbHOE YHCJO).

Hokaxem, uto E mnokxpbiBaeTcsl 3TOH CUETHOHM CHCTEMO#t KpYTrosB.
Paccmotpum npousBosbnyio Touky P € E (puc. 24). Ilyctbp ona or-
crout ot O Ha paccrosinuu d (d < 1) u nyy OP nepecekaer C B Touke

P, (npu aToM | PPy| = ld —-é—l <%) Ecmu Py — panuonaibHas

TO4KA, TO KPYT C ueHTpoM B P, comepxut P. Eciu xe Py — uppanuo-
Ha/jbHas TOYKa, TO, B CHJY MJOTHOCTH MHOXECTBA PalHOHA/NBHBIX TO-
yek Ha C, HalaeTcsi pauronasnbHas Touka Py € C Takas, uto | PoPy| <

<% —'d ——%l Torga Kpyr ¢ ueHTpom B

Py conepxut Touky P, Tak Kak I3
P, P (P, Py) +o(Py, PY< ¢
<lamt|+ (E—fa—ip)-2 X
l 3 ‘ 3 3 )_ 3 2
342. O = -
KPY#HOCTH pajuyca 5 © uentpa <A
MH B TOUKax OKpyxHoctH C mnepecekawor
OKpYXKHOCTb paguyca 1 —e (c uentpom O0)
B JBYX TOYKaX KaxJas, OTCeKasl OT Hee 1yTH
ONHOA u Toi ke jnuHbl. IlycTh n — HaTy- Puc. 24
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panbHOe UHMCJIO, TPEBOCXOASIee OTHOIICHHE JJIHHHI BCeH OKPYX-
HocTH paxuyca 1 — e K aquHe 3tuX 1yr. Ecau na C B3sATh 1 paBHO-
OTCTOAMX TOYEK H NPUHATH HX 32 IEHTPH OTKPHITHIX KPYTOB paiuyca

2
—5-, TO MBI H NOJYYHM KOHE€YHOE IIOKDBLITHE, BBIAEJCHHOEC H3 3ailaHHOro

6eCKOHEYHOTO.

343. TIpuwme p 1. OrkpuiToe MHOXKeCTBO ]0, 1[ nOKpHITO HHTEP-

BaJlaMH ]—_1}.2, —l-[ (n =1,2,..). Ecau u3 3Toro NOKpuiTHS BHIGPO-
n n

CHTh XOTb OJHH HHTEPBAaJ, TO OCTaBILIAsICA CHCTeMa He GyJeT MOKpHI-
BaTb Bcero MuoxectBa J0, 1[. Tem Gosiee u3 3TOH CHCTEMBI HHTEPBAJIOB
HENb3Sl BHIAENHTh KOHEYHOTO MOKPBLITHSA.

[Tpumep 2. HHrepsanis ]711-, l[ (n=1,2,3,..) obpasyior

OTKPHITOE TOKPHITHE OTKpHTOro MHoxecrBa 0, I[, ne comepxkauee
KOHEYHOTO NOKDHITHS.
344. Her. I1pume p. KomnaktHoe Muoxectso [0, 1] noxpwito

. 1 [1 1 1 1 1 i
cUCcTeMoR OTpe3koB |—, 11, ] —y s en y =y .o
[2 ] 4 3 n+1 n

327

[—1, 0], u3 KoTopoii HeJab3s BHLENHTb KOHEYHOTO MOKpHITHS (OoJee
TOFO, H3 3TOH CHCTEMbI HeJb3si HCKJIOYHTb HH ONHOTO OTpe3Kd, He
ocTaBuB XOTs1 Obl OfIHY TOuKy orpeska [0, 1] HemoxpriToH).

345. CueTHOE MHOMKECTBO BCE€X TOYeK (Xi, ..., X,) € R* ¢ paumo-
HaJNbHbIMH KOOPJHHATaMH Xj, ..., X, IVIOTHO B R”.

346. CuetHoe MHOXKecTBO, MIOTHOe B C [a, b], MOXKHO HOCTPOHTH
Tak. 15 KaxAoro HaTypaJIbHOTO Yucsia n pa3obbeM oTpe3ok [a, b] Ha
n OTPE3KOB TOYKaMH

b—a
n
H paccMoTpuM MHoxecTBO A, Bcex ¢yHkuuil ¢ Ha {a, b], npuHHMaIO-
mux B Toykax x{M (i =0, 1, ..., n) panuoHa/bHbIE 3HAUCHHA H JH-

HelHbIX Ha OTpe3Kax [, x(,-"’] (¢ =1,..,n), T.e. onpeneJeHHbX

YCJIOBUSIMH |

b —
1x(2n)=a+2' 'a’ ...vxgln):b
n

_xs") =aq, x}n) =q 4

X — x‘f’_)
o0 = 9 () + —— - @ () — o () mpr X
[ A |

=1, .., n),
rae ¢ (x3"), ..., ¢ (") — paunonanbuele uwHcHa.

Paccmorpum  nanee mHoxkectBOo A = |J A,. MolHOCT 3TOrO
n=1\
MHOXKecTBa (yHKIHH cueTHA (I0Ka3aThb!), H Bce OHM NpUHAajJexKarT mpo-
crpanctey C [a, b]. ]
INokaxem, uto A maotHo B C [a, b]. Ilycts f € C[a, bl u & > 0.
Tak kak f paBHOMepHO HempepeiBHA Ha [a, b], To cymectsyer § >0

Taxkoe, uto | f (") — f (x")| <% I oGwIX Touek x', x” € [a, b], ynos-
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JETBOPSIIOMMX HepaBeHCTBY |x' — x”| < 6. BosbMem HarypansHoe

YHCao n, AIs KO’I‘OpOl‘OIi-:n-—‘-l <8, u paccmorpum dyukuuio ¢ € A, npu-

HUMAIOLLYIO B TOYKax x4, ("), very X} DANMOHANBHEIE 3HAYEHNHS TaKHe,

uro | @ (x{M) — f (xm)] < —5- (i =0,1,..,n). JIna BCAKOH TOUKH

x €[a, b] naiipercs i Takoe, uro x € [x(,, x¥{m]. Torna

[0 (%) — o ()| <o () —o (™) | <

I () —F () |+ [ ) — F (42 | +
HIED) —e ) <2+ F 42 =2
H, CJeIoBaTeJIbHO,
lo W) — () <lol) — () | +
+ () ) 176 — 1<

<Fpiiloe

Taxum obpasoM, p (¢, f) = max | (x) — f (¥)| < &; 3HaunT, cueTHoe
xc[a, b}

MHOkecTBO A mtotHo B C (g, b

3ameuanue. JIpyrum mpumMepoM CUETHOrO MHOXKECTBA, MJOT-
Horo B C[a, b], sABJAETCA MHOMKECTBO BCEX MHOTOWIEHOB C pPaluO-
HaJlbHbIMH KO3(buuuentamu (cM. sagauy 295).

347. CyeTHBIM MHOXKECTBOM, TJIOTHBIM B [,, 6yHeT, HaNpHMep, MHO-
XECTBO BCEX TOUEK (X3, X, ...) € 5, Y KOTOPHIX JHILIb KOHEYHOE YHCJIO
KOODAMHAT Xy, X, ... OIVIAYHO OT HYJS, NPUYEM BCE 3TH KOOPAMHATHI
panyoHanbHH. JlOKasaTeqbCTBO CUETHOCTH STOTO MHOMKECTBA TPeJo-
cTaBageM uutare/mo. [lokaxkem, uTo oHO mIOTHO B /,. Ilycth a (ay,

, ...)€ly u e >0 Haifinem rakoe n, uto nJisi Touks a’(ay, ..., @, 0,0, ...)

6yaer p (a, a’) <% (cm.  pemenme 3amaun  301).  Tlycts

&
Xj, ..., X, — pallliOHaJbHLIE YHCJA Takue, 4T0 |@; — X;] <5T npu
K n

i =1, .., n; o603HauuM uepe3 X TOYKY H3 [, C KOOpAHHATAMH
(%1, -ovs x,, 0,0, ...). Torna

’ ’ e g2
pla, <Lp(@ a)+p(@, x)<3+l/%l-n.—- e,

YTO H JIOKA3LIBaeT Hallle yTBEpPKJAEHHE.

348. CyeTHBIM MHOXKECTBOM, IVIOTHBIM B 3TOM NpPOCTpAHCTBe, Oy-
JIeT, HanpuMmep, MHOMXKECTBO BceX MNap (PyHKUMH H3 CUETHOTO MHOXKe-
€TBa, NJOTHOro B npocrpanctBe C [a, b] (Hanpumep, H3 MHOXKeCTBa A,
TIOCTPOEHHOr'O B pellleH’H 3ajaun 346).

349. HeoGxoauMocTb oueBuaHa: ecan X cenapabenbHo,
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TO MJIOTHOE B HEM KOHEYHOE HJIH CHUETHOE MHOMKECTBO SIBJSETCH E-CEThIO
Jaa X npu Jiobom & > 0.

HocrarounocTts. Ilyers aast xammoro & >0 cymecTyer
He Gosee yeM cuetHas e-ceth M - LOrna He Goslee yeM CUETHOE MHOMKe-

o0
ctBo E = {J M nnotro B X. 3nauut, X cenapaGenbHo.
n=1 -

350. lna xomnakra npu JoGoM & >0 CymecTByeT KOHeYHas
g-ceTb (3agaua 327); OCTaeTCSi NPHMEHHTH Pe3yJbTaT NpeAblAylel
3ajauu.

351. TMoxaxem, uTo HHKaKOe cueTHOe MHOXKeCTBO E = {fy, fy, fa, ...}
OrpaHHYEHHBIX (pyHKuHMi Ha [a, b] He nuioTHO B M [a, b]. OTMeTuM Ha
otpeske [a, b] Kaxkoe-HHOYAb CUETHOE MHOXKECTBO TOYEK X, Xg, X3, ...
u onpenemum ¢yukuuo [ € M [a, b] ycnoBusmu: f(x) =0, ecau x
HE COBMAJaeT HH C ONHON U3 TOUEK X, X5, X3, ..., U

-1, >0,
Pl ={ T Somm fe ) = 0

(k=1,2,3,..). Torna p(f, f) = x;{Upb]If(x) —fe )] > 1, ano-

ToMy [ He SBJISETCS TOYKOH MPUKOCHOBEeHHS MHOKecTBa E. CienoBa-
tenbHo, E ne miorao B M [a, b]. Urak, npocrpanctso M [a, b] ne-
cenapabesbHo.

3562, MoxHO cunTath, uTo X GECKOHEYHO, TaK Kak B caIydae KoHeu-
Horo X YyTBEDXKJEHHE TPHBHANbHO. BO3bMeEM CYETHOE MHOMKECTBO
B = {x;, x5, X3, ...}, IIOTHOE B X, M MOCJeLOBATEIbHOCTb MOJOKH-
Te/ILHBIX UHCET €y, €y, €3, ..., CTPEMSALLYIOCS K HYMO (HAalNpHMep, €, =
=—;— . Jl1s kaxnoit Touku x; € B BhiGepeM B KaxIoi U3 OKPeCTHO-
creit V (x;, €,), KOTOpbie HMEIOT HENyCToe mnepeceueHue ¢ E, Mo Touke
x;, € E. MHoxectBo A Bcex Takux Touek x;, €V (x;, ¢,) (| E ue
Gosiee yem cyetHo. [lokaxkem, uto A > E. Tlyctb x, € Ene >0 —

€
TIPOH3BOJILHOE YKCJ/10. BosbMeM k CTOMIb 6OBLINM, YTOOH! OBLIO €, < 5

Tax kak B mioruo B X, 10 V (x,, &,) CORepPKHT HEKOTOPYIO TOUKY
x; €B. Torna x, € V (x;, &), Tak uto V (x;, ¢,) | E* &, u no-
Tomy V (x;, €,) copep:kut Hekotopyio Touky x,, € A. Ho V (x;, &,) =
< V (%, €); meiictButennHo, ecan x €V (x;, &,), TO p (%, %) <
KO (Ko x) +p (x5, x) <e, + 8, <e. 3nauur, Kaxjas OKpecT-
HOCTB V' (x,, €) TOUKH X, CONEepKHT Touky u3 A, T. e. x, € A. Takum
obpasom, A > E.

358. HasoseMm painoHa/bHBIM KPYTOM Ha IJIOCKOCTH BCAKHMH KPYT,
y KOTOPOro KOOPJAMHATHI LEHTPa U PajHyC PalHOHATIbHB. MHOMKECTBO
BCEX PALHOHAJbHBIX KPYIOB CUeTHO (3ajaua 63). Jlokaxkem, 4TO OHO
obpa3yeT 6asuC OTKPBHITHIX MHOMECTB Ha NJIOcKocTH. M5 aToro cHa-
yaja JOKaxkeM, 4TO JII0OOH KpYyr BKJIOYaeT pPalHOHaNbHBIH KPYT, CO-
Jepxaumuii ero ueHtp. Ilycte E — kpyr paguyca R c uertpom C
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(pric. 25). Bo3bmeM BHYTPH KOHLEHTpHYec-
KOro kpyra pajuyca —- TOUKY C; ¢ pauuo-

HaJbHBIMH KOOpAMHaTamu. Torxa xpyr c
neHtpoM C; M pauHOHAJbHBIM PaguycoM 7,

R 2R
3KIIOYEHHBIM MEXIY —- H =, obnajaer Tpe-
GyeMbIM CBOMCTBOM: OH CONEPKHT Touky C
(Tax Kaxk p (C, C) < —? < r) H BKJIIOYaercs

B E, Tak Kak s moGoil Toukn P, aJis Koro- Puc. 25
poit p(P,C,)<r, GymeM HMeTb:

0P, OV p(P, C)+p(Cy, O) <7+ -3’3<
8R | R_
<’§+§—R.

[Tycts Tenepb G — NPOM3BOJNILHOE OTKPHITOE MHOXKECTBO Ha IIO-
ckocti. OnHueM BOKPYT Kaxjaoit Toukn X € G xakoil-HHOYAb OTKpHI-
Toii Kpyr V (x) < G 1 noCTpoMM KakoH-HHOYAb pPaurOHaJAbHLEIH KPYT
E (x), srmoyaromuiics B V (x) (a 3Hauut, 1 B G) u comepmauiuii Tou-
Ky x. QueBupHo, Torna 6ynem nmets: G = |J E (x). Takum obpasom,

x:G
KaXJoe OTKPHITOE MHOXKECTBO Ha TJIOCKOCTH sBJAfETCH o0beMHEHHEM

HEeKOTOPOro CeMeiicTBA pPallHOHANbHBIX KPYTOB.
354. Her. [Ipunmep. Ilyctb A — ceMelicTBO CIeAyIOLIMX HKHTEp-

1
g s g [k =1 2,
Tle 7, — BCE palMOHaJbHbIE 4MCJa, 3aHYMEPOBaHHbIE KaKHM-1H60
cnocobom; ¥ mycTbh B — ceMeHCTBO BCeX HMHTEPBAJIOB C PalMOHab-
HbiMH KoHuamu. OueBHAHO, cemeiicTBa A u B yZOBIETBOPAIOT yCHO-
BUSIM 3ajauu, mpuyeM B — Gasuc. Oznnako A He sBasercd Gasucom,
TaK KaK oObeNMHEHMEM HHTEPBAloB H3 ceMmeficTBa A, BO BCAKOM Ciy-
yae, HeJb3d NOJYYHTb HHKAKOrO HHTEpBa/ia, AJHHA KOTOpPOro Gosblue
aByx. [llelicTBUTENbHO, NYCTh TaKoOif WHTepBaJ HaimeJcs. Bosbmem
Kako#-HuOyab copepxkaumuiics B HeM OTpe3oK AauHbl 2. Torapa nutep-
BaJibl ceMelicTBa A 06pasyioT €ro OTKPEITOE NOKPEITHE, H3 KOTOPOro, B
CHJIY KOMMOAKTHOCTH OTPE€3Ka, MOXHO BLLAENHTb FOKPHITHE KOHEYHBIM
YHCJIOM 5THX HHTepBaJoB. Ho 3TO HEBO3MOXHO, NOCKOJIbKY CyMMa
JJIMH J11060r0 KOHEYHOTO YHCJa UHTEPBAJIOB U3 A MeHbllle CyMMbl AJIHH
BCEX HHTEpBaJIOB M3 A, T. €. MeHbiue 2.

355. Ecuu X uMeeT cueTHHIA 6a3uc, TO, B34B B KaXKAOM U3 MHOKECTB
sTOro Gaspca mo TOYKE, TMOTY4YNM He OoJiee YeM CYETHOE MHOXKECTBO
TOYEK, KOTOPOE, KaK JIETKO BUAETb, IIOTHO B X; 3HauuT, X cenapa-
GesbHO.

Q6partno, nyctb X cenapafenbho M A = {X;, X, X3, ...}—CUETHOE
miotHoe B X MHOMeCTBO (cayuyail Koneunoro A Ttpusuanen), Torza

BaJIOB Ha YHCJIOBOI NPSAMOK: ] r, —
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ceMefiCTBO OTKPBITHIX LIapOB {V(x,, %)} (i=1, 2, 3...) cuetno. Tlo-

KaeM, 4TO OHO ofpasyer Gasuc mpoctpancrBa X. Jlas 3Toro moka-
XKeM CHayasa, YTO I/ Kaxzaoro Imapa V (x,, €) cymecTByioT i u k

TakHe, 410 X, €V (xi, -;a—) < V (x,, €). HeficTButesibHO, NYCTb £ CTOJB

BeJIHKO, YTO —:;-< -;—. Hlap V (xo, —;—) CONEPKHT HEKOTOPYIO TOUKY

x, €A, otkyma x,€ V(x,, -;Z); KpoMe TOro, V(x,-, %) < Vix,, s), TaK

KaK ec/iu xEV(xi, %), TO P (X X) KP(Xp X)F0(xH )< — +
+~£— =-§- < e. Ecnu Ttenepp G — npoHM3BOJIBHOE OTKPLITO® MHOMKECTBO

B X, To KaxkJas Touka x,€G o6/Jajaer OKpecTHoCTbiO V (X,, €), Je-
xauleli B G; cJenoBaTebHO, HEKOTOPHI OTKPBITBHIA IIap V(xi, -:z—) Jie-
xur B V(x,, €), a 3HauuT, # B G M CONEPKHUT TOUKY X,. CObenune-
HHEM TakHhxX mapoB V (xi, %), NOCTPOEHHBIX JJII BceX ToueK X, € G,

oueBMAHO, cayXKHT G. Tem campiM ceMeHCTBO {V (xi, l)} ectb 6asuc
OTKpBITBIX MHOXECTB B X. k
356. Ilycts E = [JL G,, u {I,} — cuernpiit 6asuc npocrpanctsa X.

Jns xaxnoro o 1 Kaxao# Touku ¥ € G, BeibepeM MHOXeCTBO #3 6a-
3uca, BKJoyamouieeca B G, u copepxxauiee 3Ty Touky. IlycTs oToGpan-
Hble TaKHM CIoco0oM MHOXecTBa 0a3uca (pacrnosioXeHHbIe, Hamprmep
B TOpSKE BO3pacTaHHA UX HOMEepPOB) OyayT I‘n , I‘n s oo Doy vons

ficHO, 4T0 E = U I‘,, . Hanee, ana kaxnoro k BbxﬁepeM OJIHO H3 MNOoJ-

MHOKECTB cemencma {G,}, conepxamee I‘,,; o6osnauum ero Gg,.
Torna, ouesuano, E = |J Go,.
k

357. Bepno. Ecan X He umeeT CYETHOro WJHM KOHeyHOro 6Gasuca,
TO JJI51 HEeKOTOporo € > 0 OHO HE WMEET CUETHO! WJIH KOHEYHOH &-CeTH
(cM. sanaun 349 u 355). 3aduKCHPYeM 3TO & M OMHIUEM OKOJO KaKJOH

Touku x € X e-okpectHocth V (¥, €). Torma X = (J V (x, €). Cemei-
xeX

CTBO OTKpHITHIX MHOXecTB {V (x, &)} HecueTHo, M H3 HEro HeJb3s

BBLIJIEJINTD CUETHOIO CEMEHCTBA C TeM Ke OGBheIHHEHHEM, TaK KaK ecJH

oo
6bl Gbl10 (J V (x,, €) = X, TO CUETHOE MHOXKeCTBO {Xq, X;, ...} SIBJIS-
n=1

JIOCh OBl €-ceThio A1 X, uTO NPOTHBOPEYUT BbIOOPY uuchaa &. Urak,
ecad X He WMeeT KOHEUHOrO HJIH CUeTHOro 0asHca, TO CYLIECTBYET ce-
MEHCTBO OTKPHITHIX B X MHOXECTB, H3 KOTOPOIO HeJb3Sl BBLIENHTH
CYETHOTO NOJICEMEHCTBA C TEM Ke OO beAHHEHHEM.

358. CenapalesbHOE METPHYECKOE NPOCTPAHCTBQ €CTh NIPOCTPAHCTBO
CO CYETHBIM (HJ/IH KOHeuHbiM) 6asucoM, ckaxeM, [y, Iy, ... (3anaua 355).
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Kax0e OTKpLITOe MHOXKEeCTBO ( NMPOCTPAHCTBA €CTh O0BEAHHEHHE XOTH
6b1 oxgHoi coBokymuoctd {I np I‘nk, ...} MHoxecTB u3 06asuca.
TeM caMbiM KaxkiOMy OTKPHITOMY MHOKeCTBY G NPOCTPaHCTBA MOXKHO
NIOCTaBUTb B COOTBETCTBHE MHOXECTBO {fy, ..., Mg, ...} HaTYPaJbHBIX
ypces, NpPHYEM Pa3HBIM OTKDHITEIM MHOXECTBAM, OYEBHAHO, OyAyT
COOTBETCTBOBATb pa3HHE MHOXKeCTBa HaTypaibHbIX uyuced. [lostomy
MOIIHOCTh COBOKYIHOCTH BCEX OTKPHITHIX MHOMKECTB NPOCTPAHCTBA He
NPEBOCXOJUT MOIIHOCTH MHOXKECTBA BCEX IOAMHOXECTB HATYpPaslbHOTO
psRa, T. €. MOIHOCTH KOHTHHYYMa.

359. 310 BhITEKAeT U3 pe3yJbTara mpejbiyiell 3afaun, IOCKONbKY
MEX1Y COBOKYIHOCTbIO BCEX 3aMKHYTHIX H COBOKYNHOCTbIO BCEX OT-
KPBITHIX MHOXXECTB NPOCTPAHCTBA MOXKHO YCTAHOBHTb B3aHMHO OJ(HO-
3HAYHOE COOTBETCTBHE, OTHOCA KaXKJOMY 3aMKHYTOMY MHOXECTBY
QTKPBLITOE MHOKECTBO, SIBJISIOIIEECS €ro JAONMOJIHEHHEM.

360. Ilyctb A = {x,, X3, X5, ...} — He Gosee yeM CYETHOE ILIOT-
HOE MHOXECTBO B cenapaGesnbHom npocrpanctBe X. Ecim A KoHeuHo,
To 1 X KoHeuHO (A He MOXET MMeTb APYrHX TOYeK NPUKOCHOBEHHS,
kpome Touek u3 A). [Tyctb A cueTHo. Brifepem /st KaKa0#é TOYKH
x € X HEKOTOpYIO CXOASIULYIOCS K HEll IOC/Ie0BATENbHOCTD X, 5 X, , ...
Touek u3 A. Tak Kak MHOXXECTBO BCeX IOC/IEOBATeIbHOCTEH 1y, Ay, ...
HATYpaJIbHLIX WYMCeM HMeeT MOIHOCTb KOHTHHYyMa (3agaya 80) u
TaK KaK pasHbIM TOukaM u3 X B CHJY OJHO3HAYHOCTH mpejena OyayT
OTBeYaTh pas3Hbie CXOAALIMECS] K HHM IOCJELOBaTe/IbHOCTH TOUeK H3 A,
TO MOMIHOCTL X HE MPEBOCXOAHT MOIIHOCTH KOHTHHYYMa.

361. CorsnacHO pe3ynbTaTy 3ajaud 359, MOIHOCTb COBOKYIHOCTH
BCEX 3aMKHYTBIX MHOMKECTB NpOCTpPaHcTBa X He NPeBOCXOAUT MOIIHOCTH
KoHTHHYyMa. C Jpyrofl CTOPOHEI, BCe OJHOTOYEYHBIE MHOKeCTBA M3 X
3aMKHYTBH, @ OHH yXe 06pa3yioT MHOXXECTBO MOIIHOCTH KOHTHHYYMa;
JJIS  JI0Ka3aTeNbCTBa YTBEPXKIEHHSI QCTAeTCs TMPUMEHHTb TeopeMy
Kanropa — Bepumreiina.

362. KomnakT ecTb cenapaGenbHOe NpOCTpaHCTBO (3axaya 350),
a TIOTOMY HMEET MOIIHOCTb, He IPEBOCXOASLLYIO MOIIHOCTH KOHTHHYYMa
(3amaua 360). C apyroit cTOPOHBI, KOMIAKT €CTh IIOJIHOE IPOCTPAHCTBO
(3apaua 316), a Tak Kak I16 YCJOBHIO 3TO NPOCTPAHCTBO HE CONEPIKHT
H3OJIMPOBAHHKIX TOYEK, TO, COIVIACHO Pe3yJabTaTy 3ajaud 253, mou-
HOCTb €r0 HE MEHbIe MOIIHOCTH KOHTHHYYMa.

363. SlcHO, uTO Kaxjas TOUKAa KOHJEHcaluM MHoxkecTBa A, Kak
W KanTasi TOYKa KOHJEHCAllMd MHOXKeCTBa B, eCTb BMeCTe C TeM TOYKa
KoHJeHcamuu aJs obbegunenuss A |J B. CnenoatenbHe, S auB >
> S, U Sg. Hokaxkem obparnoe Bkmouenne. Ilyctb X, €S, 5.

Ecin x, € S,, T0 cymectyer g, > 0 Takoe, uto V (x,, &) conepxkur
KOHEUHOe M/ cyeTHoe MHOXecTBO Touek u3 A. Tem ke cBoficTBoM 06-
JIa[laloT TOTa U Bce oKpecTHOCTH V (X, 8) ¢ 8 < g). Tak Kak Bcsikas
OKPECTHOCTb TOUKH X, COIEPKHT HeCueTHOe MHOXKECTBO Touek u3 A ) B,
TO KaxJas U3 YKasaHHBIX okpectHocreit V (x,, 8) no/kHa comepxarhb
HecueTHOe MHOXKECTBO Touek H3 B (ecam 6w1 V (x,, §) umesna koueunoe
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HJIM CUETHOE MHOMKECTBO TOYEK KaK U3 A, Tak H H3 B, To oHa uMena 6wl
He OoJjiee u4eM CUeTHOe MHOKecTBo Touek u U3 A |J B). Ho Bcakas
OKPEeCTHOCTb TOYKH X, BKJHOWaeT okpectHocTb V (x,, §) ¢ nocrarouno
maibiM 8 < &); MoaTOMy Kax/ias OKPeCTHOCTb V (X,, &) CONEPHKHT He-
CUETHOE MHOXECTBO TOYEK M3 B, T. e. x, € S5, Hrak, ana npousBosib-
HOH TOYKH X, € S, y g CNPaBeLTHBO IO KpaiiHed Mepe OJHO M3 COOT-
vowenuii: x, € S, i x, € Sy, 3uaunt, S, , ;< S, U Sp. Cpas-
HHBasi 3TO C MOJYYeHHHIM paHee BKmouerneM S, ;> S, U Sy,
3aKJioyaeMm, 410 S, uB = S, U Sg

364. Her. [1p u me p. PaccMOTPHM Ha NJOCKOCTH IOC/I&0BaTeb-

. 1
HOCTb KOHUIEHTPHUECKHX OKpykHocTeli A, pagmycoB — (n=1,2, ...).
n

MuoxecTBO SAn TOYEK KOHJEHCAUMH KaXAO0ro MHOKECTBA A” CoBIIa-

naer ¢ camum A,. OnHako MHOXeCTBO Sya, TOUEK KOHIEHCAUHH
n

obvenuuenus (J A, ne copnanaer ¢ YA, = US4, a mnonyuaercs
n n

n
JN0GaBJIEHHEM K HEMY ellle OHON TOYKH — ODLIero LEHTPa OKPYKHO-
creft A,. Utak, B 1aHnom caayuas Sy a, > U SAn’ HO Sy A, #*= | SAn.
n n n n

Brmosenne Sya, D US,, OueBHIHO, BCeria HMMeeT MecTo,
n n

n
TMOCKO/MbKY TOYKAa KOHJEHCAUMH KaxJoro A, fBIAETCA BMECTE C TeM
TOYKOH KOHJeHcauuu oObequuenus U A4,.
n

365. CripaBef/IMBOCTb YTBEPKJAEHHUS JIETKO CIELyeT M3 TOro, 4To,
KakoBa Obl HH Obla Touka X, € X, Kaxnas ee OKpPecTHOCTb V (x,, €)
(Oyayud OTKDBITHIM MHOXKECTBOM) BKJIOYaeT HEKOTOPOE MHOKECTBO
n3 Gasuca, coiepaxallee X,, 4, 006paTHO, Ka10e MHOXECTBO U3 Ga3u-
ca, cojepiallee TOUKY X,, BKJIIOYaeT Bce ee okpecTHoCTH V (x,, €)
JOCTaTOYHO MaJIOTO pajuyca e.

366. Cenapabe/bHOe MeTpHUECKOE NPOCTPAHCTBO €CThb NPOCTPAHCTBO
CO CueTHHIM (MJiH KOHeuHbIM) Gasucom (3amaga 355). Ilyers {G,} —
He Gosiee yem cueTHbIH Gasuc npocrpaHcTBa X. Eciu Hu OfHA TouKa
MHOXKecTBa E He siB/IfieTCS €ro TOYKOH KOHJEHCALHH, TO B CHUJIY pe-
3y/nbTaTa npeiblAylied 3ajnaud, AJIs KaxJIod Toukn x € E Halinercs
mioxectBo G, u3 Gasuca, B KOTOPOM CONEPKATCAA 3Ta TOYKA X M HE
GoJsiee yeM CYyeTHOE MHOXECTBO APYrHX Touek M3 E. Takum obGpasom,
MHOxecTBO £ B 3TOM ciyyae CKiaiblBaeTcst H3 He Oojiee ueM CUETHOMH
COBOKYIHOCTH He 0o/iee 4eM CUYETHBIX MHOXECTB, a IOTOMY CaMmo He
Gosee yem cuerHo. CienoBare/bHO, XOTS Obl OfHA TOYKA HECYETHOTO
MHOXKECTBa E JoMKHA ObIThb €ro TOYKOH KOHIEHCaUMH (B YaCTHOCTH,
MHOXECTBO Sy HEIyCTO).

367. 3amkHyTOCTb S; JOKa3blBaeTCs JIETKO (IpHYeM B J1000OM MeT-

pHUecKoM HpocTpaHcTBe X, a He TONbKO B cemnapabenbHoM). Jlokaxem
OTCYTCTBHE H30JHDOBaHHHIX Touyek y MHoxectBa Sp. Ilycts x,€ S

Torza A8 TNPOM3BOJILHOH  OKpecTHOCTH  V (X, ) MHOXECTBO

158



(E X\ {%}) N V (x,, &) necueTHo; 3uauut, no treopeme Jluunenéda, cy-
IECTBYET TOYKA KOHJAEHCAIMH X, STOrO MHOXECTBA, NpPHHaJEXKallas
eMy (M, 3HAYHT, OTVIHYHAA OT X,). Ho Toraa x, Gyier TOYKOH KOHIEH-

cauun u ana E. Wtak, B NPOM3BOJIBHOM OKPECTHOCTH TOYKH X, € Sg
HalIach TOYKA M3 Sg, OTIMYHAsS OT X,. 3HAUHT, Sp HE HMEET H3O0JH-
POBaHHBIX TOYEK.

IlpuBenem npumep. Ilyerb X = {a} | [(G E,], rne E,—
NIONAPHO He TepeceKalolecsi HECUETHHIE Mﬂomeg;;a, a a — TOHKa,
He NpHHajJexawas Hu ogHoMy E, . MeTpuky B X BBeJeM CJeLYIOLHM
obpasom: p (a, x) ~1 npu x € E,, p(x, y) = max {l, L} npu
x€E,,y€E, u x';& y. [NonydenHoe wmeTpuyeckoe n;r:oc:;)aﬂcmo

HecenapabesnbHO; BCe €ro TOYKH, KPOME a, M30JHpoBaHH. Ecau Te-
nepb B3ATb E = X, To S ecTs opHOTOuEuHOe MHOXKeCTBO {a}; OHO

3aMKHYTO, HO HECOBEPIIEHHO.
368. Tak Kak TOUKH KOHAEHCALHH JI000r0 MHOMKECTBAa SBJSIOTCA
€ro TOYKaMu IIPHKOCHOBEHHS, a MHOxecTBO F 3amxuyTto, To S, F.

Iostomy F =S, U (F\ Sp). CornacHo npenwinymeii sapauve, Sp
cosepmiedHo. OcTaeTcsi nokasaTb, uTo F \ 'S, KOHEUHO MM CyeTHO.

Ho 310 ciiepyer u3 Teopemnl Jlunpenéda (3apaua 366), Tak Kak ecau
6u1 F \ Sy OBUIO HECUETHO, TO OJHA M3 €ro TOYeK Obina Obl €ro Tou-

KOH KOHJEHCAlUHH, a 3HAaYHUT, M NOJABHO TOYKOH KOHJEHCALM¥ MHOXKe-
ctBa F, T. e. npunaanexana 6e1 Sp, UTO HEBO3MOXHO.

369. ITycte F =P |J N — kakoe-HuOyab TNpPEACTaBJEHUE MHO-
sxectBa F B Bujle 0ObeAnHEHH sl COBEPILIEHHOTO MHOXKeCTBa P u He 6oJiee
yeM cueTHoro MuoxectBa N = F \ P. Jlokaxem: a) P — S.. Ilycrs

x € P U & — npoM3BOJIbHOE TIOJNOXUTEJIbHOE  UHCJIO.  MHOMXKeCTBO
4 o
V(x, 3) [} P ne umMeer M30MMpPOBaHHBIX ToueK. JlefictBuTen: o, Jio-

o [ &
6asi ero M30JHpOBaHHAsA TOYKa, Oyayud BHYTpeHHe# aas V (x,;),
siBJIsl1ach Obl H30JMPOBAHHOH Ansi P; a 3T0 NPOTHBOPEYUT TOMY, UYTO

€
P — coBepuienHoe MHoOkecTBO. [losTomy V(x, ~2—) 1 P Takxe He

€
KMeeT M30JIHPOBAaHHBIX ToUeK. IIOCKOJNBbKY MHOXECTBO V(x, ;) ne
8aMKHYTO, OHO COBEpLIEHHO H, C/IEJ0BaTeJbHO, HECYETHO (CM.3ajauy
€ &
253). Ho V (x,e) > V(x, E) o V(x, ;) | P. Takum obpa3om,

V (x, &) npu Jio6om & > 0 COnep:KHT HECUETHOE MHOMKECTBO TOYEK H3
P, a 3naunt, u us F, 1. e. x € S,. 6) S < P. JleiicTBUTeNbHO, €CaH

x € P, To HeKoTOpasi OKPECTHOCTb V (X, €) TOUKH X He NEPECEKAeTCs C
P. Torpa V(x,e) N F< N, 1. e. V (x, €) conepxuT He Oosee 4eMm
CYETHOE MHOXECTBO Touek u3 F u mnotomy x € Sg.
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TakuM o6pasoMm, P = S, , a snawut, N = F\ ;.

370. Hycrp X — MHOXECTBO PalMOHAJbHLIX TOUEK Ha MPAMOH C
obniuHoit MeTpukoit # F = X. Torna muoxectBa P = F (] [a, b] u
N = F \_ P npu npousBoibHEX @ B b, a < b paior pasbuenue F Ha
JiBa MHOXECTBa, M3 KOTOPHIX P coBeplieHHO, a N CYeTHO.

371. Tlo rteopeme Kantopa — DBenpukcona (3apaua 368) F ectb
00beJUHEHHE COBEPLIEHHOTO MHOXeCTBa P u He Gosiee ueM CUETHOTO
muoxecrtsa N. Ecmu P nycro, To F ue Gesee uem cuetHo. Ecnu xe P
HEMyCTo, TO, KaK CJeAyeT U3 pe3ynabTaroB 3anad 253 u 360, oHO umeeT
MOIHOCTh KOHTHHYYMa. A Tak Kak N He Gosiee yeM CUETHO, TO H MHO-
xectBo F =P |J N umeeT B 3TOM CJyyae MOIIHOCTb KOHTHHYYyMA.

372. CoruacHo pesysbTaty 3agaud 352, E, paccmarpuBaemoe Kak
NOANPOCTPAHCTBO NpocTpancTsa X, cenapabeabHo. Ho equHCTBEHHBIM
MJIOTHLIM MHOYKECTBOM B NPOCTPAHCTBE, BCE TOUKH KOTOPOTO H360JHPO-
BaHHbE, fIBIAfAETCS camo npocrpancTBo. CnenoBaTesnbHo, E He Gogee
4eM CYeTHO.

373. Tlycrb X — HecyeTHOe MHOXKECTBO, HaJeNeHHOE METPHKOH,
BBEJIeHHOM B 3ajaue 125, T. e. enpefeneHHOl clegylomyM o6pa3oM:

_[O,ecmn x =y,
P (x ) _{l,ec.nux;&y.

Ecsu 3a E npunsaTh camo X, TO BCce €ro TOYKH OYyNyT H30/HDPOBAHHI,
XOTSl OHO B HECUYETHO.

374. He moxer. JIeHCTBHTE/NbHO, B IPOTHBHOM C/y4ae HECHETHOE
muoxectBo E \ E’, He nepecexaiomeecs ¢ E’, He comepxano Gbl HH
OnHOH CBOEH npefefbHOH TOYKM, a 3HAUHT, H HH OIHOH CBOeH TOYKHM
KoHaeHcauun. Ho, B cuay cemapaGesqbHOCTH ILUIOCKOCTH (3ajzaya 345),
3TO NMPOFHBQPEUHT TeopeMe Jlunnenéda (3axada 366).

375. Meroj 0Ka3aTesbCTBA YKasaH B YCJOBHM 3aJauH.

376. Ecou 6wl TquKka x, € E Gb1a H30AHPOBAHHOH, TO E GblIO OB
oOBbeHHeHHEeM ABYX Pa3belHHEHHBIX MHOXecTB {x,} H E \ {x,}, uro
NPOTHBOPEUHT CBSA3HOCTH E.

377. PasenctBo (A | B)U (A N B) =< paBHOCHJIBHO TOMY,
o AN B=g u AN B=, T. e. uto B He cOEepkHT TOueK
TIPHKOCHOBEHH s1 MHOXKeCTBa A 1 A He COIEpKHT TOYEK MPHKOCHOBEHH S
MHOXecTBa B.

378. a) Eciu A u B o6a 3amkuytel, T0 (A 1 B) U (A N B) =
=ANB=¢, tak Kax A = A, B =B. 6) Eciu A u B of6a or-
KphITH, To A [} B = &, Tak Kak Bce TOUKH MHOXKecTBa B BHyTpeH-
HHe, a NOTOMY He MOTYT GbITh TOYKaMH IPHKOCHOBEHHS MHO)ecTBa A;

Toyno Tak xe A [} B = .
379. Tax kak F necsizuo, 0 E = A |J B, rne A u B — pasvenu-

HEHHblE MHOXKECTBa; TOrxa, B yactHoctd, A (| B = &. Tak kak E

3aMkHyTO, To A < E. Takum obpasom, d c EN\ B = A4, T. e. A
3aMKHYTO. AHAJIOTHYHO INPOBEPSIETCS] 3aMKHYTOCTb B.
380. Taxk kak E necsasuo, 70 E =A |y B, rae A u B — paswenu-

160



HeHHble MHOXecTBa. Kaxnas Touka x, € A o0jaaer OKpecTHOCTbIO
V (%o, €) < E (nockonbKy E OTKphiTo). Tak Kak x, He sBJISIETCS TOY-
KOH NPHKOCHOBEHHS AJA B, To Haiinercs okpecTHocTb V (x,, 8) <
< V (x,, &), He coneprkamas Touek u3 B; Ho V (x,, &) < E; mostomy
V(x,8) cENX B =A4, T e x, €A° Takum o6pa3oM, A OTKPHTO.
AHanoru4yHO JOKa3hIBAeTCSl, YTO B OTKPHITO.

381. Honyctum, uto E HecBa3Ho. Torna E = A |J B,rne Au B —
HenepeceKalolluecs HelyCThie 3aMKHYThie MHOXKeCTBa (cM. 3anauy 379).
Ilpu sToM xorsi Obt ogHo M3 MuHoxkectB A () F, B [} F nycro (eciu
O6bf oHM o6a OblM HenyeTel, 70 MuoxkectBo E N\ F =(A N F) U
U (B F) 6b1o 661 Hecs3Ho). I1ycts, nanpumep, A | F = . Torna

EUF=AUBUF=A4AU@BUFH,

npuyeM A u B |J F 3aMKHYTHI, HENYCTHl ¥ He TEpecekaloTcs (Tak Kak
ANBUF)=MANBUMANF) =), HO 5T0 NPOTUBOPEYUT
ceasHoctd E |J F. IlosyyeHHOe MpOTHBOpeyHe AOKA3bIBAET CBA3IHOCTD
MHOxKecTBa E. AHaJOrMYHO MpOBepsieTcsT CBA3HOCTD F.

382. [Ipumep B mnpocrpanctee R! : E =[0, 1] U [2, 3],
F =[0, 2.

533. Homyctum, yto E — HecBA3HOe MHOXKECTBO, Tak 4To E =
=A | B, tie A u B — Henepecekawuyecsi HeNnycThle 3aMKHYThIE
mHo)kecTBa (cm. 3agauy 379). Torna muoxectBa E 1 A uw E) B
senyctol (ecau Obi, Hampumep, E () A ObIO NIyCThiM, TO HMeNO Okl

mecTo BKaowenne E < B — E, rie B 3aMKHYTO M OIJIMYHO OT E;
a 3TO HEBO3MOXKHO B CHJIy pe3ynbTara 3ajaud 168. CrnenoBatenbHo,
mHoxectBa £ (| A u E (| B paswenuHensl (IIOCKOJIbKY Pa3beJHHEHbI
A u B). Ho sto nporuBopeunt cBsisHocTH E, Tak Kak E = (E 1 -4) U

U (E N B). Urak, ponycTus, yTo E HECBA3HO, Mbl NPHIIIH K NIPOTH-

ROpeuuio. 3HauuT, £ CBA3HO.

[TIpumep. Ilycte £ — MHOXKECTBO BCeX DAUMOHAJNbHBIX YHCen
Ha npsmoil. Torna E HecBA3HO, a £ CBSA3HO.

384. Jro caenyer U3 pesyJabraTa 3aj2ud 383, ecjaH yyecTb, yTo H
sIB/IsteTCsl 3aMblKaHHeM MHoxecTBa E B mpocrpascTBe H (cM. 3ajpauy
192).

385. Ecuu 6bl E GBUIO HECBSI3HBIM, TO €r0 MOSKHO Oblo OBl IIpEACTa-
BHTb B BHJe OObeIMHEHHS ABYX pasbeAHHEHHbIX MHOoxecTB A H B.
Ilycts x € A, y € B. Tlo ycsoBuIo 33an1aud CyllecTBYeT CBSI3HOE MHO-
xectBo Q — E, comepxauee Toukd x u y. Torna @ = (Q N A) U
Uu@n B), tie QN A, Q N B — pasbeauHeHHbIE MHOXKECTBa; HO
3TO HEBO3MOXKHO B CHJY CBSIBHOCTH MHOXKecTBa Q.

386. Ilycts E — paccmarpuBaeMoe MHOXKecTBo. OG03HauuM yepes
E,; mHOXecTBO Touek U3 E c-0TpuiaTe/bHBIMHE abcuuccamu, yepes E, —

¢ moJoxuTenbHpMH. Torga E-= E; | E,, upuuem (E; () Ey) U

U (E N E,) = <&, T. e. mHoxkecTBa Ey u E, pasbemybeHbl (CM. 3aja-
uy 377).
387. Ilycte X — npsmasi, IJIOCKOCTb MJH TPEXMEPHOE €BKJIHIOBO
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NPOCTPAHCTBO C OGBIYHOMA METPHUKON M IyCTb TOUKH a H b mpuHajsexar
X. TlpsiMonuHEHHEIE OTPE30K C KOHIAMH a M b 6yiem o603Havath [a, b].

Ecan a = b, 10 0oTpe3ok [a, b] COCTOMT U3 OJHOH TOYKH H IOTOMY
cBsized. Ilyetb a==b u [a,b]=F U @, rne F u & — HenycTHe
3aMKHYThle MHOxKecTBa. JlokaxeMm, uto F [ @ = . [lns storo pas-
JieuM oTpesoK [a, b] nmomosam H 06o3HauuM uepe3 [ay, by] Kakyio-
HHUGY /b €ro MOJIOBHHY, COJIEPKAILYIO KaK TOYKH U3 F, TaK U TOukH U3 P;
no KpaiiHeil Mepe oJHa IOJIOBHHA OTpe3Ka [a, b] obnafaer 5TUM CBOH-
CTBOM (€c/IH, HMaIlpuMep; CepeiHHa OTpe3Ka NPUHAJJIEXKHUT MHOXKECTBY
F, o B Kauectse [ ay, b;] GepeM Ty moJoBHHY [a, b], KOTOpas COXEPKHUT
XOTsI GBI OJIHY TOYKY MHOMKeCTBa D). AHAIOTHYHO MOCTYIHM C OTPE3-
KoM [ay, by]: pasnenum ero momnosaMm M o603HauuM uepes [ay, by Ka-
KYIO-HHOYJb €T0 HOJIOBHHY, COAEpKaIylo KaK ToukH u3 F, Tak u Tou-
KU u3 @. HeorpaHuyeHHo npoJiosizkast STOT IPOIECC, MBI IIONYyYHM YOBI-
BAIOLLYIO TIOCJIEN0BATENBHOCTE OTpPe3KoB {[a,, b,]}, ATHHBI (T. €. Aua-
MERpHI) KOTOPHIX CTPEMATCS K HYJIIO, NPHUEM KaKABI U3 3THX OTpes-
KOB COJIEpXKHT KaK TOykH U3 F, Tak u Touku u3 P. [Iycts C — obigas
TOYKa BCEX 3THX OTPE3KOB (cM. 3amauy 208). Kaxkpasi ee OKpeCTHOCTb
CONEPKHUT [a,, b,] C 10CTATOYHO GOJBIIUM HOMEPOM 1 H, CJIEI0BaTE/Ib-
HO, TOUKH U U3 F, u u3 @. Ilosaromy C — TOUKa NPUKOCHOBEHHSA H JJH
F, u nna &. Tak kak o6a 3T MHOXKeCTBa 3aMKHYTH, T0 C € F [} @,
T. e. £ (| @ . TlpuMenas pesyabrar 3agadu 379, 3ak/ouaeM,
uTO OTpe30K [a, b] cBsi3eH.

3ameruM, uTO /IS CJydas OTpe3Ka Ha IpAMOH yTBepkKiIeHHEe Ha-
cTofiliedl 3a7aul caepyeT Takxke U3 3ajaud 214.

388. JlioOble ABe TOYKH 3aMKHYTOrO Kpyra (Iiapa) COemHHSIOTCA
cofiepKalyMcsl B HeM NPSAMOJHHEHHBIM OTPe3KOM Ha IJIOCKOCTH (B
TPEXMEPHOM €BKJIHJOBOM IIPOCTPAHCTBE). ¥ TBEPKAEHHS 3aJaud BhiTe-
KaloT [I03TOMY M3 pe3yJbTaToB NpeAblAyllell 3ajaud M 3ajaud 385.

389. IlpenmonoxuM, uro E HecBsAsHO, T. €. E=A | B, tne A u
B — pasbpenuHeHHBEIE MHOMKECTBa. XOTA OBl OZHO M3 MHOMXKeCTB Ky,
E5 nMeet HenycToe nepeceuenue u ¢ A, u ¢ B (B camom zene, ecH, Ha-
npumep, E;VA = I, 10 Bo E, u E;D A; nostomy Ey 1 B 2 Eif

N Ex+~3 u E; N Az J). Ilycts, ckaxem, Es N A#* < u
EisN B#* . Torna E(=(E: N A) U (E1 N B), u MHOXecTBa
Ei N Au E, | B pasbefuHenn, Tak Kak A u B pasveaunensl. Ho
3TO NpPOTHBOPEYHT YCJOBHIO cBfHocTH Ej. Hrax, mpeanonoxenue,
4T0 E HECBSI3HO, NMPHBEJO K NPOTHBOPEYHIO; 3HAUYuT, £ CBA3HO.

390. [Insa mo6bIx ABYX Touek x,y € E umeeM x € En,’ Y€ En’;

torga x € E,, y € E,, rne n = max {ny, ny}, T. €. CyIecTBYyeT CBA3-
HOE MHOKECTBO, BKJouaomleecs B £ u conepxkaitee ¥ u y. Ilostomy,
COIJIaCHO pe3yJibTaTy 3ajauu 385, MHOXKecTBO E CBA3HO.

391. U3 pesysabrara 3agauu 389 caexyer (mocse INPUMEHEHHS HH-
JNYKUHH), YTo AJIs JIOOOr0 HOMepa n MHOXKecTBO F, = i’i}——-l E; cBsi3Ho.
A rorna {F,}, Kak Bo3pacTaiouias I0C/€J0BaTeJbHOCTb CBSI3HBIX
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MHOJKECTS, HMeeT CBA3HOe 06’56}11/]1{6!{}16 (cm. mpemsiaymyo 3amauy).

Ho U F, = U E;; caenoBarensHo, U E,; Takxe cBsi3HO.
n=1,

392. Mnomecma H, =E;~| Ez+1 CBAI3HBL U YJOBJIETBOPSIIOT YCJIO-
BHIO

H N Hpa = (E; U Eqd) N (Ern U Ei)) D Ein = I
Aas Kaxkporo Homepa i. CorsacHO pesy/bTaTy NpeiblAyliell 3agauu
CBA3HO U HX oObefnHenue | H;= iU (E; U Ex) =\ E,.
i=1 =1 i=1

393. JlioGble 1Be TOYKHM JAHHOTO MHOXKECTBA MOXKHO COEIHHHTH
JIOMaHO#, BXOJASALIEH B 3TO MHOXKECTBO M COCTOSIEH He 6ojee ueM W3
Tpex 3BeHbEeB, NapajejbHbIX OCAM KOODAHHAT;, HO JIOMaHasl ecTb
CBSI3HOE MHOXKECTBO (cM. 3anauu 387 u 389). 3HauuT, B CHJY pe3yJib-
Tata 3afgaun 385, paccMaTpuBaeMoe MHOXKECTBO CBS3HO.

394. Ilycts E — CBSI3HOE MHOXKECTBO Ha NPSAMOH H Xy, X3 — JioObe
JiBe pa3/inyHble ero Toukd. Ec/n Obl Kakasg-HUOYAb TOUKaA ¢, 3aKJ/0YeH-
Has MEXAY X; H X3, He MpuHamIexasna E, To E MoxHO Obl10 OB Hpen-
CTaBUTb B BuJe OOBEIHHEHHS JABYX pasbeJuHEHHBIX MHOXecTB A =
= J]—oo,¢c[NE u B =Jc, 4-oo[ () E; HO 3TO NMPOTHBOPEUHT CBA3HO-
ctu E. Mraxk, ecan MHOXKecTBO E CBSI3HO, TO BMeCTe C JIOOBIMH JBYMS
CBOMMH TOYKAMH OHO COJIEPXKHT M BeChb OTPe30K, COCIHHSIOMHUN 3TH
TOUKH.

O6paTHO, mMycThb MHOXecTBo E Ha NpAMOH TaKOBO, YTO KAaKOBHl
6nl HU ObLIM TOUKH Xy € E, xo € E, 1€ Xy < X5, OTPE30K [ X4, X2] MOJ-
HocThio BXoauT B £. Torna mMHoxecTBO E CBSI3HO B CUJIY pe3yJbTaToB
sanau 385 u 387.

395. CBSI3HOCTE KaKIOTO H3 3THX MHOXKECTB BBITEKA€T U3 Pe3Y.b-
TaTOB NpeAbiAylLlel 3ajauH.

JlokaxeM, YTO 3THMH MHOXECTBAMH HCUEPNBbIBAIOTCS BCE CBSI3HBIE
MHOKECTBa Ha INPAMOH.

[Tycte E — cBsI3HOE HENMyCTOe W HEOJHOTOYEUHOE MHOXKECTBO Ha
npsMoit, a = inf E, b = sup E. PaccMoTpuM cHayasia TOT cJ/yuat,
Korja a u b — Koueunble yncaa (@ < b). Torga soboe yucao ¢, 3a-
KJIIOUEHHOE MEXIY a ¥ b, BXOZuT B E. [leficTBUTENBbHO, TaK KaK b =
=sup E, To cymecTByeT Touka b; € E Takasi, uto ¢< b; < b. Touno
TaK K€ YCTaHaBJWBaeTcs, yTo CyllecTByer a3 € E, e a a1 < C.
Ho rtorna, B cuay cBsA3HocTH E, Ha OCHOBAHHH pe3yJbTaTra NpeibiAy-
mel 3ajauM 3akjouyaeM, 4to [ay, by] < E w, 3Hauut, ¢ € E. Hrak,
uHTepBan Ja, b BRmodaerca B E, a TOukH, Jexalue 3a NpelesaMH
orpeska [a, b], e npunagnexar E. CienoBarenrto, E sBiasercs of-
HHM U3 CJIeNYIOMMX MHOXKeCTB: Ja, b[, Ja, b], [a, b[, [a, b].

Ecmu @ = —oo, a b KoHeuHo, TO E paBHO]—oo, Y[ i ]—o0, b,
€CJIH @ KOHEYHO, a b = oo, To E paBHO Ja, -+oo uau [a, —+-oof; Ha-
KOHell, €CJH a = —o00, b = +o00, T0 E = ]—o0, +oo[. Bo Bcex

3THX CJY4asaXx J0Ka3aTeJbCTBO NPOBOAUTCS TaK Xke, KaK U B TOM CJYy-
yae, KOTJa @ H b KOHeuHHI.
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396. JlokasaTenbCTBO MPOBORMTCS TaK
a Xe, Kak IpH pelenuu 3ajgay 387 u 388.
Ton orpeskoM B mpoctpanctBe R”, coenu-
HSIOIMUM TOYKH @ = (@, ..., @) H b=
(b4, ..., b,), MOHHMaETCs1 COBOKYIHOCTb TOUEK
C KoopauHatamMM ¢, = (1 —A) a, + Ab,
b (k=1, ..., n), rae A npoGeraer orpesok [0, 1]
YUCJIOBOH NPSMOH.
397. Ecau 66l B X GbLIO TaKOE MHOXECT-
Puc. 26 Bo E, 10 ero nonoanenne CE= X \ E Tak-
Ke OblIO Obl HEMYCTHIM MHOXECTBOM, OJHO-
BPEMEHHO OTKpPHITHIM H 3aMKHYTHIM. Ho TOT-
Xa Bce npoctpaHcTBo X Obulo Gbl OOBEAUHEHHEM JBYX Henepece-
KaloMXCSi HEeMyCThIX 3aMKHYTHIX MHOXecTB E u CE, uro, B cuay
pesyJbraTa 3anaud 378, HpPOTHBOPEUHT CBSI3HOCTH X.

398. Henbss. B camom gene, JOMYCTHM, 4YTO OTKPHITHA Kpyr E
MOXHO mpencTaButh B BHAe E = Gy (] Gy, rae Gy u G — OTKpLITHE
MHOKECTBa, OT/IHUHbIE OT BCEH IVIOCKOCTH H BMECTE COCTaBJSIOLIHE
BCIO IJIOCKOCTb. ‘Torza Mbl HMeJIH Gbl (B CHJAIY 3aKOHA JBOACTBEHHOCTH):

CE = CG; |J CG,,

rie CGy u CG, — HenepeceKaiolHecss HENYCTHE 3aMKHYThlE MHOMKe-
cTBa, T. €. MHOXKecTBO CE OblI0 Gbl HECBA3HBIM.

Ha camom ke pene CE cBsagno. JlelicTBUTENBHO, AIOGHE JIBE €ro
TOYKH @ U b MOXHO COEIMHUTD JIoManoH, npuHanexameii CE (puc. 26),
a JioMaHasi sIBJISIETCs] CBSISHBIM MHOXKECTBOM (cM. 3amauu 387 u 389);
HO3TOMY cBA3HOCTb CE BHITEKaeT H3 pe3yJsbraTa 3afguu 385.

399. Heo6xonumocrth. Ilyetb E X F cBa3Ho. Tak Kak
no yciosuio E X F Hemycro, To MHoxecTBa E u F Takke HeNmycTHI.
Ilokaxem, 4TO 5TH MHO2KECTBa CBA3HH. Ec/m Gbl OAHO M3 HHX, HampH-
mep E, 6bUIO HECBA3HBIM, TO €r0 MOXKHO GBLIO Gbl IPEACTABHTb B BHJE
obbvepuHennss E = A |J B, rne A u B — pasbeuHeHHble MHOXECTBA.
Torna, xak Jerko Bunerb, Maoxectsa A X F u B X F Takxe pasbe-
JuvHEHEl (OHU HemycTsl, Tak Kak F uenycro). Ho E X F= (A X F) |
U (B X F); nostomy E X F Gb10 Gbl HECBSI3HBIM, YTO IPOTHBOPEUHT
YCJIOBHIO.

HoctatounocTtb. Ilycth MHOkecTBa E U F cBsisubl. Bo3b-
MeM JiBe JIIOOble TOUKH (Xi, ¥4) H (X2, ¥o) M3 E X F; paccmoTpum MHo-
mectBa {x1} X Fu E X {y,}. [lepeceueHne 5THX MHOKECTB HemycTO:
OHO COCTOMT H3 TOYKH (X3, ¥2). KpoMe TOro, Kaxioe U3 3THX MHOXKECTB
CBSAI3HO, TaK Kak {x;} X F usomerpuuro F, E X {y,} usomerpuuno E,
a MHOoxecTBa F u E cBsasHet. 3HauuT, obbemuHenue ({x,;} X F)
U(E X {y,)) cB3ro (3amaua 389). Ho 310 oGbenuHenHe copepuT
00e TOUKH (X1, y4) U (X3, ¥2). CilenoBaTesIbHO, B CHJy pe3y/bTaTa 3a-
nauyn 385, E X F c¢Bsi3HO.

Gameuanne Bwmecro Metpuku mia E X F u3 3agaun 146
MOXHO B3fITh, METPHKY M3 3ajaud 147 — BaxkeH JHLIb TOT (hakKT, YTO
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noanpoctpanctda {x} X F u E X {y} npoctpaucrsa E X F usowmer-
pUUHBI HCXOAHBIM npocTpaHcTBaM F u E.

400. ITycte x, — mpousBoJbHasf Touyka U3 G. Paccmotpum MHoO-
KecTBO A Bcex TouyeK MHoxecTBa (, KOTOpBlE MOXKHO COEAHHHTH C
TOUKOH X, Jiexkamel B G JioMaHOH, KaxKAoe 3BeHO KOTOpO# mnapal-
JIeIbHO OJIHOH M3 oceli KoopAuHAT., MHOXKecTBO A HeNycTo, Tak Kak
OHO CONEPKHT TOUKY X,. [lokaxeM, uto mMHomectBa A u G \ A or1-
KPHITHL.

IMyctp x € A. Tak Kak G OTKpHTO, TO cymecTByer Kpyr V (x, &),
nexaimuit B G. Kaxayio ero Touky x’ MOMKHO COEIHHHTb C TOUKOH X
JoMano#, Jexailefi B V (x, €) u cocrosinieli He GoJiee yeM M3 JIBYX
3BEHbEB, KakJ0Oe M3 KOTOPHIX NapajljiesbHO OXHOH M3 ocefl Koopau-
HaT. JIOMOMHHB STHMH 3BEHBAMH JIOMaHYIO, COEIUHSIOILYI0 X C X,
MBI TIOJY4uM B G JIOMaHYIO, COEJHHSIOULYIO TOUKH X, H X', 3BEHbsl KO-
TOPO# mapaJjiyieibHbl ocsiM KoopanHaT. 3Hauut, x' € A, 1. e. V (x, &) <
< A. CnenoBatejibHO, A OTKPBITO.

ITycte Tenepp x € G\ A. Tak kak x € G, TO CYlIeCTByeT Kpyr
V (x, €) = G. Ecau Gel HekoTOpasi ero Touka x’' NpuHamjexana A,
TO MBI MOJYYHJH OBl, BONPEKH TPENIONIOKEHHIO, UTO H X €A (nmo-
CKOJIBKY X MOXHO COeIMHUTb C X' JoMaHOH, nexameli B V (x, &),
3BeHbst KOTOPOHM mapajliieJIbHBl OCAM KoopauHat). Takum oGpasom,
Vx,e) G\ A u G\ A oTkphTO.

Hrak, mHoxkectBa A H G \ A OTKpHITH, npuueM A Hemycro. Tak
kak G cBssHo, T0 G\ A nycto (cM. 3agauy 378). Ho 310 1 03Hauaer,
YTO YTBEpKAEHHe 3aJjayd CIIpaBelJIMBO.

401. HoxaxeM, uTo JoGble ABe TOUYKH ¥ € E n y € E MOXHO CO-
eNVHUTb CBSISHEIM MHOXECTBOM, BKJIQualomuMcss B E. B kauectse
TaKoOro MHOXKecTBa MOXHO B3sTb A (x) U A (y), tre A (x) u A (y) —
KaKHe-JTH60 MHOXKecTBa M3 cemelictBa {A .}, copepaliue COOTBETCT-
BeHHO ToukH ¥ H y. Tak kak A (x) © A (y) cBasub, a A (x) ) A () 5%
# J, o A (x) U A (y) cBa3Ho (3apaya 389). ITostomy, B cuay pe-
3yabTata 3ajaud 385, E cBs3HO.

3ameuanue HsgoxasaTeqbCTBa BHIHO, YTO JHOCTAaTOYHO Tpe-
GoBaTb, yTOOBl MHOXKecTBa A, (& € A) monapHo TepecekasHch, nepe-
ceueHHe JKe BCeX STHX MHQIKECTB MOXKET GBITb M NMYCTHIM.

402. 31olf KOMNOHEHTOH sBJsETCS OGBENUHEHHE BCEX CBS3HBIX
NOAMHOXKECTB MHOXKecTBa E, cofiepaiiux X, (OHO HEMYCTO, TaK Kak,
BO BCSIKOM CJIydae, BKJIIOYAeT MHOMKeCTBO {Xp}; CBSI3HOCTb OGbeNHHe-
HYA BBITEKaeT U3 pesysbrara 3agauu 401). EQUHCTBEHHOCTb KOMIIOHEH-
Thbl JIETKO JOKa3bIBAeTCsl.

403. CorsacHo pesyabrary 3ajaun 383, A Bmecte ¢ A CBsi3HO.
A rtak xak A < A < E, 10, N0 onpene/ieHHI0 KOMIIOHEHTs, A = A,
T. e. A 3aMKHYTO.

404. Sro BhITeKaeT U3 pe3y. bTaToB 3ajay 389 u 402.

405. MHoxecTBO BceX HppalHOHAJbHBLIX TOUEK Ha MNpSMOM; KaH-
TOPOBO COBEPLIEHHOE MHOXKECTBO; MHOXeCTBO M3 3ajaud 191.
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406. Takoli KOMNOHEHTOR aBJseTcs OObeIMHEHHE BCEX CBSA3HBIX
MOJIMHOKECTB MHOXeCTBa E, COlepKalHX KaKywo-HAOYAb (HKCHPO-
BaHHYIO TOUYKY X, € F. EIHHCTBEHHOCTb JIeT'KO JAOKa3blBaercs.

Fnasa Vil
MEPA MHOJXECTB (B EBKNNAOBOM
MPOCTPAHCTBE)

407. Ocb. Ox umeeT MIOCKyi0 Mepy HyJab. CJjeloBaTe/NbHO, BCE
noaMHOKecTBa ocd Ox M3MepuMbl Ha miaockocTH Oxy M HX IJIOCKast
Mepa paBHa HYJIO.

408. KanTopoBo coBepiieHHOe MHOXecTBO D HMeeT JIMHEHHYIO
mepy HYJb. CliefoBaTeNbHO, KaXA0€ €ro MOJAMHOMXKECTBO TaKkKe HMEET
JHHEHHYI0 Mepy HYJb H NO3TOMy H3MepuMo. Ho COBOKYNMHOCTH BCeX
NOIMHOXKECTB KaHTOPOBA MHOXKECTBAa MMeET MOIIHOCTb THIEPKOHTHHY-

yma (2¢), Tak kak D = ¢. 3HauuT, COBOKYNMHOCTh U 6cex H3MepPHMBIX
MHOXKECTB Ha YHCJOBOH NPSMOH HMeeT MOUIHOCTb GOJBIIYIO WJM paB-
uyo 2¢: U > 2°.
C npyro# cTOpOHBI, TaK KaK COBOKYIHOCTb BCEX BOOOILE MHOXKECTB
Ha npsmoil uMeet moiHOCTh 2¢, To U « 2¢. CiemoBatenbno, U = 2¢.
409. B xauecTBe mpHMepa MOXKHO B3fiThb COBEpIIEHHOE MHOXeCTBO,
nocTpoeHHoe B 3ajgave 289, mpuusp Za, = 0,1. Torza cymma aaun
n

BEIODOIIEHHBIX HHTepBasoB paBHa 0,1, a 3HauuT, Mepa OCTaBIIErocs
coBepIileHHoro MHoxecTBa paBua 1 — 0,1 = 0,9.

410. B sanaue 289 B3sath D, = | — a.

n

411. Her. JonosHenue CE K HHTIE HE IJIOTHOMY COBEpPILEHHOMY
muoxectBy E < [0, 1] no Bcero orpeska [0, 1] copepKuUT HHTEPBAJIHL H,
3HAUHT, HMeeT MOJIOKUTEIbHYIO MepY, Tak uto mE = 1 — m (CE) < 1.

412. TlocTpoeHue 3TOro mpuMepa IPOBOAMTCS NPHUMEPHO TaK e,
KaK U NOCTPOEHHE COBEPIIEHHOr0 MHOXKecTBa B 3ajade 289. 3ajganum
MPOU3BOJIbHBIA  CXOASIMACA psAl C MOJOXHTENBHBIMH  YJ€eHaMH
as + as + a3 + ..., cymma Koroporo paBia 1 — a. I1poBesem Tenepn
B ocHoBHOM KBajpare [0, 1] X [0, 1] xBe BepTUKa/IbHBIE H JBE TOpH-
30HTaJIbHEIE NPsIMBIE TaK, YTOOB! ILIOMAb KpPecTa, BHIPE3aeMOro STHMH
NpsAMEIMM, paBHAJAch a4 M YTOObl YeThipe YeTHIPEXYToJIbHHKA, OC-
TaBIIHECS IIOC/Je OTOpachIBaHHUS 3TOr0 KpecTa, OBUIM 3aMKHYTHIMH
kBajpatamu (puc. 27, a). Dt 3aMKHYTHle KBajJpaThl HA30BeM KBaJpa-
TaMH NIEpPBOTO paHra; uX oGwbenuHeHue o6osHauuM P, (Py — 3aMKHY-
Toe MHOXKecTBO). [lanee, B KaxJI0M M3 KBaJpaTOB NEPBOr0 paHra npo-
BelleM IO JBe BePTHKAJbHBEIE M 110 JBE€ FOPH3OHTAJbHBIE NpPAMbIE TaK,

yTOGB! KaKABlHl KpecT, BbIpe3aeMblil 3TUMH TPAMBIMH, HMeJ oAb
2

a
Ve U 4yToObl 1ocsie 0T6paCbIBaHPIﬂ 9TOro0 Kpecra B KaxJIOM KBajpare

nepBOro paHra ocTaJoch NO 4YeThipe 3aMKHYTHIX KBajpaTa;, Ha30BeM
nocJefiHue KBaJpaTaMH BTOPOro paHra, WX oObeiuHeHHe 0603HauuM
P,; uucso KBanpatoB BTOporo panra paBHo 4% (puc. 27, 6). BooOuue,
ecJIH TMOCTPOeHbI KBaipathl k-ro paHra (MX 4ucjo paBHO 4%), To pajb-
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a) 6)

2223126127 138|39 142143
212425128 374041 |44
20119 130129136 |35 {46145
17|18 |31 |32 |33 |34 47|48
1613112171 |154]53]52]49
1511419 |10]155)56|57150
213187 |58|57]62|63

1
1]4[5]6|59]60|67]64] ﬁ
6)
Puc. 27

Hefilee MOCTPOEHHE TMPOBOAMTCA TaK: B KaXKAOM M3 KBaJpaToB k-ro
paHra NpPOBOAMM IO JBe BePTHKAJbHblE M IO J(BE TOPH3OHTAJbHLIE
TIpsAIMBblE Tak, YTOGbl KPECT, BHIpE3aeMblil STHMH NPSAMBIMH, HMeJ IO

a
manp % d uTOObl OCTaBIIMECH YETbIPeXYTOJbHUKH ObLIH 3aMKHY-

THIMH KBaj(paTaMH; Ha3oBeM HMX KBajpartamu (k -+ 1)-ro paura; oGo-
3HAuHM UX obbenuHenue P,,, (4ucjo Bcex KaaaparoB (k -+ 1)-ro
panra pasuo 44t1),

Ecau B3aTh Temepb NepeceueHue BceX P, TO Mbl NMOJYYHM COBep-
HIeHHOe MHOXecTBO MepHl a. Ilocsennee caepyer M3 TOro, 4ro JAONOJ-
HEHHeM K 3TOMYy MHOMXKECTBY SIBJIseTcs oObefMHEHHe BCeX BhIOpOLIEH-
HEIX KPECTOB; a Mepa 3TOro oObelHHeHHS paBHa | — a

ay a ap .
%+LZ+%3+W+#~f+W_

=a,+ay+ag+ . Oy ... =1—0a
HUrak, nomnojHeHHe K IIOCTPOEHHOMY COBEpIIEHHOMY MHOXECTBY

no ksagpara [0,1] X [0, 1] umeer mepy | — a, sHauuT, caMo OHO
HMeeT Mepy da.
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413. Mepa JOMOJHUTEJIBHOTO MHOXECTBA PaBHA CyMMe MNJIOLIafel
BEIOpACHIBaeMbIX KBaJpaTOB BCeX PaHIOB, T. €.

1 1 1 —
rﬂCA=—9-+9—2-8+..-+9*k'8k1+..-= l_

©|oo

Caepobareabno, mA = 0.
414. Mepa NOTOJHUTENBHOTO MHOXECTBA paBHa CyMmMMe IIoulafel
ECEX BhIOpachiBaeMbIX «erCTOB» T. €.

5 5
mCB=;—|—§-4+ LN +9,H1 Ft..=L

CanepoBaresba, mB = 0.
415. Mepa IOMONHHTENBHOIO MHOXKECTBAa paBHA CyMMe IJIomajel
BCEX BbxﬁpacmBaebex NpSIMOYTOJIbHHKOB, T. €.

1
MCE = S+ 5245 P o g 20 =

Caeposarenbno, mE = 0.
416. Tlycts E < [a, b]. PaccmorpuM dynkmuio f (x¥) Ha [a, b],
cnpejeneHHYo GopMyaon

f(x) =m{a, x] N E).
Ouesuano, uto f (@) = 0, f (b)) = mE = p u f (x) MOHOTOHHO BO3pac-
Taer (XoTs He o0si3aTeqbHO cTporo). Jokaxem, uto GyHKuHS [ (x)
nenpepsiBHa. I1ycts x, x 4+ h € [a, b]Ju h > 0. Torna

fx+h—Ffx) =m(ax+hl) E)—m([a x]N
NE)y=mQ@Qe,x+hlN E)<mx, x+h]l=h

CaenoBarenbho, [ (x-+ k) — f (x)=>0 npu h — 40, 1. e. f (x) nenpe-
pBIBHA cripaBa BO BceX ToyKax x € [a, b[. AHanoruyHo JM0KasblBaeTcs,
yTto f (X) HenmpeprIBHA CJIeBa BO BcexX TouKax x € Ja, b].

Wrak, f (x) HenpepriBHa Ha [a, b]. [TosTOMY ee 3HaueHHs 3amMOJHS-
0T BeCb 0Tpe3okK [f (a), f (b)]. B uactHocTH, TaK Kak f (a) < ¢ < f (b),
10 Halpercs { € Ja, b[ Takoe, utof (§) = ¢g. Hof () = m ([a, ] N E).
CnenoBatesibHo, MHOXKecTBO [a, {] | E, BkJwouaiomeecss B E, umeer
Mepy, B TOYHOCTH PaBHYIO g.

417. Cnyua#i, Korza MHOXecTBO E OrpaHuyeHO, PacCMOTpeH B
pemienun mpexasipymeit sanaud. Ecau ke E — HeorpaHUUEHHOE MHO-
KECTBO Ha NPsAMOH, TO NOCTymaeM cjeayiomuM obpasoM. [losnoxum

E, =E ( [—n, nl.
Slcho, uro Eyc Eyc...c E, < ..., npuuem E,= E. Torna

mE = limmE,, 1. e. limmE, = p. Tak kak no ycjoBuwo q < p,

n—>o n—>oo

TO CYLIECTBYET TaKO# HOMep o, 4To mE, > q. OGosnauum mE,
MuoxkecTBO E OTPaHHYEHO H HMeeT Mepy r >g. CornacHo npenbmy-
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me# 3amaue, oHO 006JajiaeT M3MEpPHMbIM NMOAMHOXKECTBOM A, Mepa Ko-
Toporo pasHa ¢. Octaercs 3ameruts, uto A < E.

418. Ilyctb ¢’ — KaKoe-JM60 YHCJIO, 3aKJIOUEHHOE MEXAY p H
g (g < q' < p). CornacHO mpejpinyileii 3ajnaye, CYLIECTBYET OrPaHH-
uyeHHoe u3MepuMoe MHoxecTBo A — E Takoe, uto mA = ¢'. Ilycts
A < [a, b]. Tak Kak mA > ¢, TO CYIIECTBYET 3aMKHYTOE MHOMKECTBO
B — A takoe, uto mB > g (cMm. cBoiicTBo 11, c. 46).

Haxkonen, Tak ke, Kak 3T0 GbUIO CHeJaHO B pelieHUH 3axaun 416,
yCTaHABJKBaeM, YTO Ha OTpe3Ke [a, b] uMeercsl ToukKa { Takast, 4TO
m[a, £l N B) =gq.

MmuoxectBo [a, {] (| B 3aMKHYTO, Kak IepeceueHHe ABYX 3aMKHY-
ThIX MHOXecTB. (OGo3HauuMm ero yepes C:

C=1[at]lN B, mC=yq.

Kak BCfIKOe 3aMKHYTOe MHOMXECTBO Ha npsmod, C pas6uBaercsi Ha
coBepmieHHOe MHOXKecTBo D M He GoJiee yeM CYETHOe MHONKecTBo N
(cm. 3amauy 368). Tak kak Mepa N paBHa Hymo, To mD = mC = g.
Ccraercqa 3aMeTuTh, uto D — E.

419. Tak xak mE > 0, To, B cujy npeislayuieil 3anaun, E objaa-
JlaeT OTpaHHYEHHBIM COBEPIICHHBIM MOJMHOXKECTBOM D MOJIOXKHTE/b-
Ho# mepbl. ITockonbKy D Hemycro, ero MOLIHOCTb HE MeHblle MOILHO-

CTH KOHTHHYyMa (cM. 3amauy 253). Ilostomy F} ¢. Ho, ¢ npyroit
CTOpPOHBI, E — NOAMHOXKECTBO 4YHCJOBOH NPsAMOH, KOTopas TaKxe
HMeeT MOILIHOCTb KOHTHHYYMa, M ToTomy E < c¢. CienoBaTe/bHo,
E =c.

420. Ecau E — orpaHuyeHHOe IJIOCKOE MHOXKECTBO, TO TOCTYyIaeM
caenyiomuM ob6pasom. Ilycte E mpoextHpyercst Ha och OX B OTPe3oK
[a, b]. PaccmoTpum MHOXKecTBO E, Tex Touek u3 E, aGCHHCCHl KOTOPBIX
e fIpeBOCXOAAT X, M onpeenuM Ha [a, b] ¢yHKIMIO [, TIONOXUB
f (x) = mE, . Torna f (a) = 0, f (b) = p. Jlerko nokasaTb, 4tO f —
nenpepeiBHass QyHkuua Ha [a, b]. Tak Kak f(a) < g <[ (b), 70,
crefoBareJbHO, Ha [a, b] Hailgercs Touka { Takad, uto [ ({) = g.
Torna M = E, n GyleT HCKOMbIM MHOXKECTBOM: M < E, npuuem
mM = gq.

Ecsn E He orpaHHYeHO, MBI IOCTYTIaeM TaK e, KaK B 3anave 417.

421. Onupasich Ha pe3ysbrar 3anaud 420, MOCTyIaeM Tak xke, Kak
B aHaJOTHYHOM CJyuae NpH peuleHHH 3afaud 418.

422, He moxer. Eciu MHOXKecTBO E COepKUT BHYTPEHHIOIO TOYKY
Xo, TO B E BXOIMT M HEKOTOpasi OKPecTHOCTb V (xo) 3To#t Touku. Ho
toraa mE > mV (x) > 0.

423. Henbzsa. Ecan Gbl Mepa 3aMKHYTOro MHOXectBa E < [a, b],
oTJHYHOTO OT [a, b], paBHsaach b — a, To [a, b] \ E coaepxkano Obl
BHYTPEHHHE TOYKHM M MMeJo Obl Mepy HY/b. A 3TO HEBO3MOXKHO (CM.
NpeAbAYILYIO 3a1auy).

424. Bce TpH BO3MOXKHOCTH ocymecTBMbl. [l pume p B

a) ecm E, = [__1_’ + oo[, T0 E = [0, 4-00[, TaK ut0 mE = - 00;
n
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E6) ecnu E, =[—1,0]  [n, +oo[, To E =[—1,0], Tak uto
mE = 1;
B) ecsn E, = [n, +oo[, 10 E = &, tak wro mE = 0.
425. OGe BO3MOKHOCTH OCYIIeCTBUMEL. I1 p U M € p bI:
1

a) ecin E, = |0, 1——; , 10 E = [0, I[, ¥aK uto mE < -+ oo;

6) ecmu E, = [0, n], 1o E = [0, 4 oo[, TaK uto mE = --o0.

426. ObosnaynM dyepes E; MHOXKECTBO BCE€X TeX TOUEK OTpe3Ka
[0, 1], B pasioxkeHHH KOTOPHIX B GECKOHEUHYIO ABOHUHYIO APOOh Ha
BTOPOM MeCT€ CTOUT HYJb; uepe3 L, — MHOMXKECTBO BCeX TeX TOYEK, B
pasJoXKeHHH KOTOPbIX Ha BTOPOM H YETBEPTOM MECTax CTOSIT HYJIH;
uepe3 E; — MHOXKECTBO BCeX TeX TOYEK, B pasjioKeHHH KOTOPHIX Ha
BTOPOM, YeTBEPTOM H IIECTOM MECTax CTOAT HYJAH M T. A. SICHO, UTO

Ey D E; > E3g= ... u uto mE, =§1; npu Jro6oM k (Kaxaoe MHO-

xecTBo E ecTb ofbennHeHHe 2% momapHO He IepeceKalolHXCs NoJay-

I n
OTKDBITBIX IPOMEKYTKOB JJIHHBI F)' Tak xak £ = | E,, 10
k=1

mE = lim mE, = lim 1o,
k>0 koo 2F

To, uto E HHTJe He IJIOTHO, JOKa3bIBAeTCS TaK Xke, KaK /15 KaH-

TOpOBa MHOXKeCTBa (3anraua 224).
00

427. MoxeT; Hanpumep, MHOXKecTBO £ =kU ]k, k _1_512[ He
=]
OrpaHHYEHO, a €r0 Mepa paBHA eIUHHIE.

428. Tlycte I — mponsBosibHBEI HWATepBas Ha npsMoii. OH He
MO3KeT COAepKaThCA B E, TaKk Kak B IPOTUBHOM cayuae mE > ml > 0.
Takum o6pasom, I () CE == J. Taxk kak E 3amkHyTO, T0O CE OTKpH-
T0. CnenoparenbHo, [ () CE — HemycTce OTKPBHITOE MHOXKECTBO; HO
TOTJa CYILEeCTBYeT HHTEpBaJ, BKJoyawmuics B [ U CBOGOAHBIA OT
ToueK MHOXKecTBa E. Tem cambiMm E — HMIJE He IJIOTHOE MHOXKECTBO
Ha NpaMOH.

JlokasaTeqbCTBO JJI IJIOEKOCTH M TPEXMEPHOTO IPOCTPaHCTBa
aHaJIoTHYHO.

429. Her. [Ipume p. Ilycte E — MHOXECTBO BCEX palMoHAab-
Hbix unces Ha orpeske [0, 1]. Torna mE = 0, a mE = 1.

430. Her. ITpumep. Ilycth F — HUTJE He IJIOTHOE COBEpIIEH-
HOe MHOXKeCTBO MOJIOXKHTe/ILHOA Mephl Ha oTpeske [0, 1] (cM., HanpH-
mep, 3agauy 410), a £ — MHOXKeCTBO €ro TOYEK IepBoro poga (T. e.
MHOXKeCTBO KOHIIOB BCeX CMEXHBIX HHTepBajoB). Torpa E — Hurue
He MJIOTHOE CUETHOE MHOXKECTBO, a BCSIKOE CUETHOE MHOXKECTBO €CTh
MHOKeCTBO Mepel Hy/ab. B To xe Bpemsa E = F u, cjeloBaTeNbHO,
mE = mF > 0.

431, Tax Kak E — MHOXKECTBO IIOJIOKHTEJNbHOH MepBl, TO OHO
HMeeT MOLIHOCTb KOHTHHyyMa (3anaua 419). Ilycte Xy — mpousBosib-

170



Hafg Touka u3 E. Torma MHOXKECTBO BCEBOSMOMXKHBIX uHCE] BUAA
P (%o, x), TAe x € E, HMEeT MOIHOCTb KOHTHHYYMa; CJIeLOBAaTesbHO,
HE BCe 3TH YMCJa MOTYT OHITh paunMOHANbHBIMH. VHaue rosops, Haii-
AeTcsl Takasi Touka x € E, 4T0 o (X9, X) HPPALUOHAJLHO.

432. 3anymepyeM Bce panMOHaJbHBIE YHCJa HHTepBaia J0, If:

Tiy 9y eeny Thy oue

H /15 KaXJ0TO HaTypaJbHOro yucsia B 0603HaunM yepes E, MHOMKeCT-
BO, MOJiyuyHBlIeecss U3 E CABHIOM Ha ry, T. €, MHOMKECTBO BCEX TOUEK
BHIA X -+ Iy, TH€ r, QukcupoBaHo, a x € E. MuoxectBa E, KOHrpy-
SHTHBI E 1 MOTOMY Bce uMeroT Mepy w. Ecaim Gbt OHH NomnapHo He mepe-
CEKaJHCh, TO, MOJOXHUB H = (J E,, Mbl umenu 6wl mH = mE, --

k
+mE;+ ... +mE,+...=p+p+ ..+ p+..=4o00, uro
HEBO3MOXHO, Tak Kak H < [a, b + 1]u, snauur, mH < b+ 1 —
— a. Hrak, cymecTByloT Takue IBa pa3/JHYHBIX HOMEPA [ W j, 4TO
E, NE =¢. Ilyers { €E; | E;. Torna C=x+r=y+r,
rae x, y € E, orkyna |x —y| = |r,—r;| # 0, TaK uro p (x, y) pa-
IIMOHAJIBHO.

433. B cuay pesyabraTa 3agaud 417, E cOIEpXKUTOT P aH U Y € H-
H O € IOJMHOXKeCTBO £y, Mepa KOTOPOTO TaKxkKe IMOJIOXKHTE/IbHA; OCTaeT-
cs NPUMEHHTb K MHOXecTBY E, pe3yJbrar mpegbiylieH 3aiauH.

434. E — HuYJe He IVIOTHOE COBEPLIEHHOe MHOXKECTBO Ha OTpe3Ke
[0, 1] (cm., nHanpumep, 3amauy 290). Mepa JNONOJHHTENLHOTO MHOXKE-
CTBa PaBHA CYMMe JJIHH CMEXHBIX HHTEPBAaJIOB:
9 92 9®
e T T T o
CanenoBatenbHo, mE = 0.

435. DT0 MHOXKECTBO fBJISI€TCS JONOJHUTENBHEIM (IO OTpesKa
[0, 1]) x ToMy, KOTOpOe pacCMOTPeHO B NpeAbAYLieH 3ajaue; MosTomy
OHO BCIOLY TJIOTHO Ha oTpeske [0, 1] u oTKpHITO; €ro Mepa paBHa 1.

436. Yactp 3TOr0 MHOXKECTBAa, pacHoJiOXeHHash Ha OTpeske
[n, n + 1] (n — uesoe), nonyuyaercs U3 MHOKecTBa £ 3anauu 434 caBu-
TOM Ha 1 U IOTOMY MMEET Mepy HyJqb. Bce MHOXKecTBQ M mnpejcrassier
co0oii o6befilHHEHHE STHX YacTel:

H=UA{HNnn+ 1}

H MOTOMY TaKiKe HMEeT MepY HYJb.

437. O6o3HaunM yepe3s A, MHOXKECTBO Bcex uuces orpeska [0, 17,
B GECKOHEUHOM JeCSTHYHOM pa3JjIOKEHHH KOTOPBIX (GUTYypHpYeT uud-
pd k. MHoxecTBO A, MOXHO TNOJNYYHTb, €CJH K MHOXECTBY TOUEK,
JleCATHYHOE DAa3JIoKEHHe KOTOPBIX HEBO3MOXHO 06e3 nu¢ppn k, poba-
BHTb T€ TOYKH, KOTOPHIE JONYCKAIOT JBa Pa3/HYHBIX criocofa passioxe-
HUS U B 6E€CKOHEeUYHOM pa3joKEHHH KOTOPhIX UMeeTcs rudpa k.
Takum o6paszoM, A, ecTb 06beUHEHHE OTKPEITOIO H CUETHOT'O MHOKECTB;
caefoBatenbHo, A, — MHOxecTBo Tuna F_ . YKasaHHOe OTKpHITOS

MHOJKECTBO, a ¢ HUM 4 A, njotHo B [0, 1]; mA, = 1 (cm. 3anauy 435).

1
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Hnrtepecyioliee Hac MHOXKecTBO E fBJsieTCsl IepecedeHreM BCeX
A, (k=1,2,..,9). CnenoBaresbHo, E — MHOXecTBO THna F

Urobbl HafiTH Mepy L, HaiiieM cHauaja Mepy €ro JCIOJHEHHS OTHO-
cutenbHO otpe3ka [0, 17:

9 9
CE =C(N Ak) = | CA/zZ
k=1 k=1

Ho mCA, =0(k=1, ..., 9); caenoparenso, mCE=0, tak yto mE=1.
Orciofa, B 4aCTHOCTH, cjeayer, uto E niotHo Ha otpeske [0, 1].

438. 310 — coBepuIeHHOE HUTE He IJIOTHoe MHOXecTBo. OHO
CONEPKUTCH B MHOXKeCTBe A, MOJyYalolleMcsi CJeYIOmUM o6pasom:
paszenuB otpesok [0, 1] na 1000 orpeskoB amaunet 0,001 u ynanus u3
Hero unTepBan 0,222, 0,223[, noayyum MHOXKeCTBO A4, COCTaBJEHHOE
u3 999 oTpe3koB; 3aMeHHB KaXAbIH M3 HHX COJepXKallUMCS B HeM
MHOXKECTBOM, TMOJYYAIOUIUMCSI TOJOGHBIM CXKaTHeM MHOXecTBa A
B 1000 pas, nmosyunm MHOMKeCTBO Aj, cocTaBreHHOE H3 9992 oTpeskoB
Jquuasl 0,0012; samMeHHB Kax[Iblil H3 HUX COAepKallHMCs B HEM MHOXe-
CTBOM, MOJIYYAIOUMMCS TOXOGHBIM cxkaTHeM MHoxecTBa A; B 10002
pas, MoJAy4uM MHOXKECTBO Ag, cocTaBieHHoe H3 999 OTPe3KOB AJIHHBI
0,0013, u 1. 1.; 3a A npunuMaem nepecedenne Ay () A2 ) 45 () -..
BCeX 3THX MHOxKecTB. Tak kak mA = 1 — (0,001 4 999 . 0,001> +
+ 999% . 0,001*~ ...) = 0, To u paccMaTpHBaeMOe MHOXECTBO TOXKE
HMeeT Mepy HYJIb.

439. OObeqHHEHHE BCEX STHX MHTEPBAJOB IpeACTaBJsieT Cco6oi
OTKPBITOE MHOKECTBO

(% s+m) Vs 3+m) V5w s+ m)
(53 1)
Ero mepa paBua 4 - (ilo + é-\) = 2—2.

440. Mepa obnenuHeHHs BCeX HHTEPBAJOB 4; H ¥; He NPEBOCXOAHT
CYMMBbl HX JJIHH; MOITOMY

m((LLJui)U(qv‘))<2i b1'4—al +2 bi:ai _

=5 2bi—a).

Ho ¥ (b, —a)=mCE =1—0,6 =0,4. Urak,
i

m((Uw) U (Uv) <02
13 13
Tak kak mepa muoxectBa (U4;) U (Uv;) MeHblue MepH MHOXKECTBa
i [
E, TO 3TO MHOXKECTBO He MOXKET NOKpHITh Bcero E.
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441. Moxuo. Tlycte {y,} — Kakas-mM60 TOCNEOBATENLHOCTD TIO-
0o

JIOXUTENbHEIX YACEJI, TAKas, YTO PAX D|y; CXOAUTCS U €r0 CyMMa MEHb-
we 1. Ilycrs, kpome Toro, {n,} — x:mlaﬂ YrOAHO YyObIBaiomas nocJe-
JOBATEIbHOCTD NOJIOKHTENbHBIX UHCey1, CTPEMSIIASICS K HYJIO.

Bruwewm* B orpesok [0, 1] nurge e mioTHOE COBEpPIIEHHOE MHOXKE-
CTBo A Mephl yy, KaX/Iblil CMEXHbIj yHTEpBA] KOTOPOTO UMEET AAHHY
MeHBIIE YeM 1);.

Hanee, B KaXblil CMEXHBIH HuTepBan Ja, B[ MHOMKecTBa A; BNH-
1ieM HHTJe He IJIOTHOE COBEpIIeHHOe MHOMKECTBO Mephl (B — o )yz,
KaX[Ibiil CMEXHBIA HHTEPBAJ KOTOpOro, PacmoJoxeHHblii Ha Jo, B[,
uMeeT JIMHY < 12. OObeiuHeHHe BceX 3THX COBEpUIEHHBIX MHOKECTB
0603HauuM Aj; sCHO, 4T0 mA, = y,mCA < Y2 (30€Ch ¥ Aajblie JA0-
nosnHenust 6epyrcs 1o Bcero orpeska [0, 17). B cuay pesyabrara 3aja-
un 233, Ay U A, — HETZE HE IJIOTHOE COBEpIEHHOE MHOMKECTBO H
KaX/Ibli €ro CMEeXHbifi HHTEPBajl MMEET JJIMHY MEHBIIE T)s; NPH ITOM
0 <m (41 U Az) < vi+ ya.

[1ycTb yxe NMOCTPOEHB! HUTJE He NJIOTHBIE COBEPIIEHHEIE MHQKECTBA
Ay, ..., A, na [0, 1] c HATZe He IJIOTHBHIM COBEpIUEHHBIM OOBEIHMHE-

n
HHeM 'UxA , B Kaxnplil cMexHbill HHTepBaa Ja, [ 310r0 OGBEAHHEHHS
1=
BIIWILIEM HUT/E HE IVIOTHOE COBEPIIEHHOE MHOMKECTBO MePHI (B — &) V44,
KaX[Ibill CMeXHBIl MHTEpPBAJl KOTOPOTO, pacrojoxeHHniéi Ha Jet, P,
UMeeT JJIMHY MEHBIUE YeM 1),,,. O0beIHHeHHe BceX 3THX COBEPIICHHHIX
MHOXKeCTB 0603Ha4uM A, ,; fCHO, 4YTO

n
MmA 1 = Vpt1m (C (ILJI A)) < Yntre

n+t1
Tor,ua U Ai — HHUT/J€ HE MJIOTHOE COBEPIHEHHOE MHOXKECTBO; €ro Mepa
i=1
n-t1 . .
MEHbIIIE YEM Zvi; KaxXIpIM €ro CMEKHBIM HHTEPBA/T UMEET NJIMHY MCHb-
i=1
e Nngre

oo
Tokaxkem, yrto muoxectBa B = JA, u A = CB ynosieropsior
i=1

TpeGoBaHHsM 3anaud. [TycTe Ja, b[ — NpOM3BOJbLHEIA HHTepBal, BXo-

n
UA; —mnurze

o b —
psuit B [0, 1], u n TakoBo, yTo 1), <——3—3. Tak kak
i=1

HE TJIOTHOE COBEpILEHHOe MHOXKECTBO H JJTHHBI BCEX €ro CMEXKHHIX HH-
TepBajioB MEHbLIE YeM 1, TO BHYTPH la, b[ Haiinercss Xors Obl OLUH

CMEKHBIH HHTEPBAJN 3TOro MHOMXKecTBa; 0603HauuM ero /.
Tormal N Ay =& mia i =1,2, ..., n

* Bmucath B oTpe3ox [a, b] uan B untepBan Jla, b[ coBepIIeHHOE MHOXKECTBO —
5TO 3HAYHUT MOCTPOUTH COBEPILIEHHOE MHOXKECTBO, BKJOuatouteecs B [a, b] uan B Ja, b[.
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m(NA,)=|11v,, rtie |I|—mua wuurepsana I; panee,
m(IN Ay < Ypem(INA,, <1 1.1 Takkak Bo A,
Hla, D1, 10]a,b6[NB> 1N A,,, creroBarenbto

m(]a, b[ N B)>m(] N An+1) =I”‘Vn+1 > 0.

Urobsl pokasaTh Tenepb, uto m (Ja, b[ [} CB) > 0, nanomuum,
uTO MHOXeECTBa A, TonapHo He mepecekatorcs. [Toatomy

(e}

m(INBy=3m N A)<||Vots + | 1| Vpte +

i=1

F 1 Vo + o < D, <11

i=1

Hom (I n CB) =|I| — m (I N B). CnexoBaresvro, m (I (| CB) >0.
A rak gak I < Ja, b, T0 ¥ ogaBHO

m (Ja, b[ N CB) >0.

442. Moxer. [Ipuwme p. IlocTpouM s KaKAOrO HATYpasbHO-
ro YuCJa n HHTJE He IJIOTHOE COBepIIeHHoe MHOxecTBo E, Ha [a, b]
TaKoe, 4to mE, =b —a — L (cm. sapgauy 410), u nomoxum E =

n

= E,., Tak kak E, c Ec[a,b], T0 b —a— 1 =mE, <

n=1 n
< mE < b — a nasa moboro n u, ciaegoBarensHo, mE = b — a.

443, [la. IlpoBeaeM COOTBETCTBYIOIIEE IIOCTPOEHHE Ha OTpe3kKe

(o, 13.
[Ipexne Bcero moctpoum Ha orpeske [0, 1] HHIZe He nJyIOTHOE CO-

1 o o
BEPIICHHOE MHOXKECTBO El MeEpEI ; JIaJIee, B KaxJIblH CMEXKHBIH HH-

TepBas Jay;, By;[ MHOxecTBa E; BiuIueM HHTJe He INIOTHOE COBEpIIeH-
Hoe MHOXecTBO Ej;, Mepa KOToporo paBHa MOJIOBHHE JJIMHBL HHTepBa-

00 1
aa Jay, Py [ Torma m(UEy) = 52+  Muoxectso E, =E, |
1

] ([ojEli) COBEPIIEHHO ¥ HHUTJE HE IVIOTHO (cM. 3anauy 233). B kax-
1

JIbift €0 CMEXXHBIH HHTEpBaN oy, Po;[ BNHINEM HHTAE He IJIOTHOE CO-
BepILIeHHOEe .MHOXecTBO E,;, Mepa KOTOPOro paBHa MOJOBHHE JJHHBI

HHTepBana ]y, Pof. Torma m (lijm) = 2—13—, a MHOXecTBO E; =

[o<]
=E, U (UE,) coBepmieHHO ¥ HUTAe He mIoTHO. [Ipojonkas 3Tor
1

nponecc HEOrpaHud4eHHO, MBI MNMOJYYHUM CUETHYIO COBOKYHNHOCTH I1O-
apHO HE MNepeceKarlXcsa HUTAE He MJIOTHBIX COBEPIICHHBIX MHOZKECTB

El; Ell’ coey Eli’ eees E217 ey E2i’ ceey ooe
aeey Lpgy ooy Lpgy eeey oo
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[Ipu aToM

mE, =

bol—-

L mUED) = 5 ey m(UEy) =

2k+1 e
H TIOTOMY

m(E; U (UEli) U ..u (LlJEki) U..)=

1
=5+ 4o +2k+l+...=1.

Takum  ofpasoMm, cueTHassh COBOKYNHOCTb MHOXeCTB FE; H
Ey k=12, .., i =1,2,..) yIOBJETBOPSET BCEM YCIOBUSIM 3a-
JlauH.

444, CymecTByeT; B KauyecTBe TAKOTO MHOMKECTBA MOXKHO B3SITh
[0, 17\ E, rme E — ofbenunenne BCEX MHOMKECTB, TMOCTPOEHHBIX
IIpU peLIeHHH NpenplAyLiell 3agaun.

445. Tak kak | —e <mE, < mE < 1, a & MOXHO B3ATb IIPOH3-
BOJILHO MaJjlbiM, TO mE = 1.

446. [lo CBOACTBY aJJUTHBHOCTH Mepbi HMeeM:

mEy + mEy =mE; +~m (Ey \ Ey) +m(Ey | Ey) =
=m(Ey U Ey)) +m(Ey N Ey).

447. [lna COBOKYMHOCTH H3 JIBYX H3MEpPUMEIX MHOXKeCTB E; u E,
3TO COOTHOLIEHHE J0Ka3aHO B MpPeJbIAYyIIed 3ajaye, NPUUYEM B 3TOM
c/yyae uMeeT MeCTO PaBeHCTBO. JIjisi oGO KOHEUHOH COBOKYMHOCTH
mHoxecTB {E;} IoKaxeM HEPABEHCTBO 110 HHAYKuMH. [TycTh

sz mUE)+ 3 m(E N E). (M
I<i<j<k
Torna
k41 k
ZmE = ZmEi+mEk+1 m(U E)4+ X m(ENE)+mE =
i=1 t<i<j<k
= m({U E) -I—m((.U E)N Ext)+ X m(ENENK
i=1 i=l1 I<i<j<k
B+l
<m(U E)+ 3 mENE+)+ X m(ENE)=
i=l 1<i<k I<i<j<k

-—m(U E)+ X m(ENE).

I<i<j<k+1

Jlas cueTHOH COBOKYMHOCTH MHOXKECTB TpefyeMoe HepaBeHCTBO
NosyyaeTcsi NPeAeTbHEIM TEePEXOJoM B HEPaBeHCTBE (1) npu &£ — oo
(mpu 3TOM HaAQ HCIOMb30BATh CBOHACTBO 13 W3 BBENEHHs] K JaHHOH
IJ1aBe).

448. Tak Kax f]‘Ai =0C (.L'lllCAi), TO
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m(() A) = 1 —m([] CA). ()
Ho -

m(0 €4) < 3 mea, = 3,01 —ma)=n— 3 mA
= i=

i=l 1 i=l

"
n n

A rak kak mo ycaosuo mA;>n—1, 10 n —Fm4, < 1.
=l i=1

ChnefioBaTenbHO,

m (:Q o) <. ©
Conocrasasas (1) u (2), nosyurmM OKOHYATENBbHO:
m(iénAi) > 0.
449. BniGepeM cHavyaja 3aMKHyTOe MHOXxecTBOo F; < E; Takoe,

g o o
gto mF, > mkE, -5 (cMm. cBofictBo 11 u3 BBeneHHS K 9TOH IvaBe).

JanbHeiimee nocTpoenue BeneM no HHAyKuuH. IlycTb nis Beex b < n

TIOCTPOGHE! S8AMKHYTHE MHOXECTBA F, rakue, uro F, < E,, mF, >
e (2% —1
> mE, -———(—2k—) u F, o> Fy> ..o F,, Bubepem B KauecTse

F n 3AMKHYTOE MHOXKECTBO, YAOBJIETBOPSAIOUICE YCJHOBUAM
g
FnCEnﬂFn-l H an> m(EnnFn~1) ""57,

Tak kak m(E, N F,,) =mE, +mF,_, —m(E, U F,_)
(cM. 3anauy 446), To Torna

mF,>mE, +mF,,—m(E, U F,,) — 2%‘.

YuutbiBas Tenepb, uto E, |y F,_, = E,_, n notomy
m(E, U F,.,) <mE,_, H 4TO, N0 WHAYKTHBHOMY IPEIIOJOXEHHIO,
on-1 1)

e
mE,_, <mF,_, + ( TNOJTyYUM OKOHYATENbHO:

on-1
e(2t1—1) [
an> mEn+an-1—(an—1+ _"5,,—_1‘_‘) ""2‘,,——-
2r —1
—mE”_‘E . 2'1 .
2% — 1

Urak, F,< E,, mF,>mE, —¢ - o >mE,—e, F,= F,_,. Hc-

KOMasi TOCJIEIOBATENLHOCTb 3aMKHYTHIX MHOXKECTB MOCTPOEHA.
450. Ecmm k =0, To RE = {0}, 1 yTBepxkjeHHe 3aaul OYEBUJIHO.
Iyctb Teneps & 5= 0. JokaxeMm cHauasa, 4To AJid JH0OOTO MHOXKECT-
Ba A Ha npsAMofi HMeeT MecTo:
m (kRA) = k|- mA.
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JeficTBUTENBHO, JIOOOMY MOKPHITUIO MHOXECTBA A CHCTEMOI HHTep-
panoB {/ } OTBedYaeT NMOKPHITHE MHOXKeECTBAa kKA CHCTEMOH MHTEPBAJIOB

{kl } n, obpatno, so6oe MOKphITHE MHOXecTBa kA mmeer Bun {kI },
rne {/,} — HexoTopoe MOKpHITHE MHOKecTBa A. OTciona U U3 paBen-
ctBa w (kRI) = |k|- pl, cnpaBepmuBoro aas moGoro uHTepsana I,
nomyuaem: m (kA) =inf X p(kl) = inf DX |k - pl, =
[/ o
= k|- inf X pl, =|k|- mA
[

[Mostomy ecnn E n kE o6a namepumsl, TO

m (kE) = m (kE) = |k| - mE = |k| - mE

Ocranoch 10Kas3aTb, 4TO M3 H3MEPUMOCTH E ciepyer H3MepuMOCTb
kE. Ilycte A — mpousBoIbHOE MHOXKeCTBO Ha mpsimoi. Tak kak E

1
H3MEPHMO, TO JJ15 MHOXKECTBA ——A HMeeM:

"w)=m(5 )”E)+'"(( )0 c8) =
-([LA)tom) 5 (24 0 Lous) -

E(—;-(A(]kE))+m( (AnC(kE)))—_:
- (m(A N kE) 4+ m (AN C (KE))),

Ikl
OTKyJa

|&| ~Fl(—;A)=Tn(AnkE)+Fz(AnC(kE)).
A TaKk Kak lkl-ﬁ(%A)z_—r_fz(k . -;—A)=r71A, T0

mA= m (A kE) 4+ m (A C (kE)).
Ho 5T0 ¥ o03Hauaer, B CUJy NPOHU3BOJbHOCTH MHOXecTBa A, uto KE
H3MEPUMO.

451. Ina KaxJA0ro HaTypaJbHOrO uHcila n 0603HayuM uepes F,
COBEpILIEHHOe MHOXKECTBO TaKOe, UTO

FacEN(]=7 —5] Vs ])
mF,,}-—; m(Eﬂ(]—%v —‘,,_IH] U [n—il-l %D)

(ecnu m (Eﬂ (]——;, ——n-ll— 1] U [n_:_ o ! D)> 0, TO cymecTBOBaHHE

TaKoro MHoxecTBa F, oslenyeT u3 pesyabraTa 3amayu 418; ecin xe

m(Eﬂ(]—-—l, —— ]U[ 1 ,—1D)=0, TO B KayectBe F, Mox-
n n+1 n+4+1 n
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oo
HO B3ATb MycTOoe MHOxkKecTBO). ITomoxum Q = (U F,) U{0}. SlcHo, uto
n=1

Q — cosepiierHoe MHOkecTBO. Kpome Toro, /s smoboro 6 >0 umeem:

5, & LU O

ani=s st=en| = i[=(0 £, Juc)

rae N —Harypa/lbHOe 4YHCJIO, Takoe, YTO 1—v1‘ < 8. TToaromy
m@N1—8, 6D >m (U F,) =

= imF,, —m(Eﬂ J__Al/ _1D>.0

n=N N

452. Bce BuyTpenune Toukd Kpyra x? + y? | sBasiorcs TOu-
KaMd IVIOTHOCTH, a BCE€ TOYKHU €0 JOMOJHEHHS — TOYKaMH paspexe-

1
uusi. [IOTHOCTH Kpyra B Toukax rpanuipl x* + y? =1 paBHa R

454. B KkauecTBe TAaKOr0 MHOXECTBA MOXHO B3SiITb KPYIOBOH CE€K-
TOp C LEHTPOM B TOukKe M, H LEHTPaIbHEIM YIJIOM 27,

455. TlocTpouM MHOXKeCTBO, umetoiee B Touke O IJIOTHOCTb, paB-
HYIO o.

Jlna Kaxknoro HaTypaJbHOrO 4HMCJa # PaccMOTPUM OOBEeAMHEHHe
JBYX IIPEMEXYTKOB

1 1 1 1
In= ]—-n" ~n+l]U [n—f—l’;[

H BO3bMEM Takoe uaMepumoe MHOKecTBo A, [,, uto mA, = a - ml,;

1 1 1 H 1
HaTlpuMep, MOXHO B3gTh A, = |— —, —— 4+ o — — —— _
pHNEP, " ] e T (n n+l)]U[n+1
1 j o
_— . Hokaxem, uTo muoxkectBo E = || A, umeer
n+l+ (n n+1[ Y o

B Touke 0 HJIOTHOCTb, PaBHYIO C.
PaccMOTpUM NpPOH3BOJIBLHOE HOJI-O)KHTQJII:HO& lmmo § < 1; mycrs

n — Takoe HaTypaslbHOe YHCJ/I0, YTO —— < 8 <
n

1
Torza V(O, m)c V(, §)c V(O, ;), U TIOTOMY

1
EqVvio, —
mENVO, ) m(En v/ n>)=

mv(, 8 mV(O 1)
a1

)]

— _ =a(1+—r‘;j<a(1+26)

178



2

(mocnenHee HepaBeHCTBO CJEJyeT M3 TOrO, uTO 1 < 0 < 20).
n n
C zpyrofi cTOpOHHI,
1 1
mENV 0. 8) < m<En V(O’ n-l—l),) v '"V(O’ n—l—l) B
mv @, & % 1 N N
my (o, —) v <0, —)
n n (2)
2
Y 1
=T=a(1_—n+l)>a(1—a).
u
U3 nepasencts (1) u (2) moaydaem, 4rto Jim MENV O, 9) =q.

5-0 mV (0, 6)

Urak, MHoxkecTBO E nmeer B Touke 0 NIOTHOCTb, paBHYO a. Ecim
xe x, 7%= 0, TO B KayecTBe HCKOMOIO MHOMKECTBA MOXHO B35Tb MHOXKe-
CTBO BCeX TOYeK BUAa ¥, 4+ y, raey € E.

456. 1 KaxJnoro HarypasjbHOTO HHCJAA # MONO0KUM

1 1 1 1
E,=E ﬂ(]— n —n—l—l]U [n+1’7D
1 o603HauyuM uepes F, coBeplIeHHOE MHOXKeCTBO Takoe, yto F, < E, u
mF, > (l — —l—) mE,. Mycte F =(UF,) U {0}. OueBugno, F —
n n=1

COBEpIIIEHHOE MHOKECTBO, coiepxkamneecs B E. BosbMmem NpoH3BOJIb-
1
Hoe 8 > 0. O6o3nauas yepe3 N Iesnyi0 4acTb Yucja 5 HOMYYHM:

1
m(EQV 0, 9) < m(F0 V<°’ Nt 1)) B
28 Z 2 -
N

(Som) (St Som).

\n=N+l Vi n=~N-+1 n=N~N-1
1 1 N
=m(EQV(o. 7)) (1—5) 5

_ m(Env(o 7)) N1

2 N

N

[Ipenen mocnepnero Beipaxkenns npu & — 0 pasen 1. CnenosarennbHo,

lim M:ﬁ—(o—a)—) =1, 1. e. 0 siBAsieTCA TOYKOH myoTHOCTH Aa F.
60
457. TlpexcraBum E B Bue OOBeJMHEHHs ABYX MHOXKeCTB: E =

o=
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=(E N A) U (E N CA). MuoxkectBo E () A usMepumo (KaK yacTb
MHOXecTBa A Mepnl HyJb). Ecin Gbl GbUIO H3MEPHMO H MHOMKECTBO
E N CA, 1o 6bu10 OB H3MEPHMO M HX OGBenMHenue E, 4TO NPOTHBO-
peunt ycaosuio. CrenoBarenbno, E [} CA Hensmepumo.

458. Ecim A u B — uHTepBa/bl, TO YTBEpPKJAEHHE 3aJ]aYd OYEBH]I-
Ho. Eci A u B — mpou3BOJIbHBE OTKPHITHIE MHOXKecTBa, To A X B
TaKXKe OTKPHITO; IpH 3ToM A = p A;, B =\ Bj, rne A;,, paBHO

J

Kak #u Bj, —nonapHo He mepecekalomuecs HHTepBaibl. Toraa
A XB:L;J' (4; X B))

i,
mg (A X B) =,2,- my (4; X B) =i2j(m1Ai- mB;) =
=2im1Al . Z.mlB' =m1A . mlB.
]

459. TlycTe & — MpOM3BOJIbHOE TOJIOXHTETbHOE YHCIO H A, (n =
=1, 2, ...) — OTKpHITBIE MHOXecTBa Ha INpsMoH, cojpepxamue A u
so

&
Takue, 4to m;A, < o Tak kak AX B C,,LL (4, X J—n,n)),

2
TO

M, (A X B) <m2(ngl(An X 1—n, n) <

= n-e on+1

Qﬁomg(A,,x ]—n, n[)<i S __ . on=c¢
n=1

(cM. TpempIAyLLyIo 3ajauy).
CrenoBaresabHo, m, (A X B) = 0.
460. Ecom A n B — muoxkectBa tuna G, T0

A == nAi7 B = nB]) I‘ﬂe AlDAzD---,BlDBZD-.‘Q—‘
i i

OTKpHIThIE MHOXkecTBa Ha npsamoii. Torma A X B =} (4; X B),
i

rae {A; X B;} — yObiBaiouasi 10c/1e/l0BaTeJIbHOCTb OTKPBITHIX MHO-
KecTB Ha miockocTH. CrenoBaTenbHo, A X B u3Mepumo u m, (A X B)=

= lim m2 (Ai X Bl) = lim mlAi * mlBl == mlA . mlB.

L—»>00 100

Ecmu A 1 B — npon3BOJIbHBIE M3MEpHMble MHOXKECTBA KOHEUHOMH
A ~ ~
MephI, TO CyuIeCTBYIOT MHOXecTBa A U B tuna Gy Takue, uto A D A,

BoBum@NA) =m B\ B) =0
(cm. Huxke, 3amauy 465). Tak kak

AXxB=@AxB U@ANA)XBU@AXB\BU
U@\ 4) X (B'\ B),
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TO, COIVIaCHO pe3yJbTaTy mnpexsiiymeit 3amaunt, A X B oTindaercs
OT U3MEpPUMOro MHOXKecTBa A X B JMIIb HAa MHOXECTBO Mephbl HYJb.
CnepoBatensio, A X B u3MepUMO H

my (A X B) =my (A X B) =mA - mB =
=m_1A * mlB.

461. Tlonoxum A, =A | [—n, n], B, =B | [—n, n]. Torna
{A, X B,} — Bo3pacraiouiasi TOCJeL0BaT&IbHOCTb H3MEPUMBIX MHO-
kecTB. [lpuMeHsisi pe3yJsbTaT mnpennayuiei sajgaud, OyieMm HMeTb:

m2(A X B) =m2(U (An X Bn)) =

=1im m2 (A” X Bﬂ) ‘=1im (mlAn . man) = +OO,

n-»oo n-»oo

462. B xauecTBe Takoro MHOXecTBa M MOXKHO B35ITb MHOMKECTBO
A X A, moCTpOEHHOe B pelleHHH 3ajaud 242, ecau BbIOUpATb €,
YJIOBJIETBOP SIIOLIMMH  IOTIONHUTEIbHOMY YCJAOBHIO

1 hd 1
& < ok+a ' Torna my (I:O’ 1] \ A) < 2 2 g < ?9
k=1

H, 3Hauyut, mA> ;— CrenoBatenbHo, My (AX A) = (mlA)2>% > 0.

463. Mcnonb3ys cBoOiiCTBa BHElIHEeH Mepbl, MOIy4YaeMm:
mE L<m(E | H) < mE + mH =mE

mE < m((EN\ H) U H) <m(E\ H) < mE.

Orciona mE =m (E U H) =m (E\ H).
464. Tlo onpenejeHHIO BHEIUHEH MepHl, CYIIECTBYET IIOKPLITHE
{D, }mHoxectBa E OTKpBITHIMH TNapa/uleJenurnesaMd Takoe, 4TO

>mD, < mE + e. TlonowuB A = JD,, nomyuam: A OTKpHITO,
A>S E, mELmA, mAL2ImD,<mE+¢g T. e

_ mA —e <mE < mA. _
465. Ecau mE = oo, Tononaraem B = X. Eciu ke mE < 400,
TO, B CHJy pe3yJbTaTra 3ajauu 464, I8 KaxJOro rn CymecTByer OT-

1 —
KpuITOe MHOMkecTBO A, Takoe, uto A, D E u mA,—— <mE
n

K mA,. Nonoxum B = () A,. Torna B> E, B — MHOXeCTBO THIIA
n=1

Gs u mE < mB L mA, < mE +—:l LIS Kaxjaoro n, orkyaa mB =
=mE.
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466. CorsiacHO pe3y.sbTaTy NpeiplAyLlefl 3ajauu, CYLMECTBYIOT MHO-
xecrBa B u C tuna Gs Taxue, 4TO

B E, Co I\ E, mB=mE, mC=m(\ E). (1)

He orpanuunBas o6IHOCTH, MOXKHO CUMTaTh, uTo B — I, C < I (eciu
3TO He Tak, Bo3bMeM BMecTo B u C ux nepeceuenus c¢ [; ato 6yayr
TOxK€ MHOKecTBa THNa (s , BKJIOUalomue coorserctsenno E u [ \ E,
M JJIsi HUX TaKxKe BeinosHsiorcss paseHcrBa (1)). Tak kak I = B {J C,
TO, B CHJIy pe3yJ/ibTara 3ajzaud 446 u paseHcTB (1),

m (B N C) =mB—|—mC—mI(B UOC) =mE +m(\ E)—
—m —

(MBI Bocmonb3oBasuch pasenctBoM ml = mE -+ m (I \ £E), nanHBIM
no ycaosuio). Orciona caeayer, yto MHOkecTBO B \ E usamepumo (Kak
NOIMHOXKECTBO MHOXecTBa B () C, umewowmero HyJeByio Mepy). Ho
torjaa u E u3MepuMo, Kak PasHOCTb H3MepPUMBIX MHOXKecTB B u B \ E.

467. a) Iloxaxem cHagasia, uyro u3 ycioBus (1) cmenyer ycioBue

(2) .*(1)=>(2) Tonoxum E, =E (| D ((—n, ..., —n), (A, ..., n));
torga E = n E,.Ecmu E usmepumo, 10 Bce E, usmepumbl. B cuiry

pesyanaTa sanatm 464, npu 3aganHom € > 0 Q15 Kaxkaoro n cyme-
CTBYET OTKphITOe MHOXecTBO G, > E, Takoe, uro mG, < mE, —|—2—n ,

orkyna m (G, \ E,) < ;—" Torna G = O[j G — OTKpHITOE MHO-

n=t

xKecTBO, comepxamee E. Tak kak G\ E < G (G, \\ E,), mo,
m(G\E) <2m(0 \E,) < 2 2=
n=1

6) (2)=-(4). Ilyctp BuinosnueHo yciaoBue (2). Haa xaxmoro n
CYIIECTBYET OTKpHITOe MHOxecTBo G, o E Takoe, uto m (G, \ E) < 1
n

Torna nna mHoxkectBa A = () G, tuna Gs ©Oynem umeth: A D E,
n=1

m (ANE)<m (G, \\E) <% npu moGou 71, u, suauut, m (AN E)=0.

B) (4)=-(1). Ecin cymectByer mHoxectBo A tHna (s Takoe, 4yTo
ADEu m(AN\ E) =0, 10 E u3vepumMo, Kak PasHOCTb H3MepH-
MBIX MHOXKeCTB — MHOxecTBa A tuna (s u MHOxecTBa A\ E Mepnl
HYJIb.

r) (1)= (3). Ilycte E usmepumo. Torxna uamepumo u CE. Cneno-
BateqbHO (B CHJIy NyHKTa a)), AAsi Kaxporo & >0 cymectsyer
oTkpuiToe MHO)ecTBO G O CE Takoe, uro m (G \ CE) < e. [losoxus
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F =CG (F — 3amkuyro), nonyuum: F < E, EN\ F =CF \ CE =
= G \ CE; cJaenoBare/bHO,

m(EX\ F) =m(G\ CE) <e.
1) (3)=-(1). Tlycrs pas xaxporo & >0 CymecTByeT 3amMKHYTOe
MHO)XeCTBO F < E  Takoe, uyro m(E\ F) <e. Torna u

m(CF  CE) <&, tne CF > CE u CF orkpHITO.

CnenoBarenbHo (B CHIY NyHKTOB 6) H B)), MHOkeCTBO CE H3MepHMO;
HO TOTAa u3Mepumo u E.

€) DkBuBaJeHTHOCTH ycaoBuil (1) u (5) mokaspiBaeTcs aHaJOTHUHO.

68. DKBHBA/JEHTHOCTH WM3MEPUMOCTH MHOMXKECTBAa E BHINOJHEHHIO
Jo6Oro U3 YCNOBUH a) U 6) HENOCPEJCTBEHHO CJELyeT H3 Pe3yJbTaToB
TpeALIAYIIEH 3a]ayH.

469. Heo6xoxgumocTh. [lycts E usmepumo, mE < +oo.
Has xkaxporo & >0 cymecTByeT NOKPHITHE MHOMXKeCTBa E cueTHBIM

o0
cemeicTBOM {D,} OTKPHITHIX MapajJesenunesoB Takoe, uto 2mD; <
=
o L
& o
<mE —!——. Taxk kak pdx 2 mD; cxogutcs, To Haiizercs nomep N

TaKoH, 4YTO ZmDi <——. Torna H =D;|...UD, Oyner HCKOMbIM
[=N-+1
MHOKECTBOM: OHO cocmm {3 KOHEYHOTO UHCJa Mapasijie/endnefoB H

€ &
m(E A H) <?—}—-2—_e.

HdocTaTouHocTh Jasg mnpousBoibHoro & >0 MOCTPOHM
MHOXKeCTBO [, COCTaBJEHHOE H3 KOHEYHOTO YHCJa OTKPHITHIX Hapai-

Jlelenu e oB 1 Takoe, utom (E A H) <%, Torna nogasHo m (E\ H)<

& o
<—3— . [oxkpoem mHoxecTBo E \ H ceMefCTBOM OTKPHITHIX mapal-

nenenunenos {D,} TaK, YTOOBL ZmD <m(E\ H) + <—
MuoxectBo G = H |J (UD ) OTKprTO G o E (rax Kak
EcHU (E\H)CH U (EJD,,)=G),

m(GN\ E) =m((H U (UD,) \ E) <
<m(HN E) U (UD,) <m (H \ E) + m (UD,) <£3+2;.=e,

Ho Torna, B cuny pesyabrata 3ajaud 467, mMHoxkecTBO E u3Mepumo.
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YACTb BTOPAS
TEOPUSA OYHKLMA

Flnasa VIl
OBGLLLAS TEOPUS OTOBP AXKEHUA

470. Hesepno. IlpooGpa3 muoxkectBa f (A) MOXKET BKJHOYATh TOU-
KM, Jiealllie 3a Mpejleslavi MHOMKECTBa A; Hanpumep, ecau f (x) =
=x% A =[0,2]c R 10 f[(A) ——[0 43, a f1(fA) =
=[—2, 2]. 3pecp {1 (f (A)) = A. Onuaxo Bkiaouenue f~ (f (4))DA
BEPHO BCeTAa.

471. PagenctBo f (f~! (B)) = B cnpaBepuBo s Jio6oro B u3
MHOXKECTBa 3HaUeHWH QYHKIMH f.

472. PaBenctBo f(A U B) =f(A)Uf (B) cnpaBepiuso  mas
Jo6eix MHoxkecTB A U B u3 ofntactu omnpenenenus GyHkuuu f.

PasenctBo f(A (| B) =f(4) N f(B) cmpaBegmiBo He BCETAa.

Tak, uanpumep, ecii A = [0, -ﬂ, B= [g, ;n], f(x) =sinx, TO

f(A) =00, 13, f (B) =[—1, 1,
f(AﬂB)—f([i 3—“]) [V2 ]#f(A)nf(B)—[O 11.

4
Onnako Bcerga Bepno Bkiawuenue f (A ) B) < f(4) N f (B).
473. Tlepoe cnpaBemyMBO JAJs J060r0, a HE TOJBKO B3aHMHO
OIIHO3HAYHOTO OTOOpaxKeHus f.

Jloxaxem BTOpOE.
a) [yctb y, € f (ﬂ A,); Toria B MHOXKeCTBE ﬂ A, Haifinercs Touka

X, Takas,, 4To ¥, =f (xo) 3HAUHUT, X, € A, 114 Bcex k, OTKyla Yy, =
= [ (x)) €f (4,) a7 BeeX k, T. €. 9, € ( F(4,). Hrax, F(N Ay =

< N f(A4,). Tlpu nokasarenbcTBe 3TOro BKJIIO'ICHI/IH MBI He HOJIbSO-
k

BaJIHCh TeM, YTO OToOpakeHue [ B3aHMHO OJHO3HAYHO; CJIENO0BaTENb-
HO, 3TO BKJIOYEHHE CHPaBejIuBO AJIf Jo6Oro oTobpaxkenus f.
6) Ilycts ¥, € N f(A,). Torna y, € f(A;) s moGoro k. Tax
k

Kak oroOpakeHue [ sIBJISIETCSs, B3aHMHO OJHO3HAYHLIM OTOOpakeHHEM
R Ha f (R), To tymecTByer, © NPUTOM TOJNbKO OjHA, TOYKa X, € R
Takas, 4to f (x,) = ¥,. 3HAUuT, 3Ta TOUKA X, IPHHALIEIKHT BCEM Ap,
T. €. X € QAk. Tostomy y, = [ (%,) Ef(nkAk). Urak,

Qf(Ak) Cf(f’l Ap).
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OCbenuusn pe3ysabTaThl, MHOJNyYeHHbIE B a) H 6), TONYUUM HYMKHOE
PaBelicTBO.

474. PagenctBo (1) cmpaBemnuBo assi JoGoro oroOpaxeHus f.
FaBenctBo (2) mepectaeT ObITh BepHBIM, BCJH OTOOpameHue [ He sB-
JIeTC B3aHMHO OJHO3HAYHBIM.

475. PaBenctBo (R \\ A) =f(R) \\ f (4) cnpasenauBo nis
B3aHMHO OJ{HO3Ha4HOro orobpaxenus f. Jljis NpPOM3BOABHBIX OTOOpa-
keHudt f cnpasegmBo yumb Braouerne f (R N\ A4) D f(R) \ [ (4).
Tak, nanpumep, ecau f (x) = x?, R =] — oo, +oo[, A =[0, +oof,
10 f (R\ A) =f(—o0, 00) =10, +oof, a F(R) \ f(4) = .

476. BepHnl.

477. CnpaBeiJiMBO.

478. Bepuml.

FnasalX.

HEMPEPLIBHbIE YXCJNIOBbLIE dYHKLIMA B
METPUYECKUX MPOCTPAHCTBAX

479. O6o3naqum uepe3 A, MHOXKECTBO BCEX TeX TOYEK X NPOCTPaH:
1

crea X, B KotopuXx o (f, x) > —. IlokaxeM, uro A, 3amkuyTO.
n

Ilycte a — Touka npukocHoBeHHsi MHOxkecTBa A,. Bo Bcskoil okpe-
crioctd V (a, ) Haiinerca Touka x € A,; npu 3TOM HEKOTOpas OK-
pectHocth V (x, 8) Touku x Bkaouaercs B V (a, &). Kosebanue dynk-
und f B V (x, 8), a 3uaunt, u B V (a, &) Gosbiue uiu pasio o (f, x)y >

1 o
> — . Ycrpemsisia € K HYJIO, HaliieM, UYTO KoJjieOaHHE B TOUKE a TaKkKe
n

1
He Menbme —, T. e. a € A,. Hrak, A, 3aMKHyTO.

n

Hamee, E =A; U A, U ...; crepoBaresnvio, E siBIseTCA MHO-
xkecTBOM THNa Fg B X.

480. Jro caenyeT U3 NpembIAyIeH 3aja4d U M3 TOrO, YTO JOTNOJIHE-
HHEe K MHOxecTBY THna Fg ecTb MHOxkecTBO THna Gs (3amaua 204).
481. Ilycte E = {ry, I3, I3, ...}. [locTpoum caenymomyio ¢GyHK-
HH10:

1
Fl) = 1% npu x___rk, rnek =1,2,3, ...,
Onpux € E.

Dra QyHKuMs pa3puiBHA B KaxJAOH TOUKE 7,; AEHCTBUTENLHO, B JMOO0H
okpectHoctH V (r,) HaBgyTCs TOUKH, He TpHHAJJeXKalHe 3aJaHHOMY
cueTHOMy MHOxecTBY E; B 3THX Toukax (yHKUMS paBHAa HYJIO; TO-

1 . -
3TOMy ©f }—k- Ins o060 oxpecTHOCTH V (r,) TOUKH r,; CJEAQBa-
1
TeJbHO, KoJebaHue QyHKUMH B [OUKe 7, TaKkKe > ry 3HAuUT, QYyHK-
LMs paspLiBHA B TOYKE 7.
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Tyctb Teneps x, € E. Ilas kaxzuoro & > 0 Haiigercs OKPeCTHOCTh

o I

TOYKH X, HE COlepxkamas HH OfHOH TOUKH 7, C HOMepaMH Rk < —
€

(TakHX TOYEK 7, JIMIIb KOHEYHOe YHCJI0). /s BceX TOYeK X, MOMaBLIMX
B 3Ty OKPECTHOCTb, HMeEeT MecTo HepaBeHCTBO |f (x)] <e, T. e.
If (x) —f(x)] <e. CrenoBarenbro, ¢yHKuMsi [ HempephiBHa B
TOUKE X,.

482, Tak Kak psal Xa,p (¥ — x,) PaBHOMEPHO CXOLHTCS Ha Beeil
k=1

YHCJIOBOH MPSAMOH, TO €ro CyMMa HelpephiBHA B TEX TOYKaX, B KOTOPHIX
BCe (QYHKIHM a, = ¢ (¥ — X,) HENpPepHIBHHI; CJELOBaTeNIbHO, CyMMa
psla HempepriBHA BO BCEX TOYKAX X, OTJMYHBIX OT Xq, Xg, X3, ...B Kaxk-
JIOH K€ U3 TOYEK X, X5, X3 CYMMa DPSiia TePIUT pa3phiB.

483. Jr0 cienyer M3 TOrO, YTO MHOXKECTBQ BCEX TOYEK DPas3phiBa
J1000# (YHKIMH, ONMpeleseHHOH Ha BCeH NpsMOM, sBJISETCS MHOXKe-
crBoM THNa Fg (3agaua 479). MuoxectBo ke CE, HONOSHHTENBHOE K
CUETHOMY BCIOAY IVIOTHOMY MHOKeCTBY E, He MOXKeT ObiTb MHOXKECTBOM
tHna Fs (cm. samauy 260).

484. Tipumep. [f(x) =2 —1) % (x), rtae o (x) — dyuruus
Hupuxrne, 1. e.

) = x* — 1, ecsiu x panMoHaJIbHO,
0, eciu X UppaUKOHAIBHO.

485. [TIpumep. f(x) =y (x)- sinax, rae g () — dynkuus
Jupuxie.

486. Bce Toukm, NpHHaLJIeXallUe CMEXKHbHIM HHTEpPBaJaM KaHTO-
pOBa MHOXKECTBa, SBJAIOTCA TOUKAMM HENPEPHIBHOCTH 3TOH (pyHKUHH.
Bce ToukH KaHTOpOBa MHOXKECTBa — €€ TOYKHM pas3peiBa (TaK Kak B
MoGOoH OKPECTHOCTH KaXKAOH TOYKH KaHTOPOBA MHOXKECTBA HMEIOTCS
TOYKH M3 CMEXKHBIX HHTEpPBaJ/IOB). Bce 3TH TOUKH SBJSIOTCS TOYKAMH
paspbiBa BTOPOTrO pOAa.

487. TIpuwmep.

1 p p
— IJI TOYEK X = —, rje —— *0—HecokpaTumasa Apo6b
10""1[ 107’ pil 10"’# p ZApoOb,
f® =10 I TOYeK X, He IPEJCTaBHMBIX B BHJE —1%72,
I mpu x =0.

HecnenoBanne 3Tol GYHKUMHM NPOBOJAMTCS TaK e, Kak B 3ajmaue 481,

488. 3ananHas (YHKIHs HENpephiBHA BO BCEX TOUKAX CMEXKHBIX
MHTEPBAJTIOB U pa3peiBHA BO BCeX TOYKAX KAHTOPOBA MHOXKECTBA.

489. Ecan lim ¢, =0, To sTa QyHKUMS HenpephiBHA BO BCEX TOY-
kax orpeska [0, 1]. Ecau lim ¢, cyumecTByer U OTIHYEH OT HYJs, TO
3Ta (PyHKIMSA paspeiBHA BO BCEX TOYKAX KAHTOPOBA MHOXKECTBAa M He-
npepuiBHA BO BCEX TOYKAX CMEXKHBIX HHTEPBAAOB.

490. B cayuae 1) ¢yukmusa f(x) paspbiBHa B KOHIIAX CMEXKHBIX
HHTEPBAJIOB KAHTOPOBA MHOXKECTBA M HeNpepbiBHA B OCTAJIBHHIX TOY-
Kax oTpeska [0, 1].
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B cayuasix 2) u 3) dpynkuus f (x) paspriBHa BO BeeX TOUKaX KaHTO-
posa mHoxkectBa D u HenpeprBHa Ha [0, 1]\ D.
491. Tpumep.

1
— Ipd X = P e B-#O——Hecoxpammaﬂ 1po0bp,
q q

f(x)=

0 npu x uppainoHa/bHOM,

1 mpu x=0.

HccnenoBanue 5Tofi QyHKIHMH NPOBOIMTCA TaK Xe, Kak B 3ajave 481.
492, He cymectByer (cM. 3anauy 483).

493. Taxkoi Oyzer, HanpuMep, GyHKuus F (X), paBHas NpoW3BeAe-
Huio gyHKiuu f (x), nocrpoenHoi B 3anave 489 (npu ¢, — 0), Ha GyHK-

o Jupuxie:
Fx) =fx) - % ®.

494. Taxkoii Oyper, Hanpumep, GyHKUMS, HMeiomas 3HaueHue |
B TOYKax KaHTOpPOBa MHOXKeCTBa, H 0 BHe ero.

JIpyruM DpUMepOM MOXeT CJaYXKHTb (YHKIHS, NOCTpOEHHAd B
3anaye 488.

495. Januasi QyHKuMs pa3spbiBHA BO BCeX TOUKAX UHCJIOBOH TNpsi-
MOH, Kpome TOukH ¥ = 0; B 5TOH Touke (yHKIMS HeNpephBHA.

496. [lannas ¢yHKUMS HeNpepelBHA BO BCeX Toukax orpeska [0, [].

497. Ecnu ¢yukuusa f(x) e orpannyeHa Ha A, TO pPaBEHCTBO
oueBHAHO: 0Ge ero 4yactd paBHul --oco. I1ycTb Teneps f (x) orpannuena
HAa A u sup fx) =M, mf f (x) = m. Fak Kak a5 mobeix § € A u

neAa nmeeM m f(g) >fMm >m, 10
m—‘M<f(§)—f(ﬂ)<M—m,
lf(%)—-f(n-)l<M—m=gaf,

OTKYyZa

sup If §) —F ()] < of. ()
& neA A

Jas pokasaTenbcTBa OOPAaTHOTO HEPABEHCTBA BO3bMEM IIPOH3-
Bo/ibHOe € >0 W HafineM B MHOMecTBe A Takue JBE TOUKH X; H X,
4TO

fr) <m+e, f(x) >M—e.
If (o) —F )| 2> ) —F (%)) >M —m — 2,
H, CJIEJIOBATEJNbHO EsupAlf B —fM|>M-—m—2e. B cuny mpo-
HUSBOJIBHOCTH & > O,'gilTeKaeT, 41O
Suplf @) —F () > M —m, 7. e.
sup [f(§) —F ()| > of. @)
& meA A

CpaBuuBas Hepasencrsa (1) u (2), nmonyuaem TpeGyeMoe paBeHCTBO.

Torga

187



498. B cuny pesynbrata npembipyumiedl 3apaud, Ans JHOOBIX ABYX
toyek &, n € A umMeeM:

IF &) +g (%)) —(fMm+g ('n))l IfF @) —7Fm) +
+lg@®—gm< ;of + og.
DBeps B J1eBOH YacTH BepXHIOIO IpaHb IO BeeM §, n € A, moayunm:
o (f+g) < of + og. (1
A A A
IMycTs Tenephb XoTst Gbl OAHO U3 4HCEN Of, ©Z KOHEYHO; Mpenneso-
A A
KHM, YTO g)g < (zf (v, 3HAUHT, og < + o0). Tak Kak f = (f + g) +

+ (—g), To us nepasenctsa (1), npumenenHoro k ¢pyuxusMm f 4 g u
—g, CJIefyerT:

of Lof+g) + o(—g) =0+ g + og.
A A A A A
HOCKOJIbe g)g KOHEYHO, l'IOJIy‘laEM:
o (f+g) 2 of — og = |of — og|.
A A A A A

o0
499. Tak xak psf ) f,(x) paBHOMEpPHO CXOAHTCS, TO s JOGOro
k=1

+-00-
& >0 cymecrsyer Takoi Homep N, urto| >\, (%)

NI
BriGepeM Takylo OKPEeCTHOCTB V (X,) TOUKH X, 49TO
o fr<olfp % E:H‘—‘

EnV(x,)
g kb =1,2, ..., N. Torna

m[f’fk,xo, ]<w ( f,,)\zN;w Fot

k=1 EnV(xo) r=1EnV(xy)

< %ll.ﬂﬂ Bcex x€X.

+(l) ( Eoofk)<kz—lm[fkv Xo» E]+—§-+3<

ENV(%0) \ p=N+1 2
J-o0
< 20 [fp %00 El+o.
k=1
Tak kak € > 0 npou3BoJbHO, TO
+oo oy
o| Eho w0 | <ot 50 £3
=1 k=1

500. Tax Kaxk 15 Jo6bix § € E um € E nMeer MecTo HepaBeHCTBO

NFE @ — IF I < IF @ —F M,

T0, B CHay pesyJabrara sagaun 497, elf| < of pra mo6oro mHoxe-
A A

188



ctBa A — E. Orciona Buitekaer, uto o [|f], x,] < o [f, x,]. A Tax
KaK QyHKUMA f HenpepelBHA B TOuke X, TO ® [f, xo] = 0, u, 3Hauur,

o [Ifl, xy] = 0; Ho 310 O3HauaeT, yTo QyHKUMA |f| TaKxKe HempephBHA
B TOYKE X,.

501. [Tpumep.

Flx) = 1 nns panuonanbunx x € [0, 17,
| —1 naa uppammonaneueix x € [0, 17.

502. Dra yHKUMS HeNpephIBHA BO BCEX HPPALMOHANbHBEIX TOUKAaX
U paspblBHA BO BCeX PalMOHANBHBIX TOYKAX; €e HCCJENOBaHHE NPOBO-
IUTCSl IPUMEPHO TaK Ke, Kak HCCJefoBaHHe QYHKIUH B 3anaye 481.

503. [Ipumep. f(r,y) =0 B Tex Toukax (x, y), Fae y uppa-
HUOHANBHO (npu JioboMm x), f(x,y) =1 B Tex Toukax (x, y), rae y
PalMOHAJBHO (IPH JOGOM X).

504. Oyukuusa f (x, y) HempepriBHa BQ BCeX TeX TOYKAaX KBaJpara
[0, 17 X [0, 1], rme obe KoOOpAMHATHI HppauUMOHAJbHE, OHa Helpe-
pHIBHA Takxke B TOYKaX, IJie OfHA H3 KOOPAMHAT HppauHOHa/lbHA, a
npyras paeua 0; kpome Toro, ona HenpepniBaa B Touke (0, 0). Bo Bcex
OCTAJTIBHBIX TOUKax KBanpaTa GyHKIHS paspLBHA.

JokaxeM, HampuMep, paspbBHOCTb GYHKuH f (¥, y) B TOuke
(%, gl>, l‘Ile—;1 >0, %‘- >0 — pauroHaJbHBEIE UHCAA, 3amKCaH-
HEIE B BHJIE HecoxpaTanblx JIpobejl ¢ NMOJOXKHTEJNbHBIMH 3HaMeHaTes -
Mu. B 3Toit Touke 3HauenHe QyHKUMH paBHO Hymo. B /o6oi okpecTt-
HOCTH 5TOH TOYKM HAHAYTCH TOUKH C MpPPaAINMOHaJbHOH abCuucCcod H €

. 1
opauHaToii  ”L; 3nauenne QYHKUMH B TAaKHX TOUKAX PaBHO — —,
U

1
a noroMy KoseGanue GYHKUMH B JIO60H OKPECTHOCTH TOYKH (K, p—‘)
q9 §
1 o
GoJiblile MJIM PaBHO —. 3HAUMT, 5Ta TOYKA SBJSIETCS TOYKOH paspniBa.
q.

1

HccnenoBanne (GYHKIMH B OCTaJbHBIX TOYKAaX NPOBOJMTCS aHa-
JIOTHYHO.

505. Tlycte f — dyHkuus, onpeneNeHHas U HempepbiBHAst Ha
KOMIIAKTHOM MHOXecTBe E. PaccMOTPUM MpPOH3BOJIBHYIO MOCJIEN0BA-
TesbHOCTD {y,} Touek u3 f (E). s KaxkJA0ro n CyuUeCTBYeT TOYKa
%, € E takas, uro f(x,) =y, B cuay Komnmakraoctd E, mnocneno-
BaTeNbHOCTb {X,} O0/anaeT MOATIOC/Ie0BaTe/bHOCTbIO (X, }, CXOAS-
mefica K HEKOTOpoi TOUKE a € E. Tak Kak ¢yHkuus [ HempepeiBHA B
Touke a u lim x,, = a, 10 lim f (x,,) =f(a), T.e.

koo _k—»-}-oo
limy,, =1 @¢f (E).
Hrak, Bcsikasg mnocaenoBarenbHocts {y,} Touek us f(E) obaa-

JlaeT  TIOATOC/IENOBATENbHOCTLIO, CXojsmeidcss K Touke u3 [ (E).
3HaunT, f(E) — KOMIAKT.

506. [Ipuwmepun. a)Illycts f (¥) = e*; 5Ta PyHKUHUS HENpepHB-
Ha H& 3aMKHYTOM MHOxecTBe ]—oo, 0] uucioBoii npsmod. OpHako
o6pa3oM 3TOTO MHOMKECTBA sIBJASiETCs] He3aMKHyToe MHoxkecTBO J0,1].
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6) Iycrs [ (x) =arctgx, E =]—o0, -+oof, f(E) =]——-2f, -g[
MnoxecTso E 3aMkHyTO, TOrAa Kak [ (E) He3aMKHYTO.

507. Ilycts f(x) =sinx, E =70, 2n[. Torma f(E) =[—I1, 1],
a 5TO MHOMKECTBO HE SIBJISIETCS OTKPBLITHIM Ha YHCJIOBOH IIP MO,

508. Ilyctb x4, X3, ... — NOCJENOBATENLHOCTD Touek H3 [~ (F),
cxopsmascs K Touke § € X. OyHkuus f (x) HenmpeprBHa Bciony Ha X,
U B YaCTHOCTH B TOYKE §; II0O3TOMY

F@ =lim ).

Tak kak [ (x,) € F, a MuoxecTBo F 3amkHyTto, T0 # f (§) € F, T. e.
E €™ (F). HWrag, Kaxpass CXOAALIASICS ITOCJAENOBATENBHOCTh TOYEK
u3 f~t (F) cxoputcsi K Touke U3 f~1 (F); cienoBaTeNbHO, MHOXKECTBO
f~t (F) samkHyTO.

509. Ilycts x, € f~ (G); Torma y, =f (x,) € G. Ilycrs V (y,) =
=1Y, — &, ¥, + € — OKDecTHOCTb TOUYKH ¥,, BKJouamomascs B G.

B cuny HenmpepbiBHOCTH (YHKIMH B TOYKE X,, CYILIECTBYET OKDeCT-
HocTh V (x,, 8) Takas, uro ana Bcex x € V (x,, 0) umeem: |f (x)—
— ol <&, T. e. f(x) €V (y) = G CuenoBarenbto, V (x,, 6) =
< f71 (G), 1. e. BMecTe ¢ TOUKOH X, € f~! (G) B 3TO MHOXKECTBO BXOAUT
H HEKOTOpas OKPECTHOCTb TOYKH X,. 3HauuT, [~ (G) — oTkpmITOE
MHOKECTBO.

3ameTHM, 4TO STOT Pe3YJbTaT MOXKHO NOJYUHTb TAKKE H3 pes3yJib-
Tara NpejpIAYyHIeH 3aKaud MePexoioM K JOTMOJHEHH SIM.

510. Moxer. Tlpumepn: a)f(x) =c; 3pecb npooGpasom
KOMIMIAKTHOTO OJHOTOUEUHOTO MHOMKeCTBa {C} sIBJIsieTCs BCS UMCJIOBast
npsmas; 6) f (x) =sin x; sgeck npooGpasom orpeska [—1,1] saBaser-
cs Bcs ock Ox.

511, Heo6xoxumMocCThb YCAOBHA JoOKazaHa B 3agaue 509.
JlokaxkeM eT0o 1 OCTAaTOYHOCTBH. Bo3bMeM NpPOH3BONBHYIO TOY-
Ky X, UMCJIOBOH MNPFAMOH H PACCMOTPHM IIPOH3BOJBHYIO OKPECTHOCTD
1¥o — & Yo + €[ Touku y, = f (x,); npoobpasoM STOH OKpPECTHOCTH
SBJISIETCSE TI0 YCJIOBHIO HEKOTOPOE OTKDBITOe MHOXKecTBO (i, NpHueM
x, € G. Ilyets Jxy — 8, x, -+ 8] — OKpecTHOCTb TOUKH X,, BXOASLIAS
B G. Torna f (x) €1y, —¢&, y, + €[ masa Bcex x € Ixy — &, x, + O[;
HO 3TO M O3HayaeT, 4To GyHKUHSA f (X) HeNpephIBHA B TOUKE X,,.

Tak kak X, — Npou3BO/JbHAsA TOYKA YHCJIOBOH NPAMOH, TO (yHK-
uHs f (x) HenpepbiBHA Ha Bceil YHCJIOBOH HpSIMOM.

512, Tlyctp Ja, b[ — mpoOA3BOJBHEIE MHTEPBaA HA YHUCJAOBOH Nps-
Mmoii. OH siBJIsleTCs1 JONOJNHEHUEM K MHOKeCTBY ]—oo, a] U [b, +oof,
a mpooOpa3 5TOr0 MHOXKeCTBA 3aMKHYT, Kak OOBCAMHEHHE JBYX 3aMK-
HYTHIX MHOXecTB (cM. 3amauy 476). IlostoMy mnpooGpas wHTepBaJa
Ja, b[ orkpuT (cM. 3anauy 477).

Hrak, npoo6passt BceX HWHTEPBANOB OTKPHITH; HO TOrAa, Ha OCHO-
BaHHMH pe3ysbTaTa npepbiayiued 3anaud, ¢yHkumus f(x) HenpepbiBHA.

513. Ilyctb x, — TOuKa HempepeiBHOCTH ¢yHKIMH [ (X), npHueM
f (x,) = n, HOKaXeM, Y4TO CYLIECTBYET OKPECTHOCTb 3TOH TOUKH, BCe
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TOYKH KOTOPOH SIBJIAIOTCS TOUKAMH HENpPepPHBHOCTH GyHKuMH f (X).
[Tycts V (x,) — Takas OKPECTHOCTb TOYKHU X,, 4TO A/ BceX x € V (x,)

BBIIOJIHSIOTCS  HEpaBeHCTBA [ (X,) — % < f(x) < f(xo)+ -;~, T. €.

”o""?]<f(x)<no+'é'-

Tak xak ¢yHKuMS, 0O YCJIOBHIO, IPHHHMAET TOJBKO LieJble 3HAYEeHHU s,
TO 3TO O3HAayYaeT, 4To f (x) = n, 114 Bcex x € V (x,). Takum oGpasom,
byHKuua rMocTosHHa Ha V (x,), a 3HAuMT, HeNmpepbIBHA BO BCEX TOYKAX
3TOH OKPECTHOCTH.

HUrak, ecim x, € E, rie E — MHOXECTBO TOYEK HeNPepPhIBHOCTH
¢yHkIMu f (x), TO HEKoTOpas OKPECTHOCTb V (x,) 3TOM TOUKH TaKKe
BXOAUT B E; a 3TO 03HAyaeT, 4T0 £ — OTKPBHITOE MHOXKECTBO.

MHO)ecTBO TOYeK pa3peiBa (GYHKUHH f (X¥) 3aMKHYTO, Kak AOMOJ-
HEeHUE K OTKPHITOMY MHOXECTBY.

514. MuoxectBo f (E) kommakTHo (cM. 3amauy 505), a Bcskoe
KOMIIAKTHOE MHOXECTBO OrpaHHueHo (cM. 3amauy 303).

515. Henycroe MHoxecTBO [ (E) KOMNAaKTHO H, CJIeXOBATENbHO,
3amMkHyTO (cM. 3ajnauy 303). Ho Torma oHO comep:KHT BCe CBOM TOUYKH
NPHKOCHOBEHHS, U B 4acTHOCTH ToukKy A =inf f (x) u Touky B =

X¢€E

=sup f (x) (to, uro, HampuMep, A eCTb TOYKa NPUKOCHOBEHHS JJIf
xcE

f (E), caenyer u3 toro, 4ro B so6om uurepsane JA — e, A + €[ Haii-
Jietcsi XoTs Obl oxsa Touka u3 f (E); B npoTHBHOM cJyuae uncio A + €
Ob110 Obl ONHOM U3 HUKHUX T'paHull pyHkuuu f (x) Ha E, a 310 NpOTHBO-
peuuT TOMY, uTO A eCThb HauOOJbIIAS U3 HHKHHX IPAHHUIL).

516. Ilyctb E — MHOXECTBO BCeX HeENpPepHBHHIX (YHKUHA x ({)
Ha [0, 1] takux, uto x (0) =1, 0 Cx (f) < | npu ¢ €[0,1]. Muoxe-
ctBo E orpanuueno u 3amknyto B C [0, 1], KoTopoe fBJIS€TCS MOJHBIM
npoctpancTBoM (cM. 3azauy 130). [TocTaBuM B COOTBETCTBHE KaAOMY

1
anementy x € E uuciao f (x) = ®yuruus f(rx) HenpepnBHA
[ x @) at
0
Ha E, HO He orpaHnyeHa Ha HeM (HEeNpPEepPLIBHOCTb CJeAyeT W3 TOro, YTo
1

j x (f)dt nenpepriBHO 3aBucuT oT X B C [0, 1] 1 me obpaiaercsi B HYJIb
0

1

Ha E; HeOrDaHHYEHHOCTh CJIEyeT W3 TOro, uTo |x (f)dt MoxkeT GbiTs
0

cllellaH CKOJb YTOAHO MalbM JJis Hajjexamum obpa3oM nonobpas-
HbIX X (f) us E.

517. B kauectBe E MOXHO B3siTh TO MHOXKecTBO B C [0, 1], kotopoe
OBLIO HOCTpOelHO B NpejblAylleli 3ajaue, a B KauecTse [ (X) — QyHK-

o f (x) = Ofx (¢) dt. HenpepBIBHOCT ¥ OTpaHHYeHHOCTb f (x) Ha E

oueBuHbl. OfHAKO HET TaKo# HempepriBHOH QyHKuMH a (f), NpHHAZ-
nexamell E, ana koropo#t f (a) = inf f (x), tak xax inf f (x) = 0,
Xx¢E X¢E
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1
a a4 Jo6oit pyukumy x (f) us E umeer mecto f (x) = | x () df > 0.
0

SIIS. Zas mobbix x” € X, x” € X UMEIT MECTO HEepaBEeHCTBA:
Py y0) — p (&, yo) (¥, X)), p(x', yo) —p (¥, yo) <
< e (', x"), otkyma |p (¢, yo) —p (", yo)| < p(x', x"), a sT0 03
Hayaer, yTo (QYHKUMA O (X, yo) PaBHOMepHO HenpepbiBHd B X (u,
CJIejoBaTesbHO, HenpephiBHA B X).

519. Ilycre y € E. Torma s mo6eix x' € X u x” € X nmeeMm:

d(x,E)y<po(,y)<p,x)+p " y),

P (' y) >d (', E) —p (x, x).

Ilepexonst B 3TOM HepaBeHCTBe K HHKHeH rpaHu mo BceM y € E, mo-
JAYUUM:

T. €.

d (", E) = inEf p(x',y) >d((, E)—p (', x"),
¥é

nIau
d@x'yE)—d (", E) Lp (X', x).

Mensis poasmu x' u x”, noayunm: d (x", E) —d (¥, E) <
<p (¥, x"), orkyma |d (x', E) —d (x", E)| <p («', x"). Cnenosa-
TenbHO, GyHKuMsA d (X, E) paBHOMEPHO HeNpepbIBHA H, 3HAYHUT, He-
npegbmna B X.

20. Paccmotpum p (xp, ¥) KaR (QYHKUOHMIO OT y Ha KoMnakre E.

B cuny ee HenpepbsIBHOCTH (cM. 3anauy 518), cymiecTByer Touka vy € E

TaKas, 4to p (Xo, Yo) = il}Ef o (xo, y) (cM. 3anauy 515), T. €. p (xo, yo) =
y:

=d (xo, E)

521. TNoctpouM B mpocrpanctBe X 3aMKHYThIH map B = B (x,, 1)
Takoi, 4To MHOxecTBo £ (] B Henmycro. B cu/ly KOMIAKTHOCTH 3TOrO
MHOXECTBa, B HeM HaHjeTcs TOYKa Y, Takasi, uTo P (Xo, ¥o) = d (X,
E N B) (cm. npepmiayumyio 3amauy). Torma p (xo, yo) = d (o, E),
TaK Kak jjs Jioboro y € E BBIIOJHAETCS HEpaBeHCTBO P (Xp, y) >
>0 (%0, yo): 11y € E [} B 3to caenyer u3 BeIGOpa TOYKH Yo, a A
y €EN(E N B) —Ha 1010, 410 p (0, ¥) > > p (Xo, Yp)-

522. Ilna mobuix x € E, y € F umeeM: p (x,y) >d (y, E) >

> infd (y, E), T. e.
¥eF .
p (%, y) > infd (y, E);

nepexois B 3TOM HepaBeHCTBe K HHKHell rpanu no BceM x € E, y € F,
noayuum: inf p (x, y) > inf d (v, E), wm
X¢E,yF yF

d (E, F) > inf d (y, E). (D
yeF

C npyro#i cTopoHbl, npu ¢ukcupoBavHoM y € F umeem:
inf p(r,2) <inf p(x,y), 7 e d(EF) <d (v, E).
xz

x:E, 2F
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Tak kak 3T0 HepaBeHCTBO crnpaBejuBO Npu JwoGom y € F, To OHO
COXPAHHUTCS W AJS HHXKHeH rpaHu (mo BceM y € F), T. e.

d(E, F) < infd (y, E). @)
yeF

CpaBnuBas HepaBeHcTBa (1) m (2), monyyaeM HCKOMOE paBeHCTBO.
523. Cornacuo sanaue 519, d (y, E) ectb HenpepbiBHas QyHKuHS
ot y. [losTomy B Komnaxre F HaiifieTcs Touka y, Takas, 4to d (3,, E) =

= ix;fd (v, E), 1. e. d (yo, E) = d (E, F) (cm. sagaum 515 u 522).
ye

Tak kak E o6Gnanaer cBoiicTBoM H, To, B CUJY pesynbTara 3ajaud
521, cymectByer touka xo € E Takas, 4To p (X9, ¥o) = d (E, y,). Cre-
JoBaTeibHO, P (Xg, Yo) = d (E, F).

524, 525. 1o csenyer HemoCPEACTBEHHO M3 3aiauu 523 (ecau
y4ecTb TaK¥Ke pPe3yJbTaT 3ajauu 334).

526. I[1 pumep. lunepGona Ha NMJIOCKOCTH M €€ aCHMITOTA.

527. Tlpumep. Kpuas y=1

— H mpamas y=—1.

528. Ilycts E = {fy, f3, ...}, tme f, (n = 1, 2, ...) — nenpepnis-
Haa Ha [0, 1] dynKuus, onpejeneHHas ClepyowuM o6pasoMm:

1 1 1
3+n+l npu xE[O,l —-’;].
o 1 1
fn€x) = { MuHeiiHa Ha [l—;, 1._n+1],

1
0 npu x € [l“n—-l_:—l’ l]

(cm. puc. 28). MuoxectBo E OrpaHHYeHO H 3aMKHYTO B MOJHOM
npocrpadctee C [0, 1] (3amkuyrocts £ cJjegyer u3 TOro, 4ro

3
Y (fm%fn) > ; npu m = fl).

B kauectBe MHOXecTBa F BO3b-
MEeM OJHOTOYEYHOE MHOMKECTBO, CO-
crosiee H3 QYHKUHH Yo (X), TOX-
JlecTBeHHO paBHO# HyJio Ha [0, 1].

1 1
T , Vo) = — + — -
oraa ¢ (r yo) = - ta Ty
d = (E, F) ld(E, Yo} =
= infp(f,, yo) = 5 TaK 4t

n
d(E, F) #p (f,, yo) HH A1 Kakoro ,
sjiementa [, mHOXKecTBa E. y=f(x)

529. D10 cienyeT U3 HepaBeHCTB

—

l

5 y=1o(x) /943()()
‘ Vd

A\ - y=fe(x)

I

SN Dol —~

[0 (%1, 1) — 0 (X2, y2) < p(x1, X2)4+ 1
_+ Y ()'1’ )'2) < 2
K V2R (%1, y9), (x2 ¥2) Puc. 28



(mepBoe H3 HUX JIETKO BHIBOAMTCA H3 HEPABEHCTBA TPEYTOJIbHHKA, BTO-
poe crenyer us mepasenctBa a + b <V 2V a® + b?, cnpasennBoro
Insa mo6eix yucen a > 0, b > 0).

530. p (x, y) — dyuxkuus, HenpepoiBHasi Ha Komnakte E X E
(cm. 3anaun 314 u 529). CnenoBare/bHO, B CHJIY pesyjbTaTa 3aiaud
515, nafineTcs Touka (Xo, ¥o) € E X E, B KoTopoH 31a QyHKuUMS J0-
CTHTaeT CBO€H BepXHeH rpau, T. €.

p (%0, Yo) = sup p (x,y) = diam E.
x¢E, y¢E

531. Ilyctb p (%3, xg) = a. PaccMotpuM  okpectHoct V=
=V (xi, %), Vo=V (xz, —3—) Hckomasn ¢yHKuMs Moxer 6HITh 3aja-
d(x, Vy)

d(x, Vi) +d(x, Vo)
532. B kayecTBe MCKOMOH (YHKIMH MOXHO B3ATb, Hamlpumep,
CJIEAYIOILY1O:

Ha PaBeHCTBOM [ (x) =

ptx. U E) o, U E)
fx) =p, o E) +p(x UEi) +p29(x E)+p(x, UEz) +
p(x, UE)
t ot PR BT & U E

Jlerko Bugerb, uto f (x) = p, npu x € E, (k = 1, ..., n).
IToxaxeM, uTo 3Ta (YHKuUHMSA ONpejeneHa H HenpepblBHA Ha BCei
ypcsoBoi mnpsaMoil. JleficTBuTesNbHO, MHOXecTBo |J E; 3aMKHYTO,
i#1

KdK CyMMa KOHEYHOTO YHCJla 3aMKHYTHIX MHOXeCTB E,, Ej, ..., E,;

nosToMy MHOXKecTBa £y M |J E; He nMeloT o61KX TOUEK IPHKOCHOBEHHU S
i#1

H, CJeJioBaTe/IbHO, 3HaMeHaTeJNb NepBoi Apo6H HH B OAHOH TOUKE He
paBeH HYJI0; 3TO XKe CIOpaBejJIMBO M JJIl 3HaMeHaTeJed BCeX OCTalib-
HBIX JApoGeli. Ho Torna us HenpepoiBHOCTH (yHKuMi p (x, E,) u
p (x, l_L E) (k = 1, ..., n) BHTeKaeT HeNpepHIBHOCTb (QYHKUUH [ (x).

i

533. MckoMylo (YHKUMIO MOXKHO 3afaTh CJEAYIOMHM 00pas3oM:

p(x, U El)
X
F) Epkpu ETo® UE

534. Honyctum, uto Takasd (GyHKuus [ (x) cywecrByer. Ilyctb
xo € Ey — Touka npukocHoBenus pasa (J E;. Torma B moGoii okpecTt-
i1

HOCTH V (xg) TOUKH xoHafinyTcs TOUukH U3 E; co cKoJib yrogHo GoJibliy-
MH HOMepaMH i (Tak Kak oObellHEHHe KOHeUuHOTo uHcjia MHOXKEETB £
3aMKHYTO); CJeloBaTe/lbHO, B 3TOHl OKPECTHOCTH HaHRyTFcs TOUKH, B
KOTODBHIX 3HaueHUs QYHKIMH f (X) CKOJIb YrofAHO OJM3KM K HYJAI0 (TaK
Kak p; > 0 npu { - -00); HO Torxa B J1OGOH OKPECTHOCTH TOUKH Xg
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KoseGanue ¢ynkuuu f (x) Gosbiue uix paBHO |f(xo)| = |p4], a 3710
o3Hauaer, 4To GyHKuHs f (x) pa3phiBHA B TOUKE X,.

535. Ilycts f (x) — QyHKIUA, HelpephiBHAS HAa CBSISHOM MHOXKe-
ctBe E. HdonycruM, urto [ (E) uecBsizHo. Torma f(E) = A U B, rie
A u B — paswvenuHeHHBEle MHOXeCTBa. PaccMoTpuM MHOXKecTBa Ay =
= f1 (A) u By = f~* (B). OHu HenmycTsl, HX OObENUHEHHEe paBHO E,
H HH OFHO M3 HHX He COJEPXKHT TOYEK INPHUKOCHOBEHHS APYToro: ecju
6bl, HanpuMmep, a € Ay Gbl1a TOUKON NMPHKOCHOBEHHA ISl By, To He-
KoTopasi Moc/aefoBaTeNbHOCTh {x,} ToueK M3 B; cxomuJach GHl K a;
HO TOTJla, B CHJIY HeNpepbIBHOCTH GYHKUHHU f (X), MOC/I€I0BATENbHOCTD
{f (x,)} Touek u3 B cxoxusach GBI K f (a) € A, UTO MPOTHBOPEUHT Pash-
enuHeHHocTH MHoxecTB A u B. Hrak, A; u By — pasbequHeHHble
MHOXeCTBa, oObejuHeHHe KOTOphIX paBHO E. Ho ato mportuBopeuuTt
cBsizHoctH E.

536. CorsiacHo pesyabTaTy NpeAblayliedt 3anauu, f (E) — cBsisHOE
MHOKeCTBO Ha npsamoii. [losTomy BMecTe ¢ ToukamMid A u B MHOMXKECTBO
f (E) conepXHUT U BeCb COEAHHSIOUUI HX OTPe30K (CM. 3amauy 394).
fCJIe)}J,OBaTeJIbHO, C €f (E), T. e. cymwecTByer To4ka ¢ € E Takas, uTo

(c) = C.

537. B cuny pesyasratoB 3agau 505 u 535, f (E) — menycroe
KOMMAKTHOE CBfI3HOE MHOMKECTBO Ha mpsMmoii. Ho Takums siBasiioTcs
TOJIbKO OTPe3KH M OJHOTOYEeYHble MHOXKecTBa (cM. 3amauu 303 u 395).

538. Her, ne sBaserca. Hanpumep, ¢pyHkuus

.1

sin— npu x%=0,
fx) = x
0 mpu x=0

o6nanaer csofictBoM Jlap6y Ha otpeske [—I1, 1], HO pa3pbiBHa B Touke
xp = 0. (OxHako MOXKHO JIETKO JOKa3aThb, 4TO (YHKuMs, obJajaomas
cBofictBoM [lapGy, He MOXKET UMeTb TOYeK pas3phbiBa MEpBOTO Poja.)

539. 1) dyukuud sin—)lc— He $fBJISeTCS PaBHOMEDPHO HeNpepLIBHOM
na uHrepBaste 0, 1[, Tak Kak ajs Bcakoro 8 > 0 koseGaHue 3Toi
GyHKHHH Ha HHTepBae ]0, -;—min @®, l)[, JJIMHA KOTOPOTO MeHblie
uem 8, paBHo 2.

2) OyHKuHA X sin% paBHOMepHO HempepniBHA Ha ]0, --oo[. Ho-
KaxeM 31o. [oonpemesuM AaHHyiO ¢yHKuHio B Touke O, MOJIOKHB

% sin+ opu x %= 0,
X

fx)=
0 opu x =0.

[Monyuennas dyukuua f (x) HenpepoiBHa Ha Jyue[0, +oof.
3ananum npoussosbHoe £ > 0. Tak kak f (x) > 1 npu x — oo,

TO HalAercs X, Takoe, uyro |f {x)—1]| < 72- Ans mo6oro x > xp. Ha
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orpeske [0, xo] dynkmusa [ (x) paBHOMEpHO HenpepLBHA KaK dyHrHuS,
yenpepuiBHas HAa OTpe3ke. 3HAUHT, HaljleTcs TaKoe 8 >0, uro ansa
Beex ¥, x" € [0, x,], A Kotoprx |x" — x"| < 6, Gyzer

1f () —F @) < ~;—
Toraa aas Bcex Touek x, x” € 10, +oo[, x' < ’f,” TAKHX, UTO " — X' <
< 6, uveem: |f(x)—F (x")| < & ecomn x', X" €10, %], To |f(x)—
— P <E < eem v, & €d ool 0 1 () —F ()] <

L E)—=1+11—FE< -:4 +% < '€}  HAaKOHel,  ecJau
x €10, %), x" € Jxo, +oo[, 0 |f (x') —F (x")] <If (") —F (x0)| +
4 1f ) — U+ 11— < 5 +5 +5 =e  Hrax, oynx-
mus [ (), a 3HaUUT, U coBMajalomwas ¢ Heli Ha ayye 10, +oof dyHkuuA
xsin+ paBHOMEPHO HENpepHIBHbL Ha 3TOM Jyue.

X

3) dynxuusa 3x PABHOMEPHO HENpepHBHA Ha YHCJOBOH NpsMOH.
JleficTBUTENbHO, TIOCTABUB B COOTBETCTBHE KakAOMY € > 0 uucyio § =

=2 nonyuum, uto u3 |x" — x"| < 6 cnemyer: |3x" — 3x"| < e
3
4) dyukuusa x* He PAaBHOMEPHO HenpepbiBHAa Ha BCEH UHCJOBOH
npsAMoH. .
n
5) OyHxuua L paBHOMEPHO HenpepeiBHa Ha Jyde J0, 4-oof.
X
540. JlonyctuM, uto GyHKuMs f (X) He ABJAETCS PaBHOMEPHO He-
npepuiBHoil Ha E. Toraa cymecTByer Takoe &, >0, uto aas JoGoro

8 > 0 maiinyrcs Toukd x' H x” H3 E, paccTosiHHe MeX1y KOTOPbIMH
! "
menbiie uem O, Torma kaxk |f (x") — f (x")| > €. B uactHoCTH, N4

6, = —:; (n=1,2,..) HalgyTrcs TOYKH Xp, ¥, € E Takue, uro

’ ” 1 ’ ”
0 (xn, x) € o | F (xn) — [ (xa)] 2> 0.

Paccmotpum TocsiefioBaTebHOCTR {X,}. B cuay kommakthoctd E,
#3 Hee MOXKHO BHIOpaTh NOANOC/IENOBATEIbHOCTD {x,’lk}, CXOJSIIYOCH
K Hekortopoii Touke x,€ E. Toraa x, sBasercs mNpelesioM Takxke AJsi
MOJITIOCIeI0BATE/IbHOCTH {xnk}. JIefcTBUTENbHO, p(x;k, %) <

L4 ’ ’ l ’ 1 'l

<P %) H0 (X, %) < =0 (X, %) H = 40 (x;,, %)>O0npa
k— co; nosTomy p(x;k, %) —0 HpH k— .

B Touke x, QyHkuusi f HenpepbiBHa oTHocHTeJbHO E. Ho Tqraa
lim f(x. ) = f(x,) u lim f(x; ) = f (x,). CnenorareinnHo,
koo ng koo k

lim |f () — F e, )] =0

A 3710 mpoTHBOpEUHT TOMY, YTO |f (x,',k) —f (x;k)l > & LI Jo6oro
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HoMmepa n,. [losyyeHHOe NMpOTHBOpeYHe JOKasbiBaeT, 4To (PyHKuus f
paBHOMEpHO HenpephiBHa Ha E.

541. [Myctb pyuxuusd f (x) paBHoMepHO HenpephiBHa Ha E. Haiinem
takoe uucao & >0, wro |f (x')—f (x")] < 1 mas mobuix x' € E,
x" € E takux, uro p (x', x") < 8. B cuny sanaun 326, cymectByer

KoHeuHasi §-ceTb Xy, ..., X, A MHOXKecTBa E, copepxamascs B ca-
moM E. Ilyctb A — HauGoJibiiee, a B — HauMeHblllee H3 uHCeN
f (x1), ..., f (x,). Torna nast moGoro x € E nonyuum:

A—1<fW KB+ 1

542. Jla. 9To cyenyeT U3 HepaBeHCTBA

&) +g)N)—@F@E)+g (x"z)l”)f If ) —F &)+ g (x) —
—g (")

543. He Bcerna. Hanpumep, ¢ynkuun f (x) = x u g (x) = x pas-
HOMEpHO HenpepbiBHBl Ha BCEH UMCJIOBOH NpSIMOH, OJHAKO MX mpous-
Benene f (x) g (x) = x* He sBAseTcss PABHOMEPHO HENPEPBLIBHOM
¢dyHKuuel Ha ]—oo, ~-oof.

544. Jla. D10 cjenyeT U3 HEPaBEHCTB-

1F (&) g () —F (") g < UF () g () — F (¥) g (x)] +
+ [f (g (") —F (g &)= I1F&)-]g &) —g&)+
+ 1g )1 - 1F &) —F &I </f1 '”l)g &) —g &)+ B-If (x)—
X

e A = sug If ()1, B= subpl g (x)| (orpaHuueHHOCTb QYHKIMH, paB-
X< X<

HOMEPHO HeNpephlBHOH Ha OTHOCHTENBHO KOMIIAKTHOM MHOXKECTBE,
6bL1a JoKasaHa B 3ajaue 541).
545. 3aganuMm npousBoJibHoe & > 0 M Haligem Takoe N, uTo a1

Bcex x > N umeer Mecro |f (x) —b| <—z—, e b = liI}_] f (x). Torma
T X —>--00
A1 JmoOeix  Touek Xy > N, x, > N chnpaBeiJHBO HEpPaBeHCTBO

IF (1) —F (x2)] <§.

Ha otpeske [0, N] ¢yHKuMA HeNpepbiBHA; CJENOBaTeIbHO, OHA
paBHOMEpHO HenpephiBHa Ha HeM. Haiinem 6 > O Takoe, yTo AJ1s1 Beex
¥ €[0, N1, x" €[0, N], |x —x"| <8 mumeer wmecro |f (x') —

— [ < —;—. OKa)KeM, YTO 3TO 4HCJO0 § «romuTcs» /15 BCEero Jyda
[0, 4oo[. TTycTb Xy, %5 € [0, +o0o[ u | x4 — x2f < 8. Ecam x4 €[0, N]
H x5 €[0, N, 1o | (x) —f (%) < §< e; ecmd 13 > N, xp > N,

10 |f (%) —f ()] < %< £, HAKOHel, €CJH OJlHa U3 3THX TOueK,

Hanpumep x,, npunaaaexur [0, N, a xpyras Gonbue uem N, To
1F () — P | <IF ) —F M) [+ ) —f ) | < 2 + 2 =e.
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Urak, u3 |[x;, —x,| < 6 Bcerma caenyer: |f (x) —f ()] <e. B cu-
Jy TPOU3BOJBHOCTH yucaa € > 0, 3T0 o3Hauaer, 4To PyHKuuaA [ (x)
paBHOMEpHO HenpepriBHA Ha Jyde [0, +-oof.

546. Hesepuo. Hanpumep, ¢yukuusi sin x* HenpepsiBHA H Orpa-
HMYE€Ha Ha BCe#l YUCJIOBOH MPSMOH, OJHAKO OHAa HE PaBHOMEDHO He-
npepuiBHA Ha Hell. JefCTBHTENBbHO, KAKUM ORI MaJbiM HH B3SITb 1OJIO-
XKuTeqbHOE uyucao 8 >0, Bcerja Haiinerca uuTepBan Buia ) k=,
V (k + 1)n[, nmuHa xoToporo MeHbmre 4eM § (Tak Kak JJIMHBI 3THX
HHTEPBAJIOB CTPEMATCH K HYJIO NpH k — +oo0). Bmecre ¢ TeM Koseba-
nue QyHKuMH sin x* Ha 3TOM MHTepBaste paBHO 1. CienoBaTesbHO, AT
¢ =1 He cymectByer Takoro § >0, uToGbl Ha BCSKOM HHTepBaJse
JUTHHBI, MeHbieH ueM §, KomeGanue QYHKUMH ObLIO Obl MEHBIIE YeM €.

547. He siBnsieTcsi (XOTs, KaK C/IefyeT U3 pe3ynabTara 3ajgauu 488,
OHa HempepbiBHA BO BCeX TOUKAaX MHOxkecTBa E).

548. Dra Qyukuus pa3peiBHAa BO BCeX TOYKAaxX [epPBOro poja MHO-
xectBa D ¥ HempepbiBHA BO BceX TouKax MHoxecTBa CD, a Takxe BO
BCEX TOYKaX BTOporo poxa MHoxectsa D. Ha muoxkectse CD ¢dyHKuus
HE fBJISIETCS PABHOMEPHO HeNpepbIBHOMH.

549. Ilycte x € E. B cuny paBHOMEpPHOH HENPEPEIBHOCTH GHYHKIUH
f ua E, nas xaxmnoro € > 0 nHaiigercs takoe 8 > 0, uto us x', x” € E,
o (x', x") <8 crenyer: |f(x')—f (x")] <e. B uacrnoctu, ecim x',

x" € V(x, %) N E, o |[f(x)—[f(")] <e. TlosroMy mns BCAKOH

noc/Iel0BaTeNbHOCTH {X,} Touek u3 E, cxomsiueiics X X, Toc/e1oBa-

TeabHOCTh uncena {f (x,)} dyHIamMeHTaabHA H, B CHAY MOJHOTHL YHCJIO-

BOH mpsiMoil, umeeT npefen lim f (x,). DToT NMpenen He 3aBHCHT OT BhI-
ko0

Gopa TMOC/IE10BaTE/IbHOCTH TOueK MHOxkecTBa E, cxomsmeidics Kk x:

ecsiH Obl /151 KaKUX-JH00 ABYX CXONALIMXCA K X TOC/AELOBaTe/bHOCTEH

{xx) u {x} Mbl umesn lim f (%) 5= lim f (¥5), TO mOC/Ie10BaTENbHOCTD
, k->+4o0 " k—>+4oo

{x,}, TH€ Xgp_y = Xp, X,, = Xr, TaKKe CXOZHJACh OBl K X, ONHAKO

nocsieoBaTesbHOCTE {f (x,)} He UMena Ol npezena.

[MosoxuB Tenepb ¢ (x) =klim f (xn), rne {x,} — xakas-un6ynn
—-4-00

NOCJIENOBATENbHOCTD TOYEK H3 E, cxXoaduancs K TOYKE X, MBI MOJYy4YHUM

¢dyHKuHO @, ompenedeHHYl0 Ha MHOxecTBe E. Ha MHoxecTBe E oHa
coBmazaer ¢ pyHruued f, Tak Kaxk ecnmu x € E, TO MOXHO NOJOXHTb
X, = X 011 Bcex k.

JokaxeM, 4To QyHKUMA ¢ pPaBHOMEpHO HempepsiBHa Ha E. 3ana-
UM Tpou3BosibHOE £ >0 u Bo3bMeM O > 0 Takoe, yto 3 X, y € E,

p (x,y) <8 crenyer: |f(x) —Ff (I % [lycte x' u x” — mpous-
BOAbHEIE ToukH H3 E Takume, 4o p (¥, x") <8 u {x}, {x} —
KakHe-HHGYAb TMOCTEAOBATENIbBHOCTH TOYEK M3 E, CXOAsLIMecs COOT-

BETCTBEHHO K x’ 1 x”. BeiGepeM k& cTo/b GOMbILNM, YTOOBI BBITOJIH A/IHCh
CJIeyIOLIHEe HEPABEHCTBA:
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Pl )< 8 1) —e)| < 50 1) —e ()< 5
(nepaBeHcTBY (X, X)) < 8 MOXHO YIOBNETBODHTb, €CMM B3ATh
HEV (¥, W, X EV (', W, The n= (B —p(¥, #); RelicTBATE M-

HO, mpr BTOM P (X, X) <P (X X)+p (s )+ (" )< 2+
+p(s x7) =9).

Torna nomyunm:

lo () — o) | <lo@)y—FOx) | +1F(x) —F )]+
1 () —e (i< ;-1—;-!—: = &.

Takum o6pasom, Ans MoGHX Touek X', x” u3 E Takux, uto p (¥, x") <
<8, umeem: |@ (x')—@ (x")] <e&. B cuay NpoH3BONBHOCTH YHCJa
& > 0, 3T0 03HAuaeT, YTO ¢ PaBHOMEPHO HenpepsBHA Ha E. Tem Gonee
OHa HempephiBHa Ha E.

YcnoBreM HenpepeHBHOCTH (YHKIMA ¢ ompenesesa Ha E onHo-
snauno. JlefiCTBHTENbHO, NYCTb Y — KakafA-1u60 HempephBHAas Ha E
¢ynruu g, eoBnagawmas ¢ f Ha MuoxectBe E. Toraa aia mo60i TOUKH
x € E u moGoii moc/enoBaTesbHocTd {x,} Touex u3 E, cxopsweiics
K X, HMeeM:

P ) =lim P (x,) = lim f(x,) = ¢ ().
k~+o0 k>0

550. IlpomomxkuM cHauana QyHKHHIO [ C COXpPaHEHHEM HeNpephB-
HOCTH Ha 3aMKHYTOE MHOXECTBO E, KaK 3TO CHe/aHO B NpemsInyledt
3anave. HToOn NPOAO/IKATL NOMYYEHHYIO PYHKIMIO ¢ HA BCIO NPAMYIO,
JIOCTAaTOYHO INPONOJKHTbL €€ JHHEHHO Ha BCeX CMEXHBIX HHTepBasax
MHOecTBa E: €C/IH CMEXXHBIil HHTepBaa o, B[ KOHeueH, TO AJA Todek

x € Jo., B[ momaraem ¢ (x) = ¢ (@) + ;"“ (@ (B) — @ ()); ecom xe

CMeXXHBII HHTepBaJ OecKOHeYeH, T. €. HMeeT BHA |—oo, af WJH
Jet, +oof, To Ha HEM MOKHO HOJIOKUTH (YHKUHIO NOCTOSIHHOH, ¢ (X) =
= ¢ (o). TlocTpoeHHas TakuM o6Gpa3oM ¢GYHKUMSA ¢ oONpejeJeHa Ha
Bcefl uHca0BOH npsaMoi. [lokaxkeM, uTO OHa HelpepriBHA BO BCeX TOY-
Kax npsMo#.

SIcHO, UTO @ HenpephIBHA HA BCEX CMEXKHBIX HHTePBa/laX MHOXKECTBA
E. Tlycts Tenepsb x, € E. B cuaty HenpepuiBHOCTH @ Ha E, s Kax-
noro & > 0 naiinercs Takoe 8 > 0, uro npu x € Jx, — 8, x, + 8 [NE
umeeM: | (¥) — ¢ (x,)] <e&. Ecau unrepsan Jx, x, + 8[ ne comep-
JKHT TOueK MHOXecTBa E, To Ha oTpe3ke [X,, X, + 0] dyHkuus ¢
JiiHeHHa, a MOTOMY HenpephiBHA cilpaBa B TO4YKe X,. Ecau ke uHTep-
Bal x,, X, + 8 conmepxur Touku u3 E, TO TOJOXHM X; =
sup (1%, Xp+8 [N E). Tak kax E 3amknyTO, T0 X, € E. TloKaxeM, uTo
| (x) — @ (x)] <e ans Beex x € Jx, x[. Ecom x € E, To 370
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CIeflyeT M3 TOro, 4T0 JX,, X[ < Jxg—0&, x,+ 6[. Ecam xe x Jexut B

KaKOM-HHGYJb CMEXHOM HHTepBane Ja, B[ MHoxectBa E, TO ¢ (X)
3aKJIIOYeHO Mexay uuciamu @ () 4 ¢ (B) (B cuny JuHedHOCTH ¢ HA
Jo, BD). A Tax Kak Jo, B[ SJx%g, %y (= I6g — 8, %, + 8w € E, BE E,
0 @) —e <@ <ek)+e u 9l —e <o)<
< @(x,) +e. Tlosromy u 9 (x)) —e <@ (x) <@ (x) +¢& T. e
@ (x) —@ (x,)] <e. CnenoBarenbHO, GYHKUMS ¢ HENPEpHIBHA Cnpa-
8a B TOUKE %,. TOUHO TaK Ke JOKA3hIBAETCS €e HEeNpPepLBHOCTb (/€64
B 3TOH TOUKe.

TakuM o6pasoM, ¢ (X¥) HempepbiBHa BO BCeX TOYKAX YHCJIOBOH
npsaMoil u cosnanaer ¢ f (x) Ha Muoxectse E.

551, [Tpumep. @ynkuusa sin 1 HermpepuiBHA M OrpaHHyYeHa
X

Ha ]0, I[, omHaKO ee HeJb3sl MPOLOJIKHUTH C COXPAHEHHEM HENpephIB-
HOoCcTH Jaxe Ha orpe3ok [0, 1], Tak Kak oHa He HMeeT Ipejea Ipu
x — +0.

552. [leficTBuTe/bHO, €CIH Obl Takas GyHKums f Morya GHTb MPO-
JOJXKEHA C COXPAHEHMEM HEMNPEPHIBHOCTH Ha BCIO YHCJIOBYIO MPAMYIO,

TO npojo/keHHas ¢yHKuua Obuia Obl HenpepriBHA HA E. Ho E 3aMk-
HYTO H OTPaHHYEHO H, CJELOBATeIbHO, KOMIAKTHO (cM. 3amauy 330).
[TosToMy, coryacHo 3agaue 540, mpoponxkenHast GyHKUMs Oblia Obl

paBHOMepHO HempephiBHA Ha E, a 3nauut, uHa E. Ho Ha E oHa coB-
nanaer ¢ f; nostomy f Gbisia Gbl paBHOMEpPHO HempepniBHA Ha E, uTto
NPOTHBOPEYUT YCJOBHIO.

553. BosbmeM Takoe O >0, uroGnl JJ/ifi BCEBO3MOXKHEIX X', X7
Takux, 4ro |x' —x"| <8, 6sw0 |f (x'y—f (x")] < 1; Takoe § Haii-
JeTcsi B CHJIy paBHOMepHOH HempepbBHOCTH (yHkuuu f. [Iycts x —
npousBosibHOe yucsao. Pasobeem orpesok [0, x] (mpu x > 0) uiu
[x, 0] (npu x < 0) Toukamu

1 2 n—1

— X, S X, e, X,
n n n

rie n nopoGpaHo TakK, 4YTO %{x|< (‘Sgn—l—llxl. Torna
If(x)—-'f(O)I<if(x)—f(“:lx)l+ f(":lx)—f(";2x)l+...
o (20 ) =1 (36)| + 1 (%) =1 O,

Tak kak, B cuny Beibopa uncia 6, Kaxknaas pasHOCTb B IPaBOil YacTH
HepaBeHCTBA MeHblie yeM 1, To

[f @) —F O] <n,
otkyra |f(x)| < |[f(O)| 4+ n; nanee, Tak Kak n—l—l;x|>6, TO

n < '—’é—'-}- 1, noatomy
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=

HE<IOI+ 5151+ 1=
7
= A|x|+B, e yentt

rjae
A= B=fO]+1.

554. Ilycte E — MHOXeCTBO
TeX HenpepnBHEIX GyHkumi x (f)
Ha T0, 1], ana xoropeix x (0)=1
gTogx(t)<1 npu ¢ €[0, 1]. g

0 MHOMKECTBO 3aMKHYTO H Or-
panmueno B npoctpanerse C [0, 1]. L___A
dyukuusa f(x), saganHas Ha O
9TOM  MHOXECTBE  PaBEHCTBOM
f) =—
fx @ at
0

Bmecre ¢ TeM oHa He SIBJISIeTCSl PaBHOMEPHO HempepeiBHOH Ha E, Tak
Kak He cymectByer 6 >0 Takoro, uto u3 p (¥, xy) <96 (x, € E,
%y € E) Borekaer: |f (x;) —f (xy)| < 1. B camom jene, nonycrum,
yro Takoe § >0 cymecTByer; He OrpaHHYMBas OOIHOCTH, MOXHO
cuutars 6 < 0,4. Beps B Kauectse x, (f) u X, (f) dyHKuuu, rpadukH
KOTOPBHIX JaHbl Ha puUcyHkKe 29, GyneM HMeTb:

P (X Xy)= -g—<6, HO |f (%)) —f(%y)] =‘—é————§-l—§-l=5_s>1,

y=X,(t)

, HempepeiBHA Ha E. Puc. 29

2 273
Bonpeku BuiGopy §. Hrak, f (x) He sBisieTcs paBHOMEPHO HenpephiB-
Holt Ha E.
555. 15 JioObIX 1x1 €C[0, 1], x,€C[O, l:l HMeeM:
1

wm»#um=@awM—pmwu<yam—mww<

I
<[ o ey ) dt =p (1, x),

OTKyJa H CJelyeT paBHOMEpHas HempepeiBHOCTH f (x) (mas JoGoro
¢ > 0 B KauecTBe 0 MOXKHO B3fTh § = €).

556, Ilyctb E — MHOXECTBO BCEX TOUEK HPOCTPAHCTBA l,, y KOTO-
pPHIX OJHa M3 KOOpJAMHAT paBHA eJMHHLE, a BCE OCTaJbHLIE — HYJIIO
(r. e. Touexk Bupa (0, ...,0,1,0,..). D10 MHOXKeCTBO OrpaHHYeHO.
3anazum Ha E QyHkumio f, nomoxus f (x,) = n% rue x, — TOuka u3
E, y xoropo#i 1 cTouT Ha n-m Mecre. dra QYHKUHS PaBHOMEpPHO He-
npepuiBHa Ha MHoxecTBe E, HO He orpaHuyeHa Ha HeM.

557. IlpencraBum E B BHIe 0OBEMHEHH 1 CUETHOTO CeMeHCTBA 3aMK-
HYTHIX MHOXECTB:

E=F1UF2UF3U"'UFI¢U“';
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BCeTJa MOXHO CuHTaTh, uto0 F; < F, < Fg < ... (B NPOTHBHOM CaIy-
yae Mbl 3aMeHHIH Ot F, Ha Fy ) Fy, Fgna F{ i) Fy U F3u 1. I.;
TOrja HOBas TOCJENOBAaTENbHOCTb 3aMKHYTHIX MHOMKECTB BO3pacTa-
eT; OOBEAMHEHHEM XK€ STHX MHOXECTB IO-TIPEXKHEMY SBJISETCS MHOXe-
cteo E).

IMocrpoum Tenepb Ha R! nocnenoBartesnbHOCTh GyHKuuE {f,}, onpe-
JIeJIEeHHBIX YCJIOBH SIMH:

Jo¢ B PALHORATBLHBIX TOUKAX, IPHHAR/EHAILHX MHOMKECTBY Fy

fr@) =12 g MppaLliOHA/IbHBIX TOYKaX MHOXKecTBa Fj;
10% .43
0 B TOuKax, He npuHamJexamux F,.

dyukuusa f, (x) paspriBHa BO BCceX TOYKaX MHoxecTBa F, M He-
npepuiBHa Ha CF, (meficTBUTeNbHO, OKOJNIO Kaxioi Touku x, € CF,
MOXKHO ONHCaTb OKpecTHOcTb V (x,), xoropas BxomuT B CF,; Bciony
B 5TOi OKPECTHOCTH ()yHKIHM A NOCTOSHHA H, 3HAYHT, HenpephiBHa).
INonoxuM Tenepn

F0) =3 fa (.
droT pan paBHOMEpHO cxoputcs Ha R!, Tak kak |f, (x)} <“% Ins
BceX k H Bcex ¥ € R!. B moGoit Touke § € CE Kaxnas ¢yskuusa f, (x)

HenpephIBHa; TOSTOMY M3 PaBHOMEPHOI CXOAMMOCTH paaa 2 f,(x) Bb-
k=1
TEeKaeT HenpephIBHOCTb (GYHKIMH f (x) B 3TOi TOuKe.
Ilycte Tenepp § € E. B atom cayuae Hafijercs Takoil Homep &,

uto § € Fy, HO § € F,_, (3necb Mpl Tonaraem Fy = ). Torna §
SIBJIS€TCS TOYKOH pa3puiBa 1A QYHKUMI [, frtqy ... B 1PH B > 1 TOY-
KQi HenpepniBHOCTH  AJ (pyﬂxum“l fis eoes fomy.  Tlpn  3TOM

0] [fk, g]

10k’

2 2
w[jékfj’ gj 2 (‘)Uf’ gj 10k+1 + W—l_ = 9. 10%

(cMm. 3anauy 499). Hoaromy, B CHJy pesyJabTarta 3anaun 498, umeem:

off, 1= olfs+ 2 f; E1>0lf, —o0l2f, 81>
j#k itk
12
Zl0r g
Cnenosarenpho, pynkuua f (x) paspeiBHa B Touke &.
é/lgax, f (x) HenpepriBHa Bcioay Ha MHOXecTBe E 1 pa3peiBHA BCIOAY
Ha CE.
558. JloKasaTeqbCTBO CBOAMTCH K HENOCPEACTBEHHOH IpOBEpKe
opmya.
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559. Am (x) = XE‘(x) XE, (x) ... XEn ()3

Ty (¥) = él Xe, () — E/ g, (x) in (x) +i<j2<k xEt ) XEJ (*) Le, ) —
— e (1)t XE, (x) XE, x)... %En (x).

560, Ecur Touka x, fiBAsfeTCA TPaHHYHOM A5 MHOXKecTBa E, TO
B JO0OH OKPECTHOCTH 3TOH TOYKM KoJeGaHHE XapaKTePHCTH4ECKOH
Gbynkuuu pasHo 1, M, ciefoBarenbHO, GYHKIHS pa3pbiBHA B TOUKE X,.

Ec/n e Touka x, He ABJIS€TCS TPAHUYHOM, TO OHA SIBJISETCS BHYT-
pennelt ym6o ansa E, mu6o mas CE. 3HawuT, HaHAeTCss OKPECTHOCTb
TOYKH X,, B KOTOpOH Ko/nebanne QyHKIHUH X, (X¥) PaBHO HyJIO; CJIELO-
BaTe/IbHO, B 3TOH TOUKe QYHKUMS HeNpephiBHA.

561. HenpepbiBHOCTb 3THX (QYHKUHUH BHITEKAeT H3 TOMKAECTB

max { (x), $(*)} = "’(")+‘P(X>+2Iq>(x)—¢(x)| ’

min (g (x), ¥ (1) = L EPO 9@ =V 0|

u pesyJabTaTa 3agaud 500.
562. OGo3xauum

) £b,
I ) = {'z:,(?cni”}“( ){) og <

Slcwo, uto [f (X)Pe = min {f (x), b}. Ha ocHOBaHuH pe3yabTaToB
npepiAywed 3anauu [f ()P HempepmBua Ha E. [anee, [f(x)T, =
= max {a, [f )’} CnenoBarensuo, u [f (x), senpepsiBra Ha E.

563, Heo6xoxuMocCcThb 3TOrO YCIOBHS JOKa3aHa B Ipe-
Apinymeit 3anave. JlokaxkemM €ro 10CTaTOYHOCT b.

JonycTuM, YTO Ha NpAMOH HallIach TOYKA pasphiBa X, QyHKIHH
f (x). Ecnn xone6anue y GyHKuuH [ (X) B TOUKE X, KOHEUHO, TO (yHK-
wis [f(x)]2. npu a> | f(x,)| + ¥ coBnmagaer c f (x) B HeKOTOpOi
OKPECTHOCTH TOYKH X,. Ho Torna u ¢yukuus [f (x)12, paspeiBHa B
TOUKE X,.

Eciu ke B TOuKe pa3phiBa x, Konebanue pyHKuuH [ (x) paBHO +o0,
TO B JI06OH OKPECTHOCTH TOUYKH X, KoneGanue ¢pynkuuu [f (x)12, npu
a> | f(x,)| ne menbwe uyem a —| f (x,)|. CnenoBarenbHo, u B 3TOM
ciydae ¢yukuus [f (x)]2, paspelBHa B TOUKE X,.

Hrak, paspelB GOYHKLHH [ (r¥) B Kakoi-1u60 TOuKe ¥, BJeYeT 3a
co60it paspeiB dynkuuu [f (x)]2,; B TO e TOYKe s HOCTATOYHO
GOMBILKX @, YTO NPOTHBOPEUHT YCJIOBHUIO.

564. PasoGnem orpesok [0, 1] Ha aBa HemepecexkamMUXCA MHOXe-
cTBa: MHOxecTBo A tunma F_, Bciony niortHoe Ha [0, 1], 1 MHOXeECTBO
B tuna Gy, Takxe Bcioay miorHoe Ha [0, 1], npuyem kaxkjaoe H3 HHX
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HMeeT MOUIHOCTb KOHTHHyyma B Job6om uuTepBane Ja, [ < [0, 1]
(npuMep Takoro pasbuenusi cM. B pemeHud 3anaun 252). ITocsne storo
nocTpoeHne HCKomofi ¢yHKuMA f (xr) MOxkeT OHITh NpPOBENEHO TaK XKe,
Kak B 3ajauve 557,

565. dra ¢yHKUMs paspeiBHA BO BCeX TodKax MHoxectBa A H
HenpephiBHA BO BCeX TOUKaxX MHOxecTBa E. PaBHOMEpHO HenpepHIBHOM
Ha MHoxectBe E yukums f (x, y) He sBasercsa. MccnenoBanue 3toit
GYHKIMH BHATOTHYHO HCC/EN0BaHHI0 QYHKIHH B 3ajaye 488.

566. dta QyHKuUMA HenpepriBHA (a CJeNOBaTeJbHO, H PABHOMEPHO
HenpepriBHAa) Ha 3aMkHyToMm KBazpate [0, 1] X [0, 1], a 3nauut, u
Ha E. UccnenoBanue 3Tolt QyHKIMH aHAJOTHYHO MCCICHOBAHHIO QYHK-
uuu B 3anaue 489.

567. Ha muoxectBe 0 < x? + y? < 4 QyHKuusi HenpepbiBHA, HO
He paBHOMEPHO HempepuiBHA. B kombue 1 < x* 4 y* < 4 sta ¢yHk-
LM PABHOMEPHO HeNpephiBHA: NEHCTBHTENbHO, OHA HeNpepriBHA, a
C/IeJlOBaTeJIbHO, W pAaBHOMEDPHO HeIpepLiBHA B 3aMKHYTOM KOJbLE
1 <.x* 4 y* < 4. 3HauuT, OHA PABHOMEPHO HENPEpPLIBHA U Ha JOGOM
€ro MOIMHOXKECTBE, B YaCTHOCTH B OTKPHITOM KoJble 1 < x? + y2 < 4.

568. Tak xak ¢yHKuus f (x) MO YCJIOBHIO HempephiBHA B TOYKE X,
OTHOCHTeJIbHO MHOXKecTBa D, To x, € D. B KauecTse f (x) MOXXHO B3$Tb,
paupumep, ¢QyHKUHIO

f(x)={1 npanD,
O npu x €D.

569. Bepno. [lis nokasaTesbCTBa JOCTATOYHO BOCHOJNb30BATLCS
onpezne/ieHHeM HenpepuiBHOCTH mQ [eiine.

570. Hesepro. IIpumep. OGo3HauuM uepe3 ¢ 3aMKHYTYIO
0011aCTb, OrpaHHYEHHYIO TEpPBLIM 3aBHTKOM apXHMENOBOH CIHpaJH
o = ap (0 < ¢ < 2n) u orpesrom [0, 2na] na ocu abeumce (puc. 30)s

[Tvers
1 mpu x € o,
Fx ) —{0 npu x €o.
Ira ¢ynkuusa B Touke (0, 0) HenpepriBHA MO J106OMY Jydy, HCXO-

AsEMY M3 Havala KOOPJMHAT; OJHAKO OHA HE SBJASETCS {IOJHOC-
ThI0 HenpepuiBHO# B Touke (0, 0).

571. Her. Ilpuwmep. Ilyctb L —
BHHTOBasl JIMHHSA, PacloJIOKeHHasi B Tpex-

y) MEpHOM €BKJIHIOBOM INIPOCTPAHCTBE:
x=acost y =asint, z= bt
/ 2mq  DYCTb M, — Touka c Koopaunaramu (a, 0, 0).
= Onpegenum dyHxwuo f (x, y, 2) cjaenyomum
3 pen Yy
ob6pasom:
¢ 0 Bciony Ha L, kpome TOUY-
KH M,;

! 1 B Touke M, a Taxxe BO
| f ¥ 2 = pcex Toukax NPOCTPAHCTBA

R®, He mnpuHajpIeXaMmKX
Puc. 30 L Kpusoil L.
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dra ¢yHKuMA HenpephHBHA OTHOCHTEJIbHO JIOOOH NJIOCKOCTH, Mpo-
xonsueli yepe3 TouKy M,, HO He SIBJSeTCA TOJHOCTbIO HEMNpPepPLIBHOM
B 3TOH TOYKe.

572. Her. [Ipume p.

1 Bo Bcex TouKaX IUIOCKOCTH € KoopauHartamu (x, 0),
flony = [mex>0

0 BO Bcex OCTalbHBIX TOYKaxX IVIOCKOCTH (BKJIOYas

U HayaJlo KOOpAHHAT).

®yukunsa [ (x, y) HenpepeiBHa B Touke (0, 0) oTHOCHTENBHO M0G0
apXUMeJlOBO#l CNHpaiH, ONHAKO OHA He SIBJISIETCA IIOJHOCTbIO Hempe-
PLIBHOH B 3TOH TOUKe.

Flnasa X.
HEMPEPbLIBHBIE OTOBP AXYXEHUSA

573. Tlyctb y €f(E), T. e. y =f(x), rne x € E. Tak kak E,
miotHo B E, 10 x =lim x,, rae {x,} — HeKOTOpasi MOCJAELOBATENb-

n-»oo
HOocTb Tovyek M3 E;. Ho Torza, B cujy HenpepeIBHOCTH 0ToOpaxesus f,
y =lim y, rre y, =f(x,) €f(E,) nna Bcex n. CrnexoBaTelbHO,

n-»oo
f (Ey) nuorno B f (E).

574. In (x* 4+ 1) — menpeprBHas GyHKUHS, onpeeneHHas Ha E =
= R!, npuHHMMaoOlas HeOTpHIaTe/IbHEE 3HaueHus, paBHas 0 npu
x =0 u cTpeMsascs K +oo npu x — co. [TosTOMy MHOXKECTBOM ee
3HaueHHH CayxKUT Jay4 [0, -+oo[. Tak kKak MHOxecTBO E; BCcex paluo-
HaJIbHBIX 4HCEJ BCIOAY TWIOTHO B E, TO OCTaercsi NpUMEHHTDL Pe3yJbTaT
npeiplAyliell 3ajauH.

575. Cm. peenne 3apaun 505.

576. Heo6xoauMoOCTb JOKasLIBaeTCd TaK K€, KaK B 3a-
Jaue 508.

JdoctaTouHnocTs. Ecin npooGpa3 3aMKHYTOrO MHOMKECTBA
F — Y 3amknyT B X, To npoo6pa3 ero fonojueHHs Y \ F OTKpHIT B
X, Tak Kak

FPONF) =)\ FHE) =X\ [ (F).
Ho moGoe OTKpHITOE MHOXECTBO B Y sBJSIeTCS JONOJNHEHHEM K He-
KOTOPOMY 3aMKHYTOMY; CJIEJOBaTefbHO, MpooGpas Joboro OTKPHITOro
MHOXECTBa B Y €CTb OTKPLITOE MHOXKECTRO B X; B YaCTHOCTH, NpooGpa3s
JI1060H OKPECTHOCTH TOYKH TPOCTPAHCTBA Y OTKPHIT.

Jlokaxewm, uTo oToGpaxKeHHe [ HenpephIBHO B JIOOOH TOUKe x, € X.
Bo3sbmem mnpousBosnbHylo OkpectHocTb V (f (x,), €) Touku f(x,). Ee
npoobpas  f~' (V (f(x,), €)) orkpur B X. 3HauHT, TOUKa
%€ f1 (V (f (x,), €)) siBAsIeFCST BHYTPEHHEH TOYKOH 3TOro npoobpasa,
T. €. Hailiercsi Takas ee okpecTHOCTb V (x,, 8), uto V (x,, 6) <
< P (Vf (x,), €)); Torna [ (V (x, 8)) = V (f (x,), €). Ho 3710 o03Ha-
yaeT, YTo AJis Bcex Touek x € V (x,, 6) 6yneT BHINOIHATLCS HEPABEHCTBO
p (f (%), f(xy) <e. Takum oGpa3om, orobpaxkeHue [ HeIpPepHBHO
BO BCeX TOYKax mpocTpaHcTBa X, T. €. Ha BCeM NPOCTPaAHCTBE.
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y 577. Heo6Xx0AHUMOCTH
JIOKasniBaeTcl TaK 3Ke, Kak B
H 3anaue 509.

JocTatTouHOCTb J0O-
Kas3biBaeTCsl. HOBTOPEHHEM BTOPOR
TOJIOBUHEL  JIOKa3aTesIbCTBA  J0-
CTaTOYHOCTH M3 peleHds mpe-
v —=— JIbIAYWed 3ajayu.

578. JlokasniBaeTcsl TOBTOpE-
HHEeM BTOPOH NOJOBHHBI JOKa3a-
h TeJIbCTBA JOCTATOYHOCTH H3 pelle-

Y~
1S
~a

HUSA 3agayu H76.
579. Cum. pemenne 3apaun 535.
580. 10 cjenyer u3 CBA3HOC-
TH OpJAaHOBOH KpHBOH (CM. mpe-
IBIIYLLYIO 3afauy U 3afauy 387) u
pesysbTaTa 3agaun 385.
581. MHoxectBO A Ha IUIOCKOCTH, sIBJSOLIeeC OGBEXHHEHHEM

rpaduka ¢yHKuuK sin % Ha [—I1, Of Y10, 1] c orpeskoM, coeauHsIO-

..7|

Puc. 31

wuM Toukd (0, —1) u (0, 1) (cm. puc. 31). Tak kak A — orpanuyes-
HOe 3aMKHYTO€ MHOXKECTBO Ha IIOCKOCTH, TO OHO KOMIIAKTHO,
HokaxeM, 4o A cBsAsHo. OGo3Haunm uepe3 C MHOXKECTBO BceX

|
TOYEK BHJAA (x, sin —), rae x €70, 1], a yepe3 D — MHOXKeCTBO Bcex
X

TO4YeK BHAA (x, sin—l), rae x € [—I1, O[. Muoxkectsa C u D ofa cBs3-
X

HBl, TAK KaK OHH JIHHEHHO CBf3HHI. 3HAuyuT, MHOxkeeTBa C u D Takxke
cBsa3Hbl (3amaua 383). Ho ux mepeceuenre Henmycrto (OHO COCTOHUT H3
«npenesbHOro» oTpeska, coeauHswomero Toukn (0, —1) u (0,1). Io-
sTomy MHOXecTBO A = C |J D cBfi3HO (cM. 3ajauy 389)

Ho Bmecte ¢ Tem MHOXeCTBO A He sBJSiETCS JHHEHHO CBA3HBIM.
JleicTBUTEJPHO, PACCMOTPUM NPOU3BOJIHYIO IWIOCKYIO 2KODZAHOBY
kpuByio [ (¢) (¢ € [a, b]), HOCUTENb KOTOpOH BKJIoYaercsi B A u co-
naepxuT Touky (1, sin 1). He orpannunBas ofIHOCTH, MOXKHO CUHTATh,
urto (1, sin 1) = f (a). JlokaxeM, YTO HOCHTENb 3TOH KPUBOH HE MOXKET
cozepxkarb, Hanpumep, Touku (0, 0).

dyukuua f (f) HempeprIBHA Ha KommnakTe [a, b] U, 3HAyuT, pPaBHO-
MepHO HenpepriBHa Ha Hem. CiiefoBaTesbHO, AJA € = | Ha#zercs
6 >0 rtakoe, uwro mpu |t —1t"| <8 (¥, t" €[a, bj) HMeeM:
p FE),TW) < 1 Paso6beM OTpesok [a, b] Ha n uyacTell TOYKaMH

ly =a, t, ty ..., t, =b TaK, 4T06H Gbl10 {, — t,_, <O (i =1, ..., n).
Toraa F;, = f([f,—;, %]) — cBA3HOE MNOAMHOXKECTBO MHOMKecTBa A,
npuyem diam Fi < 1. Tlokaxkem, gro Kaxnoe F; (i =1, ..., n) BKIo-

yaercsa B C. HefictButenbHo, ecmu Gbl F, He BK/ovyanock B C, TO OpTO-
ronaibHas mpoekuus FF muoxectBa Fy Ha och Ox comepxkana Obl He-

KoTopyio Todky @ < 0. Ho oro6paxenue NpOeKTHPOBAHHA HA OCh
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HENpepLIBHO (cM. HUXKe, 3aauy 595); mostomy Fi — cBsi3HOE MHOMeE-
cro Ha[—1, 1]. Tak xak (1, sin 1) € Fy, 01 € Fi; HOoTarRa 10, 1] =
cfa, 17 < Fi (cM. 3agauy 394). 3uaunt, F, conepkano Gul BCe TOUKH
rpapuka (GyHKUMH sin -}c-, abcuycchl KOTOPHIX npuuagiexar 10, 1],

T. €. GECKOHEYHOe YHCJIO BOJIHY STOH «CHHYCOMIB. HO 3T0 HEBO3MOXK-
HO, TIocKOJIbKY diam F; < 1, a avnanTyna Boanbl paBHa 2. Ciepoa-
TesbHO, Fy BRmouaercs B C.

Hanee, F, conepxut XoTs Gbl OfHY TOUKY M3 C (a HMEHHO TOUKY
f (t,), npunapnexamyio F; () F,). Ho Toraa Touno Takxe yGexnaem-
ca,uto F,c Cu T, 1. n

Takum ob6pasom, muoxectso [ ([a, b]) =.U1 F;, nenngoMm BKI0Ya-

i

erca B C H, 3HauuT, He MoxeT conep:katb ToukH (0, 0). Urtak, Touku
(1, sin 1) u (0, 0) Hemb3s COENMHHTb HMKAKOH JKODLAHOBOH KPHBOH,
T. €. A He sABJfETCA JMHEHHO CBA3HLIM.

582. [lns muoxecTBa G Ha IJIOCKOCTH 5TO CJELYeT U3 pe3yJbTara
sanaau 400, ecmu ydecTb, YTO JIOMaHa$t ¢ KOHEUHBIM YHC/IOM 3BEHbEB
AIBJISIETCS HOCHTeJeM »KoplaHoBoil KpuBoi. s G — R® npu Jo6om
n 2> 2 L0Ka3aTeJbCTBO aHAJOTHYHO.

583. B cuay B3auMHON OIHO3HAYHOCTH orobpaxenus f, o6paTHoe
oTofpaXKeHne CyIeCTBYeT; MOKaXkéM Ha NpHMEpax, YTo OHO He ofn3a-
HOo ObITh HENpepHIBHBIM. a) 3aHymMepyeM BCe palfOHANbHbLIE YHCIa
Ha ocn Oy. 2Ty HyMepauHio MOXHO PacCMaTpUBaTb KaK HeNpephIBHOE
B3aWMHO OJHO3HauyHOe OToOpakeHHe MHOXecTBa E Bcex HaTypajib-
HbIX yncea ocu Ox Ha MHOXKecTBO E; BCEX PalMOHANbHBIX YHCEN OCH
Oy. Onpnako o6paTHOe oTOGpakeHHe Pa3pbiBHO B KaXKJOH TOYKE MHO-
xkectBa Ej. 6) [lycts E — npomexytok [0,2n] ocu Ox, E; — okpyx-
HOCTb Ha maockocTd Oxy ¢ nenrpom B Touke 0. IloctaBuM B cooTBeT-
cTBUEe KaxaoH Toyke x € [0, 2n[ Ty TOUKY M OKpYXKHOCTH, pajuyc-
BEKTOP KOTOPOH COCTaBJ/IsieT C IOJNOXKHTEJNbHBIM HanpaBJ€HHEM OCH
abcumcc yroa x (puc. 32). Sicwo, uro 310 OTOGpaXKEeHHE HENPEPHIBHO H
B3alMHO OfIHO3HauyHO. OpHako obparnoe OTOOPaXk€HHE TEPNHT Pa3phbiB
B TOH TOYKe OKpYKHOCTH M,, KOTOpasi COOTBETCTBYyeT Touke x = 0.

584. Corsiacno 3amaue 575, muoxkectBo E; xomnakTHo. O6o3Ha-
UM uepes ¢ ¢yHkuMIO, o6paTHyio ans QyHKuuu f. Jloxaxem, uTo
(YHKUMSA ¢ HENpephBHA B KaKIOH TOUKE
¥o € E; oTHOCHTENbHO MHOXecTBa Ej, X
T. €. 4Y4TO s BCAKOH OKpecTHoctd 0O \ E n
V (x4, €) TOUKH ¥, = @ (y,) HafizeTcs Takas A
OKpecTHOCTb V (y,, 8) Touku y,, uTO A M=1(x)
Beex Touek y € V (yy, 6) N E; HmeeT mec-

T0 @ (¥) €V (%, ).

Jlas 3TOro 3amMeTHM, YTO MHOXECTBO o
E\ V (x,, &) 3aMKHYTO, a TOTOMY KOM-
naxkTHO (cM. 3anauy 305); c/el0BaTeNbHO,
€ro HenpepbiBHbIi 06pas F =f (E\ V(x,, £))

SBJACTC  KOMNAKTHEIM  (CM.  3ajauy Puc. 32
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575), a notomy saMKHYTHIM (CM. 3ajgauy 303) MOAMHOMKECTBOM MHOMe-
crBa E,. Ilpu 3ToM (B cHs1y B3aHMHOH OAHO3HAYHOCTH OTOGpa)keHHs f)

Yo € F. CnenoBarenbHo, Touka y, obaajaer okpecTHocTbio V (y,, 6),
ne coxepxaulefi Hu onHofi Toukn u3 F. Ho Ttorma ¢ (V (y,, 8) N E,)
HE COJIEPKHUT HH OJHOH TOUKH U3 ¢ (E), T. e. u3 E \ V (x,, €). 3uaumr,
@(V({yud) N E)=V(xp€), T. €. aas Becex y € V (¥, 0) N E;
umeer Mecto @ (y) € V (x,, €). Tak Kak y, — NpOU3BOJIbHAS TOYKA U3
E,, To ¢ HenpepriBHA Ha MHOXecTBe E;.

585. JlonyctuM, uto E; mMeeT H30/MMpOBaHHYIO TOYKY, HampHmep
TOYKY ¥, OYCTb X, € E — mpoo6pa3 Touku Yy, OGo3Hauum uepes
V (5 €) Ty OKDECTHOCTH TOYKH Y,, KOTOpas He COLEPKHT APYTuX
Touek u3 E,. B cusy HenpepbiBHOCTH oToOpaxeHus f, Hafifiercsi Ok-
pectoctb  V (x,, 8) Takas, uro f(V (x5, 6) N E) = V (3, &). Ho
TOrja, B CHJY B3aHMHOH OJHO3HAYHOCTH OTOOPakeHHsl f, MHOXKECTBO
V (%4 8) | E COCTOMT TOMBKO U3 OJHOH TOYKH X,; MOSTOMY X, SIBJISIET-
Cfl M30JMpPOBaHHOH TOYKoi MHOoxkecTBa E. Ho 3T0 mporuBoOpeuuT yc-
JIOBHIO 3a/1aUH.

Hrak, nonyuenue, yrto E; umeeT xoTa Obl OJAHY H30JHPOBAHHYIO
TOYKY, NPUBOIUT HAac K NPOTHBOPEUHIO; 3HAUHT, MHOXKecTBO E, He
MOXeT HMeTb H30JMPOBAHHEIX TOYEK.

310 yTBep:KIeHHE TepsieT CHJy, eCJqH OToOpaxkeHHe f He B3aHMHO
opHo3HauHo. Tak, Hampumep, (yHKUMS, ONpeleseHHas Ha OTpe3Ke
E =[O0, 1] paBenctBom f (x) = 3 mas Bcex x € E, HenpepriBHa Ha E;
IpyH 5ToM MHOXKeCTBO E He uMeeT H30JHPOBAaHHBIX Touek, a E, coaep-
KUT H30JHPOBAHHYIO TOUKY ¥ = 3 (OHO CamMO COCTOMT H3 ORHOH TOJIb-
KO 3TOH TOYKH).

586. Hesepro. Il pume p. OrobpaxeHue mHOxecTBa E BCex
HaTypa/JbHBEIX uHcean ocH Ox Ha MHOXKeCTBO E, BCeX paLHOHATbHBIX
yuces oci Oy (cM. Hanpumep, MYHKT a), MPHBEJCHHBIH B PEIeHHU 3a-
aaun 583); 3T0 OTOOpaKEHHE K TOMY 2Ke M B3aMMHO OJHO3HAYHO.

587. B sToM cayuae oGparHoe oToGpaxkeHHe MHOxecTBa E; Ha E
TaKXe HeNpephLBHO W B3aHMHQ OJHO3HAuYHO (cM. 3anauy 584). Tak
kak E, He uMeeT H30JHPOBAHHBIX TOYEK, TO, COIVIACHO pE3yJbTaTy
3ajgauu 585, ux He umeer u E.

588. J10 caenyer us 3anau 575 u 579.

589. 3ITo BHITeKaeT W3 3ajauu 585.

590. [1p u M e p, NOKaswHBAaIOWMH, YTO MOMHOTA MPOCTPAHCTBA He
AIBJISIETCS TOMOJIOTHYECKUM CBOCTBOM: HernpepniBHas QyHKuus e*r
OTOGpaXKaeT BCIO YKCJIOBYIO 0chb R! B3aMMHO OJJHO3HAYHO Ha NMPOMEXY-
ToK 0, +00[ ¥ MMeeT HenpeprBHYI0 06paTHYO GpyHKuuMIO In y; onnako
MeTpHueckoe npocrpanctBo R! mosmHo (cM. BBejeHue K ryiase V), Torja
Kak npoMexyTok ]0, --oo[ (paccmarpuBaeMblii KakK MOANPOCTPAHCTBO
npoctpancTBa R!, T. e. cHaGXkeHHbIH OOBIYHO METPHKOM) He sABJseTcs
[OJIHBIM, TaK Kak (yHIaMeHTa/lbHas IOCJAEL0BATENbHOCTb {;l;_} B HeM
HE CXOIMTCH.

591, IlycTb T — HEKOTOpOe TONOJOTHYeCKoe CBOHCTBO. Ecsu MHO-
xectBo E He obnanaer cBOHCTBOM T M f — romeomopdusm E Ha Ej,
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10 E; Takxe He o6/ajaeT CBOHCTBOM T. JeHCTBHTEJLHO, U3 OMpejele-
HH I FOMEOMOp(H3Ma BHIHO, YTO OTOGpaKeHHe, OGpaTHOE TOMEOMOpd-
HOMYy, TOoxe Oyner romeomop¢HbiM. CileOBaTelbHO, OTOGpaKeHHe,
obpatnoe f, siBisieTcst romeomopgusmom E, Ha E. Ilostomy, ecau Obl
E, obnanasno ceoficTBoM T, To u E 06/1afano Gbi STUM CBOHCTBOM.

592. TlpeanonoxuM, 4To CYHIECTBYET B3aHMHO OJHO3HAYHOE HEmpe-
priBHOe oToOpakenue [ orpeska [0, 1] Ha samkHyTHii KBagpar E; =
=[0, 1] X [0, 1]. Torma o6paTHoe oTOGpakeHHe ¢ TAaKXKe HeNpepbiB-

HO (cM. 3azaun 330 u 584). Ilyctb M, € E; — afpa3 TOuKH % €10, 1]
npA OTOOPaXKEHHH f:
1
f “2‘ = MO'

MuoxectBo E; \ {M,} cBsA3HO, TaK KaK MoOble JBE €ro TOYKH MOXKHO
COEIMHUTD JIOMaHOH, Jexamed B E;, a JioMaHasi SABJASETCA CBS3HBIM
MHOxecTBOM (cM. 3anaud 387 u 389). Ho Torna muoxectBo ¢ (E; \

\ {M,}) =[0, 17\ {—;} JOXKHO OBITh CBA3HBIM (CM. 3ajgauy 579),

a oHO HecBfA3HO. IlosyyeHHOe MpOTHBOpEYHE MOKA3bIBaeT, YTO HE Cy-
IECTBYET HENPEPBIBHOTO B3aHMHO OJHO3HAYHOTO OTOOpa:KEHHS OTpe3-
Ka Ha KBajpar.

593. be3 orpaHnueHHsl OOCLIHOCTH MOXHO CYHMTATh, YTO @ =
= (0, 0, ..., 0,1). 'omeomopdHoe oToGpaxenue MmHoxkectBa S™ \ {a}
Ha MPOCTPaHCTBO R™ OCYILIECTBJISIETCS C IIOMOIIBIO PaBEeHCTBA

X .
Cl"—— l——xi'— (l= l, cen
—*mu

594. a) Ecnu {, He IBOMYHO pauMOHa/NbHA, WJH ecJH f, ecTb 0
uau 1, T0 310 oueBHAHO. Eciin e {, — JBOHYHO paunHOHANbHAA TOYKA
orpeska [0, 1], orinynas ot O u 1, TO eff COOTBETCTBYIOT [iBe pas3/HUYHLIE
TIOCJIeOBATeJIbHOCTH OTPE3KOB, COAEPKALMX 3Ty TOUKy: §; D §, D ...

’ ’
H 61 oD 62 > ...; UM OTB€YalOT JBE€ pa3JHUYHbIE I10CJIEN0BATEJIbHOCTH

’ ’
BJIOKEHHBIX KBaapatoB: V, D> V, > ...uV; > Vy; o ... Ongnako, Ha-
YypHas C TOTO HOMEpa, KOrja 3TH TOC/EHOBaTEJbHOCTH CTaHOBSATCS

pa3NHUHbLIMH, O, U 8, GYIYT COCENHMMH OTPE3KaMH; a TOTAA, COIMIACHO
TOCTPOeHHIO, KBaipaThl V, u V, HMEIOT oGuULyl0 CTOPOHY H, CTalo
ObiTb, BMecTe 06pasyloT NnpsMoyroabuuk V, U V, = W,. Ouesumuo,
W, > W,,, (saunHas c TOro HoMepa 7, Jas KoToporo 8, 7 8,)

U diam W, =%f_ — 0, a noromy (W, cocToHT M3 OIHOH TOYKH,
T.e. NV, =NV.=(NW).

n n n
6) Kaxnas touka KBagpara [0, 1] X [0, 1] BXoguT B HekOTOpHIA
KBajlpaT nepBoro paHra V;, B HEKOTOphiH KBaapaT BTOPOro panra V,
(comepxawmuiics B V), B HEKOTOpHIl KBaZpaT TpeTbero panra Vs (co-
Jepxamuica B Vy) U T. . H  SBJSIETCS eJMHCTBEHHOH TOUKOH mepece-
uyeHusi 3Toi YyObIBalouiedi mocsIenoBaTesbHOCTH KBajparos. B cuay
MIOCTPOEHH S, 5Ta TOC/AEN0BaTE/NbHOCTh COOTBETCTBYeT YyOBIBaloOIEH I0-
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CJIe/IOBAaTeJIbHOCTH OTpe3KoB 6; D 8, ™ 83 O ..., eqUHCTBEHHAs TOYKa
NepeceyeHHsl KOTOPHIX HMEET CBOHM 0DPa3oM B3ATYIO TOUKY KBajpara.

B) Ilycte £, €[0, 1] u {f,} — nmpousBo/sibHAs MOCJIEI0BaATEN b=
HOCTb ToueK orpeska [0, 1], cxopsmascs K #,. Ecnu #, He 1BOMYHO pa-
LMOHAJbHA MJIH ecqH f, paBHa O Hau 1, TO JIsi BCSIKOrO COAEPIKALIErO
3Ty TOUKY OTpe3Ka §, (IPOH3BOJBHOrO paHra) HaHIETCs TAKOH HOMeEP
N, uro npu & > N Bce f, nonanyt B 8,,; a snauur, f(¢,) € V,, () €
€V, rme V, — xBaapar n-ro panra, orsevatomui d,. Eciu xe #f, —
JIBOMYHO pauyoHaJbHa M OTAHYHa oT O u 1, To f, (npu AocraTouHO
Gonbuiom n) OyieT monajaTb He BHYTPb, a Ha TpaHHIly OTpe3ka &, u
COCEJIHEr0 C HUM OTpe3Ka 6,;; HO TOTAA HafijeTcs Takoi Homep N, 4TO

npu k > N Bce ¢, nonanyt B §, |J 8., a sHauut, Kaxnoe [ (¢,) mo-

naxer 6o B V,, 6o B V,, Tora Kax f ¢) €V, N V. (cM. nyHKT
a)). Takum oGpasoM, B oBoux cayuasx npu k > N Gynem umeTh:

0 (F ) F (t)) < diam V,; 1ak xak diam V, — _5_2 0 npu n -
— oo, TO oOTCiONa caenyer, 4ro lim f (¢,) = f ({,). 310 U HOKa3mI-
k4o

BaeT HEeNpEepLIBHOCTb TNIOCTPOEHHOTO B 3ajaue OToOpaxeHus f.

r) To, uro orobpaxenne f He ABJAAETCA B3aHMHO OLHO3HAUHBIM,
cJefyer M3 3ajaud 592. B 3TOM ke MOKHO yGEAHTbCS M HENMOCPEJCT-
BeHHO. [leficTBUTeNbHO, MPOOGpa3 BCAKOH TOYKH M,, JexaueH Ha
obuwel CTOpoHe ABYX KBaJpaTOB HEKOTOPOrO paHra, 3aHyMepOBaHHBIX
HECOCEJIHHMH HOMEeDaMH, COJEPXKHT IO KpaiiHeli Mepe jBe pas/HyHEIE
TOYKH (3TH TOYKH JiexKaT B JABYX HECOCEHHX OTpPe3KaX, KOTOphbe OTBe-
YaloT B3ATHIM KBajfparam); eciu Touka M, JexuT B ofuell BepiunHe
HeTHIPEX KBaJPaToB HEKOTOPOro paHra, TO ee Mpoo6pa3 COCTOUT JaxKe
H3 TPeX PAa3NHYHBIX TOYEK.

595. Ec/in npoeKTHpOBaHHe NPOBOAUTES NMOJ YIVIOM o K ocH Ox, TO AJIst
JMoOBIX ABYX Touek M; u M, Muomecnlavz’l ﬁ‘d p)meeT MECTO COOTHOLIEHHE

oM, M,
p(Py, P) <P,
rae P, u P,—npoekuuu Touek M, u M, Ha ocbk Ox (puc. 33). Orciona cie-
JLyeT, YTO NPOEKTHPOBAHHUE sIBJISIETCS HEe TOJNBKO HENPEPHIBHEIM, HO Jaxe
paBHOMEPHO HENpPEepPHIBHBIM OTOOpakeHHeM MHOxecTBa E Ha och Ox.

596. Jla, mpoeknus MJIOCKOTO OTKPHITO-
FO MHOXECTBA BCeTZa OTKphITA Ha NPSMOH.

597. Eciu E — orpaHnyeHHOe 3aMKHY-
TOE MHOXKECTBO Ha INVIOCKOCTH, TO €ro npo-
€KIMS Ha OChb BCErJia OrPaHHYEHa H 3aMKHYTa
(cm. 3amaun 330, 595, 575 u 303). Ecun ke E —
HEOTPaHUYEHHOE 3aMKHYTOE MHOXECTBO Ha
MJIOCKOCTH, TO €r0 MpPOeKIUs MOXKeT OKasa-
TbCf M HE3aMKHYTEIM MHOXKECTBOM; TaK,
Hanpumep, rpaduk ¢yHKunAu tg x sBAsETCA
3aMKHYTBIM MHOXECTBOM Ha INIOCKOCTH, a
€ro OpTOrOHa/lbHAs MPOEKUHs Ha ocb abc-
IYCC HE 3aMKHYTa.
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598. lonycTiM, 4TO NPOEKLHH HEKOTOPO-
ro MJIOCKOro MHOKecTBa E Ha o6e ocH siBJIf-
IOTCST CUETHHIMM MHCKecTBamu. IlpoBenem
yepe3 Kax1yio TOUKY MHOXKecTBa E np simble, g MolXo, 4ol
Tiep el Ik KYJIsIPHBIE IEPBOi OCH, U TP sMbIE, "%
NepIeH N KYJ1SpHbIE BTOPOIl OCH; TaKIX Npsi-
MBIX OKaXKeTC§l JIMIIb CYETHOE MHOXKeECT-
BO; CJIEJOBATEJbHO, U TOYEK IEpeceyeHu st
IIepIeHAHKY/NSPOB Ha TNeEPBYIO OChb C mep- Puc. 34
NEeHJUKYJASpaMH Ha BTOPYIO OCb Oyjer
JIMIIb CYeTHOE MHOKeCTBO. Ho E cofilepKHTCA B 3TOM MHOXKECTBE TOYEK
nepeceyeHn sl; 3HauuT, H £ — cueTHOE MHOXKECTBO, YTO MPOTHBOPEUHT
YCJIOBHIO.

599. HenocpencTBeHHO npoBepsieTcs YTO Kaxkjaas TOYKa 2, TOH
KOCOYTOJIbHOH IPOEKIMH, O KOTOPOH HIET peub B YCJIOBHH 3ajaud,
usobpaxaeT cymMMy JBYX umcea: x, € E u y, € F, u, obparHo, Jwobas
CyMMa YKa3saHHOTro BHJa H300pakaeTcsi HeKOTOPOH TOUKOH 2, U3 3TOf
KOCOYroJIbHOH npoekiuu (puc. 34).

600. Eciu E u F orpaHnueHs U 3aMKHYTHI, TO MHOXecTBO E X F
OYEeBHJIHO, TOXKE OrPaHHYEHO M, coryiacHo 3ajave 196, samkHyTo. UTOGH!
noayyutb E B F, Haxo (CM. NpempIAyIiyl0 3ajady) CIPOEeKTHPOBAThb
E X F ua ocb Ox mox yraom 135°% caepoBaresbno, MHOXecTBO E D F
TOMKE OTPAaHHYEHO U 3aMKHYTO (CM. pemieHue 3agauu 597).

601. Apudmernyeckass cymma D © D HBYX KaHTOPOBBIX COBep-
IIEHHBIX MHOXECTB coBnajaer c orpeskom [0, 2]. IlokaxeMm 3TO.

Ilpoussemenne D X D coBnajaer ¢ «KaanbuimeM CeprnuHCKOTo»
(cM. 3amauy 245). [Iposenem yepe3 NpPOM3BOJBHYIO TOYKY 2, OTpe3Ka
[0, 2] ocu Ox mpsaMylo, HaKJIOHEHHYIO K ocH abcuucc mox yriom 135°.
$IcHo, uTa 3Ta MpsiMas mepeceyer Mo KpaiiHeil Mepe OJUH K3 KBaJpAaTOB
nepBoro panra (puc. 35); o603HauuM 3TOT KBajapar uyepe3 C,. Ilanee,
Ta e IpsAMas IlepeceyeT IO MeHbLIeHl Mepe OXMH KBaIpaT BTOPOroO
paHra u3 yucjia KBaapaToB, Bxopsuuux B C,; o6o3naunM ero C,. B Hem
Halifercsi KBaJgpar TpeTbero paura Cg, ¢ KOTOPBIM 3Ta IpsiMasi Iepece-
YeTcsl MO HENyCTOMY MHOXEeCTBY, H T. I.

O6o3nauum o6uLyl0 yacTb NpsMON M kBaapata C, uyepe3 u,; MHO-
JKECTBA U, 3aMKHYTbl, OTPAaHHYEHH, U KaXKJ0e NOCJAEeIYIOIWee BJIOXKEHO
B NpeibINyHIee: Uy,  U,. Ho Toraa L’]u,, HENyCTO; OHO COCTOHT H3

0" y,€F xp€E zpeFof X

OIHOM. TOUKH, TaK Kak diam u, — 0. 3Ta ToYyKa NPUHALJIEKUT MHOKE-
¢tBy D X D, 4 ee KOcOyroJbHas HNPOEKUMs COBNajaeT C TOYKOH 2,
a MoToMY, B CHJy pe3yJbTaTa 3anauu 599, z, €D D D.

Hrak, Kaxjasa Todka 2z, € [0, 2] npunHanmexuT apHdMeTHYECKOH
cymme D S D. C npyro#i CTOpOHBI, HENOCPEACTBEHHO $ICHO, YTO HH
OJlHa TOYKa, Jexaluias BHe orpe3ka [0, 2], He MOXeT NPHHAAJMEXKATH
aToi apudMeTHyeckoit cymme. CrenoBarensuo, D @ D = [0, 2].

602. Ilycte ¢ — mpousBoJbHasi Touka MHoxectBa A & B; Toraa
¢ =a-+b,rae a €A, b€B. Tak Kak A OTKpHTO, TO CYLIECTBYET
okpecTHoCTb V (a), uenukoMm Bxoasiuasg B A. Ho Torpa MHOXKeCTBO
BceX Touek Buja x 4 b, rae x € V (a), ob6pasyeT OKPeCTHOCTb TOYKH
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AN N
0 2z, 2
a)
=
HEH I\ .
0 1 2o 2
0)
Puc. 35

¢ =a + b; sro muoxkectBo BxomuT B A B. CrenoBarencho, Ans
moGoii Toukn ¢ € A D B cymecTByeT €e OKPeCTHOCTb, BXOAsflasl B
A © B. 3naunur, muoxkectBo A @ B OTKpHTO.

603. ITyctb sup E; =a, sup E, = b; Torna ecmm z € E; @ E,,
T02 =x -y, aex € E, y € E,; cnefoparenbho, 2 =x + y < a +
-+ b. C npyroii cropossl, ansa Beskoro € > 0 Haiigyrcs Takue x € Eq,

y € E,, q'rox>a—-;—, y >b——;—, atorna x+y €E,DE, u

x+y >a-+b—e. 310 [OKa3biBaeT INepBOE PaBEHCTBO;. BTOpOE
PaBeHCTBO JOKa3bIBAaeTCsl aHAJIOTHYHO.

604. Ha ocHoBauuu pesynbraTa 3agaud 599 muoxectso E D F
MOXXHO TOJYYHTb, NPOEKTHPYs MHOXKecTBO E X F Ha ock Ox ¢ yriom
npoekTHpoBaHus, paBubiM 135°. Ho ecnn muoxectBa E u F CBs3HHI,
TOo W MHOXecTBO E X F Toxe cBsi3HO (cm. 3ajgauy 399); a Tak Kak
TNPOEKTHPOBAHHE SABJSETCS HeNpepHIBHBIM OTOOpakeHHeM (CM. 3ajady

595), TO OHO MepeBOAHT CBA3HOE MHOXECTBO B CBfA3HOE (CM. 3ajgauy
579).
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605. Orpesok [0, 1]. [loka3aTeabCTBO NPOBOAMTCS TaK 3Ke, Kak
B 3aznave 601.
606. JloxkasareJqbCTBO aHAMOTHYHO TOMY, KOTOPOE IPOBOJHJIOCH
npu pemeHuy 3agaun 602.
607, Teopema Jlarpauna gaer aJsmobuix x', x” € RY:
FO)—F &) = F @ (& — =)
(271 HEKOTOpOro ¢ MexAay x' u x”), oTKyna
IF (') —F &) < Kl x" —x"].
Tak xak K < 1, To BhIMOMHAIOTCA ycaoBHs Teopembl Banaxa (Teope-
Ma 5 BBeJieHH Sl K HaCTOSIILEl IJ1aBe), U3 KOTOPOH M CJIENYeT yTBEpKae-
HHE 3ajaul.
608. Y xa3anue. Bcuny teopems [apby (cM. HUIKE, TeOpeMy
3 BBezenusi K raBe XI), f' (x) ne Mensier 3maka; CJeIOBaTeJLHO,
f (x) crporo monotonHa. [lanee, B cuay teopems! Jlarpanxa, |f (x) —
—fO|=I1f @ 1xI > K-1x| > IxJ, OTKYJia CJIEIeT, YTO (pyHK-
uus f (x) npuHEMaeT 3HaueHHsl Ha BCEH YHCJIOBOH OcH (TaK KakK OHa
MOHOTOHHA M He OTpPaHHYeHa HU CHH3Y, HU cBepxy). CllefoBaresibHO,

st dynxuuu f (x) cymectByer obpaTHas GyHKuus @ (y), onpeneseH-

Hasl Ha BCel YHCJOBOA OCH M Takas, 4to | ¢  (¥)] =1 <KL <l.

| F @)l
ITocse sToro mumercs ypasHeHue ¢ (y) = y, 3KBUBAJECHTHOE JaHHOMY,
U K HeMy npHMeHsercsa Teopema banaxa.

609. Ilyctb X (%, Xp ...)€ly, T. €. psif X x2 cxomutcsi. Iloka-
i=1

o
KeM, UTO TOTAA Z(2y, 25 ...)€El, The 2 =2|Czkxk- HeficTBHTe/IBHO,
k=

npumeHeHne HepaBeHcTBa Komn—DByHSKOBCKOFO (cM. BBeleHHe K Iiia-
Be IV) naer

n 2 n n
(Z1ewl) <E b2 a<F -
k=1 k=1 k=1

1

TMs
Ms

o0
2 2
lxk<kZ‘xk<+oo.

o
a SHAWHT, DAN X CjpXp CXOINTCA (naxe abCcoJIOTHO) H
k=1

3

0

oo 2
2= (Z ci,,xk> <X k- D x?. CrnenosarensHo,
k=1 k=1 k=1

Sa<(E 5 ) 2 < e
T. €. 2€ 1,

Paccmorpum Teneps TOYKY Y (¥y, Yg» --.), THE ¥; = 2, + b,. Tak
KaK 2 (24, 23y «..) € ly ¥ b (by, by, ...) €1y, TOU y €1, (CM. pelrenue
sagaun 131).

Takum obpasoM, oroGpakeHHe, NEepPeBOHsIIEe TOUKU X (Xq, X, ...)
B TOYKH ¥ (Y3, Ya ...), €CTb OTOOpa:KeHHe NpocTpaHcTBa [, B cebs.
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7 ’
IMokaxeM, 4To 3T0 otoGpaxenue cxkumarwowee. Kyers x (x1, xo, ...) €/y
" 4 ? ’ 7 n ” "
x(x], Xy ) €ly,ay () Yy o)y ¥ (Vs Yo -..) — TOUKH, mOMY-
yaeMbie B pe3yJbTare Hamero oTo0pakeHusd, T. €.

o0 o0
7 n "
Yi= kZl CipXe + by yi = kZ_El Cin¥e + by

Hmeem:

P, ¥ = \/gl (yi— yif* = \/ )} (El Cip (e ——xﬁ)) :

’ "
Ec/H NOMOMUTE X —X = Xp, D CjpXp =2, TO  BHIAXKEHHE,
k=1

feo)
o 2
CTOdLIee IIOA KODHEM B IIpaBOH 4YacCTH, €CTb Z Z;. Bhillle MBI 1moKasa-

i—l

JI¥, UTO 2 2, (Z Z c,k) Z x:. Ho 2 xi= Z ()ck——xk)2

= p (¥, x) Hoa'romy noc.nelmee HepaBeHCTBO JIaeT:

Py, ¥ Z ch - p (', 1)

i; k=1

o0
Tak xak no ycijoBHiO Z cfk< 1, To 3TO O3HAuaeT, UYTO Halle OTO-

OpaxeHue CKHMalolee, a TOrAa, na teopeMe DaHaxa, AJA Hero cyiie-
CTBYeT Ofiia H TOJIbKO OfiHA HEMOABMKHAA TouyKa. Ho 3To paBHOCH/IBHO
yTBEPKICHHIO 3aJjauH.

610. Her, tak kak 006JaCTb ONpefesIeHHS OTOOPaXKeHHS! €CTh
E = [1, +oof, a 3nauenus f (x) BHXonsT 3a npegenst E.

611. TlpoctpanctBo E, B KoTopoM omnpefeneHa ¢yukuus f(x),
fiBJsieTcst HEMOJHBIM (och Ox 3a BhiYeToM TO4KHM 0); CJ1eL0BATeNIbHO,
K JaHHOMY Cay4alo Teopema Danaxa HermpumeHnuMma.

Fnasa Xl

YUCJIOBLIE ddYHKLIMM O HOHA
MNEPEMEHHOW (MOHOTOHHOCTb,
OrPAHUYEHHAS BAPUALIUA)

612,
2 gin L
F ) = x*sin— npu x+#0,
npu x = 0.
31ech
2x~sin—1- -2 cos L npu x #%=0
ffx= { 2 x P ’
npu x = 0.
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613. Ilycte E < [0, 1] — 3amaHHOe HemycToe HUIJE HE IJIOTHOE
3aMKHYTOE MHOXECTBO, ]a,, B[ — ero cmexHsle HHTEpBaJbl, COJEp-
xkaupecst B [0,1] (n =1,2,3...), B, =inf E, o, =sup E.

HckoMyto QyHKIMIO ONPENeNHM YCIOBUSIMH:

. 1
(* —a,)* (B, — x)*sin
= (x—an)? (Br—x)?
1) 0 npu x€F, g g
0 mpu x< B, u npu x > a.

npu x€Jo,, B0

®yukuus f (x) onpeneneHa Ha BCceH YHCJIOBOH OCH M WMeeT IPOHM3BOA-
HYIO BO BCEX TOYKax YHCJIOBOH OCH, B YaCTHOCTH BO BCEX TOYKAxX OT-
pe3ka [0, 1], a umeHHO:

1
(x—ap)? B, —x)? o

2(x——ot,,)((3,,—x)(oc,,—]—ﬁ,,—2x)sin

4 —_ S 2(“/1+Bn—2x)
f (x) B x—ay,) B,—x (x — )2 (B, — x)? 1p1 xe]oc”, Bn[»
0 mpu x€E,

0 mpu x <P, ¥ Opu X > a.

IMpoussoguas f' (x) HempepbiBHA BCIOAY BHE MHOXKecTBa E M pasphiBHa
BO BCEX TOYKAX 5TOTO MHOMKECTBA.

614, TTocrpoum Ha orpeske [0, 1] HHTZe He NJIOTHOE COBEpLIEHHOE
MHOXKECTBO MOJIOKUTeNbHOH Mephl (cM. 3amauy 410). Ilycere Ja,, B,[
(n=1,2, 3,..) — cMeXHpIE HHTEPBa/Jbl 3TOr0 MHOXECTBa. Torja
GyHKIM S, NOCTPOEHHAsl B NpeAbIAylled 3ajnaue, GyAeT YIAOBJETBOPSITH
BCEM INPEAbSBJSIEMbIM TPEOOBAHH M.

615, Her. Tounasi npousBoguas f' (x) momkHa 06/anaTh CBOACTBOM
Hap6y, T. e. NpUHUMaTb BCce NPOMEKYTOUYHbIE 3HAYEHHS. DTHM CBO¥i-
cTBOM He obsanaer dyHkuus Jupuxie.

616. Her, Tak xak TOuHasi NPOM3BOAHAsH MOXET MMETb TOUKH Pas-
pbiBa TONBKO' BTOPOTO POAa, TOrja KakK paspeiBHas MOHOTOHHas (yHK-
uMsl KMeeT TOYKA Pa3phiBa TOJNBKO MEPBOro poja.

617. Her. [Tpumep. Oynxuus f (x) = |x| umeer Bo Bcex Tou-
Kax Kak IpaByio, TaK U JIEBYIO NMPOH3BOJAHYIO; OHAKO HH Ta, HU APY-
ras He obnanawoT cBoficTBom Jlap6y. Hanpuwmep:

’ _ [ —1 mpu x K0,
f"e"(x)_{ 1 nmpu x;O.
618. Hanpumep, pynkuus f (x)= Z l—x—— THE X1, Xgy «evy Xpy orr —

Bce BO3MOXKHBIE TOUKH MHOXKeCTBa E, 3aHymepOBaHbee HaTypaJbHbLIMH
yucaaMud. JTa QYHKIMA HeNpepriBHA, KaK CyMMa Psifa HelpephIBHBIX
¢dyHKIMHA, paBHOMEPHO CXOJslIerocst Ha JioboMm orpeske. Hainem npo-

M3BOAHYIO OT f (x) mpu x € E.
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HNmeem:

(o]

fx+h—7Fw® _12 ( [x+h—xp| lx—xk|)=
h h =1 ok 2k
_ NV Ix A —xpl—]x— x| X+ h—xp|— | X —xz]
“2 2kh +2 okp, o (D

rie cymma X’ pacmpocTpaHeHa Ha Te 3HAYeHUsi R, MJIA KOTOPBIX-
|x —x,| > |h|, a cymma =" — Ha ocTaJbHEIe 3HaueHHs k. B nepBoil
H3 3THX CyMM X +h — X, U X — X, HMeIOT OJMHAKOBHIH 3HaK; IO-

Xx+h—xp|—|x—xp| __ sg0(x—xp)

2%h 2k
Ecan x € E, To mpH A0CTaTouHO MajoM |h| BTopas M3 3THX CyMM cTa-
HOBHTCSi CKOJIb YTOJHO MaJIOi MO MOAYJ/IO, a nepBas — CKOJMb YTOAHO

oo
o sgn (x — xp)
6/1u3KO K cymMMe psaa 2————5;—
k=1
KOro HaTypaabHOro uucjga N MoxHO HaiiTH Takoe 8 > 0, uToGbl B

oKkpecTHocTb JXx — 8, x -+ [ He momaJn Te X, AJsi KOTOpHX Rk < N;
sorga mpu |[h|< 8

5TOMY B 3TOH CyMMe

; B camMoM jJeje, AMA Bcs-

I

lz”lx+h—xkl—lx—xk|

2%p 2% . |h
1
< Z 9k oN .
k>N
o]
TSN —Xp) N SE0 (X — Xp) 1r 1
|3 = W< =
k=1 k>N

Tlostomy, nmepexons B pasenctse (1) Kk npeaeny npu b — 0, mfony-
uHM, uto IpH X € E

’ - N SgN (x — xp)
f(x) _I; 2k i

Hrak, f' (x) eymectByer Bo Bcex Toukax x € E. YGenumcs Tenepb
B TOM, 4YTO HH B ONHON TOYKe MHOXecTBa E npousBopHas f'(x) e cy-
ILECTBYET.

[yctp X,, — Kakas- -m160 Touka mHoxectBa E. [lpeacraBum f (x)

B BHJE CyMMbI JIBYX q)yﬂxumd

O e Ty YL

P )
0
Tem ke crnoco6oM, KOTOPHIM MBI lIOKaSbIBaJIH CyUIECTBOBAHHE MPOH3-

BozHO# y GynkuuH f (x) B Toukax x € E, npoBepsiercs, 4To QyHKUH S

| x— x| i . lx—x, |

———= HMeeT NpO:3BOHYIO B TOUKe X, ; QyHKIUS xKe ___Ro
ok ko an

k#ky

He HMeeT TpoH3BoAHOH B 3Toil Touxe. CjefoBaTe/]bHO, CyMMa 3THX

¢yHKUMA, T. e. QyHKUHA [ (X), He HMeeT NMPOH3BOAHOIN B TOUKe X,
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619. Ha, ¢ymkuus f (@ (f)) MoHoToHHa Ha oTpeske [a, b]; mpu
3TOM, €cqn f — Bospacrawomast GpyHKuMsl, TO B Cynepnosuuus f (¢ (¢))
BO3pacTaeT, a ecau f — yObiBaomwasi GbyHKUMS, TO H CYNEPNO3UIH A
yOBIBaer.

620. Her. IIpumep. IlycTs ¢ (f) onpenenena ua orpeske [0, 2]

DABEHCTBAMH:
[t opu ¢ € [0, 1I[,
o0 ={i Tt

Ora QyHKuua paspuiBHa npu ¢t =1 u aas wee ¢ (0) =0, ¢ (2) = 3.
Onpepenum Tenepb Ha orpeske [0, 3] ocu Ox MOMOTOHHO BO3pacTaio-
IWYI0 QYHKIHIO
xnpu x €[0, 1],
fx) ={1npux €71, 2,
x — 1 mpu 2 €[2, 3].

Jlerko Buuetb, uto cymnepnosuuus f (¢ (f)) TOXKIECTBEHHO paBHA ¢
npu 0 < ¢ < 2; ciefoBate/bHO, OHA HENpPEPBIBHA BCIOLY, H B 4aCTHO-
CTH B TouKe ¢ = 1.

3ameTuM, OfHAKO, 4TO ecau GYHKIHs f(X) CTPOro MOHOTOHHA,
a pyHkums @ (f) paspeiBHa B Touke #;, To cymepnosuuus f (¢ (f)) o6s-
3aTeJIbHO TEPIUT Pa3puiB B TOUKE

621. lns onpenenenHocts OyaeM CuMTaTh, 4To f (X) CTporo Bo3-
pacraer Ha [a, b]. Bo3bMeM npoHM3BOJIbHOE TOJIOXKHUTENBHOE €, HE Tpe-
Bocxoasuee b — a. B cuny crpororo Bo3pacranust QyHKIHH, HMEEM:
f(b—¢e) <f(b). Hailpem Takoe N, uto s Bcex n > N HMeeT me-
cro: f(x,) >f (b —e); 3T0 mMoxHO cuenath, Tak Kak lim f (x,) =

Nn—>oo
= f (b). B cuny crpororo Bo3pacranus ¢pyukuu, us f (x,) > f (b — ¢)
BHITEKAET, 4TO X, > b — &; cjefoBaTe/IbHO, JJIfl BCeX n > N uMeeM:
b—e <x,<b, orkyna |x, — b| <e. Ho 3T0 u o3Hauaer, B CHIY
TNIPOU3BOJIbHOCTH uucaa & > 0, uto lim x, = b.

n—>oo
622. dynkuuu m (x) ¥ M (x) onpeneneHbl Ha BceM oTpeske [a, b]
(ecam cuurarh, yTO OTpe3oK [@, X] MPH X = a €CcThb ONHOTOUEUHOE
MAoxecTBO {a}). KakoBa Gbl Hu Obuia pyHKuus f (x), pyukuus M (x) =

=sup f (¢) BospacTaer Ha oTpe3ke [a, b], Tak Kak ecau h >0,
2{[a, x]
10 [a, x] < [a, x + k], u, ciaexoBarennHo, sup f (2) > sup f (2).
z:[a, x+h] 2¢fa, x]
Ecau ¢yHkuus f(x) HempepbiBHa, To M (x) Takxke HeilpephiBHA.
Jns Toro utoOHl I0KAa3aThb 3TO, IOKa)KeM CHauala, u4TO JJIs J06kIX

uhcen ¢, d €[a, b], ¢ < d umeer MecToO HEPaBEHCTBO

sup f()< sup f(2)+ of . M
z:la, d] 2:1a, ] [e, d]
HedicTButenbHo, sup f(2) paBeH HaHOOJbLIEMY H3 uHce su[p f@) u
2¢ {a, d] 2z [a, c]
sup f(2). Ecom Haubosbmmm sBaserca sup f(2), To
2ie, d} 2z {a, c]

= su )< su K of ,
S f@ Sup @ <, [aqu( ) +[0’ 51
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TaK Kak cof 0. Eciu e HauGONBIIAM SIB/HIETCSA sup f(z) TO
_SUP f()= sup f(2)+(sup f(2)— SUP f(Z)).
2: [a, d] 2¢ [a, ] 2¢[e, d 2¢[a, ]
HO sup f(?) >f(c)> inf f[(2); nmosromy
2 [a, ] 2¢ [e, d]
sup f(2) << sup f(2) +( sup f(o) — inf f(2)) =
2¢ [a, d] % [a, c] 2 [¢, d] % 1c, d]
= sup f(2)+ of .
2z [a, c] e, d]

Takum oSpasoM, nepaBeHcTBO (1) npkasano. M3 Hero, B uacTHOCTH,
caenyer, uto npu ¥ €[a, bJu npu 0 <h b —x
sup f(z) S f(z)+ o f
2¢[a, x [k, k+hR]
Orciona, npuHUMast BO BHHMaHue, yTo M (x) — Bospacraiomas byHk-
uUs, MoJyyaem:
O0<ME+h—Mx <o f.
[x, x+h]
[Ipu h — O mpaBas yacTb HepaBEHCTBA CTPEMHUTCS K HYJ/IO, TaK Kak
f (2) HenpepriBHA; HO Torma u M (x + h) — M (x); 3Hauut, M (x)
HenpepblBHA CTIpaBa B TOUKE X.
JI1st Toro uToOnl AOKa3aThb HENpephiBHOCTL M (x) B TOUKe X C JI e-

B a, npuMeHHM HepaseHctBo (1) kK Toukam x~—h, x orpeska [a, b]
(h >0):

swp [OS sw f@+ o F

2¢ [a, x
OTKYyJa

SMHKY—M@Ex—h) <o ]f.
x— , X

CnepoBatenbio, M (x — h) — M (x) npu h — 0; 3Hauut, M (x) He-
NpepLiBHA U C 1€ B a B TOUKE X.

Hrak, ecan ¢pyHkuus f (x) HenpepriBHA BCoAy Ha [a, b], Tou M (x)
HemnpephiBHA BCIOZY Ha [a, b]

AHaNOrHYHO JOKa3bIBAIOTCS MOHOTOHHOCTb H HENPEPLIBHOCTD (DYHK-
mmu m (x).

623. Ecmu f(x) — Bo3pacrawomass ¢yHkuus Ha [a, b], To
sup f (2) = f (»), T. e. M (x) = f (x) ansa Bcex x € [a, b].

s dyHKUuH M (%) = sup [ (2) ananoruyHoe paBeHCTBO He

2¢[a, x[
Bcera uveet Mecto. I1p i M e p. TTycts f (x) _{)’g fll_mll }’l‘ﬂg [g 61%1 o

3rta pyHKUHMA BO3pacTaeT (M Jaxe CTPOro Bo3pacraer) Ha orpeske [0, 27.

~ _ (x maa x €170,17,
IOns nee M (x) = {x +1 Eﬂﬂ]xE 11,2].

Kak mb BuguM, f(x) =% M (x) B Touke x =1,
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OGoCiasi 3TOT mpHMeP, MOXKHO NOCTPOHTH TAKYID MOHOTOHHYIQ

GYHRUMIO f (x), 4151 KOTOPOH PaEeHcTBO [ (x) = M (%) He BhimosiHsIETCA
Ha CYETHOM MHOKECTBE TOUEK.
624. Tlycrs, AJISl ONpejeIeHHOCTH, [ (x) BospacTaer Ha orpeske
[a, b]. Torma 1[nfb] fx) =f(a), s[uplg (*) =7 (b). Honyctum,
X [a, X la

4TO 5Ta QYHKUHUS pPaspLiBHA B TOUKE ¢, T1e a < ¢ < b; Torna mno kpaii-
He#l Mepe Ha oxHoM u3 uHTepBanoB If (¢ — 0), f ()L, If (©), f (¢ + O
ocu Oy Her 3Hauennit ¢yuxkuuu. Ho 370 3HauMT, 4T0 QYHKUHSA [ (X)
TNpHHUMaeT B KayeCTBE CBOMX 3HAUCHHA He BCEe 4HCJAa OTpe3Ka
(f (@, 7 O]

CurrenoBarenbro, ecn yHKuusi BodpacraeT Ha [a, b] U npHHHMaer
Ha 3TOM OTpPe3Ke B KayecTBe CBOHX 3HAUEHHH B Ce uMCIa u3
(f (@), f (b)], 10 oHa HenpepbiBHa Ha [a, b]. Cryuail yGuBaiowmeil
(pyHKIMH aHaJOTHUeH.

625. MOXHO; JOCTATOYHO IOJIOXKHTH

f (x) npu x € E,
(P(X) = 2upf(§) ande[a, b]\E’x>xor

gﬁj‘ F@© npnx €la, 6] \E, x <
(3

rie x, = inf E.

$lcno, uto ¢ (¥) — MOHOTOHHO Bo3pacTawoowmas (yHKUMS, onpeje-
JIeHHas BCloAy Ha [a, b] u coBnajarowas ¢ f (x) Ha Muoxectse E.

626. Heanssa. Ecnu, Hanpumep, f (¥) He orpaHHueHa CBepxXy, TO
OHA He ONpejesieHa B TouKe b (1Haye Obwio 6w f (x) Kf (b) Bcrony Ha E.
Ho Torna u poonpenesnuTh ee B TOYKe b ¢ COXpaHEHHEM MOHOTOHHOCTH
Henb3s. Ecau ke f (X) He orpaHHueHa CHH3Y, TO ee HeJb3sl JoOompeje-
JIUTh C COXpaHeHHEM MOHOTOHHOCTH B TOUYKeE Q.

627. JoCcTaTOYHOCTD OUEBHAHA: €CHH [ (X) CTPOrO MOHO-
TOHH4, TO OHAa B3aHMHO OXHO3HAYHO OrTo6paxkaeT CBOWO
obsacTh onpefesenus [a, b] Ha cBowo ob6sacTb 3Hauenu#t E; = f ([a, b]);
a 3TO €CTb HeoOXOAMMOe U JOCTaTOYHOE YCJIOBHE CYIECTBOBaHHS 06-
parHo# (yHkuuH, otobpaxatomeli E, Ha [a, b] u cTaBsue#l B COOTBET-
cTBHE KaxJoi Touke y € E; Ty eiuHCTBeHHYIO TOUKy X € [a, b], ana
KOTORO# [ (x) =y.

Heo6xoagumocTh. Ilycte ¢yukuus f(x) HempephiBHA Ha
[a, b] u umeer o6paTHyIO QYHKIMIO, T. €. B3aUMHO OHO3HAYHO OTOGpa-
xaer [a, bl Ha E; = ([, b]). Torxna f (a)  f (b), Tak KaK paBeHCTBO
f(a) =f(b) MPOTHBOpPEYHT B3aHMHON OJHO3HAYHOCTH 3TOrO0 OTOOpa-
skeHus. [Ilomoxum mias ompenenenHoctH, uto f(a) < f (b). Toraa B
TOuRe a QYHKIMS JOCTHraeT HauMeHbIero 3HaueHud Ha [a, b]. Jlefcr-
BUTE/IbHO, ec/ii Obl B HEKOTOpO# Touke X, € Ja, b 610 f (x,) < f (@),
TO, B CHJy TEOPeMBl O MNPOMEXYTOUHBLIX 3HAYEHHAX HeNpPepLBHON
GYHKUMHM, MEX1Y TOYKaMH X, H b Hamwiach Obl TO4ka { Takas, 4TO
f (@) = (a) (tak xaxk [ (x,) <f (a) <[ (b), cm. puc. 36); HO 3TO MpO-
THBOPEUHT TOMY, 4TO [ (¥) B3aMMHO OJHO3HAYHO OTOOPAXKAET OTPE30K
[a, b] na mHOxecTBO Ej;.
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JlokaxeMm Tenepb, uto GyHkuus f (x) crporo Bo3pacTaer Ha [a, b].
HonycTum, uTo 3TO HE TaK; TorAa Haimercs Xors Obl OfHA Mapa TOYeK
X1, Xy €[a, b], x; < x, Taxas, uro [ (x;) > f (¥,). PaBeHctBo 3zech
MCKJ/IIOUEHO U3-3a B3aHMHON OJHO3HAYHOCTH OTOOpaxkeHus [; 3Ha-
unT, f (%)) > f (x,). Ho Torna ma yuactke [a, x,] Ha#ijeTcs Touka
Takasi, uTo f () = [ (¥,) (rak Kak f (a) < [ (xs) <[ (%)) (cm. puc. 37).
A 370 TakXe IPOTHBOPEUHT B3aMMHOH OJHO3HAYHOCTH OTOOpaKeHHUs f.
3HauuT, An7 MOOBIX TOUEK ¥, < X,, JeXKalluX Ha orpeske [a, b], umeer
MECTO HepaBeHCTBO f (x;) < f (x,), T. e. ¢dyHkuusa f (x) crporo Bo3-
pacraer Ha [a, b].

628. Eciu obe ¢yHKuMH Bo3pacTaloT MM o0e YOLIBaOT, TO HX
cymma MoHOTOHHa. OfiHaKo ecyiu ofHa U3 3THX (GYHKUHMH BO3pacraer,
a npyras y6blBaeT, TO CyMMa MOXeT OKa3aTbCsi HeMOHOTOHHOH. Ha-
npumep, obe GyHKuMH @ (x) = x, P (¥) = —x® MoHoTOHHH Ha [0, 1],
O/IHAKO HX cymMma [ (X¥) = x + (—x®) He MoHoTOHHA Ha [0, 1].

[IpousBesenne IByXx HeOTpH I aTeJbHB X BO3pPacTAOLIHUX
¢yHKuM# MoHOTOHHO. B ofiem cinyuae sto He Tak. Hampumep, obe
¢byukuuu @ (x) = x, P (x) =x — 1 Bospacraior Ha [0, 1], omHako
¥X npousBefieHHe f (¥) = x (x — 1) He MOHOTOHHO Ha 3TOM OTpe3Ke.

629. Cnavana pokaxem, yTO AJIsl JIOGOr0 HaTypaslbHOTO 1 MHOXe-

1
ctBo E, Tex Touek, rpe kKosmeGaHue GyHKUMH GOJbLIe MJIM PAaBHO —,
n

He Gosiee ueM cyeTHO. JIJ1s1 3TOTO OMUIIEM OKOJIO KaxaoH ToukH x € Ja, bf
okpectHocTh Jx — 8, x 4+ O6[ (6 3aBucHT OT x) Takyw, uTO KoJaeGa-

Hue ¢gyHkuuu Ha Jx—08, x[ 1 Ha Jx, x+ O Me H b 1 € uem L Haugee,

n
U3 MOKPHITHS MHTepBana Ja, b[ uutepBaitamu Jx — O, x - O BhiGe-
peMm He GoJlee ueMm CYETHOE MOKpHITHE ¥, — &, % + &yf, ..., Jx,—3&,,
x, + 64, ... (cm. 3apaun 345, 355 u 356). SIcHo, UTO HH B OfHOH TOU-
ke § unTepBasa Ja, b[, OTIIMUHOM OT TOUYEK Xy, ..., Xj ..., KOJCOQHHE

He MOXKeT IIPeB30fTH yuciIa —, TaK Kak Jiobas Takas Touka § sBJIsET-
n

ca BHyTpeHHe#H 60 /s HeKoToporo HHTepsana Jx, — 0, x[, mmbo
BJs HeKoToporo umtepsana lx, x; +O8[. Cueposarenvno, E,c
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< {xy, ..., X, ...}, H, 3HauuT, E, He Gosee uem cuetHo. Ho Torma u
MHOKECTBO BceX Touek paspbBa E = |J E, He Gosee ueM CUETHO.
n

630. Ilyctb rq, 7y, I3, ... — BCE€ palMOHAJNbHbIE TOYKH YUCJIOBOH
npsimoii R!, 3aHymepOBaHHbIE KaKHM-JIH60 CIOCOGOM; MOCTPOHM (YHK-
wuto f (x) caenyromum obpasom: Ajasi Jo6oro ¥ € R' nomoxum

l
f (xy: ﬁ’
rk<x
rle CyMMHPOBaHHE IPOH3BOAMTICS HO BCeM HOMEpaM k TakuM, 4TO
r, < x. JDra QyHKuus ompejeseHa LJIs BCeX X, TaK KakK pAaf 2 -l-k
rk<x2
BCETJla CXOIMTCS; OHA CTPOrO BO3pacTaeT, TaK Kak JJsi JIOObIX dxces
x; < X, HaWJETCA PalMOHANbHOE YHCIIO Ty, TaKOE, UTO Xy <7, < Xy
l 0
orkyna f (x4) > f (%)) + o > f (x1). Dra GpyHKUMS pa3pbiBHA B Kax-
Jofi panMOHANBbHOH TOUKE r,; NEACTBUTENLHO, AJd Jioboro x >r,
1 1 1
f=25=2% 5+ X >
re<% rp<rp, r,<rp<x
1 1 1
> 2 gt =)+ 5

fk<fn
repexonsl B 3TOM HepaBeHCTBe K Ipeleny IpH x ->r, -~ 0, nonyyum:

1 o
fr,+0)>f(r,)+ o 3HauuT, B Kaxno0H Touke r, ¢yHruus f (x)
paspeiBHA cIpaBa H ee mpaBeil cKauok f (r,+ 0) —f(r,) Gonbme
UK paBeH —.

2!!
Joxaxem, uto GyHKuMs [ (¥) He BMeeT pPa3phLIBOB B APYIHX TOUKaX
1

H uTO B DaUMOHAJbHEIX TOUKAX r, CKAaUKM PaBHbI B TOUHOCTH _Z.

D10 BHITEKaeT M3 CJAENYIOMHUX Ccoo0paxkeHHH: 1J1s MOHOTOHHO
Bo3pacTawueil (yHKUMH pa3sHOCTb MeX]y ee BepXHEd H ee
HHXKHE# TrpaHbpio Oosblie HJM paBHA CYMME S BCeX CKaykoB; HO

258 fx) = 2 élz =1, jél};fn f (x) =0; caenoBarenbno, s 1. C

kR
JPYroi CTOPOHBI, CyMMa BCeX CKauKoB GoJiblile HJIH PaBHA CymMMe Mpa-
1
BBIX CKauKOB B TOYKAaX 7, ; MO3TOMY S > 227 = 1. CpaBHHBas 3TO ¢
n

TOJIyYEeHHBIM BHILIE HEPABEHCTBOM, HaxomuM, uTo s = 1. CienoBaress-
HO, NpaBbleé CKAYKM B TOYKAX 7, HCUEPILIBAIOT BCE BO3MOXKHbIE CKAUKH
¢yHKIHE (T. €. B CCTAJbHBIX TOYKAX (QYHKIHMA HENPEPLIBHA); NPH TOM

B CaMHX TOYKAaX r, CKauKH PaBHb B TOUHOCTH — (B MPOTHBHOM €J7y-
yae Gew1o Obl § > 1).
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631. Ora 3ajava sBAsieTCst OGOOLIEHHEM MpPEebIIYLIEH; MOCTPOEHHE
TakoH (PYHKUIHMM TPOBOIHTCS TaK e, KAK B NMpPeAbAYIIEH 3a1aue.

632. Bospacranue ¢yHkuuu T (x) Ha orpeske [0, 1] BhITekaer u3
CaMoro nocrpoenus: GyHkuuH. UToOwl JOKa3aTh, 4TO T (X) HENpephBHA
Ha [0, 1], nocratouno 3ameTuThb, 4T0 €cau Gbl OHa ObIa pasphiBHA B
KakKOH-TO Touke x, € [0, 1], To (B CHTy MOHOTOHHOCTH (PYHKLHH) XOTS
Obl omMH M3 MHTepBaNoB JT (X, — 0), T (x)[, JT (x,), T (¥ + O)[ e
cogep:kan Obl HH OfHOTO 3HaueHus (yHKUMH. OIHAKO 5TO HEBO3MOXK-
HO, TaK KaK 3HaueHHSAMH QYHKIUHU SBJSIOTCS, B YAaCTHOCTH, BCE JBOHY-
HO paunuoHajdbHble uyHcsia orpeska [0, 1], a oHH pacnosoKeHH BCIOLY
IJIOTHO HA 3TOM OTpeE3Ke.

633. Moxer. B xauecTBe npumepa Takofl QYHKIMH MOMXKHO B3SITh
¢yHkuuio Kantopa v (x), nocTpoeHHyio B npeapiayiiedl 3agaue. Ona
MOHOTOHHA M HeNpepbiBHA BCiofy Ha orpe3ke [0, 1] u oriMuHa OT mo-
CTOSIHHOM; BMECTe C TeM ee NPOM3BOAHAs T'(x¥) CyuIeCTBYeT BCIOAY Ha
CD u Bo Bcex Toukax muoxkectBa CD ona paBHa Hymw. ClienoBateb-
HO, T’ (x¥) = 0 moutu Bcroay Ha [0, 1] (tak Kak m CD = 1).

634. Ilyctb f (x) Bospacraer Ha Ja, b, HempepbiBHA H OrpaHUYEHa
Ha 9TOM HHTepBaJe. JloomnpenenuM ee Ha KOHIL[aX HHTEpPBasa, MOJOXKUB
f@=f@+0), f(b) =f(®—0) (nperemst ¢yukmun f(x) npu
x—>a-+0u npu x— b — 0 cymecTByioT, TaKk Kak 3Ta QYHKIUS
MOHOTOHHA M orpaHuueHa Ha Ja, b[). Tenepb ¢yHKuHs ompefnesneHa u
HenpepuiBHA Ha BCeM OTpe3ke [a, b], B TOM yuC/e Takxke B TOUKaxX a
u b. Ho Torna ona paBHoMepHO HenpepuiBHA Ha [a, b] (cM. 3agauy 540),
a 3HAYHT, U Ha J0OOM NOJIMHOXKECTBE OTpe3ka [a, b], B 4acTHOCTH Ha
unrepBane Ja, b[. B cnyuae, xorma f (x) y6uiBaer Ha Ja, b[, moxa3sa-
TeJIbCTBO aHAJOTHYHO.

635. CnpasepymBo. Ecu ¢yHKius f (x) orpaHHYeHa U MOHOTOHHA
Ha ]—oo, +oo[, TO OHA UMEET KOHEUHELIE NpeJieIbl li+m fx)ulim f (x).

X {oe]

X —+—00
Ho Torna paBHOMepHasi HempepbBHOCTb (GYHKIMH Ha BCeH MNpsAMOI
J—o0, 4-co[ nOKasbIBaeTCs TeM K€ METOHOM, KOTOPhIM Mbl pellaJu
3ajauy 545.
636. Pasnenum otpesox [0, 1] Toukamu

0 = Xy <x1 <...‘<x,,_1 <x,, =1

TaK, 4TOOBI HAa KaXXAOM OTpe3ke [X,_;, X,] KomeGanue GyHkuuu [ (x)
&
6bIIO MEHbIIIE YeM 5 Hanee, Ha KaxJoM orpeske [Xx,_,, X,] ompe-

IesuM GYHKIHMIO ¢ (X) Tak, 4TOObI BBHIIOJHSUIMCH YCJIOBHS:
@ (%p—1) =F (Xpa)s @ () =T (x2);

¢ (X) MOHOTOHHA H HeNpephIBHA Ha [X,_;, ¥,], ¢’ (¥) = 0 mnouru Bciony
Ha [Xp_q, Xp].
DYHKUHIO, YAOBJIETBOPSIOULYIO 3THM YCJIOBUSIM, MOMKHO HOCTPOHTHb
1aK Ke, Kak crpousiach ¢pyHkuus Kauropa B 3anaue 632.
[TocTpoeHHast Takum crnocobom GYHKUMSA ¢ (X) ONpeneneHa M He-
npepeiBHE HA BeceM orpeske [0, 1] u ynoBierBopser )c/joBHsAM a) U 6).
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HerpynHo Takxe nposeputb, uTo fis JoGoro x € [0, 1] ona yposmer-
BOpsieT HepaBeHCTBY |f (x) — ¢ ()| < e.
637. IloctpouM HenpephiBHYIO GYHKUMIO ¢ (X), PaBHYIO HYJIO
Ha MHoxecTBe E M NONOXHTEJIbHYIO BHEe ero (Hampumep, ¢ (x) =
X

=d (x, E), cm. sapauy 519). Jlanee obosmauum f (x) =[ ¢ (f) dt.

Torna f' (x) = ¢ (x) nas Bcex x €[a, b]; B uactnoctH, [ (x) =0
s Beex x € E. Kpome Toro, f (x) aBJasieTcsi cTporo BOSpaCTaXOIﬂeH
(pyHKUMei1; JisIst IPOBEPKH 3TOrO BO3bMEM JBE TOUKH X3 H Xy (@ < %1 <

< Xy < b) v HalileM MEXly 3THMH TOUKaMH OTPe3oK [a, B, CBOﬁO}leII/l
or Touyek mMHoxecta E. Torna

X2 ]
f (%) — F(xy) =i (P(t)df,>/£(P(f)dt =¢ (B —a),

r;xefie)[oc, pl; Tak Kak ¢ € E, 10 ¢ (¢) > 0; cnepoBatenbHo, f(x,) >
> T (xy).

638. Her. Ilycts Jo, B[ — uHTepBa/d, LEMMKOM COJEpIKalMHCS
B E (ecnu E 3aMKHYTO M HE fBJSETCS HUIJE HE ILIOTHBIM, TO TaKoOi
HHTepBaJ HaBepHfKa Haljercs. Ecuau st HekoTopoit ¢yHKuuH [ (x)
ee NpoOU3BOJHAs paBHa HYJIO Bciony Ha E, To, B uactHoctH, ' (x) =0
BCIOAY Ha HHTepBase Jo, P[, U, 3HAUUT, HA 9TOM HHTepBaje YHKIHUS
f (x) nocrosinna. CiefoBaTeNbHO, OHA HE MOMeT GHITh CTPOr0 MOHO-
TOHHO# Ha [a, b].

639. Cuauana pokaxeM, uto f (0) = O; nefictutensHo, f (0 4 0) =
=)+ 7©0) =2f(0), 1. e.f(0) = [(0), orxyaaf(0) =0.

Hanee, pnsa mwoboro mesoro k& >0 umeer mecto f(kx) =k -f(x);

noatomy f(1) :f(k . —;-) =k f(—;—), OTKYZa f(—) = f(% = %, rae

a = f(1). Hakonew, f(g—\)zp«f(%)=p';=a-—z—, T. e f(x)=
= ax 14 moboro panuvoHajabHOro x >0.

[IycTh Temepb X — IOJIOXKHTEIbHOE HpPpaLMOHANbHOE YHCJIO; TO-
CTPOMM BO3PACTAIOU[YI0 IIOCJEJ0BATENLHOCTh PaAlHOHAIbHBIX 4HCel
r <ry, <rg <.. CXOmslylcsfi K X, H YOBIBAIOIYI0 [OC/€EA0Ba-
TE€JbHOCTh paLHOHANBHBIX UYHCeJ r{ >r; >r§ > ..., Takxe CXOLs-
myiocs K x. Torna, B cuny monotonHocTd [ (x), f (r,) < F ) <[ ()
st JoGoro k, T. e. ar, < f (¥) < ar,. Ycrpemnss tenepb k K Gecko-
HeuHoCTH, noayuum: ax < f (x) < ax, orkyma f(x) = ax. 3Hauur,
f (x) = ax npu JOOBIX MOJNOKUTENbHBIX X (KaK paluOHANbHBIX, Tak
H HppalHOHANbHEIX).

Haxkonen, ecmu x <0, 10 f(x) + f(—x) =f(0), T. e. f(x) =
=f (0) — f (—x) = —f (—x); HO B 3aTOM ciy4yae — x > 0; Tm03TOMY
f(—x) =a- (—x). CnenoBaresbHo,

f(#) =—f(—x) =—a(—x) =

Hrak, f (x) =ax pasBcex x.

640. Bapuauus srTofi QyHKUMH paBHa | k] -
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641, Bapuamus ¢yukuum paBHa 7. B sroM yGexpaemcs ciaepyio-
mum obpasoM: pasobbeM orpesok [0, 1] Toukamu 0 =x, < x; < ...
. <%x,, <x, =1. Torna

301720 —F ()l = 1F08) —T G|+ (15— 0|4 o

() — F Cenc) D) A 1 () —F () | = (1= 57) + (g — 5+
FO—(1— %) =5+ 2(x,y —x) < 7.

n
Ipu stom X | f(x) —f (x,_,) | Moxer OwTh caenana CKOJBKO
i=l1

yroauo 6u3kol K uncay 7. IMostomy sup 2 | f(x) —f x) =1,
i=1

i=
T. €. Bapnauusa ¢yHkund f (x) Ha orpeske [0, 1] pasna 7.

642. Bapuauus ¢yHxkuuu pasHa 23.

643. Ins storo caexyer nonoxuth f (1) =a, rae a — Kakoe
yroaHo uucao, 3akmioueHHoe mexay f(1 —O0) u f(1 +0) (1. e.
0<Lax]). Baromcnyyae Bapuauns ¢yHkunu Ha [0, 2] 6yner paBuab.

644, dra GYHKUMSA HENpPEphIBHA M HMEET NPOM3BOAHYIO BO BCEX
Toukax orpeska [0, 1]:

{2x cos - +nsm— npu x 70,
npu x =0.
Ha yuacrtke [0, 1] npousBonHasi orpaHnueHa:

If/(x)I=|2xcosi:-+nsin—:il<l2xcos%l+l

fx)=

L24 .

A wuenpephiBHaA (YHKUHS C OTPaHHUYEHHOH IPOM3BOAHOH SIBJIAETCH
¢yHKUMeH orpaHHYeHHO! Bapuanuu (CM. HHXKe, 3a/1aua 648).
645. Ilyctb k — npou3BOJNBHOE HATYpaJbHOE YHCAO. Pasobbem

OTpEe30K [O, —f;—} TOYKaMH

2 2 2 _ 2
0< n(2k+l)< T T )
Ha k -+ 1 OTPE30K M COCTAaBUM CyMMY O, MOAyJeH NpHpauieHu# (yHK-
LM Ha 3THX OTpe3Kax:
%= (s )+ ot rmm) +
(2% 1) n(2%k+D  w(2k—1)
2 2

Hemtrmg) e ) )

2 2
2y 22,2, .
n(+3+5+7+ +2k—|—1)

B KBaJApaTHLIX CKOOKax CTOHNT k-1 yacTHas CyMMa pacxoadiierocs

2 2 2 2
aqia 1 =4 =4+ =+ ... v..y OIpH TATOYH
pax -]—3—] 5—}-7-}- +2k+l+ pH AOCTAaTOYHO GOJIBLIIOM
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k 3Ta cymMMma JiesiaeTcsi CKOJIb YroaHo Goabiuoit. CrnepoBaTesbHO, AJA
amo6oro A > 0 MOXHO HAaHTH TakKoe YHCJO k (M, CJeNOBaTeJbHO, TaKoe

pasbueHue orpeska [O, %D, uto 0, > A. Ho 210 03Hauaer, uTo cymma
0, Mopyne# npupameHuii GyHKUMH MoxKeT ObITb CHeJaHa CKOMb YTOJ-
HO GOJIBbILOH, T. €. uTO QyHKuMA f (X¥) HMeeT HeOrpaHHYEHHYIO Bapua-
uuio Ha orpeske |0, =l

646. Houycrum, uto F(x) = f(ax 4 b) uMeeT HeorpaHHUYEHHYO

b 11—
BApHALUI0 Ha OTpeske [———, —b]_ Toraa pas /mo6Goro HaTypalbHO-
a a

. b 1—b
ro yucia N MOXKHO HalTH Takoe pa3bueHHe OTpe3Ka [—-— =, ]
a a

b 1— 3
TOUKAMH — — = Co< i< .. << Cn=—a—b, 4TO §1|F(§k) —

— F (§x—1)| > N. Pasobbem Tenepsb oTpesok [0, 1] Toukamu 1, = af,+
+bk=0,1, .., n). Torna

éll fMe) —FMe—d) | = kZzllf(an + b) —f(@bp— + b)| =

=2 |F ) —F Gen) | > N. ()

Hrak, ecmn Ob QyHKuus F (x) uMesna HEOTpaHWYEHHYIO BapHaIHIO

Ha ——b—, 1—"”—], TO f(x) Takke uMena Obl HEOTpPAHHUEHHYIO Bapia-
a a

umio Ha [0, 1]. CnenopatenbHo, ¢yskuus F(x) uMeeT OrpaHHYEHHYIO
b 1—

BapHalMio Ha [—--—, b
a a

ITepexons Tenepb ;{ BEDXHHUM TIpaHsiM B paBeHCTBe (1), yGexnaem-
1—

I “a
ca, ato Vf= V F.
0 b
@
647. Penrengue 5Toft 3ajayd aHAJOTHMUYHO MNpebIIyLIeH.

648. Ilycts |f' (x)] <A Bciony Ha [a, b]; Torna mpu Jio6om pas-
Guennu otpeska [ a, b] Toukamu

a =Co <C1 <... <€n—1 <§n =b
nmeeM, B cuay Gopmysinl Jlarpanxa:

If @) —F Ced)l = 1T () (G — Gt < A+ 10 — Lol

(3mech T, — HEKOTOpas TOYKa, Jexamas Mexny G,y u ).
TToatomy

éllf(Ck)—f(Ck—l)l<§__ Algk_Ck—ll':

1
=Al§llt}t""Ck—1| =A(b—a).
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Hrak, npu moboM pasbuenuu oTpesxa [a, b] cymma MoxnyJeil mpupa-
meHn i He npeBocXopuT uucaa A (b — a). 3uauut, pyukuus f(x) umeer
OrpaHHYEHHYIO BapHauuio Ha [a, b].

649. Ecmu E uMeeT JMlIb KOHEYHOE YHCJIO FPAHMYHBIX TOYEK, TO
X (X) MMeeT orpaHHuYeHHYIO Baphauuio Ha [a, b], — 3To yTBepxKeHHe
TpuBHabHO. Ecm xe E MMeeT 6eCKOHEYHOe MHOXECTBO TI'PaHUYHBIX
TOYEK, TO ¥ (X) HMeeT HEOTDAHMYEHHYI0 BAPHALHIO Ha OTPE3Ke
[a, b]. HokaxeM 3To. 3afajuM NPOH3BOJBHOE HATYpaJbHOE YHCAO N
H H3 MHOXeCTBa BCeX TIDaHHYHBIX TOYEK, JexaluX BHYTpH Ja, b,
BriGepeM N TOUEK, PacIOJIOKHB X B NMOPSJIKE BO3paCTaHHUS:

a<x <X <. <xy<b.

OKOJIO 3THX TOYEK IMOCTPOUM IIONAPHO HE MEepPEeCeKalonHecss OKPECTHO-
cu V (xy), V (xg), ..., V (x,) 1 B KaxJ0l U3 3THX OKPECTHOCTEHl BO3b=

MeM TIO JIBE TOUKH [, U M, TaKue, uto §, € E, n, € E. Torza

VXE Z X M) —Xz(C) | =N

Hrak, Bapuanus ¢ynkumu j. (x) Ha orpeske [a, b] Gonbwe Jro6oro
HanepeJ 3aJJaHHOI'O HATYPaJbHOTO YKcja N; ClefoBaTeNbHO, OHA PaB-
Ha GECKOHEYHOCTH.

650. He o6asaresnbno. [Tp ume p. Ilyctb

sm kw(x (k4 1) — 1) Ha oTpeske [——l-, 1],

fr(x) = E+1 &

O BHE 3TOTO OTpe3Ka.
Psn ) f,(x) paBHOMepHO cxonuTcs Ha otpeske [0, 17; kaxnas u3 GpyHk-
k

uuit f, (x) MMEET OrpaHHYEHHYIO BapHaLMIO Ha 3TOM OTPe3Ke, OXHAKO
cymMMa Dsija NPEACTaBJsieT co0OH (YHKIMIO HEOTPAHHYEHHOH BapHa-
wun Ha [0, 1].

651. Ilycte |f(x) —fF ()| <A |x —y| ana Bcex x €[a, b],
y €[a, b]. Torma pna moGoro pasbuenns a = <§ <... <
< lp1 <L, = b orpeska [a, b] umeer mecro

n

2 [ G —F (gh-—1)|<2Ale'—gkﬂl"‘A(b—a)

CrnenoBaresbHo, ¢GyHKuus f (X¥) MMeeT OrpaHMYEHHYIO BapuauMio Ha
[a, b].

652. BosbmeMm JBeé NpPOH3BOJbHEIE TOYKH § H n (Z <m) orpeska
[a, b] u pasnesum orpe3ok[ {, ] Han PaBHBIX HacTel, rje 7 — NPou3-
BOJIbHOE HAaTypasbHOe 9HCJIO:

C=Xx< 5 < X< ...<X=1 x‘.-——xi_l=ﬂj_
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Torna
PO — @1 =1 52) — £ | < 2 17080 — )| <

n—_¢g

n

1=t
n

@ Aln—g*
o”l:_—"—

’
nm—l

<§1A|xi——xi_1|“=§1/l a=A

rie A — xoucranra I'énpaepa. Hepasenctso | f ()—f ()] < An — gl

a—I1
n
ClpaBejIMBO NPH JII0OOM HaTypasibHOM uxc/e n: [lepexonst x mpeneny

IpH n — +-00 W yuuThIBaf, uTo o0 > 1 (M motomy @ — 1 > 0), moay-
upM:

o —F@I< lim 2= o,

1

orkyaa [ (§) = f (n). Urak, snauennsi QyHKuMH OIMHAKOBBHI JJIS JIO-
ObIX IBYX TOYeK OTpesKa [a, b], T. e. yHKuuUSA [ (X) IOCTOSAHHA HA 3TOM
OTpeske.
653. ITyctb |f (x) —F (xo) | < Alxy — x,|* noist moGhIxX X, € [a, b],
X, €[a, b]. Ilycts P < a. Torna
1P @) =)l KAl —xl® =4 lh — 5" |x—xP<
<A —a* " Iy —xl
Hrakg, 15 mo6bIX IBYX TOUEK X, X, OTPE3Ka [a, b] BLINONHSACTCS HEpa-
BeHCTBO | f (1) — f (x,)| < B |5, —%,°, tie B =4 (b —a* "
Cne,uOBaﬁTeJIbHo, dynkuus f (x) yroaerBopsieT yciosuio [énbaepa mo-
psanka P.
654. IIyctb |f (%)) — f (x9)] < A %1 — %,|* ana mobeIX Xx;, X, €
€[a, b]. bynem cuutath AJs omnpeieseHHOCTH, uto m > 0. Bosbmem

JiBa NPOM3BOJIBHHIX uucaa §, 1 € [a—”, b—n} M OLEHMM PAa3HOCTbH
m m
F(C) — F (n):

[F@—F@) =I|Kl-1f(mE+n) —f(mn+n)l<
<|K[-A-Imf—mnl* =|K|]- Am* [T —n[*

a—n b—n
(3ameTtum, yTe ecsiu { 1 1) MpHHAJIEKAT OTPEIKY , ,Tomg+n
m m

H mm -+ n npuHaLIexaT OTPe3Ky [a, b]; MO3TOMy MBI HMeJNH INPaBo
DpHMEHHTh HepaBeHcTBO ['énpaepa Kk pasuoctu f (mf + n) — f(m +
-+ n)). Urak, F (x) ynoBierBopseT ycioBuio [énprepa mnopsifka o

Ha COCTBETCTBYIOLIEM OTpe3ke ¢ Koucrawtoi | K| Am* (ecoiu m <0,

10 ¢ KoHcrantoi |K|- A - |m|%).
655. [Ipumep. OyHKuus
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HenpepLIBHA Ha OTPe3Ke [O, —;—J H CTPOTro BO3PACTAeT Ha 3TOM OTPe3Ke,

a CJefoBareqbHO, HMEET Ha HEM OTPaHHYEHHYIO BapHauuio. JloKaxkeMm,
YTO 3Ta QYHKUMSA HE YJOBJETBOPsET ycaoBHIO ['€nblepa HH NpH Ka-
kKoM o > 0. [lycTb o0 — Kakoe-M60 4HCJIO, 3aK/IIOUEHHOE MEXIY Hy-
JeMm U egununed. ITokaxem, uTo i .mo6'oro A >0 uaBinyrcs age

1
TOUKH X1, Xp € [0, 3] Takue, 4to |f (x5) — f (x)] > A 1 x, — x,|*
B kauecTBe x; BO3bMeM TOUKY x; = 0; JJ151 TOro 4ToGbl NonoGpaTth X,
I (x)—70)]

|x—0(*
NpUMEHASA IPaBUJIIO JIOHHTaJIH, HaxoauM:
1

NpOBEPHM, 4TO ~ + oo npu x-—>0; JeACTBUTENLHO,

— i —Q
llmlf(x)_i(o) — lim Inx ___]im—x =lfmocx"°°=+oo_
x>0 lx_OIm x>0 x* x>0 Inx x-0
Ho Torna ns mo6oro A > 0 MO3XKHO TOROGPAThL TAKOE Xg, 4TO lﬂi@-:rf)l(gl >
Xg —

> A, orrkyaa |f(xy) —F (0)f > A |x, — 0|*. CienoBarennno, f(x)
He yJHoBJIeTBOpseT yciaosHio ['€mpaepa mpu 0 < o <1, a 3HauuT, B
CuJy pesyJbraTa 3ajaud 653 u mpu mobom o > 0.

656. Ilyctb a; +a, + ... + a, -+ ... — npousBoNbHLIA CXOAS-
mWuAcA pan ¢ yObBAaOMMMH IONOXKMTENIbHBIMH YIEHaMH; MYyCTb €ro
cymma paBHa s. [Tocrpoum Ha [0, s] dyukumio f (x) caenywomum oGpa-
30M:

f(x) =0 B Toukax x =0, a;, a; + @y, & + a, + as, ...;
f(x):—’l1 B TOUKaX ¥ = a; + @+ ... -|—a,,_1+%"(n= 1, 2,3, ..);
f()=0;

f(x) JmHefiHa Ha KaIoM OTpe3Ke BHJA [a1-|— vty 4.

+a,., -|—%"] H Ha KaxJoM oTpe3ke Buiaa (a;- ...+ a,_, |+ ‘122, a,+
+...ta,, —l—,a,,] (B 4aCTHOCTH, HAa OTpe3Kax [O, -‘321—], [%, al]);
4

cxeMaTHuecKuil rpabuk sTod GYHKUMH cM. Ha pucyHKe 38. dra QyHK-
HMs HenpepoiBHA Ha oTpe3ke [0,s] ¥ HMeeT Ha HEM HEOrpPaHHYEHHYIO
BapHallvio, KaROB Obl HH OblI MCXOAHBIH P a4 a, -+ ...+a, + ...
Yro6bl yOeauTbcsi B MoOCHeXHeM, pa3oObem oTpe3ok [0, s] TOYKaMu

a a , a ;
—213 ay, a1+_2—’ ay + a,, a1+az‘l'—2§‘» o Qa0 tag+ ..+ ap

rie k — NpOH3BOJNILHO B35ITOE HATYPaJbHOE YHCJIO; BHLIYHCJIHM CYMMY
0, MOAYJMel mpUpameHHH (YHKUHH JJI 3TOro pasbueHHs:

on =1 (F)—tO|+|Had — ()| +|F (a+ F) — T @]+ ...
"'+lf(al+---+ak)_f(al+...+ak—1+%’£) +
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+IFO)—Ffla+...+a)l =1+ y)
1 1 1 1 ]
RTINL I S S | ]
+ +2+2+3+3+---
1 1 1
byt =25
1 1
+5+ . +;)
Orciona BunHO, utO, BEIGPAB AOC-
TAaTOYHO GOJIBILOE k, MOXKHO Cjlie-

JIaTb CYyMMY O, CKOJb YFOJHO
Goabuiofi. CrnenoBaTenbHo,

{/'f= + oo, 0 U0+ 0540, $'x
0 apa, O+0,+0:+0,0
TNonGepem Teneps psina,+a,+ 070  Ujt0,*05*04 05
+ ...+ a, + ... TaK, 4TOGHl PYHK- Puc. 38

uus f (x) ynosjerBopssa ycno-

Buio T'émbiepa 3ajanmnHoro mopsaka a. Ilyete M, (x, y,) ®
My (x5, y;) — nBe Toukn rpaduka GyHKIMH f (X), TIPHHALIEKAUE
ONHOMY H TOMY Xe NpPAMOJHHEHHOMY OTpe3Ky rpaguka (cM. puc. 38).
Ecaun, nanpumep,

4Gt .. Fa, <0< x2<al—|—,,,+an_,+%”, T  |yo— Y=
1

=K|x,—x,|, tne K =2 ml. CrnepoBate/IbHO, B 3TOM Clydae
a, na,
2
—0
2| xy—x o
Yo —l= =] —x]= | znall [ % — x| <
n n
2a}—% 9
< ==ty —x == %, —x, ",
nap naz

To ke camoe BEpHO H AJid Ccayvyasd, Korjaa
a
a1+ . +an—1+'§"l<xl< ngal + +an .

1
BosbMem B KauecTse {a, } HOC/eI0BAaTENbHOCTD [_1 }; 5TO MOXKHO

na
o0
1 1 o
cleNaTh, TaK Kak — > 1 H, cJenoBaTesbHO, 2 — — cxopAuuics
o
n=1 —
n* 2 2
Pl ¢ YObIBAOIIUMH MOJIOKHTENbHEIME YieHamu, Torja — = =
L
n
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= 2; [03TOMY, COIVIaCHO IMpeNbIAyLleMy, AJs JoObIX HEBYX TOUeK Xy H
Xy, IJISl KOTOPBIX COOTBETCTBYIOIIHE TOYKM rpaduka NpuHansexar OX-
HOMY H TOMYy e IPSMOJIMHEHHOMY OTpe3KY rpaduka, HMeeT MecTo

[ (x) — F )] < 2] x5 — x,|%
[lycrb Tenepb X, U X, — JBa yucaa Ha orpeske [0, s], 7715 KOTOPHIX COOT-
BETCTBYIOIIME TOUKM rpaduka M; u M, He JexaT Ha OJHOM H TOM
XKe MpsAMOJUHEHHOM OTpe3Ke, npuueM Xx; < X,. Toraa HalAyTC TOYKU
My (x1, f (%)) 1 Mg (x2, F (x,)), JexKalme Ha ONHOM NPSIMOHIHEHHOM
orpe3ke rpaduka, y KOTOPbIX OpIAMHATHL COBHAJalOT C OpPAHHATAMH
Touek M, u M,, a abGCUMCChHl YIOBNETBOPSIOT HEePaBEHCTBAM:

< < X Xy, (1)
JleficTBuTeNbHO, TOUKH M; H M, pacnosioxkeHsl Ha G0KOBBIX CTOPOHAX
HEKOTOPhIX PaBHOOENPEHHBIX TPEYTONbHUKOB Gy U G,, KamIblH U3 KO-
TOpEIX 06pa30BaH ABYMsl COCEIHHMH MPSAMOJHHEHHBIMH OTpe3KaMH rpa-
¢uka u orpeskoM ocH Ox (B wactHocTH, G; M G, MOrYT COBIajaTh).
Ecmu [ (x;) > [ (x,), T0 B KavectBe M; u M, Gepem TOUKH, pacrono-
JKEHHBIE Ha NPaBOH CTOPOHE TPeyroibHHKa G, U HMEIoye Te e OpAH-
uatel, yTo ¥ ToukH M,;, M, coorBercTBenHo (puc. 39, a).

Ecau xe f (x;) <[ (x,), To Gepem B kavectse M; u M, ToukH, pac-
NOJIOXKEHHBIE HA JIEBOH CTOPOHE TPeyrojbHHKa G, W HMEIOLHE Te XKe
OpAMHATHl, 4TO W ToukH M,, M, coorBerctBeHHO (puc. 39, 6).

Jlerko BHJETb, YTO B Ka)JOM H3 3THX CJyuyaeB aGCHHCCH TOYEK
yrossersopsiorT Hepasencrsam (1). Tak xak Toukn M; u M, Jexar
Ha OfHOM IPSIMOJHHEHHOM OTpe3Ke rpaduka, TO, COINIaCHO MPeAbIaYyLe-
My,

[F (o) — F(x) | < 2l 2 — 1 P < 2| oty — 1, %

Hrak, nepaseHCTBO | f(xy) — f (%)) < 2 |xy — x,|* BBINOMHSIETCS
JJist JIIOObIX JIBYX YHCeJ Xy, X, OTpe3Ka [0, s]; sHauut, ¢(yHKuus f (x)
YIOBJIETBOPSIeT Ha 3TOM OTPe3Ke yc/oBHIO ['énpiepa mopsika a.

3ametum, uTO f (X) He ynoBseTBopsier Ha orpeske [0, s] yC/IOBHIO

vk y
g,
G’ , Gz
M, M,' M2 M2
Ml \M: £ PAVALY
0 X KXy X $°x 0 X, KXoXs 3%
a) 6)
Puc. 39
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I'énbaepa nopsnka f HU A1s Kakoro B > o D10 ClEAyeT U3 TOTo, YTO
lim [F(bn) —F(cn) |

n->oo Ib,,——c,, IB
a o
e b, =0+ ...+a,,+a,, ¢,=0a + ...+ a,, + E"; Jeicr-
BHTEJIBHO,

=Cx)’

1
- - 8
n

| Fbn) —Fn)) _ n _ob o !
16— cplP —(@)ﬂ— 1\ =2-n%
2 1
%)

a ToCJIefHee BBIPAX<CHHE CTPEMHTCsT K GECKOHEUHOCTH MPH 1 —- 0o,
657. OGosnauum yepes ¢, (x) GyHKumio f (x), TOCTPOEHHYIO B pe-

HIEHHH TpeAbiAYIeH 3ajaud Ajsi 3afaHHoro uucaa o. OHa YHOBJET-

BopsieT ycaoBHio 'énbaepa mopsiika o, HO He YIOBJETBOPSIET YCJIOBUIO

Ténbaepa nopsinka P Hu s Kakoro f > a. O603HauMM, KpOME TOTO,
P

e 1
uepe3 0, CyMMy psa 2?’ .
k=1

[ocTpoum Temepb uckomyio ¢yHkuuio f (x). s 3Toro HaHecem
Ha orpe3ok [0, 1] mocienoBaTenbHOCTb TOUEK &y, &gy &y s

0 =§2 <§3 <§4<-0- <§”<,

rae §,— 1 npu n — oo, u Ha Kaxzaom orpeske [§,, §,. ] 3ananum
f () cnenyromum obpasom:

a) ecJM N 4eTHOe, TO moJaraeM f(x) = —lcpl
n

(=) o

dux 310 QynKuMM NoOJyyaeTcss W3 rpaduka ¢, cxKaTHem B n pa3 IO

n

On

OCH ODAHHAT, C2KaTHEM B OTHOLUCHHH o ocu abCiucc U ne-

n+1 ~ S5n
peHocoM BJOJIb ocH abcuucC BNPaBO Ha w1L3€:J1nqm{y E.).
6) eciM n HeYeTHoe, TO mNojaraeM f(x) = ch, (Eﬂ_ﬁﬂ:ﬂ)
n — Eny1—En
(rpadux 3Tolt PyHKUMH NHOJyYaeTCss aHANOTMYHO rpadyKy Npeiplaymie
¢ 1o0aBJeHHeM 3ePKalbHOTO OTPaKEHHs OT BePTHKAJIbHOH NpSAMOH),
Takum obpasom, ¢pyHkuus f (x) onpenenena scrogy Ha [0, IT; no-
omnpefiesuB ee B Touke X = 1 paBeHcTBoM f (1) = 0, MBI nonyunm pyHkK-
wuio f (X), ompenesieHHWO M HempephBHYIO Bclony Ha oTpeske [0, 1].
®yuxkuus [ (x) ¥MeeT HeOrpaHMUEHHYIO BAapHALUIO HA 5TOM OTpe3Ke
u naxe Ha orpeskax[§,, &,,,] (cxemaTuueckuii rpaduk 310l pyHKUUHU
cM. Ha pucyHKe 40).
®yukuus f (x) Ha orpeske [§,, §,,,] HE YIOBJETBOPSET YCJOBHIO

Iénabpepa mopsgka o (XOTs OHA YHOBJNETBOPSAET HAa HEM YCJOBHIO
n—
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. 1
I'énbnepa nopspka —|; caexoBa-
n

Nl

TesbHO, HA BceM orpeske [0, 1]
OHA HE YJOBJETBOPSET YCJOBHIO
I'émbaepa Hu jpns kakoro o > 0.

658. PaccmoTpum mpOH3BOJb-
Hoe paslueHue oTpeska [a, b]:
a =%< <. <x,, <x,=D>.
Hmeem:

1 x

g & &, &5 & &, .
Puc. 40 ;2=1| (F(x) + g (%)) — (f (xi—0) +

()] = 31006 — F () + 66 — g () | <
<) — Tl + 2 18 () — g () | < VTV
D178 (x) — (512 (1) =

= 3017050 (€ () — & (i) + /() — F () 8 (i) | <

n

<i§1”(xi)|'Ig(xi)—g(xi—-1)|—|"i2=l|f(xi)—f(xi—1)| g () I
< swp [f(®]-Ve+ sup [g(®)]-VF.
x¢ [a, b] a x: [a, b] a

Takum o6pa3oM, CYMMBI, CTOSI[HE B JIEBBIX YacTHX, OrpaHHYEHB!
JUISi BCEBO3MOXKHBIX pazbueHuii orpeska [a, b] uuciamu, CTOSUMMH B
NpaBLIX YacTAX 3THX HEPABEHCTB, T. e. GyHKuuH [ (x) + g (x)u f (x) X
X g (x) uMmeloT orpaHHYeHHYIO Bapuamuio Ha [a, b]. [Tepexons k Bepx-
HUM TPaHSAM 3THX CYMM IIO BCEBO3MOXKHBIM pa36neﬂnmw 0Tpe3Ka (a, b],

noJiyyaeM yKasaHHblE HEPABEHCTBA JJIst V Ff+g u V - 9.
659. PaccMoTpuM NpOH3BOJILHOE pa36ueﬂne Ofrpesxa [a, b]
a=x <% <..<x,<x,=0b

M OLIEHHM CYMMY MOAYJEH NpPHpaIEeHn QyHKIUH ;—(l—) JL151 BEIOpaHHOTO
X

pa3bueHus:
ST LA S B W VA€ B X
S Fe) fadl S @ o]
gl ) —F (=) |
< - :
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tak Kak |f (x)] >¢, |f (x;_1)] > ¢. HepaBencro

<= D —F ()]
i=1

< 11
i—zl f(x) f(%i—y)

CrpaBelyIiBO M5 JoObIX pasbuenuit orpeska [a, b]. Beps BepxHiow
rpaib (10 BCEBO3MOXKHLIM pa30ueHusM) OT NpaBOil M JIeBOH uyactef
3TOr0 HepaBeHCTBA, MOJYUYUM:

vigLlvy
af S a
OTKyJa CJefyeT OrpPaHMYEHHOCTb BapHauHH (yHKUHH f—(l-)
X
660. [Iya mpoM3BOMBHBIX pasbHeHHil a =x, <X < ... < x,_; <
<X, =C U =X, <Xpp1 < .o. < Xpp1 <X, =b o0Tpe3KoB
la, c] u [c, b] nmeem:

r rts
Elif(xi) —fxi-) | + i}ﬂ [F(x) — (x| =
rts

= 2 1F ) — () | < V.

Tlepexons B JIeBOH 4aCTH K BePXHHM TpaHfM 10 BCeM pas3OHEHH M
otpe3koB [a, ¢] u [c, b], nonydaem:
c b b
VIi+ Vi VE
a c a
YTo6bl NMOJYUHTL TeNMepb HEPABEHCTBO MPOTHBOINOJOMKHOTO 3HAKa,
pacCMOTPHM TMpPOH3BOJBHOE pastuenne a =X, < % < ... < X,, <
< X, = b orpeska [a, b]. Torna Touka ¢ nonajer B OIMH H3 OTPE3KOB

[xi_l, .J; mycrb, Hanpumep, ¢ € [x,_;, X, ].
Tak kax

If(xr) ""f(xr—l)l = l(f (xr) - f((,')) + (f (p) —f(xr—l)) <
SIFE) —FEU+ @) —Fee—) b
To 6yieM B 3TOM CJy4yde UMETb:

r—1

S0 (0 — Flid| < (Zlf(xo—f(xl-l)l +
i=l1 i=1

+ 1F @ —F (x-) l)+ (If(xr)-f(c)l+ D) -—-f(xz_l)l)<

i=r+1
c b
S Vi+ Vi
a c
[Nepexoxs B JIEBOH 4YacTH K BEpXHeHl TPaHH IO BCeM pa3GHEHHS M OT-
peska [a, b], nomyunm HepaBeHCTBO

Vi< Vf+Vf
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M3 1ByX HalJEHHBIX HEPaBEHCTB BHITEKAeT HCKOMOE PaBEHCTBO:
b c b
V= Vf+ VI
a a c
661. a) JoctatouHnocTh. Ilycrb dynkuus F (x) Hempe-
PHIBHA B TOUKE X,; JOKaxeM HeNpephBHOCTb (QYHKIHH f (X) B Touke
X, [Tyctb B > 0; Torzna
Xot+h
[F (2o + 1) —F(x) | < \x/ f;

HO, B CHJIy pe3yJbTaTa NpeiblAylieH 3ajaud,

*,+h %o tHh Xy
¥f= Y f_‘a/f=F(xo+h)_F(xo)‘

3naunt, |f (x,+h) —f (%) < F (xy 4+ h) — F (x,). B cuny Henmpe-
PHIBHOCTH GyHKUHH F (X) B TOUKE X, OTCIOa CIeAyeT, yTo f (x, + h) —
— f(%y) > 0 mpu h > + 0, T. e. dyHKuus f (¥) HenpepniBHA cnpasa
B TOYKE X, AHAJOTHYHO JOKa3biBaeTcsl, 4TO f (¥) HempepelBHA cjeBa
B TOYKE X,.
6) Heo6xogumocTtnh., Ily¢ts f(x) HenpepriBHa B Touke
x, €[ a, b[. JlokaxkeM HenpeprBHOCTb cmpaBa ¢yHKuuH F (X) B 3Toit
Touke, BosbMem mnpousBosbHOe &€ >0 M JHOKaxeMm, 9TO Hafgercs
h >0 rakoe, uto |F (§) — F (x,)] <& mpn x, <§ <x, +h. Ias
3TOTrO NMOCTPOHM TaKoe pa3bHeHHe OTpesKa [X,, b] Toukamu x, < x; <
< ... <X, <X, =0b, Ipu KOTOPOM bcyzvuvxa MOAYJIeH npHpaieHui
—8—; HpH 3TOM
% 2
BCEria MOXKHO CHUHTaTb TOYKY X; CTOAb OJIH3KOH K Xg 4TO |f (%) —
— f (x)] <% (ecnu OBl TOUKA X; He YHOBJETBOPSJIA 3TOMY YCJOBHIO,

GbyukuuH f (x) ormuuaercs or Bapuauuu V f MeHblie yem Ha

MBI Gbl 106GaBHJIHM K TOYKaM JeJIeHHs OTPe3Ka elle OfAHY TOYKY, A0CTa-
TOYHO GJIM3KYIO K X,; K00OaB/IeHHE 5TOH TOUKH K TOUKaM JAeJeHHS OTpe3-
Ka MOXET TOJNbKO YBeJHUHTb Hawy cymmy). Hrak,

D17 (0 —F )| > V=1,
k=1 %y i

\bff < zlf(xk)—f(xk—l)",‘—;' =
=1

%o

= 1) =) 1 3 F ) —F a4 £ <
k=2

<g+Vi+g=Vite.
X, %



[NoaTomy

Vf Vf < &
Xy
Xy X,
T. e. Vf< ¢, otkyna Vf— Vf< ¢ (cM. mpeaplAymyio 3afauy). O6o-
X, a a
3HAUMB Telepb X, = X, 4 A, HOAy4uM:
F(xy +h) —F (x) <e.

Tak kak F (¥) — Bo3pacramomasi ¢yHKUMs, TO Aiaa Jwo6oro &,
Xy < § < x, + h, umeer mecTo

[F(8) — F (x)] <e,

OTKYJla H CJIeflyeT HeNPephBHOCTL cnpasa GYHKuMH F (X) B TOUKe x,.
HenpepeiBHOCTB Cae8a B Touke X, € Ja, b] jOKa3wpiBaeTcst aHaJo-
THYHO.

t
662. ITycte ¢yukums F (f) =V f umeer npemen npu ¢ — -+ oo.

Toraa, B cuny KPHTEpH 1 Koum cymectBoBanus npeaesna GyHKUuH, 415
Kaxpaoro & > 0 uafinerca f, € [a, + oo[ Takoe, 4ro Ajs mobbx f,
t", YyIOBJIETBOP SHOLIHX yc.nosuaM t > t >t0, BbIIIOJ‘(HﬂeTCH Hepa-

BenctBo |F (1) — F ()] <&, T. e. IVf——Vf|<8 Hon—Vf__
tll
_Vf U, 3HAuWT, Vf <e. Torma u mogaeno |f (t")—f ()] <e.

C.He}IOBaTeJIbHO, ;um ¢yHRIMKE [ TakxKe BHIOJAHEH Kputepui Komm,
T. e. lim f (x) cymecrByer.

X400

t
Takum obGpasom, ecau lim V f cymecrsyer, 10 # lim f (x) cymecr-
t->+oa X-»+00
BYeT.

OGpatHoe yTBepxkieHHe HeBepHo. [Ipumep. Ilyete f(x) =

-1 sin x. Torxa
X

Vi >|f(5)—1 @]+ |Fen—1(3)

+|fem) —f(am —F)| =% (G5 + ) e

oo
npu n—>-4o, TaK Kak psn z 5 ! | pacxopuTCs. Oznnako li_rgl f(x)=
n— X~ 100

— lim 0% CYIIECTBYET (3TOT mpejel paBeH HYJIO).
X+t X
663. [lepBoe yTBepkAeHHE HABJACTCA HENOCPEJCTBEHHBIM CJe]-
CTBHEM pe3yJsbraTa 3ajaun 661.
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Jlokaxkem mepBoe M3 INpPUBEIEHHBHIX B 3anaue paBeHCTB. CyuecT-

BoBaHue mpenena F (xo 4+ 0) =lim F (x) BHITeKaeT U3 MOHOTOHHO-
X Xo+0

ctu ¢ynkuun F (x) = V [. Cy:uecmoaaﬂne npenena f(x, + 0) =
a

= lim [ (x) nokaswiBaeTcsi Tak ke, KaK B mpenmbyuledl 3anaue. [le-
X Xg4-0

pexons Temepp B HepaBeHcTBe | f (x,4 h) — f (x)| < F (%, + h) —
— F (x,) K npeneny npu h — 4 0 (10Ka3aTe/bCTBO 3TOrO HEPABEHCTBA
CM. B pelieHuH 3amauu 661), monyuum:

(o 4+ 0) — F ()| S F (% +0) — F (x). a)
Urolbl L0Ka3aTh HEPABEHCTBO MPOTHBOINONOKHOTO 3HAKA, 3ajafiuM

npou3Bo/ibHOe &€ > 0 U s BCSIKOro orpes3ka [x,, X, + h] < [a, b]
NOCTPOHM TaKoe ero pasCuenne x, < x; < ... <X, =X, + h, 4T0

xo\-}-h n
< :2 |f (%) —F (20| + &
X, =1
Torna

P =013 V= 317 — ) = >

Xo+h Xot+h X
>Vi—Vi—e =Vf—e=F(x1)—-F(xo)-a
E Xy

(cm. sapauy 660). Tak Kak x, < x; < X, -+ h, To, nepexoas K npejeny
B HepaBeHCTBe |f (x;) — f ()| > F\ (xl) —F (xo) — & mpu h — + 0,
HOJTY4HM:

If (% +0) —F (x)| > F (x5 + 0) — F (x,) —e.

B cunry npousBosbHOCTH uncia & > 0, umeeM: | f (x,+ 0) — f (x,)| >
> F (x, + 0) — F (x,). CpaBHuBasi 5TO HEPaBEHCTBO C paHee JOKa-
3aHHbIM HepaBeHeTBOM (1), mosmyuum:

I (% + 0) — F ()] = F (%, + 0) — F (x,).

Bropoe mpuBejieHHOE B 3ajaue paBeHCTBO JOKa3bIBAETCSl aHAMOTHUHO,
664. TlpoBepuM, uTO O YIOBJETBOpsIET AKCHOMaM METPHKH:

1) p (f, /) =0 mas moGoro f € V (a, b). Ecom p (f, g) =0, To\l}(f——

—8)=0u|f(a) —g (@) =0, orkyna crenyer, 4to QpyHKuusa f — g
NOCTOAAHHA Ha oTpeske [a, b] u 3Ta MoOCTOsiIHHAsi paBHA HYJO, T. €.

f=gD () =p@h mx xx V(—g =V@E—f
3) p () <e(f,g) +plgh),

TaK Kak
If @ —h @ <If@—g @+ lg@ —h @)l u
\b}'(f——h)<{’f(f——g) -+ {/(g——h) (cM. sapmauy 658).
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Iokaxem mosnnoty npoerpanctBa V (a, b). ITycts fy, fay fsy ... —
TIPOM3BOJIbHAsE (hYHIAMEHTaNbHAs TIOC/e/I0BAaTeIbHOCTh H3 3TOTO MeT-
puueckoro npoctpanctsa. Mmeem npu m <n u x €[a, b]:

i 00— i O <1 G 0 = F (09) — (T @ — o )]+
F 1@ = @I KV (o —F) + 12 @ — @] =
=p (fnr fm)

3Hauut, asas Kaxporo x € [a, b] mocnepoBatenbHOCTD uHcen fy (x),
fa (%), f3 (%), ... Toxe Gyner ¢pynmamenTanbHoi. [TosTOMY CyliecTByer
npegea lim f,, (¥), Koropuiii MbI 0603HauuM uepe3 f (x).

m—» oo

[MTokaxem, uto ¢yukuusi f npuHajIexRuT npocTpancrsy V (a, b),
T. e. stBaAseTca (yHKUMel OrpaHHYeHHOH BapuauuM Ha [a, b], u urO
fm — [ B CMbIC/IE METPHKH 5TOrO NPOCTPAHCTBA.

3apanum npousBosbHeoe € > 0. ITycTb N; — Takoe yucsIO, YTO NpH

m > Ny, n > N, 6yzger: o (f,,, [,) < Z—. PaccmoTpuM IPOM3BOJIbHOE
pasbuenue

a =2 <X <. <X_3<%x;,=5b

orpeska[a, b). [lyctb n > N,y ctonb BeMMKO, uto {f, (x,) — f (x)] < f;

ans Beex § =0, 1, ..., s. Torna mas npousBonbHOro m > N, Gyaem

HMEThb:
[(F (%) — Fm (%)) — (F (¥1-0) — Frn () | <
< lf(xi) —fn (xi)l + l (fn (xi) "‘fm (xi)) - (fﬂ (xlvl) -
— Fn G | [ o (%imd) — F (i) | <

< 2 1 () = F 50) = G Gic) — P () | .

3HauwT,

S8 — F (60) — (F (%) — Fn (Br-) | <

i=l1

e | b e _ & e , & 3
<Z+Y(f""fm)+2<2+2+i =7

Tak xak 3To BepHO /151 Bcex pas3bueHuit orpeska [a, b], To dyHKuMSA
f—7fn, mpn m > N; ecTb (QyHKUMSA OrpPaHHYEHHOH BapHaUMH Ha

b
[a, b], ans xoropoit V (f —f,) < %8. Takkak f = (f—f,) + fm @

fm €V(a, b), TOoH f— dynkuua orpanuueHHo# BapHauuu Ha [a, b]
(cm. 3anauy 658), T. e. f € V (a, b).

Flycte Tenepp N, TakoBo, uro mnpu m >N, Oyzer: |f(a) —
—fm@] < %. Torma nmpu m >N, rae N = max(N,, N,), Oyaem
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HUMETh. )
o (f, fm)= lf(a)_fm(a)l+Y(f_fm)< %_*_.f.: P

B CHJIy TpousBosibHOCTH & > 0, 3TO o3gauyaer, yro lim f,, =f B cmmIc-

m-—»oo
Jie MeTPHKH npoctpanctBa V (a, b). Hrak, kKaxnas ¢yHIameHTaJabHas
NOCJ/Iel0BaTeIbHOCT npocTpancTBa V (a, b) cxomauTcss B 3TOM mpo-
crpaucTee, T. e. V (a, b) moaso.
665. Jloka3aTenbCTBO MQXKHO INPOBECTH AaHAJIOTHYHO TOMY, KOTO-
poe AaHO B pelleHHH NpeAbAyIeH 3ajayd.

~
MoO:KHO TaK#*e BHIOPATh U3 KaXI0r0 KJacca f o OIHOMY 3JeMeHTy f,
yI0BJIETBOPsitonieMY yCJI0BHIO f (@) =0. Tem cambIM MBI 0TOOP a3HM NPOCT-

~
panctBo V (a, b) Ha HekoTopoe TIOANPOCTPAHCTBO V, (a, b) MeTpuueckoro
npocrpaHctBa V (a, b) u3 npenpiaymen 3aj1auH. [Ipn 3tom 3Hauenue

GYHKUMH p; AJs JIOOBIX ABYX 3JIEMEHTOB f, g IIPOCTPAHCTBA v (a, b)
OyleT paBHO PacCTOSIHHIO MeXAy_.HX obpasamu B V| (a, b). CnenoBa-

tenbHo, V (a, b) — MeTpuyecKoe IMPOCTPAHCTBO C METPUKOH p,, H30-
METPHYHOE V0 (a, b). Tak xaxk V, (a, b) samkuyto B V (a, b) u, 3Hauwur,

HOJIHO, TO H v (a, b) — nosHOE MPOCTPAHCTBO.
666. ®ynkuus f (x) = cos® x mpeiacTaBUMa B BHAE Pa3sHOCTH BO3-
pacraiomux (QyHKUMA c/aefylouM o6pasoM:
X
f(x) = \off'—(p(x)v
X
re tp(x)=\gf—f(x)- 3neco

1 —cos>x npu x€ [0, %],

X
Vf= o
9 1 4 cos®x npu xE]—Q—, nl,
H, 3HAYHT,
1 —2cos?x mpu x€ [O, %],
Q) =
) 1 npu xE]i, n]
2 y 2
y=yfe) (cm. puc. 41).
1 =T =900 667. sin x = ¢ (x) — Y (x), rue
I/ sin x npu xE[O i]
o /7 = 7T OX o)
/ 2 w3
| el ¢(x) = {2 —sinx npu xE]? 355],
3n
Puc. 41 4 Lsinx npu x€ ]5 n],

238



s

0 mpu x € [O,

vofa

3
y — I,
7

Qn]

P(x) = I2—2sinx npu xe]

ol
TS
b
by
=
~
N\

3
4 npu xe]—2—

(puc. 42).
668. f (x)

S
Nl.\.}
: L
5
N
3

=9 (¥) —VP (), e

x? mpu x € [0, 1[, Puc. 42
=12 npux =1,

3 mpu x €11, 2],
={2x2 npu x € [0, I[,

2 mpu x €[1, 2]

¢ (%)
P (x)

(puc. 43).
2 1 2
669. Vi =7, Vi =5 Vf =2, Oyuk-
0 0 1

1o f (X) MOXKHO NpPEeACTaBHTb CJEAYIOLIHM
o6pa3oM B BHJE pPAa3HOCTH MOHOTOHHBIX:

[ ) =¢x) —¢ (x), rne
x> opu x €[0, [,
¢ (x) ={ 5 mpu x =1,

x-+5 mpu x €171, 2],
_JO mpu x €0, 1], Puc. 43
V) = {2 mpu x €11, 27,
670. to crexyer u3 Toro, uto |0 — B| > ||| — | B]| aas mo6bix

unces & u f. [Tosromy npu moGoM pasbHeHHH @ = X, < %; < ... <
< X, 1< X, =b orpe3ka [a, b] umeer mecto

kﬁ_ll 1F ) | — 1 (e || < kﬁ_xlf(»k) —H5) < V.

CnenosarenbHo, ¢yHnkuus |f(x)| uMeeT orpanuuennyio BapHauuio
Ha [a, b], npuuem

[ b
Ylf|<\£f.

671. Her. [Ipuwmep. Ilycts

) ={—1 IIPH X UPPAIMOHATBHOM,
1 mpu x pauHOHaJILHOM.

Toraa |f(x)] =1 pas Bcex x; cnenoBarenbho, |f (x)| umeer orpanuyen-
HYI0 BapHaluio Ha Jmobom orpeske [a, b], Toraa Kak f (x) — QyHKumus
HEOrPaHHYEHHOH BapHAlMH Ha TOM K€ OTpe3Ke.

672. CnpaBegyuBo. [leficTBUTeJNbHO, BO3bMEM IPOH3BOJIBHOE pas-
Ouenne a =x, <% <... <X, ; <x, =b orpeska [a, b] u obo-
3HAYHM Yepe3 0 CyMMy MOAYJell npupaiieHuii GyHKUHH [ (x) A4 3TOrO
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pasbuenusi. Ecan Ha KakoM-THGO y4acTKe [X,_;, X,] 3TOrO pa3bueHHs
Gyukums f (x) He MeHsieT 3HAaKa, TO Ha 3TOM Y4YacTKe NpHpallenue QyHK-
HMH PaBHO MO aGcOMIOTHOH BeJIMYHHE NMPHPALIEHHIO MOAYJAA GyHKIHH.
Ecan xe na yyactke [x, 4, x,] yHkuus f (x) MeHser 3HaK, TO B CHJY
HENPepLIBHOCTH OHA 00paIlaeTCsi B HYJb B HEKOTOPO# TOUKe {py X,y <
<&, < x;(cm. 3apauy 536). Tak Kax Ha yyacTKax [X,_y, {,] 4 [{p, X,]
npupaienye GyHKIMH PaBHO MO abCOMIOTHON BeIMYHHE MPHPAIIEHHIO
€e MoLyJisl, TO

[ () —F (e ) | U F ) — F G |+ [ F (G —
—F x| =1 F ) | — 1 FECD N TFCR) | — | (xp-0) II-

Hrak, cymma o mopysell npupamenuii GyHKiuH f (x) 4js 3agaHHOTO=
pasbueHHs HE NPEeBOCXONUT CYMMBI 6* MOAyJ/ell MpupameHuii QyHKUHH
| f(x)| ans HeKoTOpOro pasbueHus orpeska [a, b] (a MMEHHO /Sl TOTO
pasbHeHus, KOTOpOe NONYYHTCSH, eC K TOYKaM X, 10GaBHTh TOYKH
s, BoiOpanubie Boe). Ho o* ne Gosbie Bapuauuu QyHkuun |f (x)|
(mo yc.uosn;o | f (x)| —dynKmms orpaHuuenHo#i Bapuauuu). IlosTomy

o L o* LV |fl. Hrak, ana mo6oro paséuenns orpeska [a, b] cymma
a b

0 He npeBOCXOXHMT uucaa V|f|; ciaenosarenbuo, f (x) — ¢yHKums or-
a

paHHUEeHHOH BapualUH, NPUYEM
b b
Vi VI
a a 5
3ameuanue. Hspemenus sanaun 670 Burekaer, uto V | f|
a

< \b/ f. CpaBHUBas 3TO HEPABEHCTBO C MOJYUYEHHBIM BRIIIE, 3aK/IOUAEM,
q’roalma HEeNpepHEBHO ﬁb (byHK;LHH f (x) umeeT MecTo paBeHCTBO
Vi=VIfl
673. a) Heo6xonm M‘E) CT bfl [Tycrs f (¥) — dyHKIMA orpa-
HHYEHHOH Bapuaunuu Ha [a, b]; yHKIHA @ (¥) = Vx f aBNsieTcs BO3pa-
a

cratoutefi Ha[a, b]dyHKuHeH; OueBHAHO, YTO OHA YLOBJETBOPHET 3aiaH-
HOMY HepaBeHCTBY npu mmoboM b > 0, Tak Kak

et —FWI< V=V —Vf =

=9 +h—o®
(cM. 3apauy 660).

6) JoctatouHocTb. [lycrs f (x) — dyHKuMA, 3afaHHAs HA
[a, b], u @ (x) — Takas Bo3pacrawoowas Ha [a, b] dyHKUMSA, UYTO AJIA
moboro x € [a, b] u awboro h >0 (npu ycnosuu, uto x + h € [a, b))
BBHITIOJIHEHO HEpPaBEeHCTBO

fx+h)—Ff®I<eE+h) —o®.
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Pazobbem 0Tpe3oK [g, b] ToukaMu @ = x) < %5, < oo <X, 1< X, = b
H OLIEHHM CYMMY O MOAYJeH npupameHuii ¢pyukuuu [ (x):

o = gl lf(xk) - f(xk._l) I < él (9 (x,,) —Q (xk—l)) = (P(b) ——(p(a)

Hrak, o He npeBocxoauT uuciaa ¢ (b)) — @ (a) npu JoboM pasbuennu
orpeska [a, b]; cnenoBatenbHo, [ (X) — QyHKUHS OrpaHHYEHHOH Ba-
pHauuu, NpUYeM

Vi<e®) —o@.

674. CripsAmMiAeMOCTb 3TOH KPUBOH CGJEAYET M3 TOTO, YTO GYHKIMSA

.1
x?sin — npu x #£0,

F) = x
L 0 npy x =0

HMeeT OFpaHHYeHHYI0 Bapuanuio ma orpeske [0, 1] (nocnexnee noxa-
3bIBAaETCH TaK e, KakK NpH pewieHHH 3ajayu 644).

675. HecppamaneMmocTb 3TOA KPHBOH BHITEKaeT M3 TOro, YTO (HYHK-
uus, TpauKOM KOTOPOH OHA fABJAETCH, HE UMEET OrPaHHYEHHOH Ba-
puanuu Ha orpeske [0, 1] (mocseuee JOKa3LIBAETCH TAKUM XKE METOJIOM,
KaK npu peinenuyd 3agaud 645).

676. Ilokaxkem, HanpuMmep, 4TO GYHKHUA @ (f) HMEeT HEOrpaHUYeH-
Hyl0 Bapuanuio Ha otpeske [0, 1]. PaccmMoTpuM Js1s1 NpOH3BONILHOTrO
n pasbuenne kBazapata [0, 1] X [0,1] Ha 4” 3aMKHYTHIX KBaJApPATOB N-I0
paura. Ilyctp 3TH KBajpaThl 3aHYMEpOBaHHI 1O NPABHJY, YKa3saHHOMY
B ycJoBHH 3apauu 594, u Touka M, (v, y,) fBASIeTCS UEHTPOM KBaj-
pata n-ro pasra ¢ HomepoM i (i = 1, 2, ..., 4%). BribepeM 1151 Kaxno-
ro [ ua orpeske [0, 1] ocu Of opuH n3 npoobpasos {; Toukn M, (npu
orobpaxenuy, 3ajawouem Kpubylo [leano). Torpa ¢, sBasercs Toukoi
i-ro OTpe3ka n-ro paHra, COOTBETCTBYIOIErO i-My KBajgpary n-ro
panra, npuyeMm Bce {, nomapHo pasiuuHel. Tak Kak OTpe3KH 3aHyMme-
pOBaHp! CJleBa HANpaBo, TO OTCIOAA caenyeT, 4to 0 =f<{f; <{;, <
<.. <tr <1, T.e. TOuKkM {; 33]AI0T HEKOTOpoe pasbHeHHe OTpe3Ka
[0, 1]. OuenuM fs1s 3TOro pasbHeHHs CyMMY O, MOAYJeH NpHpaIleHui
dyukunu ¢ (f). dns storo BosbmeM pasbuenue kBagpata [0, 1] X
X [0, 1] na samkuyTble KBagpartel (n — 1)-ro paHra W paccMOTpPHM
j-# xBampar (n — 1)-ro pamra. B cu1y MOCTPOEHHS, COCTaBJISIOMHUE
€ro KBajpartel n-ro paHra OyayT 3aHymepoBaHml uuciamu 4j —3,
4j — 2, 4j — 1, 4j n KBanpaTH C COCEHNMH HOMEPaMH HMEIOT OOLLYIO
CTOPOHY. $ICHO, YTO M3 HMX XOTs Obl JjBa KBaJpaTa C COCEIHHMH HO-
Mepamu HmeloT oflyio BepTHKaJdbHYI cropouy. IlycTs 370
OynyT, Hampumep, KBaiapatel ¢ Homepamu 4f — 1 u 4j. Toraa

1
|9 (ta) — @ (tay-d)| =|%gj — %4ja] = on
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(cm. puc. 44). Tlostomy na orpeske[?; 4, ¢,;]
CymMMa MOAYJEH NPHPAmEHHHK  QYHKIHM

1
¢ (?) He meHBINE P Tak xak uncsI0 Takux or-

Pe3KoB paBHO 477!, TO A1 CYMMHI G, MOLY-
JeH npupamenuii ¢yHKumi ¢ (f) Ha BCceMm
orpeske [0, 1] nonyuum:

. My; o, > 471 . 1 _ on-s,
Z I 2
S N——
Mﬁ-y X4j-1 ) X4j CnenoBartenbHo, 0, — 00 NP n —> 00,
7 T. €. QyHKuMA @ (f) HMeeT HeorpaHMYEHHYIO

sapuaunio Ha [0, 1].
Puc. 44 Ananornyno npoeepsietcs, Yto GYHKUHSA
P () MMeeT HeOTpaHHYEHHYIO BapHaLHMIO.
3ameuanne. W3 monyyennoro pe-
yi B syabrata m us Teopemb 6 BBeleHHs K STOM
TyIaBe CJeayeT, yrto Kprpas Ileano ve crnpsm-
Bs Jasiema.
677. Korna napamerp ¢ npoberaer sna-
T » > uenns or 1 no 0, Touka M (x, y) Ha nJioc-
By KOCTH, IeACTBHTENBHO, NBHIKETCH IO OTpes-
B,. Xy, COefuHawiieMy Toukn (a, a) u (b, b).
Ho npu stom Touka M coBepiuaer koneba-
TeJIbHLIE ABHIKEHH S 110 9TOMY OTPE3KY; TaKUM
Puc. 45 o6pa3oM, KpHBOil, 3aaHHOll THMH TapaMmeT-
PUYECKHMH YPaBHEHHSIMH, ABJIAETCS HE YKa-
3aHHLHI BbIIE OTPE30K, a JoManaa AB;B,B; ... C ¢ 6eCKOHEUHKM YHC-
JIOM 3B€HbEB, KOTOpHIE BCE JIeKaT Ha 3ToM OoTpeske (cm. puc. 45). dra
JioMaHasl He cnpsmJiseMa.
678. @ynkumu @ (f) 1 P (f) UMEIOT OTPaHHUEHHYIO BapHalHMIO Ha
[0, 17 (cm. 3apauy 648); caenoBaresbHO, KpHBasg x=¢ (f), y=1 ()
0 <t 1) cnpamnsema.

Fnaea XH.

MU3MEPUMbBIE dYHKLIMK, MHTETPAJlbl
PUMAHA U JIEBETA

679. Ilyctb @ — nMpOU3BOJBHOE YHCIO. J]erxao BHAETb, 4TO
E((f @) >a) =E(fx) >V a).
Tak kak no ycaoBnio f (x) — usMepumas ¢yHKIMSA, TO MHOXKECTBO

E (f (x) > 13/a—) M3MEPHMO; CJIe0BaTeNbHO, MHOXKeCTBO E ((f (x))®>a)
TaKKe U3MEPHMO TpH Jo6oM a; 3Hauut, Qynruns (f (x))® namepnma.
680. [Tpuwmep. Iycts

&) _{ 1 na xaxom-Au6o HeH3aMepHMOM MHOXeeTBe A,
— | —1 na CA.
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®yukuus f (X) HeusmMepuma, Torga Kak GyHkuus (f (x))%, TOKIECTBEHHO
paBHas elMHHLIe, H3MepHMa.

681. Ecau ¢dyukuus f (x) u3Mepuma, TO H3MepPUMOCTb (YHKUMH
|f (x)| cnexyer u3 paBeHcTBa, crpaBeiJsHBOro npu Jwobom a > 0:

E(f@WI>a =E(FfK) <—a U E{FE >a.

[Iprmep, NOCTPOEHHHIA B MNpeAbAYyIIEH 3ajaye, NOKasbiBaeT, YTo
u3 usmepuMmocTH |f (x)| He BbiTeKkaeT, BOOOLIE TOBOPS, H3MEPHMOCTHb
f ).

682. Mamepumoctb pyHkuuil m (x) u M (x) cienyer u3 pesy.abrara
3agaud 681 u paBeHCTB ;

: _ftegx—1fx—egxl
min{f(x), g(x)} = 5 ,

_ft+ex+I1fn—eg@®|
max {f (1), g (9) ! :

683. ITocTpouM MOC/EOBATEJBHOCTD TOYEK O > &y > Gy > ...,
CXOAfILYIOCS K @, M MocyefoBaTebHOCTh f; < Py < B3 < ..., cxoaq-
mytocs K b. Slcuo, uro

Ja, o = U (o B2

Tak kak Qyuxuua f (x) mo yciosuio usmepuma Ha Jiobom [, B,], TO
I BCAKOTO YKCJA C MHOMKECTBO

E,=[o, 31N E(f () >0
usvepumo. Ho U E; =TJa, [N E (f (x) > o).

CrnenoBatesnbHo, U MHOectBO Ja, b 1 E (f (x) > ¢) usmepumo npu
Jo6oM ¢; 3HauuT, f (X) U3MepHMa Ha uHTepBane Ja, b[. A Tak Kak OT-
pesoK [a, b] ornmyaercst oT UHTepBana Ja, b JMIUb MHOXECTBOM MEpHI
HyJb, TO Gyukuusa f (x) uamepuma U Ha orpeske [a, b].

684. Msmepuma; ona oriMuaercs oT GyHKuuu @ (x) = x* TonbKO
Ha MHOXECTBE Mepbl HY/b (Ha NMOAMHOMKECTBE KAHTOPOBA MHOMKECTBA).
3uaunt, yukuuu f (x) ¥ ¢ (x) skBuBamenTHel. Ho ¢ (x) uamepumMa na
orpeske [0, 1]; caegoBarenbHo, u f (x) usmepHM? Ha 9TOM OTpe3Ke.
rt) =10

\ n

685. Paccmorpum dyHKIMIO @, (X) = " ; OHa oIlpe-
n

JeNeHa M uU3MepuMa Ha [a, b — %] IMpenen limg, (x) = f (x) cy-
koo

IIeCTBYeT AJA BCeX X € [a, b ——i]; caefioBarenbHO, QyHKuusa f'(x) us-
n

1
MepHMa Ha OTpesKe {a, b——|.

n
A TaK Kak npomMexyToK [a, b[ ABISETCA OGbEAMHEHHEM TIPOMEIKYTKOB
[a, b— -H (n=12..), 1o f (x) usmepuma na npomexytke [a, b[
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(B 9TOM MBI y6exknaemcs Tak ke, Kak M B 3ajade 683). Ho Torzma f' (x)
H3MepHMa ¥ Ha BCeM oTpeske [a, b].
686. Ecan X (x) — xapakrepuctuyeckass GyHKuus MHoxecTa E,

TO

R, ecin a <0 (3gece R — Bce NpPOCTPaHCTBO),
E (yg(x)>a) ={E, ecnu 0 a <1,
Jecma>l.

Orciopa BUAHO, 4TO eCaH E — H3MePHMOE MHOMKeCTBO, TO (QYHKIHSA
X (x) n3mepuma, a ecau E — HEM3MEPHMOE MHOXECTBO, TO GYHKIMU S

X (%) Hensmepuma.

687. Ioctpoum ¢dyukuuio f (x) caenywomum obpasoM: myctb E —
HW3MEpPUMOE MHOMKECTBO Ha MpAMOH, oO/ajaoliee TeM CBOHCTBOM, 4TO
s Joboro uHTepBana Ja, il mepa muoxectsa E (] Ja, [ oTinuna
oT Hyas U Mmepa MHoxecTBa CE (] Ja, B[ Takke OTJIHYHA OT HYyJA
(pUMep TaKOFO MHOMKECTBA MOXKHO NOJNYYHTb, B3fIB apH(METHUECKYIO
CyMMY MHOXKECTBAa B, NMOCTPOEHHOro NpH pelieHHd 3axaun 441, ¢ muo-
JKECTBOM BCeX LesbiX uucea). B kauecTBe HcKomo# ¢yHkuuu [ (x)
BO3bMEM XapaKTePHCTHUECKYIO ¢yHkuuio X, (x) mHoxecTBa E; ona
paspbiBHA B JI000H TOYKe X, (Tak Kak KoneGaHHe $yHKUHH Ha J1060M
HHTepBase, CofiepalleM 3Ty TOUKY, paBHO 1). Ecin u3MeHHTH 3Haue-
HHS 3TOH (QYHKUMHM Ha MHOMECTBE MepHl HyJb, TO Ha KaXJOM HHTEpBa-
Jie ee KoJieGaHu€e MOXKET TONbKO YBEJNUUHTHCS; CJEN0BaTeNbHO, H Toce
M3MEHEHH 1 3HAYEHHH 3TOH QYHKLHMH HAa KAKOM YTOLHO MHOMECTBE Mephbl
HYJb OHA OCTaeTCsl PaspuiBHOH B J0OOH TOYKe.

688. O6osnauum [f ()15 = ¢ (x). Slcuo, uTo

E npu ¢ < a,
E(p(x)>¢)={E{f(x) >c)nmpu ac< b,
%) npu ¢ > b.

Tak Kkak f (x) — u3mepumas dbyHkuus, To MHOxecTBa E (¢ (x) > ¢)
H3MepPHMBI TIPH JIIO00M ¢. 3HauuT, QYHKUMA @ (x) u3Mepuma.

689. Ilyctb [ (x) — npousBospHasi (QyHKUMA; MNpOH3BeJeHHe
%X (x) - f (x) noutu Bciony paBHO Hy/mo. ClefoBaTeNbHO, (QYHKIMA
% (x) - f(x) okBHBaJeHTHA (QYHKIUMH, TOXIECTBEHHO paBHOH HYJIO,
T. e. uaMepumoii pyHkunu. 3Hauut, cama GyHkuusa X (x) - f (x) usme-

uMma.
P 690. OueBuaHO, BCSiKasi MOHOTOHHAS QYHKUNSA H3MepuMa; a Jiobasi
(GYHKUMS OrpaHHYEHHOH BapHalHMH €CTb Pa3sHOCTb ABYX MOHOTOHHBIX;
C/Ie/I0BaTEbHO, OHA TAKXKe H3MepHMa.

691. Ilycte E, — untepBan Ja, [ Ha uucaoBoii npsamoil. Torna
Ja, Bl =]—o0, Bl N J, +oo[. B cuny usmepumoctn GyHkuuH f (x),
npooOpassl 6eCKOHEUHBIX HHTepBaioB ]—oo, P u Jot, 4-0o[ H3MepHMBI,
a Tak Kak npooGpa3 nepeceueHHst JBYX MHOXECTB paBeH NepeteyeHHIo
ux npooGpasoB (cM. 3amauy 476), To

[~ (e, B0) = [~ {100, BD) N f* (Jar, +o0[);

CJIeJOBATEJ/bHO, Hp006p33 HHTEpBAaJ/Ja — H3MEPUMOE MHOZKECTBO.
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Ecmu E, — npou3BOJbHOE OTKPBITOE 94
MHOXKECTBO HAa YKCJIOBOH mNpsAMOH, TO
OHO siBJIfieTCS OOBEJMHEHHEM KOHEUYHOH
UM CYETHOH COBOKYMHOCTK HHTEPBAJIOB ,
(cM. 3anauy. 212); urobwl HOKasaTb, 4TO
f~* (E,) — H3MepHMOE MHOMKECTBO, HaJ0 Y=x+T(x) y
Hernonb30BaTb TOT (aKT, 4YTO Inpoobpas (y=p(x)
O0beJMHEHHSI MHOXKECTB PaBeH OO0DBeAHHE- /
HHIO MX TpooGpa3oB (cM. 3amauy 478).

Ecnu E; — 3aMKHYTO® MHOMKECTBO, TO
E, = R'\_E,, a E, — uekoropoe otr-
KPBLITOE MHOXKECTBO; TaK Kak mpoobpas
Bcefl MPsAMOA — H3MEPHMOE MHOKECTBO H
npoodpas OTKPHITOro MHOxecTBa E, Tak-
JK€ H3MEpPHUM, TO M3MEPHMBbIM HABJACTCS H

upoofpa3 ux pasHoctd (cm. 3anauy 477). ﬂ

692. [Tpoobpa3s H3MEPHMOro MHOXKECTBA
He 00s13aH ObITh H3MepuMbiM. [1pu Me p.
Paccmorpum ¢yHkuuio  Kanrtopa 7 (x),
nocTpoeHnyio B 3anave 632. Kak mut sna- 0 ?7 & 3’- 7
eM, OHa MOHOTOHHA M HelpephpBHA HAa OT-
peske E =[0, 1] u otoOpaxaer ero H a Puc. 46
Bech orpesok E; =[0,1] ocu Oy.

Ilpy sTOM KaHTOpOBO MHOXECTBO D — E orofpaxaercs Ha
MHOKECTBO BCeX uuces oTpe3ka Eq, a MHOxecTBO CD — Ha MHOXECTBO
JIBOHUHO PalHOHAJBHBIX YHCEJM 3TOr0 OTpe3Ka.

[Moctpoum Ttenepp ¢yHkKuuio @ (x) = x 4 7t (x). Ona crporo Bo3-
PacTaeT i HenpephIBHA; OHA oToSpaxaeT oTpe3ok [0, 1]ocu OxB 3 a i M-
HO OLHO3HayYHOo Ha orpe3ok [0, 2] ocu Oy; npH 3TOM MHOXKECT-
Bo CD nepefiieT B MHOXKECTBO MepHl 1 (Tak Kak Kam/Iplii HHTEpBaJ W3
CD nepeiifer B WHTePBaJ TAKOH 3Xe JUIMHBI) M, CJELOBATENIbHO, MHO-
xkectBo D — B Takoe 3aMKHYyToe mopMHoxecTBo F oTpeska [0, 2] ocu
Oy, mepa KOTOpOro Takxe paBHa | (cxemaruueckuil rpaguk QyHKUMH
@ (x) cM. Ha pucyHke 40).

IMocTpouM, HaKoHer, (yHKUHIO, obpaThHyilo @ (x); ofo3HAuUHM ee
¢ (y). Ona HenpepsiBHa (C/IeLOBaTeTbHO, M3MepUMa) M oOToOpaxkaer
orpe3ok [0, 2] < Oy B3aumMHQ OfHO3HauyHO Ha otpe3ok [0, 1] < Ox;
TpH 3TOM MHOXecTBo F, Mmepa KoToporo pasHa 1, nepexomut B D
(puc. 47).

MuoxectBo F (KaK H BCSIKOE MHOXKECTBO MOJIOXKHTEJNbHOH Mephi)
CONEPAKUT HEeH3MepPHMOe TIOAMHOXKECTBO (CM. CBOHCTBO 16 u3 BBeleHHS
k raase VII), kotopoe Ml 0Go3Hauum yepe3 A. O6pa3 ¢ (A) sToro nogx-
MHOKeCTBa Oy[eT 4acTbio KaHTopoBa MHOXecTBa D =¢ (F). Ho Bcsikoe
TIOAMHOKECTBO MHOXKECTBAa Mepnl HyJAb u3mepumo. CRENOBATeNbHO,
B = ¢ (A) usamepumo. Mrak, MHO:KECTBO B u3Mepumo, Torja Kak €ro
npoo6paz A = ¢! (B) Heusmepum.

693. M3 Toro, uro ¢pyukuus f (x) usmepuma na E, u u3 Toro, uto
MHO2KeCTBO L, BKJIOYEHHOE B E, H3MEpHMO, ellie He CJAeAYyeT U3MEpH-

X3

N

L1l
=¥

N
Wl
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Puc. 47

MocTb MHOXecTBa f (Ey). ITp u M e p. Paccmorpum ¢ynkumio @ (x) =
=X - T (x), rae T (x) — KaHTOopoBa (PYHKUMA (CM. pei€HHe Npexnl-
aymen sanaun). @yHxkuusa @ (x) nepeBoAHT (B3aHMHO OJHO3HAYHO H
HernpepuiBHO) orpe3ak [0, 17 ocn Ox B otpesok [0, 2] ocu Oy, a KantoO-
poeo MHoxectBo D < [0, 1] — B nekotopoe noaMHoxkectso F — [0,2],
npudeM mF = 1. [lyctb A — HeH3MepHMoOe NOAMHOXKECTBO MHOMKeCT-
Ba F, a B = ®—! (A) — npoo6pa3z muoxectBa A. Toraa MHOXKECTBO
B u3mepnMo (KaK 4acTb KAaHTOPOBA MHOKECTBA, KOTOPOE HMEET Mepy
HYJIb).

Hrak, B usmepumo, a A = @ (B) nensmepumo. OyHkuus, ¢ mno-
MOLIBIO KOTOPOH OCYLIECTBJSIETCST OTOOpaXkeHHe, H3Mepuma (nae
HeTIpepLIBHA).

694. Ilyctb a — npousBonbHOe uHCJI0. Torga MHOMXKECTBO Tex
x € E;, 5151 KOTOPHIX BHINOJHEHO HEPABEHCTBO f (X) > a, ecTb nMpoo6-
pa3 OTKPBITOTO MHOXECTBA |a, --oo[ YHCJOBOH OCH, a TIOTOMY OTKPLITO
B E, (cM. 3anauy 509), T. e. siBNsieTcsl nepeceuyeHHeM MHOXKeCTBa E,
C HEKOTOPHIM OTKPHITHIM MHOXKecTBOM I uncaoBo#i ocu (cM. 3afauy 193).
Hostomy ycaoBue f (¢ (£)) > a paBHocuAbHO ycaoBuio ¢ (£) € E; N T,
T. e. ycaoBuio § (£) € I' (nockonbky ycaosue @ (f) € E; BHINOIHSETCS
s Beex tEE). CnenoBatesibHO, MHOXKECTBO BceX TexX £ € E, nasa Koto-
peix f (@ ({)) > a, ectb npoo6pas ¢—* (I') muoxecrsa I'. Ho ecu ¢ —
u3Mepumass QyHkuusa, a I' — OTKpPHITOE MHOMXECTBO, TO MHOXKECTBO
¢! (') usmepumo (cM. 3amauy 691). Urak, aas mo6oro @ MHOXKECTBO
BCex Tex I, uia KOTOpHX f (¢ (£)) > a, uamepumo. 3HAuuT, QyHKUHS
f (¢ (f)) u3mepuma.

695. M3 Toro, uro ¢ (f) nenpepuiBHa Ha E = [, P, a f (x) uamepu-
Mma Ha E; = ¢ (E), eme He cienyer, uro cynepnosumis [ (¢ (£)) usme-
puma Ha E. [1p u mep. Ilycts @ (f) — pyuxuns, obpatnas x pyuxk-
mwiH @ (x) =x + 7T (x), rae T (x) kanTopoBa ¢yrkuMs ¢ (f), pac-
CMOTpéHHas B 3ajaue 692. Ilpu pewennn 3Tolf 3anauu Owiio moO-
KasaHo, 4To ¢ (f) B3aHMHO OJHO3HAYHO H HENPEPHLIBHO OTO6Pa}KaeT OT-
pe3ok [0, 2] na orpesok [0, 1] n uTo Ha orpeske [0, 1] umeercs namepu-
MOe MHOXKeCTBO B, mpoobpa3 xortoporo A = ¢—* (B) sBnsercs Heus-
MEPHMBIM MHOXECTBOM Ha orpeske [0, 2].
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B kauectBe msamepumoit ¢pyHKuuu [ (x) mpUMEM Temepb XapakTepu-
CTHYeCKY10 QYyHKUHUIO MHOXecTBA B. OHa n3MepruMa, TaK Kak H3MEPUMO
MHOXeCTBQ B.

Opnako ¢yukuus f (¢ (f)) Heusmepuma. s Toro 4ToObl B 3TOM
y6enuThCs, JOCTATOYHO JOKa3aTh, YTO MHOMKECTBO BCeX TeX f, IJIsl KO-
topeix f (@ (f)) > 0, ueusmepumo. Ho wuepasencrBo f (¢ (f)) >0
PaBHOCHJIBHO TOMY, 4TO @ (f) € B; a MHOXKeCTBO TexX f, JJisi KOTOPhIX
¢ (f) € B, ecTb MHOXKECTBO A, T. €. HEH3MEpPUMOE MHOXECTBO.

Hrak, MHoxecTBo A Tex Touek f, ansi kKoTopeiX f (¢ (£)) > 0, nens-
Mepumo. 3HauuT, 3Ta QyHKIHA HeH3MepHMa.

696. Jlns moGoro ¢ > 0 crnipaBeJIMBO COOTHOILIEHHE

E(I0+8 —(ated >0 = E(1f—LI> F) U E(!g—g,,|>%).
JleicTBUTEIIBHO, €C/IH xEE(|f——f,,[ >%) U E(|g_gn| >%),

o [f()—f0]<5 180 —g (0| <5 n
[ () + & () — (o () + g DI < 1F ) —F, 0] + g () —
— &6 W< +5 =0 1e xEE((+0)—(a+g)| >0
M3 [OMYYeHHOTrO BKJIIOUEHHA CIELyer:
ME(|f + & —fu—gal > < mE(If —al >) +

+m5(4g—gn|> %)—*0

npu n— oo ajasa Joboro c¢ukcupoaHHoro ¢ > 0. CienoBarenbHo,
{f, + g,} cxomurca no mepe k ¢yukuuuf + g.

3averum ganee, uro mE (| @| > £) — 0 npu { - 4 co pus moboi
usmepumolt QYHKIMH ¢ HA MHOMKeCTBe E KOHEeUHOH Mephl (3TO ciaepyeT
u3 cBoiictBa 14 BBemenus kK riase VII). [ToaTomy Ansl mpOM3BOILHOIO
e > 0 uafigercs Takoe { > 0, uto

mE (Ifl >t <e, mE (lg] >1) <e.
M3 ToxpecTBa
fg—fnga =f' (g_gn) +g : (f'—‘fa) _(f—fn) ‘ (g_gn)
ceyeT HepaBeHCTBO

Ifg — Fugal <Ifl- |8 —8al + lgl - |f—ful + [f—Ful lg—8,1.
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Orciofla nosmyuaeM BKJIOUEHHe, CHpaBejinBoe mpH JiobGom ¢ > 03

E(1fg—futal > o) <[ E(H>0UVE (lg—gl > 7))V
U(E(gl >0 UE (17 =1l > 2))U (E(1T—F1>)/2) U

VE(le—el>)/5))

(npoBepsieTCsl aHANOTHYHO NpPEIBIAYIIEMY BKJIOUEHHI0). Torxa umeem
CJIEYIOLLYIO OLEHKY IO Mepe:

mEufg—fng,,x>o)<mE(|g-—gn|>3§)+
+mE(|f~f,,I >3g)+mE(|g_gn;>]/§)+
FmE (1] —fal >/ Z) +2e.

lepexonsi K BepXHeMy Npejesy Npu n — 0o, MOJAYUHM:
lim mE (Ifg — f.g,| > 0) < 2,

n-o00

OTKYyJAa, B CHJIY HPOH3BOJIbHOCTH & > 0,
lim mE (Ifg —fngn' > 0) = 0.

n—-»oo

CnepoBarensHo, {f,g,} cxomutcs K fg mo mepe.
Ilna noKa3aTeJbCTBAa IOCJNENHEr0 YTBEP)KAECHHS 3ajauH JocTa-

TOYHO NOKa3aThb, YTO 1 CXOmUTCS K 1o mepe. Tak kakg (x) 5= 0
an q

noyty Bciony Ha E, to mE (|gl< ) — 0 npn £ — -+ 0 (cM. cBoficTBO

14 u3 BBenenus x raaee VII). 3azanum npousBosbHoe & >0 u BhIGepeM

t > 0 rakoe, yto mE (] g|< t) <e. Ilpu mobom ¢ >0 u moGom n
CHpaBeJIHBO BKJIOUEHHE

E(|z—5|>0)= £(le—al>F)UE(el<n U

g &n
¢
U E(’g—"gnl>‘5)'
JlefcTBHTENBHO, €CH X He BXOAUT B JIPaBYl0 4YacTb TOr0 BKJIOYEHHS,
t
TO U3 HEPaBeHCTB [ g (1) | 1, | g (X) — g, (x)| > - CIeAyet, uto 1g.(0)] >
of?
< 2
< =0, T.€ X
¢

1
g®)  gn(®)

¢ g(¥) —gn(x)
—; HO Torjla =
> 2 yif ]

g (%) &n (%)

¢
2
He BXOAHT H B JIEBYIO YaCThb.
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H3 3toro BkaoueHus noJiyyaem:

mE (|2 — 7| > o) <mE (1g — 1> F) +mE (g —ga1> 5) + =
OTKyJZa cjefyer, 4To

Ii—m_mE( 11 >o)<

n—co g  an P

npu Ja106oM € > Q; sHauuT,

ﬁmE(l—l-—l\>o) =0
g &n

n->oo

1 1
H {—} CXOMTCS IO Mepe K —.
gn
697. Tlpennonoxum, f (x) > a Ha MHOXECTBE NONOKHTENLHOH Me-
pel. Torza, B cuay cBofictBa 13 u3 BBefienus K ryase VII, a4 Hekoro-
pOro HarypajbHOro n, GyAeM HMeTb:

f(x) >a +— ua nekotropom mHOKecTBE E’ MONOKUTENbHOH MephI;
no

nycte mE" =a >0. Ho f, (x) < a, Tak uro E (If —fl >‘l‘) >
n
> E’; cnepoBarenbHo, ’

mE(lf—f,,1>nio)>a>0

npu Jo6om 1, T. €. nocjepoBarenbHocTb {f, (x)} HE cXomuTcs Mo me-
pe K f (x). Ilonyuum nporuBopeune.

698. Eciu mE = +oo0, To Teopema 1 (Teopema JleGera), BooGiue
rosopsi, HeBepHa. [1pume p. Ilyets E =[0, + oo u

(1 €ln, n+ 1[,
fa () ”—{0 nr;)gluxxé[O,n[ Un+1, 4oof.

[MocnepoBatenvuocTb {f, (x)} noutu Bciogy Ha E cXoguTcs K QyHKIHH
¢ (x), ToxaecTBeHHO paBHO# Hymo. Oxnako mE (l ¢ —fal > -;—)=1

npu Jo6om n, T. e. {f,} He cXomutcsa K ¢ Mo mepe.

Teopema 2 ocraercsi BepHOo#l W mpu mE = —+oco. Jlokaxkem 3TO.
[ycts E, =E N V (0, k) (V (0, k) — wap paguyca k C LEHTPOM B
Hauage koopauuat). Ecau nocnenoBatenbuocTh {f,} cxomuTcs no me-
pe Ha E, TO OHa CXOAHTCS N0 Mepe U Ha E;; HO Torja 13 Hee MOXKHO U3-
BJIeYb MOANOCTef0BaTeNbROCTE {f, }, CXOAAlLYIOCH MOUTH BCIOAY HAa

E,. Jlanee, Tak Kak IOCJ€I0BaTeJbHOCTb {fni} CXOMTCA NO Mepe Ha

E, To ona cxonuTca no mepe u Ha E,; u3BjiedeM H3 Hee CXOASALLYICA
nouTH BCloAy Ha E, nmopmocienoBaTe/lbHOCTD {f,,i]_}. AHaJOTHYHO Ha-

XOAUM TOJMOC/IEI0BATENbHOCTD {ffi }, cxomsumyrocs MOYTH BCIOAY Ha
(4
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Ey, u T. 1. Boigensis tenepb u3 TaGau bk

fnl fn, fn,
f’“'l fm‘ fni3 e
fn,-].‘ f”ljz f”ij, s

2

JHaroHa/MbHYIO0 MOC/IeJ0BaTeNbHOCTD |, f,,l.z. fnr' very  TOJAYYUM
1 /s

NOJTIOC/IeI0BATE/bHOCTD Moc/efoBaTebHocTH {f,}, CXonasuLyroCcs NoYTH
Bciony Ha E.

699. 3ameTuM cHayasa, yTO JIO0OE HATypalbHOE YHC/IO L MOMKET
ObITb TMPEACTaBNEHO, W MPUTOM €IHHCTBEHHBbIM 00pa3oM; B BHAC N =
=2¢4i, ek =0,1,2, ...,0 i < 2% 3anagum tenepb Ha E =
= [0, 1] caenyromyio nocaegoBarensuoctb yukuuit {f, (x)}:

i i1
1 npu x€ [-2;’ ?[,

f n (x) =
0 B ocrasbHBIX TOUKax otpeska [0, 17,

rAe [ ¥ k — YyHCJIa, COOTHECEHHBIE YHC/Y £ YKAa3aHHBIM Bblle 06pa3oMm
(puc. 48).

SIcHO, 4TO 3Ta TOC/ELOBATENBbHOCTh CXOQUTCA MO Mepe K (yHK-
mMH @ (X), TOXKIECTBEHHO PaBHOH HYJIO, TaK Kak

0 npu o > 1,
mE(“P‘"‘nt>G) =31
5% [IPH O<o< 1.

C apyroit croponst, {f, (x)} He CXOAMTCA K HYJ/IIO HY B OJJHOH TOUKE MHO-
wectsa E = [0,

y [ ) )
7 7 r 7

f,(x) l fo(x) f5(x) -‘]fm

T ‘ T 3
7] 17 x 0 + 1x 0 I 1 x 0 1z x
y y vk 9l
1f 1t t 7
fs(x) KX | B -I fax

ol 1 23 1x 0| 123 1x0] 123 1x 0|1 X

% % 4“4 % 2 4% §

Puc. 48
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700. TMoxnocnenosarensHocts GyHRuAH fy, Fa, [ foy frgy ... M3 mO-
caenoBaTeabHocTu {f,}, moctpoenHoii B pewennu 3anaun 699, cxoaut-
ca K ¢yHkumu ¢ (x) = 0 Bcropy Ha E =[O0, 1], xpome Toukn x = 0.

701. Ecmu Mepa MHoxecTBa E KOHeuHa, TO 3TO yTBepJIeHME
BepHO; OHO Cpa3y cJjeayer u3 tTeopemsl Eropopa (c. 82), ecnu yuecTs,
YTO CXOAALIAACA MOYTH BCIOAY Ha E nocJaef0BaTeqbHOCTh GYHKUMI CXO-
auTcs Ha E n mo wmepe.

Ecan xe mE = -o0o, To naHHQe yTBepxkjeHue Heepuo. I p u-

2
me p. IlocnenosatenbHocTb QYHKuMH f, (x) = %- CXOIMTCH TOYTH

BCIOAY (M Aaxe BcioAy) Ha E = ]— oo, 4 oo K ¢yHKuuu ¢ (x) = 0.
OnHako HU AJIs KaKoro noiMHoxecTBa E; < E GecKoHeuHO# Mephl HeJlb-
3s usBneub u3 {f, (x)} moanocjenoBaTeLHOCT, PAaBHOMEPHO CXOMS-
mylocsi Ha Ej.

702. Besikasi GyHKIMS OrpaHHYeHHO! Baphauuu Ha [a, b] orpanu-
YyeHa U WMeeT He GoJjiee CUETHOTO MHOMKECTBA TOUEK paspuiBa Ha [a, &]
(cM. caencTeue M3 TeopeMsl 1, ¢. 73); ceoBaTesbHO, MEPa MHOMKECT-
Ba TOYEK pa3phiBa paBHa HYM0. [To3TOMYy Takas GyHKUMS MHTETpHpYe-
Mma 1o Pumany Ha [a, b] (cM. BBefleHHe K HacTosimed rJjase, c. 82).

703. Her. Ecau ¢yHKIMS Pa3pbiBHA BCIOAY Ha HENYCTOM OTKPLITOM
mHoxkecTBe G C [a, b], TO MHOXECTBO €€ TOYEK pa3phiBa HMEET MoJIo-
xuTeibHylo Mepy. Takasi ¢yHKuMs He MOXeT ObiTb MHTErpupyemoil
no Pumany Ha orpeske [a, b] (cM. BBeJileHHEe K HacTosineH riaee).

704. Dynruus

Fl) = %npn x+#0,

Onpu x=0

He uurerpupyema no Pumany Ha orpeske [0, 1] (B cuny HeorpanuyeH-
HOCTH), OJHAKO OHAa MHTeFpupyeMa Ha Jiobom oTpeske [a, f], rae
0<a «p <l

705. Tak Kak QyHKUMsl MHTerpHpyema no Pumany Ha J060M OT-

peske [, P] TakoM, uto @ < @ < P < b, TO OHa, B YaCTHOCTH, HHTE-

rpupyema Ha OTpe3Kax [a+ %, b —%], e ¢ ___b—:;a , n=1, 2,

3, ...; CJEeAOBaTeJbHO, HA KaxKJOM TAKOM OTPE3KE MHOMKECTBO TOYEK

paspbiBa umeeT mepy HYab. OGo3HaunM yepe3 E, MHOXECTBO TOUEK
c

4
paspbiBd (PYHKUMH Ha la + = b ——]; TOTJla MHOXECTBO BCe€X TO-
n n
yeK paspriBa Ha oTpeske [a, b] paBHO o6benuHeHHIo Bcex E,, K KoTo-
poMy, MOkeT GbiThb, A0GaBIeHbl TOUKH a U b (Wu oana u3 Hux). Ho tax
kak mE, = 0 npu mo6om n, Tou m (| E,) = 0. JlobaBrenne ¥ mHo-
n

sectBy |J E, onHOil uau ABYX KpafiHMX Touek oTpeska [a, b] ue us-
n

MEHHT Mephl 3TOr0 MHOXKecTBa. MITak, MHOXECTBO BCeX TOUEK paspbiBa
¢yHKuuy Ha otpeske [a, b] umeer Mepy Hynb. Tak Kak QyHKIHA HO yc-
JIOBMIO OrpanHuMueHa Ha [a, b], To oHa uuTerpupyema no Pumany na

[a, b].
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706. dyukiusa @ (Xx) MOXKET OKas3aTbCs HenHTerpupyemoii no Pu-
MaHy (xoTa @ (x) Bcerza Gyzner uurerpupyemoii no Jlebery (cm. cBoii-
ctBo 8 Ha c. 84). [Ipumep.

o) = l npu x =ry, 1sy ooy 7y
n 0 B ocranbHBIX ToYKax [a, b)

(31echb 1y, Iy, ... — BCE paLMOHAJNbHbIE YHCJa OTpe3Ka [a, b], nepeny-
MEpOBaHHBIE TPOU3BOJBbHBIM 0OpasoM). PyHKIHA ¢ (X) €cTb Xapak-
TEPUCTHYECKast (QYHKIHS MHOMXKECTBA DAlMOHANbHBIX YHCEJ OTpe3Ka
[a, b]. Ona Bclony paspriBHA UM NO3TOMY He HHTerpupyema no Pumany
Ha [a, b].

707. Tlycte GyHKIMH @, (X) HHTErpUpYyeMbl Mo Pumany na oTpes-
ke [a, b] u nocnenoBatesbHOCTb {@, (¥)} paBHOMepHO cxomuTcs K [ (X)
nHa stom orpeske. Jlokaxem, uro f (x) uHTerpupyema Ha [a, b].

a) ®yHkuuda f (x) orpannyesa. JleHCTBHTEJbHO, €C/H MOC/EN0Ba-
tenbHOCTs {@, (X)} PaBHOMEPHO CXOJHTCH K [ (x), T0 n1s1 moGoro & >0,
M B YaCTHOCTH Ans & = |, Haifijercss N Takoe, uTo 1Jisi BCex n > N
HMeeT MECTO

If (%) — e, ()] <1

Tlpu n = N 3TO HEpaBeHCTBO NpuHUMaeT BUL |f (x) — ¢, (¥)] <1,
wim @, (x) —1 <f(x) <@, () + 1. Tak xak dynkuun ¢, (x) —
— 1 u @, (x) + 1 orpannucns Ha [a, b], Tou f(x) orpannuena na
{a, b].

6) MHoxecTBO TOueK paspeiBa QYHKUMH [ (X) HMEeT Mepy HYJb.
JleficTBuTeIbHO, OCO3HauMM uepe3 [E, MHOXKeCTBO TOYEK pasphiBa
¢yHkuHMH @, (x); Toraa mE, =0, a spauur, u m (U E,) = 0. B kax-

n

Joit TOUKe X, MpuHanexauled Mmuoxectsy [a, b1 \ U E,, Bce ¢yuk-

n
1K @, (¥) HenmpepuIBHBI; HO TorAa M GyHKuMA f (x), sBAsIOWAACH HX
TpejesoM, HeNpepuHBHA B TOUKE X, (B CHJY PaBHOMEPHOH CXOIMMOCTH
nocieioBatelbHoCTH {@, (x)}). 3HauuT, GYHKUHsT MOXKeT ObThb pas-
PHIBHA TOJIBKO B TOYKax MHoOxecTBa () E,, T. €. TOJBKO Ha MHOXKECTBE
n

Mepbl HYJb.

Urak, gynkuus f(x) orpanuuena Ha [a, b], ¥ Mepa MHOKECTBa ce
TOYeK pa3peiBa paBHa Hyumo. CienoBartenbHo, f (x) HHTerpupyema no
Pumany Ha [a, b]

PaBeHcTBO S'f(x) dx = lim s' ©, (X)dx nOKa3blBaeTCsl TakK ke, Kak

n-»o0

¥ aHaAJOTHYHOe paBeHCTBO JlJIﬂ pPaBHOMEDHO CXOASALIMXCSA MOCTeLOBa-
TeJbHOCTEH HenpepuiBHBLX (QYHKIMHA, T. €. HCXOAS M3 TOro, YTO
b b

[on(vdx — [F(x) dv < e mpu 1@y () —F (9| < .



708. Hesepno. Hanmpumep, ecmu E — MHOKECTBO pauuo-
HanbHbIX yuces Ha [0, 1], To mE = 0, ognako Y (x) He WHTErpupyeMa
Ha [0, 1] (MHOXeCTBO TOUEK pa3phiBa 3TOi QYHKLUMH COBNAAAeT CO BCEM
orpeskom [0, 17).

709. Hesepno. IIpumep. Ilycte E — coBepiieHHOE HHIJe He

IJIOTHOE MHOXECTBO MepHI - PACTOJOKEHHOE HA OTpeske [o, 11.

Torna X (x) paspbiBHa BO Bcex TOYKax MHoxectBa E, T. €. Ha MHO-
KECTBE TOJIOKHTENbHOH Mephl; CJe[0BaTeNbHO, ¢yHKuus X, (x) He

uHTerpupyeMa no Pumany na [0, 1].
710. Hesepro. ITp u m e p. IlycTb F—coBepilieHHOE HUTHE HE TJIO-

THOE MHOXECTBO MEpEI 5 Ha orpeske [0, 17 u E — MHOXeCTBO KOHILIOB

BCEX €r0 CMEXHBIX HHTepBasoB. Torna E — HHUTZe He MIOTHOe MHOKe-
CTBO Mephbl HYJb (TaK Kak E — CYeTHOe MHOXKecTBO). Opnako xapak-
TepucTHYecKas QyHKuUs X (X) pa3peiBHA HE TOMLKO B TOYKAX MHOMKE-

crBa E, Ho ¥ Bcroay Ha F, T. €. Ha MHOXKECTBE TNOTIOXKHTENBHOH MEpHI.
CnenoBartenbHO, OHa He HHTerpupyema no Pumany.

711. Wnterpupyema. D10 CJleayeT u3 TOrO, YTO BCE TPaHHYHBLIE
TOYKH 3aMKHYTOTO MHOXECTBA BKJIOYAIOTCS B 3TO MHOxecTBo. CJjesio-
BaTeJIbHO, Mepa MHOXKECTBa TPaHHYHBIX TOYEK MHOXecTBa E paBna
Hymo. A xapakrepuctiueckas ¢GyHKuus X (X) Pa3priBHA TONbKO B rpa-

HHUHBIX TOYKax MHoxecTBa E.
712. Bepro. B sTom cayuae ¢yHkums X, (x) paspeBHa BO Beex

TouKax MHoxecTBa E u HENpepLrBHA BO BCEX TOYKAX JOMNOJIHEHM s

[a, b1\ E. CrenoBartesqbHO, MHOXKECTBO TOYEK paspeiBa (YHKIHH
X ; (x) umeer mepy Hysb. Tak Kak 3Ta QyHKIUKMS, KPOME TOTO, OTPaHH-

ueHa Ha [a, b], To OHa uHTerpupyema no PumaHy Ha 3TOM OTpe3ke.

713. @ynkuuu npumepos 486, 488, 489, 502 unTerpupyems no Pu-
many Ha orpeske [0, 1]; oHn Bce orpanuuens; GyHKuus npumepa 489
npu ¢, — 0, Kpome TOro, HenpepuiBHA; AJsi QYHKUHH H3 NPUMEPOB
486, 488 u 489 npu lim ¢, 5= 0 MHOXKecTBO Touek paspriBa — KaHTO-

n-+oco
POBO MHOXECTBO, T. €. MHOXKECTBO MepHl HYJIb; JJisi QYHKUHH TNpHMepa
502 MHOXeCTBO TOYCK Pa3phiBa €CTb MHOMKECTBO PALOHAJIBHBIX UHCEI,
KOTOpOe TakxkKe HMeeT Mepy HYJb.

®ynkuusa npumepa 495 He unTerpupyema no Pumany Ha [0, 17;
OHa OrpaHHY€Ha, HO MHOXECTBO €€ TOYeK pAa3phiBa — IPOMERKYTOK
10, 1] — uMeeT NOJNOXKUTENBHYIO MepYy.

714. Bce 5TH QYHKIMH OrpaHHuYeHH ¥ H3MepPuMEl Ha orpeske [0, 1]
U, cJIefloBaTeNbHO, HMHTErpHpyeMel No JleGery. BplUHCIMM HX WHTe-
Tpasl:

a) 1J1s1 BBIYMCJIEHHSA MHTEerpasa oT (yHKIuM u3 npumepa 486 paso-
6beM 00J1aCTh HHTErPUPOBAHHS Ha JBa HeNepeceKaloMXcs MHOXKe-
crBa: [0, 17 =D |J CD, roe D — xaHTOpoBO MHOXKecTBO, @ CD —
JOTIOJIHEHHE K HeMY 10 Bcero orpeska [0, 1]. Mcnosab3ys agjuTHBHOCTb
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uHTerpasna Jlebera, noayunm:
1
L) [Fyde=(L) [Fde+ L) [Fds.
0 D CcD

Hnterpan no muoxectBy D pasen HyM0, Tak kak mD = 0. Ha CD
$YHKUMA TOCTOSHHA, [O3TOMY

(L) 'Yf(x)dx =2-mCD =2-1 =2,
)
CrnepoBare/ibHO,

1
(L)-Sf(x)dx=0+2 = 2.
0

6) [lns BoluMCIeHHA UHTEerpasna oT QyHKuMH 3anadu 489 pasobbem
00/1aCTb WHTETPHPOBAHHA HA CYETHYIO COBOKYMHOCTb IIONAPHO HE Iie-
PeCeKaloKXCsl MHOMXECTB:

(0, 11=D U Jay, LU Jas, &L U ... U Ja 0L U -,

rae D — KauTopoBO MHOXECTBO, a Ja,, b,[ — ero cmexxkHple HHTEPBAJIbI,
3aHyMepOBaHHbe B Nopsiike yObIBaHMA MX AJHH, T. e. Ja;, by[ — un-

1 1
TepBaJs AJHHBI > Jas, bol 1 Jas, bf — unHTEpBANBI AMTHHDI 3 Jas, b4, ...

1
veey g, byl — viHTEpBAJBL JIJTHHBL AT A Ulp# 3TOM MHTepBa/bl OfH-

HaKOBOH JAIMHBI HyMepyeMm c/1eBa Hanpaso. lcnoab3ys noanywo agiu-
THBHOCTb UHTerpasa JleGera, momyuyum:

1 +o0 b,
@) [Fyde =@) | F@de 43 @) [ Fodr.
0 D n=1 a

n

94\ Tak kak mD = 0, T0 nepselit UH-
61 Terpan paBeH Hy/Mmo. OCTajJbHbIE
MHTErpaJisl BBIYHC/ISIIOTCS JIETKO:
Ha KaxaoM uuTepBane la,, b,[
byHKIH A MHTErpUpYyeMa o Puma-
HY H [O3TOMY

(L) fbnf (x)dx = (R) f “F (%) dx.
A

Hinrerpanst Pumana B jgaHHOM

e 37— % } £ 3& 97— g; ! X ciyuae paBHBI RJIOLIAASIM COOTBET-
CTBYIOUIUX TPEYrOJbHHKOB (CM.
Puc. 49 rpaduk QyHkuun, puc. 49):



b, c l & .l
® j Fx)dx = —=, (R) j f ) dx = __.22.
1 @ . 1
(R)Sf(x)dx ,(R)Sf(x)dx_ S
l _l
(R)jf(x)dx-— (R)ﬁf(x)dx—-—j

CyMMHPYﬂ no.nytmm dopmyay, ,naxomylo HCKOMBIH uHTerpan JleGera:

(L)jf(x)dx——(”ur AR R )

(Tak Kak QyHKuMs f (x) unterpupyema no Jlebery na orpeske [0, 1],
TO PAA, CTOAWMA B NPaBoH YacTH PaBEHCTBA, CXOIWTCS; BIPOUEM, B
HTOM MOXHO YG€NUTbCS ¥ HEMOCPEACTBEHHO, MCXOAS W3 TOrO, YTO TO-
CJIelOBaTEJbHOCTb {C,} CXOAMTCS M TOTOMY OTpaHHYeHa).

B uacrhocTd, aas gyHkumu 3anaun 488 umeem: ¢, = 1 ana Bcex
n, NO3TOMY 3]1€Ch

(L) §’ JWdr= 5 (s 42 +5 45+ )= ——5=

32 3B 34 2
] 6 (l—a‘)

B) ®yuxkuus f(x) u3 3anauu 495 skBHBaNeHTHA GYyHKuUMH —X2.
Ilostomy

1
5

1

) 1
O [ dx = | () dx = ® [ (= dx =— 1.
0 0 K

r) ®yuguua f (x) u3 3apaun 502 s3KBHBaNeHTHA GYHKLUMH, TOXIECT-
BeHHO paBHOH HyJo. [lostomy 3zech

(L) ff(x)dx= (L) SIO -dx=0
0 0

715. Paso6bem 06JaCTb MHTErpUpPOBaHWS HA TIONAapPHO HE Tepece-.
Kaiomuecs wMmuoxkectBa D, Ay, A,, ..., A,, ..., TAe D — KaHTOpOBO
MHOXecTBO, A, (B =1, 2, ...) — oObeANHEHHE BCEX CMEXHBIX HHTEp-

1
BaJiOB k-TO paHra (T. €. UHTEPBAJOB JJIMHBI ?)' Hcnone3ys noanyio

aJJMTHBHOCTb MHTerpaia JleGera, nosyunm:
1 oo
 J1w s =) [Fde+ 3D [1(9dx
D k=1 2,
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Tak kak mD =0, 10 (L) | f (x) dx = 0. Ha KaxIOM H3 OCTAJbHEIX
D

MHOXeCTB PyHKIM A NOCTOSAHHA. [To3TOMY AJIf KaXK/I0TO HOMEpa & uMeeM:
1 1 1 1
L Ndx ==-mA, =— 21, — —___,
()jf() 2k Ak 2k 3 2_3k
Ay
ChneoBaTeNbHO,

: S| 1
L S x)dx =¥ =—
@ () — =
0 k=1
716. Unrerpupyema no Pumany na orpeske [0, 1], Tak Kak oHa or-
pannuena na stom orpeske [0, 1] 1 mHOXKECTBO €€ Touek pa3peiBa (MHO-
xeCTBO D) umeer mepy Hyab. MuTerpan Pumana ot 31oit QpyHkuuu pa-
BeH BLIYMCJIEHHOMY Bhile  HHTerpany JleGera.  CirejoBaTesbHO,
: 1
(R (0 dx = .
b
717. Jra ¢pyHKuUs He HHTerpHpyema no Pumany Ha orpeske [0, 1]
(oHa paspniBHA HAa MHOMKECTBE MOJIOKHTEJBHOM MepPhl — €€ TOYKaMH
paspbiBa SIBJASIIOTCS BCe TOYKH orpeska [0, 1], xpome Touku x = 1).
o JleGery sTa (yHKuMs HHTEIpHpyema, TaK KaK OHAa H3MEpHMAa MU
orpanduena. Jlis BulYMCJeHHs uHTerpana JleGera or [ (x) 3ameHum
NOABIHTErPAbHYI0 (QYHKUMIO SKBHBA/IEHTHOH efl GyHKUHed ¢ (x) =x°,
KoTopasi uHTerpupyema no Pumany Ha [0, 1]. [onyuum:

1 1
@ [Fde =) (o dr =
0 0

1 1
=) 5 B dx = (R) f Bdx = %
0 0

718. ®dynkuMsa X, (x) u3MepuMa M OrPaHHYEHA; CJELOBATENILHO,

OHa MHTerpupyema mo JleGery. [l BeluMCJIEHHSI €€ HHTerpaja, paso-
6beM [a, b] na aBa muoxectsa: £ u CE (rze CE =[a, b] \ E). Torga
b

[ g (x) dx =£_XE(x) dx +c£x5 (¥) dx = mE + 0 = mE.

a

719. Dyuxuus f (x) He uHTerpupyema no Pumany (oHa paspeiBHa
Ha MHOkeCTBe E MOMIOKHTENbHOM Mephl), HO HHTerpupyema o JleGery.
Brruucaum ee unrerpan na [0, 17:

1 o B,
L) (f@de=@) [ fwde+ 3@ [ Fdr.
0 E n=1 a,

Ha mHoxectBe E ¢yHKUMA NOCTOSHHA (paBHa HYJIO); INO3TOMY
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(L)‘fsf(x) dt =0- mE =0. Ha unrepsane Ja,, B[ — QyHKuns nu-
Terpupyema no Pumany; mostomy

B, B,
_ _ Bu—oy,
@) if(x)dx-(R) if(x) dr = B0,
Hrak, ’

2

n._.

(L) Sf(x) dx = 3 Bz,
0

o0

Ho Zl(ﬁ,‘ — 0,) — 3Ta CyMMa-JUIHH CMEXKHBIX HHTEpPBAJIOB; OHA PaBHA
n=
1
mepe mHoxecTBa CE (T. e. —2—>. CnenoBaresbHO, OKOHUYATEAbHO

(L) j’f(x) dx =

0

|-

720. Paso6bem E Ha s1Ba MHOMECTBA: MHOXKeCTBO A Tex Touek,
rae [ (x) > ¢, u MHOXecTBO B Tex Touexk, rae 0 < f(x) < c¢. Toraa

(L)gf(x)dx=(L)1f(x)dx+(L)Bff(X)dx > (L)/.ff(x)dx,

TaK KakK (L)g f (x) dx>0 (B cuy HEOTPUIATEBHOCTH MOABLIHTErPaJb-

Holt pyHkiuu). Ha mHoxecTBe A umeer mecto f (x) > ¢; mepa A mo yc-
Josui0 paBHa a. Ilostomy

(L)Ef fx)dx > (L)f fFRde>c-mA =c- a

721. Jlanunas ¢ynxuusa noutu Bcrony Ha[0, 1] pasua x%. Cienosatesn-
HO, uMHTerpajwl JleGera or f (x) u or x® paBHBI APYr APYry; MO3TOMY
1

1
O §F@ar =) [wdi = @ [ 0dr =
0 0 b

722. O603HaYHM CMEXKHBIE MHTEPBAJLI KAHTOPOBAa MHOMKeCTBa D,
PacroNoXKeHHbIe B NOpsiike yObiBanus ux uH, yepes Ja,, B,[. Torna

1 o B,
@) [fwde=@) [Fe)de + 2 @) [[dx.
0 D - a,

Hurerpan no D paseH Hym0, TakK KaK mD = 0; uHTerpajel xe no npo-
MCXKYTKaM 1o, B, [ MoryT ObITb BBIYMC/IEHBl KaK HHTerpaibi Pumana;
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CefIOBaTeIbHO, KaXKAKE M3 HHX PaBeH NJOMAJH COOTBETCTBYIOLIETO
nonykpyra. Ilostomy

©co

1
© (10 ax = 3 ooz,
0

n=1 8
Ho nna kanTopoBa MHoMecTBa nmeeM: P, —a, = %, B, —ay, =P —
1 1
- O3 = 2’ Bp—oay = o =h—a = 3’ Ps —oay = ... =Py —
1
—Ogs = MT L
Iostomy
1
J 1 2 22 21 ] 1 n
L X)dx = ([~ 42 4= 4 == ===,
()5“) R R
723. PasoGbem orpesok [0, 1] Ha aBa oTpeska: [O, —;—] H l%, 1] ;

Ha TNepBOM HB HUX ¢YHKUMA f (X) SKBHBaJeHTHA QYHKUMH x°, HAa BTO-
poM — ¢yHRUMH X%, mO3TOMY

1
Eff(x)dx: bi"x3dx—|- Sl'lxzdx - + (i———i—) :ﬁ.

4.3 3 3.3 108
3
724. MuoxectBo E sBnsercsi OGbeJMHEHHEM OTPE3KOB 1%, %],
1 1 1 1 1 1
[E’ ~4—], [7, El' v [Qn—l-l’é;]’ .., @ TaKKE MHOXECTBA MepHl

HyJb, cocTosiero W3 aByX Todek: 0 u 1. Ha xaxjaom u3 atux or-
pe3KoB (pyHKLMs HHTerpupyema no Pumany; nostomy
1 1

2n

Sf(x)dx= §3x2dx+ §I3x2dx + .+ g 3x%dx 4 ... =
E 1 1 1

L

3 5 1
1 1 1 1 1 1
=3 TmTE gttt @n)® (2n+1)3+
drorT pAn abCOMIOTHO CXOAWTCS, W €ro cymma ¢ TogHocTeio jo 0,01
pasua 0,10.
725.

—

1 2 1
(L) sf (x)dx = 3’sin nxdx4 S cosnxdx = 0.
0 0 1

2



1 [ ! o =g Ot T-T >t

Si(x) 8,(%) f5(%)
- OB

0 il Tx 0 1 1 3 [ x 012345671 X

2 4 2 4 88884888
Puc. 50
726. ®yukuusa P, (x) ABIACTCS XapaKTepHCTHIECKOH (yHKUHEH MHO-
wectBa E, = -1— i, P (x) — XapaKTepHCTHYeCKOH (yHKuMe#l MHO-
wectBa E, = ] ] U , B3 (x) -— xapakrepucTu#eckofi (¢yHK-
5 3

ueit mMuHoxectBa Eg = -, = —, ljuT A
) [+ ] [¢3u]s5]u]e | nma

(cm  puc. 50) Ilanee, npounssenenue f;(x) - B;(x) siBjsiercst Xapakrte-
pucTHyeckoit Qynkuueir muHoxecrsa E;(\ E; (CM 3afiauy 9558); B yacr-
uoctd, (B, (x))* ecrpb xapamepucmqecxaﬂ ¢Gynkuus MHokectBa E;,
T. €. (B, (%))?* = B, (x). Jlerko BugeTh, UTO BCe MHONKeCTBa E; umeior Me-

p —;—, a mHoxectBa E;) E; umeior wmepy 7:‘ (npu i % j). Tlosromy

{
b hiose—niEin )~
0
npu i # j, 1 1
S(Bi (X)) dx = 5’ B, (x)dx = mE, = _;_
¢ 0
727. ®yukuuu @, (x) Jerko BhipaxawoTcs depes GyHkuuu f, (%),

pacCMOTPEHHbIe B TpepAyILel 3anaue: ¢, (x) =2 B, (x) — 1.
ITosTomy
1

1
(@0 @0 dx = [ @ (x)—1)- 2B, (x) — Ddx =
0 0

3 1 1 1
=4 ﬁz(x)ﬁj(x)dx—2§lii(x)dx——2§Bj(x)dx+ gdx=0

(4
npu { %= j. AHaJOrHYHO MONyYaeM:

1
§ @) dx=1.
0
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728. TlpousBonnas ¢ (x) u3mepuma Ha orpeske [a, b] (cMm. 3apauy
685) u, KpoMe TOro, me yCJIOBHIO OrpaHHYeHa; CJELOBaTeNIbHO, @' (x)
nHTerpupyema no JleGery na orpeske [a, b].

729. He cnenyer. B KauecTBe npHU Mep a BO3bMEM MOCHIEN0OBa-
TEJIbHOCTD qiynmmﬁ {f, (x)}, moctpoeHHbix B pemenuu 3ajgaun 699.

Scuo, uro | f, (x) dx =él? (cm. puc. 48). Tax kak mpu n— - oo
Takxe H kR — 4 oo, TO
1
lim | f, (x)dx =0.
n->-o00 0

Onnaxko {f, (x)} He cTpeMHTCs K HYJIIO HH B OfHOI TouKe orpeska [0, 1].
730. OTOT pe3yJabTaT JIETKO NOJY4YaeTcst U3 TeOpeMbl O TOM, UTO
c

¢yukuua ot ¢ (L) f f (x) dx umeer npousBOAHYIO IJ5 TOYTH BCeX

a
¢ €[a, b] u 3Ta npousBoiHas NOYTH BCIOZy PaBHA 3HAYEHHIO MNOJIBIH-
Terpa/jbHOl (yHKLIMH B Touke ¢. M3 ToxaecTBa

ff(x)deO

BLITEKaeT, YTO NPOM3BOJHLIE OT 00EeHX ero yacTeil paBHBI APYT APYTY,
T. €: YTO JJAsi nouTH Beex ¢ €[ a, b] umeer mecTo paseHcTBO [ (¢) = 0.

731. Ilna BuluHCIEHHSt MHTerpaza or GyHKmMH f(x) = T _l__
x—1
TIOCTpOHM €e Cp e3 Ky uuciom ¢ > 1 (puc. 51):
t npu xE] 1, l—i—t%[,
X =
L7l L npu x € [1 —|——l-, 2[.
Y —— £
YV X— 1
] | BEIYHCJHM HHTErpaj OT CPe3KH:
43 2 )
O [ Undr= [rdeg [ 2o
y‘T_rj— ¢ 3
t * 1o i l_l_l_s;/x——l
1 3 3 3 1
(7)) Gw =
Yro0b! BHUMCANTb HHTErpand o f(x), Ha-
10 HafiTH Npejie] HHTErpasna oT CPe3KH NpH
.~ t—> 4 oo:
0 Tl 2X . (3 1\ _ 3
1+ - 3_1\_3
3 4L) V f(x)dx _tll—r[-noo(2 212) >
Puc. 51 1, 2
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732. Buuucasis aHaNOTHYHO NpPeiBAYLIEMY, HafifeM:
(L) S' —i—dx:-]-oo;(L) Y %d}&—; 4o,

10 11 10, 1
CnenoBarenbHo, 06e 3TH (YHKLUMH He CYMMHpPYeMsl Ha HHTepBaje

10, 1[.

733. Oynkuus [ (x) skBuBaneHTHa GyHKUMH @ (x), paBHOH

l -

3 —
x
Ha npomexyTke ]0, 17 u Hymo B Touke x = 0; cjenoBare/bHO,

(L) f F () dx = (L) [ ¢ (x) dx =
[o, 13 [o, 11

1

= (L) \ 5= dx.
)Yy

10, 11

Buludc/sis MOCMeHUH HMHTErpan Kak MNpeles MHTerpajia oT CPe3Kd

o 3
MOJBIHTETPAIbHOM (PYHKLMH, HaXOXHM, YTO OH PpaBeH > CrenoBa-

TEJIBHO,
3
@ | 7wds=2.

[, 1 .

734. 3nech f(x) Ha npomexyTke 10, 1] sKkBUBaNeHTHA DYHKIHH Ve ;

X
CJIeI0BATENbHO,
O [ rwde=w | Lax
6, 13 61V *
[Mocnexuuit uHTErpas Jierko BoiuucasieTcs: (oH pasen 2). (weposa-

TeJbHO,
(L) [ F(®)de =2.
[0,13
735. Ecau f (x) orpaHuueHa W u3Mepuma Ha MHoxecTBe E, To

(f )™ u If (x)| Taxke orpaHHYeHbl ¥ M3MEPHMBl Ha 5TOM MHOXeCTBe
1

H, CJIeLOBATEIbHO, HHTErpHpyeMbl. DyHKIHS T® MOXET O0Ka3aThCs
X,

M HEOTPAHMYEHHOH, a HeOrpaHHuYeHHasi QYHKUUS MOMKET ObiTb HEHH-
Terpupyemoii; Hanpumep, GyHKIHA f (x) = x® orpaHdueHa U U3MepuMa

Ha E =[0, 1], Torna KaK QYHKIMS — HE OrpaHHYEHA H HE HHTErpHpY-
X

eMa Ha 3ToM OTpe3ke (cM. 3amauy 732).
736. Hanizem cpe3ky ¢yHKmuu f(x) udciaom ¢ > 0:

0 qnst x €D,
@) = jkmax€E, 1 <kn),
tais x €M,
rne E, ———koébenuﬂeﬂue CMCIKHBIX HHTepBaJloB paHra k (OYeBUIHO,
—1
mE, = 23—k>, n — ueaas 4acte uucaa  f, M, — o6beiuHeHue
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BCEX CMEXHbIX MHTEPBAJIOB PaHroB GONbLIMX ueM n (Mepa MHOMKeCTBa
M, paBHa

+2°° 2i—1 2’1)
- ==
i=f‘l+1 3’ 3

Brruncaum nm‘erpan OT CPE3KH,

ﬁﬂﬂhu_YOdm+25kdx+
k=1 Ek

n

*rae 3 a3,

k=1

Uro6bl BHIYACAWTL MHTETpan OT f (x), HaAo HalTH NpeRes HHTeTpaia
OT cpe3ku npu { — -+ oo, 3ameTuM, uroecau { — - 0o, T0 U n—>- o0,

Taxk kak t(—i—)n L<@n+1)- (%)n, a npejiesl NOCNEHEr0 BLIPaXKeHU A
npH n — - oo paBeH HYJMO, TO { - (%)"—» 0 npu t — + oo. Cneno-

BaTeJIbHO,

Jff(x) dx = llm j[f(x)], X = 11m (znk ‘32:—1)
k=1

i (2= 25 - LS (2

k=1

CyMMa nocJIelHero psiia HaxoauTcs ciaeaywoomuM oGpasom: o6osHas
yiM cymmy Gosee obmiero paga X k- gF! yepes @ (g). IToT paAx HBAA-
k=1

eTCst CTENEHHbIM; CJAEKOBaTeNbHO, €0 MOXKHO TIOYJIEHHO HHTErpHPOBAaTbH
Ha /oGOM OTPE3Ke, JIEXKALIEM BHYTPH HHTEPBa/a CXOAHMOCTH, B YaCTHO-
cru Ha otpeske [0, q], rae |g] < 1. ITosTomy

j¢@w—2m

k=1

q
dg = ——
ﬁ@q

bepsi Tenepp NpPOM3BOAHYIO OT OOEWX uyacTell paBeHCTBa, MNOMAYUHM:
0

1 1
. CanenosaresibHo, k.gFl= .
i—gp 2k =

P9 =

262



B uacTHocTH,
r—1 1

;:!k- (—i—) = 6:_2—)—22 9.

Hrak, OKOHUYATENbHO:

: _Loo 2\k—1 1
0jf(x)dx: Sglk-(?) ~Ll9-3

+o00
737. Heo6xogumocTh. [lycts p;mek - mE, pacxomuTes.
=0

U3 onpenenenus wmuoxects E, caenyer, uto | f(x)dx >k - mkE,.
Ep

[TostomMy asist JOOOTO HATypaJdbHOro 4ucjaa N cCropaBeiJIMBBI Hepa-
‘BEHCTBA

N—1 N~1
((FW)ydx > ¥ [ F () dx > Jk- mE,
E k=0 Ek k=0

N—1

Takkak X k - m E, = 4 oo npu N — -+ oo, o [[f (x)],dx—> + oo
npu N — + oo; caenoBarenbHo, GYHKIMA f(X) He cymmupyema Ha
MHOXecTBe E.

-+ o0
Hocratounoctb. Ilycte psan 2 k-mE, cxonurca. Torma u
k=0
00
pan 2 (k +1)mE, cxomuTcsi, TaK Kak OH MOXeT ObITb pasOHT Ha

k=0

+oo 4o

JBa CXOASIIMXCA psja: 2 k-mE, u 2 mE,. QOrciofa, OYEBUIHO,
k=0 k=0

caenyer, 4to OyHKuHA g(x) =k -+ 1 r:Lpn x€E,(k=0,1, 2, .)

cymmupyema Ha E u ee unTerpan paBeH Z(k-{— 1)mE,. Torma wu3
k=0

nepasetcts 0 < f(x) < g(x) npu x€E Boitekaer, no CBOHCTBY 5) HH-
Terpana JleGera or Heorpanuuensbx Gynkumit (c. 85), 4to n f(x)
cymmupyema Ha E.

738. Hcrnonb3yst 06O3HAueHHs Mpemlayllell 3ajaud, Jerko yGe-
HMTBCA B TOM, YTO AJsi JOGOr0 HATYPAIbHOTO YUC/IA kK MMEET MecTo
paBeHCTBO

Ey=EyUEeniUEeraU . s
orkyaa (tak xak E; (| E; = & npu i # j)

'"E;= MEy 4+ MEjty +mEpia + ... 5
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noJjiarag  3jgech k =1, 2, 3, ..., umeem:

mE; =mE, +mE, +-mE;+ ... +mE, + ...,

mE, = MEy 4+ mEy + ... + mE, + ...,
mE, = mEg + ...+ mE, -+ ...,

e e 2 s e e & v & e e & e e o o e e

CyMMHDYSl TOWIEHHO 3TH paBeHCTBa OT mepeoro no N-ro, rae N —
KaKoe-HHOyIb HaTypaslbHOE YHCJIO, MOMYYHM:

N
2 mE, = mE; 4+ 2mE, + 3mE; + ... + N - mEy +
—|—N-mEN+1+N-mEN+2+...=

——Ek mE, + 2 N .mkE,.

E=N-+1

Ecm pan Zk mE, cxoautcs, To 2 N.-mE, < 2 k-mE, n

k=N-+1 k=N-+1
MBI no.ny'xaeM'

ZmEk Ek mE, 4- Zk mEk-_Zk mE,,

k=N-+1

~y
T. €. pan Z mkE, cXoguTca (Kak Psj C HEOTPHUATETbHEIMH YJEeHaMH,
k=1

YaCTHYHbIE CYMMBI KOTOPOTO OrPAHHYEHBI NMOCTOSTHHBLIM YHCJIOM).

OGpaTtHo, €ec/d CXOAUTCH Pl E mkE,, to
k=1
N N ~ N ~ od ~
Ek’mEk=2mEk— 2 N mEk 2 m A ZmEk,
k=1 =1 k=N+1 k=1 k=1

oo
a 3HAUMT, CXOIHUTCA H LAl D k- mE,.
=1

[e o)

~
Hrak, cxonuMocTb paga >y mE, paBHOCH/IbHA CXOAMMOCTH Dsna
k=1

> k- mE,. Ho Tornaus pesyabTartoB NpeiblAyles 3aauy BLITEKAET,
’:;2) JJs CYMMHPYEMOCTH HEOTpHLUATeNbHON QYHKuMH f (¥) HEOGXOoIMMO
¥ JOCTaTOuHO, YTOOH A mEk CXOLHJICA.

739. Ilyctb  f(x) — o0 rkp aHHYeHHasa (QyHKuMa, npudeM
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sup f(x) = , inf f(x) = A. Pas3ofbeM TNpPOH3BOJbHLIM 0OBpPa3OM
1[0,

mpeaox [A, BJ oCH Oy HavacTH: A =y, <y < ... <y, <y, =
= B. OGosunauum

e=E(y<fx)<y), e;- =E(y. <T(kx) < ).
SIcHO, uTO X € ¢, TOrZA U TOMBKO TOTZa, KOTAa %x €ei, T. €. € = %e,.
CriefloBaTeNIbHO, me; = %me, (cm. 3apmauy 450).

mecnuM Ternepb AJsA 3TOr0 pasbueHus HUKHHE cyMmubl JleGera
su s aaa dyukuuil f (x) u f(kx) coorBeTcTBeHHO:

§ = Z Vi-ame;,
i=1

o~ 1 1
= 2 Yy s

Auanornuso nonyuaem, uro S’ =

vy
I
i
<
|

-:?S, rie S u S’ — BepXHHE CYMMBI
JleGera nast dyuruuit f (x) u f (kx). Orciona Jierko cilenyer, 4To ecjH
f (x) cymmupyema ua [0, a], To f (kx) cymmupyema Ha [O, %] H HMeeT

MECTO PaBEHCTBO

~ln

a

Flex)dx = L\ F(x) du. @
‘§ X k§ X )

Ecm f(x) He orpanunuena Ha[0,a] n HeoTpH L aTe-
JbHa, TOMH NUUIEM cHauala paseuctBo (1) pns cpesok [f (x)], u
[f (kx)]),, a 3aTem mepexomuM K mpejeay npu ¢ — - oo.

Eciu ke f(x) —3HakonepemeHHasn QyHkuus, e orpa-
unyenHas Ha [0, aJ, To Mbl nuIneM cHavana paseHcTBo (1) A5 QyHKUMHA

_ [ (x) npu f(x)>0 0 npa f (x) >0,
Fe =(6% I 0 20 w0 {2 ma i) 20
a 3aTeM NMOWIEHHO BbUHTaeM H3 paBeHcTBa (1), Hanucansoro ais fy (x),
aHAJIOTHYHOE PaBEHCTBO MJIs GyHKuMH f_ (X).

1 k
740. 3ameTuM IIpexKIe BCEro, 4YTo ecau (QYHKUHA — COS — He
X X

cymmupyema Ha J0, 1[ nmpu kakom-1mGok > 0, To OHa He cymMmmHpYyeMa
Ha 3TOM HHTepBaJje U HpH JoOOM ApPYroM k& > 0 (3T0JIErKO BHITEKAeT
U3 pe3y/asraTa Ipeblylel 3anaun).

1 2
JlokaxeM, yTo — cos— — Hecymmupyemasa ¢ynkuus Ha 0,1[,
X X
Ecnu 6bl oHa Obl1a CyMMHpyeMa Ha 3TOM HHTepBaje, TO Obiia Obl
1 1 o
cymmHpyeMa H OGYHKUHA — COS—; HO TOrZa, COIVIaCHO CBOHCTBY 5)
X X
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uHterpana JleGera or HeorpanuueHHbX GyHKuu# (c. 85), Obuia Obl

1 1
cymmupyema M (YHKUMS —cC0s®=  poromy uTO l: - cos? ” <
X X

1 1 1
< |—cos—|. =
= X X

1

1 1 2
=2. —cos® —— —Cos =, TO OTCIOfa BbiTeKasa Obl CyMMHPYEMOCTb
X X X X

2 1
A Tak Kak cos = = 2cos®— — 1 wu, 3Hayur,
X X

GyHKUHH LI 10,1[, uto HeBepHo (cM. 3amauy 732).
X

1 2
ITonyyennoe mnpoTHBOpeuyHe MOKa3blBaeT, UYTO (GYHKIUA — COS —
X X

1 k
necymmupyema Ha J0,1[. Ho torpa u mobGass dyHKUHA BHAAa — COS —
x X

Takxke Hecymmupyema ua 10, I[.
741, Ilycte yp (%), %g (%), ..., Xg (X) — XapaKTepHCTHYECKHE
1 2 n

¢ynkuun muoxkects E,, E,, ..., E,; paccmoTpum unTerpan / ot Cymmsl
3TUX (QyHKUHH:

b
= {0, )+, () + o + %, () dx =

b b
= 5 Xp, (W) dx + ... + 5 X (¥)dx=mEy + ... + mE, (1)

3ameTuM Tenepb, 4TO X, (x) + XE, x) + ... + Ye, (¥) > g B J0Go#

Touke x € [a, b] (310 C/IefyeT W3 TOro, 4TO MoGast Touka x € [a, b]
NPHHAJJEKUT N0 MEHbIIEH Mepe ¢ U3 3aJaHHBIX MHOXeCTB E;; mo3Tto-
MY NO MEHbIIEH# Mepe ¢ CJaraeMplX CyMMbI Xe, (x) + Xe, x4+ ...+

+ L, (x) B TOUKE X paBHHI 1) [TosTomy

/qux =q(b—a). @
CpasuuBas (1) u (2), monyuaem:
mE, + mE, + ... + mE, > q (b — a). 3

9

Eciu 6bt a5t Beex i Gbuio mE, < —q—(li:—- TO MBI GBI HMEJH 2 mE, <
n

< q (b—a), uro npoTuBOpeunT HepaBeHCTBY (3). Utak, xora 651 17151 Off-
Horo u3 E; umeer mecto

q(b—a)
mE, > — .
742. OGosnauum yepes F; MHOMecTBO Tex ToueK ¥ u3 E, rnei — 1
LIf@IKi@ =1,2,..). Torna E =F, | F, ... . SIcHo, uro
q;ym{lmﬂ f (x) cymmupyema Ha mHOMXecTBax F,. Bosbmenm KaKOH-HU-
OyAb paj Zq; C NONOMHTENbHBIMH WIEHAMH M 3aJafHM (YHKUUIO
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¢ (x) Ha E cnepyiomym o6pasom:

npu x€F,, ecm flf(t)]dt>0,
F,

i

| 7i7
‘Sglf(l‘)ldt
i
9 (x) = 1 npu x€F,, ecm Slf(t)ldt=9.
Fy

!(i =1,2, .).

Torga ¢ (x) — usmepuMasi GYHKUMS, TPHHHMAIOINAA TIOMOXKHTEIbHbIE
3Hauenus npu Bcex x € E, u

(o]

[110eWldr=3 (110 e@dr < < + oo
E =

i=] F,

crenoBarenbHo, ¢Gynkuus |f (x) ¢ (x)| cymmmupyema va E. Ho Torna
u ¢pynxuus f (x) ¢ (x) cymmupyema na E B cuty cBoiicTBa 4) HHTerpana
JleGera ot HeorpaHuueHHbIX ¢yHkuu# (c. 85).

743. IIpuwmep. Tlycrs ¢ (x) —L wa E =10,1L u f, (x) =
=[¢ (x)],. TlocnenoBarenpnocts {f, (;)} CXOIMTCS BCoAy Ha E =
=10, 1[ ¥ Hecymmupyemoil QyHKuMH @ (¥) = 1

744. lpumep. Ilycte E =[0,1] u i
n Ha [0, -1—],

n
0 Ha ]i, 1].
n

Torza lim f, (¥) = 0 nna Bcex x € 10, 1]. OnHako npesesn UHTErpanoB
n->-oco
OTJIMYEH OT HYJA:

fn (X) =

lim jf(x)dx =10,
n->—o [0, 1]

745. I1pumep. Ilyets E =[0, 1] u
1 1 1
fax) = {? o )
0 B ocranpnbix Toukax orpeska [0,1).
Torpa lim f, (x) = 0 Bciony na [0,1] u

n--foo

lim \ f,(x)dx = limIn 21! — 0.
n->+oci0 1 n--oo n

Onnako He cymecTByer cymmupyemoit Ha [0, 1] pyuxumu G (x), Koro-
pasg npesocxonua Gl Bce ¢pyHKuuu f, (x) nouru cioay na [0, 1]. Hei-
CTBUTENBHO, J106aa GyHKiMs ( (X), yLOBJETBOPSIOULAS HEPaBEHCTBY
G (x) > |f, (x)| ans Bcex n u mouTH Bcex X, OyAeT YAOBJIETBOPATH
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HepaBeHCTBY G (x)}-l— nouty Bcioay Ha [0, 1]; a Takas QYHKUM A HE CYyM-
X

1 o
mupyema Ha [0, 1], TaK Kak — He CymMMHpyema (CM. CBOHCTBO 5 HH-
X

Terpana Jle6era or HeOorpaHWYEHHHIX QYHKUMH, C. 83).
746. Mpumep. Haa n=2¢+i, e £ =0,1,2,.., 0
< i < 2%, monoxum
i+1
Pn (x) = { ok’
0 B ocrasbHBIX TOYKax otpe3ka [0,1]
(r. e. 9, (x) =k - f, (x), rae f, (x) — GyHKUHH, MOCTPOEHHLIE B pe-
meHnd 3ajgaun 699).
Tak ke, Kak B 3anaue 699, ybexpaeMmcs, 4TO MOC/JAEAOBATENbHOCTD
oyukuuit {@, (x)} cxoaurcs no mepe Ha £ = [0, 1] K QpyHKuMH, TOX-

JIeCTBEHHO paBHOH HYyJIo (Tak Kak mkE (9, > 0) < 215— npu JAo6oM

knpug—k<x<

o > 0), HO HE CXOJUTCA K Hell B OOLIYHOM CMBIC/IC HH B ONHOH TOYKE
9TOro oTpeska. JIerko BHIETb, YTO

k
[ onade =2,
[0.1]
Tark Kak us n— -+ oo craenyer k— 4 oo, TO NOCJEAOBATEJNbHOCTH
STHX HHTErpajioB CXOIMTCA K HYJIO NPH n — - oo. OnHaKo He cylle-
CTBYeT CyMMHPYeMOH (YHKLHMH (M BOOOIIE KOHEYHO3HAUHOH (DYyHKLUH)
G (x) Taxkoii, uto |f, (x)] < G (x) ana Bcex n noutu Bcroay Ha [0, 1].
747. Tlycrb cHauana GyHKuus f(x) HeoTpuHUmaTeabHa Ha

[a, b]. Hago pokasath, uro

b b
Jim tj f(x)dx = (L) j f (x)dx, (1)
T. €. 4YyTO pa3HOCTb

b b
@) [ Fyde — [Fds (@)
a f

MOXeT OHITh CllelaHa CKOJb YTOJHO MaJiofi Mo MopyJio npu f, pocTa-
ToyHo 6au3KoM K a. Ilyctb € > 0 — MPOH3BONLHOE MNOJIOKHMTEJAbHOE

b b
yucsno, a N — Takoe uucsao, uto (L) f f(x)dx — (L) j[f (x)]dx<—;i.

a a N
IIpeo6pasyem pasHocth (2) caeayiomum obpa3oM:

'(L) ff(x)dx_(L) ff(:@dx[:](uf f(x)dx!:
a t a

= |0 § ¢ — @) dr + @ @ a] 3
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IIOJ 3HAKOM KaXKJOro M3 HHTErpalioB B TOCJeIHEH YacTH PaBEHCTBa
CTOMT HeoTpHLaTeNbHafg (YHKUHMA; NOITOMY 3/1eCh 3HAKH MOLYJS MO-
IYT ObiTb OTOpOLIeHbl. OUEeHUM Tenepb KaxKIblif HHTErpaj B OTAENb-
HOCTH:

t b
D[ ¢ () =01 dx < @) | (0 —[F (1)) dx =

b b
=0 W d— ) [ @y dx < ot

t
O [0y de <N ¢ —a).

Ho N{¢ —a) <§ mpu O0<t—a< %}, Hrak nna scex £, yrobie-
TBOPAIOLIMX HepaBeHCTBY 0 < f—a < 5‘;—], HMeeM, COIVIaCHO paBeH-
cTBy (3):

b b
D) [ 7 de—[F () dxl <e,

OTKYAa CJeLyeT, 4To
Jim j fx)dx = (L) j  (x) dx.

Ecan Tenepp cymmupyemasa ¢yHkuus f(x) npuHaMaer Ha [a, b]
3HaueHHsl pa3HE X 3HAaKOB U HeNpepelBHAa BCIONY Ha Ja, b],
TO Mbl NPEJICTABJsIEM €€ B BHJE

fx) =F ) —F- &),

rjae
Fr@ = 5 (F@1+ @), F-09 = o (F (9] —F ().

®yuxuu f, (¥) 1 f_ (x) ofe HenpepsIBHEI Ha NpoMexyTKe Ja, b] u He-
orpuuarenbusl. IlosTomy

b b b
(L) 5 fx)dx = (L) jf+ (x) dx— (L) jf- () dx =

——11m § f+(x)dx—-hm jf_(x)dx hm j f (%) dx.

Urag, ans moGoit cymmupyeMol QYHKUHMH [ (x), HENPepPHIBHOH BCIOXY
Ha [a, b], XpoMe TOYKH @, HECOOCTBeHHBIH MHTerpan Komu paseH HH-
Terpany JleGera.
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748. [lycrs

£(2) {lcos—i- Ha 10, 1],
= x
0 mpu x=0.

Jra cbymmpm unrerpipyema no Kowum na [0, 1]. HeiicTBuTenbHO,

—

1
(C)j—cos—dx = lim —lcos~ dx =lim \z-cosz- (-%) dz =
r4

t-+-0 X t+40,
: i
t
L
t +o00
Cos 2 COs 2
= lim Y 5 —=d
t>40 4 z

cy-

LIECTBYET.

1 1
Uro xe Kacaercsi uHTerpana Jlebera or ¢yHKUMH —COS—  HA
X X

yuactke [0, 1], To o He cymectByer (cm. 3amauy 740).
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