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PREFACE

Man has the faculty of becoming completely absorbed in one subject,
no matter how trivial and no subject is so trivial that it will not assume
infinite proportions if one’s entire attention is devoted to it.

—Tolstoy, War and Peace

The Twin Shining Stars

The Fibonacci sequence and the Lucas sequence are the two shining stars in the
vast array of integer sequences. They have fascinated both amateurs and professional
mathematicians for centuries, and they continue to charm us with their beauty, their
abundant applications, and their ubiquitous habit of occurring in totally surprising
and unrelated places. They continue to be a fertile ground for creative amateurs and
mathematicians alike.

This book grew out of my fascination with the intriguing beauty and rich appli-
cations of the twin sequences. It has been my long-cherished dream to study and to
assemble the myriad properties of both Fibonacci and Lucas numbers, developed over
the centuries, and to catalog their applications to various disciplines in an orderly and
enjoyable fashion.

An enormous amount of information is available in the mathematical literature
on Fibonacci and Lucas numbers; but, unfortunately, most of it is widely scattered
in numerous journals, so it is not easily accessible to many, especially to non-
professionals. In this book, I have collected and presented materials from a wide
range of sources, so that the finished volume represents, to the best of my knowledge,
the largest comprehensive study of this area to date.

Although many Fibonacci enthusiasts know the basics of Fibonacci and Lucas
numbers, there are a multitude of discoveries about properties and applications that

xi



xii PREFACE

may be less familiar. Fibonacci and Lucas numbers are also a source of great fun;
teachers and professors often use them to generate excitement among students, who
find that the sequences stimulate their intellectual curiosity and sharpen their mathe-
matical skills, such as pattern recognition, conjecturing, proof techniques, and problem-
solving.

Audience

This book is intended for a wide audience. College undergraduate and graduate
students often opt to study Fibonacci and Lucas numbers because they find them
challenging and exciting. Often many students propose new and interesting problems
in periodicals. It is certainly delightful that students often pursue Fibonacci and Lucas
numbers for their senior and master’s theses.

High school students have enjoyed exploring this material for a number of years.
Using Fibonacci and Lucas topics, students at Framingham High School in
Massachusetts, for instance, have published many of their Fibonacci and Lucas
discoveries in Mathematics Teacher.

I have also included a large amount of advanced material to challenge mathemati-
cally sophisticated enthusiasts and professionals in such diverse fields as art, biology,
chemistry, electrical engineering, neurophysiology, physics, and music. It is my hope
that this book will serve them as a valuable resource in exploring new applications
and discoveries, and advance the frontiers of mathematical knowledge.

Organization

In the interest of manageability, the book is divided into forty-seven short chapters.
Most conclude with numeric and theoretical exercises for Fibonacci enthusiasts to
explore, conjecture, and confirm. I hope that the exercises are as exciting for readers
as they are for me. Where the omission can be made without sacrificing the essence
of development or focus, I have omitted some of the long, tedious proofs of theorems.
The solutions to all odd-numbered exercises are given in the back of the book.

Salient Features

Salient features of this book include: a user-friendly, historical approach; a nonintim-
idating style; a wealth of identities, applications, and exercises of varying degrees of
difficulty and sophistication; links to graph theory, matrices, geometry, and trigonom-
etry; the stock market; and relationships to geometry and information from everyday
life. For example, works of art are discussed vis-3-vis the Golden Ratio, one of the
most intriguing irrational numbers.
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Interdisciplinary Appeal

The book contains numerous and fascinating applications to a wide spectrum of
disciplines and endeavors; These include art, architecture, biology, chemistry, chess,
electrical engineering, geometry, graph theory, music, origami, poetry, physics, phys-
iology, psychology, neurophysiology, sewage/water treatment, snow plowing, stock
market trading, and trigonometry. Most of the applications are well within the reach
of mathematically sophisticated amateurs, although they vary in difficulty and sophis-
tication.

Historical Perspective

Throughout, I have tried to present historical background for the material, and to
humanize the discourse by giving the name and affiliation of every contributor to
the field, as well as the year of contribution. My apologies to any discoverers whose
names or affiliations are missing; I would be pleased to hear of any such inadvertent
omissions.

Puzzles

The book contains several numeric puzzles based on Fibonacci numbers. In addition,
it contains several popular geometric paradoxes, again rooted in Fibonacci numbers,
which are certainly a source of excitement and surprise.

List of Symbols

A glossary of symbols follows this preface. Readers can find a list of the fundamental
properties from the theory of numbers and the theory of matrices in the Appendix.
Those who are curious about their proofs will find them in my forthcoming book on
number theory.

I would be delighted to hear from Fibonacci enthusiasts about any possible inad-
vertent errors. If any reader should have questions, or should discover any additional
properties and applications, I would be more than happy to hear about them.

Acknowledgments
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improve the manuscript with their constructive suggestions, comments, and support.
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LEONARDO FIBONACCI

Leonardo Fibonacci, also called Leonardo Pisano or Leonard of Pisa, was the most
outstanding mathematician of the European Middle Ages. Little is known about his
life except for the few facts he gives in his mathematical writings. Ironically, none of
his contemporaries mention him in any document that survives.

Fibonacci (Fig. 1.1) was born around 1170 into the Bonacci family of Pisa, a
prosperous mercantile center. (“Fibonacci” is a contraction of “Filius Bonacci,” son
of Bonacci.) His father Guglielmo (William) was a successful merchant, who wanted
his son to follow his trade.

Around 1190, when Guglielmo was appointed collector of customs in the Algerian
city of Bugia (now Bougie), he brought Leonardo there to learn the art of computation.
In Bougie, Fibonacci received his early education from a Muslim schoolmaster, who
introduced him to the Indo-Arabic numeration system and Indo-Arabic computational
techniques. He also introduced Fibonacci to a book on algebra, Hisdb al-jabr w’al-
mugabdlah, written by the Persian mathematician, al-Khowarizmi (ca. 825). (The
word algebra is derived from the title of this book.)

As an adult, Fibonacci made frequent business trips to Egypt, Syria, Greece,
France, and Constantinople, where he studied the various systems of arithmetic then
in use, and exchanged views with native scholars. He also lived for a time at the court
of the Roman Emperor, Frederick 1I (1194-1250), and engaged in scientific debates
with the Emperor and his philosophers.

Around 1200, at the age of about 30, Fibonacci returned home to Pisa. He was
convinced of the elegance and practical superiority of the Indo-Arabic system over
the Roman numeration system then in use in Italy. In 1202, Fibonacci published his
pioneering work, Liber Abaci (The Book of the Abacus.) (The word abaci here does
not refer to the hand calculator called an abacus, but to computation in general.) Liber
Abaci was devoted to arithmetic and elementary algebra; it introduced the Indo-
Arabic numeration system and arithmetic algorithms to Europe. In fact, Fibonacci
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Figure 1.1. Fibonacci (Source: David Eugene Smith Collection, Rare Book and Manuscript Library,
Columbia University.).

demonstrated in this book the power of the Indo-Arabic system more vigorously
than in any mathematical work up to that time. Liber Abaci’s 15 chapters explain the
major contributions to algebra by al-Khowarizmi and another Persian mathematician,
Abu Kamil (ca. 900). Six years later, Fibonacci revised Liber Abaci and dedicated the
second edition to Michael Scott, the most famous philosopher and astrologer at the
court of Frederick II.

After Liber Abaci, Fibonacci wrote three other influential books. Practica
Geometriae (Practice of Geometry), written in 1220, is divided into eight chapters
and is dedicated to Master Domonique, about whom little is known. This book
skillfully presents geometry and trigonometry with Euclidean rigor and some origi-
nality. Fibonacci employs algebra to solve geometric problems and geometry to solve
algebraic problems, a radical approach for the Europe of his day.
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His next two books, the Flos (Blossom or Flower) and the Liber Quadratorum
(The Book of Square Numbers) were published in 1225. Although both deal with
number theory, Liber Quadratorum earned Fibonacci his reputation as a major number
theorist, ranked between the Greek mathematician Diophantus (ca. 250 A.D.) and the
French mathematician Pierre de Fermat (1601-1665). Flos and Liber Quadratorum
exemplify Fibonacci’s brilliance and originality of thought, which outshine the abil-
ities of most scholars of his time.

In 1225 Frederick I wanted to test Fibonacci’s talents, so he invited him to his
court for a mathematical tournament. The contest consisted of three problems. The
first was to find a rational number x such that both x2 — 5 and x? + 5 are squares of
rational numbers. Fibonacci gave the correct answer 41/12: (41/12)? =5 = (31/12)?
and (41/12)? 4+ 5 = (49/12)2.

The second problem was to find a solution of the cubic equation x3 + 2x? +
10x — 20 = 0. Fibonacci showed geometrically that it has no solutions of the form

Va + /b, but gave an approximate solution, 1.3688081075, which is correct to nine
decimal places. This answer appears in the Flos without any explanation.
The third problem, also recorded in the Flos, was to solve the following:

Three people share 1/2, 1/3, and 1/6 of a pile of money. Each takes some money from
the pile until nothing is left. The first person then returns one- half of what he took, the
second one-third, and the third one-sixth. When the total thus returned is divided among
them equally, each possesses his correct share. How much money was in the original
pile? How much did each person take from the pile?

Fibonacci established that the problem was indeterminate and gave 47 as the smallest
answer. In the contest, none of Fibonacci’s competitors could solve any of these
problems.

The Emperor recognized Fibonacci’s contributions to the city of Pisa, both as a
teacher and as a citizen. Today, a statue of Fibonacci stands in a garden across the
Arno River, near the Leaning Tower of Pisa.

Not long after Fibonacci’s death in about 1240, Italian merchants began to appre-
ciate the power of the Indo-Arabic system and gradually adopted it for business
transactions. By the end of the sixteenth century, most of Europe had accepted it.
Liber Abaci remained the European standard for more than two centuries and played
a significant role in displacing the unwieldy Roman numeration system.



THE RABBIT PROBLEM

Fibonacci’s classic book, Liber Abaci, contains many elementary problems, including
the following famous problem on rabbits:

Suppose there are two newborn rabbits, one male and the other female. Find the number
of rabbits produced in a year if:

1) each pair takes one month to become mature;
2) each pair produces a mixed pair every month, from the second month on; and

3) no rabbits die during the course of the year.

Suppose, for convenience, that the original pair of rabbits was born on January 1.
They take a month to become mature, so there is still only one pair on February 1.
On March 1, they are two months old and produce a new mixed pair, a total of two
pairs. Continuing like this, there wiil be three pairs on April 1, five pairs on May 1,
and so on. See the last row of Table 2.1.

TABLE 2.1.

Number of Pairs  Jan Feb Mar Apr May Jun Jul Aug
Adults 0 { 1 2 3 5 8 13
Babies 1 0 1 1 2 3 5 8
Total 1 1 2 3 5 8 13 21
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Figure 2.1. Lucas (Source: H. C. Williams, Edouard Lucas and Primality Testing, New York: Wiley,
1998. Copyright © 1998, reprinted with permission of John Wiley & Sons, Inc.).

FIBONACCI NUMBERS

The numbers in the bottom row are called Fibonacci numbers, and the number
sequence 1, 1, 2, 3, 5, 8, ... is the Fibonacci sequence. Table A.2 in the Appendix
lists the first 100 Fibonacci numbers.

The sequence was given its name in May of 1876 by the outstanding French mathe-
matician Frangois-Edouard-Anatole-Lucas (Fig. 2.1)," who had originally called it
“the series of Lamé,” after the French mathematician Gabriel Lamé (1795-1870). It
is a bit ironic that despite Fibonacci’s numerous mathematical contributions, he is
primarily remembered for this sequence that bears his name.

*Frangois-Edouard-Anatole-Lucas was born in Amiens, France, in 1842. After completing his studies at
the Ecole Normale in Amiens, he worked as an assistant at the Paris Observatory. He served as an artillery
officer in the Franco-Prussian war and then became professor of mathematics at the Lycee Saint-Louis
and Lycee Charlemagne, both in Paris, and he was a gifted and entertaining teacher. Lucas died of a freak
accident at a banquet; his cheek was gashed by a shard that flew from a plate that was accidently dropped;
he died from infection within a few days, on October 3, 1891.

Lucas loved computing and developed plans for a computer, but it never materialized. Besides his
contributions to number theory, he is known for his four-volume classic on recreational mathematics. Best
known among the problems he developed is the Tower of Brahma.
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The Fibonacci sequence is one of the most intriguing number sequences, and it
continues to provide ample opportunities for professional and amateur mathemati-
cians to make conjectures and to expand the mathematical horizon.

The sequence is so important that an organization of mathematicians, The Fibonacci
Association, has been formed for the study of Fibonacci and related integer sequences.
The association was founded in 1963 by Verner E. Hoggatt, Jr. (1921-1980) of
San Jose State College (now San Jose State University), California, and Brother
Alfred Brousseau (1907-1988) of St. Mary’s College in California. The association
publishes The Fibonacci Quarterly, devoted to articles related to integer sequences.

A close look at the Fibonacci sequence reveals that it has a fascinating property:
every Fibonacci number, except the first two, is the sum of the two immediately
preceding Fibonacci numbers. (At the given rate, there will be 144 pairs of rabbits on
December 1. This can be verified by extending Table 2.1 through December.)

RECURSIVE DEFINITION

This observation yields the following recursive definition of the nth Fibonacci number,
F,:

FF=F=1 < Initial conditions

F,=F,,+F,» n >3 <« Recurrence relation 2D

We shall formally establish the validity of this recurrence relation shortly.

It is not known whether Fibonacci knew of this relation. If he did, no record
exists to that effect. In fact, the first written confirmation of the recurrence relation
appeared four centuries later, when the great German astronomer and mathematician
Johannes Kepler (1571-1630) wrote that Fibonacci must have surely noticed this
recursive relationship. In any case, it was first noticed by the Dutch mathematician
Albert Girard (1595-1632).

However, according to P. Singh of Raj Narain College in Bihar, India, Fibonacci
numbers and the recursive formulation were known in India several centuries before
Fibonacci proposed the problem; they were given by Virahanka (between 600 and
800 A.D.), Gopala (prior to 1135 A.D.), and Hemacandra (about 1150 A.D.). In fact,
Fibonacci numbers also occur as a special case of a formula established by Narayana
Pandita (1356 A.D.).

The growth of the rabbit population can be displayed nicely in a tree diagram, as
Figure 2.2 shows. Each new branch of the “dream-tree” becomes an aduit branch in
one month and each adult branch, including the trunk, produces a new branch every
month.

Table 2.1 shows several interesting relationships among the numbers of adult pairs,
baby pairs, and total pairs. To see these relationships, let A, denote the number of
adult pairs and B, the number of baby pairs in month n, where n > 1. Clearly, A; = 0,
and A2 =1=8B 1.
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Month Total number of branches
13

N

/
)/
/|

2. K ‘

Figure 2.2. A Fibonacci tree.

-

Suppose n > 3. Since each adult pair produces a mixed baby pair in month n, the
number of baby pairs in month n equals the number of adult pairs in the preceding
month, that is, B, = A,_. Then:

Number of pairs \ _ ( Number of adult pairs Number of baby pairs
in month n ~ \inmonth n — 1 inmonthn — 1
That is,

An = An—l + Bn—l
= Ap 1+ Ap n>3

Thus A, satisfies the same recurrence relation as the Fibonacci recurrence relation
(FRR), where A; = 1 = Aj. Consequently, F, = A 4y, n > 1.
Notice that:

Total number of pairs | _ { Number of adult pairs " Number of baby pairs
in month n "\ in month n in month n

Thatis, F, = A, + B, = A, + A,_,wheren > 3. Thus F, = F,_y + F,_;,n > 3.
This establishes the Fibonacci recurrence relation observed earlier.

Since F, = A,41, where n > 1, every entry in row 1, beginning with the second
element (February), is a Fibonacci number. In other words, the ith element in row 1 is
F;_\,wherei > 2. Likewise, since B, = A,_; = F,_,, where n > 3, the ith element
inrow 2is F;_,, where i > 3.

The recursive definition of F, yields a straightforward method for computing it,
as Algorithm 2.1 shows.
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Fy
/\
Fy F,
/'\ /\
F3 F F F
/.\
F2 F1

Figure 2.3. Tree diagram of recursive computing of Fs.

Algorithm Fibonacci (n)

(* This algorithm computes the nth Fibonacci number
using recursion. )

Begin (% algorithm x)

if n = 1 or n = 2 then (* base cases x*)
Fibonacci « 1
else (*x general case x)

Fibonacci <« Fibonacci(n — 1) + Fibonacci(n - 2)
End (* algorithm x)

Algorithm 2.1.

The tree diagram in Figure 2.3 illustrates the recursive computing of Fs, where
each dot represents an addition.

Using the recurrence relation (Eq. 2.1), we can assign a meaningful value to Fp.
When n = 2, Eq. (2.1) yields F; = F) + Fp, thatis, | = 1+ Fy, so Fy = 0. This fact
will come in handy in our later discussions.

In the case of a nontrivial triangle, it is well known that the sum of the lengths of
any two sides is greater than the length of the third side. Accordingly, the FRR can be
interpreted to mean that no three consecutive Fibonacci numbers can be the lengths

of the sides of a nontrivial triangle.

LUCAS NUMBERS

Using the Fibonacci recurrence relation and different initial conditions, we can
construct new number sequences. For instance, let L, be the nth term of a sequence
withL, =1,L,=3,and L, = L,_y + L,—3, n = 3. The resulting sequence 1, 3,
4,7, 11, ... is called the Lucas sequence, after Edouard Lucas; L, is the nth term of
the sequence. Table A.2 also lists the first 100 Lucas numbers.

We will see in later chapters that L,, and F,, are very closely related, and hence the
title of this book. For instance, both L, and F, satisfy the same recurrence relation.
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FIBONACCI AND LUCAS SQUARES AND CUBES

Of the infinitely many Fibonacci numbers, some have special characteristics. For
example, only two distinct Fibonacci numbers are perfect squares, namely, 1 and
144. This was established in 1964 by J. H. E. Cohn of the University of London. In
the same year, Cohn also established that 1 and 4 are the only Lucas squares (see
Chapter 34).

In 1969, H. London of McGill University and R. Finkelstein of Bowling Green
State University proved that there are exactly two distinct Fibonacci cubes, namely,
1 and 8, and that the only Lucas cube is [.

A UBIQUITOUS FIBONACCI NUMBER
AND ITS CONSTANT LUCAS COMPANION

Another Fibonacci number that appears to be ubiquitous is 89.

« Since 1/89 is a rational number, its decimal expansion is periodic:

1
o= 0.011235955056179775280 (89) 887640449438202247191
t

The period is 44, and a surprising number occurs in the middie of a repeating
block.

« Itis the eleventh Fibonacci number, and both 11 (the fifth Lucas number) and 89
are prime numbers. While 89 can be viewed as the (8 + 3)rd Fibonacci number,
it can also be looked at as the (8 - 3)rd prime.

« Concatenating 11 and 89 gives the number 1189. Since 1189 = (1 + 2+
3+...41681)/2, itis also a triangular number. Interestingly enough, there are
1189 chapters in the Bible, of which 89 are in the four gospels.

« Eighty-nine is the smallest number to stubbornly resist being transformed into
a palindrome by the familiar “reverse the digits and then add” method. In this
case, it takes 24 steps to produce a palindrome, namely, 8813200023188.

« 8+ 9 is the sum of the four primes preceding 11, and 8 - 9 is the sum of the four
primes succeeding it: 17 =24+3+54+7and 72 = 13 4+ 17 + 19 + 23.

« The most recent year divisible by 89 is 1958: 1958 = 2 - 11 - 89. Notice the
prominent appearance of 11 again.

« The next year divisible by 89 is 2047 = 2!' — 1. Again, 11 makes a con-
spicuous appearance. It is, in fact, the smallest number of the form 27 —
1, which is not a prime, where p is of course a prime. Primes of the form
27 — 1 are called Mersenne primes, after the French Franciscan priest Marin
Mersenne (1588-1648), so 2047 is the smallest Mersenne number that is not
a prime.
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« On the other hand, 2% — 1 is a Mersenne prime; in fact, it is the tenth Mersenne
prime, discovered in 1911 by R. E. Powers. Its decimal value contains 27 digits
and looks like this:

2% _ 1 = 6189700196 --- 11

The first three digits are significant because that they are the first three
decimal digits of an intriguing irrational number we shall encounter in
Chapters 20-27. Once again, note the surprising appearance of 11 at
the end.

« Multiply the two digits of 89; add its digits again; and their sum is again
89: (8-9) + (84+9) = 89. (It would be interesting to check if there are
other numbers that exhibit this remarkable behavior.) Also, 8/9 = 0.89.

« There are only two consecutive positive integers, one of which is a square and
the other a cube: 8 = 23 and 9 = 3%

Square the digits of 89 and add them to obtain 145. Add the squares of its digits
again. Continue like this. After eight iterations, we return to 89:

80 > 14554252054 - 16— 37 > 58 — 89

In fact, if we apply this “sum the squares of the digits” method to any number,
we will eventually attain 89 or 1.

« On 8/9 in 1974, an unfortunate and unprecedented event occurred in the history
of the United States—the resignation of President Richard M. Nixon. Strangely
enough, if we swap the digits of 89, we get the date on which Nixon was pardoned
by his successor, President Gerald R. Ford.

All these fascinating observations about 11 and 89 were made in 1996 by M. J. Zerger
of Adams State College, Colorado.

Soon after these Fibonacci curiosities appeared in Mathematics Teacher,
G. J. Greenbury of England (private communication, 2000) contacted Zerger with
two curiosities involving the decimal expansions of two primes:

5 = 0.0344827586206(89)6551724137931

1
2
1
§§ = 0. 0169491525423728813559322022033(89)8305084745762711864406779661
Curiously enough, 89 makes its remarkable appearance in the repeating block of each
expansion.
R. K. Guy of the University of Calgary, Canada, in his fascinating book, Unsolved

Problems in Number Theory, presents an interesting number sequence {x,}. It has a
quite remarkable and not immediately obvious relationship with 89. The sequence is
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defined recursively as follows:

X()=l

Lt bady
n

Xp =

For example, xo = 1, x; = (1 + 1)/l =2, and x; = (1 + 13 + 2%)/2 = 5.
Surprisingly enough, x, is integral for 0 < n < 89, but xg is not.

FIBONACCI AND PRIMES

Zerger also observed that the product Fg F7 Fg Fy is the product of the first seven prime
numbers: Fg F7 Fy Fg = 13-21-34.55 = 510,510 = 2.3.5.7-11-13-17. Interestingly
enough, 510 is the Dewey Decimal Classification Number for Mathematics.

FIBONACCI AND LUCAS PRIMES

Many Fibonacci and Lucas numbers are indeed primes. For example, the Fibonacci
numbers 2, 3, 5, 13, 89, 233, and 1597 are primes, and so are the Lucas numbers 3, 7,
11,29, 47, 199, and 521. Although it is widely believed that there are infinitely many
Fibonacci and Lucas primes, their proofs still remain elusive.

The largest known Fibonacci prime is Fg3;1, and the largest known Lucas prime
is Ly4449. Discovered in 1999 by H. Dubner and W. Keller, they are 1946 and 3020
digits long, respectively. (Chapter 5 discusses a method for determining the number
of digits in both F,, and L,.)

Table A.3 lists the canonical prime factorizations of the first 100 Fibonacci num-
bers. Lucas had found the prime factorizations of the first 60 Fibonacci numbers
before March 1877 and most likely even earlier. Boldface type in the table indicates
the corresponding prime factor’s first appearance in the list. For instance, the largest
prime among the first 100 Fibonacci numbers is Fgj.

Table A.4 gives the complete prime factorizations of the first 100 Lucas numbers.

CUNNINGHAM CHAINS

A Cunningham chain, named after Lt. Col. Allan J. C. Cunningham (1842-1928),
an officer in the British Army, is a sequence of primes in which each element is one
more than twice its predecessor. Interestingly enough, the smallest six-element chain
begins with 89: 89, 179, 359, 719, 1439, 2879.

Are there Fibonacci and Lucas numbers that are one more than or one less than a
square? A cube? We shall find the answers shortly.



12 THE RABBIT PROBLEM
FIBONACCI AND LUCAS NUMBERS w? + 1, w >0

In 1973, R. P. Finkelstein of Bowling Green State University, Ohio, established yet
another curiosity: The only Fibonacci numbers of the form w? + 1, where w > 0, are
1,2,and5:1=0+1,2=12+1,and5=22 + 1.

Two years later, Finkelstein proved that the only Lucas numbers of the same form
are2and 1:2=12+1and1 =02 + 1.

In 1981, N. R. Robbins of Bernard M. Baruch College, New York, proved that the
only Fibonacci numbers of the form w? — 1, where w > 0, are 3and 8: 3 = 22 — 1
and 8 = 3% — 1. The only such Lucas number is 3.

FIBONACCI AND LUCAS NUMBERS w’ + 1, w >0

In the same year, Robbins also determined all Fibonacci and Lucas numbers of the
form w? & 1, where w > 0. There are two Fibonacci numbers of the form w? + 1,
namely, 1 and 2: 1 = 0> + 1 and 2 = 13 + 1. There are two Lucas numbers of the
same form: 1 and 2.

There are no Fibonacci numbers of the form w? — 1, where w > 0. But there is
exactly one such Lucas number, namely, 7: 7 = 23 — 1.

FIBONACCI NUMBERS (a° + b%)/2

Certain Fibonacci numbers can be expressed as one-half of the sum or difference of
two cubes. For example, 1 = (13 +13)/2,8 = (22 +2%)/2,and 13 = (3° —13)/2. In
fact, at the 1969 Summer Institute on Number Theory, held at Stony Brook, New York,
H. M. Stark of the University of Michigan at Ann Arbor asked: Which Fibonacci
numbers have this distinct property? This problem is linked to the finding of all
complex quadratic fields with class 2. In 1983, J. A. Antoniadis tied such fields to
solutions of certain diophantine equations.

FIBONACCI AND LUCAS TRIANGULAR NUMBERS

A triangular number is a positive integer of the form n(n + 1)/2. The first five
triangular numbers are 1, 3, 6, 10, and 15; they can be represented geometrically, as
Figure 2.4 shows.
In. 1963, M. H. Tallman of Brooklyn, New York, observed that the Fibonacci
numbers 1, 3, 21, and 55 are triangular numbers:
1.2 2-3 6-7 1011
1 = 7 3= > 21 = > and 55 = >

He asked if there were any other Fibonacci number that is also triangular.
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.
] . ]
° . ° ) ° .
. ° . . . . . ° . .
e o . ° . ° . ° ° . ° . . . .
1 3 6 10 15

Figure 2.4. The first five triangular numbers.

Twenty-two years later, S. R. Wall of Trident Technical College, South Carolina,
established that there are no other triangular numbers in the first one billion Fibonacci
numbers. In fact, he conjectured that there are no other such Fibonacci numbers.

In 1976, Finkelstein proved that 1, 3, 21, and 55 are the only triangular Fibonacci
numbers of the form F3,.

In fact, eleven years later, L. Ming of Chongqing Teachers’ College, China, proved
conclusively that 1, 3, 21, and 55 are the only Fibonacci triangular numbers. This
result is a byproduct of the two following results by Ming:

« 8F, + 1 is a perfect square if and only if n = 0, £1, 2, 4, 8, 10.
« F, is triangular if and only if n = %1, 2, 4, 8, 10.

Are there Lucas numbers that are also triangular? Obviously, 1 and 3 are. In
fact, in 1990, Ming also established that the only such Lucas numbers are 1, 3, and
5778:

1.2 2.3 107 - 108

L S d 5778 =
2 an 2

FIBONACCI AND THE BEASTLY NUMBER

In 1989, C. Singh of St. Laurent’s University in Quebec, Canada, discovered some
mystical relationships between the infamous beastly number, 666, and Fibonacci
numbers F,:

« 666 =Fis+ Fii — Fo+ F,where 15+ 11 =94 1 =6+ 6 +6.

« 666 = F} + F; + F} + F2 + F;, where the sum of the subscripts equals
1+2+4+54+6=6+6+6

. 666 = [F} + (F, + F3 + F4 + F5)’]/2.
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EXERCISES 2

. Compute the first 20 Fibonacci numbers.

. Compute the first 20 Lucas numbers.

. Determine the value of Lg.

. Using the FRR (Eq. 2.1), compute the value of F_,, where 1 < n < 10.
. Using Exercise 4, predict the value of F_, in terms of F,.

. Compute the value of L_,, where 1 <n < 10.

. Using Exercise 6, predict the value of L_, in terms of L,,.

NN AW N -

To commemorate the publication of the maiden issue of the Journal of Recreational
Mathematics, L. Bankoff of Los Angles published his discovery that F5y — Fio—
Fis — Fs — F\ = Fi17+ Fi3 + F11 + Fo + F7 4+ F; and that each sum gives the year.
8. Find the year in which the journal was first published.
9. Verify that the sums of the subscripts of the Fibonacci numbers on either side
are equal.

Compute the sum ) F; for each value of n.
1

10. 3
11. 5
12. 7
13. 8

14. Using Exercises 1013, predict a formula for Z':: F;.

15-18. Compute the sum Z:: L; for each value of n in Exercises 10-13.
19. Using Exercises 15-18, predict a formula for Z:: L;.

20-23. Compute the sum i F? for each value of n in Exercises 10-13.
24. Using Exercises 2023, predict a formula for the sum i F2.

25-28. Compute the sum Z':: L? for each value of n in Exercises 10-13.

n
29. Using Exercises 20-23, predict a formula for the sum . L2.
1

30. Verify that F,, = F,L, forn =3 and n = 8.
31. Verifythat L, = F,— + Fy4 forn =4andn =17.

Let @, denote the number of additions needed to compute F, by recursion:
32. Define a, recursively.
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33.
34.
35.

36.

37.

Show thata, = F, —1,n > 1.

Prove that F, < 1.75" for every positive integer n (LeVeque, 1962).

Show that there are no four distinct Fibonacci numbers in arithmetic progres-
sion (Silverman, 1964).

Let [, = fol x"1dx wheren > 2and I, = fol x dx. Evaluate 1, (Lind,
1965).

IfF, <x < F,yy <y < F,4, then x 4+ y cannot be a Fibonacci number
(Hoggatt, 1982).

Suppose we introduce a mixed pair of I-month-old rabbits into a large enclosure on
the first day of a certain month. By the end of each month, the rabbits become mature
and each pair produces k — | mixed pairs of offspring at the beginning of the following
month. (Note: k > 2.) For instance, at the beginning of the second month, there is
one pair of 2-month-old rabbits and k — 1 pairs of 0-month-olds; at the beginning
of the third month, there is one pair of 3-month-olds, k — 1 pairs of 1-month-olds,
and k(k — 1) pairs of 0-month-olds. Assume the rabbits are immortal. Let a,, denote
the average age of the rabbit-pairs at the beginning of the nth month (Filipponi and
Singmaster, 1990).

**38.
**30.
**40.

41.

Define a, recursively.

Predict an explicit formula for a,,.

Prove the formula in Exercise 39.

(For those familiar with the concept of limits) Find nlingo a,.




FIBONACCI NUMBERS
IN NATURE

Come forth into the light of things,
let Nature be your teacher.
—William Wordsworth

Interestingly enough, the amazing Fibonacci numbers occur in quite unexpected
places in nature.

FIBONACCI AND THE EARTH

Do Fibonacci numbers also appear elsewhere? Zerger observed that the equatorial
diameter of the earth in miles is approximately the product of two alternate Fibonacci
numbers, and that this in kilometers is approximately the product of three consecutive
Fibonacci numbers:

55.144 =7920miles and 89144 = 12,816kilometers

For the curious-minded, the earth’s diameter, according to The 2000 World Almanac
and Book of Facts, is 7928 miles and 12,756 kilometers; the polar diameter is 7901
miles. The diameter of Jupiter, the largest planet, is 11 times that of the earth.

FIBONACCIAND ILLINOIS

In 1992, Zerger discovered some astonishing occurrences of Fibonacci numbers in
relation to the state of Illinois:

16
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« Illinois was admitted to the Union on the 3rd of December.

« Illinois is the fifth largest state, according to the 1990 census.

« Illinois’ name consists of 8§ letters.

« Illinois is the thirteenth state, when the states are arranged alphabetically.

« Illinois was the twenty-first state admitted to the Union. The postal abbreviation
IL is formed with the ninth and twelfth letters: 9 + 12 = 21.

« Interstate 55 begins in Chicago and roughly follows the 89th parallel to
New Orleans.

FIBONACCI AND FLOWERS

The number of petals in many flowers is often a Fibonacci number. For instance, count
the number of petals in the flowers pictured in Figure 3.1. Enchanter’s nightshade
has two petals, iris and trillium three, wild rose five, and delphinium and cosmos
eight. Most daisies have 13, 21, or 34 petals; there are even daisies with 55 and 89
petals. Table 3.1 lists the Fibonacci number of petals in an assortment of flowers.
Although some plants, such as buttercup and iris, always display the same number of
petals, some do not. For example, delphinium blossoms sometimes have 5 petals and
sometimes 8 petals, and some Michaelmas daisies have 55 petals, while some have
89 petals.

The cross section of an apple reveals a pentagonal shape with five pods. The
starfish, with five limbs, also exhibits a Fibonacci number (see Fig. 3.2).

Enchanter’s
Nightshade Trillium Bluet Wild Rose
Hepatica Bloodroot Cosmos

Figure 3.1. Flowers.
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TABLE 3.1

Plant Number of Petals
Enchanter’s nightshade 2

Iris, Lilly 3
Buttercup, columbine, delphinium, larkspur, wall lettuce 5
Celandine, delphinium, field senecio, squalid senecio 8
Chamonmile, cineraria, corn marigold, double delphinium, globeflower 13

Aster, black-eyed Susan, chicory, doronicum, helenium, hawkbit 21

Daisy, gailliardia, plantain, pyrethrum, hawkweed 34

(a)

(b)

Figure 3.2. (a) Cross section of an apple; (b) Starfish.
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FIBONACCI AND TREES

Fibonacci numbers are also found in some spiral arrangements of leaves on the twigs
of plants and trees. From any leaf on a branch, count up the number of leaves until
you reach the leaf directly above it; the number of leaves is often a Fibonacci number.
On basswood and elm trees, this number is 2; on beech and hazel trees, it is 3; on
apricot, cherry, and oak trees, it is 5; on pear and poplar trees, it is 8; and on almond
and willow trees, it is 13 (see Fig. 3.3).

Here is another intriguing fact: The number of turns, clockwise or counterclock-
wise, we can take from the starting leaf to the terminal leaf is also usually a Fibonacci
number. For example, on basswood and elm trees, it takes one turn; for beech and
hazel trees, it is also 1; for apricot, cherry, and oak trees, it is 2; for pear and poplar
trees, it is 3; and on almond and willow trees, it is 5.

The arrangement of leaves on the branches of phyllotaxis.” Accordingly, the ratio
of the number of turns to the number of leaves is called the phyllotactic ratio of the
tree. Thus, the phyllotactic ratio of basswood and elm is 1/2; for beech and hazel,
it is 1/3; for apricot, cherry, and oak, it is 2/5; for pear and poplar, it is 3/8; and
for almond and willow, it is 5/13. These data are summarized in Table 3.2. As an
example, it takes 3/8 of a full turn to reach from one leaf to the next leaf on a
pear tree.

FIBONACCI AND SUNFLOWERS

Mature sunflowers display Fibonacci numbers in a unique and remarkable way. The
seeds of the flower are tightly packed in two distinct spirals, emanating from the center
of the head to the outer edge (Figs. 3.4 and 3.5). One goes clockwise and the other
counterclockwise. Studies have shown that although there are exceptions, the number
of spirals, by and large, is adjacent Fibonacci numbers; usually, they are 34 and 55.
Hoggatt reports a large sunflower with 89 spirals in the clockwise direction and 55
in the opposite direction, and a gigantic flower with 144 spirals clockwise and 89
counterclockwise.

It is interesting to note that Br. Alfred Brousseau once gave Hoggatt a sunflower
with 123 clockwise spirals and 76 counterclockwise spirals, two adjacent Lucas
spirals.

In 1951, John C. Pierce of Goddard College in Massachusetts reported in The
Scientific Monthly that the Russians had grown a sunflower head with 89 and 144
spirals. After reading his article on Fibonacci numbers, Margaret K. O’Connell and
Daniel T. O’Connell of South Londonderry, Vermont, examined their sunflowers,
raised from seeds from Burpee’s. They found heads with 55 and 89 spirals, some with
89 and 144 spirals, and one giant head with 144 and 233 spirals. The latter seems to
be a world record.

*The word phyllotaxis is derived from the Greek words phyllon, meaning leaf, and raxis, meaning
arrangement.
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From Fibonacci Numbers in Nature (poster). Copyright © 1988 by Dale Seymour
Publications. Used with permission of Pearson Education.

FIBONACCI, PINECONES, ARTICHOKES, AND PINEAPPLES

The scale patterns on pinecones, artichokes, and pineapples provide excellent
examples of Fibonacci numbers. The scales are in fact modified leaves closely packed
on short stems, and they form two sets of spirals, called parastichies.” Some spirals

"The word parastichies is derived from the Greek words para, meaning beside and stichos, meaning row.
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Figure 3.3. Elm, Cherry, and Pear limbs (Source: V. E. Hoggatt, Jr., Fibonacci and Lucas Numbers,
Boston: Houghton Mifflin, 1968.).
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TABLE 3.2

Tree Number of Turns Number of Leaves Phyllotactic Ratio
Basswood, elm 1 2 172

Beech, hazel 1 3 173
Apricot, cherry, oak 2 5 2/5

Pear, poplar 3 8 3/8
Almond, willow 5 13 5/13

|

Figure 3.4. Sunflower (Source: Runk/Schoenberger/Grant Heilman Photography, Inc.).

are clockwise and the rest are counterclockwise, as on a sunflower. Spiral numbers
are often adjacent Fibonacci numbers. Some cones have 3 clockwise spirals and
5 counterclockwise spirals; some have 5 and 8; and some 8 and 13. Figure 3.6 and
Figure 3.7 show the scale patterns on two pinecones.

Interestingly enough, some pinecones display three different spiral patterns. Their
numbers, as you would expect, are also adjacent Fibonacci numbers.

Artichokes show a similar pattern, with the number of spirals in the two directions
often adjacent Fibonacci numbers. Usually, there are 3 clockwise and 5 counter-
clockwise spirals, or 5 clockwise and 8 counterclockwise ones. Figure 3.8 shows two
artichokes of the latter type.
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Figure 3.5. The spiral pattern in a Sunflower (Source: H. E. Huntley, The Divine Proportion, Mineola,
NY: Dover, 1970. Reproduced with permission of Dover Publications.).

Figure 3.6. Pinecone (Source: Courtesy of American Museum of Natural History Library.).
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Figure 3.8. Artichoke (Source: Trudi Hammel Garland, Fascinating Fibonaccis: Mystery and Magic in
Numbers, Palo Alto, CA: Seymour, 1987. Copyright © 1987 by Dale Seymour Publications. Used by
permission of Pearson Learning.).

The scales on pineapples are nearly hexagonal in shape (See Fig. 3.9).
Since hexagons tessellate a plane perfectly and beautifully (see Fig. 3.10), the scales
form three different spiral patterns. Once again, the number of spirals is adjacent
Fibonacci numbers 8, 13, and 21. According to the 1977 Yearbook of Science
and the Future, a careful study of 2000 pineapples confirmed this most unusual
Fibonacci pattern.
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Figure 3.9. Pineapple.

25
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Figure 3.10. Hexagons (Source: V. E. Hoggatt, Jr., Fibonacci and Lucas Numbers, Santa Clara, CA:
The Fibonacci Association, 1969.).

FIBONACCI AND MALE BEES

Male bees come from unfertilized eggs, so a male bee (M) has a mother but no
father. A female bee (F), on the other hand, is developed from a fertilized egg, so
it has both parents. Figure 3.11 shows the genealogical tree of a drone for seven
generations. Count the total number of bees at each level, that is, in each generation.
It is a Fibonacci number, as Table 3.3 demonstrates. Notice that it looks very much
like Table 2.1.

Let a, denote the number of female bees, b, the number of male bees, and 1, the
total number of bees, all in generation n, where n > 1. Clearly, a; = 0 and b; = 1.
Since drones have exactly one parent, it follows that b, = a,.\, a, = a,—) + b,_,
and ¢, = a, + b,.

Since a, = a,-1 +a,_,, wherea; = 0anda, = 1, it follows thata, = F,_,. Now
t, =a,+b,=a,+a,-1 =a,y;,wherety =ay =landt, = a3 = 1,s0¢, = F,.

Q Q@

&

Q Female

G Male

Figure 3.11. The family tree of a male bee.
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TABLE 3.3. Number of Bees Per Generation is a Fibonacci Number

Generation i 2 3 4 5 6 7 8
Number of female bees | 0 1 1 2 3 5 8 13
Number of male bees 1 0 1 1 2 3 5 8
Total number of bees 1 1 2 3 5 8 13 21

Thus the number of ancestors of the drone in generation n is the Fibonacci number
F,. This fascinating relationship was originally presented in 1921 by W. Hope-Jones.
It is examined further in Chapter 25.

FIBONACCI AND BEES

Consider two adjacent rows of cells in an infinite beehive, as pictured in Figure 3.12.
We would like to find the number of paths the bee can take to crawl from one cell to
an adjacent one. It can move in only one general direction, namely, to the right.

Let b, denote the number of different paths to the nth cell. Since there is exactly
one path to cell A (see Fig. 3.13), b; = 1. There are two distinct paths to cell B, as
Figure 3.14 shows. So b, = 2. There are three different paths the bee can take to cell
C (see Fig. 3.15), so b3 = 3. There are five distinct paths the bee can take to cell D,
as Figure 3.16 shows. Consequently, by = 5, likewise, bs = 8.

Clearly, a pattern emerges, as shown in Table 3.4. It follows inductively that there
are b, = F,, distinct paths for the bee to crawl to cell n (see Exercise 1 at the end
of the chapter).

The next application was conceived in 1972 by L. Carlitz of Duke University.

Figure 3.12.

D

Figure 3.13.
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P 9 9

“Q‘,’@

Figure 3.16.
TABLE 34.
n 1 2 3 4 5 cee n
b, 1 2 3 5
FIBONACCI AND SUBSETS

Example 3.1. Find the number of subsets, including the null set, of a set of n points
such that consecutive points are not allowed if the points lie on: (1) a line; and (2) a
circle. [ ]
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Solution.

1. Suppose the n points are linear. Let A, denote the number of subsets. It follows
from the following diagrams that A = 2 and A; = 3.

&
Y

v

~ &

Cd ~
1 1 2
Subsets : &, {1} Subsets : &, {1}, {2}

Let n > 3. Let n denote an extreme point, so it has just one neighbor. By definition,
there are A, subsets that do not contain n and A, _; subsets that contain n as shown
in the following diagram. Thus, by the addition principle, A, = A,—y + A,_2:

& h
Y Ll

1 2 3 n-1 n

where A| = 2 and A; = 3. Therefore, A, = F,42, n > 1. (Notice the similarity
between this example and Example 4.1.)
2. Suppose the n points lie on a circle. Let B, denote the number of subsets that do

not contain consecutive points. If follows from the following diagrams that B, = 2,
B, =3,and B; = 4:

QO W

Let n > 4. Consider the point n (see the following diagram). There are A,_, subsets
that do not contain n and A,_; subsets that do contain n. Therefore, B, = A, +
Aps=Fn+Fo =L, n>2
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FIBONACCI AND SEWAGE TREATMENT

There are n towns on the bank of a river. They discharge their untreated sewage into
the stream and pollute the water, so the towns would like to build treatment plants
to control pollution. It is economically advantageous to build one or more central
treatment plants along the main sewers and then send the wastewater from each city
to another one. It is not economical to split the sewage of a town between two adjacent
towns, since this would require the building of two sewers for the same town.

This problem was studied in 1972 by R. A. Deninger of the University of Michigan
at Ann Arbor.

Let f(n) denote the number of economic solutions. Clearly, f(1) = 1. Suppose
n = 2. Then there are three possible solutions: Each town has its own plant, one plant
at town 1, or one plant at town 2 (see Fig. 3.17). Thus f(2) = 3.

Figure 3.17.

Suppose there are three towns (see Fig. 3.18). Since there is no transfer of sewage
between adjacent towns, each town can build its own treatment plant, send the sewage
upstream (—), or send it downstream (<—). Let 0 denote no transport between
neighboring towns, 1 upstream transport and 2 downstream transport. Figure 3.19
shows the various economic solutions for three towns. They can be symbolically
represented as follows:

00 01 02 10 11 12 20 2 22

where 21 is not a solution, since a town cannot simultaneously transfer waste both
upstream and downstream. Thus f(3) = 8 = 3 f(2) — f(1). With n = 4 towns, there

-l O Call-10)

l : l

Figure 3.18.
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Figure 3.19.

are f(4) = 21 solutions:

000 001 002 010 Oi1 012 631 022
100 101 102 110 111 112 K1 122
200 201 202 210 211 212 231 222

Notice that f(4) = 3 f(3) — f(2), since there are three “words” that end in 21.

More generally, consider n + 1 towns with f(n 4+ 1) solutions. Adding one town
increases the number of solutions to 3 f (n). From this we must subtract the number of
wordsending in 21, namely, f(n—1).Thus f(n+1) = 3 f(n)— f(n—1), wheren > 2.

Using this recurrence relation, the value of f(n) can be computed for various
values of n. It appears from Table 3.5 that f(n) = F,.

TABLE 3.5.
n 1 2 3 4 5 6
fn) 1 3 8 21 55 144

To confirm this formula, notice that f(1) =1 = F,and f(2) =4 = F;. So it
remains to show that F5, satisfies the recurrence relation:

3f(n) — f(n—1) =3F, — F2_3 =2F, + Fo,4
= Fn+ Fany1 = Fopya
f(n+ 1)

Thus f(n) = F,,n > 1.

FIBONACCI AND ATOMS

The atomic number Z of an atom is the number of protons in it. The periodic
table shows an interesting relationship between the atomic numbers of inert gas and
Fibonacci numbers (see Table 3.6).

There are six inert gases—helium, neon, argon, krypton, xenon, and radon—and
they are exceptionally stable chemically. With the exception of helium, their atomic
numbers are approximately the same as the Fibonacci numbers F; through Fyy, as
Table 3.6 shows. Suppose we compute [ Z/18+ 1/2] for each gas; that is, divide each
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TABLE 3.6.
Atomic Number Corresponding
Inert Gas VA Fibonacci Numbers LZ/18+1/2]
Helium 2 8 0
Neon 10 13 1
Argon 18 21 1
Krypton 36 34 2
Xenon 54 55 3
Radon 86 89 5
TABLE 3.7.
N 2 8 14 20 28 50 82 126
IN/10+1/2] | O 1 1 2 3 5 8 13

number by 18 and then find the nearest integer. It follows from column 4 that each is
a Fibonacci number.

The nucleus of an atom consists of two kinds of particles: protons and neutrons.
A proton has a charge equal but opposite to that of an electron, while a neutron is
neutral. Let N denote the number of neutrons in the nucleus. Nuclei having the values
2, 8, 14, 20, 28, 50, 82, or 126 for N or Z are considered more stable than others.
(The origin of these numbers is a mystery.) Let us compute | N/10+1/2] foreach N,
that is, compute N /10 rounded up to the nearest integer. Surprisingly enough, each
is again a Fibonacci number! (see Table 3.7.)

FIBONACCI AND THE BALMER SERIES

In 1885, the Swiss schoolteacher Johann Jacob Balmer (1825-1898) discovered that
the wavelengths (in angstroms) of four lines in the hydrogen spectrum (now known
as the Balmer series) can be expressed as the product of the constant 364.5 (in
nanometers) and a fraction:

656 = % x 364.5

486 = g x 364.5

25
434 = 21 % 364.5

410 = g x 364.5

Notice that the denominators of the fractions are Fibonacci numbers. This observation
was made in 1973 by J. Wlodarski of Germany.
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FIBONACCI AND REFLECTIONS
Optics, the branch of physics that deals with light and vision, has found yet another

appearance of Fibonacci numbers in the real world. Consider two glass plates placed
face-to-face. Such a stack has four reflective faces, as Figure 3.20 shows.

N =

-

(@ (b)
Figure 3.20. (a) Two separate glass plates (b) The stack has four reflective faces, labeled 1-4.

Suppose a ray of light falls on the stack. Let a, denote the number of distinct
reflective paths made with n reflections, where n > 0. We would like to determine
the value of a,,.” To this end, let’s first collect some data on a,,.

When n = 0, that is, when there are no reflections, the ray just passes through the
glass plates, as Figure 3.21 shows, soa; = 1.

{3\\

N

I

Figure 3.21. Stacked glass plates with no reflections.

Suppose the ray causes one reflection. Then there are two distinct possible paths,
so a; = 2 (see Fig. 3.22).

N

P

Figure 3.22. Stacked glass plates with one reflection.
If the ray is reflected twice, three possible paths can emerge, as Figure 3.23

illustrates, so a; = 3. If it is reflected thrice, there are five possible reflecting patterns,
so a3 = 5 (see Fig. 3.24). Likewise, a; = 8 (see Fig. 3.25).

"This problem was proposed in 1963 by L. Moser and M. Wyman, and solved by J. L. Brown.



34 FIBONACCI NUMBERS IN NATURE
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Figure 3.23. Stacked glass plates with two reflections.
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Figure 3.24. Stacked glass plates with three reflections.
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Figure 3.25. Stacked glass plates with four reflections.
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More generally, suppose the ray is reflected n times, so the last reflection occurs
at face 1 or 3. Then the previous reflection must have occurred on face 2 or 4, as
Figure 3.26 shows. The number of paths with the nth reflection on face 1 equals the
number of paths reaching 1 after n — 1 reflections, and there are a,_; such paths.

Suppose the nth reflection takes place on face 3. The (n — 1)st reflection must
have occurred on face 4. Such a ray must have already had n — 2 reflections before
reaching face 4. By definition, the number of such paths is a,_».

Thus, by the addition principle, a, = a,_ + a,-2, where a; = 2 and a; = 3, so
an = I'ny2.

FIBONACCI, PARAFFINS, AND CYCLOPARAFFINS
Graph theory is a relatively new branch of mathematics. A graph is a finite, nonempty

set of vertices and edges (arcs or line segments) joining them. Figures 3.27 and 3.28
are both graphs.
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Figure 3.27.

Figure 3.28. Ethane molecule CoHg.

Graphs are useful in the study of hydrocarbons. The English mathematician Arthur
Cayley (1821-1895) was the first to employ graphs to examine hydrocarbon isomers.

A hydrocarbon molecule consists of hydrogen and carbon atoms. Each hydrogen
atom (H) is bonded to a single carbon atom (C), whereas a carbon atom bonds to two,
three, or four atoms, which can be carbon or hydrogen. But carbon atoms in saturated
hydrocarbon molecules, such as ethane, contain only single bonds, as Figure 3.28
illustrates.

Deleting hydrogen atoms from the structural formulas of saturated hydrocarbons
yields graphs consisting of carbon atoms and edges between two adjacent vertices.
The topological index of such a graph G with n vertices is the total number of different
ways the graph can be partitioned into disjoint subgraphs containing exactly k edges,
where k > 0. For example, Figure 3.29 shows the carbon atom skeleton for the
paraffin pentane, CsH;,, and Figure 3.30 shows its various possible partitionings.
Consequently, the topological index of pentane is 1 +4 + 3 = 8.

—o—9o—0o—o
Figure 3.29.

*—o e o o

e o—o o o *—e o o—9

o o o9 o —eo o o

e o o o o ® o o oo o o—o oo
k=0 k=1 k=2

Figure 3.30.
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TABLE 3.8. Topological Indices of Paraffins C,H;, .

k
Paraffin | n Graph 0 1 2 3 4 5 Total
Methane | 1 . 1 I
Ethane 2 — 1 1 2
Propane | 3 = —— 1 2 3
Butane | 4 ——u— 1 3 1 5
Pentane | 5 —— 1 4 3 8
Hexane | 6 v 1 5 6 1 13
Heptane | 7 ———————— 1 6 N 10 4 21
Octane | 8 . 1 7 15 10 1 34
{

Nonane | 9 v 1 8 21 20 5 55
Decane |10  omemv—r -1 9 28 35 15 1 89
T

Fibonacci

numbers

Table 3.8 shows the carbon atom graphs G, and their topological indices of ten
paraffins C,Hy,42, n > 1. For a graph consisting of a single vertex, the index is
defined as one. It appears from the table that the index of G, is Fy4;.

To confirm this observation, let ¢, denote the topological index of the carbon atom
graph G, of a paraffin with n vertices, as Figure 3.31 shows.

r————— 0 0606 —0—0—0
V1 V2 VS Vn-z Vn-1 Vn

Figure 3.31.

Case 1. Suppose the edge v,_; — v, is not included. Then the edge v,..o — v,—| may
or may not be included. Consequently, the topological index of the remaining graph
Gp_yisty-1.

Case 2. Suppose the edge v,; — v, is included. Then the edge v, — v,_; is not
included. This yields the graph G,_,, and its index is #,_,.

Thus, by the addition principle, #, = t,-1 + t,—2. But #; = 1 and £, = 2, so,
th = Fper.

Table 3.9 shows the carbon atom skeleton C,, of ten cycloparaffins C,H,, and the
corresponding indices. A similar argument shows that the index of C, = index of
G+ index of G,_3 = F,4; + F,_), where n > 3. Notice that the index of C, is in
fact the Lucas number L,. We shall confirm in Chapter 5 that F,, | + F,—; = L,.

The triangular arrangements in Tables 3.8 and 3.9 are explored further in
Chapter 13.
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TABLE 3.9. Topological Indices of Cycloparaffins C,H;,

37

Cycloparaffin n Graph 1 2 3 4 Total
1 . 1
2 — 2 3
Cyclopropane | 3 A 3 4
Cyclobutane 4 :] 4 2 7
Cyclopentane 5 Q 5 5 11
Cyclohexane 6 O 6 9 2 18
Cycloheptane 7 O 7 14 7 29
)
Cyclooctane 8 O 8 20 16 2 47
Cyclononane 9 O 9 27 30 9 76
Cyclodecane 10 O 10 35 50 25 123
Lucas numbers
FIBONACCI AND MUSIC

Fibonacci numbers occur in relation to music. They were also observed by Zerger:

« The word MUSIC begins with the thirteenth and twenty-first letters of the
alphabet. With the eighth, thirteenth, and twenty-first letters, we can form the
word HUM.

« The Library of Congress Classification Number for Music is M, the thirteenth

letter.

« The Dewey Decimal Classification Number for Music is 780, where 780 =
2-2-3-5- 13, a product of Fibonacci numbers.

« Pianos are often tuned to a standard of 440 cycles per second, where 440 = 8-55.
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The keyboard of a piano provides a fascinating visual illustration of the link
between Fibonacci numbers and music. An octave on a keyboard represents a musical
interval between two notes, one higher than the other. The frequency of the higher
note is twice that of the lower. On the keyboard, the octave is divided into 5 black and
8 white keys, a total of 13 keys (see Fig. 3.32). The five black keys form two groups,
one of two keys and the other of three keys.

C|D[E[F|G]A[B]C]

. J
8 White
« J
'
13 Total

Figure 3.32. Fibonacci Numbers in the Octave of a Piano Keyboard (Source: Trudi Hammel Garland,
Fascinating Fibonaccis: Mystery and Magic in Numbers, Palo Alto, CA: Seymour, 1987. Copyright ©
1987 by Dale Seymour Publications. Used by permission of Pearson Learning.).

The 13 notes in an octave form the chromatic scale, the most popular scale in
Western music. The chromatic scale was preceded by two other scales, the 5-note
pentatonic scale and the 8-note diatonic scale. Popular tunes such as “Mary Had a
Little Lamb,” and “Amazing Grace” can be played using the pentatonic scale, while
melodies such as “Row, Row, Row Your Boat™ use the diatonic scale.

The major sixth and the minor sixth (six tones apart and 5% tones apart, respec-
tively) are the two musical intervals most pleasing to the ear. A major sixth, for

330 vib/s 528 vib/s Minor Sixth
30_5
528 8

264 _ 3
(l: plE F|G|?IB£C] o

264 vib/s 440 vib/s Major Sixth
Figure 3.33. Fibonacci Ratios in Musical Intervals (Source: Trudi Hammel Garland, Fascinating

Fibonaccis: Mystery and Magic in Numbers, Palo Alto, CA: Seymour, 1987. Copyright © 1987 by Dale
Seymour Publications. Used by permission of Pearson Learning.).
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example, consists of the notes C and A; they make 264 and 440 vibrations per second,
respectively (see Fig. 3.33). Notice that 264/440 = 3/5, a Fibonacci ratio.

A minor sixth interval, for instance, consists of the notes E and C, making 330 and
528 vibrations a second. Their ratio is also a Fibonacci ratio: 330/528 = 5/8.

The ratios of consecutive Fibonacci numbers are discussed further in Chapter 20
on the Golden ratio.

FIBONACCI AND POETRY

Fibonacci numbers have found their way into the art of poetry also. A limerick,
according to Webster’s dictionary, is a nonsensical poem of 5 lines, of which the
first, second, and fifth have 3 beats, and the other two have 2 beats, and rhyme. The
following limerick”, for example, is made up of 5 lines; they contain 2 groups of 2
beats and 3 groups of 3 beats, for a total of 13 beats. Once agair, all numbers involved
are Fibonacci numbers:

A fly and a flea in a flue 3 beats
Were imprisoned, so what could they do? 3 beats
Said the fly, “Let us flee!” 2 beats
“Let us fly!” said the flea, 2 beats
So they fled through a flaw in the flue. 3 beats

Total = 13 Beats

In the 1960s, G. E. Duckworth of Princeton University, New Jersey, analyzed the
Aeneid, an epic poem written in Latin about 20 B.C. by Virgil (70—19 B.C.), the “‘greatest
poet of ancient Rome and one of the outstanding poets of the world.”t Duckworth
discovered frequent occurrences of the Fibonacci numbers and several variations in
this masterpiece:

1,3,4,7,11,... <« Lucas sequence
1,4,5,9, 14, ...

1,5,6,11,17,...

1,6,7,13,20,...

2,3,5,8,13,...

3,7,10,17,27, ...
4,9,13,22,35,...
6,13,19,32,61,...

*Based on T. H. Garland, Fascinating Fibonaccis, Dale Seymour Publications, Palo Alto, CA, 1987.
tThe World Book Encyclopedia, Vol. 20, 1982.
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The mathematical symmetry Virgil consciously employed in composing the Aeneid
brings the harmony and aesthetic balance of music to the ear, since ancient poetry
was written to be read out loud.

According to Duckworth’s investigations into Virgil’s structural patterns and
proportions, there is evidence that even Virgil’s contemporary poets, such as Catullus,
Lucretius, Horace, and Lucan used the Fibonacci sequence in the structure of their
poems. Duckworth’s study lends credibility to the theory that the Fibonacci sequence
and the Golden section (Chapter 20) were known to the ancient Greeks and Romans,
although no such mention of it exists.

FIBONACCI AND COMPOSITIONS WITH 1s AND 2s

In the summer of 1974, Krishnaswami Alladi of Vivekananda College, India, and
Hoggatt studied the compositions of positive integers, n, that is, expressing n as sums
of 1s and 2s. For example, 3 has three such compositions and 4 has five, as Table 3.10
shows. Notice that 1 4+ 2 and 2 + 1 are considered distinct compositions, so order
matters. Again, it appears from the table that the number of distinct compositions is
a Fibonacci number. The next theorem confirms this conjecture.

TABLE 3.10.

n Compositions of n Number of Compositions

1

1+1,2

I+14+1,142,24+1
T+H14+14+05, 14142, 142+1,
24+141,242

5 I+14+14+1+0L1+14+142, 8
T+142+ L1 42+14+1L2+14+141,
14+242,24+142,2+2+1

W N -
R S

T

Fibonacci Numbers

Theorem 3.1. (Aladiand Hoggatt, 1974). The number of distinct compositions C,
of a positive integer n in terms of 1s and 2s is F,4, wheren > 1.

Proof. Let C,(1) and C,(2) denote the number of compositions of » that end in 1
and 2, respectively. Clearly, C,(1) = 1and C;(2) =0,s0 C; = C; (1) + C,(2) = 1.
Likewise, C; = Co()+ C2(2) =141 =2.

Now consider a composition of n, where n > 3.

Case 1. Suppose the composition ends in 1. Deleting the 1 at the end yields a
composition of n — 1. On the other hand, adding a 1 at the end of a composition
of n — 1 yields a composition of n that ends in 1. Thus C,(1) = C,_;.
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Case 2. Suppose the composition ends in 2. Deleting the 2 at the end, we get a
composition of n —2. On the other hand, by adding a 2 or two 1s, we get a composition
of n. But the latter has already been counted in case 1, so C,(2) = C,_>.

Thus, by the addition principle, C, = C,(1) + C,(2) = C,—; + C,—3, where
C, = 1 and C, = 2. Therefore, C,, = F, 4. (]

We shall re-prove this fact in Chapter 19 by an alternate method.

The next two results were also discovered in 1974 by Alladi and Hoggatt, where
f (n) denotes the total number of 1s in the various compositions of n and g(n) denotes
that of 2s. For example, f(3) = Sand g(3) = 2.

Theorem 3.2.
. fmM=fn—D+f(n-2)+F,

2. gn)=gn—-1)+gln-2)+ F,_,
where n > 3.

Proof. 1) As in the preceding proof, we have C(n) = C,(1) + C,(2). Since
C,.(2) = C,-3, there are C,_, compositions of n that end in 2. But C,_; denotes
the number of compositions of n — 2. By definition, there is a total of f(n —2) 1sin
the various compositions of n — 2.

Since C,(1) = C,_, there are C,_ compositions of n that end in a 1. Excluding
this 1, they contain f(n — 1) Is. Since each of the C,_; compositions contains a 1
as the final addend, they contain a total of f(n — 1) + C,—; = f(n — 1) + F, ones.
Thus f(n) = f(n — 1)+ f(n —2) + F,, where n > 3.

Similarly, g(n) = g(n — 1) + g(n —~2) + F,_|, where n > 3. ]

For example,
fO)=20=104+54+5=f@4)+ f(3) + F;s
g8)=10=54+24+3=g4d)+g3)+ F

Theorem 3.3. f(n) =gn+1),n>1.

Proof. [by the principle of mathematical induction (PMI)]. Since f(1) = 1 = g(2)
and f(2) = 2 = g(3), the result is true whenn = 1l and n = 2.
Assume it is true for all positive integers < n. By Theorem 3.2, we have

fmM=fn-D+ fn-2)+F,
gy =gn—D+gn—-2)+ F,_,

By the inductive hypothesis, f(n — 1) = g(n) and f(n —2) = g(n — 1),s0 f(n) =
gn) + g(n — 1)+ F, = g(n + 1). Thus the given result is true foreveryn > 1. ®

For example, f(3) =5 =g(4) and f(4) =10 = g(5).
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FIBONACCI AND NEUROPHYSIOLOGY

In 1976, Kurt Fischer of the University of Regensburg in Germany studied a model of
the physiology of nerves and discovered yet another occurrence of Fibonacci numbers.

The impulses traveling along nerve fibers originate from sodium or potassium
ions, and flow through identical transmembrane pores consisting of n > 2 cells. Tiny
quantities of calcium ions, Ca?*, can enter the pores and stop the flow of sodium ions,
Na*, in these pores. They can occupy one cell or two cells, except at the entrance of
the pore. These two states are denoted by 1 and 2, respectively. Figure 3.34 shows a
typical pore, where 0 indicates an empty cell.

[ T
2 0] 1 2
| L

Figure 3.34. A sample pore.

Suppose that sodium can enter or leave at either end of a pore, whereas calcium
can do so only at the left side of the pore. Consequently, calcium ions within a pore
impede the flow of sodium through this pore.

This Markovian stochastic process can be depicted by a tree structure; the vertices
of the tree represent the possible states of a pore and its edges represent the possible
transitions between states. Figure 3.35, for example, shows the various possible states
of a pore with five nonempty cells.

(f2l2] 2l2[2]
L2121

2 1l 2 1]

Figure 3.35. Tree of states of a pore with 5 cells.

Notice that the tree consists of two kinds of vertices, those with a 1 in the far
right cell or a 2 in the middle of the two right cells. Every state in level five has the
latter property, and shows that the translation of sodium ions to the right is no longer
feasible because of the presence of calcium on the right side of each state.

Figure 3.36 depicts a tree-skeleton of Figure 3.35, which very much resembles
the Fibonacci tree in Figure 2.1. It follows from either figure that a pore with five
nonempty cells has 5 = Fi states at level 5.
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Figure 3.36. A tree diagram of Figure 3.35.

More generally, a pore with n nonempty cells has F), states at level n. This follows
from the fact that the number of states at level n satisfies the Fibonacci recurrence
relation.

FIBONACCI AND ELECTRICAL NETWORKS

In 1963, S. L. Basin of then San Jose State College, California, wrote that “even those
people interested in electrical networks cannot escape from our friend Fibonacci.”
And, in fact, Fibonacci numbers appear even in the study of electrical networks.

For example, consider a network of »n resistors, arranged in the shape of a ladder,
as Figure 3.37 illustrates. We shall show that the resistance Z,(n) (output impedance)
across the output terminals C and D, the resistance Z;(n) (input impedance) between
the input terminals A and B, and the attenuation A(n) = Z,/Z; are all very closely
related to Fibonacci numbers in an unusually special case.

R, R, R,

R‘I
Ae AAA- AA A cee c
z, %@ éa ém %m z,
Be e oo D

Figure 3.37. n ladder sections.

First, let us consider two resistors, Ry and R», arranged in series. Let V denote
the voltage drop across a resistor R due to current [ (see Fig. 3.38). Then V = IR =
I(Ry + R3).So R = R + R;. On the other hand, suppose the resistors are connected
in parallel, as Figure 3.39 shows. Then V = R} = bRy = (I + )R, so

R % _V+V—R|+R_2

1__1|+12-I| I I 1

Thus, if R| and R, are connected in parallel, then the resultant resistance R is given by

1 1 1

R R R
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R Ry
r— W——— - WNW——
R}
v
Figure 3.38.
P
1 2
4
Figure 3.39.
Ry
A c
Z;i(1) Rz Z,(1)
Be e D
Figure 3.40.

We are now ready to tackle the ladder network problem step-by-step. Suppose
n = 1; that is, the network consists of one section, as Figure 3.40 shows. Then
Z,(1) =Ryand Z;(1) = Ry + Ry, s0
Z(l) R
=— 41 3.1
Z,(1) R
Suppose n = 2. The resulting circuit is obtained by adding a section to the one
in Figure 3.40 (see Fig. 3.41). Since the resistors R; and R, in the extension are
connected in series, they can be replaced by a resistor R3 = R; + Rj; this yields the
equivalent network in Figure 3.42. Now R, and R; are connected in parallel, so they
can be replaced by a resistor R, (see Fig. 3.43). Then

A(l) =

1 _ 1 " 1 _ 1 + 1 _ R, + 2R,
R« R, Ry Ry R +R R(Ri+R)
_ Ra(Ri +Ry)
4 Ry +2R;
R1 R‘l
A (o]
Zi(2) R, Ra Z,(2)
Be oD
Figure 3.41.
Ry
Ae——— A o C
z;(2) %na %na Z,(2)
Be- o D

Figure 3.42.
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Ay

WV
Z;(2) %’% Z,(2)

Figure 3.43.

Since the resistors R; and R, are connected in series,

R2(Ry + Ry)

Ry + 2R,
_ Ri(Ri +2R)) + Ry(R, + Ry)
- Ry + 2R,

ZiQ)=Ri+Rs=Ri +

(3.2)

To compute the output impedance Z,, of the circuit in Figure 3.41, we traverse it
in the opposite direction, that is, from left to right. The first resistor R; plays no role
in its computation, so we simply ignore it (see Fig. 3.44). The resistors R; and R; are
in series, so they can be replaced by a resistor Ry = R + R, (see Fig. 3.45). This
yields a circuit with two parallel resistors R3 and R5, so

| _ 1 1 _ 1 i _ Ry 4+ 2R,
Z,2)  Rs R Ri+R R RyR +R)
Ry(R| + Ry)
2= —r 33
0(2) R + 2R, (3.3)
(see Fig. 3.46).
R‘l
A (o)
R, A, Z,(2)
Be o D
Figure 3.44.
A (o}
B D
Figure 3.45.
Ae— o C

%20(2)
B D

Figure 3.46.
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Then

_ Ry(R) + Ry)
Ri(Ry +2Ry) + Ry(R + Ry)

3.4

Now consider a ladder of n = 3 sections (see Fig. 3.47). Using Figures 3.48-3.51,
it follows that

Ry(Ri + Ry)
3 1+ R 4 Rl + 2R,
Ry(Ri + Ry)
Rs =R Ri=R _
5 1+ Ry 1+ R, + 3R,
_ Ri(Ri+2Ry) + (R +2Ry)
N Ri+2R;
1 1 1 1 Ry + 2R,

Re R 'R Rs ' Ri(Ri+2R;) 1 Ro(Ri  R)
_ Ry(R}+3R R, + RY)
© R}4+4R,R; + 3R}
Ry (R? +3R\Ry + R?)
R? +4R|R; + 3R}
_ R}+SRIR,+6R R} + R;

Zi(3)=R +Re=R +

3.5)
R? +4R\R; + 3R
R, A, Ry
A O———— AN AM- MW\~ °C
Z;(3) % R, % R, % R, Z,(3)
Be D
Figure 3.47.
AAA— AN
Z;(3) % P % R, % R
Figure 3.48
R1 R1
—~AM ANA-
Z;(3) %Rz %R.,

Figure 3.49.
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Ry
MV
Figure 3.50.
R,
ANV

Z i (3) % Rs

Figure 3.51.

R, R,
o- AN C
%Rg gnz %nz Z,(3)
[ oD
Figure 3.52.
Ay
. A c
% R % Rz Ry Z,(3)

[ oD

Figure 3.53.

Ay
(o)
HA RZ Z (] ()]

- oD

Figure 3.54.

C
D
Figure 3.55.

Using the same method employed for the case n = 2 and Figures 3.52-3.55, we
have the following results:

1 i 1 1 1
; H R R4 R3+R2 Ri+R, R;
_ R(Ri+Ry)

Ry =
*~ TR, 2R,
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R2(R, + Ry)
Ry + 2R,
_ Ri(R) +2Ry) + Ry (R, + Ry)
- Ri(R; +2Ry)
1 11 RI(R, +2R,) 1

Rs=Ry+Ry=R, +

=—+4—=
Z,3) Rs Ry RI(RI+2R)+R(R+R) R
_ R}+AR R+ 3R}
" Ry(R? +3R\R; +3RY)
Ry(R? +3R\R; + R?)
R?+4R\R, + 3R

20(3) =

(3.6)

So
Ry(R? +3R\Ry + R})
R} +5R}R, + 6R R} + R}

AQQ) = 3.7

In particular, let Ry = R, = 1 ohm. Then Egs. 3.1 through 3.7 yield the following
result:

1 2 2
Z,(1) = - Zi(1) == A(l) = ~
0y ] ey 1 (D ;
2 5 5
Py = — Z,- 2 = = = —
Z,(2) 3 (2 3 A(2) 2
5 13 13
o = - Zi = — AQB) = —
Z,(3) 3 3 3 3) 5
More generally, we predict that
Fon— F, Fan
Zmy =21, Zimy=-—2t,  ad A = E
F2n F2n 2n—1

That these are true for a ladder network of n > 1 resistors can be established using
PMI.

To prove that Z,(n) = Fy,_1/F2,, where n > 1: Since Z,(n) = 1/1 = F|/F,,
the statement is clearly true when n = 1. Assume it is true for an arbitrary number
k > 1 resistors:

To show that the formula works for n = k + 1, consider a ladder network with
k + 1 resistors, as in Figure 3.56. By the inductive hypothesis, the first k sections can
be replaced by a resistor of resistance Z, (k). This yields the circuit in Figure 3.57.
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1 1 1 1

AO——— AN AA AAA— s c
Z; %1 %1 %1 %1 Z,
Be ee e D

Figure 3.56. k 4 1 ladder sections.

1

Ae AA—  Jol
?Zo(k) §1 Zo(k+1)
Be D
Figure 3.57.
Ae oC
% R § 1
B D
Figure 3.58.

Using Figures 3.57 and 3.58, we have

Fop— F
R=z,(k)+1= 12t Forr
2% F
v v Y o B Fun
Zoyk+1) R 1 Fyy Faiyi
F,
Zo(k + 1) = 2
2%+2

So the formula works for n = k + 1. Thus, by PMI, Z,(n) = F;,_/F>, for every
ladder network of n > 1 resistors.

It can be similarly established that Z;(n) = F5,,1/F>,, and hence A(n) =
Fopnir/ Fon-y foralln > 1.

EXERCISES 3

1. Let b, denote the number of distinct paths the bee in Figure 3.12 can take to crawl
to cell n. Show that b, = F,,n > 1.

Exercises 2-10 require a knowledge of binary trees

The Fibonacci tree B,, a binary tree, is defined recursively as follows: both B; and
B, consist of a single vertex; when n > 3, B, has a root, a left subtree B,_;, and a
right subtree T, _>.

2. Draw the first five Fibonacci trees.
Is B, a full binary tree?
. Is Bg a balanced binary tree?
Is Bs a complete binary tree?
For what values of n is B, a complete binary tree?

No v s w

How many leaves [/, does B, have?
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Use B, to find the following.
8. The number of internal vertices i,.
9. The number of vertices v,.

10. The height h,,.

Let f(n, k) denote the element in row n and column k of the triangular array in
Table 3.8, where n > 1 and k > 0.

11. Find f(7, 2) and f(10, 4).
12. Define f(n, k) recursively.

Let g(n, k) denote the element in row n and column k of the triangular array in
Table 3.9, wheren > l and k > 0.

13. Find g(7, 2) and g(10, 4).
14. Define g(n, k) recursively.




FIBONACCI NUMBERS:
ADDITIONAL
OCCURRENCES

Fibonacci numbers appear in still many other unexpected places. For example, index
cards are usually made in size 2 x 3 or 3 x 5; most oriental rugs come in five different
sizes: 2x 3,3 x5,4x6,6x9,0r9 x 12. In the first two cases, the dimensions are
adjacent Fibonacci numbers; in the third and fourth cases, theratio4 : 6 = 6 : 9 is
the same as the ratio 2 : 3; and in the last case, the ratio 9 : 12 is the ratio 3 : 4 of two
adjacent Lucas numbers.

Before turning to our next example, we must make a formal definition of a word.
A word is an ordered arrangement of symbols; it does not need to have a meaning.
For example, abc is a word using the letters of the English alphabet, whereas 001101
is a binary word. A bit is a 0 (zero) or a 1 (one).

Example 4.1. Let a, denote the number of n-bit words containing no two consecutive
Is. Define a, recursively.

Solution. First, let us find the n-bit words containing no two consecutive 1s cor-
responding to n = 1, 2, 3, and 4 (see Table 4.1). It follows from the table that
a =2,a2 = 3,(13 =5,anda4 = 8.

Now consider an arbitrary n-bit word. It may end in O or 1.

51
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TABLE 4.1.
n=1 n=2 n=3 n=4
0 00 000 0000
1 01 010 0100
10 100 1000
001 0010
101 1010
0001
0101
1001

Case 1. Suppose the n-bit word ends in 0. Then the (n — 1)st bitcanbeaOoral,
so there are no restrictions on the (n — 1)st bit:

n bits

0
1 0

N (n— Dstbit

No Restrictions

Therefore, a,_ n-bit words end in 0 and contain no two consecutive 1s.

Case 2. Suppose the n-bit word ends in 1. Then the (n — 1)st bit must be a zero.
Further, there are no restrictions on the (n — 2)nd bit:

n bits
0
1 0 1

— N .
No Restrictions (n — st bit

Thus a,_, n-bit words end in 1 and contain no two consecutive Is.
Since the two cases are mutually exclusive, by the addition principle, we have:
a, =2, a=23 <« Initial conditions
a, = anp_ + a,-2, n >3 <« Recurrence relation
Notice that this recurrence relation is exactly the same as the Fibonacci recurrence

relation, but with different initial conditions. The resulting numbers are the Fibonacci
numbers 2, 3, 5, 8, 13, .... Accordingly, a, = F, 4. |

This example does not provide a constructive method for systematically listing all
n-bit words with the desired property. That method is given in Exercise 4.1.
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Example 4.1 can be interpreted as follows. Suppose n coins are flipped sequentially.
The total number of outcomes so that no two consecutive coins fall heads is F, ;.
Consequently, the probability that no two adjacent coins fall heads is F,»/2".

Example 4.2. An n-storied apartment building needs to be painted green or yellow
in such a way that no two adjacent floors can be painted yellow, where n > 1. Let b,
denote the number of ways of painting the building.

Figure 4.1 shows the various possible ways of painting the building whenn = 1,
2, 3, and 4. It follows from the figure that by = 2, b, = 3, b3 = 5, and by = 8.

2ze BEBEE
-~ e =5 B3 B S B

One-Story Two-Story Three-Story
Houses (2) Houses (3) Houses (5)

Four-Story Houses (8}

Figure 4.1. Possible ways of painting the building.

This problem is essentially the same as Example 4.1. With green =0 and yellow =1,
every n-bit word that contains no consecutive 1s represents a possible way of painting,
and vice versa. Thus b, = F, 2, where n > 1. [ |

Example 4.3. Let a, denote the number of 2 x n rectangular grids that can be formed
using n 1 x 2 dominoes. Find a formula for a,.

Solution. Whenn =1, a; = 1 (see Fig. 4.2). When n = 2, two 2 x 2 rectangular
grids can be formed, so a; = 2 (see Fig. 4.3).

L]

Figure 4.2.

More generally, let n > 3. Since the pattern can begin with one horizontal domino
or two vertical dominoes, it follows that a, = a, -, + a,—». This recurrence relation



54 FIBONACCI NUMBERS: ADDITIONAL OCCURRENCES

is exactly the same as the Fibonacci one with the initial conditions ag = 1, a; = 2.
Thus it follows that a,, = F, 4. ]

Example 4.4. Let a, denote the number of subsets of the set S, = (1,2, ..., n} that
do not contain consecutive integers, where n > 0. We define S, = @. Find an explicit
formula for a,,."

Solution. To get an idea about a,,, let us find its value forn =0, 1, 2, 3, and 4 by
constructing a table, as in Table 4.2. It appears from the table that a, is a Fibonacci
number and a, = F,;,. We shall in fact prove that a, = F,,, in two steps: first we
shall define a, recursively and then find an explicit formula.

TABLE 4.2.
n Subsets of S That Do Not a,
Contain Consecutive Integers

0 Q 1

1 o, {1} 2

2 . {1} {2} 3

3 @, {1}, {2}, {3}, {1, 3} 5

4 @, {1}, {2}, {3}, {4}, (1.3}, (1,4}, (2, 4) 8
T

Fn+2

To Define a, Recursively. From Table 4.2, ay) = 1 and a; = 2. Soletn > 2. Let
A be a subset of S, that does not contain two consecutive integers. Then eithern € A
orn ¢ A.

Case 1. Supposen € A.Thenn—1 ¢ A By definition, S,—» = {1, 2,...,n—~2} has
a,_» subsets not containing two consecutive integers. Add n to each of the subsets.
The resulting sets are subsets of S, satisfying the desired property, so S, has a,-;
such subsets.

Case 2. Suppose n ¢ A. By definition, there are a,_, such subsets of S, having the
required property.

Since these two cases are mutually exclusive, by the addition principle, a, =
an-1 +an_, where ag = 1, a; = 2. It follows thata, = F,,2,n > 0. | |

Although Examples 4.1 and 4.4 look different, they are basically the same. For
instance, the subsets of S5 = {1, 2, 3} that do not contain consecutive integers are
@, {1}, {2}, {3}, and {1, 3}. Using the correspondence @ <« 000, {1} - 100,
{2} « 010, {3} <> 001, and {1, 3} & 101, we can recover all 3-bit words that do not
contain consecutive 1s.

*Proposed by Irving Kaplansky of The University of Chicago, llinois.
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More generally, let A be a subset of S, that does not contain consecutive integers.
The corresponding n-bit word has a 1 in position i if and only if i € A, where
1<i<n.

Example 4.5. A subset of the set S = {1, 2,...,n} is said to be alternating if its
elements, when arranged in increasing order, follow the pattern odd, even, odd,
even, and so on. For example, {3}, {1, 2, 5}, and (3, 4} are alternating subsets of
{1,2, 3,4, 5}, whereas {1, 3,4} and {2, 3, 4, 5} are not; @ is considered alternating.”
Let a, denote the number of alternating subsets of S. Prove that @, = F, 2, where
n>0.

Solution. As in Example 4.4, let us collect some data on a, to get a feel for it.
It follows from Table 4.3 that a, = F,,,, where n > 0. To prove this, let A be an
alternating subset of S.

TABLE 4.3.

n Alternating Subsets of S a,

0 ] 1

1 o, {1} 2

2 @, {1},11,2} 3

3 @, {1}, {3}, {1,2}.{1,2,3) 5

4 @, {1}, {3}, 11,2}, (1,4}, (3,4}, {1,2,3),{1,2,3,4) 8

t
Fn+2

Case 1. Suppose 1 ¢ A,s02 ¢ A. This leaves n — 2 elements in S. So, by definition,
they can be used to form a,_, alternating subsets of S.

Case 2. Suppose | € A. This leaves n — 1 elements in S. They can be used to form
a1 alternating subsets of the set § — {1}. Now adding 1 to each of them yields a,,;
alternating subsets of S, each containing 1.

Thus, by the addition principle, a, = a,- + a,->, where ag = 1 and @) = 2. So
a, = Fy,2, wheren > 0. [ |

Example 4.6. Let a, denote the number of ways n can be written as an ordered sum
of odd positive integers, where n > 1. Table 4.4 shows the various possibilities for
integers 1-5. It appears from the table thata, = F,. Infact, a, = a,_; +a,_», so the
conjecture is in fact true.

*Proposed by Olry Terquem (1782-1862).
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TABLE 44.

n Desired Ordered Sums a,
1 1 1
2 1+1 i
3 314141 2
4 1+3,1+14+141,341 3

5 51+14+3,1+3+1,
3414L 141414141 5
T
F,

COMPOSITIONS WITH ODD SUMMANDS

Example 4.6 dealt with compositions, which are ordered sums of a positive integer n.
Next, we explore compositions with summands greater than one. This problem was
studied in 1901 by E. Netto of Germany.

Example 4.7. Let b, denote the number of compositions of a positive integer n using
summands greater than 1. Table 4.5 shows the various possibilities for integers 1-7.
Once again, it appears from the table that b, = F,_;.

TABLE 4.5.
n Compositions b,
1 — 0
2 2 1
3 3 1
4 2+2,4 2
5 2+3,3+2,5 3
6 2+42+42,2+4,3+3,4+2,6 5
7 24+243,2+43+4+2,2+5,3+2+2, 8
3+4,4+3,5+2,7
?
F, n-1

To confirm this, note that by = 0 and b, = 1. So let n > 3. Notice, for example,
that three compositions of 7 can be obtained by adding 2 as a summand to every
composition of 5: 2 +3 + 2,3 4+ 2 + 2, and 5 + 2; the other five compositions can
be obtained by adding 1 to the last summand of every composition of 6: 2 + 2 + 3,
2+4+5,3+4,443,and7.

More generally, every composition of n can be obtained from the compositions of
n — 2 and those of n — 1 by inserting 2 as a summand to every composition of n — 2
and by adding a 1 to the last summand of every composition of n — 1. Since there is
no overlapping between the two procedures, it follows that b, = b,_; + b,_>, where
by =0and b, = 1. Thus b, = F,_, where n > 1, as conjectured. ]
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Example 4.8. Let b, denote the number of n-bit words x;x,x3 - - - x,, where x; < x5,
X2 > X3, X3 < X4, X4 > Xs,.... When n = 2, there are two such binary words: 01
and 11. Table 4.6 shows such n-bit words for 1 < n < 4. Again, it appears from the
table that b, = F,.», where n > 1. This is also, in fact, true.

TABLE 4.6.

n Desired n-Bit Words b,

1 0,1 2

2 00,01, 11 3

3 000, 010,011, 110, 111 5

4 0000, 0100, 0001, 0101, 0111, 8

1100, 1101, 1111

T
Fn+2

The next example combines Fibonacci numbers with permutations. A permutation
on a set S is a function f: § — § that is both one-to-one and onto. In other words, a
permutation is nothing but a rearrangement of the elements of S.

Example 4.9. Let p, denote the number of permutations fofthe set S, = {1, 2, ..., n}
such that |i — f@i){ < 1foralll <i < n, where n > 1. In other words, p, counts
the number of permutations that moves each element no more than one position from
its natural position.

Figure 4.4 shows the various permutations for n = 1, 2, 3, and 4, and Table 4.7
summarizes these data. Once again, it appears from the table that p, = F, .. We can,
in fact, confirm this.

Case 1. Let f(n) = n. Then the remaining n — 1 elements can be used to form p,_,
permutations such that |i — f(i)| < 1 for all i.

Case 2. Let f(n) #n.Then f(n) =n —1and f(n — 1) = n. The remaining n — 2
elements can be employed to form p,_, permutations with the desired property.

Thus, by the addition principle, p, = p,— + pn—2, where py = l and p) = 2. 1t
now follows that p, = F,;, where n > 1, as conjectured. n

Since the total number of permutations of S, is n!, it follows from this example
that there are n! — F,,1| permutations f of S, such that |i — f(i)| > 1 for some integer
i, where 1 <i < n.In other words, there are n! — F,; permutations of S, that move
at least one element of S, by two spaces from its natural position.

In particular, there are 3! — F4; = 3 such permutations of the set {1, 2, 3}, as
Figure 4.5 depicts.
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-0 (-6 (-
>2
n=2
] ] -
| e R

X
\/
A

\/
/\

n=4
Figure 4.4.
TABLE 4.7.
n 1 2 3 4 . n
Pn 1 2 3 5 ?
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) [ (s
Figure 4.5,

GENERATING SETS AND FIBONACCI NUMBERS

The following example shows that Fibonacci numbers occur in the study of generat-
ing sets.

Example 4.10. Let[n] = {1,2,3,...,n}, wheren > 1. Let S be a nonempty subset
of [n].Let S+1 = {s+1|s € S}.Forinstance,letS = {1, 3, 6},thenS+1 = (2, 4, 6}.

A nonempty subset S of [n] is said to generate {n +1]if SU(S+1) = [n+ 1]. For
example, letn = 7and S = {1,3,5,7). Then S+1=1(2,4,6,8}and SU(S+ 1) =
{1,2,3,4,5,6,7, 8] = [8], so S generates the set [8], as does the set {1, 3,4, 5,7},
but not {1, 3,4, 7).

Let s, denote the number of subsets of {n] that generate [n+1]. Clearly,s; = 1 = s,.
There are two subsets of [3] that generate [4] : {1, 3} and {1, 2, 3} : so s3 = 2. There
are three subsets of [4] that generate [5]; they are [1, 2, 4}, {1, 3,4}, and {1, 2, 3, 4}.
Thus s4 = 3.

There are ss = 5 subsets of [5] that generate the set {6]. Three of these subsets
can be obtained by inserting the element 5 in each of the subsets {1, 2, 4}, {1, 3, 4},
and {1, 2,3, 4}): {1,2,4,5}, {1,3,4,5}, and {1, 2, 3,4, 5}). The remaining two can
be obtained by inserting 5 in each of the subsets {1, 3} and {1, 2,3} : {1, 3, 5} and
{1, 2, 3, 5}. Thus s5 equals the number of subsets of [4] that generate [5], plus that of
[3] that generate [4].

More generally, the subsets of [#] that generate [n + 1] can be obtained by inserting
n in each of the subsets of [n — 1] that generate [n], and by inserting n in each of the
subsets of [n — 2] that generate [n — 1}:

s, = Number of subsets of [n — 1] that generate[n]
+ number of subsets of{n — 2]that generate[n — 1]

= Sp—1 + Sn-2
where sy = | = s5. Thus 5, = F,. [ ]

The next three examples link Fibonacci numbers with graphs, so it is helpful here
to present additional basic terminology from graph theory.
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BASIC GRAPH TERMINOLOGY

Recall that a graph G = (V, E) consists of a set V of points, called vertices, and a set
E of arcs or line segments, called edges, joining them. An edge connecting vertices
v and w is denoted by v—w. A vertex v is adjacent to vertex w if there is an edge
connecting them.

For example, the graph in Figure 4.6 has four vertices—A, B, C, and D-—and seven
edges. Vertex A is adjacent to B, but not to C.

A

Figure 4.6.

D
Figure 4.7.

An edge emanating from and terminating at the same vertex is a loop. Parallel
edges have the same vertices. A loop-free graph that contains no parallel edges is a
simple graph.

For example, the graph in Figure 4.7 has a loop at B, and the one in Figure 4.6
has parallel edges, while the graph in Figure 4.8 contains no loops or parallel edges,
making it a simple graph.

Figure 4.8.

A subgraph H = (V’, E') is a graph such that V' C V and E’' C E. A path
between two vertices vy and v, is a sequence vy — v — vy — - - - — v,, of vertices and
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edges connecting them; its length is n. A graph is connected if there is a path between
every two distinct vertices. For instance, consider the graph in Figure 4.6. The length
of the path A—B is one and that of A—-B-~A-B-C is four.

Independent Subset of the Vertex Set

Let V denote the set of vertices of a graph. A subset I of V is independent if no two
vertices in / are adjacent. In other words, if / is independent and v, w € /, then the
edge v—w does not exist. For example, consider the graph in Figure 4.9. Then {a, c, ¢}
and {b, d} are independent, whereas {a, ¢, d, f} is not.

b

Figure 4.9.

We are now ready to examine the next graph-theoretic example.

Example 4.11. Let P, denote the path vy — vy — vy — - - - — v, Of length n connecting
the vertices v, vy, vy, .. ., and v, in a simple graph, where n > 0. Let C, denote the
number of independent subsets of vertices of the path.

When n = 0, the path P, consists of a single point vy, so there are two possible
independent subsets: @, {vo).

When n = 1, the path is vo—v,. Then there are three independent subsets of {vg, vy},
namely, @, {vo}, and {v}.

When n = 2, the path P, contains three vertices: vg, v;, and v,. Accordingly, there
are five independent subsets: @, {vg}, {v1}], {v2}, and {vg, v2}).

These data are summarized in Table 4.8. Clearly, a pattern emerges. It seems safe
to conjecture that C, = F,;3, where n > 0.

TABLE 4.8.

n Path P, Independent Subsets C,
0 % @, {U()} 2
1 o o Q, {vo}, (v} 3
2 v v Dy @. {w), (w1}, (w2}, {vo, v} 5

3 Awo), {ui), {w2)s {3},
% 0 v vs @, {w), {vi], {v2}, {v3) 8

{vo. v2}, {vo, va}, {vy, v3}

Fn+3
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In fact, this example is basically the same as Example 4.4. It involves counting the
number of subsets of the set {0, 1, 2, 3, ..., n}, where no subsets contain consecutive
integers. Thus C,, = F,3, where n > 0. [ ]

We need a few more definitions before moving on to the next example.

A Few More Definitions

A cycle is a path with the same endpoints; it contains no repeated vertices. A graph
is acyclic if it contains no cycles. A connected, acyclic graph is a tree. A tree with n
vertices has exactly n — 1 edges.

For example, the graph in Figure 4.10 shows the family tree of the Bernoullis of
Switzerland, the most distinguished family of mathematicians. The graph in
Figure 4.11 is not a tree because it is cyclic. The tree in Figure 4.10 contains a specially
designated vertex, called the root. Its root is it Nicolaus. The basic terminology of
(rooted) trees reflects that of a family tree.

Nicolaus
Jakob | Nicolaus Johann
Nicolaus Nicolaus Daniel Johann i

Johann Il Daniel Il Jakob 1l

Christoph
Figure 4.10. The Bernoulli family tree.

Figure 4.11.
Parent, Child, Sibling, Ancestor, Descendant, and Subtree. Let T be a tree with root
vg. Let vg — vy — - -+ — v, — v, be the path from vy to v,. Then:

o v;_1 is the parent of v;.
* U; is a child of Vi—1.
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« The vertices vy, vy, ..., Up_ are ancestors of v,.

« The descendants of a vertex v are those vertices for which v is an ancestor.
« A vertex with no children is a leaf or a terminal vertex.

« A vertex that is not a leaf is an internal vertex.

o The subtree rooted at v consists of v, its descendants, and all its edges.

For example, consider the tree in Figure 4.12. It is rooted at a. Vertex b is the parent
of both e and f, so e and f are the children of b. Vertices a, b, and e are ancestors
of i. Vertices b and e are descendants of a. Vertex f has no children, so it is a leaf.
Vertices b and d have at least one child, so both are internal vertices. Figure 4.13
displays the subtree rooted at b.

Figure 4.12.

i
Figure 4.13.

Binary Tree. An ordered rooted tree is a rooted tree in which the vertices at each level
are ordered as the first, second, third, and so on. Such a tree is a binary tree if every
vertex has at most two children. For example, the tree in Figure 4.13 is a binary tree.
Its left subtree is the binary tree rooted at ¢, and its right subtree is the binary tree
rooted at f.

We are now ready to explore Fibonacci trees and their relationships with Fibonacci
numbers.
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Fibonacci Tree. The nth Fibonacci tree T, is a binary tree, defined recursively as
follows, where n > 1:

« Both 7} and T, are binary trees with exactly one vertex each.

o Letn > 3. Then T, is a binary tree whose left subtree is 7,,; and whose right
subtree is T,_,.

Figure 4.14 shows the Fibonacci trees 7| through Tj.

T Ta Ta Ts Ts

Figure 4.14. Fibonacci trees.

Next, we explore the number of vertices v,, the number of leaves ¢,, the number
of internal vertices i,, and the number of edges e, of a Fibonacci tree T,,. To facilitate
our study, let us collect the needed data from Figure 4.14 and summarize them in
tabular form, as in Table 4.9.

Using the table, we conjecture that v, =2F, —1,¢, = F,,i, =€, — 1= F,—1,
and e, = v, — 1 = 2F, — 2. Using the recursive definition of 7,,, it is fairly easy to
establish these results, as the next theorem shows.

TABLE 4.9.
n 1 2 3 4 s 6 n
Vn 1 1 3 5 9 15 ?
¢, 1 1 2 3 5 8 ?
in 0 0 1 2 4 7 ?
e 0 0 2 4 8 14 ?

Theorem 4.1. Let v,, ¢,, i,, and ¢, denote the numbers of vertices, leaves, internal
vertices, and edges of a Fibonacci tree T,,, wheren > 1. Thenv, = 2F, —1,¢, = F,,
in=F,—1,and e, =2F, — 2.

Proof.

1. Clearly, the formula works when n = 1 and 2. Suppose n > 3. Since T,
has 7,_; as its left subtree and 7,_; as its right subtree, it follows that v, =
Up_t + U2+ 1, where vy = | = vy. Letb, = v, + 1. Thenb, = b,_1 +b,_2,
where by =2 = by. Sob, = 2F,,and hence v, = 2F, — 1, where n > 3. Thus
the formula works forn > 1.

2. By the recursive definition of T,, it follows that ¢, = £,_, + £,_,, where
£ =1=¢,. Thus £, = F,, wheren > 1.
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3. Clearly, i, =v, — €, =QF, - 1) - F,=F, — 1.

4. Again, by the recursive definition of T,,, e, = e,_| + e,_2 + 2, where e| =
0=e.letc, =e, +2. Thenc, = ¢c,_1 + ¢,_2, Wwhere ¢; = 2 = ¢,. Thus
¢, =2F,,s0e, =2F, —2,wheren > 1. |

FIBONACCI NUMBERS AND THE STOCK MARKET

In the 1930s, Ralph Nelson Elliot, an engineer by training, made an extensive study
of the fluctuations in the U.S. stock market. The Dow Jones Industrials Average
(DJIA), an indicator based on stocks of 30 top companies, is often used as a measure
of stock market activity and hence of the health of the economy. The DJIA varies
according to human optimism and pessimism, as reflected by market conditions.
Nevertheless, according to Prechter and Frost, Elliott discovered, based on his study
and observations, “that the ever-changing stock market tended to reflect a basic
harmony found in nature and from this discovery developed a rational system of
stock market analysis.”

In 1939, Elliott expressed his analysis as a theoretical principle, which has since
been called the Elliott Wave Principle. In practice, the wave principle, corresponds
to the performance of the DJIA.

Elliott observed that the stock market unfolds according to a fundamental pattern
comprising a complete cycle of eight waves. Each cycle consists of two phases, the
numbered phase and the lettered phase, as seen in Figure 4.15. The numbered phase
consists of eight waves: five upward waves and three downward waves. The upward
waves 1, 3, and 5 are impulse waves, and they reflect optimism in the stock market;
the downward waves 2 and 4 are corrective waves, and they are corrections to those
impulses, indicating pessimism. Wave 2 corrects wave 1 and wave 4 corrects wave 3.

The upward trend, depicted by the sequence 1-2~-3-4-5, is then corrected by the
downward trend, namely, the lettered phase a—b—c; the downward trend is, in fact,
made up of two downward waves, a and ¢, and one upward wave b. The five-wave
sequence 1-2-3-4-5 indicates a bull market, whereas the corrective sequence a—-b—c
indicates a bear market. Thus, one complete cycle consists of the sequence 1-2-3—4-
S—a—b—c. According to the wave principle, this cycle of upward and downward turns
continues.

Now the numbered phase can be considered a wave, say, wave (), and the lettered
phase wave (). Thus there are waves within waves, as Figure 4.16 shows. Counting
(Dand Qseparately, we get two waves. The pattern (1)—(2)—(3)-(4)~(5) consists of
21 smaller waves, and the downward trend (a)—(b)—(c) consists of 13 smaller waves;
so the pattern (1)~(2)~(3)~(4)—(5)—(a)—(b)—(c) consists of 34 smaller waves. Thus we
have the following pattern:

D— @= 2 waves

(H—©2)—3)—(4) — (5 — (a) = (b) — (c) = 8 waves
1—2-3-4-5—...—1-2—-3~4—5=34 waves
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Numbered Lettered
Phase 4 Phase

Figure 4.15. The Fundamental Behavior of the Elliott Wave Principie (Source: R. R. Prechter, Jr., and A.
). Frost, Elliott Wave Principle—Key to Modern Behavior, New Classics Library, Gainesville, GA, 1985.
Copyright © 1978-2000, reproduced with permission from New Classics Library.).

(5)
5

c
(2 @ and @ = 2 waves
(1), (2), (3), (4), (5).(a).(b).(c) = 8 waves
1,2,3,4,5,a,b,c, etc.= 34 waves

Figure 4.16. Waves Within Waves (Source: R. R. Prechter, Jr., and A. J. Frost, Elliott Wave Principle—Key
to Modern Behavior, New Classics Library, Gainesville, GA, 1985. Copyright © 1978-2000, reproduced
with permission from New Classics Library.).
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That is, a wave of a large degree can be split into two waves of lower degree. These
two waves can be divided into eight waves of next lower degree, and they in turn
can be subdivided into 34 waves of even lower degree. This subdividing pattern also
implies that waves can be combined to form waves of higher degrees. Whether waves
are divided or combined, the underlying behavior remains invariant (see Fig. 4.17).

The complete cycle in Figure 4.17 comprises a bull market and a bear market. The
bull market cycle consists of five primary waves, which can be subdivided into 21
intermediate waves, and they in turn can be resubdivided into 89 minor waves. The
corresponding figures for the bear market are 1, 3, 13, and 55, respectively. This obser-
vation yields interesting dividends, as Table 4.10 shows. Odd as it may seem, according
to the Elliott Wave Principle, this Fibonacci rhythmic pattern continues indefinitely.

Complete Market Cycle

Figure 4.17. Forming Larger Waves (Source: R. R. Prechter, Jr., and A. J. Frost, Elliott Wave Principle—
Key 1o Modern Behavior, New Classics Library, Gainesville, GA, 1985. Copyright © 1978-2000,
reproduced with permission from New Classics Library.).

TABLE 4.10.

Bull Market Bear Market Total
Waves Cycle Cycle Waves
Cycle waves 1 1 2
Primary waves 5 3 8
Intermediate waves 21 13 34
Minor waves 89 55 144
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EXERCISES 4

1. An n-bit word containing no two consecutive 1s can be constructed recursively
as follows: Append a O to such (n — 1)-bit words or append a 01 to such
(n — 2)-bit words. Using this procedure construct all 5-bit words containing no
two consecutive 1s. There are 13 such words.

2. Let a, denote the number of n-bit words that do not contain the pattern 111.
Define a, recursively.

Let a, denote the number of ways a person can climb up a ladder with n rungs. At
each step he can climb one or two rungs.*

3. Define a, recursively.

4. Find an explicit formula for a,.
Let b, denote the number of ways of forming a sum of n (integral) dollars using only
one- and two-dollar bills, taking order into consideration (Moser, 1963).

5. Define b, recursively.

6. Find an explicit formula for b,.
Let b, denote the number of compositions of a positive integer » using 1, 2, and 3 as
summands (Netto, 1901).

7. Find b3 and b,.

8. Define b, recursively.
A set of integers A is fat if each of its elements is > |A|, where | A| denotes the number
of elements in A. For example, {5, 7, 91} is a fat set, whereas {3, 7, 36, 41} isnot. @ is
considered a fat set. Let a,, denote the number of fat subsets of the set {1,2,3, ..., n}
(Andrews).

9. Define a, recursively.

10. Find an explicit formula for a,.
An ordered pair of subsets {A, B} of the set S, = {1,2,...,n} is admissible if
a > |Bjforeverya € Aand b > |A| forevery b € B, where | X| denotes the number
of elements of the set X. For example, ({2, 3}, {4}) is an admissible pair of subsets
of S4.
11. Find the various admissible ordered pairs of subsets of the sets Sp, S, and S;.
*12. Predict the number of admissible ordered pairs of subsets of S,.

**13. Let S, denote the sum of the elements in the nth term of the sequence of sets of
Fibonacci numbers {1}, {1, 2}, {3, 5, 8}, {13, 21, 34,55}, .... Find a formula
for S,.

*Based on D. L. A. Cohen, Basic Techniques of Combinatorial Theory, Wiley, New York, 1978.



FIBONACCIAND LUCAS
IDENTITIES

Both Fibonacci and Lucas numbers satisfy numerous identities that have been
discovered over the centuries. In this chapter we explore several of these fundamental
identities.

For example, Exercise 14 of Chapter 2 required that we conjecture a formula for

n
the sum )_ F;. In doing so, we notice the following interesting pattern:
1

Fi=1=2-1=F-1
F+FR=2=3-1=F—-1
F+FR+FB=4=5-1=Fs—1
FF+Rh+FRB+F=8=8-1=F—-1
Fi+Fh+FB+FR+F=12=13-1=F-1

Following this pattern, we conjecture that > F; = F,, — 1. We shall establish the
1

validity of this formula in two ways, but we first state it as a theorem. See Exercise 23
for an alternate method.

Theorem 5.1. (Lucas, 1876)
D Fi=Fua—1 (5.1)
i

69
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Proof. Using the Fibonacci recurrence relation, we have:

Fil=F—-F
F,b=F, - F;
F5 =Fs—Fy

Fooy = Fn-H—Fn
F, = Fn+2_Fn+l

Adding these equations, we get:

n
Y Fi=Fua—F=Fu-1
1

AN ALTERNATE METHOD
An alternate method of proving Identity (5.1) is to apply the principle of mathematical

induction (PMI). Since F}, = F; — 1, the formula works forn = 1.
Now assume it is true for an arbitrary positive integer k > 1:

k
D Fi=Faa~1
1

Then
k+1 k
D Fi=) F+Fu
1 ]
= (Fyy2 — 1) + Fiy, by the inductive hypothesis
= (Fpy1 + Fry2) — 1
= Fr3—1
Thus, by PMI, the formula is true for every positive integer n. [ ]
20

For example, Y F; = F;; — 1 = 17,711 — 1 = 17, 710. You can verify this by
]
direct computation.

This theorem is the basis of an interesting puzzle, conceived by W. H. Huff:

Add up any finite number of consecutive Fibonacci numbers. Now add the second term
to this sum. The resulting sum is a Fibonacci number.

The next example justifies the validity of this puzzle.
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k
Example 5.1. Provethat ) Fi,; + Fiy1 = Fiyuso. [ ]
j=0
Solution.

i+k

k i-1
ZFI'H"'FHI = ZFr—ZFr'f-FHl
j=0 I 1

= (Fipks2 = 1) = (Fipn — )+ Fiyy

= Fi+k+2

This example, in fact, identifies the Fibonacci number that is the final sum in
the puzzle. Obviously, this example and hence the puzzle can be extended to the
generalized Fibonacci sequence (see Exercise 16 in Chapter 7).

Using the technique employed in Theorem 5.1, we can derive a formula for the
sum of the first n Fibonacci numbers with odd subscripts.

Theorem 5.2. (Lucas, 1876)
Z Py = Fa 5.2)
1

Proof. Using the Fibonacci recurrence relation, we have

FF=FK-F
FR=F-F
Fs = Fg — Fy

FZn—S = FZn—Z - FZn—4
Fauy = Fon ~ Fan

Adding these equations, we get

n
Z Fii=F,-F=F, ]

10 !
For example, >_ F5;,_; = Fy = 6765. Again, you can verify this by direct
I

computation.

Corollary 5.1. (Lucas, 1876)

> Foi = Fanyi — 1 (5.3)
1
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Proof.

n 2n n
ZF21' = ZFx —Zin—l
1 1 1
= (Fapy2 = 1) — F, by Theorems 5.1 and 5.2.

= (Fap42 — Fpp) — 1

= Fypy — 1 by the Fibonacci recurrence relation (FRR). ]

This identity has a wonderful application to graph theory. But before we examine
it, we need two definitions.

Spanning Tree of a Connected Graph

A spanning tree of a connected graph G is a subgraph of G that is a tree containing
every vertex of G. The complexity k(G) of a graph is the number of distinct spanning
trees of the graph.

For example, the graph in Figure 5.1 has three distinct spanning trees (see Fig. 5.2),
so its complexity is three.

34 4
26 1
Figure 5.1,
3¢—o4 3 4 3 4
26————9o1 2 1 2 1
Figure 5.2.

Fan Graph

A fan graph or simply a fan, G, of order 1 consists of two vertices, 0 and 1, and
exactly one edge between them. A fan G, of order n is obtained by adding a vertex
n to a fan G, and then connecting vertex n to vertices O and n — 1, where n > 2.
Figure 5.3 shows fans of orders 1 through 4.

Next, we look for the number of spanning trees s, of a fan G,,. The fan G, has
clearly one spanning tree, so s; = 1 (see Fig. 5.4). Fan G has three spanning trees,
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4
3 3
2 2 2
0e———e1 0411 0 1 0 1
G, G, G, G,
Figure 5.3.
———o

Figure 5.4. Spanning tree of G,.

so s; = 3 (see Fig. 5.5). G3 has eight spanning trees, so s3 = 8 (see Fig. 5.6). Thus
s1=1= F,, 5 =3 = Fs,and s3 = 8 = F. So we predict that s4 = F3.

To confirm this, consider the possible ways of having vertex 4 in a spanning tree
of G4. It follows from Figure 5.7 that

3
S4=S3+Zs,~+]
1

Foe+(Fe+ Fa+ R+ 1=Fo+(F7—1)
Foe+ F; = Fg

1l =

Figure 5.5, Spanning trees of G;.

sLoaAL AN

Figure 5.6. Spanning trees of G3.

4 LA

S3 53 Sa

Figure 5.7. Possible ways of having vertex 4 in a spanning tree of G4.
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More generally,

n-1
Sp = Sp-1 +ZS,‘ +1
1

n—1

=Fu2+) Fui+l=Fua+Fpg—1)+1
i

= Fyp a4 Fop1 = P,

For example, a fan of order 5 has Fjp = 55 spanning trees.
Before we state the next stack exponents property, we need to study the following
pattern:

FIF—F2=1.2-1"=(-1)?
FRF,—F} =1.3-22=(-1)
FFs—F} =2.5-3 =(-1*
FiFg—F2 =3.8-5 =(-1)°

Clearly, a pattern emerges. We conjecture that F,,_ F, ;) — F,,2 = (=1)",wheren > 1.
This leads to the next formula, which was discovered in 1680 by the Italian-born
French astronomer and mathematician Giovanni Domenico Cassini (1625-1712), and
discovered independently in 1753 by Robert Simson (1687-1768) of the University
of Glasgow.

Theorem 5.3. (Cassini’s Formula)
FooiFppy — F} = (=1)" (5.4)
wheren > 1.

Proof. (by PMI) Since Fyp F, — F,2 =0-1-1= —1=(~1)!, the given statement
is clearly true whenn = 1.

Now we assume it is true for an arbitrary positive integer k:Fy_; Fiy1 — F,? =
(—1*. Then

FiFiwr — Fy = (Fist — Fo)(Fe + Fe) — 2y
= FyFes1 + F = FFioy — Faot Fepy — F2y
= FiFxp1 — FeFooy — F} — (=1)*  bythe IH
= FiFip1 — Fu(Feoy + F) + (=D
= FyFip1 — FyFeqy + (-DF!
= (—1)*!
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Thus the formula works for n = k + 1. So, by PMI, the statement is true for every
integern > 1. n

Cassini’s formula yields the following fascinating by-product.

Corollary 5.2. Any two consecutive Fibonacci numbers are relatively prime; that is,
(Fy41, Fy) = 1 for every n.

Proof. Let p be a prime factor of both F, and F, ;. Then, by Cassini’s formula,
p| & 1, which is a contradiction. Thus (F,4, F,) = 1. a

Substituting for F,4; in Cassini’s formula yields F2_, + F,F,—y — F? = (—1)".
This implies that the Diophantine equation x* + xy — y? = =1 has infinitely many
solutions, x = F,_,and y = F},.

In 1972, Ira Gessel of Harvard University employed Cassini’s formula to establish
the following interesting result.

Theorem 5.4. A positive integer n is a Fibonacci number if and only if 52 £ 4is a
perfect square.

Proof. We have

D"+ F,2 = F.F_ Cassini’s formula
L =Fg+F_, by Exercise 32
L2 —4[(~1)Y + F}1 = (Fop1 + Fo)? —4F, 0 Fry
= (Fry1 = Fro1)?
= F?

L? = SF? +4(-1)

r

Thus if n is a Fibonacci number, then 5n% 3 4 is a perfect square.
Conversely, let 5n? £ 4 be a perfect square m?. Then

m? — 5n? = +4

m+n\/§ m—nx/g_

+1
2 2

Since m and n have the same parity (both odd or both even), both (m + n+/5)/2
and (m — n+/5)/2 are integers in the extension field Q(+/5) = {x + y+/S|x,y €
Q}. where Q denotes the set of rational numbers. Since their product is +1, they
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must be units in the field. But the only integral units in Q(v/5) are of the
form +a*. Then

UASA L +2”‘/§ = o' = 2@ + 6 + o — )]
_Li+ Fi/5
2
Thus n = F;, a Fibonacci number. [ |

The identity SF,,2 +4(-1)" = Lﬁ (see Exercise 39) was discovered in 1950 by
P. Schub of the University of Pennsylvania. This result has an interesting application.

Letn = 2m + 1. The resulting square, L}, ., = 5FZ,,, —4, is the discriminant of
the quadratic equation (Fan41 & 1)x2 — Fypy1X — (Famyy F 1) = 0. Consequently,
its solutions are rational. For example,

1x2 = 2x =3 = (Ix + 1)(1x = 3)
6x2 —5x—4 = 2x+ 1)(3x — 4)
1222 - 13x — 14 = Bx +2)(@x = 7)
35x2 — 34x — 33 = (5x + 3)(7x — 11)
More generally,
[Fam+1 + (=1D)"Wx? = Famp1x — [Famy1 — (=1)"] = (Fug1x + Fu)(LmXx — Liny1)
The truth of this rests on the following facts:
FpFu =F}—F2_ +(=1)",  FuoiFpy =F:+(=1)",  and
Fr+ Frn = Fani

These observations were made in 1950 by A. Struyk.
What can we say about the sum of the squares of the first n Fibonacci numbers?
Once again, let us look for a pattern:

F}+F} =2=FKkFk

This result has a nice geometric interpretation: The sum of the areas of the squares
of sizes F; x F) and F, x F, equals the area of the rectangle of size F; x F3, as
Figure 5.8 demonstrates. Likewise, F2 + F2 + FZ =1+ 1+4=6=2.3 = F3F,
and F}+ F} + F2+ F} =1+14+4+9=15=3.5= F,F;s. These results also
can be interpreted geometrically in a similar manner, as Figure 5.9 shows.

2
L1

Figure 5.8.
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More generally, we have the next result.

3 5

Figure 5.9.

Theorem 5.5. (Lucas, 1876)

n

Y Fl=FFun (5.5)
1
1
Proof. (by PMI) When n = 1, the left-hand side (LHS) = }_F? = F} =1 =
1
1.1 = F| . F, = the right-hand side (RHS). So the result is true whenn = 1.

k
Assume it is true for an arbitrary positive integer k : ) F,-2 = FyFyy,. Then
1

k+1 k

Y FE=) F'+F},
1 1

= FyFi1 + F2,, DbythelH
= Fp (Fi + Fiq)
= Fi 1 Frya by the Fibonacci recurrence relation (FRR)

So the statement is true when n = k + 1. Thus it is true for every positive integer n.
]

For example,

25
Y F2 = FysFy = 75,025 121,393 = 9, 107, 509, 825
1

Interestingly enough, Identities 5.1 through 5.5 have analogous results for Lucas
number also:

n

Y Li=Lua—3 (5.6)
1

Y Loy =Ly -2 (5.7)
1

Zin = Loy — 1 (5.8)
1
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Ly_iLpyy — LE = 5(=1)""! (5.9)

Y L2 = LaLny =2 (5.10)
1

These identities can be established using PMI (see Exercises 3-7). In addition, it is
possible to establish Identity 5.10 using the Euclidean algorithm.,

To derive new identities, we now present an explicit formula for F,. To this end,
let « and B be the roots of the quadratic equation x2 —x — 1 = 0,s0 @ = (1 ++/5)/2
and B = (1 — +/5)/2. (The choice of the equation will become clear in Chapter 18.)
Thena + B =1and af = —1.Besides, e’ =a(l —B)=a—af =a+1,0° =
a(a+1) = a?+a = 20+1,ando* = ¢Ra+1) = 20?2 +a = 2(a+1)+a = 3a+2.
Thus we have:

a=1la+0
= la+1
o} =2a+1
ot =3a+2

Notice an interesting pattern emerging: The constant term and the coefficient of «
on the RHS appear to be adjacent Fibonacci numbers. Accordingly, we have the
following resuit.

Lemma 5.1. a" = aF, + F,—1, wheren > 0. [ |

This can be established easily using PMI (see Exercise 48).

Corollary 5.3. 8" = BF, + F,_,, wheren > (. ]
Let u, = (a" — ")/+/S, where n > 1. Then
a-B _ 5 o>~ B (@+B)a-4p)
U= —=—==1 and Uy = = =1
V505 V5 V5
Suppose n > 3. Then
an—l _ ﬁn—l an—2 _ ﬂn——2
Up—y +Up-2 = +
1 2 73 7
_ an—Z(a +1) - ﬂ"_z(ﬂ +1 _ a2 — ﬂn—Z . ﬁZ
a V5 V5
_ o’ — ﬂ" s
Jg n

Thus, u, satisfies the FRR (1) and the two initial conditions. This gives us an explicit
formula for F, : F, = u,.
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Theorem 5.6. Let a be the positive root of the quadratic equation x> —x — 1 = 0
and B its negative root. Then

_ an — ﬁ’l

=28

where n > 1. »

F,

This explicit formula for F, is called Binet’s formula, after the French mathe-
matician Jacques-Phillipe-Marie Binet (1786—-1856), who discovered it in 1843. In
fact, it was first discovered in 1718 by the French mathematician Abraham De Moivre
(1667-1754) using generating functions (see Chapter 18), and also arrived at indepen-
dently in 1844 by the French engineer and mathematician Gabriel Lamé (1795-1870).

In any case, this formula, which we shall derive in two other ways in later chapters,
can be employed to derive a myriad of Fibonacci identities.

Corollary 5.4. (Lucas, 1876)

FX, + F! = Faupy (5.11)
Flo— Fl_y = Fy (5.12)
a

Forexample, F§ + F? = 441+ 169 = 610 = Fisand F} — F = 7921 — 1156 =
6765 = Fy.

In Chapter 34, we shall prove that there are only two distinct Fibonacci numbers
that are perfect squares, namely, 1 and 144. Consequently, Identity (5.11) has a nice
geometric interpretation: No two consecutive Fibonacci numbers can be the lengths
of the legs of a right triangle.

The next theorem, however, provides a link between four consecutive Fibonacci
numbers and the lengths of a Pythagorean triangle, as established in 1948 by
C. W. Raine.

Theorem 5.7. Let ABC be a triangle with AC = F; Fy 3, BC = 2F;4 Fi42, and
AB = F5,3. Then ABC is a Pythagorean triangle, right-angled at C. n

It suffices to verify that AB?> = AC? + BC?, so we leave its proof as an exercise.

Forexample,let AC = F;Fyo = 13-55=715,BC = 2.-FgFy = 2.21-34 = 1428,
and AB = Fi7 = 1597.Then AC?+ BC? = 7152414282 = 2, 550, 409 = 1597% =
AB?,s0 ABC is aright triangle, right-angled at C.

Corresponding to Binet’s formula for F,, there is one for L, also, as the next
theorem shows. We invite you to confirm it (see Exercise 18).

Theorem 5.8. Letn > 1. Then
Ln — a" + ﬂ"

The two Binet formulas can be used in tandem to derive an array of identities.
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Corollary 5.5.
Fy = FL, (5.13)
Fooi+Foyy = Ly (5.14)
Foya—Fpy = Ly (5.15)
Lp_y+ Lpyy = 5F, (5.16)
a

For example, Fyp = 6765 = 55 - 123 = FioLyo, F1; + Fi3 = 894233 = 322 =
Ly, Fl1u—F;=89—-13=76=Lg,and Ljg+ L2 =1234+322=445=5.89 =
S5Fy;.

Identity 5.13 implies that when n > 3, every Fibonacci number F, with an
even subscript has nontrivial factors. According to Identity 5.14, the sum of any
two Fibonacci numbers that are two units away is a Lucas number. Likewise, by
Identity 5.15, the difference of any two Fibonacci numbers that lie four units away is
also a Lucas number.

Identity 5.13 has an interesting by-product. Let 2n = 2™, where m > 1. Then

Fom = Lan-1 Fom-1
= Lym-1(Lom-2 Fym-2) = Lom-1 Lym-2 Fpm-2
= Lon-1Lym-2(Lom-3 Fym-3) = Lom-1 Lom-2 Lym-3 Fym-3
Continuing like this we get:
Fom = Lgm1Lym—2 - -+ LgL4 Ly L,

This can be established using PMI.
For example,

Fzp = LigLgL4L, Ly =2207-47-7-3-1=2,178, 309

Identity 5.14 has interesting applications, as the next two examples demonstrate.

Example 5.2. Let us reconsider the same permutation problem as in Example 4.9,
with the difference that the numbers are arranged around a circle (see Fig. 5.10). Let
g» denote the number of cyclic permutations g that move no element more than one
position from its natural position on the circle, where n > 3.

Figure 5.11 shows the various such cyclic permutations for n = 3, so ¢q3 = 4.
Notice that with 1 and 3 swapped, there is just one permutation; otherwise, there are
three, for a total of four cyclic permutations.

More generally, let g(n) = 1. The remaining n — 2 elements can be rearranged in
Dn—2 Ways such that no element is moved by more than one space from its natural
position. On the other hand, let g(n) # 1. This case is precisely the same as the
preceding problem, so there are p, desired permutations. Thus, again by the addition
principle, g, = py—2 + pn = Fay + Fp1 = L.
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Figure 5.10.
3 2 3 2
3 @ 3 @
1
1 1 1
1 and 3 Swapped 1 and 3 Not Swapped
Figure S.11.

The next example is also a fine application of the identity L, = F,_| + F, 1.

Example 5.3. In Example 4.1, we found that there are a, = F,+; n-bit words that
do not contain two consecutive 1s. Instead of arranging the bits linearly, suppose we
arrange them around a circle in such a way that no two adjacent bits are 1s. Let b,
denote the number of such arrangements, where n > 2. Thus, b, denotes the number
of n-bit words such that:

1. No two adjacent bits are 1s;

2. If the word begins with a 1, then it cannotend ina 1.

Table 5.1 shows the possible such binary words for n = 2, 3, 4, and 5. It appears
from the table that b, = L,,.

TABLE 5.1.
n n-Bit Words of the Desired Type b,
2 00,01, 10 3
3 000, 001, 010, 100, 4
4 0000, 0001, 0010, 0100, 1000, 0101, 1010 7
5 00000, 00001, 00010, 00100, 01000, 10000, 11
01010, 01001, 10100, 10010, 00101

-
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To establish this, suppose the word ends in a 0. There are a,_, = F,; binary
words that meet the criteria. On the other hand, suppose the nth bit is 1. Then the
(n — 1)st bit, and the 1st bit cannot be 1:

The remaining n — 3 bits can be used to form a,_3 = F,_, words of the desired type.
Thus b, = a,-\ + an—3 = Fyyy + Fyu—y = L, wheren > 2. [ ]

NUMBER OF DIGITSIN F,AND L,

Binet’s formula can be successfully employed to predetermine the number of digits
in F, and L,. We can show this by writing F, as

5[0

Since |8} < lal, (8/a)" — 0 as n — oc. Therefore, when n is sufficiently large,

n

o
NG
log F,, = nloga — (log5)/2

F, ~

Number of digits in F,, = 1 + characteristic of logF, = [log F,,]
= [nloga — (log5)/2]
= [nflog(1 + +/5) — log2] — (log 5)/2]
For example, the number of digits in F3g is given by
[30flog(1 + NG log2] — (log 5)/2] = [5.92014420533] = 6

Notice that F3o = 832, 040 does indeed contain six digits. Likewise, Fy5 consists
of 10 digits.

Since L, = a" + 8", it follows that, when n is sufficiently large, L, = a", so that
log L, = n loga. Thus the number of digits in L, is given by

Mog L,] = nloge] = [n[log(l + v/5) — log 2]]

For example, L3¢ contains [39[log(1 + V5) — log2]] = 9 digits, whereas Lsg
contains [50[log(l + V5) —log2]1 = 11 digits.

Using Binet’s formula, we can generalize Cassini’s formula, as the next theorem
shows. It was established in 1879 by the Belgian mathematician Eugene Charles
Catalan (1814-1894).
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Theorem 5.9. (Catalan, 1879) Let k be a positive integer. Then
FoscFaci — F} = (=112 (5.17)
where n > k.

Proof.

LHS

an+k _ ,B"+k an—k _ ﬂn—k a” — ﬂ" 2
S5 s ( J3 )
(12" _ (an+kﬂn—k +a"_"ﬂ"+k) +ﬂ2n B a2n +ﬂ2n _ 2(_1)n
5 5
—[@B)a*B* + (@B)"a*B*1+2(=1)"
5
2(=1)" — (=1 (=D*%* — (=) (= D)fa*
5
2(—1)" _ (—l)"+"(a2" + ﬂZk)
5

2=1)" + (=1)*KH[SF2 4 2(—1)
_ D"+ (-1 5[ x +2(=b7] by Exercise 42
2(_l)n+2(_])n+2k+l
5
2(=1)" 4 2(=1)"!
5

— (_1)n+k+le2+

= (_1)n+k+le2+

— (_l)n+k+|Fk2
= RHS | |

For example, letn = 10 and k = 3. Then Fi3F; — F3 =233-13-552 =4 =
(-1 FZ.

We can generalize Identity 5.17 even further (see Identity 19) on p. 88.

As with Theorem 5.4, we have the following result for Lucas numbers, developed
by G. Wulczyn of Bucknell University in Pennsylvania in 1974.

Theorem 5.10. A positive integer n is a Lucas number if and only if 5n% £ 20 is a
perfect square.

Proof. Letn = Lyy,y,. Then
5n2 +20 — 5(a2m+l +ﬂ2m+l)2 +20 — 5[a4m+2 +ﬂ4m+2 +2(aﬂ)2'"+'] +20
— 5[a4m+2 +ﬂ4m+2 _ 2(aﬂ)2”'+l] - 5(a2m+| _ ﬂ2m+|)2

= 5(v5Fums1)? = 25F3,,,
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On the other hand, let n = L;,,. Then
5n% — 20 = 5(@®" + B7™)? — 20 = S5[a*" + B*" + 2(aB)*™] — 20
= S[a*" + B*" — 2(aB)®™] = 25F},

Thus, if n is a Lucas number, then 512 & 20 is a perfect square.
Because the proof of the converse is a bit complicated, we omit it. [ |

For example, let n = 199 = L,;. Then 5n2 +20 =5-199% +20 = 198,025 =
4452 a perfect square. On the other hand, let n = 843 = Lj4. Then 5n% — 20 =
5.8432 — 20 = 3,553,225 = 1, 8852, again a perfect square.

With Binet’s formulas at hand, we can extend the definitions of F, and L, to
negative subscripts also. If we apply the FRR to the negative side, we get

F, F53 F, F4 Fh i b FR F,
-3 2 -1 1 o 1 1 2 3

So, it appears that F_, = (=1)"*'F,,n > 1.
To prove this, assume Binet’s formula holds for negative exponents

Q" =p (B (—a)"

F_, = 7 7 since ¢ = —1
- =D"(B" —a”) _ (=Dt - ")
V5 V5
= (-D)"'F, (5.18)
Likewise,
L_,=((D"L,. (5.19)

Thus, F_, = F, if and only if n is odd, and L_,, = L, if and only if  is even.
Since F_; = 1, it is easy to verify that the identity F? + F2 | = Fa.41 (5.11)
follows from Catalan’s formula 5.17.
A formula for ™" can now be derived easily. Since " = a F,,+ F,_| (Lemma5.1),
it follows that

a " = aF_,+ F_,
= a(=1)"F, + (=1)"*?F,y
= (=D"*Y(@F, — Fop1)

_ | aF,— Fy ifnisodd

- [ Fny1 — aF, otherwise (5.20)

For example, a~!? = F|; — a Fj; = 89 — 144a.
Formula 5.20 can also be established by PMI or by showing thata” (a F,, — F,41) =
(—1)"*!, using Binet’s formula.
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Likewise,
_ | BFy, = Fayy ifnisodd

P = Foy1 — BF, otherwise (5.21)

Notice two intriguing patterns that emerge from o ™":

They are indicated by the two crisscrossing arrows: The absolute values of the
coefficients of « are consecutive Fibonacci numbers, and so are the absolute values
of the various constants.

The summation Formulas (5.1) through (5.3) are a special case of the generalized
summation formula, given in the next theorem. In addition, the theorem yields an
array of fascinating formulas as by-products. Its proof is a consequence of Binet’s
formulas and the geometric summation formula
o rm—1

r—1

r' =

i=0

where r # 1.

Theorem 5.11. (Koshy, 1998) Let k > 1 and j any integer. Then

Fupsirj — (=D Fuyj— F; — (=1 F_;
n nk-+k+ j ( ) k+j - J ( ) Fy J lfj <k
3 Firy = L = (=17 =1 (5.22)
] - .
T Py = (S Fuy — Fi 4 (CDF
Ly — (=Dk =1

otherwise
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Proof.

n
E Friyj
i=0

n aki+j — ﬂki+j

T
ﬁ [aj Zaki __ﬂjzﬂu]

ot

J5 ok — 1 Bt~ 1

_l—l:aj.anl&k_l— j‘ﬂnk+k__l

]

(ank+k+j _ af)(ﬂ" — 1) _ (ﬂnk+k+j — ﬂf)(a" — 1)

VSl(@B) — (@ + %) + 1]

~Fuitirj + (D Fuqj + F; + (@B — 2/ B*) /5

(D - L, +1
But

(@B (B/~* — ai~*) otherwise

awhwmh=Vwmwﬁ—mﬁ)nj<k

_ [DIV5Ro; i<k
(=D**'V/5F;_; otherwise

Fukriej = (1D*Fuesj — Fj = (=1) Fi_;

n
Lei— (=DF—1
ZFkiﬂ: r— (=1
—~

Fopsksj — (=¥ Fyj — Fj + (=D*F;

ifj <k

Le— (-DF =1

Letting j = O in this formula yields the following result.

Corollary 5.6. (Koshy, 1998)

2 Frik — (=D Fp — Fy
> r -
i=1 Lk - (_l)k - 1

Corollary 5.7.

n
ZE =Fn+2"1
1
n
ZF2i—-l = F,
1

n
ZFZi = Fpnp -1
1

otherwise

(5.23)

é.1)

5.2)

(5.3)
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Proof. When k = 1, Formula 5.23 yields

n n
Fn+l+Fn—Fl FIH—Z_l
;: Z=(;1 L|+l—l i n+2

Formula 5.3 follows from formula 5.23 by letting k = 2, and Formula 5.2 from
Formula 5.22 by letting k = 2 and j = —1. .

1t follows from Formula 5.23 that

iF'_ Fanyzs+ Fn—F  Fyyua+ Fy—2
— Ly—1+1 4

In particular,

= 798

3 Fig+ Fis—2 25844610 -2
2 Fu= 4 = 4
1

This may be verified by direct computation.

Corollary 5.8. (Koshy, 1998)

Z":F. - Fn+j+2_Fj—(—l)jF1_j ifj<l1
oy I Fayjr2 — Fin otherwise

Proof. Since Ly — (—1)! — 1 = 1, the corollary follows from Formula 5.22 when
k=1. ]

For example,

5
Y Fuys=Fio—F,=55-3=52
0

and
8

Y Fis=F—Fs—(-D)7F=5-5+8=8
0
Over the years, a vast array of Fibonacci and Lucas identities have been developed.
The following list cites a substantial number of them. It would be a good exercise to
establish the validity of each.

L Fn3+4

2. FpF, — Fm+an—k = (_l)n_ka+k—an

—3F2 3 —6F.,+3F>  + F? = 0 (Zeitlin and Parker, 1963)

n

1 0 ifniseven
. i—2Fy = Lag_y + 1 + 3v, where v = [ . :
3 Sle Fi_s -1 + 1 + 3y, where v | otherwise (Koshy, 1998)
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IR~ N TN

20.

21.

22.

23.

24,

25.

26.

27.

FIBONACCI AND LUCAS IDENTITIES

" Fympr o™V ="

. ﬂan—m+l +ﬂm—1Fn—m = ﬁ"

F, = Fan-m+1 + FpiFan

Ly = Lan—m+l + Lm—an—m
(L35 = LutfSFn (Fisk, 1963)

ot = (=D)"(aF, - Fp)
10.
11.
12.
13.
4.
15.
16.
17.
18.
19.

LomLoy = L2, + 5F2_, (Wall, February 1964)

m+n

LomLa, = 5F2,, + L2, (Wall, February 1964)
LowLys = L%, + L%_, —4(—=1)™™ (Lind and Hoggatt, Jr., 1964)

Lomion + Lym—2n = Lom L2, (Koshy, 1998)

Lomion — Lom—2n = 5Fam F2n (Koshy, 1998)

L4, = 5F}, + 2 (Lucas, 1876)

Liny2 = S5F2, ., — 2 (Lucas, 1876)

UFL+ FA ) + FPp) = (F2 + F2,, + F2,,)? (Candido, 1905)
(FuFn13)? + (2Fyi1 Fay2)? = F}, 5 (Raine, 1948)

FoinFoyx — FoFpinex = (—1)" Fy Fy (Everman et al., 1960)

i(—l)"-‘ml = (-1y'F,

n;Fzzi = (3F}, . +2F}, 5, — 6FyFaniy — 2n — 5)/5 (Rao, 1953)
i F2_, = 3FZ +2F2_, — 4Fam_2Fa + 2n — 2)/5 (Rao, 1953)
2:: FaictFais1 = QF2, 5 — 3F3,,, +3n + 1)/5 (Rao, 1953)

i Fyi Faiva = GF2,,p — 2F2,., — 3n — 1)/5 (Rao, 1953)
iFu’FHz = Fony1 Fans2 — 1 (Rao, 1953)

z':: Fi B = (F22n+2 + F22n+l —n —2)/5 (Rao, 1953)

S Fy_1Fy = 4F},, — F},., +n—3)/5 (Rao, 1953)
!
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28.

29.

30.

31.

32.
33.

34.

3s.

36.

37.

38.

39.

40.

41.

42
43.
44,
45,
46.
47,
48,

2n
Y FiFipi = F},,. — 1 (Rao, 1953)
1
n
Y Faio1Faivs = BF}, ., — 2F}, ., + Tn — 1)/5 (Rao, 1953)
|
n
S FoiFoiya = 2F} 4 — 3F} 3 — Tn — 6)/5 (Rao, 1953)
1

2n

> FiFiy4 = (Fanss — F3,3 — 4)/2 (Rao, 1953)
1

FnFn+an+2 = F,?.H + (_1)"Fn+l

F"3+l = Fn3 + FnB—l +3F 1 Fo P

Y Fuibini By = (F23n+2 — F2142)/4 (Rao, 1953)
|

S Fyoi1 By Py = (F}, | + Fan — 2)/4 (Rao, 1953)
1

3 F_ = (F}, + 3F:,)/4 (Rao, 1953)
1

n
3 F.gi = (F22n+l — 3F5,-1 + 2)/4 (Rao, 1953)
1

Y FP = (F},—3F},, +3(=1)"F, +2)/4 (Rao, 1953)
1

Z B 1B By = (F23"+2 + 7Fn42 — 8)/4 (Rao, 1953)
1

Y By Foiya Faiva = (F3, .3 — TFa,43 + 6) /4 (Rao, 1953)
i

2 FiFiy2Fiva = [Fanys — 16(=1)"F, — 5]/10 (Rao, 1953)
i

Fy =4F3,-3 + F3-6

Frsi F—t = Fynps Fey = (—=1)™ S F, Fy,, (Halton, 1965)
Foan = Fni1 Foy) — Fno1 Fy—) (Mana, 1969)

Frysoo = By F + F R F — FoFoo Froy

F3n = 5F? + 3(= )" F, (Halton, 1965)

F,Fpin = Fuyr Fy — (1) F,, F,—, (Halton, 1965)

89

[5F2+2(-0)"Fy = F2,,, — F2,,_, — F_,,, — F2_,_, (Halton, 1965)

m m
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49.
50.
51.
52.
53.
54.
55.
56.

57.

58.

59.

60.

61.

62.
63.
64.
65.
66. L
67.
68.
69.
70.
71.
72.
73.

74.

FIBONACCI AND LUCAS IDENTITIES

[SF2 +2(—D)"IF? + 2(~1)'F2 = F2,, + F2_, (Halton, 1965)
FpFynF3y = Fo,, — (—1)’F3_ — (=1)"L,, F? (Halton, 1965)
Fomy1 Fony1 = F2,,., + F2_, (Tadlock, 1965)

Loms1Longy = L0y — F,?,_,, + 4(—1)""" (Tadlock, 1965)
F? + F2 5 = Fops2Fapoket + Faoy Fanyoi-y (Sharpe, 1965)
F?+ F2 51 = Fake1 Fansoks1 (Sharpe, 1965)

F?,,, — F} = Fy Fany (Sharpe, 1965)

FZ o1 — F? = Fo_1 Faya — FyFonyoea (Sharpe, 1965)

iF? = nF,Foy1 — F? + {1 4+ (=1)"""]/2 (Koshy, 1998)
(n —i+ 1)F? = F,Fpyy — [1 4+ (=1)*""]/2 (Koshy, 1998)
(2n — i)F? = F2, (Hoggatt, 1964)

FiFiq1 = F2,; — 1+ (=1)"]/2 (Koshy, 1998)

-—M: —-M: —Ma -—M:

j ok
Y Y F? = F2,, — [2n% + 8n + 11 — 3(—1)"1/8 (Graham, 1965)

i=0 j=0k=0/=0

SF, = L,_1Lsy1 + (—1)" (Koshy, 1998)

LpLpty = Lant1 + (—1)" (Hoggatt, 1965)

F?+ F}, = F}., + F} 5 + 4F%,, (Swamy, February 1966)

F,,5+l F3 — F5_, = 5F, 41 FyFy\[2F2 + (—1)"] (Carlitz, February 1967)
S, — L3 = L3_| = 5Lyy1LyL,_[2L% — 5(—1)"] (Carlitz, February 1967)

Fl,, — F! = F]_| = TF 1 Fy Foli[2F? + (=1)"}? (Carlitz, February 1967)

Ln+l - LZ - LZ—! = TLp41 Ly Ln_1[2L% — 5(—1)"1? (Carlitz, February 1967)

M=
M..

i
It

La, = 1 + |v/5F5,] (Seamons, 1967)

Fany1 — 1 = Loy F, (Hoggatt, 1967)
Fanys — 1 = Lany1 Fany2 (Hoggatt, 1967)
FoyiLny2 — FayaLy = Fapyy (Carlitz, 1967)

FnLn+r - F,H.an_r = (FZr - Fr)FZn—r+l + (F2r—l - Fr—l)F2n—r -
(=D F, + (—=1)" F,,] (Koshy, 1998)

FnLn+r - LnLn—r = F2n+r - L2n—r - (—1)" [Fr + ('—l)rLr] (KOShy, 1998)
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75.
76.
77.
78.
79.
80.

81.

82.

83.
84.

85.

86.

87.
88.

89.

90.
91.
92,
93.

94.
95.
96.

97.
98.

99.

L2, 4 L2_, = Ly, Ly, +4(—1)"*" (Koshy, 1998)

Lion = [(Lan — 3)* + (5F24)?1L3, (Jarden, 1967)

S(F2,, + F2,) = Ly, Ly, — 4(—1)"*" (Koshy, 1998)

5CEmtr Fmarst + Fer Fnopi1) = Loyt Ly — 2(=1)™*" (Koshy, 1999)
FoirFnsr—2+ Fner Furo2 = Lam-2L2, — 6(—=1)"*" (Koshy, 1999)

LynsrLmyrst + LnrLin—r 41 = Lomyars1 + Lom—ars + 2(=1)"*" (Koshy,
1999)

Lm+er+r+l + Lm—er—r-H = L2m+lL2r + 2(_1)m+r (KOSh)’, 1999)

Lopintlmy _ SF,,,/L,,, if n is odd
FoiatEn-n [L,,,/F,,, otherwise (Wall, 1967)
2Fu4n = F,,L, + F,L,, (Ferns, 1967)
2Lpyyn = L, L, + 5F,F,, (Ferns, 1967)

SF,F, ifnisodd

L,L, otherwise (Koshy, 1598)

L'n+n + Lm—-n - [

L L _fLuL, ifnisodd
metn m-n = 1 5F,F, otherwise

L2, — L2 _, = 5LyyFz, (Koshy, 1998)

(FaFppr — Fn-&—2Fn+3)2 = (F, Fn+3)2 + (2Fn+l Fn+2)2 (UmanSk)’ and Tallman,
1968)

(LnLnyt ~ LpyaLns3)? = (LpLpi3)? + 2Lpy1Lay3)? (Umansky and
Tallman, 1968)

(Koshy, 1998)

F}.,— F}— F} | =3F, F,F,_, (Carlitz, 1967)
LY, —L}— L} | =3L,yLsL,_y (Carlitz, 1967)

L? — F? = 4F,_, F, (Hoggatt, 1969)
LyLyyy+4(—D" =5F,_ F,43 (Hoggatt, 1969)

n
> FiF5i = FyFyy1 Fanyr (Recke, 1969)
]

F! 4+ F* 4+ F* | =2[2F? + (—1)"] (Hunter, 1966)
Li_,+ L3+ L}, =2[2L% — 5(—1)"}? (Carlitz and Hunter, 1969)
FS 4+ FS + FS, = 2[2F? + (=1)")* + 3F2_ F2F?,, (Koshy, 1999)

n

F8  + F8+ F8, =202F} + (—=1)")* +8F2_ | FX(F}_ + F} +4F* |F} +

n

3F,,_.| F,, F2n—1) (KOShy, 1999)
Fi, L%, — F:L? = Fy, Fami2, (Hunter, 1969)

m+n~m+n
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100. 2

101.

102.
103.
104.
105.
106.
107.
108.
109.
110.
1.
112,
113.
114.

115.

116. L
117.
118.
119.

120.

121.
122.
123.
124.
125.

FIBONACCI AND LUCAS IDENTITIES

:
I

W [V]-

J
Z 2k | = Fan + n(5n% — 14)/3 (Swamy, 1970)

[

25 F},_y = Lanyz + 5n(n + 1) — 3 (Peck, 1970)

.M=
M..

|l
1

i=1)

F3,, — F> | = 3F,Fy41Foyy = F3, (Padilla, 1970)
L3, + L} — L} | =5L3, (Koshy, 1999)
(FuFr13)? 4+ 2Fnq1 Foy2)* = F}, .5 (Anglin, 1970)
Futn = FuLy — (=1)" Fp_, (Ruggles, 1963)
Ls, = Lo[L3, — (=1)"L,, — 1] (Carlitz, 1970)
Lsy = La{[Lan — 3(=1)"1? + 25(—1)" F?} (Carlitz, 1970)
F+3""2Fnz+2+2 n+1 Fn2
Fs3, = L, Fy, — (—1)"F, (Cheves, 1970)
Fs3, = F,[L3, + (=1)"] (Koshy, 1999)
Fisn = [Fy, — (=1)"]F, (Koshy, 1999)
F?+ F? 3 =2(F2,, + F?%.,) (Thompson, 1929)
(Fn + Fut6) Fi + (Fpi2 + Fata) Feyt = Lay3Lis (Blank, 1956)
(F2+ F2,, + F2,,)* = 2(F} + F},_, + F}.,) (Candido, 1905)
;) Fiyj = 29F; 5 (Heath, 1950)
=2F} | + F} + 6F,_ F2,, (Barley, 1973)
5F2,,+3 Fp_3 = L4, + 18 (Blazej, 1975)
1+ 4F2,,+1F22n 2Fna = (2 sz F 1)? (Hoggatt and Bergum, 1977)
1 + 4Fs 41 Fans2 Fang3 Fanga = 2Fans2Fanss + 1)* (Hoggatt and Bergum,
1977)
Fan = Lan i Lonsak—2 (Higgins, 1976)

F,F} 5 — F2, = (=1)"*! F, (Hoggatt and Bergum, 1977)
Fuy3F} — F2., = (="' F,; (Hoggatt and Bergum, 1977)
FyF} 3 — FuuaFE = (—1)"*'L,4, (Hoggatt and Bergum, 1977)
F,L% y — Foral?,, = (=1)"*'L,,, (Hoggatt and Bergum, 1977)
T2, — F3,; — F3 = 3La1 Fay2Fass (Barley, 1973)
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n—1
126. F3 = [] (Lo — 1) (Usiskin, 1974)
0

n—1
127. L3y = [] (Lo + 1) (Usiskin, 1974)
0

128. Fun = L Fnga—ty + (=)™ Fua—2) (Cheves, 1975)

129. Lam+tyan+ty — Lam+1 = SFaem+1y Fama1yn+1y (Koshy, 1999)
130. L2+ L2, = Ly + Lans2 (Koshy, 1999)

131. FpLn+ FyLy = 2Fp., (Blazej, 1975)

132. F2 + (=D)¥Fu(F2_, + 3F, 4 FuLy) = L} F? (Mana, 1978)
133. F2,, — L F2 + (=DXF2_, = 3(=1)"F, Fy Fy) (Wulczyn, 1978)

134. F?,,

135. FyFyyj — FjFuyx = (=1)] Fy_; F, (Taylor, 1982a)

0= S5(Fig — F!,) — 385(F4s — F2, ) + F* (Wulczyn, 1979)

136. FyLyny; — FjLpyx = (—1)) Fe_; L, (Taylor, 1982b)

Additional identities are presented in the exercises and in the following
chapters.

FERMAT AND FIBONACCI

A judge by profession, the great French mathematician Pierre de Fermat (1601-1665)
observed that the numbers 1, 3, 8, and 120 have a fascinating property. One more than
the product of any two of them is a perfect square:

1+41.3=22 I+1-8= 32 1+4+1-120=112
1+3-8=5%2 1+4+3-120=192 1+8-120=231°

In 1969, Alan Baker and Harold Davenport of Trinity College, Cambridge proved that
if 1, 3, 8, and x have this property, then x must be 120.

Intriguingly enough, notice that 1 = F3,3 = Fy4,8 = Fg,and 120=4-2-3.5 =
4F3 F4 Fs. Accordingly, eight years later, V. Hoggatt, Jr., and G. E. Bergum of South
Dakota State University picked up on this observation and established the following
generalization.

Theorem 5.12. The numbers F2,, Fant2, Fontsa,and4 Fy ) Fanip Fonq3 have the prop-
erty that one more than the product of any two of them is a perfect square.
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Proof. 1t follows by Cassini’s formula that | + F, Fonyy = F2, +1- Similarly,
1+ Py Fanys = F}p and | 4+ Fango Fanga = F2, 5. Next we have

14+ Fon(4F2n41 Fanta Fanygs)
=1+ 4(Fyn Fony2)(Fangy Fany3)
=144(Fh — D(Fh o+ 1) by Cassini’s formula
= 4F22n+,F22,,+2 - 4(F22n+2 - F22n+l) -3
= 4F22n+1 F22n+2 —4F43Fn -3
=4F} , Foy2 = 4F2n33(Fany2 — Fangy) =3
=A4F}  Fii2 — 4Fmi3Fans2 + 4Fpny1 Fapys — 3
=4F2  \Fii2 = 4Fmi3Fona + 4(F} , + 1) =3
=4F} \Fiy — 4F3n2(Fanys — Fang2) + 1
=4F}  F} 2 — 4F211 Fani2) + 1
= QFmn1 Fans2 = 1)

Similarly, it can be shown that 1 + Fu42(4Fs, 41 Fani2Fong3) = QF},, + 1)

and 1 + Fo, i 4(8F5, 41 Fopio Fony3) = RQFauy2Fapya + 1)2. Thus, one more than the
product of any two of the numbers is a square. [ ]

For example, n = 1 yields the Fermat’s quadruple (F,, Fy, Fs, 4F3F4Fs) =
(1,3, 8, 120); n = 2 yields the quadruple (Fs, Fs, F3, 4FsFsF7) = (3, 8, 21, 2080);
and n = 3 yields the quadruple (Fe, Fg, Fio, 4F1 F3Fy) = (8, 21, 55, 37128).

Hoggatt and Bergum also proved the following theorem for Fibonacci numbers
with consecutive subscripts.

Theorem 5.13. Let x = 4F2,,+2 Foni3Fonia. Then,
D 14 xFanst = QFany2Fangs + 1)
) 1+ xFpss = QFh,; — 1)
3) 1+ xFonys = QFany3Fangs — 1)?
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For example, let n = 3. Then x = 4FgFoFjp = 4 -21 -34 .55 = 157,080.
We have:

14 xF; = 14157,080-13 = 1429 = (2.21-34 + 1)2 = 2F3Fy + 1)?
1+xFy = 1+157,080-34 =2311> = (2. 34> — 1)> = QF? - 1)?
14+xF; = 1+4157,080-89 = 3739 = (2-34-55 — 1) = 2FyFyo — 1)?

An unusual relationship exists between the geometric constant 7 and Fibonacci
numbers.

FIBONACCIAND =

In 1985, Yuri V. Matiyasevich of St. Petersburg, Russia, developed a wonderful
formula for 7 in terms of Fibonacci numbers:

. 610gF1F2"'Fn
7 = lim
n—o0 log[Fx. Fz..--, Fn]

where {x, y] denotes the least common multiple (LCM) of the integers x and y.
A proof of this formula, using some sophisticated number theory, appeared in the
following year in The American Mathematical Monthly.

It is easy to verify that

. 6log FiF,--- Fio
] A2 2.77322490387
ni»"olo\/log[Fl,Fz,.u,Flol ’

and

. 6log F1Fy-+- F2
] = 2.8454900617
nino]o\/log[Fl, Fp, ..., Fi2]

So it is a valuable exercise to determine the value of n for which the formula yields
a desired approximation of x. Additionally, does a corresponding formula exist for
Lucas numbers?

We now turn to two simple but interesting Fibonacci puzzles.

1. Think of two positive integers. Add them to get a third number. Add the second
number and the third number to get a fourth number. Continue like this until
there are ten numbers. Add all ten numbers. The resulting sum is 11 times the
seventh number. See Exercise 15 in Chapter 7. (This puzzle was discovered in
1950 by R. V. Heath.)
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2. Write down four consecutive Fibonacci numbers. The (positive) difference of
the squares of the two middle numbers equals the product of the other two. (See
Exercise 35.)

EXERCISES §

1. Prove Theorem 5.2 using PMI.

2. Prove Corollary 5.1 using PMI.
3-7. Prove Identities 5.6 through 5.10.

8. Prove Theorem 5.4 using PMI.

Verify each.
9. Fy = FsLs
10. Ly = Fy + Fyy
1. F} - F52 =Fp
12. R+ Fl=Fy
Disprove each, where n > 1.
13. LyyiLyy — L2 = (=1)"
14, Ln+l(Ln + Ln+2) = L2n+2
Let v, = " + 8", n > 1. Verify each.
15. v; =1 and v; = 3.
16. v, = v,_; + vy—2, where n > 3. (Exercises 15 and 16 prove that v, = L,.)
Prove each using PMI.
17. Binet’s formula for F,.
18. L, =a" + B".
19. Prove that F, = L, ifand only if n = 1.
Find a quadratic equation with the given roots, where k is a real number.
20. o", "
21. "+ k, B" + k
22. ", a~", where n is odd.
Using Lemma 5.1, prove each.
23. Identity 5.1
24. Identity 5.6
25. Prove that F, s = SF,4+; + 3F,, wheren > 0.
26. Using Exercise 25, prove that 5| Fs, for every n > 0.
27. Establish Cassini’s formula (5.4) using Binet’s formula.
28. Solve the recurrence relation D, = D, + L,, — 1, where Dy = 0 (Hoggatt,
1972).
Prove each, where m, n > 1.
29. F, = F,L,
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30. F+| + F = Fop
31. F,f+l " = Fa
32. Fn-l + Fn+1 = Ln
33 Fn+2 ~Fa=L,
34. L,_1+ L,y =5F,
35. F}, = F} = Foo1Fupa
36. S(F? + F2_,) = 3Ly, —4(-1)"
37. L2+ LY, =5F4
38. Lyp_1Lnpyy — L2 =5(-1)""!
39. 5F2 = L2 —4(=1)"
40. L,2,+, L2 =L, Ly
4l. L% = Ly, +2(=1)"
42. Ly, =5F2 +2(—1)"
43. L3 — L, » =S5F,
44, LEH L2 =5F,,
45. Fyp_y < F? < Fapy, n > 2 (Hoggatt, 1963)
46. Fy,_y < L2_| < Fyy, n > 2 (Hoggatt, 1963)
47. L_, =(—1)"L,
48. a" =aF, + F,
49. 1 4o = | V5Faa" ifnisodd
L,a" otherwise
50. 14 g2 = —/5F,p" ifnis odd
L.B" otherwise

51. Lopin = (=1)"L, =5F, Fpin
52. Famin — (D" Fy = FnLpyn
53. Famyn + (—=1)"Fy = FnynLm
54. Fop = FyFpy1 + Fo  Fy
55. L3p = LalLan — (—=1)"]

L,F, ifnisodd
36. Fouin+ Fpnn = [ L,F, otherwise

F.L, ifnisodd
37 Foin = Frnn = [ L. F, otherwise
58. F,3,+,. — F2_ = FyyuLy,
59. FoFypy — Fum\ Fyi_a = F,— (Lucas, 1876)
60. Z] Foyi = Fopip2 — Fi2

]

61. F +3 = 2F‘n+2 + 2F ,,+l — F? (Gould, 1963)
62. F,?H + F2 — F}_| = F3, (Lucas, 1876)
63. F},—3F+ F3 = 3F3, (Ginsburg, 1953)
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64.

FIBONACCI AND LUCAS IDENTITIES

(@Fy + Fu_ )V + (1) (Foyy — aF,)'V/" =1 (A. Sofo, 1999)

Find a solution of each equation.

65.
66.
67.

68.

69.
70.

71.
72.

73.

74.

75.

76.

71.

x2- 5y2 =4

x2 -5y’ =-4

Prove that x2 — x — 1 is a factor of x** — L,x" + (—1)", wheren > 1 (P. Mana,
1972).

Show that [ L, +3(~—1)"]/5 is the product of two Fibonacci numbers (Freitag,
1974).

Show that Ly, — 3(—1)" is the product of two Lucas numbers (Freitag, 1974).

m
Let Ry = Y Fi41Lm—i. Prove that S,, = 10R,, /(m + 2) is a sum of two Lucas

0
numbers (H. T. Freitag, 1982).
Prove that 2L3_, + L3 + 6L2 | L, is a perfect cube (Wulczyn, 1977).

Show that the sum of any 2n consecutive Fibonacci numbers is divisible by F,,
where n is even (Lind, 1964).

Letn > 1and (1 4+ v/5)" = a, + b,+/5, where a, and b, are positive integers.
Prove that 2"~ '|a, and 2"~!|b, (Mana, 1970).

Let L(n) = L, and#, = n(n+ 1)/2. Prove that L(n) = (= 1)*[L(t,_;) L(t,) —
L(n?) (Freitag, 1982).

Prove that if 2F3,_| Fan41 — 1 is a prime, then so are 2F2 + 1 and FZ, +
Fon_1 Fanyy (Guillotte, 1973).

Find a formula for K, = (K, + K2 + --- + K,—) + F3,-1, where Ky = 1
(V. Hoggatt, Jr., 1972).

Let {g,} be any number sequence. Show that > (gi+2 + &k+1 — &) Fx =
1
8ni2Fn + gni1 Far1 — g1 (Recke, 1969).

Let f be a function defined by

(n) = f(n/2) if n is even
fm = f((n+1)/2) + f((n ~ 1)/2) otherwise

where f(1) = 1. Prove each (D. Lind, 1970).

78.
79.

80.

81.

F@2 4+ (=1)"1/3) = Fana

fA7-271+ (-)"Y3) =L,

Evaluate the sum }_ F;G;, where G472 = 2G4 + G,, Gy = land G, = 2
1

(Mead, 1965).

Let S, denote the sum of the numbers in row n of the triangular array of
Fibonacci numbers in Figure 5.12. Derive a formula for §,,.
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13 34 89
233 610 1597 4181

Figure 5.12.

82. Redo Exercise 81 using Figure 5.13.

21 55 144
377 987 2584 6765

Figure 5.13.

83. Prove that the area of the trapeziod with bases F,;, and F,_,, and sides F, is
V3F, /4 (Mathematics Teacher, 1993).




GEOMETRICPARADOXES

The preceding chapter established that F, | F,,_y — 1’7,,2 = (—1)". This identity is the
cornerstone of two classes of fascinating geometric paradoxes. When n is even, say,
n = 2k, the identity yields 1722,c — Fop41 Fop—1 = 1; the first paradox is based on this
result. When n is odd, say, n = 2k — 1, the identity yields F2,_, — Fy2Fx = —1;
the second paradox is based on this result.

The first paradox was a favorite of the famous English puzzlist, Charles Lutwidge
Dodgson (1832-1898), better known by his pseudonym, Lewis Carroll. This puzzle,
first proposed in 1774 by William Hooper in his Rational Recreations, reappeared
in a mathematics periodical in Leipzig, Germany, in 1868, 666 years (watch for the
beastly number) after Fibonacci published his rabbit-breeding problem.

W. W. Rouse Ball claims in his Mathematical Recreations and Essays, which is a
jewel in recreational mathematics, that 1868 was the earliest date he could find for
the first appearance of this puzzle. Although the origin of the puzzle is still a mystery,
the elder Sam Loyd claimed that he had presented the puzzle to the American Chess
Congress in 1858.

Consider an 8 x 8 square; cut it up into four pieces, A, B, C,and D, as in Figure 6.1.
Now rearrange the pieces to form a 5 x 13 rectangle, as Figure 6.2 shows. While the
area of the square is 64 units, that of the rectangle is 65 units. In other words, by
reassembling the pieces of the original square, we have gained one unit. This is
paradoxical.

How is that possible? In Figure 6.2, it appears that the “diagonal” PQRS of the
rectangle is a line (segment). In fact, this appearance is deceptive. The points P, Q, R,
and S are in fact the vertices of a very narrow parallelogram, as Figure 6.3 illustrates.

Area of the parallelogram = area of the rectangle — area of the square
=65-64=1
Thus, the area of the parallelogram equals F; Fs — FZ = 1 unit.

100
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Figure 6.1.

13

Figure 6.3.

Its sides are +/29 and +/73 units long, and the diagonal is +/194 units long. Let 9
be the acute angle between the adjacent sides of the parallelogram. Then, by the law
of cosines in trigonometry,

194 429 - 73
24/29 - 194
~ 0.763898460833

0 ~ 1°31'40"

cos 8/2 =

This explains why it is a very narrow parallelogram.

In fact, there is nothing sacred about the choice of the size of the square, except
that 8 = Fg is a Fibonacci number with an even subscriptand /7 = 13 and Fs = 5
are its adjacent neighbors.

Since Fpq Fyo1 — Fn2 = 1, when 7 is even, the puzzie can be extended to any
F, x F, square. Cut this square up into four squares, as in Figure 6.4, and these
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Fa
A Fn—2
B
Fn—2 Fn—1
Fn—1
D C
Fn—1 Fn—2
Figure 6.4.

squares can be rearranged to form the deceptive rectangle of size F,_; x Fpy1, as
Figure 6.5 shows.

Fn Fn-1
Figure 6.5.

The parallelogram, magnified in the figure, has an area of one unit. So we can now
determine its height h:

Area of the parallelogram = base x height

1 = h,/F2+ F2, by the Pythagorean theorem

1

JF2+F,

Thus, as the size of the original square increases, the parallelogram becomes narrower
and the gap becomes less and less noticeable.

Sam Loyd’s son was the first person to discover that the four pieces in Figure 6.1
can be arranged to form an area of 63 square units, as Figure 6.6 shows. The son
adopted his father’s name and inherited his father’s puzzle column in the Brooklyn
Daily Eagle.

To illustrate a paradox of the second kind, consider a 5 x 5 square and cut it
into four pieces, as Figure 6.7 shows. Now reassemble the pieces to form the 3 x 8

That is,

h =
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Area=30+3+30=63
Figure 6.6.

5

e

\

Area =25
Figure 6.7.

3 —
P

Area =24
Figure 6.8.

“rectangle” (see Fig. 6.8). The area of the square is 25 units, whereas that of the
rectangle is only 24 units, so we have lost one unit. The overlap along the diagonal
accounts for the missing area. Notice that the area of the square = F2 = F4Fg+ 1 =
area of the rectangle + 1. .

More generally, let n be odd; suppose an F, x F, square is cut into four
pieces (see Fig. 6.9) and they are assembled into an F,_, x F, rectangle (see
Fig. 6.10). Then we would be missing an area of one unit, because F,41F,_j—
F?=—1.

In 1962, A. F. Horadam of the University of New England, Australia, derived a
formula for tan 6,, where 6, denotes the acute angle between the adjacent sides of
the parallelogram. To derive the formula, we first consider the case n even, where
n>4,
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Fn
A
B
Fn

D c

Figure 6.9.
Fn+1

A
D
Fn—1
B c
Figure 6.10.
Using Figure 6.11, we have:
14
O = E _(an+ﬂn)
Fn_ F,_
- ~1 Fn l—tan" n-2
2 Fn—3 Fn
F,. -
= tan~! =22 _ tan™! ; since tan™' x + tan~! 1/x = /2

n-—1 n

(Fn—3/Fn-l) - (Fn-Z/Fn)
1+ (Faz3/Fao1) - (Fu-2/Fp)
Fo3F, ~ Fn—an-Z
Fo F, + Fn—3Fn—2

tan6, =

Fn—S(Fn-—l + Fn—Z) - Fn—Z(Fn—-2 + Fn—3)

Fn—l(Fn—l + Fn—2) + Fn—BFn—Z

Fn—-an—3 - F,,2_2

FL, + Fusa(Faea + Fay) +
(_l)n—Z
F: 4+ F?,+2F,_3F,»
="

Fn—-3 Fn—2

= by Identity 5.11

F2n—~3 + 2Fn—3 Fn—2
1
Fyu 3+ 2F, 3F, 2

(6.1)
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Fn+1
Fa-1 Fa-2 Fa
Fn—1

Fns
%p o F F, F,

n n-2 n-1

Bn
Figure 6.11.

Now, let n be odd. Then there is an overlap, as Figure 6.12 shows. It follows from
the figure that:

b4
0, = (an +ﬂn)—5
F,_ F,_
—tan~! 22l gt 2 T
F, 3 F, 2
F,_ -
= tan"' 2222 _tan™! Frs
Fn Fn—l

As before, this leads to the equation

(__ l)n—l
Fr 3+ 2F,_3F,
1

= since n is odd

Fy_3+2F, aF,»

tang, =

Thus, in both cases,

1
tan g, = > 4
AN n Fan 3+ 2F,_3F, "=

Fn+1

o

Figure 6.12.
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TABLE 6.1.
Fibonacci Triplets

n F,,_| Fn Fn+l 6,.

4 2 3 5 tan~' 1 ~8°7'48"
5 3 5 8 tan~' 5 ~3°21'59”
6 5 8 13 tan~' & ~1°14'43"
7 8 13 21 tan~' 5 ~28'53”

8 13 21 34 tan~' = ~ 10'59”
9 21 34 55 tan~! oz © 412"

10 34 55 89 tan~' 5= ~ 136

1 55 89 144 tan~! o ~ 37"

12 89 144 233 tan~! o~ 147

Table 6.1 shows the values of 6, for the first few Fibonacci triplets F,_,, F,, and
F, 1. It follows from the table that as n increases slowly, 8, — Orapidly, thus,8, — 0
asn — o0.

ADDITIONAL FIBONACCI-BASED PUZZLES

In fact, there are many delightful puzzles in which Fibonacci-based rectangles can
be cut into several pieces, and the pieces arranged to form a rectangle of larger or
smaller area. One such paradox is Langman’s paradox, developed by H. Langman of
New York City.

Langman’s Paradox

Cut an 8 x 13 rectangle into four pieces, as Figure 6.13 shows. Now arrange the pieces
to form a 5 x 21 rectangle, as in Figure 6.14. Thus we gain one unit square.

el

Area=8x13=104
Figure 6.13.
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Area=5x21=105
Figure 6.14.

Another Version of Langman’s Paradox

Another version of Langman’s paradox involves gaining two square units when the
pieces of the 8 x 21 rectangle in Figure 6.15 are assembled. Cut out the shaded area
and place it on top of the unshaded area in such a way that the diagonal cuts form one
long diagonal; now switch pieces A and B. The resulting area is 170 square units.

//

Y A

AN TN

LAV ATATATANIATAT AN AN
Area=8x21=168

o ole
ZZ
7]

]

NN

The next paradox was developed in 1953 by Paul Curry, an amateur magician of
New York City. It involves two alternate Fibonacci numbers.

Curry’s Paradox

Swap the positions of the triangles B and C in Figure 6.16 to form the 5 x 13 rectangle
in Figure 6.17. This results in an apparent loss of one square unit. In fact, the loss
occurs in the shaded area. Figure 6.16 contains 15 shaded cells, whereas Figure 6.17
requires 16 cells to complete the 5 x 13 rectangle. In other words, we seem to lose
one square area in the process.

AN INTRIGUING SEQUENCE

Finally, suppose we construct a number sequence beginning with two arbitrary real
numbers a and b, and then use the Fibonacci recurrence relation to construct the
remaining elements. All such sequences, except one, can be used to develop the
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1
A " 1 c
'/V N ® S\ ‘\\\
. 1 \\k\\ NN
- I N NN
Figure 6.16.
A 1 |8
L
T N Nlnnk
RN N NNN N
Figure 6.17.

preceding puzzles. So, the question is, which sequence will not produce the puzzle?
In other words, under what conditions will the square and rectangle have exactly the
same area?

To answer this, we must consider the following additive number sequence with
a=1andb=a:

laa+ 1,20+ 1,3a+2,...,8,,...

Suppose we pick any three consecutive terms: §,—2, Sp—1, and s,. Then s, 15,41 =
sf, so the area of the square indeed equals that of the rectangle. This is so, because,
by Lemma 5.1, s, = a” and ¢" ! . " = %",

Interestingly enough, {s, } is the only additive number sequence that has this striking
behavior. The ratio of any two consecutive terms of the sequence is a constant:
Sn+1/S» = «. Martin Gardner, who wrote a popular column called Mathematical
Games in Scientific American, referred to this sequence as the “golden series,” which
all additive number sequences struggle to become.




GENERALIZED FIBONACCI
NUMBERS

We can study properties common to Fibonacci and Lucas numbers by investigating
a number sequence that satisfies the Fibonacci recurrence relation, but with arbitrary
initial conditions.

GENERALIZED FIBONACCI NUMBERS

To this end, consider the sequence {G,}, where G, =a, G, =b,and G, = G,_| +
G,—2, n = 3. The ensuing sequence

a,b,a+b,a+2b,2a+3b,3a+5b, ... a.n

is called the generalized Fibonacci sequence (GFS).

Take a close look at the coefficients of a and b in the various terms of this sequence.
They follow an interesting pattern: The coefficients of a and b are Fibonacci numbers.
In fact, we can pinpoint these two Fibonacci coefficients, as the following theorem
shows.

Theorem 7.1. Let G, denote the nth term of the GFS. Then G, = aF,_, + bF,_,,
n>3.

Proof. (by PMI). Since G3 = a + b = aF| + bF,, the statement is true when
n=23.

109
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Let k be an arbitrary integer > 3. Assume the given statement is true for all
integers i, where 3 <i{ <k: G; =aF;,_» + bF;_;. Then:
Grs1 = Gy + Gy
= (aFy_2 + bF_1) + (aFy_3 + bF,_5)
= a(Fy-2 + Fi-3) + b(Fi-1 + bFy_3)
=aF,_+bF,

Thus, by the principle of mathematical induction (PMI) the formula holds for every
integer n > 3. ]

Notice that this theorem is in fact true for alln > 1.

GENERALIZED FIBONACCI NUMBERS AND BEES

The generalized Fibonacci numbers occur in the study of a bee colony. Suppose we
start the colony with @ male and b female bees. Table 7.1 shows their genealogical
growth for five generations. It follows from the table that the drone has a total of
Gn+2 = aF, + bF,; descendants in generation n.

TABLE 7.1.

Generation 1 2 3 4 5
Number of female bees b a+b a+2b 2a + 3b 3a+5b
Number of male bees a b a+b a+2b 2a +3b
Total number of bees a+b a+2b 2a +3b 3a + 5b Sa + 8b

The Fibonacci identities of Chapter 5 can be extended to the GFS. We study a few
in the following theorems.

Theorem 7.2.

n
Z Giii = Gnikt2 — Gisa

i=1

Proof. By Theorem 7.1,

n n n
Z Giyi = a Z Fieria+b Z Fryiz
i=1 i=1 i=1

= a(Fuyk — Fi) + b(Fagiqr — Fiq1)
= (@Fy4k + bFyip1) — (@F + bFpyy)

= Gpik+2 — Gtz
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Notice that Formulas (5.1) and (5.6) follow from this theorem.
Theorem 7.1 also yields the next summation formula. Its proof is straightforward,
so we leave it as an exercise (see Exercise 32).

Theorem 7.3. (Koshy, 1998)
Y GiGipy =a¥(Fl, —v) + BA(F2 —v+1)

+ab(Lyp— +5F, Fy +v + 1)/5,
where 1 ifnisodd

V= .
0 otherwise

Theorem 7.1 can also be employed to find Binet’s formula for G,, as the next
theorem shows.

Theorem 7.4. (Binet’s formula). Letc =a + (a —b)f andd = a + (a — b)a. Then
G, = ca" — dg"
o—p
Proof. By Theorem 7.1,
Gn = aFn—Z + bFn—l

N/EG,, = a(an—Z _ﬂn—Z) +b(an—l _ﬂn-—l)

da b . b
=°’(a_2 ) ﬂ(ﬁz ﬂ)

a"(ap? ~ bp) — B"(aa? ~ bar)
a"[a + (a — b)B) — B"[a + (a — b)a]

|

G, = caa - c;ﬁ
as desired. |
Notice that
cd = [a+ (a — b)Blla + (a — b)a]

a* + (a — bY*ap +a(a — b)(x + B)
a’—(@—-bY+a@—-b)
a®+ab—b®

This constant occurs in many of the formulas for generalized Fibonacci numbers. It
is called the characteristic of the GFS. We denote it by the Greek letter & (mu):

u=a’+ab - b
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The characteristic of the Fibonacci sequence is 1, and that of the Lucas sequence
is —5.

Binet’s formula for G, opens the door for a myriad of formulas for the generalized
Fibonacci numbers. The next theorem, for instance, is one such generalization of
Cassini’s formula. Additional formulas can be found in the exercises.

Theorem 7.5.
Gnt1Gno1 — G2 = (1)
Proof.

5(Gnt1Gn-1 — G2)

i

(ca™ — dg™)(ca™"! —~ df™) — (ca” — dB"Y

It

_Cd(an+lﬁn—l + a""ﬂ"“) + ZCd(otﬂ)"
—u(@B)" " (@* + B7) + 2u(@p)
Su(=1"

I

Therefore, Gp41Gn_y — G = p(—1)". m

In particular, L,y L, — L} = 5(=1)""L.
In 1956, H. L. Umansky of Emerson High School in Union City, New Jersey,
extended Raine’s result in Theorem 5.7, as the following theorem shows.

Theorem 7.6. Let ABC be a triangle with AC = G;Gyy3, BC = 2G4+)Gy42, and
AB = Gy,3. Then AABC is a right triangle with hypotenuse AB. ]

EXERCISES 7

Find each generalized Fibonacci number.
1. Gsg
2. Gn
3. Go
4. G_;3

5. Let {A,)} be a sequence such that A} =2, A; = 3,and A, = A,_1 + A,-2,
where n > 3. Find an explicit formula for A,. (Jackson, 1969)
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Letc =a+ (a ~ b)B and d = a + (a — b)x. Evaluate each.
6. c+d
7. ¢c—d

8. lim

n—-oo

R

9. lim

n—00

se

10. Solve the quadratic equation G,_;x* ~ G,x — G4 = 0. (Umansky, 1973)

Prove each, where n > k > 0.

n
1. YG; = Gpyp— b
1
n
12. ZGZi—l =Gy ta-— b
1
n
13. 3" Gy =Gapy1 —a
1
14. Y G? = G,Gpyy +ala—b)
1
10
15. Y Gisi = 11Gy47 (Hoggatt, 1963)
1
n
16. Y Giyi = Gpiks2 — Gy (Huff)

i=0

17. iG; =nGpyq — Gpy3 +a + b (Wall, 1964)

18.

z
1
n

Y(n—i+ 1DG; = Gppq —a— (n+ 2)b (Wall, 1965)
1
n

19. Y F;G3 = F,F,1+1Gany 1 (Krishna, 1972)
1

20. 3°(=2)'(")G; = 5"Y2[c(=1)" - d] (Koshy, 1998)
1

21 Y ©WGex _ o (Brady, 1974)
i+ j+k=n

22. G-, =a(=1)"*'"F,y3 + b(—1)"F,4; (Koshy, 1998)
23. 5Gu44Gnt = 5L3y — (—1)""* Ly (Koshy, 1999)
24. Gu_4Gpik ~ G? = (—=1)"**=! u F? (Tagiuri, 1901)

25. G2+ G2_, = (3a ~ b)G2,—y — tF,_; (Koshy, 1998)

n
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26.
217.
28. G,

29.

30.

31.
32.
33.
34.
3s.
36.
37.
38.
39.
40.

41.

42.

43,
. G3
45,
46.
47.
48.
49,

50.

GENERALIZED FIBONACCI NUMBERS

G, =GnFromi1 + G- F,—,, (Ruggles, 1963)
Gm+n = Gan-H + Gm—an
-n = (=D)"(CmFr-t — Gm-1 Fn)

GnL, if n is even

Guin +Gm_n = (Gms1 + Gm_1)F, otherwise

(Koshy, 1998)

(Gm+1 + Gp-1)F, ifniseven

Gmin = Gmn = GnL, otherwise

(Koshy, 1998)

GmskGni — GnGp = (=1)" " W F Fpp s (Tagiuri, 1901)
Theorem 7.3.

G? = G?_; + 4G,_1 G, (Umansky, 1956)

Gi+Gi_| =2GiG2_, + G%_,G%_, (Umansky, 1956)
G2+ G2,3 =2G%,, + G2 ,) (Horadam, 1971)

G2,, —3G2,, + G2 = 2u(—1)"*! (D. Zeitlin, 1965)
(2GmGn)? + (G2 — G?)? = (G% + G?)?

(G2+ G2+ G2 )P =2G+ G4, + G2y

[G% + G2 + (G + Go)*? = 2[GE + GE + (G + G)*

5(G,,+, + G2, = (@®Lon—4 + 2abLyy—3 + b*Lyn_3)Ly, — 4pu(—1)"*"
(Koshy, 1998)

5(GntrGnirst + GuoyGnoyy1) = (@*Lon—3 + 2abLyy_3 + b2 Lyy_y) Ly —
2u(—=1)"*" (Koshy, 1998)

GnirGryret + GnatGrepyy = (azFZn—S + 2abFy_, + b2F2n—l)F2r
(Koshy, 1998)

G}Gl,3 +4G3,,GLyp = (G,yy + G3,40)" (Koshy, 1999)
-G} - G}_, =3G,41G,Gn—1 (Koshy, 1999)
~ G~ G>_| =5G44+1GnGr1[2G? + p(~1)"] (Koshy, 1999)
~ G] = Gl_| =7G41G,Gn_1[2G2 + u(—1)"1? (Koshy, 1999)
G |+ G4+ G4, =2[2G2 + u(—1)")* (Koshy, 1999)
GS_, + G8 + GS,, =2[2G? + u(~1)"P® + 3G%_,G2G2 | (Koshy, 1999)

G +G:+GE, =22G? + u(—D"I* + Gi_, + G} +8G2_|G2(G}_, +
G? +4G?_ G2 4+ 3G,-1G,[(3a — b)G24—1 — uF2,-1} (Koshy, 1999)

Gn-1Gn — GnGry = ﬂ(—l)n—lFm_,,

n+1
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n n
Let A, = (Z ka) / (Z Fk>. Verify each. (Ledin, 1966)
] 1
51, lim (A, — Ay =1
n—oC
52. lim A, /A, =1
n—-oo
53. Let {H,} and {K,} be two GFSs with characteristics u and v respectively. Let
C. =) HiK,_; Show that C,yy = Cp4y + C, + A,, where {A,} is a GFS
i
with characteristic pv. (Hoggatt, 1972)

54. Let p,q,r,and s be any four consecutive generalized Fibonacci numbers. Prove
that (pg — rs)? = (ps)? + (2¢gr)?. (Umansky and Tallman, 1968).

Deduce each from Exercise 54.

55. (LnLpyr — Ln+2Ln+3)2 = (LnLn+3)2 + (2Ln+1Ln+2)2' (UmanSky and
Tallman, 1968)

56. (Fy Fn+l - Fn+2 Fn+3)2 = (Fy Fn+3)2 + (2Fn+l Fn+2)2




ADDITIONAL FIBONACCI
AND LUCAS FORMULAS

Recall that Binet’s formulas give explicit formulas for both F, and L,,:

and L,=a"+ 8"

where

B = , and n>1.

In this chapter, we derive additional explicit formulas for both.

To begin with, we can conjecture an explicit formula for F,. To this end, recall
that |8] < 1, so when n is large, 8 — 0 and hence F, =~ o"/ V5. So we compute

the value of a"/+/5 for the first ten values of n and look for a pattern:

o o? o ot

— &~ 0.72 — = 1.17 — &~ 1.89 — & 3.07
V5 V5 V5 5

o’ ab o’ ot

— & 496 — & 8.02 — =~ 12.98 — = 21.00
NG NG NG NG

(19 al()

— =~ 3399 — = 55.00

V5 V3

116
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Since the pattern is not yet quite obvious, we go one step further. Add % to each and
see if a pattern emerges:

a 1 | ol 1 at 1
—+-x122 —4-~x16] —+=-=239 — 4= ~357
V52 V502 V52 V502
a1 ab 1 al 1 a1

— 4+ -~546 —+-=~852 —+4-=~1348 — +-=~2151]
5 2 V5002 J5 2 J5 002

o 1 e 1

—+=-%3449 — 4 - ~5550

V52 V52

A pattern, surprisingly enough, does emerge:

a 1 a? IJ [oﬁ IJ [a4 IJ
— 4+ -1 =1 —+=|=1 —+=-{=2 —+-j=3
752 L/E 2 V) 52

o° 1 o l_l [a7 1J [8 1J
— +—-|=5 — 4+ —-|=8 — 4+ -[=13 — 4+ - =21
V5 2] L/E 2 V52 V502
o
V5

all IJ
=34 |24 |=55
%+

j

Thus we conjecture that

a 1
— +-=|=F,.
[ 7 2J "
Fortunately, the next theorem confirms this result. To establish it, we need the follow-
ing lemma.

Lemma 8.1.
g 1
0< +=-<1
V52
Proof. Since 8 < 0, |B| = —B. Also, since 0 < || < 1,0 < |B|" < 1. So
5
0< 8" < £
2
that is,
B" 1
0< < =
V52

Case 1. Let n be even. Then |B|" = p", 500 < (B"/+/5) < 3, and hence 1 <
(B"/V3) < 1.
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Case 2. Let n be odd. Then [B|" = —B", 50 0 < —(B8"/v/5) < 1, and hence
~1 < (B"/V5) <.

Therefore,
B" 1 1
0<f_4+- <«
< «/5 + 2 < 2
Thus, in both cases, 0 < (8"/ VS5 + % < 1. This establishes the lemma. -

We are now ready to state and prove the conjecture.

Theorem 8.1.

(5

Proof. By Binet’s formula,

_(l”—ﬂ"

F, = ﬁ

(¥ N (£ 1

‘(sz) (f5+2) @D
o 1 g 1
\/§+2—Fn+(\/§+2)

< F,+1, by Lemma 8.1

Since (8"/+/5) + 1 > 0, it follows from Eq. (8.1) that F, < (@"/+/3) + 1.
Thus F, < (@"//5) + % < F,4,. Consequently,

SN .

For example, (@2°/+/5) + 1 ~ 6765.5,
$0

a® 1
_+_-|=6765=F
L/EUJ 2

as expected.
Since {x] = [x] — 1 for nonintegral real numbers x, it follows that

F—[O’"Jfﬂ 1
n — ‘Jg 2 .
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But [x + n] = [x] + n for integer n:

S RE)
Y n ‘Jg 2 - Jg 2
Accordingly, we have the following result.

Corollary 8.1.

_ " l .
n ﬁ 2
For example,

al® 1
— — — % 609.4997
J5 2

a® 1

— = =|=610=

[«/3 2] Fis

Likewise,

a0 1
— - =] =6765 =
[«/5 2] >=Fo

Here is yet another interesting observation:
a o 1 [ o’ ] ( o’
[ﬁ] ' [\/5 R RV E R BV
7l-n %l (Bl 1%
— | =F — | =F — | =F =
L@J R RV R IV R BV
Thus, we make another conjecture:

a2n (12"+l
LEJﬂ” and [ﬁ]”““

The following corollary confirms these two observations.

Corollary 8.2.
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Proof. Let n be even. Then, from the proof of Lemma 8.1, we have

! < F 1 SO ! p 1
-—< —= <1, —_— —— > —
2 /5 2 J5
Then
a® 1 o
— —=>F,>—= -1
752 75
That is,
o" o 1
——1l<F<—=—=
NE] V52
Butix] <xand |x +n] =|x] +n:
o 1< F, < o !
— — < — — —
V5 V)
That is,
" a®
— |-1<F, < —
L V5. V5
Thus
a’l
F, =
%]
We can establish the case when # is odd in a similar fashion. ]

Theorem 8.1 has an analogous result for Lucas numbers also. We leave its proof
as an exercise.

Theorem 8.2. (Hoggatt)
Ly=|a"+ : ]
" 2

1
a”+§m5m5m9

For example,

1
'flm + EJ =521 = L[3

Corollaries 8.1 and 8.2 also have their counterparts in Lucas numbers, as the next
corollary reveals.
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Corollary 8.3.
)] L, =" :
n = )
(2) Ly, = [a™] and Lypyt = [a®F}] a
For example,
; 1
a' — - =x28.5344

[a®] = [46.9787--] =47 =Lg
le''] = (199.0050- -] =199 = Ly
In every explicit formula we have developed thus far, we needed to know the value
of n in order to compute F,. Surprisingly enough that is no longer the case: knowing
a Fibonacci number, we can easily compute its successor. The next theorem provides
such a formula, but first we need to lay some groundwork in the form of a lemma,
similar to Lemma 8.1.

Lemma8.2. If n > 2, then 0 < § — 8" < 1.

Proof. We have |B| < 0.62, |B]*> < 1/2,s0 |B|" < 1/2, when n > 2. Since
181" = |B"|, this yields —% < B" < 1/2. Then —1 < B”" — 1/2 < O; that is,
0<1/2-8"<1. | |

We are now ready to state and prove the recursive formula.

Theorem 8.3.
Fopo=laFy+1/2]  n>2
Proof. By Binet’s formula, we have
at— B
V5

ot"'H —aﬂ" B an+l —aﬁ(ﬂ""') +ﬂ"+l — ﬂn—f—l
N V5

B (@) — g1y 4 prt 4 gt

B V5

F, =
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B B2+ 1)
V5

n~lg__ 5
Fn+1+'ﬁ——£—i/—_-@= w1 — B"

V5
Forr +(1/2- 87 (8.2)

= Fin+

aF, +1/2

Since 1/2 — B" > 0, this implies F,;| < aF, +1/2. Besides, since 1/2- 8" < 1,
Eq. (8.2) yields aF, + 1/2 < Fpyy + 1. Thus Fy < aF, +1/2 < F,1 + 1, 80
Fip=laF, + %J , as desired. n

For instance, let F, = 4181. Its successor is given by [4181a + 1/2] =
16765.500 - - -] = 6765, as expected.
Substituting for « in the formula for F, yields the following result due to Hoggatt.

Corollary 8.4.

F, SF,+1
Fop1 = [_L\;;_'F_J n>?2 -

We can use the recursive formula in Theorem 8.3 (or Corollary 8.4) to compute the
ratio F4/F, as n — 00, as the following corollary demonstrates. Its proof employs
the following fact: If |x] = k,thenx =k + 6, where 0 < 6 < 1.

Corollary 8.5.

Fn+1
m

n—00o

n

Proof. By Theorem 8.3,

1
Foygy =aF, +=-+486 where 0<6 <1

2
Fn+l 1 0
F, ~ YRt E
F,
lim = — 0 +0+0=0 ]

n—>o0 n

Since |x] = [x] — 1, for any nonintegral real number x, we can express these two
formulas in terms of the ceiling function, as the next corollary shows.
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Corollary 8.6.
)] Foy = [ak, —1/2] n>2
F, S5F, -1
) Fn+.=[——i‘f7——] n=2 "

For instance, the successor of the Fibonacci number 1597 is given by
[1597a — 1/2] = [2583.5002 - - -] = 2584.

Using Corollary 8.5, we can evaluate the limit of tan 6,/tan6,,; as n — oo,
where 6, denotes the acute angle between the adjacent sides of the parallelogram in
Figure 6.11. To this end, let s, = Fy,-3 +2F, 3F,_» = F,_|F, + F,_3F,_>. Then

iﬂ _ FnFn+l + FooF
Sn Foo\Fy+ FraFy

(Fn+l/Fn—l) + (Fn—Z/Fn)
[+ (FpoaFu2) /[ (Fuoi F)
= (Fn-H/Fn)'(Fn/Fn—l)+(Fn—2/Fn—l)'(Fn—l/Fn)
1 -+ (Fn—S/Fn—Z) ) (Fn—Z/Fn—l) * (Fn—2/Fn—1) " (Fn—l/Fn)
o Se a-a+ (/) (1/e) _e+a/ey o,
nsoo s, L4+ (1/a)-(1/a) - (1/a) - (1/a) 1+ (1/a%)

That is,

tan 6, 2
im =«
n—00 tan B, |

Let u, and v, denote the lengths of the sides of the parallelogram in Figure 6.11,
or 6.12, where u, > v,. Thenu, = \/F?+ F* ,and v, = ,/F2_, + F_;, s0

. Un
lim — =«
n—00 Y,

Returning to Theorem 8.3 and its corollaries, we find that they have analogous
recursive results for Lucas numbers as well. We leave their proofs as routine exercises.

Theorem 8.4. (Hoggatt)

) =|_(IL,,+]/2J n>2 n
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For example, the successor of the Lucas number 1364 is given by | 1364a+1/2] =
[2207.4983 - - -] = 2207. Notice that 1364 = L5 and 2207 = L.

We can use this theorem to compute the value of L, /L, as n — 00, as the next
corollary shows. Again we leave its proof as a routine exercise, (see Exercise 33).

Corollary 8.7.

. Ly
lim = =q u

n-oo L,

Corollary 8.6 also has corresponding results to Lucas numbers.

Corollary 8.8.
L,+ 5L, +1
(1) Ly = ———‘/;—J” n>2  (Hoggatt)
(2) L,y = [al, — 1/2] n>2
L 5L, —1]
(3) Lot = %"__ n>2 -

For example, the successor of the Lucas number 521 is given by [521a — %'I =
[842.4957 - - -] = 843. For the curious-minded, 521 = L3 and 843 = L 4.

There is yet another recursive formula that expresses each Fibonacci number in
terms of its predecessor and one that expresses each Lucas number in terms of its
predecessor. We find both in the following theorem.

Theorem 8.5.

Fa + /SETFACTY
2
L, + /5[L2 + 4(-1)"]

2) Loy = 5 | |

These formulas, discovered by Basin of Sylvania Electronics Systems, Mountain
View, California, can be derived using the following identities:

M Fa=

2Fue1 = Fy+ L, (8.3)

2L,y =5F,+ L, 8.4)

L —5F = 4(-1)" (8.5)
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Formulas 8.3 and 8.4 are consequences of Identities 5.14 and 5.16, and
Formula (8.5) follows by Exercise 39 in Chapter 5.

There is still another formula that expresses a Fibonacci number in terms of its
predecessor, discovered by Hoggatt and Lind in 1967.

Theorem 8.6.

F,+1 ,/SFZ—ZF 1
Fn+|=[ ti+ 2" nt J n>2

Proof. Notice that L, — F, = (F,—y + F,y1) — F, = 2F,_|. By Exercise 39
in Chapter 5, Lﬁ - SF,,2 = 4(—1)", where n > 1. Whenn > 2, 4(—1)" < 4F,_,.
Therefore, when n > 2, we have

Li—SF"254F"_|

That is,

L} —5F} < 2L, - F,)

(Lp — 1)* < 5F}-2F, +1
But

Ln=Fn—l+Fn+l =(Fn+l"‘Fn)+Fn+l =2Fn+l "‘Fn
QFy1— Fo — 1)) <5F?-2F, + 1
Thus
2Fu — F,—1 < JSF? —2F, + 1
F,+ 14 /5F2=2F, +1
P s ~2 I o 8.6)

Notice also that L, + F, = (Fy_1 + Fpo41) + F, = 2F,4,. So, whenn > 2,

4(—1" > —4F
L2 —5F2 > —2(L,+ F,)

That is,

L} +2L, > 5F ~2F,
(Ln+1)? > 5F2 —2F, +1
RFusy — Fa+ 1)? > 5F —2F, + 1
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Thus

2Fu41 — F,+ 1> /5F2 - 2F, +1
F,—1+,SF2=2F, +1
2

Foy1 > 8.7
F,— 14+ /5F}-2F, +1
Fay1 > [ J (8.8
2
From Eqgs. (8.6) and (8.7), we have
[Fn—1+,/5F3—2F"+1J Fo+1+,/SFZ—2F, +1
< Fn+l <
2 2
Since F,, is an integer, it follows that
Fo+ 14 /5F2-2F, +1
Fn+l=[ ti+ 2" +J, n>2 n

For example, the successor of the Fibonacci number 987 is given by

[987+1+~/5-9872-—2-987+1
2

J = [1597.2760 - - -] = 1597

Analogously, we have the following result for Lucas numbers. It was also developed
by Hoggatt and Lind in 1967. Its proof is quite similar, so we leave it as an exercise.

Theorem 8.7.

Lo+1+ 502 =2L, +1
Ln+l=[ 2 Jy >4

n = |

For instance, the successor of the Lucas number 1364 is given by

1364 + 1 5-13642 —2.1364 4 1
l. +1+y > + J = |2207.2748 - . -] = 2207
Interestingly enough, we can use Theorem 8.3 in the reverse direction also. It can
be employed to compute the predecessor of a given Fibonacci number, as the next
theorem shows.
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1 1
F, = [— (Fn+l + —)J n>?2
o 2

Proof. Since x — 1 < [x] < x, Theorem 8.3 yields the double inequality

Theorem 8.8.

I 1
aFn"i < Fuy1 faF, + =

(3]

2%«

Then
1 1 |
Fn<_ Fn+l+"‘ and Fn.>_— Frr+l_l
o 2 o 2

1 F 1 F<1 F +l
— n ..—_<'l — n —
o T T« T

follows that

1 1
Fn=|-—(Fn+l+_)Jv n=2 a
a 2

For example, the predecessor of the Fibonacci number 4181 is given by
(4181.5/a] = [2584.3091 - - -] = 2584. For the curious-minded, 4181 = Fq and

2584 = Fig.
Analogously, we have the following result for Lucas numbers. We shall leave its

proof as an exercise.

Theorem 8.9.

1 1
Ln=[—(Ln+l+‘)J) n>?2 u
o 2

For example, the predecessor of the Lucas number L,y = 15,127 is given by

{15,127.5/a] = |9349.3091 - -] = 9349 = L.
In 1972, Anaya and Crump of then San Jose State College, California, established

the following generalization of Theorem 8.3.

Theorem 8.10.

l*F, +1/2] = Fopx n2k>1
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Proof. Since the theorem is true for k = 1, assume that n > k > 2. By Binet’s
formula,
a"+" - a"ﬂ" an+k - ﬂn+k ﬂn+k _ a"ﬂ”

k _ —
o'F, = 7 = 7 + 7
= Fopr — B Fi
AFy 4= Pyt (1 - ﬂ") (8.9)
2 2

Next we shall prove that 0 < 1/2 — 8" F, < 1. When n = k, | 8" F;| has its largest
value. Notice that |8"| — 0 as n — oc. Also,
Bt — gl .(—1)" - p*
75 NG

|B*Fi| =

Case 1. Let &k be even. Then

— R2k
|ﬁ"m=|1 P l

S

N}

1-0 1
lim | "Fl:l———- =— <
S IV I
Since |8"| < |B¥|, it follows that 0 < |8" F| < %

Case 2. Let k be odd. Then

—1-p%| |1+p%
|B*Fi| = l A = A
NG NG
When k = 3, 8% a2 0.055726, so
1.055726 1
KR~ 212 % 0.472135 < -
18" Fil 7 35 < 5

As k increases, B2 gets smaller and smaller. So |B*Fy| < % for k > 3 also. Thus
0 < |B"Fil < 4, since || < |*].
Consequently, 0 < |B"F;| < § foralln > k > 2; that is,

1 1
—5 <ﬂan<-2—

0<%—5"Fk<1

Therefore, by Eq. (8.9), Fr+k < @*F, + § < Fuyx + 1. Thus

1
taan+§J=Fn+k u
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For example, (o’ Fy + 1/2] = [21a” + 1/2] = [610.223-.-] = 610 = Fj5 =
Fs,7. Notice that [« Fy + 1/2] = 611 # Fs.

Corollary 8.9. [a¢*F, — 1/2] = F,., wheren > k > 1. ]

For example, [a®F}; — 1/2] = [89a® — 1/2] = [6764.6708---] = 6765 =
Fy = Fliy9.

In 1972, Anaya and Crump conjectured a similar formula for L,.. It was proved
in the same year by Carlitz of Duke University.

Theorem 8.11. [a*L, + §] = Ly4x, wheren > 4and k > 1.

Proof.
aLy = Loy = a@" + ") — @' + g™
= B"(@ - B) = /58"
When n > 4,
IvV58") < v/58°
= V/5(7-3v5)/2
<12

laL, — Ln+ll < 1/2

thatis,0 < oL, — L,y1 +1/2 < 1,50 L, + 1/2] = L,4,. Thus, the theorem is
true fork = 1.
Now, assume n > k + 2, where k > 2. Notice that

3-45
a”2+a‘6=ﬂ2+ﬁ6=—2—f+9—4«/§

_21-9V5)

2

Since k > 2, this implies @2 + a~2%*~2 < 1/2; that is, ¥ 2(a* + &™) < 1/2.
Since n > k + 2, this means ¢ " (&* + a~%) < 1/2:

18" (@* — Y] < 172
That is,

la"(a” + ﬂ") _ (an+k +ﬂn+k)| < 1/2
|akLn — Loy < 1/2

As before, this implies that |a*L, + 1/2] = L. n
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For example, let n = 11 and k = 3. Then [o>L; + 1/2] = [@*Ly + 1/2] =
19903 + 1/2) = |843.4775---]| =843 = L4 = Ly143.

Corollary 8.10. [«*L, —1/2] = L+, wheren > 4and k > 1. m

For example, [e*Ljg—1/2] = [123a* —1/2] = [842.5545---1 =843 =L, =
Ligya.

EXERCISES 8

Using Theorem 8.1, compute F,, for the given value of n.
1. 15
2. 19
3.23
4. 25
5-8. Compute F, for each value in Exercises 1—4 using Corollary 8.1.
Verify that (" / «/EJ = F, for each value of n.
9. 12
10. 20
Verify that [a”/+/S] = F, for each value of n.
11. 15
12. 23
Using Theorem 8.2, compute L, for each given value of n.
13. 8
14. 10
15. 15
16. 20
17-20. Compute L, for each value in Exercises 13-16 using the formula L, =
fa" — %’l.
Verify that L, = [«"] for each value of n.
21. 10
22. 16
Verify that L, = [a" ] for each value of n.
23. 13
24. 19
Compute the successor of each Fibonacci number using Theorem 8.3.
25. 2584
26. 6765
27-28. Redo Exercises 25 and 26 using Corollary 8.5.
Compute the successor of each Lucas number using Theorem 8.4.
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29. 843
30. 9349
31-32. Redo Exercises 29 and 30 using Corollary 8.6.
33. Using Theorem 8.4, evaluate lim L,.;/L,.
n—-oo
34. Using Theorem 8.5, evaluate lim F,,,/F,.
n—0oC
35. Using Theorem 8.7, evaluate lim L, /L,.
n—oo
Compute the predecessor of each Fibonacci number.
36. 610
37. 17,711
Compute the predecessor of each Lucas number.
38. 1364

39. 39,603

Let u, and v, denote the lengths of the sides of the parallelogram in Figure 6.11,
where u,, > v,. Verify each (Horadam, 1962).

40. lim u,/v, =«
n—>o00

41. lim u,/Fpp = —/38
n—o0

42. lim v,/F, = =38
n-->00

Suppose every Fibonacci number F, in Figure 6.11 is replaced by the corresponding
generalized Fibonacci number G,. Let 8, denote the acute angle between the adjacent
sides of the parallelogram and lett, = (3a —b)Gap—1 — £ Frn-1 +2G,-2G ;. Prove
each (Horadam, 1962).

43. The lengths of the sides of the parallelogram are x, = /G2 + G,ZI_2 and
Yn =/ G2_| + G2_, where x, > y,.

44, lim t,q,/t, = o?
n—o0o

45. lim x,/y, =«
n—o00

46. tan6, = u/t,




THE EUCLIDEAN
ALGORITHM

This chapter continues our investigation of the properties of Fibonacci numbers. We
reconfirm, using the Euclidean algorithm, that any two consecutive Fibonacci numbers
are relatively prime. To this end, we first lay the necessary foundation for justifying
the algorithm.

Among the several procedures for finding the greatest common divisor (gcd) of
two positive integers, one efficient algorithm is the Euclidean algorithm. Although it
seems to have been known before him, it is named after the great Greek mathematician
Euclid’, who published it in Book VII of his extraordinary work, The Elements.

This next theorem paves the way for the Euclidean algorithm.

Theorem 9.1. Let a and b be any positive integers, and r the remainder, when a is
divided by b. Then (a, b) = (b, r).

Proof. Letd = (a, b) and d’ = (b, r). To prove that d = d’, it suffices to show
that dd’ and d’|d. By the division algorithm, a unique quotient g exists such that

a=bg+r 9.1

To show thatd/d’:

Since d = (a, b), d|a and d|b, so d|bq, by Theorem A.10. Then d|(a — bq), again
by Theorem A.10. In other words, dir, by Eq. 9.1. Thus, d|b and d|r, so d|(b, r); that
is, d|d’.

*Little is known about Euclid’s life. He was on the faculty at the University of Alexandria and founded the
Alexandrian School of Mathematics. When the Egyptian ruler, King Ptolemy I, asked Euclid if there were
an easier way to learn geometry than by studying The Elements, Euclid replied, “There is no royal road to
geometry.” Euclid is called the father of geometry.

132
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Similarly, it can be shown that d’|d (see Exercise 17). Thus, by Theorem A.9,
d =d’ thatis, (a, b) = (b, r). [ ]

The following example elucidates this theorem.

Example 9.1. Hustrate Theorem 9.1 witha = 120 and b = 28.

Solution. First, you can verify that (120, 28) = 4. Now, by the division algorithm,
120 = 4 - 28 + 8, so, by Theorem 9.1, (120,28) = (28, 8). But (28,8) = 4;
(120, 28) = 4. [ ]

Before formally presenting the Euclidean algorithm, we illustrate it in the next
example.

Example 9.2, Iilustrate the Euclidean algorithm by evaluating (2076, 1776).

Solution. Apply the division algorithm with 2076 (the larger of the two numbers)
as the dividend and 1776 as the divisor:

2076 =1-1776 + 300

Apply the division algorithm with 1776 as the dividend and 300 as the divisor:
1776 =5 - 300 + 276

Continue this procedure until a zero remainder is reached:

2076 = 1-1776 4+ 300
1776 = 5300+ 276
300 =1-276+24

<« last nonzero remainder

276 = 1124 + 2

24 =2-12+0
The last nonzero remainder in this procedure is the gcd, so (2076, 1776) = 12. =

Take a close look at the preceding steps to see why the gcd is 12. By the repeated
application of Theorem 9.1, we have

(2076, 1776) = (1776, 300) = (300, 276)
= (276, 24) = (24, 12)
=12

We now turn our attention to a justification of this algorithm, although it is some-
what obvious.
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Let a and b be any two positive integers, with a > b. If a = b, then (a, b) = a, so
assumea > b. (If this is not true, simply switch them.) Let rg = b. Then by successive
application of the division algorithm, we get a sequence of equations:

a=qro+rn 0<ri<r
ro=qr+r 0<r<r

n=qn+rn 0<n<n

Continuing like this, we get the following sequence of remainders:
b=r0>r1>r2>r3>...2()

Since the remainders are nonnegative, and getting smaller and smaller, this sequence
should eventually terminate with remainder r, = 0. Thus, the last two equations in
the preceding procedure are

Tpo2 =gn-tlp—t +1n 051y <rpg
and
Yn-1 = dqnln

It follows by the principle of induction (PMI) that (a, b) = (a,r0) = (ro, 1) =
(r1,r)) = -+ = (ra—1, rn) = rn, the last nonzero remainder (see Exercise 18).
The following example also demonstrates the Euclidean algorithm.

Example 9.3. Apply the Euclidean algorithm to find (4076,1024).

Solution. By the successive application of the division algorithm, we get:

4076 = 3-1024 + 1004

1024 = 1.1004 + 20

1004 = 5020 + I <« last nonzero remainder

/
20=5-4+40
Since the last nonzero remainder is 4, (4076, 1024) = 4. n

The Euclidean algorithm is purely mechanical. All we need is to make our divisor
the new dividend and the remainder the new divisor. That is, we just follow the
southwest arrows in the solution.
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The Euclidean algorithm is formally presented in Algorithm 9.1.

Algorithm Euclid (x,y, divisor)
(* This algorithm returns the gcd (x,y) in divisor,
where x > y > 0. %)
Begin {(x algorithm x)
dividend « x
divisor « y
remainder <« dividend mod divisor
while remainder > 0 do (x update dividend,
divisor, and remainder x)
begin (¥ while x)
dividend <« divisor
divisor < remainder
remainder <« dividend mod divisor
endwhile
End (x algorithm =)

Algorithm 9.1.

The Euclidean algorithm provides a procedure for expressing the ged (a, b) as a
linear combination of a and b, as the next example shows.

Example 9.4. Use the Euclidean algorithm to express (4076, 1024) as a linear
combination of 4076 and 1024. ]

Solution. All we need is to use the equations in Example 9.3 in the reverse order,
each time substituting for the remainder from the previous equation:

4 = last nonzero remainder

= 1004 —50-20

1004 — 501024 — 1 - 1004) (substitute for 20)
51.1004 — 50 - 1024

= 51(3076 — 3 - 1024) — 50 - 1024 (substitute for 1004)
= 514076 + (-203) - 1024

(4076, 1024)

(We can confirm this by direct computation.)
In Chapter 5, we proved that any two consecutive Fibonacci numbers are relatively
prime. We now establish it using the Euclidean algorithm.
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Example 9.5. Prove that any two consecutive Fibonacci numbers are relatively prime.

Proof. Using the Euclidean algorithm with F, as the original dividend
and F,_, as the original divisor. This yields the following system of linear
equations:

F, = 1'Fn—l'*‘Fn—Z
Foaio=1-F a2+ F,3
Foo=1-F,3+F, 4

Fr=1-F+F
FR=2-FK+0

Thus, it follows by the Euclidean algorithm that (F,, F,_) = F, = 1. [ |

THE EUCLIDEAN ALGORITHM AND THE LUCAS FORMULA (5.5)

In 1990, Ian Cook of the University of Essex, United Kingdom, developed
Identity (5.5) as an application of the Euclidean algorithm.
By the Euclidean algorithm, we have:

1976 = 1- 1776 + 200
1776 = 8-200 + 176
200 = 1-176 + 24
176 = 7-24 + [0

24 =3.840
T

quotients
It follows from these equations by successive substitutions that
1976 - 1776 = 1- 1776 + 8 - 200 + 1.176? + 7 - 24> + 3 . 8

Notice that the coefficients on the right-hand side (RHS) are the various quotients
in the algorithm and the corresponding factors are the squares of the corresponding
divisors.
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More generally, the equations

a = qorg +ri
ro =qn+n
ri-y = qiri +rigy

Tn—2 = Gn-1rp-1 + «— gcdof aand b

Tn—t = qnln +0
imply that

ab = Z qir? 9.2)
i=0

We can confirm this using PMI.
In particular, let a = F,; and b = F,,. By the Euclidean algorithm, we have

Fopiy = 1-F+ Foy
Fp=1-F_+F-

3= 1241+ [l < ecd (Fur, )
2=2-140

With g, =2andg; = 1 for0 <i < n, Formula (9.1) yields
n
FoptFo=) 1-F 4212
3
Since 2 - 12 = 12 + 12, this sum can be rewritten as
n
Y F!=FFoy (5.5)
]

which is Identity (5.5).
Next we estimate the number of divisions in the Euclidean algorithm, for which

we need the following result.
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Lemma 9.1. Let F, denote the nth Fibonacci number and @ = (1 + +/3) /2. Prove
thata" 2 < F, <a"',n > 3.

Proof by Strong Induction. (We shall prove that "2 < F, and leave the other
half as an exercise.) Let P(n): a"~2 < F,, where n > 3.

Basis Step. Since the induction step below uses the recurrence relation Fi, =
Fi + F_,, the basis step involves verifying that both P(3) and P(4) are true.

1. To show that P(3) is true: Whenn = 3,

1 5 1
"= = +2‘/_<—-}§=2=F3

. P(3) is true.
2. To show that P(4) is true:

.. P(4) is also true.

Induction Step. Assume P(3), P(4), ..., P(k) are true; that is, assume o' 2 < F;
for 5 < i < k. We must show that P(k + 1) is true; that is, «*~! < Fi,,. We have

a?=a+1
Multiplying both sides by a3,
okt =a* 2 4ok (Note:k-32>2)
< Fy+ Fy by the IH
= Fiqi by the Fibonacci recurrence relation

Thus P(k + 1) is true.

Therefore, by the strong version of induction, P (n) is true for every n > 3; that
is, ®"~2 < F, for every n > 3. m

The following theorem estimates the number of divisions required by the Euclidean
algorithm to compute the gcd (a, b). It was established in 1844 by the French
mathematician Gabriel Lamé (1795-1870).

Theorem 9.2. (Lamé’s Theorem) The number of divisions needed to compute (a, b)
by the Euclidean algorithm is no more than five times the number of decimal digits
inb, wherea > b > 2.
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Proof. Let F, denote the nth Fibonacci number, a = rg and b = ry. By the repeated
application of the division algorithm, we have:

ro = riq +nr 0<r,<r

n=nrng+nrn 0<r3i<n
rn-2=rn—lqn—l+rn OSrn<rn—l
Fn—1 = I'nqn

Clearly, it takes n divisions to evaluate (a,b) = r,. Since r; < r;_;,q; > 1 for
1 <i < n. In particular, since r, < ry,_1,gn > 2,50r, > landr,_; > 2 = F3.
Consequently, we have
rn—2 = I'n—1gn-1 +1rn
Tn—y + 1y
F3+1
KR+ F=F

v o

Tp—3 In—2qn-2 + ry—y
rp-2 + n—y

Fy+ F3 = Fs

%

Continuing like this,

ry =nrq;+r;

v

ry+r;

v

Fn+Fn——l =Fn+l
That is,

b

v

Fn+l

By Lemma9.1, F,; > "', wherea = (1 + «/5)/2 andn > 3.

b > a"!

logh > (n—1)log «
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Since o = (1 + v/3)/2 ~ 1.618033989, log @ ~ 0.2089876403 > 1/5.

logb > n-1

Suppose b contains k decimal digits. Then b < 10*. Therefore, log b < k, and
hence k > (n — 1)/5. Thus n < 5k + 1 or n < 5k. That is, the number of divisions
needed by the algorithm is no more than five times the number of decimal digits
inn. n

Let us pursue this example a bit further. Sincelogb > (n —1)/5,n < 1+5 log b.
Also, since b > 2,

Slog b > 5 log2

> 1

=
A

14+5logh
5logb+5 logh
= 10 logb
O(logb)

A

Thus it takes O(log b) divisions to compute (a, b) by the Euclidean algorithm,*

EXERCISES 9

Use the Euclidean algorithm to find the gcd of the given integers.

. 1024, 1000
. 2024, 1024
. 2076, 1076
. 2076, 1776
. 1976, 1776
. 3076, 1776
. 3076, 1976
. 4076, 2076
9-16. Use the Euclidean algorithm to express the gcd of each pair in Exercises 1-8
as a linear combination of the given numbers.
17. Let a and b any two positive integers and r the remainder when a is divided
by b. Letd = (a, b) and d’ = (b, r). Prove that d'|d.

W NNV A WN -

*Let f, g: N — R. Then f(n) is said to be of order at most g(n) if there exist a positive constant C and
a positive integer n such that | f(n)| < Clg(n)| for every n > n. In symbols, we write f(n) = O(g(n)).
(Read this as f(n) is big-oh of g(n).)
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18. Let a and b be any two positive integers with a > b. Using the sequence of
equations in the Euclidean algorithm, prove that (a, b) = (r,-i, r,), where
n > 1.

19. Prove Identity (5.10) using the Euclidean algorithm.
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SOLVING RECURRENCE
RELATIONS

We shall now develop a method for solving a large and important class of recurrence
relations, which are defined below. We will use this method to confirm Binet’s explicit
formula for F, and L.

LINEAR HOMOGENEOUS RECURRENCE RELATIONS
WITH CONSTANT COEFFICIENTS

A kth-order linear homogeneous recurrence relation with constant coefficients
(LHRRWCC:) is a recurrence relation of the form

an = C1ap- + 2852 + -+ + C1Qn—i (i0.1)

(where ¢j, ¢z, ...,cx € Rand ¢ #0.)

We need a few words of explanation about the definitional terms. The term linear
means every term on the right-hand side (RHS) of Eq. (10.1) contains at most the
first power of any predecessor a;. A recurrence relation is homogeneous if every term
on the RHS is a multiple of some a;; in other words, the relation is satisfied by the
sequence {0}, that is, a, = O for every n. All coefficients ¢; are constants. Since a,
depends on its k immediate predecessors, the order of the recurrence relation is k.
Accordingly, to solve a kth order LHRRWCC, we will need k initial conditions, say,
apg = C(),a] = Cl,...,ak_l = Ck.

The following example illustrates in detail the various terms in this definition.

142
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Example 10.1.

1. The recurrence relation s, = 2s,,_; is a LHRRWCC., Its order is one.

2. The recurrence relation a, = na,_ is linear and homogeneous. But the coef-
ficient on the RHS is not a constant. Therefore, it is not a LHRRWCC.

3. hy, = h,_; + (n — 1) is a linear recurrence relation. But, because of the term
n — 1, it is not homogeneous.

4. The recurrence relationa,, = af_l + 3a,_, is homogeneous. But it is not linear,
since the power of a,,_, is 2.

5. a, = ap~ + 2a,_2 + 3a,_¢ is a LHRRWCC of order six. ]

Before we discuss solving second-order LHRRWCCs, notice that the solution of
the recurrence relation s, = 2s,_;, where so = 1, is 5, = 2", n > 0. More generally,
the solution of the recurrence relation a, = ya,_, where a3 = ¢, is a, = cy",
n>0.

Let us now turn our attention to the second-order LHRRWCC

a, =aa,_; + ba,_, (10.2)

where a and b are nonzero constants. If it has a nonzero solution of the form cy”,
then cy” = acy"™' + bcy" 2. Since cy # O, this yields y> = ay + b, that is,
y? — ay — b = 0, so y must be a solution of the characteristic equation

x2—ax—-b=0 (10.3)
of the recurrence relation Eq. (10.2). The roots of Eq. (10.3) are called the character-

istic roots of Recurrence Relation (10.2).
Theorem 10.1 shows how characteristic roots help solve LHRRWCCs.

Theorem 10.1. Lety and 3 be the distinct solutions of the equation x> —ax —b = 0,
where a, b € R and b # 0. Then every solution of the LHRRWCC a, = aa,_; +
ba,_>,whereay = Cganda; = C),isof the forma, = Ay" + B3" for some constants
A and B.

Proof. The proof consists of two parts: (1) We will show that a, = Ay" + BY" is
a solution of the recurrence relation for any constants A and B, (2) we will find the
values of A and B satisfying the given initial conditions.

First, notice that since y and § are solutions of Eq. (10.3), y> = ay + b and
32 =ad +b.

1. To show that a, = Ay" + B3" is a solution of the recurrence relation:

aa,_) +ba,_, = a(Ay""' + B8""') + b(Ay""* + B3" %)
= AY" *(ay + b) + B8"*(a5 + b)
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= Ayn—z . y2 + Ban—z . 82
= AY" + BY"

=a"

Thus a, = Ay" + B3d" is a solution of Recurrence Relation (10.2).

2. Secondly, leta, = Ay" + B3" be a solution of Eq. (10.2). To find the values of
A and B, notice that the conditions ap = Cp and a; = C, yield the following
linear system:

Co=A+B
C = Ay + B}
Solving this system we get
Cy —Cgd Coy-C
A= ——ly—__—s-(—)— and B = L\:,-T] (remember, y # d)

With these values for A and B, a, satisfies the initial conditions and the recurrence
relation. Since the recurrence relation and the initial conditions determine a unique
sequence {a,}, a, = Ay" + B3" is indeed the unique solution of the recurrence
relation. [ ]

Note

(1) The solutions y and 3 are nonzero, since y = 0, for instance, would imply that
b=0.

(2) Theorem 10.1 cannot be applied if y = 8. However, it works even if y and
are complex numbers.

(3) The solutions y" and 8" are the basic solutions of the recurrence relation.
In general, the number of basic solutions equals the order of the recurrence
relation. The general solution a, = AYy" + BY" is a linear combination of the
basic solutions. The particular solution is obtained by selecting A and B in such
a way that the initial conditions are satisfied, as in Theorem 10.1.

The next two examples illustrate how to solve second-order LHRRWCCs using
their characteristic equations.

Example 10.2. Solve the recurrence relation a, = 5a,_| — 6a,_;, where ap = 4 and
a = 7.

Solution.

1. To find the general solution of the recurrence relation:

The characteristic equation of the recurrence relation is x> — 5x + 6 = 0;
the characteristic roots are 2 and 3. Therefore, by Theorem 10.1, the general
solution of the recurrence relation is a, = A2" + B3".
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2. To find the values of A and B:

Using the initial conditions we find:

A+B =4
2A+3B =7

ap

a)

Solving this linear system yields A = 5and B = —1.
Thus the solution of the recurrence relation satisfying the given conditions is a, =
5.2 ~3". n>0. ]

The next example finds an explicit formula for the nth Fibonacci number, which
we have been waiting for.

Example 10.3. Solve the Fibonacci recurrence relation F, = F,_; + F,_,, where
Fr=1=F.

Solution. The characteristic equation of the recurrence relation is x2 —x — 1 =0
and its solutions are & = (1 + +/5)/2 and B = (1 — v/5)/2. Recall that @ + 8 = 1
and ¢ = —1.

The general solution is F, = Aa” + Bf". To find A and B, we have

F
%)

Aa+ B =1
Aa’ + BB =1

Solving these two equations, we get
@ (452 1+45
I+a?  (5+45)2 5+4/5
145
V3(1+V5) V5

and similarly B = /(1 + %) = —1//5.
Thus the solution of the recurrence relation satisfying the given conditions is

A=

n _ gn n_ @an
g8 _a =
V5 a-p
which is the Binet form for the Fibonacci number F,. ]

The same method can be employed to derive Binet’s formula for L, (see
Exercise 15).
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EXERCISES 10
Determine if each recurrence relation is an LHRRWCC.

1. Ly=L,1+ Ly

Dp=nDy_ + (=1)
a, = 1.080,,_.1
b, =2b,_1+1

a, =Qap-| +n

A O S i

an=2a,y+ 2" -1
7. ap, = ay_1 +2an,_2 + 3a,_5
8. a, = ap_ +2a,_3 +n*
Solve the following LHRRWCCs.

9. a,=a,.1+2a,-32,a0=3,a, =0
10. a, = 5a,_1 —6a,_3,a0 =4,a, =7
11. a, = an_1 +6a,-3,a0 =5,a;, =0
12. ap =4a,_3,a0 =2,a, = -8
13. a, = ap—y + an—2,a0=1,a, =2
14. a, =ap_y +an_2,00 =2,a1 =3
15. L,=L,_y+L, 5, L =1L,=3
16. L, =L,y + L, 2, L1 =2,L, =3
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COMPLETENESS
THEOREMS

This chapter, like the preceding ones, provides numerous opportunities for studying
patterns and making conjectures.
We begin with yet another interesting pattern:

=1 2=2

3=2+41 4=3+1
5=3+2 6=5+1
7=5+2 8=5+3

9=8+1 10=8+2

Every integer on the left-hand side (LHS) of each equation is a positive integer; and
each number on the right-hand side (RHS) is a Fibonacci number, and each occurs
exactly once.

More generally, we have the following result.

Theorem 11.1. (Completeness Theorem) Every positive integer n can be expressed
as a finite sum of distinct Fibonacci numbers.

Proof. Let F,, be the largest Fibonacci number < n. Then n = F,, + n;, where
n) < F,,. Let F,,, be the largest Fibonacci number < n;. Thenn = F,, + F,,, + na,
n > F, > F,,. Continuing like this, we getn = F,, + F,,, + F,,, + ---, where
n>F, > F,, > F,,---. Since this sequence of decreasing positive integers must
terminate, the result follows. ]

We must emphasize that the representation of an integer » in terms of Fibonacci
numbers is not unique. For example, 25 =21 4+3+1=13+8+3 + 1.
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THE EGYPTIAN ALGORITHM FOR MULTIPLICATION

Every positive integer can be expressed as a sum of distinct powers of 2. This fact
is the basns of the well-known Egyptian algorithm for multiplication. For example,
let b = Zb i2{, where b; = O or 1. Then ab = Z(ab )2. Thus, to compute ab,

=0
we need only keep doubling a until the product gets larger than 2" and then add the

products corresponding to the ones in the binary representation of b. This algorithm
is illustrated in the following example.

Example 11.1. Use the Egyptian method of multiplication to compute 47 - 73,
Solution. First, express 47 as a sum of powers of 2:
47 =14+2+448432
4773 =1-7342-734+4-734+8-73+32-73

Next, construct a table (see Table 11.1) consisting of two rows, one headed by 1
and the other by 73; each successive column is obtained by doubling the preceding
column. Identify the numbers in the second row that correspond to the powers of
2 used in the representation of 47 by asterisks; they correspond to the terms in the
binary expansion of 47.

TABLE 11.1.
1 2 4 8 16 32
73* 146* 292* 584> 1168 2336*

To find the desired product, we add the starred numbers:
47 .73 = 73 + 146 + 292 + 584 + 2336
= 3431

By virtue of Theorem 11.1, we can also use Fibonacci numbers to effect multipli-
cation of positive integers, as the next example demonstrates.

Example 11.2. Use Fibonacci numbers to compute 47 - 73.
Solution. First, we express 47 as a sum of distinct Fibonacci numbers:
47 =2+4+3+4+8+13+21
47-73=2-73+3-734+8.734+13-73+21-73

Now construct a table as before (see Table 11.2). It follows from the table that
47 .73 = 146 + 219 4+ 584 + 949 + 1533 = 3, 431, as expected.
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TABLE 11.2.
1 2 3 5 8 13 21
73 146* 219* 365 584* 949* 1533*

Although the Fibonacci numbers F,, where n > 1, are complete, Lucas numbers
L, are not. For example, with the numbers 1, 3,4, ..., we cannot represent 2. But
all is not lost. If we add 2 to the list, the resulting set is complete.

But, as before, the representation need not be unique. For instance, 43 = 29 +
H+3=294+7+44+3=294+114+2+1

Accordingly, we have the following result.

Theorem 11.2. (Completeness Theorem) The set of Lucas numbers L, is complete,
where n > 0. [ |

Consequently, we can also employ Lucas numbers to perform integer multiplica-
tion, as the next example illustrates.

Example 11.3. Use Theorem 11.2 to compute 47 - 73.

Solution. We have 47 = 3 + 4 + 11 + 29. So it follows from Table 11.3 that
47 -73 =219 4+ 292 + 803 + 2117 = 3431.

TABLE 11.3.
2 1 3 4 7 1 18 29
146 73 219* 292* 511 803* 1314 2117+

EXERCISES 11

Express each number as a sum of distinct Fibonacci numbers.

1. 43

2. 99

3. 137

4. 343

5-8. Express each number in Exercises 14 as a sum of distinct Lucas numbers.
Use Fibonacci numbers to compute each.
9.43.49
10. 99 . 101



150 COMPLETENESS THEOREMS

1. 111-121
12. 243 -342

13-16. Use Lucas numbers to compute each product in Exercises 9-12.
17. Prove Theorem 11.2.
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PASCAL’S TRIANGLE

We shall see how Fibonacci numbers can be computed in a systematic way from the
well-known Pascal’s triangle. In addition, we will be able to derive a host of new
Fibonacci and Lucas identities.

We begin with a discussion of binomial coefficients, which are coefficients occur-
ring in the binomial expansion of an expression of the form (x + y)".

BINOMIAL COEFFICIENTS

Let » and k be nonnegative integers. The binomial coefficient (',:) is defined by

AN n!
(k) T kl(n — k!

if k < n, and is O otherwise. It is also denoted by C(n, r) and nCr.

For example,
5\ _ 5!
3)  3(5-3)

5-4-3-2-1
3.2.1.2.1

Using a TI-86, however, a large number such as (;Z) can be found in seconds. Press

the keys | 2nd |, | MATH |, and | PROB |; enter 45; press ; enter 22; then press

the | ENTER | key. The answer is 4,116,715,363,800.

Suppose we let k = 0 in the definition. Then

n\ _ n! _ n! 1
0/  On—-0)!" 1-n!"

10

151
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Besides, if k = n, then

<n) _ n! _ n! -1
n]  nln—n)!" nl0!

Thus we have two useful results:

©)=1=C)

There are many instances when we need to compute the binomial coefficients (:) and

(n’: k). The next theorem shows there is no need to evaluate both, since they are equal;
this will certainly reduce our workload.

Theorem 12.1. Let » and k be nonnegative integers such that k < n. Then (}) =
(nik)’

Proof.

( n )_ n! _ n! n!
n—k}]  (m-Kln—@m-b) G-k~ ki(n-—k!

n
B (k) .
For example, (58) = (252_520) = (255 ) = 53,130 by our earlier discussion. (See how
useful the theorem is.)
The following theorem shows an important recurrence relation satisfied by bino-
mial coefficients. It is called Pascal’s identity, after the outstanding French mathema-

tician and physicist, Blaise Pascal (1623-1662).

Theorem 12.2. (Pascal’s identity) Let n and k be positive integers, where k < n.
Then () = (:21) + ("¢)-

Proof. We shall simplify the right-hand side (RHS) and show that it is equal to the
left-hand side (LHS).

n—1)+(n~l _ (n- 1! + n—-1)
(k—l k )_-(k—l)!(n—k)! kl'(n —k —1)!

k(n — D! + (n—=kyn-—1!
k(k—Din—k)!  kin =K@ —k—1)!

k(n—1! (=K =1!  (n= DI+ (n~k)]
= K —k)! K-k ki(n — k)!
(n—1'n _ n!
kin =k k'(n—k)!

(2 .
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The various binomial coefficients (}), where 0 < k < n, can be arranged in the form
of a triangle, called Pascal’s triangle," as shown in Figures 12.1 and 12.2.

()

Figure 12.1.
1
1 1
1 2 1
1 3 v 3 1
1 4 6 4
Figure 12.2.

Pascal’s triangle has many intriguing properties:

« Every row begins with and ends in 1.

row 0

row 1

row 2

row 3

row 4

row 0

row 1

row 2

row 3

row 4

« Pascal’s triangie is symmetric about a vertical line through the middle. This is

so by Theorem 12.1.

« Any interior number in each row is the sum of the numbers immediately to its
left and to its right in the preceding row. This is so by virtue of Pascal’s identity.

« The sum of the numbers in any row is a power of 2.

*Although Pascal’s triangle is named after Pascal in the West, the array appeared in a 1303 work by the

Chinese mathematician, Chu Shi-Kie.
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The next theorem shows how the binomial coefficients can be used to find the
binomial expansion of (x + y)".
Theorem 12.3. (The Binomial Theorem)® Let x and y be any real numbers, and n

n
any nonnegative integer. Then (x + y)" = Y~ (J)x"~"y".
0

r=t

Proof. (by Weak Induction) When n = 0, LHS = (x + y)° = 1 and RHS =
0
Y (9)x0y" = 1%° = 1, 50 LHS = RHS.

r=0
Assume P(k) is true for some k > 0:

L (k
EESNEDY (r)x""’y’

r=0

Then

G+ =+ +y)

X [k
= [Z (r)x"_' y’] (x+y) bythelH

o~

O]
(3
(L) ()

k
LR AW k k k+lr s (k+ 1) e+
_.( 0 )x +Z r + r—1 X y + k41 y

*The binomial theorem for n = 2 can be found in Euclid’s work (ca. 300B.C.).
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= (k+ 1) k+1 ZT:("”L 1) kl=ryr

k+1\ o4
T .
+(k+ l)y by Theorem 12.2

_kz+l:(k+]) k+1~r r

Thus, by the principle of mathematical induction (PMI), the formula is true for every
integer n > 0. "

It follows from the binomial theorem that the binomial coefficients in the expansion
of (x + y)” are the various numbers in row n of Pascal’s triangle.

Corollary 12.1.

140 =Y (:l)x and  (1-x"=) (':)(—l)"x" =

0

Corollary 12.2.

2 (Z) =2 (21"—1— 1)

That is, the sum of the ‘even’ binomial coefficients equals that of the ‘odd’ binomial
coefficients. u

The proof of this corollary follows by letting x = —1 in the first result in
Corollary 12.1.

FIBONACCI NUMBERS

But how are Fibonacci numbers related to Pascal’s triangle? To see this, we return to
the triangular arrangement (see Fig. 12.3, for example). Now add the numbers along
the northeast diagonals. The sums are 1, 1, 2,3, 5, 8, ..., and they seem to be the
Fibonacci numbers. Indeed, they are, as the next theorem, discovered by E. Lucas in
1876, confirms.

Theorem 12.4. (Lucas Formula, 1876)

w2y
Fn = >0 12.1
4 Z( ; ) n> (12.1)

i=0
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10

// |

5

1
/ 1
6
10

Figure 12.3.

0 .
Proof. (by the strong version of PMI) Whenn = O,RHS = ¥ (O.“)

4 i
i=0

@=1=

F; = LHS. So the statement is true when n = 0.
Now assume it is true for all nonnegative integers < k, where k is an arbitrary

integer > O:
w2l o
Fo. =
w=3 (7))

i=0

By Pascal’s identity,

Iy SN T I BN (L I N
U )= Ui )2 Uy
é i ‘ i—1 ‘ i
i=0 i=0 i=0

Suppose k is even. Then

l(kiz):/zj(k—f-Z—i)_%(k—j>+§:(k+l—i)+< k/2 )
bt i pr AN g i k/2+1
Lk+1)/2] N LktD/2 :
k — k+1—i
- ()5 ()
: J ; i
Jj=0 i=0
= Fy + Fi
= Fiw2

It can be shown similarly that, when k is odd,
1(k+2)/2] .
k+2—i
> ( . ) = Fiy2
i=0 !

Thus, by the strong verision of PMI, the formula holds for all integers n > 0. [}
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For example,

(7)) Q)-reeso-

27
$(6i—i

Fe
F,

We can use Binet’s and Lucas’ formulas, and the binomial theorem in tandem to
derive an array of Fibonacci and Lucas identities. For example, notice that

5
5\ (5 5 5 5 5 5
- ()~ F F F F F
2(0) = (o)nr()reG)ar()n+ () ()n
= 045+10+20+15+5=55= Fy

More generally, we have the following identity.

Theorem 12.5. (Lucas)

Z('T)F,:an nz0 (12.2)
. 1

Proof. By Binet’s formula,

2050 ()
S-S0 ]

n__ (1 n
= (+e) ~+P) by Corollary 12.1
oa—p
2n __ @n
=L—Z—— sincea’ =a+land B> =B+ 1
a—

= Fy .
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A similar argument yields yet another identity by Lucas:

n

> (':)L =Ly n20 (12.3)

i=0

For example,

$(0) = (o (o (B)ews (o ()

=2+4+44+184+16+7=47= 1Ly

Theorem 12.6.

n

> (?)(—D‘F.- =(-)"'F, n20 (12.4)

i=0
Proof. By Binet’s formula,

. /n ; “f{n (=B
,.5;(:)“”” . (v (2=5)

- L 5 [Xoj (:f)(—a)‘ ~ Xoj (';)(—ﬂ)’]

J Uz =U=B o Corollary 12.1

a—p
R e N
=T acp VLTS
= (-1, "

For example,

i(i)(—l)i - ((S))Fo - G)F' + @Fz - @ﬂ * (Z)F4 - (i)FS

=0-54+10-20+15—5=—-5=(=1)°F;s

It similarly can be shown that

Z('i')(—l)"L,-=(—1)"L,, n>0 (12.5)
=0
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For example,

4

2= (e

4
1

Ju @)= () ()

=2-44+18-16+7=7=(-1)*L,

FIBONACCI PATHS OF A ROOK ON A CHESSBOARD
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In 1970, Edward T. Frankel of New York showed that Fibonacci numbers can be
derived by enumerating the number of different paths open to a rook on an empty
chessboard from one corner to the opposite corner where its moves are restricted by
a pattern of horizontal and vertical fences.

To see this, consider Pascal’s triangle with the top nine rows, rows 0 through 8.
This time, left-justify the elements in every row and then move up each column j-
by-j elements, where j > 0. In other words, rotate Pascal’s triangle to its left by
45°. Figure 12.4 shows the resulting 8 x 8 square array. Every rising diagonal of this
array is a row of the Pascal’s triangle in Figure 12.1. Every element A(i, j) of this
array can be realized by adding the element immediately to its left and the element

immediately above it:

A H=AGJ-D+AG-1,))

where i, j > 1. Clearly, A0, j) = 1 = A(, 0).

/ Row 3 in Pascal's triangle

jlo 1 2 4 5 6 7
i

0 1 1 1
1 6 7 8
2 21 28 36
3 4 56 84 120
4 126 210 330
5 1 6 21 126 252 462 792
6 1 7 28 210 462 924 1716
7 1 8 36 330 792 1716 3432

Figure 12.4,
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S A 4 B B T ) A B
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A rook on a chessboard moves any number of cells either horizontally or vertically,
but not in both directions in the same move. Suppose it moves horizontally to the
right(R) or vertically down(D). It is well known that each entry in Figure 12.4 indicates
the number of moves of a rook from the upper left-hand corner to that cell. For
example, A(2, 1) = 3 implies that there are three different ways the rook can move
from position (0,0) to position (2,1); they are 1R, 2D; 1D, 1R, 1D; and 2D, 1R. The
rook has 3432 possible moves from the upper left corner to the lower right-hand corner
(7,7). Using the combinatorial notation, we can rewrite the array in Figure 12.4, as
Figure 12.5 shows.

Figure 12.6 shows the number of moves of the rook from the upper left-hand
corner, where its moves are restricted by staggered horizontal and vertical fences.
Oddly enough, all entries in this band array are Fibonacci numbers. The band is
made up of four strands of Fibonacci numbers. The array begins with a 1 in the top
left corner. Every other entry is the sum of the entries immediately to its left and
immediately above it, assuming the entries outside the square are zeros.

Figure 12.7 displays the same chessboard array using the Fibonacci notation.
Notice that the subscripts of any two adjacent Fibonacci numbers on each strand differ
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5 13 21 21
13 34 55 55
34 89 144 144
89 233 | 377
233 | 610
Figure 12.6.
F F Fs
L A R A
Fs Fs Fe Fe
Fs F7 Fg Fg
F7 Fq Fio | Fio
Fo | Fuu | Fiz | Frz
Fii | Fia | Fua
Fiz | Fis
Figure 12.7.
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by two. Also, the Fibonacci numbers on the two upper strands have odd subscripts,
whereas those on the two lower ones have even subscripts.

It follows from Figures 12.5-12.7 that the rook has F;s = 610 possible moves
from position (0,0) to position (7,7). More generally, on an n x n chessboard, the
rook has F,_; restricted moves from the top left corner to the bottom right corner

(see Exercise 32).
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EXERCISES 12

Using Lucas’ formula, compute each.
1. Fs

2. Fy

3. F“

4, Fl2
Prove each.

n
5. 3 ("Li = La,
i=0

6. 3 ()L = (1L,

i=0

n
7. 3 () Fivj = Fanej
i=0

8. 4_‘% (DLi+j = Lons;

9. 3 () =1)iFuj = (~I*'F,_

i=0

10. 2 ()=1)'Lisj = (<DL

1. Verify that 5 3" (")F2 = 3 (") Ly forn = 4 and n = 5.
i=0 i

=l

Establish the formula in Exercise 11 using:
12. The binomial theorem.
13. Exercise 42 in Chapter 5.

n n
14. Verify that 3_ (})LZ = Y (})Laiforn =4 andn = 5.
i=0 i=0

15. Establish the formula in Exercise 14,

Prove each.
L(n=1)/2} )
16. 2*7'F, = 3 (21'11)5' (Catalan, 1846)
0

ln/2} .
17. 2¢7'L, = Y (3)5° (Catalan)
0
n—1 i . .
imp _ | —2'F; if n is even
18 ZO:( 2) (,)E - {ziFi _ 2 . 5("__”/2 otherwise (Fems, 1964)

n—1
19. 3 (=2)/(})G: = 5"~V2[c(~1)" — d} (Koshy, 1998)
0

20. f(—)f(',?)in = (=)"L, (Gould, 1963)
0
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21

22.

23,

24.

25.

26.

27.

28.

29.

30.

31
32.

(=)' (}) Fai = (=)"F, (Gould, 1963)
(?)Gi = G2, (Ruggles, 1963)

(=)' (?)Gi = (—=)"G_, (Koshy, 1998)
(})Gi+j = Gansj (Koshy, 1998)

(=) (})Gi+j = (=)"G j_, (Koshy, 1998)

(\YFLFp= Fryi = Funsr (Vinson, 1963)

m® m—1

(n—1)/2 i |
5L ifnis Od: (Carlitz, 1967)

NFy o =
(1) P {5"/2F,,+k otherwis

(n+1)/2 1 i
5 Fore ifnis Od: (Carlitz, 1967)

DLitai = X
(L2 [5"/2L,,+k otherwis

OM! OMS OM= OM! OMB QM! OM: OM!

2
(=) (2L, = 5" (Brown, 1967)
0

=

2n
Y (=) (2" F; = 0 (Brown, 1967)
0

3 (}) Famk = L5, Famn (Hoggatt, 1968)
0

A rook on an n x n chessboard has F,,_; restricted moves from the top left
corner to the bottom right corner.
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PASCAL-LIKE TRIANGLES

We have seen how Fibonacci numbers can be generated from Pascal’s triangle. We now
turn to how Fibonacci and Lucas numbers can be constructed from similar triangular
arrays that have Pascal-like properties.

In 1966, N. A. Draim of Ventura, California, and M. Bicknell of A. C. Wilcox
High School, Santa Clara, California, studied the sums and differences of like powers
of the solutions of an arbitrary quadratic equation x> — px — ¢ = 0. These sums
and differences were also studied in 1997 by J. E. Woko of Abia State Polytechnic,
Aba, Nigeria. As we will see shortly, an intriguing relationship exists between these
expressions, and Fibonacci and Lucas numbers.

SUMS OF THE n'* POWERS

Let 7 and s be the solutions of the quadratic equation x> — px — g = 0. Then

y e ptvr+de s p—VP*+4q
- 2 - 2

sor + s = p and rs = —q. Consequently,
Ptst=(+s-2rs=p*+2g
and

r3+s3=(r+s)3—-3rs(r+s)=p3+217q

164
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Continuing like this, we can compute the values of the various sums r* + 5" :

r+s=p
rP+s=p’+2
rP+s=p+3pg
st = pt 4+ apig 4+ 24
r+s = p’+5p°q+5p¢
PO+ 55 = pb 4 6p'q + 9% +24°
r'+s" = p +7pq+ 14p°¢* + 1pg’

More generally, using the principle of mathematical induction (PMI), Draim and

Bicknell showed that

{n/2] o
r+st = Z An, i)p"’z’q‘
0

where A(n, i) =2 (ni_i) - (n_{—l)'

Using Pascal’s identity, we can simplify the formula for A(n, i):

An, i) = ("?i)+[(n;i)‘(n_§_l)]

. n n—i
n—i i

Thus we can rewrite Formula (13.1) as

ln/2} .
rn +sn — Z A(ﬂ,i)pn_zlq’
0

where

1

A(n,i):L,("."i), 0<i<l|n/2

(13.1)

(13.2)

(13.3)

We can arrange the various values of A(n, i) in a Pascal-like triangle, as Table 13.1

shows.
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TABLE 13.1.

~d 0 1 2 3 4 5 ... Row sum
1 1 1
2 1 2 3
3 1 3 4
4 1 4 2 7
5 1 5 5 11
6 1 6 9 2 18
7 1 7\ 14 7 29

\

8 1 8 20 16 2 47
9 1 9 27 30 9 76

10 1 10 35 S0 25 2 123

T

Lucas numbers

In particular, let r and s be the solutions of the equation X2 =x+1.Thenr =q,
s = B, so Eq. (13.3) yields the formula
Ln/2]
Lo= Y Aln,i) (13.4)
r=0
This should not come as a surprise, since Table 13.1 is the same triangular arrange-
ment we obtained by computing the topological indices of cycloparaffins C,H,, in
Chapter 3; see Table 3.9 on p. 37.
Using Eq. (13.2), we can rewrite this formula as

w2l
L,= . 135
Zn_i( l ) (13.5)

i=0

For example,
2

5 5—i 5(5 S/4 573

— . == - - =1 =11l=L
252 (°7)=3(0)+3(1)+3(3) mresws-n-s

See row 5 in the table.
The triangular array in Table 13.1 satisfies the following interesting properties:

« Since A(n, 0) = 1, every row begins witha I.
« A(n, i) satisfies the recurrence relation

An,)=An -1, +An—-2,i—-1) (13.6)

If n > 3, every entry A(n, i) can be obtained by adding the entry just above it in
the previous row and the entry to its left in the row above it. See, for example,
the arrows in the table.
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o Ifi > |[n/2],then A(n,i) =0.
o If niseven:

1. Rownendsin?2;

2. Row n and row n + 1 contain the same number of entries.
« If nis odd, then:

1. Row n ends in n;

2. Row n 4 1 contains one more entry than row n.

These results can be proved fairly easily. For example, suppose n is odd. Then

2
AGL /2D = A, @ - /D = 2 (E:f iifi)

21 ((n+1)/2! 2 o+l
Th+l (=D n+l 2

When n is odd,
rn+ D2l =n+1D/2=mn-1)24+1={n/2]+1

so row n + 1 contains one entry more than row n.

AN ALTERNATE FORMULA FOR L,

The preceding discussion yields a wonderful dividend in the form of an alternate
formula for L,,.
Let A= ,/p*+4q. Then2r = p+ Aand2s=p— A, so

@) =(p+a) =) (”) prA

!
0

29" =(p—8)" =) (7) ACY VY

0

@+ =2y (’:) Al

i even
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Ln/2j n o
L+ =2 (2i) prEAY
0

2 N
2n—l(r+s)n P Z (Zi) pn—21A21
0

In particular, let p = 1 = g. Then A = /5, so this yields the formula

1 A n )
Ln=5y > (21’) 5 (13.7)
0

For example,
2
t 5\
L5=‘2?Zo (2i)5
=AY+ (5 s+ (35| = Laa w50+ 125 =11
=35 |\o 2 4 T 16 -

DIFFERENCE OF THE n'" POWERS

Let us now turn our attention to the difference of the nth powers of r and s:
r—s=(p+47)/2-(p—A8)2=A
P —s = [(p+8)/2F - [(p — 8)/2) = pA

Continuing on like this, we get

r—s=A
r’—st = pA
P-s =P +9A
=5t = (PP +2pg)A
r’—s = (p*+3p’q+4)A
o —s* = (p° +4p’q +3pg®)A

r'—s" = (p®+5p'q+ 6P’ + 4)A

More generally,

2l o
s =A Z ( ; )p"-2'q' (13.8)
0

We can establish this also by PMI (see Exercise 13).
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As before, the various coefficients
B(n,i) = (”‘j“) 0<r<{(n—-1/2]

can be arranged in a triangular array, as Table 13.2 shows. We saw this triangular
arrangement in Table 3.8 on page 36 when we computed the topological indices of
paraffins C,Hs, ..

Table 13.2 satisfies several important properties:

o B(n, i) satisfies the recurrence relation
Bin,)=Bn—-1,))+B(n-2,i—1)

This is so since

Bn—1,)+B(n —2,i—1) = (”_::_2)+("_’:‘2)

i

= ("—f"l)=3(n,i)

« Since B(n,0) = [, every row begins with a .

TABLE 13.2.
~Jd10 1 2 3 4 5 R Row Sum
1 1 1
2 1 1
¢ positive integers

3 1 1 2
4 12 3

r triangular numbers
5 1 3 1 5
6 1 4 8

C tetrahedral numbers

7 1 5 6 1 13
8 1 6 10 4 21

4
9 1 7 15 10 1 34
10 1 8 21 20 5 55
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o If n is odd, row n ends in a 1. This is so since

- _ _((n—=1/2Y _
» Suppose n is odd. Since [(n — 1)/2] = (n — 1)/2 = {n/2], row n and row
n + 1 contain the same number of entries.

« Suppose n is even. Then row n ends in n/2 and row n + 1 contains one entry
more than row n.

o Since B(n, 3) = (":3 ) column 2 yields the various triangular numbers, where
n>35.

e« B(n,4) = ("”4), so column 3 yields the tetrahedral numbers. Similarly, the

,
remaining columns give higher dimensional figurate numbers.

Suppose welet p =1 = g. Thenr = a, s = B, and A = /5, so Eq. (13.8) yields
the combinatorial formula for F,:

Hn-i-1
F, E( ; ) (13.9)

0

= sum of the elements in row n in Table 13.2

We saw this formula Eq. (12.1) in the preceding chapter.
We are now ready to present an alternate formula for F,.

AN ALTERNATE FORMULA FOR F,

From Egs. (13.1) and (13.8), it follows that

(27‘)" _ (2s)n =2 Z (':) pn—-iAi

i odd

L(n—1)/2] n ) _
2"(7‘ _ S)" =2 Z (2, iy ) pn—21—lA21+l
]

r—s"

i

Ln-1)/2] n
n—2i—152i
21 }0: (2i+1)”

In particular, let p = 1 = g. Since A = /5, this yields yet another combinatorial
formula for F,:

1 l(n—D/2} n '
Fo= 5y ZO: (2i+1)5' (13.10)
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For example,
2
1 6 \.
53‘40?(21“)5
6 6 6\ 2| ! _
(9)+ (9) s+ (8) 5] = o0 4150

A LUCAS TRIANGLE

I

Fg

2| —

In 1967, M. Feinberg, then a student at the University of Pennsylvania, studied the
coefficients in the expansion of the polynomial f,(x, y) = (x+ y)"~!(x 4 2y), where
n > 1, and discovered an invaluable treasure.
The first six expansions are
Hxy) = x+2y
falx, y) = X%+ 3xy + 2y
fi(x,y) = X +4x%y +5x° +2)°
falx,y) = 2 +52°y + 962y + Txy® +2y*
fs(x,y) = 20 +6x*y +14x°y* + 16x2y + 9xy* +2y°
folx, y) = x84+ 7%y 4+ 20x*y? + 30x3y? + 25x2y% 4 11xy° + 2y°
We can verify these. Arranging the various coefficients in these polynomials in a

triangular array, we get the truncated arrangement in Figure 13.1. Feinberg called it
a Lucas triangle. Every row begins with a 1 and ends in a 2; this is so because the

i 1o 1 2 3 4 5 6
1 11 2
2 |1 3 2
3 |1 4— 5 2
4 |1 5 sl; 7 2
5 | 1 6 14 16 9 2
6 | 1 7 20 30 25 11 2

Figure 13.1. A Lucas triangle
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coefficient of x” in f,(x, y) is 1 and that of y" is 2. Since f,(1,1) = 3-2""!, the sum
of the numbers in row nis 3 - 2"~!, wheren > 1.

Let C(n, j) denote the entry in row n and column j, where n > 1and j > 0. We
can find an explicit formula for C(n, j) as follows:

i1
. i—1\ .
c+y =) :(’ ; )x‘ =ty

0

it
fi,y) = G+l +2y) = {Z(' _jj_ l)x""'”'y’} (x +2y)
0

C(n, j) = Coefficient of x"~/y/

n n—1
=1\, . At
(j)+(1_1) (13.11)

by Pascal’s identity.
For example,

C(6,3) = (g>+(;) =20410=30

The triangular array in Figure 13.1 satisfies three additional properties:

. D Ckj)=Cn+1,j+1)
k=1

. ZC(k, 1) =Cn+1,2)
k=1

. Cin,n—2) = (n—1)? n>?2

See Exercises 17-19.

A RECURSIVE DEFINITION FOR C(n, j)

Using Formula 13.11, we can easily verify that C(n, j) satisfies the following recursive
definition;

C(n,0) =1 ci,n=2
Cn,y=Cn—-1,j-D+Cn—-1,) n,j=>1
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This recurrence relation is the same as Pascal’s identity. Thus we obtain C(n, j) by
adding the element C(n — 1, j) just above it and the element C(n — 1, j — 1) to its
left. Notice that C(n, n) = 1. For example,

C4,2)=14=54+9=C3,1H)+C@3,2)

Formula (13.11) contains a hidden secret: We can obtain every term C(n, j) from
rows n and n — 1 of Pascal’s triangle. Shift row n — I by one place to the right and
place the resulting row just above row n; then add the corresponding elements to yield
the various elements C(n, j) in row n. This algorithm for n = 4 is illustrated below:

< Row 3 in Pascal’s triangle
< Row 4 in Pascal’s triangle
< Row 4 in Table 13.3

+ 1
1

W[ -
O |ON W
| W
N = —

Suppose we add the elements on the rising diagonals in Figure 13.1. It appears
from Figure 13.2 that the sums are Lucas numbers. This result is not a fluke. To see
why this is true, the sum of the elements on the nth rising diagonal is given by

]

1n/2) N W
Yea-in=3("3)+ (")
0

0

N L T
)+ .
() x ()

Fn+1+Fn—I =Ln

For example, the sum of the elements on the sixth rising diagonal is 18 = Ls.
Suppose we flip the Lucas triangle in Figure 13.1 about a vertical line on the left
and left-justify the elements. Figure 13.3 shows the resulting triangular arrangement.

N
%
/ ™
A
N
D
7 2
14 16 9 2
7 20 30 25 11 2

Figure 13.2.
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&o 1 2 3 4 5 6
1|2 1
2 |2 3 1
3|2 5 4 1
4 | 2 7= 9 5 1
5 | 2 9 1i 14 6 1
6 |2 11 25 30 20 7 1

Figure 13.3. A reflection of the Lucas triangle

Let D(n, j) denote the element of this array that lies in row n and column j. Then
D(1,0) =2 D(l,1)=1

and
Din,)=Dn—-1,j—-1)+ D(n -1, ) n>2

This is the same as the Fibonacci recurrence relation satisfied by C(n, j).
Since Figure 13.3 is a reflection of the Lucas triangle, it follows that:

D, ) =Cn,n—))

B (nfj)+(,,ﬁ;ll)
-(5)+("7")

Consequently, we can obtain every row of the array in Figure 13.3 by adding rows n—1
and n (both left-justified) of Pascal’s triangle, as the following algorithm demonstrates:

1 3 3 1 < Row 3 of Pascal’s triangle
+ 1 4 6 4 1 <« Row 4 of Pascal’s triangle
279 51 <« Row 4 in Table 13.6

The array in Figure 13.3 also provides a fascinating bonus. Add the elements on
each rising diagonal; every sum is a Fibonacci number (see Fig. 13.4).
This is so because

2} N U

ZD(n—j,J)=Z( .’)+Z( ’ )

0 0 J 0 J
=Fn+l+Fn=Fn+2
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O
%>
/ °
R
’2’ S
W
5 1
16 14 6 1
" 25 30 20 7 1
Figure 13.4.

The array in Figure 13.3 satisfies three additional properties:
n

. Y Dk j) = Din+1,j+1)
k=1

. D(n,2) = (n —1)? n>?2

. Z Dk, 1) = n?
k=1

See Exercises 22-24.

In 1970, V. E. Hoggatt described an interesting relationship between the Lucas
triangle in Figure 13.1 and the triangular array of coefficients in the expansion of L7,
as we will see a bit later.

To establish such a link, shift down column j(> 0) of the Lucas triangle by j
elements. Figure 13.5 shows the resulting array. Let E(n, j) denote the element in
row n and column j of this array. Then E(n, j) = A(n — j, j), where 0 < j < |n/2].
E(n, j) satisfies the recurrence relation E(n, j) = E(n — 1, ) + E(n — 2, j — 1),
where E(n,0) =1, EQj, ) =2, EQj+1,)=2j+1,E2j+1,j+1)=0,and
1 <j=1n/2).

POWERS OF LUCAS NUMBERS

In 1970, Harlan L. Umansky of Emerson High School in Union City, New Jersey,
developed the following formulas for powers of Lucas numbers:

L, =1L,

L2 = Ly +2(=1)"

L) = Ly, +3(-1)"L,

LY = Ly +4(=D"L2 -2

L} = Ls, +5(-D"L) - 5L,
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LS = Ley +6(=1)"LE —9L2 4+ 2(~1)"
L! = L1, +7(=D"L3 —14L3 + 1(-1)"L,
L¥ = Lg, +8(~1)"LE — 20L? 4 16(=1)"L? — 2

n
A few months later, Hoggatt observed that the absolute values of the coefficients
of the various Lucas numbers and their powers on the right-hand side are the same
as the entries in the triangular array in Figure 13.5. Accordingly, he established the
following result.

Theorem 13.1. (Hoggatt, 1970).

LM/ZJ . N .
LY =Lpn+ Y E(m, j(=1y*i=tLm=2
j=1

Proof. (by PMI). The formula is clearly true when m = 1, since the sum is zero.
Assume it is true for all positive integers k, where k < m:

Lk/2§
LY =Lin+ Y E(k, (=1 LE

j=1

Then
im/2] o )
Lyt = LoLpn + ) E(m, j)(=1)H L2
j=1
j
n 0 1 2 3 4 5 6
1 1
2 1 2
3 1 3
4 1 4 2
5 1 5 5
6 1 6 LQ 2
7 1 7 14 7
8 1 8 20 16 2

Figure 13.5.
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But Lann = L(m-H)n + (_l)"L(m—l)m SO

LT = Liniiyn + (=" Lin-1n

Lm/2]
+ Y E(m, j)(~1yo+ Lyt (13.12)

j=I
By the inductive hypothesis,

Lim—-1)/2]
Lin-nn = an—l - Z E(m — 1,]')(_1)"1'+i—lL"m—2j—l
=1

(=D)"Lin-tyn = (=1)"L""!

L(m—=1)/2)
- Z E(m — 1, j(=1)nd+D+G+D=1 pm=2j=1
j=1

Let j 4+ 1 = r. Then this becomes

L(m+1)/2)
(—l)nL(m—-l)n = (__1)nL"m-—l _ Z E(m _ 1," _ 1)(__1)nr+r—-1Lg—2r+l
r=2

Then Eq. (13.12) becomes

Lyt = Lipyna + (=1)"L7!
L(m+1)/2]
+ Z Em—1,r— 1)(_1)nr+r—1L:ln—2r+l

r=2

lm/2]
+ Y E(n,r)(-)m i (13.13)
r=2

Suppose m = 2t. Then [m/2] = |(m + 1)/2], E2t,1) = 2, EQ2t — 1,
t— 1) =2t—1;s0 EQt+ 1,1) = 2t + 1. On the other hand, let m = 2t + 1.
Then m/2j+1=|(m+1)/2) =t+ 1, EQt+ 1,1+ 1) =0and E(2t,t) = 2; thus
EQt+2,t+1)=2.



178 PASCAL-LIKE TRIANGLES

Thus, Eq. (13.13) becomes

[(m+1)/2}
L:‘+l = L(m+])n + Z E(m + l,r)(—l)nH-r—lL;"_zr-H

r=1

Consequently, by the strong version of PMI, the formula works foreveryn > 1. =

EXERCISES 13

1. Find a quadratic equation whose roots are o" and p".

2. Find a quadratic equation whose roots are a" and —p".
Compute Lg using each formula.

3. Formula 13.5.

4. Formula 13.7.
Verify each, where r and s are the roots of equation x> — px — g = 0.

5. +5° = p’ +5p%q + 5pg?

6. %+ 5% = pb +6p*q+9p°¢* +24°

7. Establish Formula 13.3 using PML

8. Prove that fn_:(—l)"A(n, )= F,_,.

0

Compute Fyg using each formula.
9. Formula 13.9.
10. Formula 13.10.
Verify each, where r and s are the roots of equation x> — px — g = 0.
1. P —s =(p*+3p%g+¢)A
12. 1% — 5% = (p® + 4p*q + 3pghHA
13. Establish Formula 13.8 using PMI.
14. Verify that C(n, j) satisfies the recursive definition:

Cn,0) =1 Cci, =2,
Cn,)=Cn-1,j—-D+Cn-1,)) n,j>1

Compute the sum of the elements on the given rising diagonal in Figure 13.2.
15. Diagonal 6.

16. Diagonal 7.

Prove each.

17. . Ctk, p=Cn+1,j+ 1
k=1
n

18. Y Ck, 1) =C(n+1,2)
k=1

19. C(n,n—=2) = (n — 1)?
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Compute the sum of the elements on the given rising diagonal in Figure 13.4.
20. Diagonal 5.
21. Diagonal 6.

Prove each.
n

22. Y} Dk, ) =D(n+1,j+1)
k=1

23. D(n,2) = (n — 1)?

24. " Dk, 1) =n?
k=1
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ADDITIONAL PASCAL-LIKE
TRIANGLES

We now turn to some more Pascal-like triangles that contain Fibonacci and Lucas
numbers as hidden treasures.

The following three variants of Pascal’s triangle were studied extensively by
H. W. Gould of West Virginia University.

At the 1963 Joint Automatic Control Conference held at the University of
Minnesota, P. C. Parks presented the variant of Pascal’s triangle in Figure 14.1. The
first few row sums are Fibonacci numbers, so we conjecture that the row sum in row
nis Fny1, where n > 0.

To establish this, let f(i, j) denote the entry in row i and column j, where i >
j=0 /G, H=0if j > i; f(i,0) = 1; and f(i,i) = 1 for every i. The inner
elements are defined by the recurrence relations

A+ 1,2+ 1) = f(i,2)) and JG+1,2) = fG,2j - 1)+ f(i,2))
See the arrows in Figure 14.1. These two conditions can in fact be combined into a
single recurrence relation:

1+ (=1 .

fi+L,p=fGj-D+ _Z—_—f(l’ i),

Using the principle of mathematical induction (PMI), it can be shown that

f(n,2k)=(n;k) and f(n,2k+1)=(n—11:_l)

Consequently, they can be employed to produce a single formula for f(n, r):

_ (7= e+ D2l
= (")

180
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Row sum
1 1
1 1 2
1 1 1 3
1 1 2 1 triangular numbers 5
1 1 3 2 1 8
1 1 4 \ 3 3 1 ;e/trahedral numbers 13
1 1 5 4 6 3 1 21
1 1 Y ] 10 6 4 1 34
1 1 7 6 15 10 10 4 1 55
1
Fibonacci numbers
Figure 14.1.

We can verify this.
We are now ready to prove that every row sum in Figure 14.1 is a Fibonacci number.
The proof is essentially the same as the one given by Gould in 1965.

Theorem 14.1.

Y fnA=Fu2 120
=0

0
Proof. (by PMI) Since }_ f(n,r) = f(0,0) = 1 = F,, the statement is true when
0

n=0.
Assume it is true for all integers i < k, where i > 0 and & is arbitrary. Then:

k+1
S fk+1,0=Y flk+1.n+ Y flk+1.r)
r=0 r even r odd
[(k+1)/2] Lk/2]
= ) fk+1Ln+)Y ftk+1.r)
r=0 r=0
= Fryo + Fi by the IH
= Fry3
Thus, by the strong version of PMI, the formula is true for every n > 0. [ |

The next theorem provides another fascinating property of the triangular array.

Theorem 14.2.

Y (= fta,ry=Fy  n=0 ]

r=0
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For example,

8

Z(—-l)’f(&r):l~l+7—-6+15—10+10-—4+1
r=0

=13=F

Using the same rules of definition as in the previous triangular array, we can
construct a new variant of Pascal’s triangle by simply changing f(1, 1) to 2, as
Figure 14.2 demonstrates. This time, the row sums yield Lucas numbers. Let g(i, j)
denote the element in row i and column j, where i > j > 0; g(i, j)) = 0if j >
i; 2,00 = L; g(l, 1) = 2, g+ 1,2+ 1) = g(i,2)); and g(i + 1,2)) =
g(i, 2j—1)+g(i, 2 j). We can combine the last two conditions into a single recurrence
relation:
1+ (=1

gi+1,p=gGj-D+ >

g, p

Using PMI, we can show that

— —1 —_y =
g(n,2r)=—n-(n r) and g(n,2r+1)=n——<n d 1)
n—r n

r —r—1 r

where g(1, 1) = 2. Consequently,

n n—r
——Cs
Row sums

1 1
1 2 3
1 1 2 4
1 3 2 7
11 4 3 2 11
1 1 5 4 5 2 18
1 1 6 5 9 5 2 29
1 1 7 6 14 9 7 2 a7
1 1 8 7 20 14 14 9 2 76

t
Lucas numbers
Figure 14.2.
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Since

tn/2] n n—r

Ly=3 — ( ) )
r=0

this triangular array satisfies two properties corresponding to Theorems 14.1

and 14.2.

Theorem 14.3.

(1) D gn,n=Luy n>0
r=0
@ Y (-Dern=Li; n=0 =
r=0
For example,

5
Y g5 = 1+1+5+4+5+2=18=Lg
r=0

;
Z(—l)’g(n,r) =1—-147-6+14-94+7~-2=11=Ls
=0

Interestingly enough, the triangular arrays in Figures 14.1 and 14.2 can be gener-
alized, as Figure 14.3 shows. Let A (i, j) denote the element in row i and column j,
wherei > j > 0, h@, j)=0if j> i; h(i,0) =a; A(1, 1) = b; and

M+ =hG -+ G iz
a
a b
a a b
a a a+b b
a a 2a+b at+b b
a a 3a+b 2a+b a+2b b
a a 4a+b 3a+b 3a+3b a+2b b
a a 5a+b 4a+b 6a+4b 3a+3b a+2b at3b b

Figure 14.3.
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In this recurrence relation, we have imposed i > 1 to avoid an awkward situation.
To see this, if we let i = 0 and j = 1, then we get #(1, 1) = 4(0,0) + 0 = q, but
h(l,1) =b.

What can we say about the row sums S, (a, b) in row n? First, notice that:

So(a,b) =a
Si(a,by=a+b
Sa(a,b) =2a+b
S3(a,b) =3a+2b
S4(a, b) = 5a + 3b

Clearly, a pattern emerges: S,(a, b) = aF,4+1 +bF,,n > 0.
Likewise, let us check if the alternating row sums 7,(a, b) follow any pattern:

To(a, b) = a
Ti(a,b)y=a—b
Ty(a,b) =b
Ti(a,b) =a
Ts(a,b) =a+b

Ts(a,b) =2a+b
Ts(a,b) = 3a+2b

More generally, T,(a, b) = aF,_2 + bF,_3,n > 1.
These discussions lead to the following theorem.

Theorem 14.4. Let S, (a, b) denote the row sum of the entries in row n in Figure 14.3
and 7, (a, b) their alternating row sum. Then

Sala, b) =aF,.\ + bF, n>0

and

T.(a,b) =aF,_, +bF,_5 n>1 ]

In particular, S,(1,1) = Fpyy+ Fp = Fppand T,(1, 1) = F, 2+ F_3 = F,_y;
this is consistent with Theorems 14.1 and 14.2. Likewise, S,(1,2) = F,4y + 2F, =
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34 22 16 1" 5 1 + Row sum = 89 =F,,
Fo —/ 89

56 38 27 16 6 1
Figure 14.4.

Ly and T,(1,2) = F,, + 2F,.3 = L,_,; this is consistent with
Theorem 14.3.

Figure 14.4 shows yet another triangular array developed in 1971 by Hoggatt. This
array possesses several interesting properties, in addition to the obvious ones:

« The first entry in row n is F,_;.

« Every internal entry is obtained by adding the number immediately above and
the number to its left in the same row. For instance, 16 =7 + 9.

« The sum of the elements in row n is F,,, (see Exercise 2).

EXERCISES 14
1. Let A(n, j)denote the element in row n and column j of the array in Figure 14.4,
where n, j > 0. Define A(n, j) recursively.

2. Prove that the sum of the elements in row n of the triangular array in Figure 14.4
is F,,1, where n > 0.

Use the array in Figure 14.5, developed in 1972 by Hoggatt, to prove the statements
in Exercises 3-5, where n > 0.

® W - -
® W = -
W ==

-—

21
55 21 8 3 1
Figure 14.5.
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3. The nthrow sum is Fp, .

4. If the columns are multiplied by 1, 2, 3, ... to the right, then the nth row sum
is F2n+l-

5. The sum of the elements in the nth rising diagonal is FZ2

Use the array in Figure 14.6, developed in 1977 by Hoggatt, to prove Exercises 6-8,
where the Fibonacci numbers F3,. are written in staggered columns, where n > 0.

89 34 13 5 2 1
Figure 14.6.

6. Every row sum is Fy,42.
7. The sum of every rising diagonal sum is F, 1| Fy,2.

8. Multiply the columns by 1, 2, 3, ... to the right. Then the nth row sum is
Fonys — 1.

Let S, (a, b) denote the sum of the elements in row » in Figure 14.3.
9. Define S, (a, b) recursively.
10. Show that S,(a, b) = S,_1(a, b) + Sx—2(a, b), where n > 2.
11. Prove that S,(a, b) = aF, ., + bF,, where n > 0.
Let T, (a, b) denote the alternating sum of the elements in row n in Figure 14.3.
12. Define T,(a, b) recursively.
13. Prove that T,,(a, b) = aF,_, + bF,_3, where n > 0.
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HOSOYA’S TRIANGLE

In 1976, H. Hosoya of Ochanomizu University in Tokyo introduced the triangular
array in Figure 15.1, which is closely linked to Fibonacci numbers. We call it Hosoya's
triangle. Besides the array being symmetric about the vertical line through the middle,
the top two northeast and southeast diagonals consist of Fibonacci numbers. Every
interior number can be obtained by adding the two previous numbers, on its diagonal;
for example, 16 =84+ 8 = 10+ 6.

2 1 2
3 2 2 3
5 3 4 3 5
8 5 6 6 5 8
N /
13 8 10 9 10 8 13
N
21 13 16 15 15 16 13 21
34 21 26 24 25 24 26 21 34
55 34 42 39 40 40 39 42 34 55

Figure 15.1. Hosoya’s triangle

A RECURSIVE DEFINITION

In fact, we can define recursively every entry H(n, j) of the array:
H(0,0) = H(1,0) = H(1,1) = H2,1) =1

187
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H(n,j) = Hn—1, )+ H(n -2, ) (15.1)
=Hn-1,j—-1)4+Hn-2,j-2) 15.2)
wheren > j>0andn > 2.

Since H(n,0) = H(n — 1,0) + H(n — 2,0), where H0,0) = 1 = F| and
H(1,0) = 1 = F,, it follows that H(n,0) = F,;; likewise, since H(n,n) =
H(n — 1,n) + H(n — 2, n), it follows that H(n, n) = F,,. Similarly, we can show
that H(n, 1) = H(n,n — 1) = F, (see Exercises 1-3).

Successive application of the recurrence relation (Eq. 15.1) yields:

Hn, ) = Hn-1,)+ Hn -2, j)
=[Hn-=2,j) + Hn -3, )1+ Hn -2, j)
=2H(n—-2,)+ Hn -3, )
=3H(n -3, ) +2H(n -4, ))
Continuing like this, we get a close link between H(n, j) and Fibonacci numbers:
H(n, j) = Fxr H(n — k, j) + FekH(n —k — 1, )) (15.3)
where 1 <k <n — j— 1 (see Exercise 4). In particular, letk =n — j — 1. Then
Hn, ) = FoojHG + 1, ) + Faujo H(, J)
= F_jiFia+ F_j . Fip by Exercise 3
= Fjj(Faej+ Faojoy)
= FiiFaoji (15.4)

Thus every entry in the array is the product of two Fibonacci numbers.

For example, H(7,3) =15=3.5= F4Fsand H9,6) =39 =313 = F4F7.

Since H(n,j) = H(n,n — j), it follows from Eq. (154) that H(n, j) =
H(n,n — j) = Fip Foeji.

Letn = 2m and j = m. Then Eq. 15.4 yields H2m,m) = Fpy\ Fpi1 = F2 .
Thus H(2m, m) is the square of a Fibonacci number. In other words, the numbers
along the vertical line through the middle are Fibonacci squares.

For example, H(8,4) =25 = F52 and H(10,5) =64 = F62.

A LINK BETWEEN H(n, j)AND L,

Using Eq. 15.4, we can compute H(n, j) vsing Lucas numbers:

SH(n,]) = (aj+l — ﬂj+1)(a"—j+1 _ ﬁn—j+l)

— an+2 + ﬂ"+2 __aj+]'3n—j+l _ an—j+lﬂj+l
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— (a"+2+,B"+2)+(aﬁ)j(a"“2j+ﬂ""2j)

Ln+2 + ("'l)jLn—Zj
5
For example, let n = 10 and j = 3. Then

H(n, j) = (15.5)

L+ (=1’Ly 3227
5 s
As a bonus, it follows from Eq. (15.5) that L,,, = (—l)f“L,,_zj (mod 5). In
particular, Ly, = 2(—1)" (mod 5) and L4 = (—1)™ (mod 5).
For example, Ly = 322 =2 = 2(—1)® (mod S) and L5 = 1364 = —1 = (=1)’
(mod 5).

=63 = H(10,3)

A MAGIC RHOMBUS

Notice that Hosoya’s triangle was constructed using four initial conditions, that is,
four 1s, and they form a rhombus. In fact, we can employ any rhombus with vertices
HG, j), Hi—1,j - 1), Hi —2,j— 1), and H(i — 1, j) to generate their nearest
neighbors.

For example, consider the rhombus in Figure 15.2, where the letters A through H
represent the numbers 4, 6, 9, 6, 5, 25, 5, and 1, respectively. Then F = A + B +
C+D H=A+D—-B-C,E=C+D—-—A—-B,andG=B+D—A—C (see
Exercise 7). We can represent these facts pictorially, as Figure 15.3 shows.

H

EG

F
Figure 15.2.
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<0 QO

Figure 15.3.

ADDITIONAL FORMULAS

More generally, we have the following additional formulas:

Hn—1,j-2) = Hn, )+ Hin—1, ) ~Hn—1,j—1)— Hn —2, j — 1)
Hn+2,j+ ) =Hn, )+ Hn -1, )+ Hn—-1,j— 1)+ Hn-2,j-1)
Hn—1,j+1)= Hn—1,j— 1)+ Hn—1, j)— Hn =2, j — 1) — H(n, j)

and
Hn—-4,j—-2)=Hnh -2, j~D+Hn—-1,j)—Hn—-1,j—1)— H(n, j))

See Figure 15.4.
Since (Fj+1F,,_j+l)(Fan_j) = (FjF,,_j+|)(Fj+|F,,_j), it follows by Eq (154)
that
Han, ) -Hn—=2,j—1)=Hmn—1,j—1)- Hn -1, j) (15.6)

that is, the product of the opposite vertices A and D in the thombus A BCD equals
that of the remaining two opposite vertices B and C.

For example, consider the rhombus formed by 15, 24, 40, and 25. Clearly, 15-40 =
24 - 25. Likewise, 8 - 26 = 13 - 16.

We can write Eq. (15.6) as

{(Hn, ) =Hn -1, )l«Hn=2,j—D}+ Hn-1,j—-1)=1 (15.7)

See Figure 15.5.
Interestingly enough, we can extend Eq. (15.6) and hence Eq. (15.7) to the corners
of any parallelogram:

Hmn,j) - Hn—k—1,j—k)=Hn -k, j—k)-Hn -1, ))

See Figure 15.6.
For example, consider the array of parallelograms in Figure 15.7. Notice that
40-4 =16- 10 and 15 - 10 = 25 - 6. The other products can be verified similarly.
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H(n-4,j-2)

H({n+2,j+1)

Figure 15.4.

Figure 15.5.

Figure 15.6.

Consider the downward pointing triangles with vertices belonging to two adjacent
rows. For example, consider the adjacent rows in Figure 15.8. The sum of their vertices
is a constant, namely, 34.
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4
6 ‘ 6
10 ‘ 10
16 10
24 25
40
Figure 15.7,
13 \/ 8\/ 10\/ 9 \/10\/ 8V3
21 13 16 15 15 16 13 21
Figure 15.8.

More generally, H(n, j) + H(n — 1, j) + H(n — 1, j — 1) is a constant for every
n (see Figs. 15.9 and 15.10, and see Exercise 8).

H({n-1,j-1) H(n-1,j)

H(n.j)
Figure 15.9.

Vavave

Figure 15.10.
In particular,

CH®n,0)+ H(n — 1,0) + Hn — 1, =1) = Fyy, + F, +0

= Fn+2
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Thus
Hn, D+ Hn -1, )+ Hn~1,j—-1)= F,12 (15.8)

In words, the magic constant for the downward-pointing triangle with lowest vertex
onrow nis F, .

For instance, the constant for the triangles in Figure 15.8 is 34 = Fg, as observed
earlier.

Using the recurrence relation (Eq. 15.1), we can write Eq. (15.8) as

Hn, )+ Hn—-2,j-1)= F,4 (15.9)

Thus the sum of any two vertical neighbors is a constant for a horizontal slide. That
is, the sum of the north and south vertices in a magic rhombus is a Fibonacci number,
as Figure 15.11 shows.

H(n-2,j-1)

n+1

H(n,J)
Figure 15.11.

For instance, the sum of the north and south vertices in the rhombus in Figure 15.12
is25 +64 =89 = F;.

25
40 40

64
Figure 15.12.

It follows from Egs. (15.8) and (15.9) that
H(n, )+ H(n, j—1)—Hn~ 1, j~ 1) = Fpy, (15.10)

(see Exercise 9). That is, the sum of the two lower vertices of an upward-pointing
triangle minus the vertex inrow n — 1 is F,,; (See Figs. 15.13-15.15).
Using Eq. (15.9), we can show that

Hn, )+ Hin -6, j—3)=2F,_, (15.11)
See Exercise 10 and Figure 15.16. For example, H(10,4) + H(4,1) = 65+ 3 =

=2F,
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H(n-1,j-1)

=Fn+1

H{n,j-1) H(n,j)
Figure 15.13.

40

65 64
Figure 15.14.

Figure 15.15.

H(n-86,j-3)

= 2F,_,

H(n,j)
Figure 15.16.
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H(n-4,j-2)
= Fn
H{(n,j)
Figure 15.17.
Equation (15.10) yields yet another one:
Hn,)—Hn-4,j-2)=F, (15.12)

See Exercise 11 and Figure 15.17.
For instance, H(10,4) — H(6,2) = 65 — 10 = 55 = F),.

EXERCISES 15

Use Hosoya’s triangle to answer each exercise.
Prove each, where n > 1.

Hn,1) = F,
H(n, j) = H(n,n — j)
H(n,n—1)=F,
H(n, j) = FipiHn =k, )+ FHn—k—1,)),1 <k <n—j—1
Ly, =2(—1)" (mod 5)
Lomy1 = (=1)" (mod 5)
Using Figure 15.2 show that F = A+ B+ C+ D, H = A+ D~ B-C,
E=C+D-A-B,andG=B+D-A-C.
Prove each.
8. H(n, j)+ H@n -1, j)4+ H(n — 1, j — 1) is a constant for every row n.
9. H(n, j)+ Hin, j—1) = Hin — 1, j = 1) = Fyy
10. Hin, ) + Hn — 6, j —3) = 2F,_;
11. Hn, ) —Hn-4,j-2)=F,

Nk LD =
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DIVISIBILITY
PROPERTIES

In Chapter 5 we found that F>, = F,L,, so F,|F,,. Can we generalize this? In other
words, under what conditions does F;|F;? The next theorem shows that if i]j, then
Fi|F;.

Theorem 16.1. F,,|F,,.

Proof. (by PMI) The given statement is clearly true when n = 1. Now assume it is
true for all integers 1 through k, where k > 1: F,,| F,,; for every i, where 1 < i < k.
To show that F, | Fpk+1), we invoke Identity (32.3):

Fr+s = Fr-lFs+FrFs+l
Fm(k+l) = ka+m = ka—lFm + kaFm—H
Since F,,| F,., by the induction hypothesis, it follows that F,,|F,,(k + 1).

Thus, by the strong version of the PMI, the result is true for all integers n > 1.
n

For example, Fg = 8, and Fy4 = 46, 368. Since 6|24, it follows by the theorem that
8|46368, which can be verified.

Corollary 16.1. Every mth Fibonacci number is divisible by F,,. ]

For example, every third Fibonacci number is even and every fifth is divisible by
Fs = 5, that is, Fs, Fyg, Fi5, Fy, ... are all divisible by 5. Likewise, Fg, Fy3, Fig,
F4, ... are all divisible by Fg = 8.

196
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In 1964, L. Carlitz of Duke University established the converse of this theorem
using the identity
Fn=Fn—m+IFm+Fn—mFm—l (16.1)

wherer > s > 1.

Theorem 16.2. If F,,|F,, then m|n.

Proof. By the division algorithm, n = gm +r, where 0 < r < m. Suppose F, | F,.
Then, by Theorem A.10 and Identity (16.1), F,,| F,_p Fpu—1. But (Fp, Fu_y) = 1, 80
FlFaem. '

Similarly, F,,| F,,—2m. Continuing like this, Fin | F,,_gm, thatis, F,,,| F,. This is impos-
sible unless r = 0. .". n = gm. Thus F,|F, implies m|n. |

Corollary 16.2. F,|F, if and only if min. [ |
This follows from Theorems 16.1 and 16.2.

Corollary 16.3. If (m,n) = 1, then F,, F,,| Fppp.

Proof. By Theorem 16.1, F,,|F,,, and F,|F,,. Therefore, [F,, F,]|Fn,. But
(Fmv Fn) = F(m,n) = Fl = 17 SO [Fmg Fn] = Fan- Thus FanIan. [ ]

For example, (4,7) = 1, Fy = 3, F; = 13, and F3 = 317, 811. We can verify
that 3 - 13|317811; that is, Fy F;|Fag.

What are the chances that F, is divisible by F, where k > 3?7 This problem,
studied in 1964 by F. D. Parker of the University of Alaska, is pursued in the following
example.

Example 16.1. Find the probability that a Fibonacci number F, is divisible by another
Fibonacci number F;, where k > 3.

Solution. By Corollary 16.3, F3|F3,, that is, every third Fibonacci number is
divisible by 3. So the probability that F, is divisible by 2 is 1/3. The probability
that F, is divisible by Fj is 1/4; so the probability that F, is divisible by 3, but not by
2,is 1/4-2/3 = 2/(3 - 4). Likewise, the probability that F, is divisible by 5, but not
by 2 or 3, is 2/(4 - 5). In general, the probability that F,, is divisible by F; and not by
Fi,is2/(k — Dk, where3 < j < k.

Thus, by the addition principle, the probability that F,, is divisible by F;, where
k>3,is

As k — oo, this probability approaches unity. [ ]
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In Corollary 5.2 and Example 9.5, we found that (F,_,, F,) = | foreveryn > 1.
The next lemma generalizes this result in the light of Theorem 16.1.

Lemma 16.1. (F,,_;, F,) = 1.

Proof. Let d = (Fy-y, Fy). Then d|Fy-y and d|F,. Since F,|F,, by
Theorem 16.1, d|Fy,. Thus d|F,,_\ and d|F,,. But (F,_;, F;,) = 1, by
Corollary 5.2. Therefore d|1, sod = 1. Thus (Fyu_y, Fp) = 1. [ ]

We are now ready for the next lemma. Its proof employs Identity (34.9).

Lemma 16.2. Let m = gn + r. Then (F,,,, F,,) = (F,, F,).
Proof.

(Fn, Fo) = (Fqn+rv F)
= (Fgn1 Fr + FuFri Fu, F) by Identity (34.9)

= (Fqn——an F)
= (F, F,) by Lemma 16.1
= (Fn, F})

The next theorem shows that the greatest common divisor (gcd) of two Fibonacci
numbers is always a Fibonacci number. Its proof uses the Euclidean algorithm,
Theorem 16.1, and this lemma.

Theorem 16.3. (Fm, F,,) = F(,,,_,,).

Proof. Suppose m > n. Applying the Euclidean algorithm with m as the dividend
and n as the divisor, we get the following sequence of equations:

m = gon+r 0<ri<n

n=gqnrn+nr 0<r,<n

ry = garz +r3 0<rn<n
Tn-2 = Gn-ttn-1+rn  0=<ry <rp

Fao1 = qntn +0

ByLemma 16-2, (Fm, Fn) = (Fny Fr,) = (Fr|1 Frz) == (Fr,,_p Fr,,)-BUIrnIrn—-ly
so F, |F,,_,, by Theorem 16.1. Therefore, (F,,_,, F,,) = F, . Thus (F,,, F,) = F,,.

n—17 n—1?

But, by Euclidean algorithm, r, = (m, n); therefore, (F,,, F,) = Fn.ny- [ ]
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For example, (F\2, Fig) = Fu2,8 = Fe¢ = 8. That is, (144, 2584) = 8. We can
verify this using any of the traditional methods or by using the gcd function in the
menu in a TI-86 calculator.

Now we turn to an alternate proof of this theorem, given by G. Michael of
Washington State University in 1964.

AN ALTERNATE PROOF

Letd = (m,n) and d’ = (F,, F,). By Theorem 16.1, F;|F,, and F4|F,, so F4|d'.
Since d = (m, n), there exist integers a and b such that d = am + bn. Since
d,m,n > 0, eithera <0orb <0.Suppose a <{). Leta = —k, where k > 0. Then
bn=d+km.

By Identity (34.9),

Fon = Fayim = Fg_ 1 Fim + FgFimy (16.2)

Since d’'| F,y, d'| Fim by Theorem 16.1. Now d’| F,, and F,| Fyp, $0 d'| Fpn. Thus d'|
and d'| Fp,,. Therefore, by Eq. (16.2), d'| Fy Fimy 1. But (d', Fipmy1) = 1, since d’| Fm
and (Fim, Fim+1y) = 1; therefore, d'| Fy.

Thus, Fy4|d’ and d'| F4, so d’ = F,. In other words, (F,,, F,,) = Fin.n).

Corollary 16.4. If m and n are relatively prime, then so are F,, and F,. [ ]

For instance, (12, 25) = 1, so (Fi2, Fys) = (144, 75025) = 1.
Theorem 16.2 follows easily from Theorem 16.3.

Corollary 16.5. If F,,|F,, then m|n.

Proof. Suppose F,|F,. Then (F,, F,) = F, = Fyn.n, by Theorem 16.3;
.m = (m, n). Thus m|n. 2

Corollary 16.5 coupled with Theorem 16.1 provides an alternate proof of
Corollary 16.2.

Theorem 16.5 has an intriguing by-product. In 1965, M. Wunderlich of the Uni-
versity of Colorado employed the theorem to provide a beautiful proof that there are
infinitely primes, a fact that is universally known. The next corollary leads us to that
proof.

Corollary 16.6. There are infinitely many primes.

Proof. Suppose there is only a finite number of primes, py, ps, ..., and p;. Then
consider the Fibonacci numbers F , Fp,, ..., and F),. Clearly, they are pairwise
relatively prime. Since there are only k primes, each of these Fibonacci numbers
has exactly one prime factor, that is, each is a prime. This is a contradiction, since
Fi9 = 4181 = 37-113. Thus our assumption that there are only finitely many primes
is false. In other words, thus there are infinitely many primes. [ ]
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In 1966, L. Weinstein of the Massachusetts Institute of Technology established the
following divisibility property, which is a direct consequence of Erdds’s theorem in
the Appendix and Theorem 16.3.

Theorem 16.4. (Weinstein, 1966). Every set S of n+ 1 Fibonacci numbers, selected
from Fy, F», ..., F;,, contains two elements such that one divides the other.

Proof. Let S ={F, , F,,,..., Fa,, Fs,,,},wherel <g; <2nandl1 <i <n+1.

n+1

Since A = {a),a3,...,a,,a,41) € {1,2,...,2n}, by Erdos’ theorem, A contains
two elements a; and a; such that a;|a;. Then (a;, a;) = a;, 50 (Fy,, Fy;) = Fia,0p =
F,,, by Theorem 16.3. Thus F, |Fg,, as desired. [ ]

A quick look at Lucas numbers shows that every third Lucas number is even, that
is, 2| L3,. This is, in fact, always true (see Exercise 40).
The next two divisibility properties were discovered by L. Carlitz in 1964.

Theorem 16.5. L, |F, if and only if 2m|n, where m > 2. n

For example, 10120, so Ls| Fy9; that is, 11|6765.

Theorem 16.6. L, |L, if and only if n = (2k — 1)m, wherem > 2andk >1. ®

For example, let m = 4,andn =3 -4 = 12. We have Ly = 7 and L, = 322.
Clearly, L4lL12.

In 1965, George C. Cross and Helen G. Renzi of Williamtown Public Schools in
Massachusetts proved that if the ratio a:b = 2:3, then [a, b] — (a, b) = a + b. For
example, let a = 12 and b = 18. Then [a, b] — (a,b) = 36 — 6 = 30 = 12 + 18.
Cross and Renzi also proved that if a:b = 3:5, then [a, b] + (a,b) = 2(a + b).
For instance, let a = 45 and b = 75. Then [a, b] + (a, b) = 225+ 15 = 240 =
2(45 4+ 75).

More generally, suppose a:b = F,:F, ora:b = L,:L,,. How are [a, b], (a, D),
and a + b related? These two questions were investigated two years later by G. E
Freeman of Williams College. The next two theorems were discovered by him.

Theorem 16.7. (Freeman, 1967)
1. Leta:b = F,:F,4,. Then (a + b)F,_, = [a, b] + (—1)"(a, b), where n > 2.
2. Let (c,d) = 1 such that a:b = c:d. Let (a + b)F,_, = [a, b] + (—1)"(a, b),

where n > 3. Then the number of solutions of the ratio c:d equals one-half the
number of positive factors of F, F,_», one of them being F, F, ;.
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Proof.

1. Let a:b = F,:F,41. Then, since (F,,F,p)) = l,a = Fuk b =
Fo.i1k, (a, b) =k, [a, b] = F, F,k for some positive integer k.

@+ b)Fuy = Fu_((Fp + Far )k = Fu\ Fryak
= (Fat1 — Fu)Faok = Fap 1 (Fy + Fap1)k — Fy Fpiok
= FaFurik + (Ffy — FaFui2)k
= [a, b} + (—1)"(a, b) by Cassini’s rule

2. Let a:b = c:d, where (c,d) = |. Thena = ck; B = dk,(a,b) = k;
and [a, b] = cdk for some positive integer k. Since (a + b)F,_; = [a, b] +
(-D"(a, b), we have

(c+d)=cd + (-1)
This yields

_ dF = (=1
- d— Fn—l

Fi, = (=1

= F,_
A

FnFn—Z

= F,_ + 2%
l+d_Fn—l

(16.3)
If0 <d < F,_j,thenc < 0;s0d > F,_,. Since c is an integer, d — F,_|F, F,».
Thus Eq. (16.3) yields a value of ¢ for every positive factor of F,F,_,. But, if
¢ = A,d = B is a solution of the ratio c:d, then so is ¢ = B,d = A. Thus the
number of distinct values of the ratio ¢:d equals the number of positive factors of
F,F,_s.

In particular, letd = F,,,. Then

F,F,_
c=F,_ + L
Fn-H - Fn—l
F.F,_»
= F,_1 + F: =F,
Thus c:d = F,:F,4 is also a value of the ratio. |

The following example demonstrates this theorem.
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Example 16.2.

1. Let a:b = Fg:Fig = 34:55,son = 9. Let a = 238, b = 383, so
a:b = 34:55:

[a,b] + (=1)"(a, b) = 13,090 — 7 = 13, 083

(238+385) -2l =(a+ b)Fy

2. Since (a + b)Fy = [a, b] + (—1)°(a, b), it follows that

FoFy
= F
=T I F
34.13 442
=21 =
2 +d—2] 2]+d—21

Since 442 = 2 - 13 - 17, 442 has eight positive factors: 1, 2, 13, 17, 26, 34, 221,
and 442. So d has eight possible values: 22, 23, 34, 38, 47, 55, 242, and 463.
Consequently, the various values of ¢ : d are 463 : 22,242 : 23,55 : 34,47 :
38,38 : 47,34 : 55,23 : 242, and 463 : 22. Since one-half of them are duplicates,
the four distinct values of ¢ : d are 38 : 47,34 : 55,23 : 242, and 22 : 463, keeping
the numerator to be smaller. Notice that one of the ratios is 34 : 55 = Fy : Fjg, as
expected. [ ]

Theorem 16.6 has a counterpart for Lucas numbers. Its proof requires the following
lemma. We leave its proof as an exercise.

Lemma 16.3. F,,_| = ForiLpsa — LyLyyy,n > 2. [ |

Theorem 16.8. (Freeman, 1967)
1. Leta:b=L,:L,4,.Then (a + b)F, .| = [a, b} + (a, b)Fpp_1,n > 2.
2. Leta:b=F,_5:F,_,. Then (a + b)F,+, = [a,b] + (a,b)F,,_;,n > 3.

3. Let (¢,d) = 1 suchthat a:b = c:d. If (@ + b)F,p1 = [a, b] + (a, b)Fa,_y,

where n > 2, then the ratios c:d are determined by the positive factors of
F?,| — Fa,-, one of them being L,:L,41. For n > 3, F,_5:F,_; is also a
solution.
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Proof.

1. Leta:b = L,:L,y4y. Since (L, Lpyy) =1, a=kL,,b=kL,4,,(a,b) =k,
and [a, b] = L, L,k for some positive integer k. Then

(@+b)Fut1 = (Lp + Loy1)kFoy1 = Fry1Layok
= (Fanit + LaLny1)k
= [a, b] + (a, b) Fan—)
as desired.

2. Suppose a:b = F, 5:F,_,. Thena = kF,_3,b = kF,_;,{(a,b) = k, and
[a, b] = F,_;:F,_2k for some positive integer k. Then

(@+b)Fuy) = (Fuy + Fp)kFyyy = FyFak
= (Fpp1 + Fo 1 Fr_2)k

since Fonoy = FnFn+| - F ok

[a,b] + (a, b) Fap )

again as desired.

3. Let a:b = c:d, where (c,d) = 1. As before, a = ck,b = dk, (a,b) = k,
and [a, b] = cdk for some positive integer k. Since (a + b)F,+} = [a,b] +

(a» b)FZH—Iv
(c+d)Fur = cd + F2p
dF, 1 — Fou-
¢ = n+1 2n-1 (164)
d— Fn+l
F2 ., — Fany
= F Ikl Tin—l
n+1 + d— Fn—l

Since ¢ and d are positive integers, it follows that the ratio c:d is determined by the
positive factors of F2,| — Fp,1.
In particular, letd = F, ;. Then, by Lemma 16.3,

F2+| - Fn+an+2 + LnLn-H

¢ = Fn 1+ <
* Lyt1 = Fur
_ Fn+l(Ln+l - Ln+2) + LnLn+I
Ln+l - Fn+l

- LnLn+l - LnFrH—I =L
= = Ly
Ln+l - Fn+l
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Thus L,:L,4; is a solution of the ratio c:d. (By symmetry, L, y:L, is also a
solution.)
Unlike Theorem 16.7, not all solutions are obtained by considering the case d >
F,1. For instance, let d = F,_,. Then, by Eq. (16.4),
Fn-—an+l - FZn—l
Fn—l - Fn+1
Fn—an+l - (FnFn+l - Fn—ZFn—l)
—F,
_ Fn+l(Fn—l - Fn) + Fn—ZFn—l
F,
Fn-—2Fn+I + Fp2Fny
F,
_ Fn—2(Fn—l - Fn+l) _
Fn = Ip-2

Thus F,_»:F,—; is also a solution of the ratio. (]

The next example illustrates this theorem.
Example 16.3. Letn = 8. We have F,,; = Fy = 34 and F,,_| = Fi5 = 610.

1. Leta:b = L,:L,4; = Lg:Lg = 47:76. Let a = 235 and b = 380. Then
[a, b] + (a, b) F5,—, = [235, 380] + (235, 380) - 610
= 17,860 +5 - 610 = 20,910
(235 +380) - 34
= (a + b)F 41

2. Leta:b=F,_2:F,_y = Fg:F; = 8:13. Leta = 96 and b = 156. Then
[a, b] + (a, b) Fon—y = [96,156] + 12 - 610
= 8568 = (96 + 156) - 34
= (a+b)Fon

3. Let a:b = 180:204 = 15:17, where c¢:d = 15:17 and (15,17) = 1.
Then, by part 3 of Theorem 16.8,

2
F+1 = Fon

n

d_Fn+l

342 — 610 546
T 134
3+ d~34 3 +d—34

c= Fpy +
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Since 546 = 2-3 .7 13, 546 has 16 positive factors: 1,2, 3,6, 7, 13, 14, 21, 26, 39,
42,78, 91, 182, 273, and 546. The corresponding ratios are 35:580, 36:307, 37:216,
40:125, 41:112, 47:76, 48:73, 55:60, 60:55, 73:48, 76:47, 112:41, 125:40, 216:37,
307:36, and 580:35. These yield the eight distinct ratios c:d with (c, d) = 1, namely,
7:116, 8:25, 11:12, 36:307, 37:216, 41:112, 47:76, and 48:73. Notice that 8:13 is
also a solution. Among these ratios we find Lg:Lo = 47:76 and Fg:F; = 8:13, as
expected. =

AN ALTERED FIBONACCI SEQUENCE

In 1971, Underwood Dudley and Bessie Tucker of DePauw University in Indiana
investigated a slightly altered Fibonacci sequence, defined by G, = F, + (—1)",
where n > 1. They made an interesting observation, as Table 16.1 shows: The 1st,
3rd, 5th, . .. entries (see the circled numbers) in the (G, G, )-row are the 2nd, 4th,
6th, ... Fibonacci numbers; and the 2nd, 4th, 6th, . .. entries are the 3rd, 5th, 7th, ...
Lucas numbers.

TABLE 16.1.
n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
G, 0 2 t 4 4 9 12 22 33 56 88 145 232 378 609

(Gor Gos) @‘5 4 éﬁ i 29 @ﬁ

To establish these two results, we need the following theorem.

Theorem 16.9. (Dudley and Tucker, 1971)

(D) Fan+1=Fpy Loy (2) Fan— 1 = Fopy1Lon
(3) Fanp1 + 1 = FoppiLow (4) Fappy — 1 = Foplonyy
(5) Fansa+1 = Fapalon  (6) Fanya — 1 = FanLony2
(7) Fany3+1 = Fanp1Loni2 (8) Fanys — 1 = Fappalonyy

Proof. The proof requires the following identities from Chapter 5:

_JF.L, if n is odd
Fnsn + Frn = [ F,L, otherwise
F.L, if n 1s odd

Foin = Fnn = { F,L, otherwise
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Then
Fin+1 = Fy + F2 = Fonpyr@n-1y) + Fontn—@n-1
= Fan-1Lonsy
and
Fippr + 1 = Fane1 + Fi = Fonstys2n + Fone)-2n
= Fopy1lan
The other formulas can be established similarly (see Exercises 59-64). ]

The following corollary, observed in 1971 by Hoggatt, follows easily from this
theorem.

Corollary 16.7. (Hoggatt, 1971)

(1) (Faps1+ 1, Fani2 + 1) = Ly, (2) (Fangr + 1, Fangpa + 1) = Fpppy
(3) (Fant1 = 1, Fanya — 1) = By (4) (Fany1 = 1, Fany3 — 1) = Lopy
(5) (Fan-1 — 1, Fanp1 — 1) = Py (6) (Fan—1 + 1, Fany1 +1) = Ly,
(7) (Fans3 + 1, Fap — 1) = Fapy 8) (Fang3 + 1, Fapnpn — 1) = P,
(9) (Fangs — 1, Fypi3 — 1) = Ly
[ |

Although it is not yet known whether or not the Fibonacci sequence contains
infinitely many primes, this theorem establishes their finiteness in the sequences
{F, + 1} and {F, — 1}, as the next corollary shows.

Corollary 16.8. F, + 1 is composite if n > 4, and F, — 1 is composite if n > 7.

Proof. When n = 1, Fy, + 1 = 4 is composite. When n > 2, it follows
from Theorem 16.9 that Fy, | + 1, Fs,42 + 1, and Fy, .3 + 1 have nontrivial factors.
Thus F, + 1 is composite if n > 4. Likewise, F, — 1 is composite if
n>17. [ |

Notice that F,, + 1 is a prime if n < 4 and F, — 1 is a prime if n < 7. The next
corollary confirms the observation we made earlier.
Corollary 16.9. (G4, Gant1) = Lans1, (Gans1. Gang3) = Lopyr, and (Ganqa,

Gan+3) = Faonyo, wheren > 1.

Proof. By Theorem 16.9,

(Gan, Gang1) = (Fanp1 + 1, Fgy = 1)
= (Fan—1L2nt1s FanLant1)
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= Lony1{Fan_i, Fop)

= Lon4i
We can establish the other two parts similarly (see Exercises 65 and 66). =

The next result also follows from Theorem 16.9 (see Exercises 67-69).

Corollary 16.10. Let H, = F, — (=1)". Then (Hap, Hins1) = Fony1, (Hanygr,
Hypi3) = Fany1, and (Hant2, Hapy3) = Lony2, Wheren > 1. .

The following divisibility properties were discovered in 1974 by V. E. Hoggatt,
Jr., and G. E. Bergum, except those noted otherwise, where p and g are odd primes,
andk,m, n,r,t > 1. We omit their proofs in the interest of brevity.

« If p|L,, then p*|L%>" (Carlitz and Bergum, independently).

o Let p|L, 5 andn =2 - 3*p'. Then n|L,.

« Let p # g, p|L,, and q|L,,, where m and n are odd. Then (pq)"|Lmn(pq)k_|.

e Letp,g >3,p#4q, plLyy.q|L,y,andn = 2.3kp’q”, where r, t > 0. Then
n|L,.

« If p|L,, then p"IFz,,pk-n (Carlitz and Bergum, independently).

o Let p # q, pIL,, and g|L,,, where m and n are odd. Then (pq)*| Fapp(pey-
(Carlitz and Bergum, independently).

o If p|F,, then p*|F, -1 (Carlitz and Bergum, independently).

o Let p # g, p|F,, and q|F,,. Then (pg)*| Fppp(pgy-'-

o If n = 372"+ then n|F,.

o Let n = 27+1375% Then n|F,.

o Let p > 3 suchthat p|Fyui 3n. Let n = 27+13" pk_Then n|F,.

o Lets = 27*13™ p #£ q, p|F,, and g|F,, and n = sp*q', where k, ¢t > 0. Then
n|F,.

o 2KF2| Fy 1.

o If nisodd, then L, = 4'M, where M isoddand ¢t =Oor 1.

o Let n be odd. Then L, = 4'M, where t = 0 or 1, and the prime factors of M
are of the form 10m % 1 (Hoggatt).

EXERCISES 16

Verify each.
1. FlFy
2. FglFau
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(Fi2, Fig) = Fua.s)
(Fio, Fa1) = Fuony
(Flaa, Fiozs) =1
Ls|Fyo
Le|Fa4
. LalLp
Find each.
9. (Fia4, Faa0)
10. (Fso, Fi00)
11. Prove Theorem 16.1 using Binet’s formula.
Prove that (F,, F,41) = | using each method.
12. PMI
13. The well-ordering principle (WQOP).
14. Prove that (L,, L,_;) = 1.
Disprove each.
15. m|n implies L,,|L,.
16. (Lp, Ly) = L,y
17. Letm,n > 3. Then F, F,| F,.
18. Letm,n > 2. Then L,,L,|L .
19. [Fp, Fp] = F[m.n]
20. [L,, La]l = Limm
21. Compute (F,, L,) for 1 < n < 10 and make a conjecture about (F,, L,).
22. Identify the integers n for which (F,, L,) = 2.
Compute each.
23. Fir. k)
24. Fir.ry)
25. Lk Fi
26. Lk, 14
27. F(Fstm‘Fns)

% N U oA W

28. Fik, Fis.Fo)

29. L(FSvFlO-FIS)

30. Lkt Lo)

31. Disprove: If n is a prime, then F, is a prime.
Prove each.

32. If F, is a prime, then n is a prime, where n > 5.

33. 2|F;,

34. 3inif and only if 2| F,,.

35. 4|n if and only if 3| F,,.
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36. 6|n if and only if 4{F,,.
37. 5|n if and only if 5| F,,.
38. (Fy, Fp, Fo) = F(a,b,c)
39. 2|Ls,.
40. 2|F3,
41. (F,, L,) =2 if and only if 3|n.
42. L,|Ls,
43. Lp|Lok—1)n, Where k > 1.
44. (F,,L,) = 1or2, wheren > 1.
45. Using Identity (32.3), prove that Fy,| Fypy,.
46. There are n consecutive composite Fibonacci numbers, n > 1 (Litvack, 1964).
Verify that (@ + b)F,_| = la, b] + (—1)"(a, b) for each ratio a:b.
47. 21:34
48. 89:144
Prove Lemma 16.3 using:
49. PML
50. Binet’s formula.
Verify that (@ + b)F,+, = [a, b] + (a, b) F5,_ for each ratio a:b.
51. 11:18
52. 21:34
53. 72:116
54. 65:105
Prove each.
55. (Fpm, Fp) = (Fn, Fyyn) = (Fn, Fpin) (Brown, 1967).

56. (a,) is an increasing sequence, where a, = Y_ F4, n > 1 (Lind, 1967).
din

57. If k > 4, then F; fL, (Brousseau, 1968).

58. Let F,,|L,, where 0 < m < n. Thenm =1, 2, 3, or 4 (Lang, 1973).
59-64. Establish the identities 2, and 4-8 in Theorem 16.8 (Dudley and Tucker, 1971).
Prove each, where G, = F, + (-1)", H, = F, — (—=1)", and n > 1 (Dudley and
Tucker, 1971).

65. (Gant1, Gant3) = Log

66. (Gans2, Gany3) = Fanp2

67. (Han, Hani)) = Fonpa

68. (Hant1, Hany3) = Fopy

69. (Hany2, Hany3) = Lony2
Use the function g, = Fyp—2 + Fa, + Fan+2 for Exercises 70-72 (Grassl, 1971a).

70. Define g, recursively.

71. Prove that 12|g, for every n > 0.
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72. 168|(Fgn—4 + Fgn + Fgnya)

73. (L2r + DF|(Fin—2r + Fin + Fini2,) (Hillman, 1971).

74. There are no even perfect Fibonacci numbers (Whitney, 1972).
75. Let h = 5%, where k > 1. Prove that h| F, (Hoggatt, 1973).

76. Let g = 2 - 3%, where k > 1. Prove that glILg (Hoggatt, 1973c).
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GENERALIZED FIBONACCI
NUMBERS REVISITED

In Chapter 5, we found that the sum of any 10 consecutive Fibonacci numbers is
11 times the seventh number in the sequence. Is this true for generalized Fibonacci
numbers? To find out, notice that the first 10 terms of the generalized Fibonacci
sequence are a, b,a + b, a + 2b, 2a + 3b, 3a + 5b, 5a + 8b, 8a + 13b, 13a + 215,
and 21a + 34b. Their sum is 55a + 88b, which is clearly 11 times the seventh term
Sa + 8b. Interestingly enough, 11 = Ls. Thus

10
D Gi=Ls-Gy
1

where Ls = (55,88) = (55,89 — 1) = (Fig, F1, — 1)

n
More generally, is Y G; a multiple of some Lucas number L,,? To answer this

1
question, recall that G; = aF;_, + bF;_|. So

n n n
ZG,‘ GZF,'_z-l'bZF,'_l
1 t 1

=akF, +b(Fn+l -

]

When r = 10, this sum is divisible by Ls, as we just observed. Consequently, let us
look for a way to factor this sum. Since a and b are arbitrary, we look for the common
factors of F, and F,, — 1. [Although (F,, F,+1) = 1, F, and F,;; — 1 need not be
relatively prime.]

Table 17.1 shows a few specific values of F,, F,;; — |, and their factorizations;
we have omitted the cases where (F,,, F,,1 — 1) = 1.

211
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TABLE 17.1.
n F, Foy1 — 1 Factorization
6 8 —
0 <+ Fibonacci numbers
8 21 —
<« Lucas numbers
33
10 55 —
<« Fibonacci numbers
88
12 144 —
<« Lucas numbers
232
14 377 —
<« Fibonacci numbers
609
16 987 —
« Lucas numbers
1,596
18 2,584 —
<~ Fibonacci numbers
4,180
20 6,765 —
<« Lucas numbers
10,945

It is apparent from the table that when n is of the form 4k + 2, (F,, Fny1 — 1) is
a Lucas number and the various quotients are consecutive Fibonacci numbers; and
when n is of the form 4k, (F,, F,41 — 1) is a Fibonacci number and the various
quotients are consecutive Lucas numbers.

Next we proceed to confirm these two observations, for which we need the fol-
lowing facts from Theorem 16.9:

Fyny1 — 1= Lopy1Fan and Finyz =1 = Lop1 Fopy2
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Case 1. Let n be of the form 4k + 2. Then

442
Z Gi = aFyi2+b(Fayqz—1)
1

aLlyy1 Foxsr + bLogy1 Fairz

Lopr1(aFosz + bFory2)

i

]

= Lo41G %43

442
Thus ) G; can be obtained by multiplying G243 with Loygy.
1

In particular,
10

Y Gi=Ls -G =11-G;
1
as observed earlier. This is an interesting case, since multiplication by 11 is remarkably

30
easy. Likewise, we can compute Y G, by multiplying G 7 with L;s = 1364.
1
Case 2. Let n be of the form 4k. Then

4
ZG.' = aFy +b(Fayyr — 1)
1

= aLlyFy + bLyt1 Fu

= Fu(aLay + bLa+1)

= Fala(Fu—1 + Fart) + b(Fax + Faet2)]
Fyl(aFy—1 + bFyu) + (aFayy + bFyy2)]
= Fu(Gu+1 + Gus3)

4k
Thus we can realize }_ G; by multiplying the sum Gi41 + Gopawith Fyy.
1

4k
For instance, we can obtain )  G; by multiplying the sum G + G3 with 55.
]

EXERCISES 17

Prove each, where G, denotes the kth generalized Fibonacci number.
GnL, if n is even
(Gm+1 + Gp-1)F, otherwise (Koshy, 1998)
(Gmi1 + Gm—1)F, ifniseven
GnL, otherwise (Koshy, 1998)

1. Gm+n +Gnn=

2, Gm+n —Gun=
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3. G2, —G2_ = (Gmyss + Gm_1)GmFan (Koshy, 1998)

m+n

Consider the sequence {a,} defined by az,4+1 = az, + az,—; and a;, = a,, where
ay =a,a; = b,and n > 1. Verify each (Lind, 1968).

n
4. Y ay =ayy —a
1

n
5. Y ax—1 = Gans1 — A2ny1
1

Prove each (Koshy, 1999).

6. G4m +b= (sz + sz—l)FZM—l

7. Gams1 +a = Gy Lom

8. G4m+2 + b= sz+2L2m

9. G4m+3 +a= (GZm+3 + G2m+l)F2m+l
10. Gam — b = Goym+1Lom—-1

11. G4m+1 —a= (G2m+2 + Gam) Fom

12. G4m+2 —-b = (GZm+3 + GZm+l)F2m
13. Gamys — a = GoapsaLomi

14. (Gam+1 +a,Gamyz +b) = Loy,

15. (Gam+1 — a, Gams2 — b) = Fom
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GENERATING FUNCTIONS

Generating functions provide a powerful tool for solving linear homogeneous
recurrence relations with constant coefficients (LHRRWCCs), as will be seen
shortly. In 1718, the French mathematician Abraham De Moivre (1667-1754)
invented generating functions in order to solve the Fibonacci recurrence
relation.

First, notice that the polynomial 1 + x + x2 + x3 + x* + x* can be written
(x® — 1)/(x — 1). We can verify this by either cross-multiplication or the familiar
long-division method. Accordingly, f(x) = (x®—1)/(x — 1) is called the generating
Junction of the sequence of coefficients 1, 1, 1, 1, 1, 1 in the polynomial.

More generally, we make the following definition.

GENERATING FUNCTION
Let ay, a;, a3, . . . be a sequence of real numbers. Then the function
gx)=as+ax +apx*+- - tax"+--- (18.1)

is called the generating function for the sequence {a,}. We can also define generating
functions for the finite sequence ag, a, ..., a, by letting ¢; = 0 for i > n; thus
g(x) = ap+ax +arx?+- - - +a,x" is the generating function for the finite sequence
ao, Aty ..., 4n.

For example, g(x) = 1 + 2x +3x% + --- + (n + 1)x" + - - - is the generating
function for the sequence of positive integers and

n(n+1) ,
—_—X

f)=14+3x+6x2+---+ 5

FENN

215
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is the generating function for the sequence of triangular numbers 1, 3, 6, 10, ... .
Since

-1

"1
ud =l4+x+x>+. +x"! g(x)=); 1

x—1

is the generating function for the sequence of n ones.

A word of caution. The right-hand side (RHS) of Eq. (18.1) is a formal power series
in x. The letter x does not represent anything. We use the various powers x" of x
simply to keep track of the corresponding terms a, of the sequence. In other words,
we think of the powers x" as place-holders. Consequently, we are not interested in
the convergence of the series.

Equality of Generating Functions

o0 o0
Two generating functions f(x) = 3" a,x" and g(x) = 3_ b,x" are equal if a, = b,
0 0
for every n > 0.
For example, let

fOx)=1+3x+6x>+10x3+--.

and

(x)—1+g—'—3x+3—ﬁx2+£x +
gl = 2 2 2

Then f(x) = g(x).
A generating function we will use frequently is

1

=l4+ax+a*x*+-- +a"x"+ ... (18.2)
1 —ax

Then
1

- =l4+x+xi+-+x"+- (18.3)
- X

Can we add and multiply generating functions? Yes. Such operations are performed
exactly the same way as polynomials are combined.

Addition and Multiplication of Generating Functions

o o0
Let f(x) =Y a,x" and g(x) = )_ b,x" be two generating functions. Then
0 0

fE)+8(X) =) (@ +b)x" and  fx)g(x) =) (Z a,-b,,_.-) x"
0

n=0 \i=0
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For example,

1 1 1
1-x2 1—-x l—x

- () (5)-£ ()

n=0 0
oo
= Z(n + Dx”
n=0
=142 4+3x2 4+ (4 Dx" +--- (18.4)

and

1 1 ' 1
(1—x)3 1—x (1-x)?

(i) [im + nxn]

0 0

]

Z[ 1-(n+l—i)]x"
0

n=0

=) M+ D +n+-+10x"

n=0

oo

Z n+Dn+2) ,
= —x

n=0 2

=14+3x+6x2+10x3+--. (18.5)

Before exploring how valuable generating functions are in solving LHRRWCCs,
we examine how the technique of partial fraction decomposition, used in integral
calculus, enables us to express the quotient p(x)/gq(x) of two polynomials p(x) and
g(x) as a sum of proper fractions, where deg p(x) < deg q(x).” For example,

6x +1 _ 1 + 2
x=1DCx+3) 2x—1 2x+3

(Verify this.)

*deg f(x) denotes the degree of the polynomial f(x).



218 GENERATING FUNCTIONS

PARTIAL FRACTION DECOMPOSITION RULE
FOR p(x)/q(x) WHERE deg p(x) < deg g(x)

If g (x) has a factor of the form (ax + b)™, then the decomposition contains a sum of
the form

Ay + A; + + An
ax+b  (ax + b)? (ax + b)™

where A; € R.

Examples 18.1-18.3 illustrate the partial fraction decomposition technique. We
will use their results to solve three recurrence relations in Examples 18.4-18.6.
Example 18.1. Express x/((1 — x)(1 — 2x)) as a sum of partial fractions.

Solution. Since the denominator contains two linear factors, we let

x A B
= +
AQ-x)1-2x) 1-x  1-2x
To find the constants A and B, multiply both sides by (I — x)(1 — 2x):

x=A(1-2x)+B( -x)

Now give convenient values to x. Setting x = 1 yields A = —1 and setting x = 1/2
yields B = 1. (We can also find the values of A and B by equating coefficients of
like terms from either side of the equation, and solving the resulting linear system.)
x -1 1
= +
(1 —x)(1 - 2x) Il—x 1-—2x
(We can verify this by combining the sum on the RHS into a single fraction.) We use
this result in Example 18.4. ]

Example 18.2. Express x/(1 — x — x?) as a sum of partial fractions.

Solution. First, factor 1 — x — x2

1—x—x2=(1—ax)(1-px)

x A B

l—x—x2 l—ax 1-Px
x = A(l — Bx) + B(1 — ax)
Equating coefficients of like terms, we get
A+ B
—BA—aB =1

il
=]
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Solving this linear system yields A = 1/+/5 = —B. (Verify this.) Thus

x 11 I
l—x—x2 /5|1l—ax 1-px

We use this result in Example 18.3.

Example 18.3. Express (2 — 9x)/(1 — 6x + 9x?2) as a sum of partial fractions.

Solution. Again, factor the denominator:
1—6x +9x* = (1 — 3x)?
By the decomposition rule, let

2 -9x A B

1 -6x+9x2 1—3x+(1—3x)2

Then
2-9x=A01-3x)+B
This yields A = 3 and B = —1. (Verify this.) Thus

2-9x 3 1

1—6x+9x2 1-3x (1-23x)

We use this result in Example 18.6.

219

Now we are ready to use partial fraction decomposition and generating functions

to solve recurrence relations in the next three examples.

Example 18.4. Use generating functions to solve the recurrence relation

b, =2b,_1 + 1, where by = 1.

Solution. First, notice that the condition b; = 1 yields by = 0. To find the sequence
{bn} that satisfies the recurrence relation, we consider the corresponding generating

function

g(x) =bo+bix +byx* +bsx’+ -+ bx" +--.

Then

2xg(x) =2b1x2 + 2byx3 + - 4 2bp_ X"+ - -
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Also,

=ltx+x?+x0+ x4

1
g(x) — 2xg(x) — T 14+ B —Dx+ by —2b — Dx2 ...

+(bn = 2byy = Dx" + -+

= -1

since by = 1 and b, = 2b,_; + 1 forn > 2. That is,

1
(1-2x)g(x) = —— — 1= —~
1—x 1—-—x
x) .
)= ——
& a4 —x —2x)
1
= T=t1on by Example 18.1
x
( ) ( 0 )
= Z(z"— )x"
0
o0
But g(x) =Y byx",s0b, =2"—1l,n> 1. »
0

Example 18.5. Use generating functions to solve the Fibonacci recurrence relation
F,=F, 1+ F,h,where F; =1 = F,.

Solution. Notice that the two initial conditions yield Fy = 0. Let
g)=Fo+ Fix+ Fx® + -+ Fpx" + -

be the generating function of the Fibonacci sequence. Since the orders of F,_; and
F,_> are 1 and 2 less than the order of F,, respectively, find xg(x) and x%g(x):

xg(x) = Fix*+ K+ Bx + o 4 Foopx™ + -
xig(x) = FxX*+Fx* +EBx> 4+ 4 Fypx" + -+
g(x) — xg(x) —x’g(x) = Fix + (F, — F)x* +(Fs — F, — F)x* + -+
+(Fy = Facy = Fa)x" + -+
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since ;, = Fiand F, = F,_; + F,_,. Thus

(1-x—xYgkx) = x

x
g()c)————l_x_x2
= ! ! ! by Example 18.2
TS5t —ex  1-pBx y pie 18-
1 1
V5g(x) =

]—ax—l—ﬁx

(o]

=Zan n_Zﬂn "=2(a"—ﬂ")x"
0 0

0
o (a" = B")
gx) = ) ———x"
L7

Thus, by the equality of generating functions, we get the Binet formula for F,:

an_ﬂn a"—ﬂ"

V5 a-p

F,

u
Example 18.6. Use generating functions to solve the recurrence relation
ap, = 6a,_1 — 9a,_,, where ag = 2 and a; = 3.

Solution. Letg(x) =ap+ajx +ax®>+---+a,x"+---. Then

6xg(x) = 6agx + 6a,x% + 6ax> + - +6a,_1x" + -
9x2g(x) = 9apx®+9a1x> + 9arx* + - +9a,_x" + - --

g(x) — 6xg(x) +9x°g(x) = ao + (a1 — 6ap)x + (a — 6a; + 9ag)x” + - --
+(an — 6ap-1 +9a,_2)x" + - --

=2-9x
using the given conditions. Thus
2 —9x
80 = T g o
3 1

T 1-3x (1 -3x)?

by Example 18.3

oo

3( > 3"x”) - i(n + 13"
]

0
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Z 3n+| (n + 1)3"])("
0

i 32 —-n)x"
0

Thus

= (2 —-n)3" n>0
|

The following example presents an identity linking binomial coefficients and

Fibonacci numbers. The identity, developed in 1968 by Hoggatt, is an application
of Example 18.5. The proof given here is due to L. Carlitz.

Example 18.7. Prove that

Solution. Let

a=zi("})

o=y zi(')

o0 o0 . oo
=Y jx¥ Z(’”j’f)x" =Y jx -7

j=0 n=0 j=0

(1

X2 ¥2 -2
= 1 -
(l—x)z( 1—x>

x2

T (1=—x—1x2?

- () ()

2 o0
= —i—x)z 3G+ Dx¥ (1 - )
=0
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n

o0
Z ZF]'F,,_]' x"
0

j=0

3

il
ey

oGy jF,,__j

=0

-~

Suppose we left-justify Pascal’s triangle, multiply each column by j, and then add
the rising diagonals, where j > 0. The resulting sum on the nth diagonal is C, (see
Fig. 18.1). [ |

Figure 18.1.

A lattice point on the Cartesian plane is a point (x, y) such that both coordinates x
and y are integers. The next example, proposed as a problem in 1970 by R. C. Drake
of North Carolina A & T University at Greensboro, deals with paths connecting lattice
points. The solution given here is based on one given by L. Carlitz of Duke University.

Example 18.8. Let f(n) denote the number of paths on the Cartesian plane from
(0, 0) to (n, 0). Each path is made up of directed line segments of one or more of the
following types:

Type 1 2 3 4
Initial point (k, 0) (k, 0) *, 1) *, 1)
Endpoint *k, 1) (k+1,0) k+1,1) (k+1,0)

Thus, the next point on the path from the point (k, 0) can be (k, 1) or (k + 1, 0); and
that, from the point (k, 1), can be (k + 1, 1) or (k + 1, 0). Find a formula for f(n).

Solution. There are f(1) = 2 = F; paths from (0, 0) to (1, 0); f(2) =5 = Fs
paths from (0, 0) to (2, 0); and f(3) = 13 = F; paths from (0, 0) to (3, 0). Figure 18.2
depicts all of them.
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Figure 18.2.

Let f,(n) denote the number of paths ending with a line segment of type 2 and

fa(n) the number of paths ending with a line segment of type 4. Then
L+ 1) = f2(n) + fa(n) = f(n)

A+ = fO+ fD++ fr)=)_ fk)
0
f+D) = A+ D+ fin+ D= fm) =) fk)
0

Then f(1) = f(0) + £(0) = 2£(0). But £(1) = 2, s0 f(0) = 1.

Consider the power series

F(x) =) fmx"=fO +)_ fmx" =1+ f(r+ Dx"*
0 1 0

1+ [f(n) + Z f(k)] X!
n=0 k=0

1+xF(x)+ F(x)

i

1—x

Fe) = 1—3x + x2

But

1—x
1_3x+x2 ZF2n+l-x

(See the list of generating functions on p. 230.) Thus f(n) = F,,4, where n > 0.
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EXERCISES 18

Express each quotient as a sum of partial fractions.

*10.

x+7
x—1x+3)

4x? —3x —25
(x+Dx=2)x+3)

5
1 —x—6x2

2+4x
1 + 8x + 15x2

x(x +2)
Q24+300C2+1)
—2x2=2x +2
(x — 1)(x? + 2x)
X4+x2+x+3
xt+5x2+46
—x3 42t 4 x
x{+x34+x+1

3x3 —x? 4+ 4x
x=x34+2x2—-x+1
3+ xt45x -2
xt—x24+x—-1

Use generating functions to solve each LHRRWCC.

11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24,
25.

a, =2a,_1,ay=1
apn=ap1+1,a =1

a, =an_1+2,a; =1

a, =a,+2a,-3,a0=3,a, =0
a, =4a,_7,a0 =2,a, = -8

a, =a,_y +6a,_3,a0=5,a, =0
a,=5a,_1—6a,-3,a0=4,a, =7
apn=a,_| +ap-n,ap=1,a, =2
a, =ap_) +ap-2,a0=2,a, =3

Ly=L, +Lp2,Li=1L,=3

a, =4a,_y —4a,_3,a0=3,a; = 10

a, =6a,_ 1 —9a, 2,aq=2,a, =3

a, =3a,_1+4a,_2 — 12a,_3,a0 =3,a, =-T,a=17
a, = 8a,-) —2la,_y+ 18a,-3,a0 =0,a, =2,a;, = 13

a, =Ta,_) + 16a,_5 — 12a,_3,a0 =0,a, = 5,a; = 19

225
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26.
27.
28.
29.

an
Aan
Qn

ap

GENERATING FUNCTIONS

=3a,_1+4a,_3 - 12a,_3,a0 =3,a1 = -7,a, =7

= 6a,-y — 12a,_, — 8a,_3,a0=0,a, =2,a, = -2

= 13an_2 - 36a,,_4, ag = 7, a) = —6, ap = 38, aiy = —84

= —ap—1 +3a,-3 +5a,-3+2a,-4,a0 =0,a; = —8,a;, = 4,a; = —42
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GENERATING FUNCTIONS
REVISITED

Generating functions, as we saw in the preceding chapter, can be employed to derive
additional Fibonacci and Lucas identities, using the identities developed earlier.

A GENERATING FUNCTION FOR F3,

First, we develop a generating function g(x) for F,. To this end, we let
g(x) = Fo+ Fsx + Fo x* + Fox? 4. 4 Fyx" 4 ---
4xg(x) = AFyx +4Fx¥ 4+ 4Fgx® 4+ - +4F3, 3x" + - -
x’g(x) = Fox’+ Fx 4o+ Fypoex" +---
(1 —4x —xHg(x) = 2x since F3, = 4F3,_3 + F3,_6

Thus

() = 2x
g T 1 —4x — x?

A GENERATING FUNCTION FOR F?

Next we derive a generating function for F>. Let
gx) = F+Flx+ F}x*+ Fx* +---
3xglx) = 3Fjx +3Fx* +3Fx3 +3Fx* + ..
227
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6x’g(x) = 6F;x* +6F x> + 6F} x* + ...
3xg(x) = 3F03x3+3Fl3 x4
x4g(x) = F(fx4

(1 —3x —6x2+3x3 +xHg(x) = x + x2 —3x2 +2x3 = 3x3 - 63
by identity 1 on p. 87
=x—-2x*=7x3

Thus
x —2x%2 - 7x3
1 —3x —6x2 +3x3 +x*
In 1948, J. Ginzburg employed generating functions to prove Formula (5.1) that

gx) =

n
3" F; = F,42 — 1. To see how this was done, first we derive a generating function for
1

n o0
the sum s, = Y_ F;, where so = 0: Let g(x) = }_ s,x". Then
1 0

o0} o
2xg(x) = ZZs,,_lx" and x3g(x) = Zs,,_g,x"
1 3

Since
Sn —28q_1 +5,3=0

it follows that
a—-2x+ x3)g(x) =x
Thus ® x
xX)= ————
J 1 —2x +x3

is the desired generating function; s, is the coefficient of x" in the power series
expansion of this function.
Since 1 —2x4+x3 = (1 —x —x2)(1 — x), we can convert this into partial fractions:

()= — X
B = 2 T 1=
Since

l—x—x2 ZFx
this yields

oo

o0 [s 0]
Y sax" = (1+x) Z Fux"' =3 " x"
0 1

0

o0 ) (e 9]
=) (Fax" 14+ Fx™ =) x"
i 0
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o0
= ) _(Fari+ Fy = Dx"
0

o0
= (Fay2 = Dx"
0
Thus,

E - n+2

1

as desired.

A LIST OF GENERATING FUNCTIONS

In 1967, V. E. Hoggatt, Jr., and D. A. Lind compiled the following list of 18 generating
functions that generate the various powers and products of Fibonacci and Lucas
numbers. Some are their own creations.

l‘l—x—xz ZFx
e ZF"“*
e ZL""

1+ 2x b
4, — = E Ln+l-x"
—_x —x2
l—x—x 5

x —x?
5. F2yxm
1 —2x —2x2 4 x3 Z

1 —x
6.
1 —2x —2x2 4 x3 Z +,x

14 2x —x?
7.
1—2x —2x2 4 x3 Z rr¥"

8. F,F,
l—2x—2x2+x3 Z Hx



230 GENERATING FUNCTIONS REVISITED

e o}

4—Tx —x32
9. =Y Lx"
1 —2x —2x2 4 x3 20: n¥

14+ 7x —4x? >
10. =Y L2 x"
1—2x —2x2+x3 ; nt1%

9 —2x —x?2 > 2
t 1—2x —2x2+4x3 =ZL"+2x"
0

x=2xr—x3
12. F2x"
1 —-3x —6x2 4 3x3 + x* Z

1 —2x —x2
13.
1 —3x — 6x2 4 3x3 + x4 Z s

1 + 5x — x —_ x
14.
1 —3x —6x243x3 + x* Z +zx
8 + 3x —4x2 -_— x3 e
15. — F3 n
1 —3x —6x2+3x3 + x4 XO: n43%
2x ©
16. - F,FyuiF n
1 —3x —6x2 4 3x3 + x4 ; nlnty Fny2X
Fix
7 Z Finx”  (Hoggatt, 1971)

1 — Lgx + (—1)kx2

F, + (1) F_,x >
18. = Fipirx”
= Lix + (—1)kx2 ? n+r X

The following four generating functions were derived by V. E. Hoggatt, Jr., in
1971, and the fifth was discovered in the following year.

I — Foux"

1—3)«:-!-,\72 Z %

2 l—x ZF

. i1 X"
1-3x +2 2ntl

3-2x
"1-3x+x2 ZL2"+2x
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x +x?
" 1-3x+x2 ZLZ"HX
1 _ n
> 1 =2x —2x24x3 ZF"“FHZX
0

GENERATING FUNCTIONS FOR F,,,, AND L.,

In 1972, R. T. Hansen of Montana State University also employed generating functions
in his investigation of Fibonacci and Lucas numbers. For example, the generating
function of F,, 1, is given by:

X m+n Bm +n

> o
5 = 3L
n=0 @ B

n=0
1 [am ia”x" _Bmisnxn]
- 0 0

- a—-fi[l—ax_ I—Bx]

@ =B+ (@m ! —pm iy

T (@ —B)1 —ax)(1 —Bx)
Fn+ Fuox

T -x—x?

(19.1)

Likewise, it can be shown that

Ly + Lon_
Z Lypyx" = —n T om-1X (19.2)
T1—x—x2

See Exercise 15.

IDENTITIES USING GENERATING FUNCTIONS

These two generating functions can be applied to derive a host of identities. For
example, notice that

ad 1 b —X 2-x
; Fox” = D ZO: = and ZL,,x" =3

where D = 1 — x — x2. Since
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it follows that

oo

Fn+lx" + Z F,,_|x"
0

o0
ZL,,x =
0

(Frp1 + Foo)x”

>
2

Fn+l + Fn—l Ln

a fact already known from Chapter 5.
Next, we shall prove that F,,L, + Fyy_1L,—| = L;1n_1. We have

o0 (s8] oo
D (FuLn+ FuoiLn-)x™ = Lo ) Fnx™ 4+ Loy ) Frooyx™

m=0
= Ln—li + Lao L-x
D D
_ Loy +(Lp—Ly_)x
D
Loy + L, 2x
= =

o0
= ZLm—Hl—lxm
m=0
Fan + FpLpoy = Lm+n—l

Similarly, it canbe shownthat F, F,+F,y_Fp—y = Fyypyand L, L,+L,, 1L, | =
5Ln+n-1 (see Exercises 6 and 7).
Next, we develop a generating function for F,/n! and then for L, /n!.

EXPONENTIAL GENERATING FUNCTIONS

[o ]
Since ¢’ = Y_(1"/n!), it follows that
0

[0} 0
a"x Bx B x"
= E ' and et = E '
n! !
0 0o N
[o.]

X _ Bx ad a — Bn x" F, .
B ="=0(a_6)m=zmx (19.3)

n=0

Thus, the exponential function (¢** — e#*)/(a — B) generates the numbers F,/n!,
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More generally, we can show that

a - eg* - Z nk %"
n=
Likewise,
ea"x + eﬂ"x - i Lnk X"
“—~ n!

We can employ the generating functions for F,/n! and L,/n! to derive three
combinatorial identities. It follows from Eq. (19.3) that

oo
&2 (eV3512 _ g=V5x12) ﬁz ﬂxn
n=0 n!

o0 Fn
2e*/?sinh(v/5x/2) = V5 —x"
n=0 n!

Thus

2¢* sinh(+/5x) = fz Fo o (19.4)

Likewise, the generating function e** + €#* = Z (L,/n")x" can be employed to
n=0
derive the formula

. o~ 2" L,
2¢* cosh(v/5x) = /5 Z — x" (19.5)
n=0

We can employ the exponential generating functions for F, and L, to develop a
host of identities, as C. A. Church and M. Bicknell showed in 1973. To see this, let

O yn .
A(t) = Za,,;l—! and  B(1) = Zb,.m
0 0
Then

AnB® =Y [ (Z ) akb,,_k] :7 (19.6)
k=0 )

n=0

and
ADB(-t) =) [Z(—l)"“‘ (Z)akb,. k] i (19.7)
n=0 Lk=0 !

In particular, let A(t) = (%' — e®')/(a — B) and B(t) = ¢'. Then

at Bt o n
__e (e e -Z[Z< ) ]'—' by Eq. (19.3)
a— n.

n=0
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That is,
elatht _ B+ o n "
x| x()a]n
n=0 Lk=0 n:
alt [ it n n
— € t
- £
i n=0 k=0 R
That is,
00 ” 00 n n m
ZFZ,,E =y (k)Fk ~ (19.8)
n=0 n=0 Lk=0

Equating the coefficients of t" /n! yields the combinatorial identity (12.2) we derived
in Chapter 12:

n

Y (Z) Fi= P, (12.2)

k=0
Using B(t) = e, Property (19.7), and the preceding steps, it follows that

oo n
. o gla=lr _ oD
S (1)n]f - e
] n! a—B

n=0 L=

e—ﬂt _ e—at

a—B
= Z(—l)""ﬁﬂ
=0 n!

This yields yet another combinatorial identity:

2 (Z) Fe=(=1)""'F, (12.4)
k=0

Obviously, by selecting A(¢) and B(t) as suitable exponential functions, we can
apply this method to derive an array of Fibonacci and Lucas identities. For example,
choosing

ot _ BH
AD="T"F""  ad B =c"
a—B

D=y (Z) Fu = F,
k=0

we can show that

See Exercise 21.
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HYBRID IDENTITIES

Again, we choose A(t) and B(z) strategically to develop a family of hybrid identities
that contain both Fibonacci and Lucas numbers. Let

e — eﬁr

_— and B(t) = & + P
a—B

A@) =

Then, by Eq. (19.6),

0 P 2t __ ,2P1
Z "VEL, = =%"°¢%"
k n! a—B

[o o] t"
Y 2" Fo—
s n

1

This yields the combinatorial identity

n

¥ (Z) Filyy =2"Fy, (19.9)

k=0
Likewise, we can show that

n

7L, —2
Z(")Fan_kz—"- (19.10)
k 5
k=0
and
Z(:)LkL,,_k=2"L,,+2 (19.11)
k=0

See Exercises 9 and 10.
In fact, Identities (19.9) through (19.11) can be generalized as follows:

n
Z(Z) Fok Lonn—mi =2"an (19.12)
k=0
 (n 2" Ly, — 2L"
(k)kaan—mk = % (19.13)
k=0

<Z) Lok Lmn-mk = 2" Loy + 2L:’n (19.14)
k=0
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IDENTITIES USING THE DIFFERENTIAL OPERATOR d/dt

We canrealize more generalized families of identities by using the differential operator
o0

d/dt. Since A(t) =) a,(¢"/n!), it follows that
0

E;:A(t) - Zan+r 1

Let A(t) = (e* — ef')/(a — B) and B(t) = e*'. Then, by Eq. (19.6),

o0 n n t" dr e — eﬂt
Z Z k ) Fer n s far \Tas B
n=0 Lk=0 ’

aelat _ B’e(BH)t

o—p
2 Breﬁzl
T a-p
o0 t"
= Z F2n+r‘_'
= n!
This yields the identity
n
(:) Fitr = Fany,r (19.15)
k=0
Similarly, we can show that
Z (Z) Famkvr = L;m Famnsamr (19.16)

k=0

3 (Z) F'*F*F = Py, (19.17)

k=0

and

n
(Z) F22%F& Fitrm = Funtrm (19.18)
k=0

COMPOSITIONS WITH 1s AND 2s REVISITED

In Chapter 4, we proved that the number of compositions C,, of a positive integer
n, using 1s and 2s only, is given by C,, = F, ;. We now reestablish this fact using
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generating functions. Let

Cx) =Cix+Cox? +Cax* + -+ Cux" + - -

xC(x) = Cix?+Cox* 4+ +Cpyx" + -+
x2C(x) = Cixl 4 +Crgx"+ -
(1=-x—=x)Ckx) = x+x2
x +x2
C =
(x) 1 —x—x2

-Mz2 =M

o0

(Fot Fae)x" = ) Frpix”"
1

Thus C,, = F,4, as expected.

EXERCISES 19

1. Let f(x) = io: %x". Show that f(x) = —e* f(—x). (Lehmer, 1938)
0

o0
2. Show that e®* + f* =} Laxn
0

3. Letg(x) = 5 %x Show that g(x) = e*g(—x).
Verify each. ’
x - n+t n
4. T+x—x2 ;(—l) F,x" (Hoggatt, Jr., 1964)
x + 2x?

Prove each, using generating functions.
6. F,,,F,, + Fm_lF,,_| = Fm+,,_1 (Hansen, 1972)
7. LpnLy + Ly Lo~y = 5F,4,_\ (Hansen, 1972)

8. i(—n"-k (;’) Fy = F,

2"L, -2
Z( )Fk k=T

n
Z( )LkLn k—-an +2

o
= Y nF,1x" (Grassl, 1974)
0

Use the function A,(x) =) F;x' to answer Exercises 11-14 (Lind, 1967).
1
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11

12.

13.
14.
15.

n+l_

n+2 x
Show that A, (x) = Bt o1
n
Deduce the value of )_ F;.
I

[o o]
Derive a formula for B(x) = 3 A’;,(,").
— n!

Deduce the value of B(1).

GENERATING FUNCTIONS REVISITED

[o o]
Show that 3" Lyynx™ = 51-+—L;',5 (Hansen, 1972)

—X—X

Let Cpy2 = Cuqy + Gy + Foy2, where C) = 1 and C, = 2. Verify each. (Hoggatt,

16.

17.

18.

m=0
1964)
n—1
Cn = Z FiFn—i
i=l
ln/2] i
Cost = z(n—i+1)<”l. ’)
i=0

C,, - nL,,+|5+2F,. n> 0.

Prove each using exponential generating functions. (Church and Bicknell, 1973)

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

£ ()

=0

> (=1t (Z)Lk = (-D"'L,
k=0

> (-1 (',:) Fa = Fy

k=0

> (- 1y (Z)Lu =L,

Fr*FkFy = Fon

=
=3 3 >3 x =

x
I
(=

NS N N N N’

M=

m— mn+rm

k=0

2 (n

2. ( k) FokLnn-mk = 2" Frun
k=0

< n " mn =" -

(k Fok Ernn—mk = 31‘_5_25.

k=0

n

Z ( Lkamn—mk =2" Lmn + 2L"m
k=0

Z ( F4mk+r = Lgm F2mn+4mr
k=0

x~
1l
(=3
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THE GOLDEN RATIO

He that holds fast the golden mean,
And lives contentedly between
The little and the great,
Feels not the wants that pinch the poor
Nor plagues that haunt the rich man’s door,
Embittering all his state.

—William Cowper, English poet (1731-1800)

What can we say about the sequence of ratios (F,/F,) of consecutive Fibonacci
numbers? Does it converge? If it does, what is its limit? If the limit exists, does it
have any geometric significance? These are a few interesting questions which, along
with their counterparts, we shall pursue in this chapter.

First, let us compute the ratios F,,/F, and L, /L, of the first 20 Fibonacci and
Lucas numbers, and then examine them for a possible pattern:

TABLE 20.1.
Fn+l/Fn Ln+l/Ln
1 = 1.0000000000 3 = 3.0000000000
% = 2.0000000000 3 ~1.3333333333
2 = 1.5000000000 1 =1.7500000000
3~ 1.6666666667 4~ 1.5714285714
$ = 1.6000000000 B3 ~ 1.6363636364
2 = 1.6250000000 B~ 16111111111
4 ~ 1.6153846154 37 ~ 1.6206896551
2 ~ 1.6190476191 2 ~ 1.6170212766

239



240

TABLE 20.1. (Continued)

THE GOLDEN RATIO

Fn-H/Fn

Ln+l/Ln

3 = 1.6176470588

89
5 ~ 1.6181818182

¥~ 1.6179775281

233
15 ~ 1.6180555556

N
I ~1.6180257511

610
80 ~ 1.6180371353

#71 ~1.6180327869

L3557 o
597~ 1.6180344478

384
2382 ~ 1.6180338134

2854 ~ 1.6180340557
o ~ 1.6180339632

ors ~ 1.6180339985

=~ 1.6184210526
2 1.6178861788
~ 1.6180904523
2 1.6180124224
% 1.6180422265
2 1.6180308422
= 1.6180351906
2 1.6180335297
~ 1.6180341641
2~ 1.6180339218
2 1.6180340143
~ 1.6180339789

As n gets larger and larger, it appears that F,,/F, approaches a limit, namely,

1.618033....

This phenomenon was observed by the German astronomer and mathematician,
Johannes Kepler (1571-1630). It appears that L,.;/L, also approaches the same

magic number, as n — 00.

Interestingly enough, o = (1 ++/5)/2 = 1.61803398875 . ... Soitis reasonable to
predict that both ratios converge to the same limit «, the positive root of the quadratic

equation x> —x — 1 = 0.

To confirm this, let x = F,,;/F,. From the Fibonacci recurrence relation, we have

Fov1 _ P+ Foi
F, F,
=1+ !
(Fn/Fn—l)

As n — 00, this yields the equation x = 1 + (1/x); thatis, x> — x — 1 = 0. Thus

1+£+/5
X = 2

Since the limit is positive, it follows that

lim Fn+l_1+\/§_a
n00 F, ~ 2

as was predicted.

Let o and B be the solutions of the quadratic equation x> — x — 1 = 0. The
numbers a and B are the only numbers such that the reciprocal of each is obtained
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by subtracting 1 from it, that is, x — 1 = 1/x, where x = « or §. Thus « is the only
positive number that has this property.

Since @ — 1 = 1/a, it follows that a and 1/a have the same infinite decimal
portion:

1.61803398875. ..
0.61803398875. ...

Ril— Q

An interesting observation from Table 20.1: When n is even, F,,,/F, > «a and
when it is odd, F,+,/F, < a; the same behavior holds for L, /L,.
It follows from the preceding discussion that

Ln+l l+\/§_

L, 2

lim

n—»o00

o

This number « is so intriguing a number that it was known to the ancient Greeks
at least sixteen centuries before Fibonacci. They called it the Golden Section, for
reasons that will be clear shortly.

Before the Greeks, the ancient Egyptians used it in the construction of their great
pyramids. The Papyrus of Ahmes, written hundreds of years before ancient Greek
civilization existed and now kept in the British Museum, contains a detailed account
of how the number was used in the building of the Great Pyramid of Giza around
3070 B.C. Ahmes refers to this number as a “sacred ratio.”

The height of the Great Pyramid (Fig. 20.1a) is 484.4 feet, which is about 5813
inches; notice the three consecutive Fibonacci numbers in the height: 5, 8, and 13.

Figure 20.1. (a) The pyramids at Giza; (b) Diagram of pyramid showing the Golden Section.
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Herodotus, a Greek historian of the fifth century B.C., wrote that he was told by the
Egyptian priests that the proportions of the Great Pyramid were chosen in such a way
that “the area of a square with a side of length equaling the height of the Pyramid is
the same as the area of a slanted [triangular] face.”

To confirm this, let 2b (Figure 20.1b) denote the base of the Pyramid, a the altitude
of a slanted (triangular) face, and h the height of the Pyramid. According to Herodotus
formula, A = (2b - a)/2 = ab. But, by the Pythagorean theorem, h? = a2 — b?,
s0 a*> — b> = ab, and hence (a/b)? = 1 + (a/b). Thus a/b satisfies the quadratic
equation x> = x + 1,s0x = a/b = a.

The actual measurements are a = 188.4 meters, b = 116.4 meters, and h = 148.2
meters. Soa/b = 188.4/116.4 ~ 1.618.

In 1938, L. Hogben observed that the ratio of the base perimeter 8b of the Pyramid
to its vertical height equals that of the circumference of a circle to its radius, that is,
8b = 27 h. Thus

4b 4b b 4
= — = — = - —
h Jab a ﬁ

=~ 3.1446

This estimate is accurate for two decimal places.

From Herodotus’ statement, it follows that the ratio of the sum of the areas of the
lateral faces of the Great Pyramid to the base area is also « (see Exercise 18).

The golden ratio is often denoted by ¢, the Greek letter phi. It was given this
name about a century ago by the American mathematician Mark Barr, who chose
phi because it is the first Greek letter in the name of Phidias (4907-420? B.C.), the
greatest of Greek sculptors, who employed the Golden Section constantly in his work.
However, here we shall continue to denote the Golden Section by « for consistency.

The Golden Ratio is also often denoted by another popular name, 7, the Greek
letter rau. According to H. S. M. Coxeter of the University of Toronto, this usage
comes from the fact that t is the first letter of the Greek word “roun,” which means
“the section.”

The great German astronomer and mathematician Johannes Kepler referred to o as
“sectio divina” (divine section) and Leonardo da Vinci (1452-1519), the great Italian
artist, who employed the number in many of his great works, called it “sectio aurea”
(the golden chapter), a term still in popular use.

Kepler singles out ¢ in his Mysterium Cosmographicum de Admirabile Proportine
Orbium Celestium as one of the two “great treasures” of geometry, the other being
the Pythagorean theorem:

Geometry has two great treasures: one is the Theorem of Pythagoras; the other, the
division of a line into extreme and mean ratio. The first we may compare to a measure
of gold, the second we may name a precious jewel.

The mysterious number « was the principal character of a book, De Divina
Proportione, by Fra Luca Pacioli de Borgo, published in Venice in 1509. Pacioli
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describes the properties of a, stopping at thirteen “for the sake of our salvation.”
Another edition of the book appeared in Milan in 1956.

Today, the magical number « is variously called the golden mean, the golden ratio,
the golden proportion, the divine section, or the divine proportion.

The concept of a golden mean has its origin in plane geometry. It stems from
locating a point on a line segment such that it divides the line segment into two
in a certain ratio. To explain this more clearly, we define the concept of mean
proportional.

MEAN PROPORTIONAL

Let a, b, and ¢ be any three positive integers such that a®> = bc. Then a is called the
mean proportional of b and c. Notice that a> = bc if and only if a/b = c/a; that
is, a®> = bc if and only if a:b = c:a. For example, since 62 = 4.9, 6 is the mean
proportional of 4 and 9. Likewise, /6 is the mean proportional of 2 and 3.

A GEOMETRIC INTERPRETATION

Geometrically, we would like to find a point C on a line segment AB such that the
length of the greater part AC is the mean proportional of the whole length AB and
the length BC of the smaller part (see Fig. 20.2). Thus, we would like to find C such
that AC/BC = AB/AC; then C divides AB in the Golden Ratio.

X Y
—w —»
c B

> 9

Figure 20.2.

To locate C, let AC = x and BC = y. Then the equation AC/BC = AB/AC
yields

x x+y
X

Y 14
X

=]
+ @/

That is, (x/y)* — (x/y) — 1 = 0. So x/y satisfies our well-known quadratic equation
t2 —t —1 = 0. Since the ratio x /y > 0, this implies x/y = (1 + V5)/2 = a, that is,
x:y = a:1. Thus we must choose the point C in such a way that AC/BC = «a, that
is, C divides A B in the Golden Ratio.
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RULER AND COMPASS CONSTRUCTION

Although this process defines the point C algebraically, how do we locate it
geometrically? In other words, how do we locate it using a ruler and compass?

X
D
E
_/
A cl B
Figure 20.3.

To this end, draw BX L AB (see Fig. 20.3). Select a point D on BX such that AB
= 2BD. With D as center, draw an arc of radius DB to intersect AD at E. Now, with
A as center, draw an arc of radius AE to meet AB at C. We now claim that C divides
‘AB in the desired ratio.

To verify this, we have AC = AE, BD = ED, and AB = AC + BC = 2BD =
2ED. Since A ABD is aright triangle, by the Pythagorean theorem, AD = V5BD =
VSED. Therefore AC = AE = AD — ED = (/5 — 1)ED. Thus

AB_ 2ED 2 1++5
AC ~ (JS-DED (V5-1) 2
Then AB/(AB — AC) = a. This yields 1 — (BC/AB) = 1/a, that is,

o

Thus AC/BC = AB/AC = a, so C is the desired point.

EULER’S CONSTRUCTION

Next, we present Euler’s method for locating the point C. This construction has in fact
been attributed to the Pythagoreans, since Euler included it along with the theorems
and constructions the Pythagoreans developed.
To locate the point C that divides A B in the Golden Ratio, first complete the square
-

ABDE. Let F bisect AE. With F as center, draw an arc of radius F B tocutray FA at
G. Now, with A as center and AG as radius, draw an arc to intersect AB at C. Then
C is the desired point (see Fig. 20.4).
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G|
c
A B
/
F
E D
Figure 20.4.

To confirm this, we have AB = AE = 2AF. So, by the Pythagorean theorem,
FB = FG = /5AF.Then FA + AG = FG = /5AF, s0o AG = AC =
(/5 - )AF.

AB 2AF 2
— = =
AC  (J5-DAF J5-1

Moreover, since BC = AB — AC,

BC AB AC 1
— =" _l=a-1=-8 0 —=-—=a
AC AC BC B
Thus
AB _AC _
ac ~BC ¢

so C is indeed the desired point.

GENERATING THE GOLDEN RATIO BY NEWTON’S METHOD

In 1999, J. W. Roche of LaSalle High School at Wyndmoor, Pennsylvania, tried to
estimate the Golden Ratio using Newton’s method of approximation and the function
f(x) = x*> — x — 1. In the process, he found a spectacular relationship between the
various approximations and Fibonacci numbers.

Using x; = 2 as the seed and the recursive formula x, . = x, — f(x,)/f (xa), he
found the next three approximationstobe x, = 5/3, x3 = 34/21,and x4 = 1597/987.
Noticing that they are all ratios of consecutive Fibonacci numbers, he conjectured that
Xp = Fonypy/F3, wheren > 1.

The validity of Roche’s conjecture can be established using the principle of math-
ematical induction (PMI). Since F3/F, = 2 = x|, the formula works when n = 1.



246 THE GOLDEN RATIO

Assume it is true for an arbitrary positive integer n:x, = F, 4,/ Fn,, where m = 2",
Since f'(x) =2x — 1,

x+l=x_x3—x,,—l=x3+1=F,3+,/F,f,+l _ Fl., +F:?
" " 2%, — 1 20— 1 2Fpi1/Fn~1 Fu(Fpy1 — Fp)
Fymy1 _ BPmy P

Fm(Fm+l+Fm—l)— Fan - F2m

Thus, by PMI, the formula holds for alln > 1.
As a by-product, since man;o Fui1/ Fa = a, it follows that the sequence of approx-

imations {x,} approaches « as n — 0o, as expected.

EXERCISES 20

Isa:l = l:é‘?
Isa:l=1:- 87
Isa:l =l — 17
Let C divide AB in the Golden Ratio, AC being the larger segment. Let AC = 1.
Show that BC = 1/a and AB = a.
5. Let C divide A B of unit length in the Golden Ratio, AC being the larger segment.
Show that BC = 1/a? and AC = 1/a.
6. Suppose BD = 1 in Figure 20.3. Find BC.
Let C divide the line segment A B in the Golden Ratio, where AB = 1 and AC =¢.
7. Find the quadratic equation satisfied by ¢.
8. Solve the equation.
9. Find the value of ¢.
10. Show thatr = —8.

11 Evaluatethesum\/l —\/l —Vi=—yl—-
12. Let x> =1 — x. Show that x =\/1 —\/T—\/l —JT—-

Let a/b = c/d. Prove each.

Sl o e

b d
13, — = —
a ¢
a+b c+d
4. =
! b d
a—-b c¢c—d
15. =3
16, A0 _ctd
a—-b c—-d

17. Suppose a side of the Great Pyramid is 2b. Show that the altitude of a lateral face
is ba.
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18. The base of the Great Pyramid is square. Show that the ratio of the sum of the
areas of its lateral faces to the base area is «.

Prove each.
19. a=1+1
1
20. a = Py
21, " =a" '+ "2, n>2
2 L=gntam
00
2.y L=a
n=1
o0
24. Y L=a?
n=0
oQ
25. ). & =30 +2
=1
'loo l
26. Y & =aFu+ Fu
n=0
Verify each.
27. a3 —a=+a+2
28. V3a= ~/|0 25
29 JaFi= \/|0+2
Using the fact that cos 1/5 = a/2, express each in terms of .
30. sinm/5
31. cos /10
32. sinz/10

33. Let v (lowercase Greek letter nu) be a solution of the equation x> = x + 1. Show
that v + (1/v?) = 2.
Evaluate each limit, where G, denotes the nth generalized Fibonacci number.

) Fy
34. lim

n—=0o0 [y

L,

35, lim —

n—00 Ln+l

. Ly
36. nlingo—E
37, tim St

n— 00 n

2n .

38. lim (Hoggatt and Lind, 1967)

n=opn 4+ 1+ +/50%2 —=2n+1
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THE GOLDEN RATIO
REVISITED

On January 21, 1911, W. Schooling wrote in the Daily Telegraph that there is a
“very wonderful number which may be called by the Greek letter phi, of which
nobody has heard much as yet, but of which, perhaps, a great deal is likely to be
heard in the course of time.” It is intriguing to note that his prediction has come
true.

According to R. Fisher, Saint Thomas Aquinas (1225-1274), the greatest of the
medieval philosophers and theologians, “described one of the basic rules of
aesthetics—man’s senses enjoy objects that are properly proportioned. He referred to
the direct relationship between beauty and mathematics, which is often measurable
and can be found in nature.” St. Thomas Aquinas was of course referring to the Golden
Ratio.

The Golden Ratio « can occur in extremely unlikely places, as we will see through-
out this chapter.

URANIUM AND THE GOLDEN RATIO

Uranium, an important source of nuclear energy, enjoys a unique place among the
chemical elements. The ratio of the number of neutrons to that of protons is maximum
for uranium; curiously enough, this ratio is approximately a:

Number of neutrons _ }ﬁ ~ 1.5869565 ~ o

Number of protons 92
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x AND THE GOLDEN RATIO
M. J. Zerger observed two fascinating relationships between 7 and o:

« The first 10 digits of « can be permuted to obtain the first 10 digits of 1/x:
o = 1.618033988... and 1/m = 0.3183098861....

« The first nine digits of 1/a can be permuted to form the first nine digits of 1/x:
1/ =0.618033988...and 1/7 = 0.318309886....

ILLINOIS AND THE GOLDEN RATIO
Zerger made yet another striking observation about the state of Illinois. Both the

telephone area code 618 and the Zip Code prefix 618 are assigned to Illinois. (Recall
that 618 are the first three digits in « after the decimal point.)

THE GOLDEN RATIO AND THE HUMAN BODY

Studies have shown that several proportions of the human body exemplify the Golden
Ratio. For instance, consider the drawing of a typical athlete in Figure 21.1.

a |<— » b d}= »C
A
E )
<
SRAVER, >,_\/—‘4::
- ,?’ B

Figure 21.1. Proportions of the human body.
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Then
AE Height

CE _ Navel height o

and
CE Navel height

AC ~ Distance from the navel to the top of the head e

Thus height = « (navel height).
Moreover,
bc  Armlength
ab _ Shoulder width «

In fact, using the figure, we can find several other remarkable ratios that approximate
the Golden Ratio.

Certain bones in our body also show a relationship to the magical ratio. Figure 21.2,
for instance, illustrates such a relationship between the hand and forearm. Because of
the Golden Ratio’s close association with the human body, the Golden Ratio is often
referred to as “the number of our physical body.”

’:——ba————»k——b—»{
v ot |¢¥2|a (N1}

Figure 21.2. Reprinted with permission from M. H. Holt, 1964, The Pentagon.

According to S. Vajda of the University of Sussex in England, J. Gordon has
detected (1938) the Golden Ratio in the English landscape The Cornfield by
John Constable (1776-1837), in Portrait of a Lady by the Dutch painter and graphic
artist Rembrandt Harmenszoon van Rijn (1606-1669), and in Venus and Adonnis
by the Venetian painter Titian (Tiziano Vecellio, 14877-1576). The Cornfield and
Portrait of a Lady are displayed in the National Gallery in London.

MEXICAN PYRAMIDS

Just as the Egyptian pyramids exemplify the basic principles of aesthetics and perfect
proportion, so do the Mexican pyramids. Both appear to have been built by people
of common ancestry and both seem to have incorporated the magic ratio in their
construction.

For instance, the cross section of a Mexican pyramid shown in Figure 21.3 clearly
reveals the incorporation of the Golden Ratio into its architecture. The cross section
depicts a staircase-like structure. There are 16 steps in the first set, 42 in the second,



VIOLIN AND THE GOLDEN TRIANGLE 251
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First adosado fiz 283 ¢ RYSEZ 5 & = = Mamm.d
step widfh pyral
S b IEED 1 1 ] stepwiem
STU
T |
$ 2n—
E Jasr 4 [EH] N
g wo— = = | a
L s % | e e it W ik
2 2 \ 26 7
E
§ \ 42
g 65
2 o1 bz '5 _LI %=24
g 4335° n 5315° , _ia 1$ L
Rk - Wast Toralsteo width Easl —»
second adosado 4? 162=¢

Figure 21.3. A cross-section of a Mexican pyramid.

and 68 in the third. These innocent-looking numbers, amazingly enough, are linked
by the sacred ratio a:

16a = 26
16 +26 = 42
26a ~ 42
420 ~ 68

These numbers—16, 26, 42, and 68—have interesting relationships to the body
of a well-proportioned man 68 inches tall. First, taking 10 inches as one unit of
height, his height is about a*; his navel height is 42 inches, which is about a; the
height of the top of the head from the navel is 26 inches, that is, about a?; the height
of the vortex from his breast line is 16 inches, which is about «; and, finally, his
breast line is 10 inches above the navel, that is, one unit of measurement, which
is a®.

In fact, 68 = [10a®]| = [42a], 42 = [10a®] = {26, and 26 = [16a].

VIOLIN AND THE GOLDEN TRIANGLE

The Golden Ratio plays an important role in the making of the violin, one of the most
beautiful of orchestral instruments. The point B, where the two lines through the
centers of the f-holes intersect, divides the body in the Golden Ratio: AB/BC = «
(see Fig. 21.4). Besides, AC/CD = a, so the body and the neck are in the golden
proportion. It now follows that
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A

Figure 21.4. The point, B, on the violin where two lines drawn through the centers of the f holes intersect
divide the instrument in the Golden Ratio; the body and neck are likewise in the Golden Ratio (Source:
Trudi Hammel Garland, Fascinating Fibonaccis: Mystery and Magic in Numbers, Palo Alto, CA: Seymour,
1987. Copyright © 1987 by Seymour Publications. Used by permission of Pearson Learning.)

ANCIENT FLOOR MOSAICS AND THE GOLDEN RATIO

In 1970, R. E. M. Moore of Guy’s Hospital Medical School, London, after study-
ing numerous two-thousand-year-old floor mosaics from Syria, Greece, and Rome,
observed an interesting phenomenon: all the mosaic patterns in these cultures showed
the exact same dimensions. Therefore, the mosaicists in all these cultures must have

Figure 21.5. Calibrations on a ruler used in ancient mosaics. (Source: The Fibonacci Association)



THE GOLDEN RATIO IN AN ELECTRICAL NETWORK 253

used the same measuring technique and device. In fact, the calibrations on rulers
employed by the mosaicists clearly and convincingly underscore the application of
the golden proportions in the mosaic patterns (see Fig. 21.5).

THE GOLDEN RATIO IN AN ELECTRICAL NETWORK

Figure 21.6 represents an infinite network consisting of resistors, each with resistence r.
We would like to compute the resistence between the points A and B. (This problem
was posed at the 1967 International Physics Olympiad, Poland.)

D F

Figure 21.6. An infinite network consisting of resistors.

Let s denote the resistence between the points E and F of the infinite network to
their right side. Then the resistence rcp between the points C and D is given by

reop r §

Now add the resistence r to this. The resistence r45 between A and B of the given
network is given by

r+rcp
rs

r+s

ras

r+

Since the resulting network is again infinite, r43 = 5. Thus

rs
r+s

s=r+

Solving, s = ra.
Suppose the network in Figure 21.6 consists of n resistors (see Fig. 21.7). It follows
from Chapter 3 that the resistence between A and B is given by
1
+
(1/ry+1/Zi(n - 1))

Zin)=r
r

A [ XN ]
Z(n) %r % g
Be :%

o

Figure 21.7.
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where Z;(1) = 2r. As n — o0, this recurrence relation yields

1
T U/

that is, s = r + (rs/(r + s)) as we just found.
Thus hm Zi(n) =ra;sowhenr =1, llm Z;(n) = a. This we already knew,

since, fromChapter3 Zi(n) = (F2,,+|/F2,,) so hm Zi(n) = hm (Fz,.+|/F2,,) =a.

THE GOLDEN RATIO IN ELECTROSTATICS

The following problem in electrostatics, the branch of physics that deals with the
properties and effects of static electricity, was studied in 1972 by B. Davis, then a
student at the Indian Statistical Institute:

A positive charge +e and two negative charges —e are to be placed on a line in such a
way that the potential energy of the whole system is zero.

Suppose the charges are at points A, B, and C; and let AB = x and BC =
(see Fig. 21.8). The potential energy of a system of static charges is the work done in
bringing the charges from infinity to these points. The potential energy between two
charges is the product of the charges divided by the distance between them.

A x B y c

*r————o—— o

+e —-e —-e
Figure 21.8.

The potential energy due to the charges at A and B is

(+e)(—e) &
x T ox
The potential energy due to the charges at A and C is

(+e)(=e) €
x+y x4y

and the potential energy due to the charges at A and B is

y

(—e)(—e)
y
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For the potential energy of the system to be zero, we must have

&2 e? &2

- +
X x4y Yy

—yx+y)—xy+x(x+y)=0
2—xy—y*=0
(x/y)* = (x/y)—1=0

So x/y = a. Thus x/y must be the Golden Ratio for the potential energy to
be zero.

THE GOLDEN RATIO BY ORIGAMI

In 1999, P. Glaister of Reading University in England employed the Japanese art
of origami (folding paper into make decorative shapes) to illustrate yet another
mysterious occurrence of our ubiquitous friend «.

Take a 2 x 1 rectangular piece of paper and fold it in half both ways, as Figure 21.9
shows. Make a crease along AD (see Fig. 21.10). Place AD along AB and form a
crease along the fold AQ so that AQ bisects ZDAB.

2

—

|
|
|
L
1Ib——_—————— [TT T
|
i
I
|

Figure 21.9.

Figure 21.10.
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Let /DAB = 26. From AAOD, tan 26 = 2. Using the double-angle formula,

2t
tan26 = -—ﬂ-
1 —tan24
this yields
2tané _
1 —tan2
That is,

tan’6 +tanf —1 = 0
tand = -8

Therefore, PQ=PB+BQ=1+ABtan0 =1—-8 =«a,andhence QR=2—-a = 8.
The following example is based on a calendar problem that appeared in the October
1999 issue of Mathematics Teacher.

Example 21.1. The points A and C on the axes are each one unit away from the
origin. The point B lies one unit away from both axes in the first quadrant. Find the
value of x such that the y-axis bisects the area ABC D, where D is the point (—x,—x)
and x > O (see Fig. 21.11).

Y
A
(o] B
1
- 0] 1 A X
4
D (~x, —x)
Figure 21.11,

Solution. Since OABC is a square of unit area, the problem is to find x such that
area CDE = 1+ area O AE (see Fig. 21.12). The slope of the line AD is x /(x + 1),



THE GOLDEN RATIO BY ORIGAMI 257

Y
(0, 1)C B(1,1)
1
G
- > X
o 1 A(1,0)
E
D(-e, ~c) JV
Figure 21.12.

so its equation is y = [x/(x 4+ 1)}](x — 1). Therefore, the point E is (0, —x/(x + 1)).
Thus OF = x/(x + 1) and hence

CE =1+ X =2x+l
x+1 x+1
1 x2x+1)
A CDE = - -CE - x= ————~
rea > x 267 D)
and area . 1
OAE=-.0A-OE=~-1.~_~-_1*
2 2 x+1 2x+ 1)
Thus
x(2x+l)__l X
20+ 1) 2+ 1)

This yields x> = x + 1, s0 x = . Then

CE_2a+l _aet(@+l) at+a®
T a4l a+1 T a4+l

Thatis, the point O divides CE in the Golden Ratio. Besides, BD:0 D = /20%:+/2a =
a:1, so O also divides BD in the Golden Ratio.

In addition, since E is the point (0, B), DA? = a*(1 + a?) and DE? = o? +
(@ + B)?* = 1 +a?; therefore, DA2: DE? = a®:1,50 DA:DE = e:1. Thus E divides
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DA in the same magic ratio. By symmetry, it follows that the point G divides DC in
the same ratio. ]

Example 21.2. Consider an equilateral triangle A BC inscribed in a circle. Let Q and

R be the midpoints of the sides ‘AB and BC. Let é—k meet the circle at P and S, as
Figure 21.13 shows.

Figure 21.13.

Let PQ = RS = 1 and QR = x (see Fig. 21.14). By the intersecting chord
theorem, PR - RS = BR - RC; that is, 1 + x = x2. Therefore, x = a. [ |

Figure 21.14.

This example was originally proposed as a problem in 1983 by G. Odom of
Poughkeepsie, New York, in The American Mathematical Monthly. It resurfaced
five years later in an article by J. F. Rigby of University College at Cardiff, with
an intriguing by-product: The ratio of the length of a side of one of the four large
triangles in Figure 21.15 to that of a side of one of the three small triangles is indeed
the Golden Ratio.

Figure 21.15,
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Now we turn to an interesting problem on the congruence and similarity of
triangles.

In 1965, M. H. Holt of Minnesota studied an interesting problem proposed by
V. E. Hoggatt, Ir: Do there exist triangles AABC and AP QR that have five of
their six parts (three sides and three angles) congruent, but still not congruent? This
problem also appears in a high school geometry book by E. Moise and F. Downs, who
gave two such triangles as a solution, both of which are shown in Figure 21.16.

12 18
/\ %\'\
27 18

Figure 21.16.

Are there other solutions? If there are, how are they related?

To answer these questions, first notice that the five equal parts cannot include the
three sides, since the triangles would then be congruent. Consequently, the five parts
must consist of three angles and two sides, so the triangles are indeed similar. But the
equal sides cannot be in the same order; otherwise, the triangles would be congruent
by the side-angle-side (SAS) theorem or the angle-side-angle (ASA) theorem.

This yields two possibilities for AP Q R, as Figure 21.17 shows. Since AABC =
AP'Q'R',a/b = b/d = 1/k (say), where k > 0 and k # 1. Then b = ak and
d = bk = ak®. Since AABC = AP"Q"R",a/b = b/d = 1/k,so b = ak
and d = bk = ak?. In both cases, the lengths of the sides are in the same ratio
a:b:d = a:ak:ak? = 1:k:k?. So, if there are triangles whose sides are in the ratio
1:k:k?, their parts would be congruent, but the triangles still would not be congruent,

B O’ O”

A b c P a R P d R”
Figure 21.17.

To determine the values of & that yield such triangles, suppose such a triangle
exists. Then, by the triangle inequality, 1 + k > k2,1 + k> > k,and k + k> > 1.

Case 1. Suppose k > 1.Thenk? > k,s0 1 +k*> > 1 +k > k. Also, k + k% > k > 1.
Thus, if k > 1,then 1 +k? > k and k + k? > 1. So it suffices to identify the values
of k for which 1 + k > k2, thatis, k? —k — 1 < 0.

Since k2 -k —1= (k——a)(k—ﬂ),kz—k— 1 <Oifandonly if B < k < a. But
k>1,501 <k <a.

Graphically, k is the value of x for which the line 1 +x = y lies above the parabola

= x%, where x > 1, as Figure 21.18 shows.
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y=x2 y=x+1

9

- /0 1 > X

Figure 21.18.

Thus, if k is a number such that 1 < k < g, then every A P QR with sides a, ak,
and ak? will meet the desired conditions.

Case 2. Suppose k < 1. Thenk > k?;s0 1 +k > k2. Also, since 1 > k, 1 + k2 > k.
Thus, 1 + k > kZ and 1 + k% > k. So it suffices to look for values of k for which
k> +k > 1,thatis, k> + k — 1 > 0, where k < 1.

Since k2 + k — 1 = (k + a)(k + B), k* + k — 1 > 0 if and only if either k < —a
ork > B.Since k < 1, this yields B < k < 1.

Graphically, k is the value of x for which the parabola y = x + x? lies above the
line y = 1, where x < 1, as Figure 21.19 shows.

y
y=x+x2 y

/
(

y=1
> X

\

N

Figure 21.19.

Thus, if & is such that 8 < k < 1, then every A P QR with sides a, ak, and ak?
will satisfy the given conditions.

To sum up, there are infinitely many triangles P Q R whose five parts are congruent
to those of AABC, but still not congruent to AABC.

DIFFERENTIAL EQUATIONS

Strange as it may seem, the Golden Ratio occurs in the solution of differential
equations.
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For instance, consider the second-degree differential equation y” — y’' — y = 0,
where y' = dy/dx. Its characteristic equation is 1> — ¢ — 1 = 0, so the characteristic
roots are  and 8. Thus the basic solutions of the differential equation are ¢** and e?*,
so the general solution is y = Ae** 4+ Bef*, where A and B are arbitrary constants.

GATTEI’S DISCOVERY OF THE GOLDEN RATIO

When P. Gattei was just a sixth former at Queen Elizabeth’s Grammar School,
Blackburn, England, he stumbled across a problem involving the inverse f “tofa
real-valued function f. Accidently, he dropped the minus sign and ended up taking
the derivative f’ of f. This led him to investigate if there were real functions f such
that

fo=rf"x x=zo0. @L.1)

Gattei discovered an interesting solution: f(x) = Ax", where A is a constant.
Then f'(x) = Anx""' and f~'(x) = (x/A)"/". Condition (21.1) yields Anx"~! =

(x/A)!/7; that is, A" x" D=1 = 1.2 — p — 1 = 0 and A""'n" = 1. Then
n=wa, fand A = n~/+D,
Suppose n = B. Then n < O, but n + 1 > 0. Thus A =

(a negative number)(@ positive imational number) ¢, 4 g not a real number. Consequently,
f is not a real function. But when n = a, f is a real function. Thus, the only solution
to Eq. 21.1)is f(x) = (ax)°.

More generally, consider the equation

i) = M) (21.2)

Let f(x) = Ax",s0 f™(x) = An(n — 1)---(n — m + 1)x"~™. Then Eq. (21.2)
yields (x/A)/" = An(n — 1)---(n — m + Dx"™, Thus A" '[n(n — 1).--
(n —m+ DPxe-m=-1 = 1 s0 A" [nn —1)---(n —m+ 1" = 1 and
n? —mn —1=0.Thus

ot vm?+4
- 2
and A =[n(n—1)---(n —m+ )] "+D_(We shall revisit these two values of m
in Chapter 38.)
Let m be odd. If
p M= vm?+4
- 2
then as before, it can be shown that A is not a real number; but
m+vm?+4
n= ——————
2

leads to a valid solution:

fx)=Mhn-1---(n—m+ ])]—n/(n+1)xn
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On the other hand, let m be even. Thenn(n —1) - - - (n —m + 1) is positive, whether
n is positive or negative. Thus, we have two solutions:

fxX)=hn-1)---(n—m+ ])]—n/(n+l)xn

where
m+v/m2+4

n= 5

THE GOLDEN RATIO AND SNOW PLOWING

The following snowplowing problem was discussed by T. Ratliff of Wheaton College
in Massachusetts at the 1996 Fall Meeting of the Northeast Section the Mathematical
Association of America, held at the University of Massachusetts in Boston. A quite
similar problem appeared in 1984 in Mathematical Spectrum (Problem 16.6). The
solutions of both versions involve the Golden Ratio:

On one wintry morning, it started snowing at a constant and heavy rate. A snowplow
started plowing at 8 A.M.; by 9 A.M., it plowed two miles; and by 10 AM,, it plowed
another mile. Assuming that the snowplow removes a constant volume of snow per hour,
what time did it start snowing?

Suppose, it started snowing at time ¢ (in hours) and the plow began T hours before
8 o’clock. Let x = x(¢) denote the distance traveled by the snowplow in time ¢. Since
the speed of the plow is inversely proportional to the depth of the snow, it follows that

dx k
ar - depth at time ¢
_k
"o
_ K
]

where &, ¢, and K are constants,

Solving this differential equation, we get x = KInt + C, where x(T) = 0,
x(T +1) =2, x(T +2) =3, and C is a constant. The condition x(7T) = 0 yields
C = —kInT,sox = K In(t/T). The other two conditions yield:

2=Kln(z—+—1) and 3=Kln(T—+2—)
T T

Then

2 In(T+1)/T
37 (T +2)/T
2T +2)—-2InT =3In(T+1)-3InT

T(T +2)* = (T +1)}
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This yields T2+T-1=0,s0T = —B =~ 0.61803398875. Thus T = 37 minutes,
5 seconds. Consequently, it started snowing at 7:22:55 A.M.

THE GOLDEN RATIO IN ALGEBRA

In 1936, Eric T. Bell (1883-1960), a well-known Scottish-American mathematician,
proved that the only polynomial, symmetric function ¢(s, ¢) that satisfies the associa-
tivity condition @(x, p(x, y)) = @(@(x, ), 2)is@(s, 1) = s*t = a+ b(s +1) +cst,
where a, b, and c are arbitrary constants such that b* —b—ac=0,and s and t are
complex numbers. In particular, let ac = 1. Then ¥—-b—-1=0,s0b=qaor B.

Thus the binary operation *, defined by s ¢t = a + b(s +t) + cst, where ac = 1,
is associative only if b = o or 8. We can confirm this (see Exercise 5).

BILINEAR TRANSFORMATION

In 1964, V. E. Hoggatt, Jr., discovered a close relationship between the bilinear
transformation w = (az + b)/(cz + d) and Fibonacci numbers. This is the essence
of the following theorem.

Theorem 21.1. The bilinear transformation w = (az + b)/(cz + d) has two distinct
fixed points @ and B if and only if a —d = b = ¢ # 0, where a, b, ¢, and d are
integers; a,d > 0; and ad — bc = 1.

Proof. Suppose the bilinear transformation has a fixed point. It is the solution of
the equation z = (az + b)/(cz + d); that is, cz* — (a —d)z — b = 0. Since there are
two fixed points & and B, ¢ # 0 and

, a—d b

" - z— =
c c

z—a)(z—B)

=7 —-z-1

Equating coefficients of like terms, we geta —d =b =c.Thusa—d =b =c # 0.
Conversely, leta —d = b = ¢ # 0. Then

w — az+b
" bz+(a—b)

Its fixed points are given by

az+b
1= ——————
bz + (a — b)
that is, z2 — z — 1 = 0. So the fixed points are @ and B. ]

We now turn to yet another occurrence of the Golden Ratio in geometry, discovered
in 1966 by J. A. H. Hunter. A triangle in which the square of one side equals the product
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X Yy
Xy
Figure 21.20.

of the other two sides. Suppose the sides are x, y, and ,/Xy units long, where x > y
(see Fig. 21.20). Letx = a?and y= b?, so the three sides a2, b2, and ab. Then, by the
triangle inequality, ab + b > a?; that is, (a/b)? — (a/b) — 1 < 0,50 B < a/b < a.

THE GOLDEN RATIO AND CENTROIDS OF CIRCLES

Consider two circles, A and B, one inside the other, but tangential to each other at a
point O (see Fig. 21.21). Let their radii be a and b (< a), respectively, so their areas
are wa? and wb?. Let C4 and Cp be the centroids of the circles, so the points O, Cy4,
and Cp are collinear. Then the centroid C of the remnant A — B is the endpoint of
the diameter of Cp through O.

Figure 21.21.

Taking moments about O,
b - OCp + n(a® — b*) = ma® - 0C,

(53 -G)6)

a? a’

That is,
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since a # b, this yields
2a/b+1)=a*/b* +a/b+1

That is,
(a/b)? — (a/b)—1=0

Since a > b, it follows that a/b = «, the Golden Ratio.
We can extend this discussion to any planar figure, as was done by H. E. Huntley
in 1974,

Figure 21.22.

As an additional exercise, let a chord OP of circle C, intersect circle Cg at Q (see
Fig. 21.22). Since the angle in a semicircle is a right angle, it follows that A OPD
~ A OQC. Therefore,

OP OD 2a
—_— — = — =
oQg 0C 2

Thus Q divides the chord OP in the Golden Ratio.

EXERCISES 21

The semivertical angle of a right-circular cone is 54°, and its lateral side is one unit
long. Compute each.
1. Base circumference.
Base area.
Volume of the cone.
Lateral surface area.

nh v

Show that the binary operation *, defined by s xt = a + b(s + t) + cst, where
ac = | is associative only if b = « or 8.

6. Show that the equation x" — x F,, — F,_; = 0 has no solution > «, where n > 2
(Wall, 1964).

7. Let xyp1 = VF,_1 + xi F,, where xo > 0 and n > 2. Find Alim xg, if it exists
k— 00
(Wall, 1964).

8. Find the value of x such that n" 4 (n + x)" = (n + 2x)", where n > 1 (Alfred,
1964).
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[e <]
9. Evaluate }_ |B]".
0

10. Let I, = fol x"~'dx, where n > 2. Evaluate lim I,.
n—-oo
11. Let ¢ be a number such that t = j;)l x'dx. Find the value of ¢.
n
12. Derive a formula for | .
1

13. Let k be a positive integer. Evaluate lim (F,,+/L,) (Dence, 1968).
n—oo
14. Let k be a positive integer. Evaluate lim (L,4/F,) (Koshy, 1998).

15. Leta, = ap—y + an_2 + k, where ayp = 0, a; = 1, and k is a constant. Find
lim (a,/F,) (Shallit, 1976).
n—->oo

Let b, = by_1 + by_2 + k, where by = 2, b; = 1, and k is a constant. Find each
(Koshy, 1999).

16. lim (b,/F,)
n—o0
17. lim (ba/Ly)

18. Let ¢, = ¢ch—y + ¢n—2 + k, where ¢; = a, ¢; = b, and k is a constant. Find
lim (c,/G,) (Koshy, 1999).
n—->oo

n
19. Evaluate )_ (})a* =" (Freitag, 1975)
0

20. Evaluate the infinite product

i 1 1 1
(1 + 5) (1 + E) (1 + m) (1 + 1346269)"'

(Shallit, 1981).

21. Consider the real sequence {x,}3°, defined by x,41 = 1/(x, + 1). Find xp such
that lim x, exists and find the value of the limit (Neumer, 1993).

n—oo
Consider the vector space V = {v = (v1, v2, ..., Uy, .. Uy = Up—y + Vp2,n >
3, and v; € R} with the usual operations. Do the vectors 4 = (1,0,1,1,2,3,
5,..)andv=(0,1,1,2,3,5,8,...) belong to V? (Barbeau, 1993).
22. Show that V is 2-dimensional.
23. Show that (r,r2,r3,...) € Vifandonlyif r> =r + 1.
24, Findrif (r,r3,r3,..) e V.
25.Llet F = (1,1,2,3,5,8,..) € V. Let u = (a,a%c’...) and
v = (B, B% B3, ...). Find the constants a and b such that F = au + bv.
26. With F, u, and v as in Exercise 25, deduce Binet’s formula.
27. Let f(x) = Ax" and f~'(x) = [f™(x)]?. Show that n = &5@3—2
(Gattei, 1999).
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GOLDEN TRIANGLES

According to Scientific American columnist Martin Gardner, “Pi (;r) is the best known
of all irrational numbers. The irrational number « is not so well-known, but it expresses
a fundamental ratio that is almost as ubiquitous as pi, and it has the same amusing
habit of popping up where least expected.” Gardner made this trenchant observation
in 1959. The magical number ¢ makes some interesting appearances in plane and
solid geometry.

Some triangles are linked to this ubiquitous number in a mysterious way. This is
true of the golden triangle, so we begin with the following definition.

GOLDEN TRIANGLE

An isosceles triangle is a golden triangle if the ratio of one its lateral sides to the base
is a.
Next we pursue a few properties of a golden triangle.

Theorem 22.1. Let A ABC be a golden triangle with base AC. Let D divide BC in
the Golden Ratio, B D being the larger segment. Then A D bisects ZA.

Proof. Let D divide BC in the Golden Ratio such that BD = «CD, BD+CD =
aCD+CD = (a+1)CD = «?>CD;thatis, BC = ¢*C D. Thus BC = a?CD = aAC,
soaCD = AC (see Fig. 22.1).

Thus /BCA = /ACD and (AB/AC) = (AC/CD) ... ABAC ~ AACD. Conse-
quently, ZACD = (ADC and /ABC = (CAD. So AACD is an isosceles
triangle with AD = AC = aCD. Thus BD = AD, so AABD is also an isosce-
les triangle. Hence /BAD = [ABD. Thus /BAD = (CAD; that is, AD bisects
LBAC.

267
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Figure 22.1.

Corollary 22.1. Let AABC be a golden triangle with base AC. Let D divide BC in
the Golden Ratio, B D being the larger segment. Then ACAD is also a golden triangle.

Proof. Using Figure 22.1 and the preceding proof, AD = AC = «CD, so ACAD
is a golden triangle. ]

Thus AD cuts the golden triangle ABC into two isosceles triangles, AABD and
ACAD, the latter being similar to AABC.

Theorem 22.2. The included angle between the equal sides of a golden triangle
is 36°.

Proof. Let AABC be a golden triangle with AB = BC = a AC. Let D divide BC
in the Golden Ratio, as in Figure 22.1. By Corollary 22.1, ACAD is a golden triangle
similar to AABC.

Let / ACD = 2x. Then, from AACD, 2x + 2x + x = 180°, so x = 36°. Thus
LA =/(C=72°and /B = 36°. ]

Is the converse true? Yes. If the nonrepeating angle in an isosceles triangle is 36°,
then the triangle is a golden triangle, as the next theorem demonstrates.

Theorem 22.3. If the nonrepeating angle in an isosceles triangle is 36°, then the
triangle is a golden triangle.

Proof. Let A ABC be an isosceles triangle with AB = AC and /A = 36°. Then
/B = LC = 72° (see Fig. 22.2).

Let AD bisect ZA. Then ZADC = 72°,50 AC = AD = BD = y and AABC ~
AACD. Then (AB/AC) = (BC/CD); that is, x/y = y(x — y). Thus, (x/y)? =
(x/y) + 1. Consequently, x/y = o

Thus, AB: AC = a:1, so AABC is a golden triangle.
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Figure 22.2,

Corollary 22.2. An isosceles triangle is a golden triangle if and only if its angles are
36°,72°, and 72°. [ |

A golden triangle can also be characterized by areas, as the next theorem shows.
We shall leave its proof as an exercise.

Theorem 22.4. Let D be a point on side BC of an isosceles triangle ABC such that
AABC ~ ACAD, where AB = BC. Then AABC is a golden triangle if and only if
area of AABC:area of ABDA = «:l. =

Theorem 22.5. Let the ratio a/b of two sides a and b of AABC be greater than one.
Remove a triangle with side b from AABC. The remaining triangle is similar to the
original triangle if and only ifa /b = «.

Proof. Remove AABD from AABC (see Fig. 22.3). Since AADC ~ ABAC,

AC _DC
BC ~ AC’
B
a
D
A c
b

Figure 22.3.
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that is,
b _a-— b
a b
b a
2 =21
a b
Since a > b, it follows that a/b = a.
Conversely, let a/b = «. Then
DC a-b a 1 b AC
et — =——1= — = ——f = — = — = —
AC b b a-l==f=0 =258
Since £C is common to triangles ADC and BAC, it follows that AADC ~ ABAC.

|
The next theorem is closely related to this.
Theorem 22.6. Let the ratio of two sides of a triangle be k > 1. A triangle similar

to the triangle can be removed from it in such a way that the ratio of the area of the
original triangle and that of the remaining triangle is also & if and only if k = c.

Proof. (see Figure 22.4) Let AADC ~ ABAC such that (AC/BC) =
(DC/AC) = k. Let

Area ABAC —k
Area AABD ~
B
D
A (o]
Figure 224.

Since AABC and AADC have the same altitude A from A,
Area ABAC _ 1/2BC-h  BC BC BC/AC

AreaAABD  1/2BD-h BD  BC —CD _ BC/AC — CDJAC

Thatis, k = k/(k — 1/k),s0k = a.
Conversely, let
BC Area ABAC

AC =~ K== Area rADC
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Then
B BC/AC o«
" BC/AC - DC/AC ~ a —DC
DC 1
L —g—1=—-8=—
AC * p o
that is, AC/DC = a. Thus ABAC ~ AADC. ]

Since the central angle of a regular decagon (10-gon) is 360°, each side subtends
an angle of 36° at the center (see Fig. 22.5). It now follows from Corollary 22.2 that
each of the triangles AOB is a golden triangle.

A
A/

Figure 22.5.

Consider the regular pentagram in Figure 22.6. Since the angle at a vertex is 108°,
it follows that /BAC = 36°, so AABC is a golden triangle. The pentagon contains
five golden triangles.

B
Figure 22.6.

EXERCISES 22

1. Let ABC be an isosceles triangle, where the nonrepeating angle /B = 36°. Let the
bisector of ZA intersect BC at D. Prove that ACAD is a golden triangle.

Let D be a point on side BC of an isosceles triangle ABC such that AABC ~ ABDC,
where AB = BC. Prove each.
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2. If AABC is a golden triangle, then area AABC : area ABDA =« : 1.

If area AABC : area ABDA = « : 1, then AABC is a golden triangle.

4. Let AABC be a golden triangle, and D a point on BC such that AABC : ABDA =
a : 1. Prove that AABC : ACAD = a?: 1.

5. The lengths of the sides of a right triangle form a geometric sequence with common
ratio r. Prove that r = /.

had
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GOLDEN RECTANGLES

In Der goldene Schnitt (1884), Adolf Zeising’s 457-page classic work on the Golden
Section, Zeising argued that “the golden ratio is the most artistically pleasing of all
proportions and the key to the understanding of all morphology (including human
anatomy), art, architecture, and even music.”

Take a good look at the four picture frames of various proportions, represented in
Figure 23.1. Which is aesthetically most appealing? Most pleasing to the eyes? Frame
(a) is too square; frame (b) looks too narrow; and frame (c) appears too wide! So if
we picked frame (d) as our top choice, we are right; it has aesthetically more pleasing
proportions.

In fact, this choice puts us in good company. German psychologists Gustav Theodor
Fechner (1801-1887) and Wilhelm Max Wundt (1832-1920) provide ample empirical
support to Zeising’s claims. They measured thousands of windows, picture frames,
playing cards, books, mirrors, and other rectangular objects, and even checked the
points where graveyard crosses were divided. They concluded that most people
unconsciously select rectangular shapes in the Golden Ratio when selecting such

(a) (b) (c) (@
Figure 23.1.

273
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objects. And, of course, such pleasing proportions were the basis of most ancient
Greek art and architecture.

The American artist Jay Hambidge (1867-1924) of Yale University, in his extensive
writings on dynamic symmetry, highlighted the prominent role the Golden Ratio has
played in numerous Greek artworks, as well as modern art, architecture, and furniture
design.

More recently, Frank A. Lone of New York confirmed one of Zeising’s favorite
theories. He measured the heights of 65 women and compared them to the heights of
their navels. The ratio was found to be about 1.618, which he called the lone relativity
constant. He also found a fascinating relationship between « and 7:

6(12

T

GOLDEN RECTANGLE

Figure 23.14, represented in Figure 23.2, has the fascinating property that the ratio
of the length x of the longer side to the length y of the shorter side equals the ratio of
their sum to the length of the longer side, that is,

x _ x+y

y X

This yields the equation x/y = 1 + y/x, so x/y satisfies the familiar equation
t =14 1/t. Thus x/y = a, as we could have conjectured. Such a rectangle is called
a golden rectangle.

M. J. Zerger devised a clever method for constructing a large rectangle that
approximates a golden rectangle. Place 20 ordinary 8% x 11 sheets of paper, in four
rows of five each, as in Figure 23.3. The resulting shape is a 34 x 55 rectangle, which
is a pretty good approximation to a golden rectangle.

As another example, consider the picture” in Figure 23.4. The lighthouse in the
picture is drawn at a pivotal position. It divides the picture into two rectangular parts
in such a way that if a denotes its distance from the left side and & that from the right
side, then a/b = (a + b)/a. This is the Golden Ratio, so the rectangle in Figure 23.5
is indeed a golden rectangle.

D C

y

A B
Figure 23.2.

"Based on F. Land, The Language of Mathematics, Murray, London, 1960.
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55

8.5x11

Figure 23.3.

Figure 23.4. The Lighthouse divides the picture in a way that creates a golden rectangle (Source: Trudi
Hammel Garland, Fascinating Fibonaccis: Mystery and Magic in Numbers, Palo Alto, CA: Seymour, 1987.
Copyright © 1987 by Dale Seymour Publications. Used by permission of Pearson Learning.).

Since the golden rectangle is the most pleasing rectangle, countless artists have
used golden rectangles and their magnificent properties in their work.

The Holy Family by Michelangelo Buonarroti (1475-1564), and Madonna of the
Magnificat by Sandro Botticelli (1444—1510), and more recently, Corpus Hipercubus
and The Sacrament of the Last Supper by Spanish surrealist Salvador Dali (1904-1989)
are fine illustrations of the visual power and beauty of the golden rectangle.

Dali originally entitled his masterpiece Corpus hipercubus (Hypercubic Body),
according to Time magazine of January 24, 1955. His painting is based on “the
harmonious division of a specific golden rectangle.”

1.618 1

— o — ——

2.618
Figure 23.5.
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(a) (b)

Figure 23.6. (a) St. Jerome by da Vinci fits into a golden rectangle; (b) Michelangelo’s David also
illustrates a golden rectangle (Source: Both images from Scala/Art Resouce, New York.).

Leonardo da Vinci (1452-1519) painted St. Jerome to fit very nicely into a golden
rectangle; art historians believe that da Vinci deliberately painted the figure according
to the classical proportions he inherited from the Greeks. Michelangelo’s David also
illustrates a golden rectangle (see Fig. 23.6).

According to Sr. M. Stephen of Rosary College in Illinois, “da Vinci used [the
Golden ratio] in laying out canvases in such a manner that the points of interest would
be at the intersections of the diagonals and perpendicular from the vertices.” (See
Fig. 23.7.)

The Golden rectangles are also evident in the work of Albrecht Diirer (1471-1528),
the foremost German painter, engraver, and designer of the Renaissance. Golden

Figure 23.7.
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(a)

1.618

' 1.618 ! 1 !

(b)

Figure 23.8. (a) Georges Seurat’s La Parade (b) Contains a golden rectangle {Source: The Metropolitan
Museum of Art, Bequest of Stephen C. Clark, 1960 (61.101.17).1.

rectangles appear in modern abstract art such as La Parade by the French impressionist
Georges Seurat (1859-1891) (see Fig. 23.8). Seurat is said to have approached every
canvas with the magical ratio in mind. The same can be said about much of the
work by the Dutch abstractionist Pieter Cornelis Mondriaan (1872-1944). Juan Gris
(1887-1927), the Spanish-born cubist who was greatly influenced by Pablo Picasso
and Georges Braque, lavishly applied the golden ratio in his work and promoted
its beauty.

THE PARTHENON
The Parthenon, the magnificent building erected by the ancient Athenians in honor

of Athena Parthenos, the patron goddess of Athens, stands on the Acropolis. It is
a monument to the ancients’ worship of the golden rectangle (see Fig. 23.9). The
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(a) (b)

Figure 23.9. (a) View of the Parthenon at Athens; (b) This magnificent building fits into a golden rectangle
(Source: Photo Researchers. © Marcello Bertinetti, Photo Researchers, Inc., New York.).

Figure 23.10. The Parthenon in Nashville (Photo: Gary Layda. © Metro Government of Nashville, 2000.).

whole shape fits nicely into a golden rectangle. Even the reconstruction of the original
Parthenon in Nashville, Tennessee, vividly illustrates the aesthetic power of the golden
rectangle (see Fig. 23.10).

According to R. F. Graesser of the University of Arizona, the Golden Ratio was
used in the facade and floor plan of the Parthenon, as it was used in facades and floor
plans of other Greek temples. The various occurrences of the golden rectangle in the
architecture are depicted beautifully by Walt Disney’s animation film Donald Duck
in Mathemagicland.

Architect Le Corbusier (1887-1965) (Charles Edouard Jeanneret-Gris) one of the
most influential designers of the twentieth century, developed a scale of proportions
called the modulator. This unit was based on a human body, whose height is divided
by the navel into the Golden Ratio, as Figure 23.11 shows.
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Figure 23.11. The modulator, a scale of proportions developed by Le Corbusier.

The golden rectangle is also used extensively in Cathedral of Chartres and the
Tower of Saint Jacques in Paris. The royal doorway of the cathedral vividly illustrates
a golden rectangle (see Fig. 23.12).

';-q.
a1 >
L5
8 B

TN A

TR

Figure 23.12. The Doorway of the Cathedral of Chartes (Reprinted with permission from
MATHEMATICS TEACHER, copyright 1956, by the National Council of Teachers of Mathematics. All
rights reserved.).
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According to Sr. Marie Stephen of Rosary College, River Forest, Illinois, the tower
of Saint Jacques in Paris illustrates

the architectural leitmotif [« ] in inverse progressions. At the corners, the buttresses rise in
four superimposed layers, which diminish in size as they rise. The ratio thus established
is exactly 1.618. The buttresses, like a human hand, whose proportions we shall see are
the same, point toward the sky, while the three stories of windows which illumine the
interior of the tower appear as a hand pointing down from the sky to the ground.

See Figure 23.13.

Figure 23.13. The Tower of Saint Jacques. (Reprinted with permission from MATHEMATICS
TEACHER, copyright 1956, by the National Council of Teachers of Mathematics. All rights reserved.).

According to Stephen, “Dr. Christian Jacob of Buenos Aires has discovered the
interesting proportion in the human brain.”

THE HUMAN BODY AND THE GOLDEN RECTANGLE

As the ancient Greeks knew, the human body exemplifies the golden proportion. The
head fits nicely into a golden rectangle, as Figure 23.14 demonstrates. In addition,
the face provides visual examples of the Golden Ratio:

AC CD AD

= = —=u
CDh BC BD

So do the fingers, as Figures 23.15 and 23.16 illustrate:

According to T. H. Garland, most of the ancient graveyard crosses in Europe
exemplify the golden proportion: the point where the two arms meet, divides the cross
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A

Figure 23.14. The golden proportions in a human head and face (Source: Trudi Hammel Garland,
Fascinating Fibonaccis: Mystery and Magic in Numbers, Palo Alto, CA: Seymour, 1987. Copyright ©
1987 by Dale Seymour Publications. Used by permission of Pearson Learning.).

618 2

Figure 23.16. A personal golden rectangle formed by a pointer finger.
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Figure 23.17. An Ancient Graveyard Cross (Source: Trudi Hammel Garland, Fascinating Fibonaccis:
Mystery and Magic in Numbers, Palo Alto, CA: Seymour, 1987. Copyright © 1987 by Dale Seymour
Publications. Used by permission of Pearson Learning.).

Figure 23.18. A Modern Cross (Source: Trudi Hammel Garland, Fascinating Fibonaccis: Mystery and
Magic in Numbers, Palo Alto, CA: Seymour, 1987. Copyright © 1987 by Dale Seymour Publications.
Used by permission of Pearson Learning.).

Figure 23.19. A Prostate Cancer Awareness stamp.

282
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in the Golden Ratio (see Fig. 23.17). Although many modern crosses do not
display this magnificent characteristic, some still fit into a golden rectangle (see
Fig. 23.18).

Postage stamps, interestingly enough, often remind us of the golden rectangle. For
example, the 1999 Prostate Cancer Awareness stamp in Figure 23.19. Its outer size is
4cm x 2.5cm and 4/2.5 = «; the size of the inner rectangle is 3.5cm x 2.1 cm, and
3521 = a.

The statue of a seated Buddha (5637—483? B.C.) in Figure 23.20, also displays the
golden proportions; it fits magnificently into a golden rectangle. So do the Chinese
bowl in Figure 23.21 that belongs to the Ching dynasty, and the Greek urn in
Figure 23.22.

Figure 23.20. Statue of Buddha (Source: Trudi Hammel Garland, Fascinating Fibonaccis: Mystery and
Magic in Numbers, Palo Alto, CA: Seymour, 1987. Copyright © 1987 by Dale Seymour Publications. Used
by permission of Pearson Learning.).

Figure 23.21. Chinese bowl (Source: Trudi Hammel Garland, Facinating Fibonaccis: Mystery and Magic
in Numbers, Palo Alto, CA: Seymour, 1987. Copyright © 1987 by Dale Seymour Publications. Used by
permission of Pearson Learning.).



Figure 23.22. Greek umn (Source: Trudi Hammel Garland, Fascinating Fibonaccis: Mystery and Magic
in Numbers, Palo Alto, CA: Seymour, 1987. Copyright © 1987 by Dale Seymour Publications. Used by
permission of Pearson Learning.).

From The Golden Proportion (poster). Copyright © 1990 by Dale Seymour
284 Publications. Used with permission of Pearson Education.
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THE GOLDEN RECTANGLE AND THE CLOCK

It is common knowledge that the positions of the hour and minute hands on an analog
wristwatch or clock in store displays, or in newspaper and magazine advertisements
tend to be approximately 10:09 or 8:18 (see Fig. 23.23).

One myth concerning the time 8:18 is that it was precisely the time Abraham
Lincoln died by an assassin’s bullet on April 15, 1865. Another misconception is that
such a setting of the hands gives more space on the face of the clock to show the name
of the manufacturer clearly.

In any case, in 1983, M. G. Monzingo of Southern Methodist University in Dallas
argued convincingly that such a setting is related to the golden rectangle, and hence
appealing aesthetically. He showed that the angle 8 in Figure 23.24 is about 58.3°.
Suppose OE = 1. Then EB ~ tan58.3° ® a. So AB : AD =~ 2a:2 = a:1. In other
words, such a setting pleases the eye, since it creates an imaginary golden rectangle
O E BF on the face of the clock.

Suppose the points A, B, C, and D in Figure 23.25 divide the respective sides of the
square P QRS in the Golden Ratio. Then PA = PB, QB = QC,and PB/BQ = «a.

Figure 23.23. Wristwatch with hands set at 10:09.
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2
T 1
A _E B
'
9
9 3
0
D c
7 5
6

Figure 23.24. The 10:09 setting on a watch is related to the golden rectangle.
P

R
Figure 23.25.

Then
AB> _ PA’4+PB’> 2PB? _
BC? ~ QB2+ QC? 2QB?

Thus, AB/BC = a, so ABC D is indeed a golden rectangle.

STRAIGHTEDGE AND COMPASS CONSTRUCTION

How do we construct a golden rectangle with a straightedge and a compass? To this
end, consider a line segment AB with C dividing it in the golden ratio: AC/CB =
AB/AC = a.Now with C as the center, draw an arc of radius C B; let the perpendicular
CH to CB meet the arc at D. Complete the rectangle AC DE, as Figure 23.26 shows.

Itis a golden rectangle since AC/CD = AC/CB = a.

Using the golden rectangle ACDE, we can draw another rectangle. With A as
the center, draw an arc of radius AC so as to intersect the perpendicular AB at D.
Complete the rectangle ABG F, as Figure 23.26 shows. It is also a golden rectangle,
because
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F H G
E _______ PR
D
}
A B
Cc
Figure 23.26.

In fact, we have gained a third golden rectangle, namely, BC HG. It is so since
BG AC

BC ~BC “

As a by-product, we can show that the ratio of the area of rectangle ABGF to that
of rectangle BCHG is a + 1 (see Exercise 2).

In Figure 23.26, Suppose we remove the square AC H F from the golden rectangle
ABG F; then the resulting rectangle BC HG is also a golden rectangle. That is, if the
ratio of the length to width of a rectangle A BG F is the Golden Ratio, then that of the
rectangle BC HG obtained by removing a square with one side equal to the width of
the original rectangle is also the golden rectangle.

Conversely, suppose the ratio of length to width of a rectangle ABCD is k; that
is, AB/BC = l/w = k (see Fig. 23.27). Let BEFC be the rectangle obtained by
deleting the square AE F D from the rectangle ABC D. The ratio of length to width
of the rectangle BEFC is BC/BE = w/({l — w). Suppose AB/BC = BC/EC.
Then l/w = w/( — w), that is, k = 1/(k — 1); so k = «. Thus, if removing the
square yields a rectangle similar to the original square, then k = ; that is, the original
rectangle must be a golden rectangle.

On the other hand, suppose the ratio of length to width in a rectangle ABCD is
k > 1. Remove from rectangle ABCD a rectangle BE FC similar to it. Then the

F

w E I-w
«— [ -

Figure 23.27.
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ratio of the area of the original rectangle to that of the remaining rectangle AE FC is
k if and only if k = «. In fact, AE FC is a square (see Exercise 3).

RECIPROCAL OF A RECTANGLE

Let us now look at the golden rectangle ABG F from a slightly different angle. Sup-
pose we remove square AC H F from the golden rectangle A BG F. The resulting rect-
angle BC H G is also a golden rectangle; it is called the reciprocal of rectangle ABGFE.”

Thus, the reciprocal of a rectangle is a smaller, similar rectangle such that one side
of the original rectangle becomes a side of the new rectangle.

It now follows that the area of the reciprocal rectangle BC HG in Figure 23.26 is
(area ABGF)/(a + 1).

In Figure 23.26, square AC H F is the smallest figure that when added to the golden
rectangle CBGH to yield a similar shape, another rectangle. Accordingly, square
ACHF is called the gnomon of the reciprocal rectangle CBGH, a term introduced
by Sir D’ Arcy W. Thompson.

Suppose the diagonals BF and CG of the reciprocal rectangles meet at P, as
Figure 23.28 illustrates. We can show that they are perpendicular (see Exercise 4). Let
BF intersect CH at Q. Let QRLBG. Then BRQC is the reciprocal of BGHC and
is also a golden rectangle. This gives a systematic way of constructing the reciprocal
of a (golden) rectangle.

F < Y, G
~
\\\ /
/
\\ S
%= g-~~|n
PR
VAN
A L ~lg
C T
Figure 23.28.

__Suppose we continue this procedure to draw the golden reciprocal of BRQC. Let
CG meet OR at S and draw ST LBC. Then CTSQ is the (golden) reciprocal of
BRQC.

LOGARITHMIC SPIRAL

Obviously, we can continue this algorithm indefinitely, producing a sequence of
smaller and smaller golden rectangles, as Figure 23.29 shows. The points that divide

*The term reciprocal rectangle was introduced by J. Hambidge.
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P
v y; -
A ~IB
C T
Figure 23.29.

the sides of the various golden rectangles spiral inward to the point P, the intersection
of the two original diagonals. They lie on the logarithmic spiral, as Figure 23.29
demonstrates. The spiral, with its pole at P, touches the various golden rectangles at
the golden sections.

The nautilus in Figure 23.30 is one of the most gorgeous examples of the log-
arithmic spiral in nature. Figure 23.31 also shows shells that display this beautiful
logarithmic spiral.

Figure 23.30. A Nautilus photograph courtesy of Chip Clark

“The Chambered Nautilis,” a poem written in 1858 by the American writer and
physician Oliver Wendell Holmes (1809-1894) describes the creation of the spiral:

Year after year beheld the silent toll

That spread his lustrous coil:

Still, as the spiral grew,

He left the past year’s dwelling for the new.

__Consider the diagonals of the various squares that are snipped off, namely, AH,
HR,RT,TV,.... Their lengths form a decreasing geometric sequence and their
sum is +/2aa?, where AC = a (see Exercise 8).



290 GOLDEN RECTANGLES

Figure 23.31.

Interestingly enough, we can employ golden triangles to generate the logarithmic
spiral. Bisect a 72°-angle in the golden triangle ABC in Figure 23.32. The point
where the bisector meets the opposite side divides it in the Golden Ratio. The bisector
produces a new similar golden rectangle, as we saw in Chapter 22. Now divide this
triangle by a 72°-angle bisector to yield another golden triangle. Continuing this
algorithm indefinitely generates a sequence of whirling golden triangles and hence
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Figure 23.32.

the logarithmic spiral shown in the figure. Its pole P is the intersection of the two
medians, indicated by broken segments.

GOLDEN RECTANGLE REVISITED

Suppose we remove a t x ¢ square from one of the corners of a unit square lamina, as
Figure 23.33 shows. We would like to find the value of  such that the center of gravity
of the remaining gnomon is the corner G of the square removed. Taking moments
about the side AD, we have

Moment of the 4 Moment of the Y _ ( Moment of the
removed square gnomon ™ \ original square

D F Cc
1-t
G
E
t
A t P 1-t B
Figure 23.33.

That is,
1 2 By 1
—t-t t(l-t)==-1
3 +1( ) >
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This yields the equation t* — 2t + 1 = 0; that is, (r — 1)(12 +¢ — 1) =0.Butr # 1,
sot2 4+t —1=0.Sincer > 0, it follows that

p_Tl+V5s

Then

t:l—t=la—-l=a:ad*—-a=a:l

Thus P divides AB in the Golden Ratio, and hence both legs of the gnomon
are golden rectangles, as proved in 1995 by Nick Lord of Tonbridge School, Kent,
England.

EXERCISES 23

1. Find the ratio of the length of a shorter side of golden rectangle to that of its
longer side.

2. Using Figure 23.26, prove that the ratio of the area of rectangle ABGF to that
of rectangle BCHG isa + 1.

3. Let the ratio of length to width in a rectangle ABCD be k > 1. From rectangle
ABC D, remove arectangle B E FC similar to it. Prove that the ratio of rectangle
ABCD to the remaining area AEF D is k if and only if k = «. Besides, the
remaining rectangle is a square.

4. Prove that the diagonals of two reciprocal rectangles are perpendicular.

S. Let ABG F and BG H C be two reciprocal golden rectangles. Let P be the point of
intersection of the diagonals BF and CG. Prove that FP/GP = BP/CP = a.

6. Let ABGF be a golden rectangle and BG HC its reciprocal, as in Figure 23.26.
Prove that ACH F is a square.

7. Let BG HC be a golden rectangle. Complete the square AC H F on its left. Prove
that ABGF is a golden rectangle.

8. Show that the sum of the lengths of the diagonals of the various “whirling squares”
in Figure 23.28 is v/2aa?, where AC = a.

9. Let P, Q, R, and S be points on the sides of a square ABC D, dividing each in
the Golden Ratio. Prove that P QRS is a golden rectangle.

Consider the sequence of decreasing smaller reciprocal golden rectangles in
Figure 23.34, beginning with the goldenrectangle ABCD.Let DE = aand EC = b,
where a = ab.*

10. Complete the following table.

*Based on G. E. Runion, The Golden Section and Related Curiosa, Scott, Foresman, Glenview, IL., 1972.
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a E b c
H P! G
S R
K L
Q
F J B
Figure 23.34.
Rectangle ABCD BCEF BGHF FJIH HKLI  PQLI  QLRS
Shorter side a
Longer side a+b

. Predict the size of the nth reciprocal rectangle in the sequence, n > 0.
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FIBONACCI GEOMETRY

This chapter features some additional delightful properties of the Golden
Ratio in Euclidean geometry. We begin with a problem proposed and solved by
J. A. H. Hunter in 1963.

Example 24.1. Locate points P and Q on two adjacent sides of a rectangle ABCD,
as in Figure 24.1, such that the areas of triangles APQ, BQC, and CDP are equal.

A x Q y B

Figure 24.1.

Solution. Let AQ = x, QB = y, AP = w, and PD = z. Since the areas of
AAPQ, A OBC, and A CDP are equal, we have xw/2 = y(w +2)/2 = z(x + y)/2;
thatis, xw = y(w+2z) = z(x+Yy). Equation y(w+z) = z(x+y) yields yw = zx;that
is, x/y = w/z. From the equation xw = z(x + y), we have w/z = (x + y)/x;
that is,

Thus x/y satisfies the quadratic equation 1> = ¢ 4 1. Since x/y > 0, we choose the
positive root o for x/y:
_1+45

x—a
- 2

294
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Thus
—=-=u (24.1)

___Consequently, we must choose the points P and Q in such a way that P divides
AD in the ratio AP:PB = wiz = a:1. Likewise, we must locate Q on AB such that
AQ:0D = x:y = a:1. Thus PQ divides the two sides in the golden section. [

In 1964, H. E. Huntley of Somerset, England, pursued this problem further. He
proved that if ABCD is a golden rectangle, then APQC is an isosceles right triangle
with right angle at Q, as the following example shows.

Example 24.2. Suppose the rectangle ABCD in Figure 24.1 is a golden rectangle.
Prove that APQC is an isosceles right triangle and £/ Q = 90°.

Solution. Since BCAD is a golden rectangle,

AB _ x+y

R‘_w-i—z—

From Eq. (24.1), x = ya and w = za;

it
(+a)

Thus, y = zo. But zo« = w,s0 y = w. Thus AP = B(Q.

Then x = yo = (za)a = za? = z(@ + 1) = za +2 = w+ z; thatis, AQ = BC.
Therefore, by the side-angle-side (SAS) theorem, AAPQ = ABQC. Consequently,
PQ = QC,so APQC is an isosceles triangle.

Since AAPQ = ABQC, LAQP = (BCQ. But /BCQ + (BQC = 90°; that
is, LZAQP + /BQC = 90°, so LPQC = 90°; .. /PQC = 90°. Thus APQC is
an isosceles right triangle (see Fig. 24.2).

A X Q LY B

Figure 24.2. |
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As a byproduct, it follows that LCPQ = 45°, 50 LAPQ = 45°; - PQ||BD.
Besides, we can derive a formula for the area of APQC:

APQC = %PQ - QC

1
= 5\/AP2 +AQ?-V/BQ?+ BC?

1
= 5\/w2+x2-\/y2+(w+z)2

1
= 5\/x2+y2-\[y2+x2

1
=;ﬁ+ﬁ)

=1o%ﬁw%=£u+f)
2 2

1
= @ +2)°
Notice that the area of the golden rectangle is given by
x(x +y) = ya(ya + 1) = (@ + a)y? = (2a + 1)y?
1
AAPQ + AQBC + ACDP = Qo + 1)y* — S+ 2)y?

_ ot+2-—a—2)y°
- 2

In 1964, Hunter also proved that the ratios of the dimensions of a special rectangular
prism are closely linked to the Golden Section, as the next example demonstrates.

2

Example 24.3. (Golden Cuboid) Consider a rectangular prism with unit volume and
a diagonal of 2 units long (see Fig. 24.3). Suppose the edges are a, b, and ¢ units long.
Then abc = 1 and a? + b*> + 2 = 4.

_____________ b oo - —
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Since we are interested in the ratios of the dimensions of this cuboid, assume, for
convenience, that a = 1. Then bc = 1 and b? 4+ ¢* = 3. Substituting for c, this
equation yields b? + 1/b> = 3; that is, b* — 36 + 1 = 0. Then

3 5
b = +f=1+a=a2
2
Therefore, b = o and hence ¢ = 1/a. Thus a:b:c = 1:a:1/a. ]

Notice that a’? + b2 + > = 1+’ +a 2 =1+ @ +B) =14+ L, =4, as
expected.
Example 24.3 leads to several interesting properties of the cuboid:

« Ratios of the areas of the three different faces = ab:bc:ca = a:1:1/«.

« Total surface area of the cuboid = 2(ab + bc + ca) = 2(e + 1 + 1/a) =
2Qa) = 4«

« Since a:b:c = a:l:1/a, it follows that the faces of the cuboid are indeed
golden rectangles. For example, consider the face ABCD in Figure 24.4. We
have AB:BC = b:a = a:l.

Surface area of the golden cuboid _ 4a

a
Surface area of the circumscribing sphere 47 7w’

A B
a
D o}
b
Figure 24.4,

The following example,” although elementary in nature, is certainly interesting
in its own right. It also manifests the omnipresence of our marvelous number «.

Example 24.4. Let P be a point on a chord AB of a circle and PT be a tangent to it
at 7 such that PT = AB (see Fig. 24.5). Compute the ratio PB:AB.

*Based on H. E. Huntley, The Divine Proportion, Dover, New York, 1970.
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Figure 24.5.

Solution. It follows by elementary geometry that PT? = PA - PB, that is,

AB* = PA-PB
AB? = PB(PB — AB)
(PB/AB)’ = | + PB/AB

So it follows that PB:AB = a:1; that is, A divides PB in the golden ratio.
As a bonus, it follows that PA:AB = 1/a:1. [ ]

To continue this example a bit further, let C be a point on AB such that PT =
AB = PC (seeFig.24.6).Since PC = AB, PA+ AC = AC+CB;thus PA = CB.
Since PB/AB = a, (PC + CB)/AB = . That is,

AB+CB
AB

1+CB
s

AB

AB
5

CB

P

Figure 24.6.
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Thus C divides AB in the Golden Ratio. Moreover,

PB_PCHCB_  CB_ l_ ,_
o L Y =¢
CB CB 1 1

_— = = = =u
CA AB—CB AB/CB—1 a—1

PC _PATAC | AC_ 1

—_— = —_—— = = - =

PA PA CB p
AB_PC_PC PA_
AC AC PA ac ¥ 97¢

PB _ PA+AB _ PA/AB+1 _lja+l _a+l o
AC AB—-CB 1-CB/AB 1—-1/a a—-1 —g_ “

CANDIDO’S IDENTITY
Candido’s identity,* namely,
2+ y2 + (o + y)PP =20 + 5 + (x + 9]

provides an interesting application to Fibonacci numbers, where x and y are arbitrary
real numbers. In particular, let x = F, and y = F,.,. Then (F? + F2_, + F2,,)? =
2(F} + F}., + F;,,). This result has an interesting geometric interpretation.

To see this, consider a line segment AD such that AB = F2, BC = F2,,, and
CD = F,,2+2. Complete the square ADE F, as Figure 24.7 shows. Then

Area ADEF = (F? + F.,, + F2,,)°
= 2(F + Fyy + Flhy)
= 2(sum of the areas of the three squares)
For example, let m = 4. Then AB =9, BC = 25, and CD = 64 (see Fig. 24.8).
Then
Area ADEF = (9 + 25 + 64)? = 9604
= 2(81 + 625 + 4096)

= 2(sum of the areas of the three smaller squares)

*Named after Italian mathematician, Giacomo Candido (1871-1941).
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F, n2 F, n2+1 F, n2+2

A B D
EN
A -

\N\
&\

F E
Figure 24.7.
9 25 64
A B (% D
81 \
N\

625\\

NN

)

\ 4096

N

Figure 24.8.

Candido’s identity for Fibonacci numbers can be extended to generalized
Fibonacci numbers:

(G} + Gy + G 0) = 2G, + oy + Gl

n
See Figure 24.9.
Gi  Gia _ Ghe
c

B
) \\
NG,
NN

A

o)

>
D

Figure 24.9,
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FIBONACCI MEETS APPOLLONIUS

A mathematical giant of the third century B.C., Appollonius (2627-1907? B.C.) proposed
the following problem: Given three fixed circles, find a circle that touches each of
them. In total, there are eight solutions. But, if the given circles are mutually tangential,
then there are exactly two solutions.

Assume, for convenience, that the given circles are not only tangential to each
other; but their centers form the vertices of a Pythagorean triangle (as studied in 1973
by W. H. Horner of Pitisburgh) (see Fig. 24.10). Let ry, rp, and r3 denote the radii of
the given circles, and R and r those of the solutions. Assume that ry < r; < r3 and
r < R.

Leta = F,,b = Fopy, ¢ = Fopp, and d = F,y3. Since (¢ — b%)2 + (2bc)? =
(c? + b%)?, we can assume that the lengths of the sides of the Pythagorean triangle
are c¢? — b?, 2bc, and c? + b%. So, since the original circles are mutually tangential, it
follows that:

r+r = ct— b
22

rn+ri=c+5b

r3+r = 2bc

Solving this linear system, we get ry = b(c — b) = ab,r; = c(c — b) = ac,
and r3 = b(c + b) = bd. Then ryrary = a’bled, rir, = a*be, rary = abed, and
r3r; = ab'd.

Figure 24.10.
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In 1955, Col. R. S. Beard showed that
ryrars
riry + rars +rary F2/rirars(ri +ry + r3)

Rorr=

where the negative root gives R and the positive root gives r.
Substituting for ry, ry, and r3, we get

a*b?cd
Rorr =
a’bc + ab%d + abcd F 2v/a’b2c2d?
So
R abcd _ abcd

T ac+bd—cd  ac—d(c—b)

_ abcd _ abcd —d

T ac—ad  ab ¢
Similarly,

= abcd
" 4cd — ab

Substituting for a, b, ¢, and d, we have
rl=FnFn+l r2=FnFn+2 r3 = n+an+Sv
R = Fn+2Fn+3,

_ FnFn+1Fn+2Fn+3
4Fn+2Fn+3 - FnFn+1

Clearly, similar formulas hold for Lucas numbers also.

A FIBONACCI SPIRAL

We can arrange a series of F,, x F, Fibonacci squares to form a Fibonacci spiral, as
Figure 24.11 shows, where n > 1. Moreover, their centers appear to lie on two lines,
and the two lines appear perpendicular. This is in fact the case.

To confirm this, suppose we choose the center of the first square as the origin, and
the horizontal and vertical lines through it as the axes. Let n be odd. Then the change
in the y-values in going from the (n —4)th square to the nth square is +(F,, + F,,_4)/2,
and that in the corresponding x-values is +(F,—2 — 2F,_3 — F,_4)/2. Therefore, the
slope of the line passing through their centers is

Fn+Fn-—4 _3F’|—2

= =3
Fpa— 2Fn—3 —Fy_4 Fo_
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Figure 24.11.

But this line passes through the origin. Thus the center of all odd-numbered
Fibonacci squares lies on the line y = 3x, as proved in 1983 by T. Gardiner of
the University of Birmingham, England. [In particular, the line containing the centers
(0,0)and (1/2, 3/2) is y = 3x.] Similarly, the centers of all even-numbered Fibonacci
squares lie on the line x + 3y — 1 = 0. Notice, in particular, that the centers (1,0) and
(=2, 1) lie on it.

Example 24.5. Suppose we inscribe a square BDEF in a semicircle such that one
side of the square lies along its diameter (see Fig. 24.12). Since the right triangles
AFE and CFE are similar,

AE _FE _AF
FE CE CF

8 F
7 'Q_)\
rd
- \
-~ - A\
' it T \
- \

Ly | L,
A D E c

Figure 24.12.
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But
AE_AD+DE__AD+FE_AD

FE  FE FE  FE

+1

Since CE = AD, this implies AD/FE + 1 = FE/AD.Letx = FE/AD. Then
this yields the equation 1/x + x = 1, s0 x = «. Thus AE/DE = a, so D divides
AE in the Golden Ratio. Moreover,

AE _ FE _AF

FE _CE _cF ¢
that is, the ratio of the corresponding sides of the similar triangles is the Golden
Ratio. [ ]

Example 24.6. In Figure 24.13, A is the midpoint of the side PQ of the square
PQORS. Let AR be the tangent to the circle with center O. Since AD? =
AB-AC,itfollowsthat AD/AB = AC/AD. In fact, we can be show that AD/AB =
AC/AD = a.

A

P Q
B
D
Oe

S R

C

Figure 24.13.

RIGHT TRIANGLES AND THE GOLDEN RATIO

Suppose the lengths of the sides of a right triangle form a geometric sequence. What
can we say about its common ratio r?
To answer this, suppose the three lengths are a, ar, and ar?®. Clearly, r # 1.

Case 1. Letr < 1. Then ar? < ar < a (see Fig. 24.14). Then

a? = a*r? + a*rt
rf+r2=1

r=1/Ja
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ar? a

ar
r<t

Figure 24.14.

ar
r>1

Figure 24.15.

Case 2. On the other hand, let r > 1. Then a < ar < ar? (see Fig. 24.15). Then

a2r4 =a2r2+a2
r4=r2+l
r=.a

Thus, the common ratio is either 1/./a or /a.

THE CROSS OF LORRAINE

An interesting problem, related to the Cross of Lorraine® or the Patriarchal Cross,
brought to light by Martin Gardner. This ancient emblem reintroduced in modern
times by General Charles de Gaulle (1890-1970) of France, consists of three beams—
two horizontal and one vertical—and covers an area of 13 = F; square units (see
Fig. 24.16). We would like to cut the cross through C into two pieces of equal area,
namely, 6.5 each.

Suppose the line segment P Q has the desired property. Then the area of APQR
is 2.5 units. Let BP = x and DQ = y. Since ABPC ~ ADQC,x/1 = 1/y; that
is,xy = 1.

1 1
Area APQR = EPR-QR=§(x+1)()’+1)
x+Dy+1) =5
2 -3x+1=0
3+.5
X =

2

*Lothringen or Lorraine is a province on the border between France and Germany.
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a
x
o

o/

i

1 =

ol ﬂﬂmm

Figure 24.16.

Since 0 < x < 1, itfollowsthatx = 3 —+/5)/2=14+8,s0y =1/x = 1 +a.
Thus AP=1-x=—-fand EQ=y—1=0a.So

AP B _ . and

PB 1+8

l’iIU
Qi
Qlll—-

Thus P and E divide AB and DQ in the Golden Ratio, respectively.

LOCATING P AND @ GEOMETRICALLY

To locate the points P and O geometrically, let AD meet BC at F,so AF = FD.
With F as center and F B as radius, draw an arc to intersect AF at G. With G as center
and AG as radius, draw an arc to intersect AB at P. Let PC meet DE at Q. Then P
divides AB in the Golden Ratio and E divides DQ in the Golden Ratio; moreover,
‘P Q divides the cross into two equal areas.

To confirm this, APBC = ACHI and APBC ~ ADQC,soxy = 1; .". shaded
area = 2 +area AEQI.Since APBC ~ AEQI,x/1 = EI/(y — 1),50

El =x(y-1)=xy—-x=1-x
1

Area AEQI = SEI-EQ = %(1 —x)(y—1)

1 1 _(1—x)2
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But

a=p) _1

Area AEQI = =
rea AEQ 5 3

Thus the shaded area = 2.5 units, so P Q partitions the cross equally as desired.

In 1959, M. Gardner, in his famous column in the Scientific American, invited his
readers to compute the length BC. The same puzzle appeared five years later in an
article by M. H. Holt in The Pentagon.

EXERCISES 24

Verify each.

1. (th2 + F, n+| n+2)2 - 2(F4 + F n+l 4+2)

2 (LE+LE + L2 )Y =2Li+ L, +LEy)

3.(G2+ G2, +G: ) =2Gh + Ga, + Gy

4. Compute the area of an equilateral trapezoid with bases F,_; and F, |, and with
lateral side F,, (Woodlum, 1968).

5. Show that the lengths L,_L,42,2L,L,4, and Ly, Ly,42 form the sides of a
Pythagorean triangle (Freitag, [975).

6. In AABC,AB = AC. Let D be a point on side AB such that AD = CD = BC.
Prove that 2cos A = AB/BC = o (Source unknown).




25

REGULAR PENTAGONS

Regular pentagons provide us with many examples of the Golden Ratio in everyday
life. Some flowers have pentagonal shape; so do the starfish and the former Chrysler
logo (see Fig. 25.1).

In 1948, H. V. Baravalle of Adelphi University observed, “Outstanding among the
mathematical facts connected with the (regular) pentagon are the manifold implica-
tions of the irrational ratio of the Golden Section.” This chapter investigates some of
these implications.

Example 25.1. The diagonals AC and BE of the regular pentagon ABCDE
in Figure 25.2 meet at F. Prove that F divides both diagonals in the Golden
Ratio.

Proof* Let AB = a, BF = b,and FE = c (see Fig. 25.3). By the side-angle-side
(SAS) theorem, AABC = AABE. Since /ABC = 108°, /BAC = LABE = 36°.
Therefore, /CAE = 72° = [AFE. Then AF = BF = b and AE = AF, so
a=-c.

By drawing the perpendicular AR to BE, we can be show that

ER = acos36° = BR

‘. BE = BR+ RE = b+ ¢ = 2acos36°

Likewise,
a

= 2cos36°

*Based on J. A. H. Hunter and J. S. Madachy, Mathematical Diversions, Dover, New York, 1975.

308
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Figure 25.1. (a) A starfish.

CHRYSLER

CORPORATION

Figure 25.1. (b) The former Chrysler logo are pentagonal shapes (Source: The photo image of the Dodge
Intrepid® is used with permission from the DaimlerChrysler Corporation.).

a

2cos 36°

a(dcos?36° — 1)
2cos 36°

. ¢ = 2acos36° —
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Figure 25.2 Figure 25.3

Since ¢ = a, this yields the quadratic equation 4 cos? 36° —2 cos 36° — 1 = 0. Solving
this, we get

S

il
N R

1+

36° =
cos 7}

(Since cos 36° > 0, we take the positive root.)

. BE =b+c=aa=AC
BE.:FE = aa:a =«a:1 = AC:FC

Thus F divides both diagonals in the golden ratio. [ ]

This is the ninth property of the divine proportion delineated by Pacioli in his book.
Since cos 7/5 = «a/2, it follows that sin 7/5 = (/3 —@)/2, cos /10 =
(Wa +2)/2,and sin r/10 = 1/2¢c.

AN ALTERNATE PROOF THAT cos n/5 = /2

We can derive the fact that cos /5 = «/2 in a shorter, more elegant way. Let
# = n/10. Then 20 + 360 = n/2, so 26 and /2 — 30 are complimentary angles.
Since the values of cofunctions of complementary angles are equal, it follows that

sin 26 = cos 360



AN ALTERNATE PROOF THAT cos /5 = af2

That is,

k) §

2sinf cos® = 4cos’6 — 3cosd

4sin 0 + 2sin6 — 1

Since sin § > 0, it follows that

sinfd =

. cosm/S =

=0
. ~1x5
sinf = —————
2

g1
2 2o

.2 I 1
1 -2sin“m/10=1-2-— =1

2-p _2-(+p) _1-p _«

402 T 22

2

2

2 T2

Knowing the values of sin /10 and cos /10, we can compute the exact values of
sines and cosines of several acute angles that are multiples of w /20 = 9°, as Table 25.1

shows.

TABLE 25.1.

Angle 6 Sin @ Cos 0
/4 2—«a 2+a
20 4 4
b3 1 2+«
10 2a 2
3n 11 — 4o TJa — 11
20 16 16
14 3—«a a
B 2 2
il 1 - 2 1 - 2a
4

3r a 3—-«a
10 2 2
n Ta — 11 11 — 7«
20 16 16
2 V2Fa 1
5 2 2a
o 24« 2—-«
20 4 4
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We pursue Example 25.1 a bit further in the following example.

Example 25.2. Suppose the perpendicular AN at A meets ED at N (see Fig. 25.4).
Show that N divides E D in the Golden Ratio.

D
N M
36°
E c

P Q
ul

A B

Figure 254.

Proof. Draw BM LAB. We have CE = aa, PQ = AB = a, EP = QC, and
(DEC = n/5. Then

_ax—a ala—1)

EP = QC = =
Q 2 2
ey - _EP_ _2EP _a@-1D)
cosm/5 o a
. ND=DE-EN=q-2@-D_a
o [+4

Thus DE:DN = a:afa = l:1/a = a:l; that is, N divides DE in the Golden
Ratio. a

Example 25.3. Compute the area of the regular pentagon in Figure 25.5 with a side
a units long.

Solution. Notice that ACEE is an isosceles triangle. (In fact, CE || AB.) Let
DNLCE.Then CN = EN = acosn/5 = aa/2, so CE = aa. Likewise, PQ =
aa /2, where P and Q are the midpoints of CD and DE, respectively.

Let R be the circumradius and r the inradius of the regular pentagon. Then R =
{a/2)csc w/Sand r = (a/2)cot m/5:

Areaof AAOB = (1/2)a - (a/2)cot /5
= (a*/4)cot /5
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Figure 25.5.

~

a o i /s 1
= —. since cosm/S =«
4 3—«

ata

43 -«

5a%«

4./3 -«

.. Area of the pentagon

THE BEE AND THE REGULAR PENTAGON

Using the fact that cos 7/5 = «/2, we can derive a trigonometric formula for F,:

cos3m/5 = 4cos® /5 — 3cos /5

Ma/S) — 3(a/2) = ala® —3)/2

a(=p%)/2 = B/2

a" —p"  2"(cos" /5 — cos” 3n/5)
a-p V5

This formula was discovered in 1921 by W. Hope-Jones.

It

.. Fn -

THE PENTAGRAM

Let us return to the regular pentagon A BC D E in Figure 25.2. Drawing all its diagonals
yields the star polygon APBQCRDSET, called a pentagram, as Figure 25.6 shows. It
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&

Figure 25.6.

follows from Example 25.1 that the points P, Q, R, S, and T divide the diagonals in
the Golden Ratio.

The pentagram was the logo of the Pythagorean School of the sixth century B.C.
The flags of many countries in the world contain one or more five-pointed stars.
For example, the Australian flag contains 6 stars, the Chinese flag contains 5, and
the United States flag contains 50. The diameter of every star on the U.S. flag is
0.616 ~ 1/«. Even the flags of several cities contain five-pointed stars; Chicago’s flag
contains four stars, and the flags of Dallas, Houston, and San Antonio each contain one.

Returning to Figure 25.6, the polygon PQRST is also a regular polygon (see
Exercise 1). Draw its diagonals to produce a new pentagram and a smaller regular
pentagon; the points V, W, X, Y, and Z divide them in the Golden Ratio. Obviously,
this process can be continued indefinitely. See Figure 25.7.

Figure 25.7 contain many angles of various sizes, namely, /5, 27 /5,3 /5,47 /5,
w, 6m/S, /5, 8x/5, 97 /5, and 2x; they form a finite arithmetic sequence with a
common difference of 7 /5.
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We can partition the various line segments in Figure 25.7 into six different classes
segments are different. Clearly, the longest of them is BD.

There are 5 line segments of the same size as BD, 15 line segments of the
same size as AB, 15 line segments of the same size as BQ, 15 line segments of
the same size as P 0, 10 line segments of the same size as QW, and S line segments
of the same size as VW, a total of 65 line segments.

Let BD = a. Since R divides BD in the Golden Ratio, it follows that AB =
BR =BD/a =a/a.

Notice that ABER ~ ABCQ, so BR/BQ = BE/BC; thatis, BR/BQ =
a/(a/a) = a. Therefore, BQ = BR/a = a/a?. Thus Q divides BR in the Golden
Section. Similarly, R divides D Q in the Golden Ratio. Obviously, we can extend this
property to other diagonals as well.

Consider the triangles S P Q and B P Q. Clearly, they are congruent,so SQ = BQ;

S¢_BQ_BR_a

- PO = = — =
. PO o o a? ol
P
QW:-—Q=-a—4
o o
w
VW=Q—=15
o o

Thus, BD = a,AB = a/a, BQ = a/a’, PQ = aja’, QW = a/o*, and
VW = a/a’. They form a decreasing geometric sequence with first term a and
common ratio 1/a; so

BD:AB:BQ:PQ:QW: VW =1li—:—=:—1—1—.

Thus every number in the sequence is o times the following element.

Suppose this procedure is continued indefinitely. Then the sum of the resulting
geometric sequence of the different lengths of the various line segments is
given by

a aa 2
aoa

I —1ja a—1
~ 2.61803398875a

Here is an interesting observation: AA PT is a golden triangle. In fact, Figure 25.7
contains several golden rectangles, which become apparent if we search for them (see
Exercise 14).
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REGULAR DECAGON

Consider a regular decagon of side / and circumradius R (see Fig. 25.8). The central
angle subtended by a side is 27/10 = /5. Then

(R%éo >
A | B

Figure 25.8.
l b4 l 2
R = - i — —_—
(2 5 = 2V 1 —cosn/5
1 2
T 2V1-e2 2-a
! I
= —= - since B < 0

= la

In particular, let/ = 1. Then R = «; that is, the circumradius of a decagon of unit
side is . This is the seventh property of « described by Pacioli in his classic book.
Returning to Figure 25.8, we have:

Areaof AAOB = 2chosl =2/ -lcosl
10 10

JaF2
= 2« °’2+ —aJa 20

. Area of the decagon = 10ava + 21°

Consequently, the area enclosed by the decagon of unit side is 10a+va + 2.
Next we employ the fifth roots of unity to explore the various properties of the
divine proportion related to the regular pentagon.



THE REGULAR PENTAGON AND THE FIFTH ROOTS OF UNITY 7
THE REGULAR PENTAGON AND THE FIFTH ROOTS OF UNITY

By DeMoivre’s theorem, the complex nth roots of unity are given by z = cis 2kn/n,
where 0 < k < n and cis 8 = cos8 + i sinf. They are equally spaced on the unit
circle |z} = 1 on the complex plane.

In particular, the fifth roots of unity are given by z = cis 2kx/5, where 0 < k < 5.
They are z9 = cis 0 = 1, z; = cis 2n/5, z2 = cis 4n/5, z3 = cis 67/5 =
cis (—47m/5), and z4 = cis 87 /5 = cis (—27/5).

Since cos /5 = a/2, it follows that

2n 2

cos—5—=200s275—[—1=2-a7—1
_a2—2_a—l
o2 T2
and
sin 2m 25in”cos” 2 3-a a_aVi-a
1 _— = — _— == . —_— = —
5 5 5 2 2 2
] _a—1+a J—a, and _a—l a3 —a.
.21 = 3 ) ) 4 = 2 > 1
Now
4 27 a—1\? o
— =2cos’ = ~-1=2. —l=—=
0055 cos 5 ( 3 ) 3
and
- ¥4 . 2r 2 a3 —a a-—1 ald — DV3 -«
sin — = 2sin—cos — =2 - . =
5 5 5 2 2 2
_ 3-«a
-2
a+ il and @1 3-e,
* = — - 1 -—— —
.22 5 3 23 5 ) 1

Thus the five roots of unity are 1, % + "—"‘;”i and ~3+ ——V32'°’ i. We can verify this

without resorting to DeMoivre’s theorem (see Exercise 19). The roots are represented
by the points C, D, B, E, and A, respectively, in Figure 25.9.

We can extract many properties of the regular pentagon using the coordinates of
its vertices. For example, we can be show that BD = /o +2and AB = a + 2/a,
so BD = aAB, as expected! (See Exercises 20 and 21.)
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Imaginary Axis
A

]
NIR
} +
L)
of]
~]
m
wn
D
n
N
) y

Real Axis

Y
Figure 25.9.

Interestingly enough, our mysterious number o appears even in geometric figures
not connected to pentagons or decagons. For example, consider the square ABFE
inscribed in a semicircle, as Figure 25.10 shows. It can be shown that

AE _AD _
AC A ¢

See Exercise 29.

The Golden Ratio « also appears in a circle inscribed in an isosceles triangle which
is in turn inscribed in a square (see Fig. 25.11). Since the angle in a semicircle is a
right angle, it follows that /AEB = (CED.But /CED = /CDE, since ACDE is
isosceles. Therefore, /AEB = (CDE.

It now follows that AABE ~ AAED,so AE/AB = AD/AE.Let AE/AB =
AD/AE = x.

c A B D
Figure 25.10.
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Figure 25.11.

Now consider AADF and AACE. They are similar, so AD/DF = AE/CE.
But AD =2DF,so AFE =2CE = BD;

) AD_AB+BD_AB+AE_1+AB
"AE~  AE ~  AE AE
That is,
1
x=1+- sOx =«
x
Thus
AD AE
— T — =
AE AB

Suppose the lengths of the sides of a right triangle form a geometric sequence with
common ratio r. Then we can show that r = /& (see Exercise 15).

REGULAR ICOSAHEDRON

Golden rectangles occur in solid geometry also. A regular icosahedron is one of the
five Platonic solids. It has 12 vertices, 20 equilateral triangular faces, and 30 edges.
Five faces meet at each vertex and they form a pyramid with a regular pentagonal
base (see Fig. 25.12). We can place three mutually perpendicular and symmetrically
placed golden rectangles (see Fig. 25.13) inside the icosahedron in such a way that
their 12 corners will coincide with those of the icosahedron (see Fig. 25.14).

The length of a longer side of the golden rectangle equals the length of a diagonal
of the pentagon. As we saw in Chapter 24, the length of a diagonal is o times that
of a side of the pentagon. Thus, the length of the golden rectangle is o times the
length of an edge between any two adjacent vertices of the icosahedron. In particular,
if the adjacent vertices are one unit away, then the length of a longer side of the
golden rectangle is «. This is the essence of the “twelfth incomprehensible” property
described by Pacioli in his book.
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REGULAR DODECAHEDRON

We can also place three mutually perpendicular and symmetrically placed golden
rectangles in another Platonic solid, the regular dodecahedron, which has 12 pentag-
onal faces, 20 vertices, and 30 edges. The various corners of the rectangles meet the
faces at their centers, as Figure 25.15 shows.

\
-

Figure 25.15. The comers of the same rectangles coincide with the centers of the sides of a regular
dodecahedron (Source: H. S. M. Coxeter, Introduction to Geometry, 2nd ed., Wiley, New York, 1969.
Copyright © 1969, reproduced by permission of John Wiley & Sons, Inc.).

A PENTAGONAL ARCH

In 1974, D. W. DeTemple of Washington State University studied the pentagonal arch
formed by rolling a regular pentagon along a line (see Fig. 25.16). As the leftmost
pentagon is rolled to the right, the vertex A moves toward B, thento C, D, and finally
to E as the successive sides touch the base line. Connecting these five points, we
generate the pentagonal arch ABC DE. Surprisingly enough, this arch is also related
to the magic ratio.

To see this, let s denote the length of a side of the regular pentagon. Since a vertex
angle of the pentagon is 108°, it follows that /APB = 72°. Since AP = BP =5,
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Figure 25.16. Pentagonal Arch. Source: D. W. Temple, “A Pentagonal Arch,” The Fibonacci Quaterly,
1974.

by the law of cosines,

AB? = AP>+ BP2 —2AP .- BPcos72°
= 25%(1 — cos 72°) = 4s? sin? 36°

= 4s2(3;°’) = (3 — a)s?

. AB =s5V3 -«

Likewise, we can be show that BC = s4/2 + «. Moreover,
BC _ 24«
AB V33—«

@—-a)=3 -a*=3 e+ 1)-QRa+1)=2+a

But

24«
33—«

Thus BC/AB = «a, the Golden Ratio.

A TRIGONOMETRIC FORMULA FOR F,

In Example 25.1 we found that cos n/5 = a/2. So 2sin /10 = | —cosm/5 =
1 —a/2 = (2 —a)/2 = B%/4, and hence sin /10 = |B|/2 = —B/2; that is,
B = —2sinm/10. Thus a = 2cos /5 and B = —2sinx/10.

We can employ these trigonometric values of o and 8 to develop a trigonometric
summation formula for F,, derived in 1964 by J. L. Brown, Jr., of Pennsylvania State
University.
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By Binet’s formula, we have

o _ﬂn n—1
Fn — — Zan—k—-lﬂk

i
N

N

Q

=]

w
wi A
N’

=
I

-~
L

I

)

z

=
sl
j

kel

_al B B _ . 2
—4|:T+T+—4—j|—a +af+ 8

=(@+p*—-af=1-(-1)=2

as expected.
Next we derive two additional trigonometric formulas for F,,.

TWO ADDITIONAL TRIGONOMETRIC FORMULA FOR F,

Since cos /5 = a/2, it follows that sin /5 = (v/3 — a)/2.
. sin3n/5 = sin(2n/5+ 7 /5)
= sin2w/Scosm/5 + cos2m/Ssinm /5
= 2sinm/5cos® /5 + (2cos’ w/5 — 1) sin7/5
= 4sinm/Scos’ /5 —sinm/5

3—a o 3—a aV3-a
2 4 2 2

and hence

~/3—a.a~/3—a _aB—-a) _ﬁ

i 5 si = —.
sinm/5 sin 3w /5 > 3 2 7

323

(25.1)
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Since sin 97 /5 = —sin /5, it also follows that sin 37 /5sin 97 /5 = —+/5/4;

a® — ﬂ"
‘. F, =
V5
_ (2cosm/5)" — (2cos3m/5)"
NG
=5\ 57 4 %73
n+2

= =3 (cos” /5sinm /S sin 37 /5 + cos” 3w /5 sin 37 /5 sin 97 /5)

(25.2)

It follows from this formula that

7\n+2
)

(cos” 2 /5sin 27 /5 sin 671 /5 + cos” 4r /5 sindw /5 sin 1272 /5)
(25.3)

See Exercise 32.

These two formulas were discovered in 1979 by F. Stern of San Jose State Univer-
sity, California.

Since +/5 = 4sin /5 sin 37r/5, we can also write Binet’s formula as

(2cosm/5)" — (2cos3m/5)"
4sinx/5sin3n/5

F, =

_ 2"_2(005" 7{/4 — cos” 3”/5) (25.4)
= sinw/5sin3m/5 .

EXERCISES 25

1. Show that the polygon P QRST in Figure 25.7 is a regular pentagon.

Using Figure 25.7, compute the area of each polygon, where BD = a.

2. AAPB
AAPT
ACDR
ACDS
Rhombus CDE P
7. Rhombus SPRD
Use Figure 25.7 to compute each ratio.

SO
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8. ACDS: ACDR

9. Rhombus CDE P : Rhombus SPRD
Compute the shaded area in each figure.
10. Figure 25.17

11. Figure 25.18

A~__a_ B

Figure 25.17.

Figure 25.18.

Using Figure 25.7, compute the area of each polygon, where BD = a.
12. Pentagon PQRST

13. Pentagram APBQCRDSET

14. Find the number of golden rectangles in Figure 25.7.

15. The lengths of the sides of a Pythagorean triangle form a geometric sequence
with common ratio r. Show that r = /a.

16. Prove that the length of a side of a regular decagon with circumradius r is r/a.
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Figure 25.19.

=iV

P24
NN
Figure 25.20. %

17. The circumradius of the 10-pointed star in Figure 25.19 is R. Prove that AD =
ra.

18. Show that the shaded areas in Figure 25.20 form a geometric sequence with
common ratio 1/« (Baravalle, 1948).

19. Solve the equation x> — 1 = 0 algebraically.
Use Figure 25.9 to answer Exercises 20-30.
20. Find BD.
21. Find AB.
22. Find BD:AB.
23. Compute area ABDE.

24. Using the fact that P and Q divide ‘AC in the Golden Ratio, determine their
coordinates.
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25.
26.
27.
28.
29.
30.

31.
32.
33.

Using Exercise 24, compute PQ, AP, and QC.

Find the ratio AABQ:AABP.

Find the ratio BD:AB:BQ:PQ.

Find the inradius of the circle inscribed in the pentagon.
Using Figure 25.10, show that AE/AC = AD/AE = a.

A regular pentagon of side p, a regular hexagon of side A, and a regular decagon
of side d are inscribed in the same circle. Prove that these lengths can be used
to form the sides of a Pythagorean triangle (Bicknell, 1974).

Using Eq. (25.1), compute F, and Fj.
Prove Eq. (25.3) (Stern, 1979).
Prove that

n+1

5

F, ifniseven
0 otherwise

4
Z cos” krr/Ssinkn/Ssin3kn /S = {
k=1

(Hoggatt, 1979).
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THE GOLDEN ELLIPSE
AND HYPERBOLA

The concept of a golden ellipse was introduced in 1974 by H. E. Huntley of England.
Huntley investigated the properties of the golden ellipse in detail. We shall pursue
some of them in this chapter.

THE GOLDEN ELLIPSE

The ratio of the major axis to the minor axis of a golden ellipse is the magic ratio a.

Let 2a denote the length of the major axis and 2b that of its minor axis. Then it is
well-known that b2 = a%(1 — e2). So for a golden ellipse,

b2

Therefore,
e2 =1- ﬂ2 — —ﬂ

Thus we define the eccentricity of the golden ellipse by e = /—8 (see Fig. 26.1).
Consequently, one-half of the minor axis is given by b*> = a*8?, so b = a|B|.

If we inscribe the golden ellipse in a rectangle with its sides parallel to the axes,
the rectangle would be a golden rectangle.

Let F and F’ denote the foci of the golden ellipse. Then OF = ae = a/ /o =
a/—pB and BF = \/b? + a%¢? = a.

Let /OBF =6.Thensec8 = BF/OB = a/b = a. Let ON be perpendicular to
the directrix ND. Then ON = a/e = a./«.

a

FN = ON—-OF =a a—ﬁ

328
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Ay
M
[’]
3
B /
3 D
P
6
- a > X
F’ (0] a F |A N
Q
\ v\*
Figure 26.1.

ale — 1) ap 32
=~V /- a|B|
For any ellipse, the minor axis is the geometric mean of the major axis and the
lactus rectum /; that is, b*> = al. So, for the golden ellipse,

2
po=1=2 p(2) ="

a a 4
Thusa:b:l=ba:b:bfa=a:l:1ja=c*:a:]l.
Notice that
ON_aﬁ — and OF a/Ja 1
FN ~ a/Ja FN a(@-DJa a-—1

so the focus F divides ON in the Golden Ratio.
Let P Q denote the latus rectum. Then

=

2 _ 2 Z_a_z_ b_z
0P = 0F2+FP =2 1 2
a o

p: PP+

_ 2

—ba+§_ a?

_Peatd o,
o?

OP = V2b
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An ellipse has the property that the tangent at P passes through N and cot ZFPN =
e. Since cot § = OB/OF = b/ae, it follows in the case of the golden ellipse that

1 1 1
cot[FPN:—ﬁz -8B and cot0=;;=ﬁ=‘/—ﬁ

$0 L/FPN = 0. Thus MPFB is a parallelogram and hence MP = BF = a.
In addition, since AOMN ~ AFPN,

MN _ON
PN FN
That is,
MP 1= 9%
PN FN
MP _ OF
NN ®

Thus P dividcs_> MN in the Golden RatiL

Finally, let O P intersect tﬂe_ directrix N D at D. Since AOND ~ AOFP, OD/OP =
ON/OF = a, so P divides OD in the Golden Ratio.
THE GOLDEN HYPERBOLA

The golden hyperbola (Fig. 26.2) was also studied by Huntley, who gives a fairly
extensive account of its properties in his fascinating book, The Divine Proportion.

y y=VBx
r4

\ y == —ﬂX

Figure 26.2.
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The eccentricity of the golden hyperbola is defined by ¢?> = a. Then

b =a’(e’ — ) =a* (@ — 1) = —a’B

% =va and b=a,/-8
The asymptotes of the golden hyperbola are given by y = +(b/a)x; that is,
y =£J/=Bx.

Huntley also studied the parabola y> = 4ax using (aa?, 2aa) as a point on it.
If we draw the parabola and the golden hyperbola to the same scale with the same
origin, then we can easily verify that the asymptotes of the hyperbola would intersect

the parabola at the origin and at the points (4aa, £4a./a) (see Exercise 1).

EXERCISES 26

1. Show that the asymptotes of the golden hyperbola intersect the parabola y? =
4ax at the origin and at the points (4aa, £4a/a).

2. One endpoint P of the focal chord of the parabola y? = 4ax is (aa?, 2aa). Find
the other endpoint Q.

3. Compute the length of the focal chord P Q in Exercise 2.

4, Find the equations of the tangent and the normal to the parabola y? = 4ax at the
point P(aa?, 2aca).

5. Find the equations of the tangent and the normal to the parabola y? = 4ax at the
endpoint Q of the focal chord P Q in Exercise 2.

6. Find the point of intersection of the tangents at the ends of the focal chord P Q
in Exercise 2.

7. Find the angle between the tangents in Exercises 4 and 5.

8. Find the point of intersection of the normals to the parabola y? = 4ax at the
ends of the focal chord P Q in Exercise 2.

9. Find the angle between the normals at P and Q.

10. Suppose the focal chord P in Exercise 2 intersects the y-axis at R. Show that
the focus S divides P R in the Golden Ratio.

11. With S, O, and R as in Exercise 10, show that Q divides SR in the Golden Ratio.
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CONTINUED FRACTIONS

In Chapter 20, we found that the sequence of ratios F,,,/F, of consecutive Fibonacci
numbers approaches the Golden Ratio a as n — oc. Interestingly, we can employ
these ratios to generate rational numbers of a very special nature, called continued
Jractions.* So we begin with a few characterizations of continued fractions.

FINITE CONTINUED FRACTIONS

A finite continued fraction is an expression of the form

x=a;+ 1 27.1)
a + i
az +

i

am-1 + —
m

am— +

where a; > 0, and a; is a positive integer and i > 2. Since this notation is a bit
cumbersome, this fraction is often written as

1 1 1

(11+a—2+a—3+___+;

*The Italian mathematician Pietro Antonio Cataldi (1548-1626) has been credited with laying the
foundation for the theory of continued fractions.

332
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Since the numerator of each fraction is 1, we refine this notation further as
lai; az, a3, ..., am]
where a) = | x| and the semicolon separates the fractional part from the integral part.
For example,
1 1 1 1
1,2,3,456l=14+=- = - =
[ P=1+24343+5+
1

| -

2+
3+

1393
o9

On the other hand, finding the continued fraction of this rational number involves
the repeated application of the Euclidean algorithm:

1393 = 1-972 + 421
972 = 2421+ 130
421 =3.130+ 31
130 =4.31 +6
31=5-6 +1

Now divide each dividend by the corresponding divisor, save the fractional remainder,
and then apply substitution for the fractional remainder:

1393 _ 421 _ N i
972 972 " 972/421
=1+ : =1+ :
- 2 4+ 130/421 - 24 1
421/130
1 1
24+ —— 2+ ]
34— 3
* 130 +130/31
1 1
24 ; 2+ ;
3+ 3+
6 1
4+ — +—
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2+

34 :

1
4+ —
5 —

+6

=[1;2,3,4,5,6]
CONVERGENTS OF A CONTINUED FRACTION

By chopping off the continued fraction for x in Eq. (27.1) at the various plus signs,
we get a sequence {C;} of approximations of x, where 1 < k < m:

1 1
a|’a1+_, al+ _"1,...
a a; + @
Each C; = {a); a2, a3, . . ., ar] isaconvergent of x, where k > 1 and C; = [a;] = a;.

For example, consider the Fibonacci ratio 21/13. As a finite continued fraction,

21
S L)

13
We can verify this. The various convergents are:
G =[] =1
G, =[1;1] =2
G =[L11] =15
Cs=1[151,1,1] 2 1.6666666667
Cs=1[1;1,1,1, 1] =1.6
Ce =1[151,1,1,1,1] = 1.625

21
Cr = [];1,1,1,1,1,1]:1—3 % 1.6153846154

Obviously, these convergents, C, approach the actual value 21/13, as k increases,
where 1 < k < 7. In fact, the convergents with odd subscripts approach it from
below, whereas those with even subscripts approach it from above. The convergents
are alternately less than and greater than 21/13, except the last one (see Fig. 27.1).

These convergents display a remarkable pattern:

1 2 3 5 13 21

8
= - = - C=— C=— C=— C-"—"— = =
Gi=7 G=7 G=35 G=3 G=35 G=% G=133

These ratios look familiar. They are, in fact, the ratios of consecutive Fibonacci
numbers. (We shall return to them a bit later.) It is possible to conjecture and prove
the value of C, (see Exercise 9).
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2.
/\A/\.
|07

N hd 21/13

1
Figure 27.1.

Evaluating each convergent may seem to be a tedious job. This is where recursion
becomes useful.

RECURSIVE DEFINITION OF C,

Let C, = p./q. denote nth convergent of the continued fraction (Eq. 27.1). Then we
can show that

Pn = QnPn-y + Pn-2
and
qn = nqn-1 +qn-2
where
— =ay, =a + —
q1 a
and n > 3. Thus, using the convergents C,—, and C,,_,, we can easily compute C,.
For example, consider the continued fraction 21/13 = [1; 1,1, 1, 1, 1, 1], where
a; = 1 for every i. We have

14! P 1
2

5 8

C3=—’£=— and C4=£i=—

93 3 qa 5

D5 agp4+p3 18+5 13
C5=—= p—t =

qs asqa+qs  1-5+3 8

as expected.

In fact, we can use a table such as Table 27.1 to compute C,. The table shows
the numerators and denominators of all convergents p, /g, of the continued fraction
[2; 1,3, 4, 2, 3, 5]. By direct computation, we can verify that 1915/693 = [2; 1, 3, 4,
2,3,5].

TABLE 27.1.
n 1 2 3 4 5 6 7
a 2 1 4 2 3 5
Pn 1 3 11 47 105 362 1915
qn 1 1 4 17 38 131 693
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INFINITE CONTINUED FRACTION

Suppose we have infinitely many terms in the expression [a,; a;, a3, a4, . . .], where
a) > 0and g; > 1 fori > 2. The resulting fraction is an infinite continued fraction.
In particular, [1; 1, 1, 1, 1, .. .] is an infinite continued fraction, the simplest of them
all.

It appears from our early analysis of corresponding finite continued fractions
that the nth convergent C, of the infinite continued fraction (1; 1, 1,1, 1,...]is the
Fibonacci ratio F,./F,. This is indeed the case and can be established using the
principle of mathematical induction (PMI) (see Exercise 9). Thus

F,
Cr=lr_Tl 5y
qn Fy
This relationship was first observed in 1753 by R. Simson.
Since
F,
lim C, = lim = = ¢«

n—oo n—oo n

it follows that the infinite continued fraction [1; 1, 1, 1, .. .] converges to the Golden
Ratio. This yields a remarkably beautiful formula for «:
a=[1111,1,..]
_ialr
BT N B R EE
1

=1+
1+
1+
1+

1
1

1+---

This is consistent with the fact that the value of every infinite continued fraction is an
irrational number.

We can be establish the fact that [1; 1,1, 1,...] = « by using an alternate route,
without employing convergents. To confirm this, let x = [1; 1,1, 1,...]. It is fairly
obvious that the infinite continued fraction converges to a limit, so

(1, L1, 0=[L11;1,1,1,...]1.

That 1s,
x = [1; x]
1
x=14-
x

Therefore, x = a, since x > 0. Thus

Fn+l

lim C, = lim

n—oo n—oo

=a=[1;1,1,1,..]

n
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Cp
2 °
hd [ ] ° .y:'Cn:a‘
° ° ° o -
1 ®
- T T T T T T 71— T 71— T1*>"
0V 2 4 6 8 10
Figure 27.2.

It follows from the preceding discussion and Chapter 20 that when n is even,
C, = F,+1/F, approaches « from above; and when n is odd, it approaches o from
below. Figure 27.2 exhibits this marvelous behaviour for 1 < n < 10.

AN INFINITE CONTINUED FRACTION FOR -8

In 1951, as a response to J. C. Pierce’s article on the Fibonacci series in The Scientific
Monthly,F. C. Ogg of Bowling Green State University, in a letter to the editor, provided
a fancy way of converting V5 — 1 into an infinite continued fraction, which has an
interesting by-product:

1 1
1+/5-2=1+ =1+
V5+2 44++/5-2

V5—1

= [1;4,4,4,...]

, %, %, %, .... Now, divide each by 2. The resulting

.; so the nth convergent of the infinite continued fraction

The first few convergents are |

1 5 21 8

numbers are 3, 3, 57 1437 - -
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is F,/Fayy, where n # 3k + 1. Since

fm T L g Y5
n>%0 Foyy 2
it follows that
5-1
—ﬂ=f =[1;4,4,4,...]
2
PELL’S EQUATION

C.T. Long and J. H. Jordan of Washington State University, in their 1967 study of
continued fractions, discovered a close relationship among the Golden Ratio, F,,
L,, and a special class of Pell’s equation. Pell’s equation, named after the English
mathematician John Pell (1611-1685), is an equation of the form x2 — dy? = N,
where x, y, d, and N are integers. (Although the equation bears his name, Pell added
little to the study of such equations. It is so-called due to a mistake by Euler.)

The following theorems, discovered by Long and Jordan, “provide unusual charac-
terizations of both Fibonacci and Lucas numbers.” We omit their proofs in the interest
of brevity.

Theorem 27.1. The Pell’s equation x> — 5y? = —4 is solvable in positive integers if
and only if x = L,,.; and y = F3,_1, where n > 1. ]

Theorem 27.2. The Pell’s equation x2 — Sy? = 4 is solvable in positive integers if
and only if x = Ly, and y = F;,, wheren > 1. [ |

EXERCISES 27

Represent each number as a continued fraction.
1. 51735
2. 68/89
Represent each continued fraction as a rational number.
3. [2;3,1,5)
4. [3;1,3,2,4,7]
Find the convergents of each continued fraction.
5. [1;2,3,4,5]
6. [1;1,1,1,1,1,1,1]
7. The second and third convergents of the continued fraction [1; 2, 3, 4, 5, 6] are
3/2 and 10/7. Find its fourth and fifth convergents.

8. The eighth and the ninth convergents of the continued fraction {1; 1, 1, 1, 1, 1,
1, 1, 1] are 34/21 and 55/34. Compute the tenth convergent.
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9. Let C, denote the nth convergent of the finite continued fraction [1; 1, 1,1,..., 1].
Prove that C, = F,,.(/F,,n > 1.
10. Let p,/q, denote the nth convergent of the continued fraction [1; 1, 1, 1, ..., 1].

Prove that pygn—1 ~ gnpn-1 = (=1)",n > 1.
11. Using Cassini’s formula, prove that lim (C, — C,—|) = 0, where C, denotes
n~->»00
the nth convergent of the infinite continued fraction [1; 1, 1, 1, .. .].
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WEIGHTED FIBONACCI
AND LUCAS SUMS

In Chapter 5, we found the following summation formulas:

n

D Fi=Fua—1 5.1)
1

Z Li=Lp2—3 (5.6)
I

n n
More generally, we would like to find formulas for Z w; F; and Y w; F;, where the
1 1

weights w; are positive integers.
To begin with, we would like to find a formula for each, when w; = i, that is, a

n n
formula for _ i F; and one for }_ i L;. To derive the formula for the Fibonacci sum,
1 I

n n
let A, =3 F;and B, = )_iF;. Then
1 1

B, =F+2FK+3F+---+nkF,

n

n n n
=Y F+Y F+Y F+-+Y F
1 2 3

n
= A+ (A —AD+(Ap — A+ +(An — An)

340
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n—1 n—1

=nAn =) Ai=nFa2—D =) (Fua—1) by
I 1

=nFpp—n—(Fap3 =3+ —-1)=nF,4; — Foy3+2

Thus

n

Y iF=nFua = Fpy+2 (28.1)
]

Similarly,

n

D iLi=nLug~ Loy +4 (28.2)
1

7
For example, ZiFi =TFg~ Fio+2 =7-34 - 55+ 2 = 185; by direct

1
computation, the sumequals 1 - 1 +2.14+3-2+4-34+5-54+6-8+7-13 = 185.

6

Also, ZiLi =6Lg—Log+4=6-47—-76+4 = 210, and by direct computation,
I

6

YiLi=1.14+2-343-444-7+5-11+6-18=210.
1

n

n
Now that we have formulas for B, = Y i F; and C, = }_iL;, we can ask if there
1 1
are formulas for:

B = Z(n—i+1)F,-=nF,+(n—1)F2+.--+2F,,_,+F,
1

n
Cr=) (m—i+NDLi=nLi+0n—DLy+ - +2L,y +L
1

Notice that B is the sum in Formula (28.1) with the coefficients in reverse order and
similarly for C;.

For example, B} = F; = l,and By = 2F, + F| =2+ 1 = 3. Similarly, B} =7,
By = 14, B = 26, and B{ = 46. Although these values do not seem to follow an
obvious pattern, we can easily derive a formula for B as follows:

n n
B,+ B =) iFi+) (n—i+DF
|

=Z[i+(n-i+])]F,-
1
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=) (n+DF =(n+l)iFi
1 1

= (n+ 1)(Fs42—1) by Formula (5.1)
Bl = (n+ 1)(F,y2— 1) - B,
=n+1D)(F2—1)— (nFz — Fy3+2) by Formula (28.1)

= Fpya—n—-3

Thus
Z(n —i+1)F, =Fy4-n-3 (28.3)
1

Using this formula, B§ = Fig — 6 — 3 = 55 — 9 = 46, as expected. Using the
same technique, we can be show that

Cr=) (n—i+Li=Lups—3n—7 (28.4)
1

5
For example, by direct computation, Y (n —i +1)L; = 5L, +4L,+3L;+2L4+

1
Ls=5-14+4-34+3.44+2-7+41-11 = 54, and using Formula (28.4), the sum
equals L9 — 15 -7 =76 — 22 = 54.

Formula (28.1) tempts us to investigate Fibonacci sums with odd integer coeffi-

cients and subscripts, and even integer coefficients and subscripts, that is, the sums
n

n
Y(2i = 1)Fy;_, and }_(2i) F»;, and the same sums with coefficients reversed.
1 1

n
To derive a formula for C, = Y (2i — 1)F5;—;, we employ Identity (5.2). Let
1

E,, = ZFZ;_I.Then
1
Cho=F1+3F+5F5+- -+ (2n — 1)Fa,_;

n n n n
=ZF2:'—|+2ZF2,‘—1 +2ZF2.'—1 +"'+2ZF2,'—1
1 2 3 "

= En + 2'(En - El) + 2(En - E2) +--- 4+ 2(En - En—l)
n—1 n—1
=E,+2(n— DE,—2) E;=Qn-1)E, —2) Fy
1 1
=Q2n—DE, —2(Fonc1 — 1) =@Qn -1 F — 2(F3n — 1)
=@2n—1)Fy — 2Fpm_1 +2 (28.5)
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4
For example, Cy = Y (2i = 1)Fy_, = TFg—2F;+2 =7-21-2-1342 = 123,

1
which can be verified by direct computation.
Using Formulas 5.2 and 28.5,

CotCr =) Qi—DFyy+Y (2n =2+ DFy_
1 1
= Z[(Zi — 1)+ Qn—2i + DFy_;
1

=) CmFu =21 Fy =2nF,
! 1

C: =2nF), —C,=2nF), —[2n — D) F, — 2F5,_1 + 2]
= Fop+2F 1 = 2= (Fpp + Fou)) + Fanoy — 2
= Foup + Fano — 2

That is,
n
Z(zn ~2i + DFyi_y = Fongt + Fan_y — 2. (28.6)
1

For example, C5 = Fy; + Fg —2 = 89+ 34 — 2 = 121 and by direct computation,
C}:=9FR +7F3+5F+3FR +Fb=9-147-245.54+3-13+1-34 =121

Using Identity 5.3 and the same technique as in the proof of Formula (28.5), we
can show that

n
> Qi)Fyi = 2(nFansr — Fan) (28.7)
1
and as in the proof of Formula (28.6),

D (@n =2 +2)Fy =2Fy2 =21 =2 (28.8)
i

s
For example, Y (2i)Fy; = 2(5F;; — Fip) = 2(5 -89 — 55) = 780 and
]

4
310 -20)F; = 2Fg—8—2 =2-55-10 = 100. We can verify both by
]

direct calculation.
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Interestingly enough, Formulas (28.5)-(28.8), have analogous results for Lucas
numbers; we can derive and verify them as illustrated before:

z::@i = DLyi—y = 2n — 1)L2y — 2L3p (28.9)
i(zn —2i+ DLy = Lapy1 + Lop~y —4n (28.10)
Z'::(Zi)in =2(nLyns1 — Lon +2) (28.11)
i(Zn —2i4+2)Ly; =2L3p2—2n—6 (28.12)

1

Their proofs employ Identities 5.7, 5.8, and 28.1, and we can establish them using
induction.

Interestingly enough, we can extend Identity (28.1) to any Fibonacci sum where
the coefficients form an arbitrary arithmetic sequence with first term a and common
difference d. Let ‘

Sp = ) _la+ G — DAIF;
1

n n n
=a)y F +d<ZiF.~) —d<ZF,~)

1 1 1
=a(Fay2 =D +dnFyy = Fry3 +2) —d(Faya = 1)
=(a+nd-d)F42 —d(Fpy3—3)—a

Thus

Z[a +(G(-1DdiFi=@+nd —d)Fp3 —d(Fpy3 —3)—a (28.13)
1

Formula (28.13) has an analogous result for Lucas numbers also:

Z[a +(—-1dL, =(a+nd —d)Lpy2 —d(Lpy3 —7) —3a (28.14)
1

n n
In particular, _ L; = Lyy2 —3and Y iL; =nLnyy — Lyy3 + 4.
i i
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Let S; denote the Fibonacci sum in Formula (28.13) with the coefficients reversed:

S = Z[a + (n — )d]F;
1

Then
Sot+ S =Y {la+ @ = Ddl+[a+ (n - D)d)}F;
I
= [Qa+ (n—1dl1)_ F =[Qa+ (n — Ddi(Fpyz — 1)
|
S, =[Qa+ (n—Ddl(Fpy2 — 1)
—[(a +nd —dYF,y2 — d(F,43 ~ 3) —a]
= [2a + (n ~ 1)d — (a + nd — d)1Foy2
~[2a+ @ —1)d]l+d(Fps3 ~3) +a
= aFn+2+d(Fn+3_3)—a—(n'— 1)d
Thus

f:[a +n—DdlIF,=aF 2 +d(Fpy3—3)—a—(n—1d (28.15)
1
When a = 1 = d, this reduces to the identity
Z":(n ~i+DF=Fu3—-n-3
1
Using the same technique, we can show that

Z[a +((n—dIL; =alnyir +d(Lpyy —7) ~ 3la + (n — 1)d] (28.16)
!

Using the facts Y~ F? = F,F,4 and
1

n
_ | F? if n is even
2]: Fikin = I F?—1 otherwise

we can show that

Y la+ (G - DdIF? = (@+nd —d)F,Fypy —d(F2 —y)  (28.17)
1
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where
y = 1 ifnisodd
0 otherwise

In particular, this yields the identities

n
Y F?=FyFup
|

n

Y iF=nFFu — Fi 4y (28.18)
1

For example,
5

D iF=S5FFo— F2+1=5.5-8-25+1=176
1

and
6

Y iF? =6FsF,— F¢+0=6-8-13—64+0 =560
1

n
Let D} =Y la+(n— i)d]F,?, the same sum (28.17) with the coefficients in the

1
reverse order. Then
n
D, + D} = [2a+(n—1)d])_ F} =[2a+ (n — DdIF, Foy
1

D} = [2a+ (n— Dd1F,Fnyy — (@ +nd — d)F, Fpyy + d(F2 — )
= aF,Fop +d(F} — )

Thus

Y la+ (n—)dIF} = aFyFopi +d(F} — y) (28.19)
t

In particular,

n

Y =i+ DIF} = FyFapi + F2 —y (28.20)
1

S
For example, Y (6 — i)]F? = FsFs+ F? —1=5-8+25-1=64
1
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Fortunately, Formulas 28.17 and 28.19 have analogous counterparts to Lucas
numbers:

Z[a + (@ — DAL = (@a+nd —d)(L,Lny) ~2) —d(L? —2n —v) (28.21)
1

n

Y la+(n—i)dIL} = a(LyLp1 —2) + d(LE — v) (28.22)
I

where
l)=[—l if n is odd
4 otherwise

n
Identity Formula 28.21 yields Z L% =L,Lp,+y —2and
1

D il =n(LaLpy —2) - L2 +v (28.23)
|

Identity 28.22 yields
Y =i+ DL = LyLnyy —v—2 (28.24)
1

6
For example, Y iL? = 6(L¢L7—2) — L2 +6 = 6(18-29—2) — 18% + 6 = 2802.
1
S
Likewise, Y (7 — i)Li2 =2(LsLe¢—2)+ L§ — 1 = 512. We can verify both by direct
{

computation.

EXERCISES 28

1. Verify Identity 28.1 forn = 7.
2. Verify Identity 28.2 forn = 7.
Prove each.

3. Y QROFy =2(nFanyy — Fan)
1
n
4, Z(Zn —2i4+2)F); =2F,4; —2n -2
]
n
5.3 = DLy = (2n — 1)Lay — 2Ly
1

6. 3. (2n —2i + 1)Ly = Lapy1 + Loy — 4n
]



348 WEIGHTED FIBONACCI AND LUCAS SUMS

7. }?(Zi)in = 2nLons1 — Lon +2)

8. $(2n —2i +2) Ly =2Lopyr — 21— 6

9, $[a 4G = DAL = (@ +nd - d)Lnss — d(Lnss —7) — 3a
10. Z::[a +(n—DdL; = aLnyz +d(Lnss —T) — 3[a + (0 — Dd]

n
11. Yla+ (i — 1)dIF? = (a + nd — d)F,F,1 — d(F? — y), where y is defined
1

as in Formula 28.17.
In Exercises 12—15, the number v is defined as in Formula 28.22.

12. Z:::’L,? =nLyLpyy ~ L2+ v

13. i(n — i+ DL =LyLpyz —2(n+ 1) —v

14. i[a + (i = 1)dIL? = (a + nd — d)(LyLnst —2) —d(L? — 2n — v)
15. z’::[a +(n — i)d]L,.2 =a(L,L,y1 —2) + d(Lf, —2n—v)

Let G; denote the ith term of the generalized Fibonacci sequence. Derive a formula
for each sum.

16. 3. G;
1
n
17. YiG;
1
1
19. 3. Gy
1
20. ¥ Gy
1
21. Y (2i — HGyiy
1
22. 3 (2n — 2i + )Gy
1
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FIBONACCI AND LUCAS
SUMS REVISITED

This chapter continues to explore explicit formulas for S(m) = ) _i™F; and T (m) =
]

> i™L;, wherem > 0.
1

We developed the formulas corresponding to m = 0 in Chapter 5 and those
corresponding to m = 1 in Chapter 28. In fact, from Chapter 7, we have

n

Y iGi=nGu2=Gars+a+b
1

The formulas corresponding to m = 2 and m = 3 were developed algebraically
by P. Glaister of the University of Reading, England, and N. Gauthier of The Royal
Military College of Canada:

D iF = (n+ 1) Fara — 20+ 3 Fppg + 2F,06 — 8 (29.1)
1

n
> %L = (n+ D?Laya — (21 + 3)Lyss + 2Lnse — 18 (29.2)
I
Formulas for §(1) and S(2) were rediscovered by Gauthier using a fascinating
method involving the differential operator x(d/dx), which, for the sake of brevity,
we shall denote by V. In addition to giving a general method for computing S(m),
Gauthier gives an explicit formula for S3:

n
Zi3F,- = (n+1)* Frpa—(3n*+9n+7) Fopa+(6n412) Fp6—6Fi3+50  (29.3)
1

349



350 FIBONACCI AND LUCAS SUMS REVISITED

Interestingly enough, we can employ Gauthier’s differential approach to derive a
formula for T (m). To see this, we need to use Binet’s formulas. Also, we will need
the facts that 1/(1 — @) = (—a)’ and 1/(1 — B) = (—B)'. Suppose we have a
formula for T (m). Since we can obtain F; from L; by changing g’ to — A’ and then
dividing the difference by /5, we can find a formula for S (m) from T (m). To arrive
at a formula for T'(m), notice that L; = o’ + ' = (x')y=q + (x') g, which we shall
abbreviate as L; = (x'), + (x')g. Let

1 _xn+l

i 2 n
= = —_— 1
f(x) E, X =x+x"+--+x ]

n
df _ ;-1
wherex;él.Thengf—;tx , S0

df N~
x(—1;=;lx

thatis, Vf = Y ix'. Similarly, V2 f = V(V f) = }" i2x’. More generally, we have:
i ]
v f =) ims (29.4)
1

wherem > 0and VO f = f.
By Formuia (29.4),

n l_an+l 1_ﬂn+l
ZL':(—I?.T-‘)*(T:T“)

1 1 an+l ﬁn+l
- (1—a+1—_ﬂ>—(1—a+1—ﬁ)_2

=—(@+B) + @ +ptH -2 (29.5)
=—L, + Ln+2 -2
= Lpy2— 3= Lpia— L2 (29.6)

which is Formula (5.6).
We can rewrite this formulaas 3 L; = (a@"*2+ "+?) — (@ + 82). Now change '
1

to —B' and then divide both sides by V5. Thisyields Y F; = Fpyy— Fy = Fpyp— 1.

1
In other words, it suffices to change L; to F; in Formula (29.6).
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Letm > | and g(x) = (1 — x"1)/(1 — x). Then Vg = V £, and hence Vg =
Zz xi'. Thus (V"g)e = Zz «;, so by Binet’s formula,
1

n

D imLi=(V"g)e + (V"g)s (29.7)

]
This gives us the general formula for computing T (m). Notice that

n+l

I—x 1 —x

g(x) = = go(x) — gn+1(x)

where g, = x'/(1 — x). Then Vg = V(go — gn+1) = Vg0 — Vgn+1, and more
generally V"g = V™gq — V™g,,,, which we can find from V™g,. Thus, we can
modify Formula (29.7) as

n

Z i"Li = [(V"g0)a + (V" 80)g] — (V7" gnr1)a + (V7" gn11)p] (29.8)
1

Since
t+1

x X
Vg =t —+ ——
& l—x_*-(l—x)2
Vgo =x/(1 —x)?and

x" xn+2

Vgn+| (n + 1) (1 — x)2

So, when m = 1, by Formula (29.6),
n i o '3 ﬁn+l
Z)L"[u—aﬁ+(h—m4 ("+”[ —a l—ﬂ]

an+2 ﬂ"+2
"[a—wz u—mJ
(a3 + ﬂ]) + (n + 1)(a"+2 + ﬂ"+2) _ (an+4 + ﬂn+4) (299)

Liy+(n+ 1)L,y 2 — Lpyy (29.10)
=m+ DLy —Lypa+4

which is Identity (28.2). Changing L; to F; in Eq. (29.10), we get
n
Y iFi = (n+ DFuz— Fuyat+ Fs
i

= (n+ ) Fpyz — Frya +2

which is Identity (28.1).
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For the case m = 2, notice that

V2, = V(Vg,) =1 1 _tx -2t + 1)(1{:)2 +2(1x:2c)3
iizL‘ B [(1 5t —ﬂﬁ)z] +2[(1 izaP T fzﬂ”]
~or [0 7]
~ (2n+3) [ (1a:+;)2 + (lﬁ:;)z] -2 [(,a:j)s + (1ﬂ_n:)3]

= @+ 8% - 2° + B°) + n + D" + g7
_ (2n + 3)((!"+4 + ,B"+4) + 2(an+6 + ﬁ"+6)
= (n+1)?Las2 — 2n 4+ 3)Lnys + 2Ly + L3 — 2Ls
which is Identity (29.2).
Replacing L ; with F;, this yields

n

Zizﬂ =+ 1)?Fp2— Qn+3)Fuis+ 2rns6 + F3 — 2Fs
1

which is Identity (29.1).
For the case m = 3, it may be verified that

- , . X! ) X'+l x'+2 x!+3
Vg =V(Vig) =t 1 _x+(3t +3t+1)(1 —x)2+(6t+6)(1 —x)3 +(l —x)*
Then
3 3 _ o B o? B2
(V'go)a +(Vg0)s = [(1 —q)? + a _ﬂ)z] +6[(1 —a)’ + (1 - B)?
(13 ﬂ3
+6[(1 o T —ﬂ)“]

= (@ + %) —6(c® + %) + 6(c” + B")

= L3~ 6L5+ 6L,
Likewise,

(V3gni)e + (Vgni)p = —(n + 1)’ Lasa
+ (3n2 4+ 9+ TLysa — (60 + 12)L,16 + 6L,43
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Thus,

n

Zi3L,~ =

1

M+ 1PLyys— 3n® +9n+T)Lpys

+ (6n +12)L,46 —6Lpy5 + L3 — 6Ls 4+ 6L,
(n+ 1)Ly~ Bn® +9n +T)L 14
+ (6n + 12)Lpp6 — 6Lnss + 112

Changing L ; to F; yields the identity

1

(n+1)>Fup2—(Bn* +9n 4+ 7)Fouya

+ (6n + 12)F,46 — 6F, .3 + F5 — 6F5 + 6F;
n+1PFpa~GBn®+9+7)Fupa
+ (6n + 12)Fpy6 — 6F, 45 + 50

353

29.11)

(29.12)

(29.13)

(29.14)

Clearly, we can continue this procedure for an arbitrary positive integer m. For the
curious-minded, we give the formulas for T (4) and S(4):

ii“L,- =
|

Consequently,

1

(n+ 1)*L,y2 ~— (4n> +18n% + 28n + 15) L, 14

+ (12n% 4+ 48n + 50) L, 46

— (24n 4 60) L8 +24L, 410 + L3 — 14Ls

+ 36L; — 24Lg

(n+ D*Lyyy — 4n> 4+ 18n% +28n + 15)L 14
+ (12n% + 48n + 50) L, 16

—~ (24n 4 60)L 18 +24Ln110 — 930

(n+1)*F, 5~ (4n® + 1802 +28n + 15)F, 14

+ (12n% + 48n + 50) F, 16

— (24n 4+ 60) F,15 + 24 Fo 410

+ F3 — 14Fs + 36F; — 24F,

(n + 1)* Fpy2 — (4n® + 18n% + 28n + 15) Frp4
+ (12n% + 48n + 50)F, 16

— (24n 4 60)F g + 24F, 10 — 416

(29.15)

(29.16)

(29.17)

(29.18)
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For example, by Formula (29.16),
5
Zi“L,- = 1296L; — 1105Lg + 590L; — 180L3 + 24L s — 930 = 9040
1

which we can verify by direct computation.
A few interesting observations about the formulas for S(m) and T (m):

« Both S(m) and T (m) contain m + 2 terms.

« The coefficients in S(m) and T (m) alternate in signs and the corresponding
coefficients in them are identical.

« Theleading termin S(m) is (n+1)™ F,,, and thatin T (m) is (n +1)™ L, ,>. The
subscripts in the Fibonacci and Lucas sums increase by 2, while the exponent
of n in each coefficient decreases by one.

o We can obtain the formula for S(m) from that of T (m) and vice versa by
switching Fj and L;.

« Except for the trailing constant term, we can obtain the formula for S(m — 1)
from that of S(m). The same is true for T (m) also.

For example, consider Formula (29.7) for S(4). The nonconstant coefficients on
the right-hand side are (n + 1)*, —(4n> 4 18n% +28n +15), 12n2 +-48n+ 50, —(24n +
60), and 24. Their derivatives with respect to n are 4(n + 1)3, —4(3n2 + 9n + 7),
4(6n + 12), 4(—6), and 0. The derivative of i* with respect to { is 4i>. Dividing them
by 4, we get the nonconstant coefficients in S(3):

n
Y P =+ 1Y F2 = Gn* + 9+ DFppa
1

—(6n+ 12)Fyi6 + 6Fnis + &

where k is a constant, which is consistent with Formula (29.13).

In fact, k = (V™ go)e — (V™ g0) g in the case of S(m) and k = (V" go)e + (V™ g0) s
in the case of T(m). For example, when m = 3, k = (V3gg)s — (V3go)ﬂ = F; —
6Fs + 6F; = 50, as obtained earlier.

On the other hand, if we could use the coefficients in S(m — 1) to determine those
in $(m), it would be a tremendous advantage in the study of weighted Fibonacci and
Lucas sums. The same would hold for T (m) as well.

EXERCISES 29

Compute each sum.

10
1. Y i%F;
1

10
2. Yi%L;
1
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5

3. Y iF
1
S

4. YL,
1
5

5. Y iF
1
5

6. Y i*L;
1

Verify each identity for n = 6.
7. Identity (29.1)
8. Identity (29.2)
9. Identity (29.3)
10. Identity (29.12)
11. Identity (29.14)
12. Identity (29.16)
13. Establish Identity (29.1) algebraically.
14, Establish Identity (29.2) algebraically.
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THE KNAPSACK
PROBLEM

In this chapter, we investigate the well-known knapsack problem, with Fibonacci and
Lucas numbers as weights.
Let G; denote the ith generalized Fibonacci number. Then, recall that

zn:Gi =Gpy2—b
1

that is,
Fopo—1 ifG=F

Gi =
Z [Fn+2_3 itG; =L;

Consequently,

i+n~1 i—1

Gi+ G+ -+ Gign-1 = Z G;— ZGj = Gitnt1 — Giy1 (30.1)
1 1

THE KNAPSACK PROBLEM

Given a knapsack of volume S and n items of various volumes, ay,a, ..., an,
which of the items can fill the knapsack? In other words, given the positive integers
a, as, -, ay, called weights, and a positive integer S, solve the linear diophantine
equation (LDE) a1x| + axx2 + -+ + a,x, = S, where x; = 0 or 1. This is the
celebrated knapsack problem.

356
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In particular, consider the knapsack problem
Gxi+Ginxa+ - +Gign1x, = Gign (30.2)

where i > 2. By virtue of the Fibonacci recurrence relation, this LDE is solvable
with (0,0,...,0,1,1) as a solution. In fact, since G; + Gy + -+ + Giyn_p =
Gitn — Gicy < Giyn, nosumof G;, Gy, ..., Giyy—2 can add up to G;,,. Thus
0,0,...,0,1, 1) is the unique solution, with x,_; = 1.

For example, the only solution of x; 4+ 2x3 + 3x4 + 5xs + 8x¢ + 13x7 = 21, with
xe = 1,15 (0,0,0,0,1,1).

So, is Eq. (30.2) solvable with x,_; = 07 If yes, how many such solutions does
the problem have? First, notice that:

Gign = Gignot + Giyn-2
= Gitn) +Gipn3+ Gigny
= Gign1 +Gisn3+Givns+ Giyns
= Giyn-1 + Gitn-3+ Gitn-5+ Giyn_7+ Giyn_s

= Gint + Gizn-3+ Giyn-s+ Giznr+---+G; (30.3)

Since i = (i + n) — n, the right-hand side (RHS) of Eq. (30.3) contains |n/2]
additions. Thus, there are |n/2] number of ways of expressing G;., as a sum of its
predecessors through G;. In other words, the knapsack problem (Eq. 30.2) has [n/2]
solutions, one of which corresponds to x,,_; = 1.

Theorem 30.1. The knapsack problem G;x; + G;1x2 + -« + Gijn_1Xn = Gijn
has {n/2] solutions, where i > 1. [ ]

Forexample, Fsx|+ Fex2+- - -+ Fioxe = Fy1has |6/2] = 3solutions (x;, ..., xe).
They correspond to the internal nodes in the binary tree in Figure 30.1 and to the three

Figure 30.1.
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different ways of expressing F; in terms of its predecessors through Fs:
Fii = Fio+ Fy

= Fpo+F+ F

= Fio+ Fs+ Fg+ Fs
Correspondingly, the three solutions are (0,0,0,0,1,1), (0,0,1,1,0,1), and (1,1,0,1,0,1).

Theorem 30.1 yields the next result.

Corollary 30.1. The knapsack problem Gx; + Gx2 + -+ + Gnx, = Gy has
In/2] solutions.

For example, Fix; + Faxy + --- + Fioxjo = Fy has [n/2] = 5 solutions
(x1, ..., x10). They correspond to the five different ways of expressing Fj, in terms
of its predecessors:

Fiu=Fo+F
=Fo+FR+FH
= Fo+F+F+Fs
=Fo+FR+F+E+F
=Fo+FR+F+F+FR+F

They are represented by the internal nodes in the binary tree in Figure 30.2. Cor-
respondingly, the five solutions are (0,0,0,0,0,0,0,0,1, 1), (0,0,0,0,0,0,1, 1,
0,1,¢,0,0,0,1,1,0,1,0,1),(0,0,1, 1,0, 1,0, 1,0, 1), and (1,1,0,1,0,1,0,1,0,1).

Fiy
Fio Fo
Fa/.\ [
Fs/\ Fs
F4/\ Fy
Fz/\ﬁ
Figure 30.2.

Suppose the RHS of Eq. 30.2is G j, where j # i + n:
Gixi+Giyix2+ -+ Giyp1x, = Gj j#Fi+n (30.4)

Ifi < j <i+n— 1, the knapsack problem (Eq. 30.4) is solvable with a solution
©,...,0,1,0,...,0),wherethe 1 occurs in position j; itneed not be unique.If j < i,
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then no solution is possible. Suppose j > i +n.Since G; + Giy1 + -+ Gigny =
Gitnt1 — Giy1 < Gigns1 < G, the knapsack problem has no solutions.
Next we establish that the knapsack problem

Gixi+Gxy+---+Gpxp=S§ (30.5)

is solvable, where S is any positive integer < Gp4,. This, in fact, follows by
Theorems 11.1 and 11.2.

Theorem 30.2. The knapsack problem G x| + Gyx2 + - -+ + G,x, = § is solvable,
where S is a positive integer < G,4. n

For example, x| + x3 + 2x3 + 3x4 + 5xs5 + 8x¢ + 13x7 = 7 with Fibonacci weights
is solvable, and since 7 = 2 + 5, (0,0,1,0,1,0,0) is a solution. Likewise, the knapsack
problem x| + x; + 2x3 + 3x4 + S5x5 + 8xs + 13x7 + 21xg + 34x9 = 48 is solvable;
since48 = 1 +5+8+34,(1,0,0,0,1,1,0,,0, 1) is a solution. Both problems
have more than one solution.

The knapsack problem 2x; +x3 4+ 3x3+4x4 +7xs+ 11xg = 15 with Lucas weights
is solvable; since 15 =4 + 11, (0,0, 0, 1, 0, 1) is a solution; so is (0,1,1,0,0,1). The
problem 2x; + x3 + 3x3 +4x4 + 7xs + 1 1x¢ = 10 is also solvable, (0,0,1,0,1,0) being
a solution.
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FIBONACCI MAGIC
SQUARES

For centuries, magic squares were a source of entertainment in royal courts around
the world. Today, they are still popular with both amateurs and professionals.

A magic square is a square array of distinct positive integers such that the sum
of the numbers along each row, column, and diagonal is a constant k; k is the magic
constant of the magic square. The oldest known magic square is the Chinese magic
square, lo-shu, shown in Figure 31.1. According to legend, the array was discovered
around 2200 B.C. on the back of a divine tortoise along the banks of the Yellow River.
The array was displayed using knots and strings. Lo-shu’s magic constant is 15.

4 9 2

3 5 7

8 1 6
Figure 31.1.

In 1964, Br. U. Alfred of St. Mary’s College, California, initiated an investigation
of magic squares using Fibonacci numbers, to discover if such magic squares exist.
Unfortunately, in the following year, J. L. Brown, Jr., of Pennsylvania State University
proved that there are no magic squares with only Fibonacci entries.

We shall now confirm this by contradiction. Suppose there are 2 x 2 Fibonacci
magic squares (FMSs), as Figure 31.2 shows, where the entries are all distinct. Then
a+ b =a+c,sob = c, which is a contradiction. Thus there are no 2 x 2 FMSs.

360
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a b

c d

Figure 31.2.

Let us now assume that there are n x n FMSs, where n > 3. Let F;,, F,, ..., and
F,.Fj,Fj,..,and F, ; and F,, Fy,, ..., and F; denote the elements of the first
three columns. Then

Fon+F,+ -+ F, =F+F,+ -+ F,
= F, +Fk2+-'-+Fk" = § (say)

Since they are all distinct, without loss of generality, we can assume that

Fi, > F,>--->F, Fj, > F;, >--->F;, and

Fk‘ > Fk2>‘-->Fk".

Again, without loss of generality, we can assume that F;, > F; > F;,s0 F;, >
Fy42. Then F; + Fi,+---+F;, > F;,. Thus§ > F; ,,.Since Fy, <--- < Fy, < Fy,,

k
Fo + Fy+ -+ F, <Y F.Thatis, S = F42 — 1, by Identity (5.1). Thus

1
Fi,4+2 < S < Fi42 — 1, whichis a contradiction. Consequently, there are non x n
FMSs, where n > 2.
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FIBONACCI MATRICES

The application of matrices to the theory of Fibonacci and Lucas numbers yields
excellent dividends.

THE Q-MATRIX

Using the properties of matrices presented in the Appendix, we can demonstrate a
close link between matrices and Fibonacci numbers. To this end, consider the matrix

1 1
o=[i o]
This matrix, called the Q-matrix, was studied by Charles H. King in 1960 for his

Master’s thesis at what was then San Jose State College, California. Notice that
|Q] = —1. In addition, we have:

Likewise,
4 _ |5 3
o=[3 3]

We can see a pattern emerging. More generally, we have the following intriguing
result.
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Theorem 32.1. Letn > 1. Then

n o__ Fn+| Fn
Q B [Fn Fn—-l
Proof. [by the principle of mathematical induction (PMI)]. Whenn =1,
i _|F R _ |1 1]_
o= hl=[i o]-0
so the result is true. Now, assume it is true for an arbitrary positive integer k:

« _ | Frer Fi
= [Fk Fi

Then
[ F, F, 11
k1 _ okl — | D+t k
== [} ]
— [ Fr + e Fi
| B+ By Fi
- [ Fiy2  Figr
| Ferr Fx
Thus the result follows by PMI. [ ]

CASSINI’S FORMULA REVISITED

Theorem 32.1 provides an alternate proof of Cassini’s formula (Identity 5.4), as the
next corollary shows.
Corollary 32.1. Letn > 1. Then F,_  F,y — F? = (= 1)".

Proof. Since |Q} = —1, it follows, by Theorem A.25, that |Q"| = (—1)". But, by
Theorem 32.1, {Q"| = Fp41 Fymy — Fnz. Thus Fy_y Fpe1 — F,,2 = (=D, a

We can apply Theorem 32.1 to derive four new Fibonacci identities, as the next
corollary shows. They are basically the same.

Corollary 32.2.
Fm+n+l =Fm+an+I + Fn Fy (32.1)
Frin = mat Fn + Fn Fu (32.2)
Fm+n=Fan+l+Fm—an (323)

Fm+n—l =Fan+Fm—an—l (324)
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Proof. Since Q"Q" = Q™*", we have

[Fm+l Fm [Fn+l Fn — Fm+n+l Fm+n
Fm Fm—l Fn Fn—l Fm+n Fm+n——l
That is,

[Fm+an+l+Fan Fm+IFn+Fan—l]

Fm+n+] Fm+n
Fan+l+Fm—1Fn Fan+Fm-—IFn—|

F, m+n F, m+n—1
Equating the corresponding entries, the identities follow. a

In particular, let m = n. Then Identity 32.1 yields the well-known formula F? +
F,,z+l = Fy,41 (Identity 5.11), and Identity 32.2 yields F5, = F, . F, + F, F,_) =
Fo(Fus1 + Foy) = F, L, (Identity 5.13).

Corollary 32.3.
Fm+an 4+ FuLlpot = Ly (32.5)

Proof. Replace n with n + 1 in Identity (32.1); and add the resulting formula and
Identity (32.2):

Fop1Fppa+ FuFpy = Frtns2
Fm+1Fn+Fan—l = Fm+n
We then get Fm+I(Fn+2 + Fn) + Fm(Fn+I + Fn—l) = Fm+n+2 + Fm+n- USing
Identity (5.14), we get Fryp1 Luti + FmLy = Lyinsr. Changing n to n — 1 yields the

desired result. ]

We can use I[dentities (32.2) and (32.3) to derive an identity that links both Fibonacci
and Lucas numbers. To derive it, add the two identities:

Fm(Fn-l + Fn+l) + Fn(Fm—l + Fm+l) = 2Fm+n
Using Identity 5.14, this yields F,L, + F,L,, = 2F,4+,. This has an analogous

formula for L, also: 2L,,4, = L,L, + 5F,, F,. We invite you to confirm this (see
Exercise 8). Accordingly, we have the following results.

Corollary 32.4.
2Fpin = Fu,L, + F,L, (32.6)

2Lpyn = LyLy + SFy F, 327



CHARACTERISTIC EQUATION 365
THE M-MATRIX

In lieu of the Q-matrix, consider the closely related M-matrix M, studied in 1983 by
Sam Moore of the Community College of Allegheny County, Pennsylvania:

vet ]

M,.___[an—l Fy, ]

We can show by PMI that

FZn F2n+|

where n > 1 (see Exercise 19). Then

M" =[ 1 Fan/ Fan-) ]
Frny F2n/F2n—l F2n+I/F2n—I

Since klim (Fy/Fy-1) = a, it follows that
-

im M 1 el [1 «
n—00 an_] - 41 0(2 - o 1 +ot

That is, the sequence {M" / F5,_,} of Fibonacci matrices with leading entries 1 con-
verges to the matrix

1 o

o l+a
Likewise, the sequence {Q"/F3,_} converges to the matrix

l1+a «
o 1

CHARACTERISTIC EQUATION

Let A = (a;j)nxn and I the n x n identity matrix. Then the equation [A — x| =0 is
the characteristic equation of matrix A. Its roots are the characteristic roots of A.

To determine the characteristic roots of Q", let us first find its characteristic
equation:

Fn+l_x Fn
Q" —xI} =

F, Fo_1—x
= (Fpy1 = X)(Fyoy —x) — F}
= x2 = (Fps1 + Fae))x + Fyoy Fagy — F}
x2 = Lyx +(—=1)"
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by Identities 5.4 and 5.14. Thus the characteristic equation is
x2 = Lpx +(=1)"=0. (32.8)
Using the quadratic formula, we arrive at the characteristic roots

L2 —4(=1)

But L,z, —-4(=1)" = 5F,f, by Exercise 39 in Chapter 5. Sox = (L, + \/gF,,)/Z. Since
a" — " =+/5F,anda" + 8" = L,. Consequently,

L SF, n =
_L+_~/;n. =" and L__ﬂ — ﬂ"
2 2
Thus we have the following result.
Theorem 32.2. The characteristic roots of Q" are " and 8". ]
Corollary 32.5. The characteristic roots of Q are @ and 8. |

When n = 1, Eq. (32.8) becomes x2 — x — 1 = 0, which is the characteristic
equation of Q. But notice that Q? - Q — I = O (see Exercise 2). Thus Q satisfies
its characteristic equation, illustrating the well-known Cayley—Hamilton Theorem,
which states that every square matrix satisfies its characteristic equation.

In 1963, I. D. Ruggles and V. E. Hoggatt, Jr., established Identity (5.1) using the
Q-matrix. To see this, we can use PMI to establish that

T+Q+Q +--+QMQ-N=Q"' -1 (32.9)

(see Exercise 3). Since |Q — I| = —1 # 0,Q — [ is invertible. Since Q* = Q +
1,Q* — Q = I; thatis, Q(Q — I) = I. Thus (Q — /)~! = Q. Now multiply both
sides of Eq. (32.9) by (Q — )™ ":

I+Q+Q* +---4+Q¥ = Q"' -1NQ
= Qn+2_Q

Equating the upper right-hand elements in this matrix equation yields the desired
formula, i+ KL+ F3+ -+ F, = Fpyp — 1.

R-MATRIX

Consider the R-matrix, which corresponds to the Q-matrix:

*=[2 1]
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The R-matrix was introduced by Hoggatt and Ruggles in 1963. Recall that L,,,; =
Foi+2F, L, =2F—F,,5F,,y =L,y +2L,,and 5F, = 2L, — L,. Using
these formulas, we have

1 2| F F, L L
RO" = n+1 n — n+1 n
i |
Using Theorem A.25, this implies

1 2 Fn+| Fn — Ln+l Ln
2 -1 F,, Fn—l Ln Ln—l

That is, LyytLa—y — L2 = (=5)(Fp41 Fney — F2) = 5(=1)"*!, by Identity (5.4).
Thus

LypyiLo_y — L2 = 5(=1)"*! (32.10)
See Exercise 38 in Chapter 5.

CASSINI’S FORMULA AND CRAMER’S RULE
Next we show how we can employ Cramer’s* rule for 2 x 2 linear systems to derive

Cassini’s formula. We first review the rule.
The 2 x 2 linear system

ax+by =e
cx+dy = f
has a unique solution if and only if ad — bc # 0. It is given by
e b a e
f e c f
X = y =
a b a b
c dl c d t

In particular, consider the system:
Fox+ F_yy = Fhyy
Fopx+ Fry = Fa

Since (Fy, Fiy)) = 1, by virtue of the Fibonacci recurrence relation (FRR), x =1 =
y is the unique solution of this system. Therefore, by Cramer’s rule,

Fn Fn+l
Fn+1 Fn+2
y=——————=]
Fn Fn—-ll
Fn+| Fn

Thus, F, Fyy2—F?., = F? —F,_(Fop1. Thatis, F, Fy 2~ F2, | = —(F_ 1 Fapi — F)).

*Named after the Swiss mathematician Gabriel Cramer (1704-1752).
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Let p, = F,_1F,41 — FZ. Then this equation yields the recurrence relation p, =
—~Pn_1, where p; = FoF, — F} = —1. Solving this recurrence relation, we get
pn = (—=1)" (see Exercise 22). Thus, F,_ F,y — F2 = (—=1)", where n > 1.

Now we turn to vectors formed by adjacent Fibonacci and Lucas numbers.

FIBONACCI AND LUCAS VECTORS*

Consider the vectors U, = (Fp41, F,) and V, = (L,+1, L,). Their magnitudes are
given by

IUn|2=F3+1+Fn2=F2n+1

and

Va2 = L2, + L2 = [SFL, +4(=1)""1+ [SF} + 4(=1)"]
= 5(F} + F,)) = 5Faq1

Their directions are given by

F, L
tang = and tang = ——
Fn+l n+1
We shall show later that
F, J5-1 1 L, ~5-1 1
= = - and ~ = -
Fat 2 o Lyt 2 a

You may notice that

UeQ™ = (1,0) {Fn+2 Foyi

= (Fuy2, F, =U,.1=U
Fn+2 Fn+l] ( +2 n+l) n+1 nQ

Likewise, VoQ"*! = V,,; = V,Q. Besides,

Fn+l Fn

| FnstFays + FaFon | _
—I:Fm+|Fn+l + F,F, = (Fntn+1, Ftn)

F, F,
Uan = (Fm-H’ F.) [ +2 H ]

= VYm+n+1

by Identity (32.1). Likewise, V,, Q" = V.41 (see Exercise 29).

*Throughout this chapter, the ordered pair (x,y) denotes a vector and not the greatest common divisor (gcd)
of x and y.
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Let us now return to the R-matrix:

*=[s ]

Notice that |R] = —5 # 0, so R is invertible and

a_ o2
l—_

R ‘5[2 —1]
We have

12
ViR = (Ln+.,L,.)[2 _,]

= (Lpy1 +2L,, 2Ly ~ L) = (SFuq1, SEY)
= 5U,
V. = (SU,)R™' =5(U,R™")
=5 LB, B [; _f] = (Fu1 +2F,, 21 = Fy)
= (Lat1. Ln)

as expected. Likewise, UyR =V, and U, = R7'V,.
What is the effect of R on any nonzero vector U = (x, y)? To see this, observe
that:

UR = (x,y)[; _f] = (t+2y,2x — y)

[URZ = (x +2y)? + 2x — y)?
= 5(x* + y») = 5|U)?

Thus, the Fibonacci matrix R magnifies every nonzero vector by a factor of /5.
To find the effect of R on the slope of U, suppose that the acute angles made with
the x-axis by the directions of the vectors U and UR are 6 and 6’, respectively. Then

tan§ = y/x and tan 6’ = (2x — y)/(x + 2y).

tan @ + tan 6’

1 — tan 6 tan 6’

_ W)+ Cx—y)/(x+2y)  y&x+2y)+x(2x —y)
T 1=0/x) - x—y)/(x+2y)  x(x+2y) —y(2x —y)
202 4yh) 5

x2 + y2

tan(6 + 6’y =

(Note that U # 0.)
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Let 2y be the angle between the vectors U and UR. Then 8 + y = 6’ — y, so
2y =6+ 60" Since

2tan
tan2y = Ay
1 —tan?y
it follows that
2tany
1 —tan?y
thatis, tan’y +tany — 1 = 0.
—1£+/5
tany = —5

Since 2y = tan™'2 & 63.43°, y & 31.7175° so, we choose tany = (+/5 — /2=

— B, which is the negative of an eigenvalue for Q. Thus the vector that bisects the angle

between the vectors U and UR has slope —8; it is a vector of the form W = (ax, x).
Consequently, we have the following result.

Theorem 32.3. (Hoggatt and Ruggles) The R-matrix transforms the nonzero vector
U = (x, y) into a vector UR such that |UR| = ~/§]U| and the bisector of the angle
between them is the vector of the form (ax, x) with slope —8. |

Corollary 32.6. The R-matrix maps the vector U, into V,, and V,, into /5U,. =

AN INTRIGUING FIBONACCI MATRIX

In 1996, David M. Bloom of Brooklyn College, New York, proposed the following
problem in Math Horizons:
Determine the sum

Z FiF;F,

i.j k>0
i+j+k=n

The solution provided by C. Libis of the University of West Alabama in the February
1997 issue involved an intriguing, infinite-dimensional Fibonacci matrix:

HO,n
Hl,n

H= :
Hm.n
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where each element /; ; is defined recursively as follows:

hoj =0 if j>0
hjj =1 ifj>1
hij =0 ifi > j
hij = hija+hij +hiyjoy  ifi>1landj>2

As an example:

has = hy3+hag+hi4
= (hay+hyp+hi2)+(haa+hy3+hi3)+ Fy
=0+1+FR)+{l+h 1 +h+h)+FRBl+Fy

By the recurrence relation (Eq. 32.11), it follows that
hij=hja+h j1+hoj o =hj2+h o
where h; o = 0 and i, = 1. Consequently, h, , = F,. Thus

hys =2+[1+0+1+F)+21+3

10

n

(32.11)

The condition, 4 ; = 0 for every j > O implies that the top row of matrix
H consists of zeros; h,; = 1 means, every element on the main diagonal is 1; and
h;,; = 0fori > j meansthe matrix H is upper triangular; that is, every element below
the main diagonal is zero. The recurrence relation (32.11) implies that we can obtain
every element h; ; by adding the two previous elements k; ;_2 and h; ;_; in the same
row, and the element h;_; ;_;, which lies just above h; ;_;, where i > 1 and j > 2.

Using these straightforward observations, we can determine the various elements

of H. Thus:
jlo 1 234 5 6 7 8
L
0oloooo0oo0 0 0 0 0 0 0
1]0 1 1 23 5 8 13 21 34 55
_ 21001 2 5 10 20 38 71 130 235
H = ™
3100 0 1 359 22 51 111 233 474
4 10 0 0 0 1 4 14 40 105 255 593
510 0 0 00 1 15 56 176 487 918

«— F,
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Notice that h3 ¢ = 22 = 34+9+ 10 = h3 4 + h3 5 + h2 4. See the arrows in the array.
Notice also that:

hyy = 38
=1-841-542-343-24+5-1+8-1
= Fihig+ Foh s+ F3hy g+ Fahy 3+ Fshy o + Fghy 4

7 7

=Y Fihs =Y FiF_;
j=1 j=1

= Y FiF

jok=1
J+k=17

More generally, we have the following result.

Theorem 32.4.
han= Y FiFi
Jjk=1
jt+k=n
Proof. (by PMI) When n = 1, the left-hand side (LHS)= h;; = 0 =
Y F;F, = RHS. Thus the result is true when n = 1.
Jok=1
jk=1

Now assume it is true for all positive integers < m, where m > 2:

h2.m = E F]‘ Fk
k=1
Jjrk=m

Then

m
Y FiFe=)_ FiFnu;
j=1

Jkz1
Jtk=m+1

Fij(Fp_j+ Fm_j—1)

-
I
-

Il
.MS

m
FiFuj+ Y FiFn_i_
j=]

.
Il

If
.MS

m~—1
FiFu_j+ Y FiFp_j+ FnF_,
1 j=1

Il
WE

<.
Il
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= hym +hom-t + Fn by the IH
= h2.m + h2.m—| + hl,m

= hymyi

by the recurrence relation (32.11). Thus, by the strong version of PMI, the formula is
true forn > 1. [ ]

Since h,, = Fy, this theorem yields the following result.

Corollary 32.7.
hon = z Fihypni n
i=1

That is, we can obtain every element h;, by multiplying the elements A, ,_,,
Rin-2,...,hy with weights Fi, F,, ..., F,_, respectively, and then by adding up
the products, as we observed earlier. (Recall that h; o = 0.)

Corresponding to this corollary, we have a similar result for row 3 of matrix H
also. It can also be established by PMI, so we omit its proof.

Theorem 32.5.

n
h3,n = Z FihZ,n—i [ ]
i=l

By this theorem, we can obtain every element A3, by multiplying the elements
hyn_i1,han-2, ..., ha with weights F,, F2, ..., F,_, in that order, and then by
summing them up. For example,

2
h3.n = Z Fih2,7—i
1

= Fihy6 + Fahys + Fihya + Fiha 3 + Fshay + Feha
=1-2041-1042-5+3-2+5-14+8-0
= 51

The next corollary provides the answer to the problem proposed earlier.
Corollary 32.8.

hy, = Z FiFiF, ]

i jk>1
i+j+k=n
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Proof. By Theorem 32.5,

h3.n - iFihZ,n—i
i=1

=) F( Y FiF)
i=1

jk=1
Jtk=n—i
ijk>1 n
i+j+k=n
For example:
hys = Z FiF;F
i,j.k=>1
i+j+k=5
= F Z Fij-{-Fz Z Fij+F3 Z Fij
Jok=1 Jok=1 Jok=1
j+k=4 jHk=3 j+k=2

Fi(FiR+ F”E+ FBR)+ FBR(FFR+ FRF)+ F(FF)
=11-24+1-142-H)+11-14+1-1)4+2(1-1)
=9

as expected. In fact, we can generalize Corollaries 32.7 and 32.8 as follows.

Theorem 32.6. (Libis, 1997)
hm,n = Z Fihm—l,n—i m>2 ]
i=1

EXPLICIT FORMULAS FOR h; , AND k3 ,,

In the same issue of Math Horizons (1997), the editor, M. Klamkin of the University
of Alberta, Canada, presented explicit formulas for h; , and hj , by introducing an

operator E:
Ehm,n = hm,n-H

Then
Ezhm.n = Ehm,n-)—l = hm.n+2
(E2 - E — l)hm,n = hm,n+2 - hm,n+l - hm.n
= hpmotns1 byEq. (32.11)

Consequently, (E2 — E — )™h,, , = 0.
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It now follows that h; , must be of the form
hyn=(an+b)F, +(cn+d)F,_, (32.12)
and hj , must be of the form
h3, = (an® +bn + )F, + (dn* + en + f)F,_,

where a, b, ¢, d, e, and f are constants to be determined.
Since ho 1 = 0, hy3 = 1,hy3 = 2, and hy4 = 5, Eq. (32.12) yields the linear
system:
a+b=0 2a+b+2c+d=1
6a+2b+3c+d =2 12a +3b+8+2d =5
Solving this system, we geta = 1/5 = —b, ¢ = 2/5, and d = 0. Thus:
(n—1)F,+2nF,_,

hyp = 5 (32.13)

For example,

6F+14Fs 6-13+14-8
hyq = 7“; LA, JSF =38

Likewise, it would be a good exercise to verify that

5n% —3n — 2)F, —6nF,_
hy, = O 5())" el (32.14)

For example,

heew 8-52-3-5-DF—6-5F _108-5-30-3
= 50 - 50

=9

Since h; , and hs, are integers, it follows that (n — 1) F,, + 2nF,_; = 0 (mod 5) and
(5n2 = 3n — 2)F, = 6nF,_; (mod 50).

AN INFINITE-DIMENSIONAL LUCAS MATRIX

A similar study of Lucas numbers L, yields some interesting and rewarding dividends.
To see this, consider the infinite-dimensional matrix K = (k; ;), where we define
recursively each element k; ; as follows and i, j > O:

(1) ko ;=0

@) k=1

3) kjj1=2,j=1

4 k;=0ifj<i~1

(S kij=kija+kij1+ki_1j1,i=1andj>2.
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Condition (1) implies that row O consists of zeros; conditions (2) and (3) imply
the first two elements in row 1 are 2 and 1; by condition (3), the diagonal below the
main diagonal consists of 2s; and by condition (4), every element below this diagonal
is zero. We can now employ condition (5) to compute the remaining elements of K:
add the two previous elements k; ;_» and k; ;_, and then add the element k;_,;_; just
above k,"j_]I

kiy,j-1
kij_o2 —> kij_1 ki j
Thus
J

i 0 1 2 3 4 5 6 7 B s
0 0 0
1 29 47 <+ Lucas numbers
2 104 189

K= 3 171 355
4 170 407
5 110 315
6 48 169
. All twos

Using the recursive formula,

kin = kin—2+kino1 +kon2
= kl.n—2 + kl.n—l +0
= kin—2+ ki1

where ky o = 2 and k;; = 1. Thus k;, = L,, so row 1 consists entirely of Lucas
numbers.
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Here is an interesting observation:
ka7 = 104
1-184+1-114+2-74+3-44+5-34+8-1+13-2

7
=Y Fikig-j= Y FiL
1

Jj.k=0
j+k=1

More generally, we have the following result, which we prove by strong induction.
Theorem 32.7. (Koshy, 1999)

kon= Y FiL (32.15)

J.k=0
J+k=n

Proof. When n = 0, each side equals 0, so the result is true.
Now assume it is true for every nonnegative integer < m:

bom= Y FiL

jk>0
Jtk=m
Then
m+}
Z FiLy = ZFjL,n+._,
J.k=0 j=0
Jtk=m+1

Fi(Lpy—j + Lp—j—1) + Fny1Lo

Fij—j+ZFij—j—l + Fmii1Lo
0
m—1
FiL,_;+ Z FiLp—j1 4 FaL_1 + FpyiLo
0

= k2.m + k2,m—l +2Fm+l - Fn

il
=Mz o[Ms =[]

= kom + kam—t +kim since 2Fy4| — Fp = L.

= k2,m+l

by the recurrence relation. Thus, by strong induction, the formula holds for alln > 0.
|
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Since k;,, = L,, we can rewrite Formula (32.15) as

kon= Y Fjki, (32.16)
j.r=0
jt+t=n
In words, every element k;, can be obtained by multiplying the elements k; ,_,
kin-2, ...,k in the previous row with weights F\, F», ..., F,_, respectively, and
then by adding up the products, as we observed earlier.
As in Theorem 32.7, we can prove that

n
ksn=3 Fkoui= Y, FFLy (32.17)
0 i k>
i+§-{lfk=0n

For example,
kis = Fokys + Fikaa + Fokas + Fiky g + Fakay + Fskayp
=0-30+1-15+1-842-3+3-24+5-0=35

Formulas (32.15) and (32.17) are in fact special cases of the following result, which
we can establish also using strong induction.

Theorem 32.8. (Koshy, 1999)
kmn =Y Fikm_ini m>2 (32.18)
/=0

Proof. Assuming that the result is true for all m, we shall first prove that it is true
0

foralln > 0. Since k0 =0 = Z Fikyy—y i, the result is true when n = 0.
0
1
Whenn =1, LHS = km_1 and RHS = ZFikm—l,l—i = Fokm—l,l + F|km_|_0 =

0
O+km-10=km_10-Sinceky ) =2 =kjpandk;y =0 =k;_ o fori > 2, it follows
that ky y = kp—1.0 form > 2.
Now assume the result is true for all integers ¢, where ¢ > 2:

t
km.r = Z Fikm—-l.r—i
=0

Then:

t+1 t+1
Y Fikmoti1-i = > Filkmotucict + kmor0-i + km2,0-i)
0 0

t+1 t+1 t+1

= Z Fikm_14-i1 + Z Fikm_1,-i + Z Fikm_2,:-i
0 0 0
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t—1 t 1
= Z Fikp_1.4-iz1 + Z Fikp_1.- + Z Fikin 2,
0 0 0

= km,l—l + km,l +km—|.l
= km,l+|

Thus the result is true for all n > 0.

On the other hand, assume that Eq. (32.18) is true for all n > 0. We shall prove
that it is true for all m > 2. It is true for m = 2 by Eq. (32.15), and for m = 3 by
Eq. (32.17). Assume it is true for all integers < r, where t > 2:

kt.n = Z Fikl—l,n—i
0

Then
n n
Y Fikinoi = 3 Fitkin—ioa +kino1i + keotaoi-i)
0 0
n n n
= Z Fikin-ica+ ) Fikynoii + > Fikioin
0 0 0
n-2 n—1 n—1
= Z Fikjn_i—a + Z Fik;pi-i + Z Fiki_tno1—i
0 0 0
= k!+|.n—2 + k1+l.n—l + k!.n—l
= kl+|.n
Thus the result is true for all m > 2 also. ]

For example,

5 4
kas = Z Fikys_; = Z Fikss_
0 1

= Fik3a+ Fokss + Fikso + Faky ) =15+54+44+0=24

EXPLICIT FORMULAS FOR k; , AND k3 ,

Row 2 of matrix K contains an intriguing pattern:
ko= 0=1-0
kpy = 2=2-1
kyo = 3=3-1
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It
(9
il

k2.4

. 1
: Fibonacci numbers

So we conjecture that ky , = (n + 1) F,,. The following theorem in fact confirms it
using strong induction.

Theorem 32.9. (Koshy, 1999)
ky, =@+ 1)F, (32.19)

Proof. Since k39 = 0 = (0 + 1) Fp, the result is true for n = 0. Now assume it is
true for all integers < ¢, where ¢t > 0. Then

(t+2DFq = 0+ 2)(F + Fy)
=tFh_.1+ ¢+ 1)F + F, +2F_,
But i, +2F_1=F .+ F_1=Lg;
t+2F =th +@+1)F+ L,
= ka—1 + ko, + Ky
= kyr+1
Thus, by strong induction, Formula (32.19) is true for all n > 0. |
We can also establish Formula (32.19) by assuming that k>, is of the form
(an + b)F, + (cn + d)F,_,. Thus
kaan=m+1DF, = ‘: F;L,_; (32.20)
0

Again, k3 , must be of the form (an? 4 bn+c) F, +(dn® +en+ f) F,_;. Using the
initial values of k3 ¢ through k35, we see thata = 1/10 = b,c = —1/5 = —d,e =
2/5, and f = O. This yields

2 +n—2)F, +2n(n +2)F,-,

k3 n
> 10
Since F, + 2F,_; = L,, we can rewrite this as
2)(nL, — F,
ky, = 242 (;’0 n =~ Fa) (3221)

For example,

9(7L7 — F7)  9(7-29 —13)
10 - 10

as expected. It follows from Eq. (32.21) that (n + 2)(nL, — F,) = 0 (mod 10).

=171

k37 =
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More generally, suppose we construct a new matrix G that also satisfies conditions
(1), (4), and (5), and two new conditions:
2)Gy1=a
3)Gia=b

where a and b are arbitrary integers, and G, o = b — a. Then

i
i 0 1 2 3 4 5 b e

0 0 0 0 0 0 0 0

1 b a+b a+2b 2a + 3b 3a +5b <+ GFNs
G=2 3b-a 5b 106 2a+ 18b
T
i 0 2b-a 6b-3a =¥ 13b-4a 29b-T7a

an equal

Row 1 of G consists of the generalized Fibonacci numbers (GFNs) G,; when a =
1=b,G,=F,;andwhena=1landb=3,G, = L,.

We can extend Formula (32.18) to G, as the next theorem shows. Its proof follows
the same lines as in Theorem 32.8, so we skip it.

Theorem 32.10. (Koshy, 1999)
n
Gmn =) FiGp-tn-i m22 (32.22)
i=0

For example,

5 4
Gis = Z FiGys_; = Z FiGys5-i
0 i

= F1Gy4+ F2Ga3 + F3Gaa + FaGa
=5b+@Bb—-a)+2b+3(b—a)=13b—4a

In particular, when m = 2 and m = 3, Formula (32.22) yields

n n
Gun=Y FiGini=) FiGni
0 0



382 FIBONACCI MATRICES

and .
Gin=) FGuni= Y FiFG
0 i,j k>0
i+j+k=n
THE LAMBDA FUNCTION

The lambda function X of a matrix was studied extensively by Fenton S. Stancliff,
a professional musician. We can use the lambda function coupled with Fibonacci
matrices to derive a host of new Fibonacci identities.

Let A = (a;j)nxn. Let A* = (aij + 1)nxn. Thus A* denotes the matrix obtained by
adding 1 to every element of A. Then A(A) = |A*| — | A|, the change in the value of
the determinant. For example, let

a b
a=[2 ]

Then
A*=[a+l b+1]
c+1 d+1
wi=lor b
=@+ DHd+D-GB+D)c+ 1)

= (ad—-bc)y+(a+d—-b—c)
AMA)=a+d-b-c

Suppose we add a constant k to each element in A. Then
|A*] = a+k b+k
c+k d+k

= (ad —bc)+k(ia+d—b—c)
[A*] = |A| + kA(A)

In particular, let A = Q". Then |(Q")*| = |Q"]| + kA(Q"). But A(Q") = F,11 +
Fo.1 —2F, = F,_y — F,_ = F,_3. Therefore, by Cassini’s formula, [(Q")*| =
(=" + kF,_s.

Now let k = F,. Then

Fn+1+Fn Fn+Fn

— (—_1\
Fn+Fn Fn—l+Fn —( 1) +FnFn—3

That is,
Fn+2 2Fn

— (—_1)"
2Fn Fn+l —( 1) +FnFn—3
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This yields the Identity

AF} = FppaFoy) — FaFoss + (=)™ (32.23)

THE P-MATRIX

The Fibonacci matrix

0 01
P=[O 1 2]
1 1 1

was studied by Marjorie Bicknell and V. E. Hoggatt, Jr., of San Jose State College,
and Terry Brennan of Lockheed Missiles and Space Company. As in the case of the
Q-matrix, let us study its powers and look for any pattern:

1 1 1 1 2 4 4 6 9
P2=[2 3 4] P3=[4 7 12] P“=|:12 19 30]
1 2 4 4 6 9 9 15 25

Is a pattern observable? Can we conjecture P"? The pattern is not that obvious, so
keep trying before reading any further.

Notice that:
F? FoF F} F} FiF, F}
P=|2FRF F?-FF 22FF P’ =|2FF, F}-FF, 2FF
F} FIF, F} F} FF; F}
F} FF; F}
P} =| 2FRF;, F}- FF; 2FF,
F} F3F, F}
and so on.

Clearly, a pattern emerges. Can we now predict P*?
We can show by PMI that

F*, F,_\F, F?
P"=|2F,_F, F,,2+|"Fn—an 2FnFn+l
Fn2 FnFn+l Fnz+l
Let
a b c
A=|:d e f]
g h i
Then

ate—b—d b+ f—c—e

M= gih—g—e e+i-h—f
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(see Exercise 31). In particular, let A = P". Then

AP™y = F ,+F, —4F,F, 2F, \F, + 2F,Fpyy — F} — F?,,
3Fp_1Fy + FyFypy — F} — F2, 2F | ~3F,_ F,— F,F,,

Notice, for example, that

2F 1 Fy 4 2F, Fop1 — F} — 1, = 2Fy(Foot + Fugt) — (F7 + F,)
= 2F,Ly — Fapyy
= 2Fn — Fany1
= Fpn = (Fony1 — Faa)
= Fap — Fyn)
= Fp2

We can simplify the other expression entries in A (P™) likewise (see Exercises 40-42).
The resulting determinant is

AP = Fzzn—s an-z'l
-F,, (1)'"—F,F
= Fp3l(=1)" = FasaFari1+ Fr_yFana
= (—=1)"(F2_, = Fo_3F,_3) after simplification
= (—1)"(center element in P""2)
EXERCISES 32

1. Let Q denote the Q-matrix. Prove that Q" = F,Q+ F,_,I, where I denotes the
2 x 2 identity matrix. (Notice the similarity between this result and the formula
o" = Foa + F,-1.)
2. Showthat Q* — Q — I = 0.
3. Provethat (/ + Q+Q*+ -+ Q1)Q— 1) = Q"' — I, where n > 1.
4. Using Identity (32.6), prove Identity (32.7).
Prove each.
5. Fyyn=Fpp1Fu+ FnFpy
« Lmtn = Fmy1Ln + FuLn
.2Fyn=F,L, + F,L,
. 2Lpyn=L,L,+5F,F,
. 2Fp_p = (-V)"(F,L, — F,L,,)
10. 2L, = (=D)"(LmL, — SF, F,)
11, 5(Lp,Ly, + FpF,) =6Lpyyn +4(=1D)"L,_p

O 00 N
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12. S(Lan - Fan) = 4Lm+n +6(_1)"Lm~n
13. Fm_n=('—1)n(Fan—l_Fm—an)
4. L, , = (—l)n(Fm+an - Fan+l)

15. F,,,+,,+an_{’~ F, if n is odd

otherwise
if n is odd
16. Fiuyn l otherwise
5F, F if n i1s odd
17. Lyyyn + Lppep = { otherwise
if n is odd
18. Lyyn ~ = { otherwise
1 Fz ~1 FZ
19. Let M = Prove that M" = iy ot
l: 1 2] l: P, F2n+l
F,, Ln 3 1
LetA, = (Rabinowitz, 1998).
L, Fy

20. Express Ay, interms of A, and A,4,.
*21. Express Ay, in terms of A, and A, only.

22. Let py41 = —pn, where p; = —1. Prove that p, = (—1)".
23. Consider the linear system

Gpx + G,y = Gy
Gryix+Gry = Gpy

where G| = a and G» = b. Use Cramer’s rule to prove that G,_G 41 — G2 =
n(=n".
24. Use Exercise 23 to deduce a formula for L, L, — L;‘:.
Let A bea?2 x 2 matrix and V,, a2 x | matrix such that V,,,; = AV, (Thoro, 1963).
Find V,, in each case.

[1 1 1
25.A=_1 0] V“[l]
[2 1 2
26.A=_1 1] v,_[l]
0

[ 1 0
27. A= 1 ——l] V|=[]]

LetU,, = (F,,,+|, Fn)and V,, = (L1, L), Verify each. (Ruggles and Hoggatt,
1963)

28. UpQ""' = U,y = U, Q

29. V, Q' = Voinpy

30. Find 2(Q").
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a b ¢
31. LetM = l:d e f :l Find A(M) (Bicknell and Hoggatt, 1963).
g h i

32. Compute |P|.
33. Find A(P).

Use the matrix R = [2"“ 2" | ] to answer Exercises 34 and 35.

34. Compute |R|.

35. Find A(R).

_ Gn+k Gn — Gn+k +i Gn +i

Let A = G, G and B = Go+i Gputil where G, denotes the
nth generalized Fibonacci number. Compute each.

36. |A]

37. A(A)

38. |B]

39. Using PMI, establish the formula for P", where P denotes the P-matrix.
Prove each.

40. F2_| + F2,  —4F,_1F, = Fo_3
41. F?+ F} | —3F,_\Fy — FaF1 = FL,

42. 3F,_ Fy+ FoFyoy — 2F2, = FyaFyy — (=1)"
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FIBONACCI
DETERMINANTS

In Chapter 3, we found that Fibonacci numbers and Lucas numbers occur in graph
theory; specifically, they occur in the study of paraffins and cycloparaffins. We now
turn our attention to an additional occurrence of Lucas numbers in graph theory, and
then to some Fibonacci and Lucas determinants.

AN APPLICATION TO GRAPH THEORY

In 1975, K. R. Rebman of California State University at Hayward showed the occur-
rence of Lucas numbers in the study of spanning trees of wheel graphs. Before we
can present the main result, we need to lay groundwork with two lemmas and some
basic vocabulary.

Lemma 33.1. Let A, denote the n x n matrix

3-1 0 O0--. 0
-1 3 -1 0 --. 0
O0-1 3 —-1-... 0

: -1
o 0 0 O0..--1 3

Then IAnl = Fanya.
Proof. by the principle of mathematical induction (PMI)] Since |A,| =3 = F,

and | A, =l 3 -1

~1 3| = 8 = Fg, the result is true whenn = l and n = 2.

387
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Assume it is true for every positive integer & < n. Expanding |A,| by the
first row,

An) = 3Apet+| O 2 O
O 0 0--- -1 3
= 3/Anct] = |42l

= 3Fypn-ny+2 — Fapn-2+2 by the inductive hypothesis

=3F — Fony = Faup

Therefore, the result is true for every n > 1. =

Lemma 33.2. Let B, denote the n x n matrix:

3-1 0 0-.--- 0 ~1
-1 3-1 0--- 0 O
0-1 3-1... 0 O

: 3 -1
-1 0 0 O0--- -1 3
3 =2

) 3 . Then |B,| = Ly, — 2.
Proof. Since |B)| =1 =L, —2and |B;| =5 = L4 — 2, the result is true when
n = 1and n = 2. So assume that n > 3.
Expanding {B,| by the first row, |B,| = 3|A,_1] + [Razil + (= D" Su1l,
where

where B, = (1] and B, = ‘ _

-1 -1 0 O . 0 O
0O 3-1 0-.- 0 O
R, = 0-1 3-1--. 0 O
3 -1
0o 0 0 O -1 3
and

-1 3 -1 A R
0-1 3-1... 0 O
o 0-1 3... 0 O

S =
3 -1
o 0 0 0. -1 3
-1 0 0 O. 0 -1
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Expanding | R,,| by the first column,

-1 0 0..-0 O
3 -1 0..-0 O
= ~|Apl+(-pm| 7L 3 =100

|Rm|

0 0 o0 0 -1
= ~|An_tl + (D" = —[Ap] - 1
= ~Fp — 1
Expanding |S,,| by the first column,

1Sml = (=D)™ + (=D(=1)"""Ap_]
= (=1)"(Fm + 1)

|Bal = 3Fpn + (= Fom — D 4+ (=1)"(=1)""' (Fan2 + 1)
= 3F), - 2F_3 -2
= Lyy =2

A FEW BASIC FACTS FROM GRAPH THEORY

At this point, we need to introduce a few basic terms and some fundamental results
from graph theory for clarity and consistency.

We can represent algebraically a graph G with n vertices by the incidence matrix
A(G) = (aij)nxn, Where

1 if there is an edge from vertex i to vertex j

a;; = .
4 0 otherwise

For example, the incidence matrix of the graph in Figure 33.1 is

1 2 3 4
1F0 1 0 0
211 0 1 1
3101 0 1
4L0 1 1 O

The degree of a vertex v, denoted by deg(v), is the number of edges meeting at v.
For instance, the degree of vertex 2 in Figure 33.1 is three.
Let D(G) = (dij)nxn denote the matrix defined by

di = deg(i) ifi=
Y10 otherwise



390 FIBONACCI DETERMINANTS

Figure 33.1.

For example, for the graph in Figure 33.1,

1 2 3 4

17t 0 00
DG)=2|0 3 0 O
310 0 2 0

4L0 0 0 2

Recall from Chapter 5 that a spanning tree of a graph G is a subgraph of G that is
a tree containing every vertex of G and its complexity k(G) is the number of distinct
spanning trees of the graph. For any graph G, k(G) equals the determinant of any one
of the n principal (n — 1)-rowed minors of the matrix D(G) — A(G). This remarkable
result was established by the outstanding German physicist Gustav Robert Kirchhoff
(1824-1887).

For example, using the graph in Figure 33.1,

1 -1 0 0
-1 3 -1 -1
bO-A@ = o 1 2
0 -1 -1 2
Since
3 -1 -1
-1 2 -1{=3

-1 -1 2

it follows that the complexity of the graph is three, as we found in Chapter 5.

THE WHEEL GRAPH

Let n > 3. The wheel graph W, is a graph with n + 1 vertices; n of them lie on a
cycle(the rim) and the remaining vertex (the hub) is connected to every rim vertex.
Figure 33.2 shows the wheel graphs W3, Wy, and Ws.

We are now ready for the surprise.

Theorem 33.1. k(G) = L,, — 2.
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W3 W, Ws
Figure 33.2.

Proof. Let us denote the rim vertices by v; through v,,, and the hub vertex by v, .
Then

deg(v) = li i)ftll;e;réw'ils: l
Consequently,
3 0 010 o0 0 1
3 1 01 0 0 0
DW,) — A(W,) = | = 3 {01 0 1 00
0 0 0 1

n 000 O

]

1
1

— o

-1 =1 - -

|
l
| .
[ .
l
|
I
I

n

To compute k(W,), any principal (n — 1)-rowed minor will suffice. So deleting row
(n + 1) and column (n + 1), we get k(W,)) = [A,| = Ly, — 2. n

For example, W3 has Lg —2 = 18 — 2 = 16 spanning trees. Figure 33.3 shows all
of them.

Theorem 33.1 was originally discovered in 1969 by J. Sedlacek of The University of
Calgary, Canada, and then rediscovered two years later by B. R. Myers of the Univer-
sity of Notre Dame. At the 1969 Calgary International Conference of Combinatorial
Structures and their Applications, Sedlacek stated the formula as

W) = (3+2J§) ~ (3—2J§) .

In contrast, Myers gave it as k(W,) = Fy,42 — Fon—3 — 2 in a problem he proposed
in 1972 in The American Mathematical Monthly. Obviously, either formula can be
rewritten in terms of the Lucas number L,,.
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L >
3 P >
|-
SN

Figure 33.3.

THE SINGULARITY OF FIBONACCI MATRICES

Now we turn our attention to the singularity of a class of Fibonacci matrices, but first
a definition. A square matrix A is singularif | A| = 0. For example, the matrix [g g]
is singular since [A| =3-8—-6-4=0.

A matrix M, = (ai;)nxa is called the Fibonacci matrix if it contains the first n?
Fibonacci numbers such thata)y = Fi,a1p = F2,....a1n = Fy, a5y = Fuyy, ...,
and a,, = F,2. Thus ajj = F(,'-]),,.;.j, where 1 <i, j <n.

For example, M, = [1],

Ly o 11 2 3
11 5 8 13 21
M2=[2 3] M3=[1§ ~ 32] and Mi=1 34 55 89 144
233 377 610 987

Clearly, |M,]| # 0 and |M;} # 0. But

1 00
3 2 2
13 8 8

Using elementary column operations, it is easy to verify that |{M,4| = 0. Thus both
M; and M, are singular matrices.

IM;3| = =0
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More generally, we have the following theorem, which was observed in 1995
by Graham Fisher, then a student at Bournemouth School, England. Before we can
present its proof, we need the next lemma, which was proposed as a problem in 1969
by D. V. Jaiswal of Kolkar Science College, Indore, India.

Lemma 33.3. Letm, n, p, g, and r be positive integers, and G, the nth generalized
Fibonacci number. Then

Gp Gp+m Gp+m+n
Gq Gq+m Gq+m+n =0
Gr Gr+m Gr+m+n

Proof. Since Gy = Gp Fpi1 + Gm—1 F, (see Chapter 7, Exercise 27), it follows
that

Gk+m+n = Gk+m Fn+l + Gk+m—l Fy (33.1)

Using Eq. (33.1), we can write the given determinant D as

Gp Gp+m Gp+m Gp Gp+m Gp+m—l
D = Fpp Gq Gq+m Gq+m + F, Gq Gq+m Gq+m—l
Gr Gr+m Gr+m Gr Gr+m Gr+m—l
Gp Gp+m Gp+m—|
= Fy1 -0+ F, Gq Gq+m Gq+m—]
Gr Gr+m Gr+m—]

= Fn Gq Gq+m Gq+m-—-|

G,, Gp+m Gp+m-—l‘
Gr Gr+m Gr+m-—l

Subtract the third column from the second:

Gp Gp+m—2 Gp+m-l
G, Gyimz Gaym-
Gr Gr+m—2 Gr+m—1

= F,

Subtract the second column from the third:

Gp Gp+m——2 Gp+m—3
Gq Gq+m—2 Gq+m—3
Gr Gr+m—-2 Gr+m-—3

=F,

Continuing like this, we can reduce the subscripts of the elements in columns 2 and 3
further. At a certain stage, when m is even, columns 1 and 2 would be identical; when
m is odd, columns 1 and 3 would be identical. In both cases, D = 0. [ ]

This lemma has several by-products (see Exercises 2-5).
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Theorem 33.2, |M,| = 0, where n > 3.

Proof. (by PMI) Since the result for n = 3, assume it is true forn = k: | M| = 0,
where k > 3.

Consider My4,. Expanding | M,| by the first row and the resulting cofactors, we
can express {My | as a linear combination of a host of 3 x 3 matrices. Let

Fn U U
M=|Us Us Us
Us U; Usg

where each U; is a Fibonacci element belonging to M. Since we expanded |M; |
and its successive cofactors by their first rows, M preserves the same row order as in
Miyy,s0 Us = Fy, and Ug = F,p42,, where r > 1. Thus

Fm Fm+s Fm-H

M=\ Fnyr Friris Fngrst

Fm+2r Fm+2r+s Fm+2r+l
where s, t > 1. It follows by Lemma 33.3 that {M| = 0. Since every 3 x 3 matrix M
is singular, it follows that M, is singular. Thus, by PMI, M, is singular for every
n>3. [ |

For example,

F¢ F; Fg Fs F Fy Fs Fe Fg
Myl =|Fio Fu Fu|—|F Fn Fol+2|F Fo Fn
Fiy Fis Fis Fi3 Fis Fi Fi3 Fuu Fis
Fs Fe Iy
=3|F Fip Fn
Fi3 Fia Fis
=0~-0+4+2-0-3-0 by Lemma 33.3
=0

Therefore, M, is singular.

FIBONACCI AND ANALYTIC GEOMETRY

Next we pursue a few results in analytic geometry that involve Fibonacci determinants.
They were developed in 1974 by Jaiswal.

Theorem 33.3. The area of the triangle with vertices (G, Gnir), (Gnyps Gripir),
and (Gn4q, Gniq+r) is independent of n.

Proof. Twice the area of the area of the triangle equals the absolute value of the

determinant
Gn Goyr 1

A= Gn+p Gn+p+r 1

Gn+q Gn+q+r 1
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Using the identity G, 1, = G Fryy + G -1 F, for the second column, we can write
this determinant as

G, G, 1 G, G- 1

A= Fr-H Gn+p Gn+p 1|+ F Gn+p Gn+p—l 1

Gn+q Gn+q 1 Gn+q Gn+q—l 1
G, Gnoy 1
A=0+F|Gup Guipr |
Gn+q Gn+q—l 1

Add the negative of column 2 to column I:

Gn—2 Gn—l 1
Gn+p—2 Gn+p—l 1
Gn+q—2 G +g—1 1

A=F,

Now add the negative of column I to column 2:

Gn 2 Gn—3 I
Gn+p—2 Gn+p_3 I
Gn+q—2 Gn+q_3 1

A=F,

Continuing in this way, we get

G, G, 1
A=%F|Gp1 Gpyz 1
Gq+] Gq+2 1

according as n is odd or even. Expanding by column 3,
A =2F[(Gps1Gy42—Gp42G441) = (GG y12—G2G g1 1) H(G G pi2—G2G piy)]
But GnGm+k - Gn+ka = (_1)"+le Fm—nﬂ;

A

d:Fr[(_l)qu—-p - Fq + Fp]u'
+F, (1) Fyep + Fp — Fut

Since this is independent of n, it follows that the desired area is independent of n.
|

Corollary 33.1. The area of the triangle with vertices (Fy,, Fuyn), (Fat2n, Fas3n),
and (Fyyan, Fuysn) is Fp(Fap — 2F24)/2.

Proof. The proof follows from the theorem, since r = h, p = 2h, g = 4h, and
a=b=u=1 [ ]
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Theorem 33.4. The lines through the origin with direction ratios G,, Gnyp, Gniq,
where p and g are constants, are coplanar for every n.

Proof. The direction ratios of three such lines can be taken as G;, Gi4p, Gi+q; G,
Gj+ps Gj+gs and Gy, Giyp, Giyg. The lines are coplanar if and only if

Gi Giyp Gisg

Gj Gjip Gjug
Gy Gk+p Gk+q

D= =0

Using the identity G4y = Gm Fr+1 + Gm—1 Fs, we can express D as the sum of four
determinants, each of which is zero. Therefore, D = 0, and hence the three lines are
coplanar, as desired. a2

Theorem 33.5. The plane containing the family of points (G,, Gusp, Gntq), Where
p and g are arbitrary constants, contains the origin.

Proof. By Theorem 33.4, the given points are coplanar. An equation of the plane
containing any three points of the family of points is

x y z 1
Gi Gitp Giyg 1
Gj Gjip Gjyg 1
Gk Girp Gisg 1

=0

Expanding this determinant with respect to row 1, we get the equation Ax 4+ By +
Cx + D =0, where A, B, C, and D are constants. In fact,

G: Giip Gy
Gj Gjip Gjq
Gk Girep Giug

D=-

=0

by Theorem 33.4. Thus the equation of the plane is Ax + By + Cz = 0, which clearly
contains the origin. ]

In fact, we can show that the equation of the plane is (—1)? F,_,x— F,y+ Fp,z = 0.
In particular, the plane containing the points (G, Gi43, Giyg) is (=13 Fsx — Fgy +
F3z = 0; thatis, 5Sx +2y — 2z =0.

Theorem 33.6. The family of planes G,x + G4,y + Gp492 + Gryr = 0, where p,
g, and r are arbitrary constants, intersect along a line whose equation is independent
of n.

The proof is a bit complex, so we omit it. But we can show that the planes intersect

along the line
("')prx_Fr—p _ Fpy+ F, _z

Fop ~F, Fp
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For example, the planes G,x + G,+2y + G,+32 + Gp4+4 = O intersect along the
line

(-1)Fx—F  Fy+F 2

Fy I F

that is,
x—-2 y+2 2z
1 =2 1
In 1966, D. A. Klarner of the University of Alberta, Canada, developed a fascinat-
ing formula for computing the determinants whose elements satisfy the recurrence

relation

Apy2 = PAnyl — qan (33.2)

where p and ¢ are fixed complex numbers. It is given by the following theorem. Since
the proof is complicated, we omit it.

Theorem 33.7. (Klarner, 1966) Let a, be defined by the recurrence relation a4, =
Pan+1 — qa,, where p and g are fixed complex numbers and n > 0. Let

k .. k

a a a

n n+l n+k
k k k
Ay Guy2 0 Gpgpg
Ar(a,) =
k k k
Apk Cpgkrr T Cagk
k(k+1)/2
Then Ai(@mn+r) =q" kth/ Ai(a,). »

When p = 1 and g = —1, the recurrence relation (Eq. 33.2) yields the Fibonacci
recurrence relation (FRR), so we can employ this theorem to evaluate determinants
of the form A (F,), as the next example illustrates.

Example 33.1. Evaluate each determinant D:

Fn Fn+l
Fn+| Fn+2

(1

Solution. Here k =1 =m, r =0, and a, = F,. By Theorem 33.7,

D = A((F,) = (-1)""??A(F)
_“nFOFl___nOl___'H-I
= (—1) F, F = (-1) 11 =(-1)

That is, F, Fy42 — F,,2+I = (= 1)"*', which, we recall, is Cassini’s rule.
Fl Fl. Fl

(2) Fnz+l F"2+2 Fnz+3
Fn2+2 Fr12+3 Fr12+4
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Solution. Herek =2,m = 1,r =0, and a, = F,.

F§ F F}
D = (-1)"*2Ay(Fp) = (=1)" | F} F} Fgl
F} F} F]
01 1 0 1 1
=(=D>{1 1 4]==D*"|1 1 4
1 4 9 0 35
= (-D*"(=1@) =2(-1)"*! (33.3)

(This example was proposed as a problem in 1963 by Br. Alfred.)

F)  F Fl, Fl,
3) F, §+1 F€+2 Fy F,

F F’l+3 F3+4 F’?‘FS
Fly Fhy Fls Fle

Solution. Here k =3, m = 1,r =0, and a, = F,, so by Theorem 33.7,
R F F F
F} F} F} F}
F} F} F} F}
F} F} F} F}

D = (—1)"3*2A3(Fy) = (-1)%

0 1 1 8 0 1 1 8
11 g8 27 it 1 8 27
i1 8 27 125{7|0 7 19 98
8 27 125 512 0 19 61 296
1 1 8 1 1 8
=—17 19 98 |=-— IO 12 42
19 61 296 0 42 144
= —(12-144-42-42) =136
(This was proposed as an advanced problem in 1963 by J. Erbacker et al.) =

Since Theorem 33.7 holds for any sequence that satisfies the recurrence relation
(Eq. 33.1), we can apply it when a, = G,, the nth generalized Fibonacci number, as

the next example demonstrates.

Example 33.1. Evaluate the determinant

Gn Gn+l Gn+2
Gny1 Gnyza Gus
Gn+2 Gn+3 Gn+4

D=
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Solution. Here k = 1 =m, r =0, and a, = G,. So, by Theorem 33.7,

D = (1" Ay(ap) = (=1)*" A2(Gy)

Go G G, b—a a b
=(=D"G, Gy G3|=(D" a b a+b|=0
Gz G3 G4 b a+b a+2b

(This follows obviously, since column 3 of D is the sum of columns 1 and 2.) |

EXERCISES 33

Evaluate each determinant.

Ln Ln+l
Ln+1 Ln+2

Fp+m Fp+m+n
(Ivanoff, 1968)

F,
2. Fq Fq+m Fq+m+n
Fr Fr+m Fr+m+n
F, Fova  Favod
3. Forzg Favaa Faysa (Finkelstein, 1969)
Fa+6d Fa+7d Fa+Sd
La La+d La+2d
4. \Layza Laysa Laysa (Finkelstein, 1969)

Loted Layra Laysa

G, Gara Gatoa
5. |{Guay3a Gayad Gaysa
Gared Garra Garsd
Fp+k  Fu+k Fua+k
6. |Fay1+k Fopa+k Fopzt+k
Foio+k Foa+k Foatk

Gp+k Gp+m +k Gp+m+n +k
7. {Gy4+k Goim+k Goimin+k
Gr + k Gr+m + k Gr+m+n + k
Fn+3 Fn+2 Fn+l Fn

Fopn Foys Ky Fai

(Alfred, 1963)

(Jaiswal, 1969)

8. Ledin, 1967
Fory Fy Fayz Fa ( )
F,, Fn+l Fn+2 Fn+3
Gues Gryz Gy Gn

g, |Cn+2 Gnis Gn Gni (Jaiswal, 1969)

Gn+l Gn Gn+3 Gn+2
G, Grii Gryz Guis
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10. Show that

(Jaiswal, 1969)

Evaluate each.

L}
11. | L2

12. | G?

13.

n+3

14. Let A be the n x n matrix

Ln+3 Ln+2 Ln+l
Ln+2 Ln+3 Ln
Ln-H Ln Ln+3
Ln Ln+l Ln+2
L3+l L3+2
Lia Lo
L3+3 Lﬁ+4
Grni Grn
G2 Gl
2 2
Gn+3 Gn+4
L?l+l L::'+2 L?l+3
3
L?H-Z Ln+3 Li+4
Lys Lo Lo
3 3 3
Ln+4 Ln+5 Ln+6
3 i
i1
0 i
0 0
0 0
L0 i

FIBONACCI DETERMINANTS

L, Fn+3 Fn+2
Ln+l —25 Fn+2 Fn+3
Lpia Foyi Fy
Ln+3 Fn Fn+l
00 0 17

i 0 0 0

1 0 00

i1 00

0o0 --- 1 i

1 0 - @i 1]

where i = +/—1. Prove that |A| = L,,,. (Byrd, 1963)
Consider the n x n determinant

Enr1(x) =

L

o O o~

[ 2x

i 0 O 0
2x i 0 0
i 2x i 0
0 i 2x 0
o 0 o0 --- 2x
i 1 0 - i

OO O -

i

2x

Fy

Fn+l
Fn+2
Fn+3

where go(x) =0, g1(x) = 1,i = +/—1, and x is any real number (Byrd, 1963).
15. Find the recurrence relation satisfied by g.
16. Deduce the value of g, (1/2).

17. Show that |e€"| = -, where e denotes the base of the natural logarithm and Q
the Q-matrix (Hoggatt and King, 1963).
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18. Compute the following determinant (Lucas).

1 1 600 ---0 0 00
-1 1100 ---0 0 00
-1 110 --- 0 O OO
0 00O0O0C .--- 0 -1 11
0O 00O0O0C..- 0 0 -t 1
19. Let g, denote the number of nonzero terms in the expansion of the determinant
a b 0 0 0 --- 0 0 O 0
-1 ay bz 0 o --- 0 0 0 0
0 -1 as b3 o --- 0 0 0 0
0 0 0 0 o .- 0 -1 a,_)| b,,_l
0 0 0 0 0 --- 0 0 -1 an

where a;b; # 0. Show that g, = F,;; (Bridger, 1967).
20. Show that

2 2 -1 0 0 0 0 00
-1 2 2 -1 0 0 0 00
0 -1 2 2 —1 0 0 0 0
0 0 -1 2 2 0 0 0 0|=F, F.L
0 0 0 0 0 0 -1 1 1
0 0 0 0 0 0 0 —1 1
(Lind, 1971).
21. Evaluate the determinant
a+b ab 0 0 0 0
1 a+b ab 0 0 0
D,=| 0 I a+b ab 0 0 (Church, 1964).
0 o 1 a+b
22. Prove that
Fn2 Fr12+l Fnz+2
F2, F%, Fl,|=2-D""  (Alfred, 1963).
Fn2+2 Fr|2+3 Fnz+4

(Hint: F2,, = 2F%,, + 2F2,, — F2)
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FIBONACCI AND LUCAS
CONGRUENCES

We can employ congruence relation to extract many interesting properties of both
Fibonacci and Lucas numbers. For instance, in Chapter 16, we found that F,,|F, if
and only if m|n; that is, F, = 0 (mod F,) if and only if n = 0 (mod m). In particular,
F, = 0 (mod Fs) if and only if n = 0 (mod 5); that is, F, = 0 (mod 5) if and only if
n = 0 (mod 5). Thus, beginning with Fy, every fifth Fibonacci number is divisible by
5, a fact we already knew.

Furthermore, F3|F, if and only if 3|n; that is, F, = 0 (mod 2) ifand only if n = 0
(mod 3). Thus, beginning with Fy, every third Fibonacci number is divisible by 2,
another fact we already knew.

Consequently, F, = 0 (mod 5) if and only if n = 0 (mod 5), and F,, = 0 (mod 2)
if and only if n = 0 (mod 3). Also, F, = 0 (mod 10) if and only if n = 0 (mod 15).
In other words, beginning with Fy, every fifteenth Fibonacci number ends in a zero,
and conversely, if a Fibonacci number ends in a zero, then n is divisible by 15. For
example, F1s = 610, Fy = 832,040, and Fss = 1,134,903,170 end in a zero.

Are there Lucas numbers ending in a zero? To answer this, let us see if there are
Lucas numbers ending in a 5. Suppose L, = 0 (mod 5) for some integer n. Then, by
the binomial theorem, we have

2L, = (1 +v5" + (1 - /5"
—(n o1 "
=Zoj(,.)(~/§) +;(i)(—~/§)

Ln/2)

= 22& (2"1.)51'=2(1+5m)
=

402
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for some integer m. This yields 2"~'L, = | + 5m. Since L, = 0 (mod 5), this
equation implies 1 = 0 (mod 5), which is a contradiction. Thus, no Lucas number is
divisible by 5. It now follows that no Lucas numbers end in a zero.

Next we turn to a few additional Fibonacci and Lucas congruences. We shall prove
a few of them and keep the others as routine exercises.

Theorem 34.1.
)] L, =0 (mod 2) if and only if n = 0 (mod 3) (34.1)
2) L,=0 (mod 3) if and only if n =2 (mod 4) (34.2)
3) Ifn=0 (mdd 2) and n # 0 (mod 3), then L, = 3 (mod 4) (34.3)

“4) Lpiok = —L, (mod L), where k = 0 (mod 2) and k £ 0 (mod 3) (34.4)
) Fyior = —F, (mod L;), where k =0 (mod 2) and k # 0 (mod 3) (34.5)
6) Lyy12 =L, (mod 8) (34.6)

Proof.

(1) By Exercise 39 in Chapter 5, SF? = L2 — 4(—1)". Suppose L, = 0 (mod 2).
Then 5F? = 0 (mod 2), so F> = 0 (mod 2). Then F, = 0 (mod 2); that is,
F, = 0 (mod F3). Therefore, n = 0 (mod 3).

Conversely, let n = 0 (mod 3). Then F, = 0 (mod F3); thatis, F, = 0
(mod 2). This implies L,Z, —4(—=1)" = 0 (mod 2), so L,, = 0 (mod 2). Thus,
L, = 0 (mod 2) if and only if n = 0 (mod 3).

(5) By Identity 83 onp.91,2F,,4y = Fuly + F, L,y

2F i = FoLy + Fy L,
= FlL} +2(=D"""]1 + FxL,
= 2(—D*'F, + FyuL, (mod L)
= -2F,+ FL;L, (mod L;) since Fy, = Fi Ly
= —2F, (modLy;)

Since k # 0 (mod 3), L, is odd, so (2, L;) = 1. Thus F, o = —F, (mod L;).
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(6) Since 2Ly, = SFn F, + Ly L, (see Identity 84 on p. 91) we have
2Lpv12 = SFFia+ Lyl
= 5.144F, + 322L,
Lpy12 = 360F, + 161L,

=0+L,=L, (mod?B)
|

For example, let n = 15 and k = 8. Clearly, k is even, and k is not divisible by 3.
Then Ly = Lg = 47. We have

) Lpi2e = F31 = 3,010,349 = 46 (mod 47) and
—L, = —L;5 = —1364 = 46 (mod 47)
L3y = —L5 (mod 47)
) Foix = F3, = 1,346,269 = 1 (mod 47) and
—F;5 = —610 =1 (mod 47)
F351 = —Fj5 (mod 47)

Property (3) can be stated in words: If » is an even integer, not divisible by 3, that
is, if n is of the form 6k +2, then L,, = 3 (mod 4). For example, letn = 20 = 6-3+2.
Then Ly = 15,127 = 3 (mod 4). Likewise, L = 2207 = 3 (mod 4).

LUCAS SQUARES

Are there Lucas numbers that are perfect squares? Clearly, L} = 1 and L3 = 4 are
squares. Are there any others? In fact, in April 1964, J. H. E. Cohn of the University
of London, UK, established that there are no other such Lucas numbers. His proof
hinges on the following formulas:

Ly, =2L2 +2(—1)""! (34.7
If k = 0 (mod 2) and k # 0 (mod 3), then L; = 0 (mod 4) (34.8)
If k =0 (mod 2) and k # 0 (mod 3), then L,y = —L, (mod L;) (34.9)

Theorem 34.2. The only Lucas numbers that are perfect squares are 1 and 4.

Proof. Let L, be a perfect square x* for some positive integer n : L, = x.

Suppose » is even, say, n = 2r. Then L, = L,, = L? £ 2, by Identity 34.7. Since
L% is a square, L? + 2 cannot be a perfect square. This is a contradiction.

Suppose n is odd. Letn = 1 (mod 4). If n = 1, then L, = 1 is a perfect square. So
assume n > 1. Then we can write nasn = 1 + 2 - 3'k, where i > 0 and k is an even
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integer not divisible by 3. Therefore, by Identity (34.9), L, = —L, = —1 (mod Ly).
Since —1 is a quadratic residue of L by identity (34.8), it follows that L, cannot be
a square.

On the other hand, let n = 3 (mod 4). If n = 3, then L, = L3 = 4 is a perfect
square. Suppose n # 3. Thenn = 3423k, where i > 0 and & is an even integer not
divisible by 3. Then, by Identity (34.9), L, = —L3 = —4 (mod L;). Consequently,
L, cannot be a perfect square.

Thus, the only Lucas numbers that are perfect squares are 1 and 4. ]

The next theorem, also discovered by Cohn in 1964, identifies Lucas numbers of
the form 2x2. Its proof uses the following formulas:

L, = 0 (mod 2) if and only if n = 0 (mod 3) (34.1)
L, = 0 (mod 3) if and only if n = 2 (mod 4) (34.2)
Fo,=(-=D)""F, (5.17)
L_,=(-1"L, (5.18)

Lpy12 = L, (mod 8) (34.6)

Theorem 34.3. Let x be an integer such that L, = 2x2. Then n = 0 or £6.

Proof. Since x> =0, 1, or 4 (mod 8), L, = 2x? = 0 or 2 (mod 8).

Since L, is even, by Identity (34.1), n = 0 (mod 3). So 3|n.

Suppose n is odd. Then n is of the form 12g + r, where 0 < r < 12. Since n is
odd and is a multiple of 3, r = 3 or 9. Thus, n is of the form 12 + 3 or 12q + 9.
If n = 12¢q + 3, by Identity (34.6), L, = Lj3,43 = L3 = 4 (mod 8). This is a
contradiction, since L, = 0 or 2 (mod 8).

Ifn =129 +9, L, = Li2q+9 = Ly = 4 (mod 8). This, again, is a contradiction.
Thus n cannot be odd.

Suppose n is even. Then n is of the form 8¢,8t &2, or 8t + 4. If n = 8¢ or
8 =4,n=0(mod4).Ifn =0, then L, = Ly =2 = 2 1? has the desired form. If
n # 0, n has the formn =2 -3 - k. Then, 2L, = —2Ly = —4 (mod L;). Therefore,
2L, cannot be a perfect square y*. Consequently, L, cannot be of the form 2x2,

Suppose n = —2 = 6 (mod 8). If n = 6, then Lg = 2 - 3% has the desired property.
On the other hand, if n # 6, then n is of the form n = 6 4+ 2 - 3/ - k, where 4|k and
3 fk. Therefore, 2L, = —2L¢ = —36 (mod L;). It follows, by Identities (34.2) and
(34.3), that —36 is a quadratic nonresidue of L;. Thus, as earlier, L, cannot be of the
form 2x2,

Finally, if n = 2 (mod 8), then, by Identity 5.18, L_,, = L,. Therefore, —n = 6
(mod 8). This yields —n = 6,son = —6.

Thus, if L, is of the form 2x2, then n = 0 or +6. [ ]



406 FIBONACCI AND LUCAS CONGRUENCES
SQUARE FIBONACCI NUMBERS

Historically, one of the oldest conjectures in the theory of Fibonacci numbers is that
0, 1, and 144 are the only perfect squares. In 1963, M. Wunderlich conducted an
extensive computer search among the first one million Fibonacci numbers, but did
not unearth any new ones. Surprisingly, the conjecture was confirmed by Cohn the
following year.

Theorem 34.4. If F, is a perfect square x2, then n = 0, 1, 2, or 12.
Proof.

Case 1. Let n be odd. Then n = £1 (mod 4).

Suppose n = 1 (mod 4). If n = 1, then F| = | = 12 is a perfect square. If n # 1,
then n must be of the formn = 1 +2 -3’ . k. So, by Identity (34.5), F, = —F, = -1
(mod L;). Consequently, F, cannot be a perfect square.

On the other hand, suppose n = —1 (mod 4); that is, —n = 1 (mod 4). Then
F_, = F,, so, by the preceding subcase, —n = 1, thatis,n = —1.

Case 2. Let n be even, say, n = 2s. Then F, = F, = F,L; = x*.

Suppose 3|n. Then F3|F,, that is, 2|F,. So F, = 2y? and L, = 2z for some
integers y and z. Then, by Theorem 34.3, n/2 = s = 0 or £6; that is, n = 0 or £12.

Whenn =0, F, = Fp =0 =2-0% whenn = 12,F, = Fg = 8 =222,
but, when n = —12, F, = F_¢ = (=1)’Fs = —8, which is not of the form 2y2.
Therefore, n = 0 or 12.

Suppose 3/n, so F, is not even. Then F; = y? and L; = z? for some integers y
and z. By Theorem 34.2,n/2 =s =1o0r3,son =2 or6.

Whenn =2, F, = F, = 1%, butwhenn = 6, F, = F3 = 2 is not a perfect square.
Thus n = 0, 1, 2, or 12, as desired. [ ]

It follows from this theorem that the only distinct positive Fibonacci numbers that
are perfect squares are 1 and 144,

Cohn also proved that 0, 2, and 8 are the only Fibonacci numbers that are of the
form 2x2. This is the essence of the next theorem.

Theorem 34.5. If F, is of the form 2x2, then n = 0, £3, or 6.
Proof.

Case 1. Let n be odd. Then n = %1 (mod 4).

Suppose n = ~1 = 3 (mod 4). If n = 3, then F, = F; = 2 = 2 - 12 has the
desired form. If n # 3, n is of the form n = 3 + 2 - 3/ . k. Then, by formula (34.5),
2F, = —2F, = —4 (mod Ly), that is, x> = —1 (mod L), so F, cannot be of the
given form.

Suppose n = | = —3 (mod 4). Then —n = 3 (mod 4)and F_, = F,,s0 —n =3
by the preceding paragraph. This yields n = —3.
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Case 2. Let n be even, say, n = 2s. Then F, = F,;, = F,L, = 2x2. So either
F, = y*and L, = 27%, or F; = 2y? and L, = z? for some integers y and z.

By Theorems 34.3 and 34.4, the only value of s that satisfies the equations F, = y?
and L; = 2z%iss = 0. Thenn = 0.

Suppose F;, = y* and L; = 2z2. By Theorem 34.2, s = 1 or 3. But F is not of
the form 2y?, sos # 1. But F; = 2- 12, so F, = 2y? is solvable when s = 3. Then
n==6.

Thus, collecting all the possible values of n, we have n = 0, £3, or 6. ]

A GENERALIZED FIBONACCI CONGRUENCE

In 1963, J. A. Maxwell proposed the following problem:
Generalize the congruences

1 (mod 5) Fo13" + F,3"' =1 (mod 11)
1 (mod 29)

Fpp12" + F 2!
Fn+|5n +Fn5n+l

where n > 0. Their generalization, although not quite obvious, is
Forp"+ Fop"t =1 (mod p>+ p—1) (34.10)

where p is an arbitrary prime (see Exercise 25).

Interestingly enough, we can generalize Congruence 34.10 even further to include
the generalized Fibonacci numbers G,, where n > 2.

The following theorem gives the desired generalization.

Theorem 34.6. (Koshy, 1999). Letm > 2 and n > 0. Then
Guyim" + G,m™ ' =a(l —m)+bm (mod m*> +m — 1) (34.11)
Proof. We shall prove this using the strong version of induction on n.
Since G, m°+Gom = a+(b—a)ym = a(1 —m)+bm = a(l —m)+bm (mod m?+

m—1) and Gom + G ym? = bm + am? = a(l — m) + bm (mod m? + m — 1), the
result is true when n = 0 and 1.

Now assume it is true for all integers i, where 0 < i < kand k > 1. Then

ka"_] + Gk_,mk = a(l —m) + bm (mod m:+m-— D

Gipm* + Gem**t! = a(1 —m) + bm (mod m* + m — 1)
Gipam ™! + Gipym*? = (G + Gop )™ + (Gt + Gym* 2

= m(Grpym* + Gm**"y + m2(Gim* ™' + Gy mb)

it

mla(l —m) + bm] + m?[a(l — m) + bm]
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(mod m?> + m — 1)
= (m +m*[a(l —m) + bm] (mod m® +m — 1)
= l[a(l —~ m) + bm] (mod m? + m — 1)
= [a(1 —m) + bm) (mod m* +m — 1)

Thus Congruence 34.11 is true for all integers n > 0. |
Corollary 34.1.

Fopm” + Fom™! = l(mod m® + m — 1) (34.12)

Lygim™ + Lym™" =1 + 2m(mod m® + m — 1) (34.13)

[

Formula (34.12) follows from Eq. (34.11) when a = 1 = b, and Eq. (34.13) when
a=1land b =3.
For example, let n = 12 and m = 15, s0 m?> +m — 1 = 239. Then
Fi315% 4 F515" = 233.15'2 + 144 - 15"
233 .80 + 144 . 5 (mod 239)
= 1 (mod 55)

i

Likewise,

Li77" + L1677 = 3571. 7' 42207 - 77
= 3571 -26 + 2207 - 17 (mod 55)
= 15=1+4+2-7 (mod 55)
Interestingly enough, Theorem 34.6 can be extended to negative subscripts. To

establish the generalization, we need the following lemma, which we shall establish
using strong induction.

Lemma 34.1. (Koshy, 1999). Letm > 2and n > 0. Then
Fooi —mF, = (—=D)"m" (mod m®+m — 1) (34.14)
Proof. Since F.y —mFy =1 -0 =1 = (—1)°m° (mod m?> + m — 1) and

Fo—mF;, =0—m = (—1)'m' (mod m? + m — 1), the result is true for n = 0 and
n=1.
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Now, assume it is true for every nonnegative integer < k, where k > 2. Then

Fe—=mFeyy = (Fya+ Feo)) —m(Feoy + Fy)
= (Frm2 —mF_) + (Fr-1 —mFy)
= (=D 'm* 4 (= km* (mod m? 4+ m — 1)
= (-D*'m* ' —m) (modm®> +m — 1)
= (—D*'m*'m?* (modm* +m — 1)

= (-=D"*'"m**! (mod m?* +m — 1)
Thus, by strong induction, Formula 34.14 is true for all n > 0. [

For instance, Fi; — 5Fj3 = 144 — 5233 = 23 = (—1)"35" (mod 29).

Curiously enough, Formula 34.14 does not hold for Lucas numbers, thatis, L, _; —
mL, # (—1)"m" (mod m®> + m — 1). For instance, Ly — 6L,y = 76 — 6 - 123 = 35
(mod 41), whereas (—1)'96'° = 32 (mod 41).

The lemma yields a fascinating by-product, as the next corollary reveals.

Corollary 34.2. L, = (—1)"2"*! =2.3" (mod 5).

Proof. By Lemma 34.1, F, — 2Fpy; = (—1)"*12"*! (mod 5). But 2Fy,, — Fy =
Fop1 + (Fuy1 — Fy) = Foyy + F,_y = L,,. Therefore, —L, = (—1)"*'2"*! (mod 5);
thatis, L, = (—=1)"2"*! (mod 5). ]

For example, Lo = 123 =3 = (- 1)''2'! (mod 5).
The next corollary follows from Corollary 34.2 since 3* = 1 (mod 5).

Corollary 34.3. L,, = 2 (mod 5), L4pyy = 1 (mod 5), Lsyy2 = 3 (mod 5), and
L4ps3 = 4 (mod 5). [ ]

For example, L3 = 322 =2 (mod S5), L3 =521 = 1(modS), L14 =843 =3
(mod 5), and L4 = 1364 = 4 (mod 5).
With Lemma 34.1 and the fact that
Gon=(=1)""(aFu12 — bFuy1) (34.15)

we are now ready to generalize Theorem 34.6.

Theorem 34.7. (Koshy, 1999). Let m > 2 and n be any integer. Then

Gpym" + G,m™*" = a(l — m) + bm (mod m?>+m-—1)
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Proof. By virtue of Theorem 34.6, it suffices to show that Formula (34.11) holds
when n is negative. We have:

G_ppm™ + G_nm—n+l - m'"G_(,,_I) +m_"+'G_,,
=m"[(=1)"(aFpy) — bF,)}
+m (1) @Fu42 — bFy)]
= a(=1)"m ™" (Fpp1 — mFy3)
= b(=1)'m™"(F, —mF, )
a(_l)nm—n[(_l)n+2mn+2]
— b(=1"m ™" [(=1)""'m"*'] (mod m® + m — 1)

= am? + bm (modm2+m—1)

= a(l —m)+bm (modm?> +m — 1)
as desired. [ ]
For example, let n = —8 and m = 6. Then
L7684+ L 3677 = (~29)-68447.677
=12-6846-67=12-6"%+67° (mod 41)
=Q2-67'+1)-6°=(@2-74+1)-7° (mod 41)
=15-20=13 =1 4+ 2- 6 (mod 41)

Likewise, F_75"8 + F_3577 = 13.57% 4+ (=21) - 577 = 1 (mod 29).

The next theorem shows that every prime p divides some Fibonacci number. Its
proof employs the number-theoretic Legendre symbol, so we omit the proof. (See
Hardy and Wright, p. 150, for a proof.)

Theorem 34.8. Let p be a prime. Then F,_; = 0 (mod p) if p = +1 (mod 5) and
Fpy1 =0 (mod p)if p = £2 (mod 5). [ ]

For example, let p = 19 = —1 (mod 5). Then F,,_, = Fig = 2584 = 0 (mod 19).
Likewise, p = 23 = —2 (mod 5) and F, | = F24 = 46,368 = 0 (mod 23).

The next result was discovered in 1967 by Martin Pettet of Toronto. We will need
it in the proof of the following theorem, so we label it a lemma. The theorem was
discovered in 1970 by J. E. Desmond of Florida State University.

Lemma 34.2. (Pettet, 1967) Let p be a prime. Then L, = 1 (mod p).

Proof. By the binomial theorem,

L,=

I
[=]
N
(o™
N
U

1
2p-1
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Since p is a prime, (‘j’) = 0(mod p) for 0 < j < p. Therefore,
1
Lp = ZT_T(mOd p)
But, by Fermat’s little theorem, 27~! = 1 (mod p). Thus L, =1 (mod p). ]
For instance, let L4z = 969,323,029 = 1 (mod 43), as expected.

Theorem 34.9. (Desmond, 1970) Let p be a prime. Then F,, = F, F, (mod p) and
Ly =L,L, =L, (mod p).

Proof. [by the principle of mathematical induction (PMI)] We shall prove the first
result and leave the second as an exercise. The statement is clearly true whenn = 0
and n = 1. So assume it is true for every integer n < k, where k > 1.

Since F,4; = F,L; + (—1)° F,_, (this identity was established in 1963 by I. D.
Ruggles), Fupip = FupLp + (=1)P*' Fop_pp. SO Fiuityp = Fup + Fne1), (mod p),
by Lemma 34.1. Then

Foinp = Fip+ Fo-yp = FrFp + Fr_1 F, (mod p)
(Fe + Fk—l)Fp = Fk.,.,Fp (mod p)

Thus F,, = F, F, (mod p) for every prime p and for every integer n > 0. ]

For example, letn = 4 and p = 7. Then F,, = F4y = 3, F, = F; = 13, and
Fop = Fi3 =317811 =4 =313 = F F; (mod 7). Likewise, Lyg = 710,647 =
729 = L4L7 (mod 7).

The next result was developed in 1977 as an advanced problem by L. Carlitz of
Duke University.

Theorem 34.10. Then L,: = | (mod pz) ifand only if L, = 1 (mod pz), where p
is a prime.

Proof. We have

n-1
l=(@+B)" =L+ (:)a"ﬁ"—"
1

p—1 pr-1 2
Ly=1-Y_ (f)a"ﬂp—" and  Lp=1-) (’;{ )a"ﬂ"’-"

. pY _P(p-1 p—1
Since (k) = k(k—l)and (k—l)

L, = 1 (mod p?) if and only if

(=D)¥=! (mod p), it follows that

il

|l R Y =
Z (—113-—41“,3!’—" =0 (mod p)
1



412 FIBONACCI AND LUCAS CONGRUENCES

2
Since pfk, (1;( ) = 0 (mod p?) and

2 2
PPY_P( (P —1\_ _(uP 2
<pk)—k(pk_1)—( D™ (mod p%)

Thus L,2 = 1 (mod p?) if and only if

P~ k—1
Z( D™ yrg# =P = 0 (mod p)
1

Since

k—1 P k-1
(B ) SR o
1

1

pl

it follows that L 2 = 1 (mod p?) if and only if Y ((=1)*~!/k)a* P~ = 0 (mod p).
I

Thus L, = 1 (mod p?) if and only if L, = 1 (mod p?). u

More generally, we have the following result.

Theorem 34.11. (Carlitz, 1977) L,» = 1(mod p?)if and only if L, = 1 (mod p?),
where p is a prime and m > 2. ]

The next example was proposed as a problem in 1977 by G. Berzsenyi of Lamar
University in Texas.

Example 34.1. Prove that L2 = 3 (mod 10), where m,n > 1.

2mn

Solution. Since Lokynym = (@™)*F! + (Bm)*+1 it follows that Lyl L ak+1ym-

Case 1. Let n = 2k + 1 be odd. Then, by Exercise 41 in Chapter 5,
Lowm = L2, = 2(=1)" = LYy 1y — 2(=1)"

[ Lonm +2 if miseven

L2 = .
(2k+1)m Lowm —2 otherwise

Consequently, (Logm +2)(Laam —2) = an — 4 is divisible by Lka +1)m»> and hence
by L2. Thus L%, =4 (mod L), where m is odd.

Case 2. Let n = 2k be even. We shall prove this half by PMI on k. When k =1,
Lopm = Lam = L%,,, -2
= [L —2(-D)"P -2= Ly —4(=1)"L} +2

Thus Ly, = 2 (mod L2),s0 L3, = 4 (mod L2).
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Assume the result holds for all positive even integers less than n = 2k. Then

Lowm = Lagm = L3, =2

Lowm —2 = L3, —4

By Case 1 and the inductive hypothesis, L2,, = 4 (mod L2). Thus Ly, = 2
(mod L2),s0 L3, =4 (mod L2).

Thus the result holds in both cases. =

An intriguing theorem that combines Fibonacci numbers with Euler’s phi function
¢. ¢(n) denotes the number of positive integers < n and relatively prime to it. For
example, ¢(1) = 1, ¢(5) = 4, and ¢(6) = 2.

The theorem was proposed originally in 1965 as an advanced problem in The
Fibonacci Quarterly by D. Lind of Falls Church, Virginia. An incomplete proof by
J. L. Brown, Jr., of Pennsylvania State University appeared in the Quarterly in the
following year. It resurfaced as a problem in 1976 by C. Kimberling of the University
of Evansville, Indiana, in The American Mathematical Monthly. In the following year,
P. L. Montgomery of Huntsville, Alabama, provided an elegant solution using group
theory. In 1980, V. E. Hoggatt, Jr., and H. Edgar of San Jose State University provided
an alternate proof of the theorem.

Theorem 34.12. ¢(F,) = 0 (mod 4), where n > 5. [ ]

For example, ¢(Fi9) = ¢(55) = ¢(5-11) = ¢(5)- ¢ (11) = 4-10 = 0 (mod 4) and
@(F17) = ¢(1597) = 1596 = 0 (mod 4).

EXERCISES 34

Verify Corollary 34.1 for the given values of m and n.
l.m=13,n=S5
2 m=20,n=11
Verify Corollary 34.2 for the given values of m and n.
3. m=1l,n=>5
4. m=18,n="7
Prove each, where m, n, k > 1 and p is a prime.
5. F, = 0 (mod 3) if and only if n = 0 (mod 4).
6. F, = 0 (mod 4) if and only if n = 0 (mod 6).
7. F, = 0 (mod 5) if and only if n = 0 (mod 5).
8. L2 = Ly, (mod 2)
9. L2 = F? (mod 4)
10. L2 =L, L,y (mod 5),n > 2
11. 2L,4n = L,y L, (mod 5)
12. Fis, = 0 (mod 10)
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13.
14,
15.
16.
17.
18.
19.
20.
21
22.
23.
24.
25.
26.
27.
28.
29.
30.
31
32.
33.
34.
35.

36.

37.

38.
39.

A GENERALIZED FIBONACCI CONGRUENCE

L(2k——l)n =0 (mOd Ln)

F, = (—1)"n (mod 5)

Fu+24 = F, (mod 9) (Householder, 1963)
Fay3 = F, (mod 2)

F3, = 0 (mod 2)

F.+5 = 3F, (mod 5)

Fs,, = 0 (mod 5)

Identity (34.2)

Identity (34.3)

Identity (34.4)

L3, = 0 (mod 2)

Li;, =0(mod L,)

(F,, L,) = 2if and only if n = 0 (mod 3)
L,=3L,_; (mod5)

3Lopn = (—'1)"_l (mod 5)

nL, = F, (mod 5) (Wall, 1964)

L, =1 (mod p) (Pettet, 1967)

2"L, = 2 (mod 5) (Wall, 1968)

2" F, = 2n (mod 5) (Wall, 1968)

L,, = L, (mod p) (Desmond, 1970)

Fs» = 5" (mod 5"*?) (Bruckman, 1980)
Ls. = Lsw+i (mod 5"3) (Bruckman, 1980)
(5F»)? + 4% = (L2)? (mod 5F?) (Freitag, 1982)
Let L(n) = L, and t, = n(n + 1)/2. Then L(n) = (—1)>~} (mod 5) (Freitag,
1982).

20

3" Foti = 0 (mod Fyp) (Ruggles, 1963)

i=1

The Lucas numbers L~ end in the digit 7; that is, L4, Lg, L6, L3;,...end in 7.
Compute Fg,, F,, Lf,, Li,.

Prove each, where n > 1.

40.

41.

42.
43.

F, # —0(mod 5)

Frg, = 0 (mod 5) if and only if n = 0 (mod 5)
F, =L, (mod?2)

F,F,=L,L, (mod2)
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FIBONACCI AND LUCAS
PERIODICITY

A cursory examination of the units digits of the Fibonacci numbers Fy through Fsg
reveals no obvious or interesting pattern. But then take a look at the ones digits in
Fgo and Fyy; they are the same as those in F| and F,. That is, Fgo = Fy (mod 10)
and Fg; = F| (mod 10). So, by virtue of the Fibonacci recurrence relation (FRR), the
pattern continues: Fg4; = F; (mod 10).

More generally, we have the following result.

Theorem 35.1. Leti, n > 0. Then Fgp,+; = F; (mod 10).

Proof. [by the principle of mathematical induction (PMI)] The statement is clearly
true when n = 0. So, assume it is true for an arbitrary integer k > 0: Fgoq; = F;
(mod 10). Notice from the Fibonacci table that Fgy = 0 (mod 10) and Fs¢ = 1 (mod
10). Then:

Feo+1)+i = Fiook+i)+60
Fook+i+1Feo + Feox+i Fs9, by Identity 5.22
= Feoksi 0+ F; - 1 (mod 10)
= F; (mod 10)

Thus, by PMI, the statement is true for every n > 0. [ |

For example, Fi4 = 377 = 7 (mod 10), so F74 = Fij4 = 7 (mod 10). To confirm
this, notice that Fy4 = 1, 304, 969, 544, 928, 657 ends in 7.

Let p be the smallest positive integer such that F,,; = F; (mod 10) for every
i. Then p is called the period of the Fibonacci sequence modulo 10. By virtue of

415
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Theorem 35.1, p < 60. But when we examine the ones digits in Fg through Fsq, we
see no repetitive pattern, so p > 60. Thus p = 60; that is, the period of the Fibonacci
sequence modulo 10 is 60.

In 1963, using an extensive computer search, S. P. Geller of the University of
Alaska established that the last two digits of F, repeat every 300 times, the last three
every 1500, the last four every 15,000, the last five every 150,000, and the last six
digits every 1,500,000 times. That is,

Friz0 = Fr(mod 300), Fat1500 = Fr(mod 1500),
Fay15,000 = Fr(mod 15,000),
Fur150000 = F,(mod 100,000), and
Fut1,500,000 = F,(mod 1,000,000)

Thus F,300 = F,, (mod 300) and F,,5x 0k = F, (mod 10¥), where 3 < k < 6.

It is reasonable to ask if the Lucas sequence is also periodic modulo 10. If it is,
what is the period? To answer these questions, let us extract the ones digits in Lg
through L. Theyare 2, 1,3,4,7,1,8,9,7, 6, 3, and 9. There is no pattern so far,
so the period is at least 12. But, by virtue of the Lucas recurrence relation (LRR), we
obtain every residue modulo 10 by the sum of the two previous residues modulo 10.
So the next two units digits are 2 and 1. Clearly, a pattern begins to emerge. Thus,
the Lucas sequence modulo 10 is also periodic; its period is 12; that is, Ly24; = L;
(mod 10).

More generally, we have the following theorem. We leave its proof as an exercise
(see Exercise 10).

Theorem 35.2. Leti,n > 0. Then L,4; = L; (mod 10). a

For example, Li; = 199 = 9 (mod 10), so, by Theorem 35.2, L47 = 9 (mod 10).
This is true since L47 = 6, 643, 838, 879 ends in 9.

SQUARE LUCAS NUMBERS REVISITED

In February 1964, Br. Alfred published a neat and simple proof of the fact that 1
and 4 are the only Lucas numbers that are perfect squares. His proof hinges on the
periodicity of the Lucas sequence modulo 8.

Since Ly = 2 (mod 8) and L; = 1 (mod 8), it follows that L; = L;_y + L;
(mod 8), where i > 2. For example, Ly = 7 (mod 8) and Ly = 4 (mod 8), so
Lig = 7+ 4 = 3 (mod 8). Table 35.1 shows the residues of the Lucas numbers
modulo 8, where 0 < i < 11.

It follows from the table that L;; = 2 (mod 8) and L;3 = 1 (mod 8).
Consequently, Lo = L, (mod 8) and L) = L3 (mod 8). By virtue of the LRR, the
Lucas residues continue repeating. Thus there are exactly 12 distinct Lucas residues
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TABLE 35.1.
i 0 1 2 3 4 5 6 7 8 9 10 11

L;(mod8)| 2 1 3 4 7 3 2 5 7 4 3 7

modulo 8, as the table shows. The period of the Lucas sequence modulo 8 is twelve,
that is, L; 112 = L; (mod 8). More generally, L5,; = L; (mod 8), where n > 0.

Since the least residue of a perfect square modulo 8 is 0, 1, or 4, it follows from
Table 35.1 that the only Lucas numbers that can be squares are those of the form
Ly2k+i, where i = 1, 3, or 9. This observation narrows considerably our search for
Lucas squares.

In order to identify the Lucas squares, we need the results in the following
lemma.

Lemma 35.1. Letm,n >0,r > 1,and ¢t = 2". Then

l. Ly =L2-2

2. (L;,2)=1

3. Lyyyi =—L; (mod Ly)
4. Lgpir = 3 (mod 4)

Proof.

1. Since Ly, = L2 — 2(—1)", it follows that L,, = L? — 2.

2. By Identity (34.1), L, = 0 (mod 2) if and only if n = 0 (mod 3). Since 3 /¢,
2 Y L,. Therefore, (L,,2) = 1.

3. Since 2Ly =5SF, F, + L,y L, we have

2Loyi = 5FyFi + Ly L,
SF,L Fi+ Li(L} = 2)
—2L;(mod L,)

But (L;,2) = 1,s0 Lyyy; = —L; (mod L,).
We shall leave the proof of part 4 as an exercise (see Exercises 12 and 15). ]

We are now in a position to establish the theorem. The following proof is essentially
the one given by Br. Alfred.

Theorem 35.3. The only Lucas numbers that are perfect squares are 1 and 4.
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Proof. Clearly, L, = 1 and L3 = 4 are perfect squares. Let i, k > 1. Then
12k = 2mt for some odd integer m and t = 2", where r > 1. By the repeated
application of Lemma 35.1, we have

Lisk+i = Lomeyi
= ~Lym-1y+i(mod L,)
(=1)*Lagm—2yr+i(mod L,)

il

= (-1)"L;(mod L,)

= —-L,, since m is odd

Case 1. Leti = 1.Then Ly3x+1 = —L; = —1(mod L,). Since 2|z and 3 /', it follows
by Theorem 35.1 that L, = 3 (mod 4). Consequently, —1 is a quadratic nonresidue
of L,; that is, x2 = —1 (mod L,) has no solutions. Thus L%, is not a perfect
square.

Case 2. Leti = 3. Then L %43 = —L3 = —4 (mod L,). Again, —4 is a quadratic
nonresidue of L,, so L3+3 cannot be a perfect square.

Case 3. Leti = 9. Then Lj49 can be factored as Ly 49 = L4k+3(L§k+3 + 3) (see
Exercise 17).

Suppose dL4;43 and dI(Lﬁk+3 + 3). Then d|3, sod = 1 or 3. But the only Lucas
numbers divisible by 3 are of the form L4, (see Exercises 19-21). So d [ (4k + 3).
Thus d = 1, 50 (L4k+3, L§k+3 +3) = 1. Therefore, if L|349 is to be a perfect square,
both factors must be squares.

Clearly, L4 43 is not a perfect square when & = 1 or 2. By the division algorithm,
we have k = 3s,3s + 1, or 3s + 2 with s > 1. By Table 35.1, the corresponding
Lucas numbers L343, L125+7, and L5411 are not squares.

Thus, the only Lucas numbers that are perfect squares are 1 and 4. ]

FIBONACCI AND LUCAS PERIODICITY

In 1960, D. D. Wall of the IBM Corporation investigated the periodicity of the
k

Fibonacci sequence modulo a positive integer m > 2. He established thatif m = [] p;
1

and h; denotes the period of the sequence modulo p;’, then the period of the sequence
modulo m is [hy, ha, ..., h].

Twelve years later, J. Kramer and V. E. Hoggatt, Jr., both of San Jose State
University, continued the investigation and established the periodicity of both
Fibonacci and Lucas numbers modulo 10". To demonstrate this, we need the following
theorems.
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Lemma 35.2. L3, = 0 (mod 2). n

This follows by Exercise 39 in Chapter 16.
Theorem 35.4. (Kramer and Hoggatt, 1972). The period of the Fibonacci sequence
modulo 2" is 3 - 277!,
Proof. (by PMI) By virtue of the Fibonacci recurrence relation, it suffices to prove
that F3n-1 = Fy (mod 2") and F3.n-14, = Fy (mod 27).
1. To prove that Fy.3:-1 = Fy (mod 2") forn > 1:
Whenn = 1, F3.on-1 = F3 = 2 = 0(mod 2), so the result is true when n = 1.
Now assume it is true for an arbitrary integer k > 1:

Fyp = Fy  (mod 2%

Then F3. = F30-1 L3ge-1 = 0 (mod 2¥*'), by Lemma 35.1 and the inductive
hypothesis. Thus F3.,.-1 = 0 (mod 2") for every n > 1.

2. To prove that F3n-1 = F| (mod 2"):
Using the identity Fomi1 = F2,, + F2,

m

Fypn-iy = (F}_Zn—2+|)2 + (F3.2n—2)2

Since Fypn2 = 0 (mod 2"~') by Part 1, it follows that (F3.2:-2)? = 0 (mod 27).
Therefore, by Cassini’s formula,

2 -~
(Fap-21)” = Fap2aFp2 — (—=1)*? e
=041 = (mod 2"
Thus F35.-141 =0+ 1 = Fy (mod 2M). ]

The next theorem generalizes this result to the generalized Fibonacci sequence.

Theorem 35.5. (Kramer and Hoggatt, 1972) The period of the generalized Fibonacci
sequence modulo 2" is 3 - 2"~ [ ]

Its proof hinges on establishing that G314 = G| (mod 2") and G3.an-14 = G
(mod 2"), Cassini’s rule, and the following identities:

Gm+n+l - Gm+IFn+l + Gm Fn
Gn+l = aFn—-l +bFn

See Exercise 26.

Next we need two simple lemmas. We can establish Lemma 35.3 using
Binet’s formula and Lemma 35.4 from Lemma 35.2 using PMI (see Exercises 27
and 28).
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Lemma 35.3. Fsuvt = (Lgsn — Losn + 1)Fsn, n > 1 ]
Lemma 35.4. F5» =0 (mod 5"),n > 1 =

Theorem 35.6. The period of the Fibonacci sequence modulo 5" is 4 - 5",

Proof. Again, by virtue of the Fibonacci recurrence relation, it suffices to show
that Fy.sn = Fy (mod 5") and Fy.5-; = F) (mod 5™).

1. To prove that Fy.s» = Fy (mod 5™):
Since Fsn|Fy.sn, Fsn = Fy.5n = 0 (mod 5"), by Lemma 35.3.
2. To prove that Fy.s» 1y = F) (mod 5):

Using the identity Fy,.i = F? +1 + F2, we have

m

Fisigr = (Fasn11)* + (Fasn)?
= (Fp.5041)’(mod 57)

Using Cassini’s formula,
(Frs1)? = FasaFasn — (—1)*% !
= 0+ 1= 1(mod 5")
Thus Fy.5:41 = F) (mod 5). B

The following theorem provides the corresponding result for Lucas numbers. We
omit its proof in the interest of brevity.

Theorem 35.7. The period of the Lucas sequence modulo 5" is 4 - 5", ]

Theorems 35.4 — 35.7 yield the periodicity of each sequence modulo 10",

Theorem 35.8.

1. The period of the Fibonacci sequence modulo 10" is

60 ifn=1
I 300 ifn=2
15-10%! otherwise

2. The period of the Lucas sequence modulo 10" is

60 ifn=2

{ 12 ifn=1
3.107! otherwise
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Proof.

1. The period of the Fibonacci sequence modulo 10" is given by

60 ifn=1
[3-2"—',4-5"]=[ 300 ifn=2
15. 107! otherwise

2. The period of the Lucas sequence modulo 10" is given by

60 ifn=1
[3-2”",4-5“"]:[ 300 ifn=2
15 107! otherwise

The next corollary follows immediately from this theorem.

Corollary 35.1.

1. The ones digit of a Fibonacci number repeats in a cycle of period of 60; the last
two digits in a cycle of period of 300; and the last n(> 3) digits in a period of
15- 10"

2. The ones digit of a Lucas number repeats in a cycle of period of 12; the last
two digits in a cycle of period of 60; and the last n(> 3) digits in a period of
3.10mh =

Kramer and Hoggatt (1972) also established the following results.

Theorem 35.9.

(1) L2.3n = 0(m0d23")
(2) F4.3n =0 (mod 4. 3") [}

For example, Lss = 192,900,153,618 = 0 (mod 54) and F3s = 14,930,352 = 0
(mod 36).

We can employ Theorem 35.8 to prove the following result, which was proposed as
a problem in 1976 by H. T. Freitag of Virginia. The proof presented here is essentially
the same as the one given by P. S. Bruckman of the University of llinois.

Example 35.1. Prove that L;,« = 3 (mod 10) for primes p > 5.

Proof. For primes p > 5, p = %1 (mod 6), so p* = +1 (mod 6), and hence
2p* = £2 (mod 12). By Theorem 35.8, the period of the Lucas sequence modulo 10
is 12; that is, L, ;2 = L, (mod 10). But L, = 3 (mod 10) if and only if n = £2
(mod 12). Therefore, L;,« = 3 (mod 10) for primes p > 5. ]
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The next theorem was discovered in 1974 by M. R. Turner of Regis University in
Denver. It characterizes those Fibonacci numbers that terminate in the same last two
digits as their subscripts. Its proof is fairly long, so we omit it.

Theorem 35.10. F, = n(mod 100)ifandonlyifn = 1,5, 25, 29, 41, or 49 (mod 60)
or n = 0 (mod 300). [

For example, F4; = 165,580,141 = 41 (mod 100) and n = 41 = 41 (mod 60). On
the other hand, n = 85 = 25 (mod 60) and Fgs = 259,695,496,911,122,585 = 85
(mod 100).

This theorem has an interesting by-product.

Corollary 35.2. Let p be a prime > 5. Then F,2 = p? (mod 100).

Proof. By the theorem, Fps = 25 (mod 100).If p > 5,then p =1,3,7,9, 11, 13,
17, or 19 (mod 20). Then p? = 1 or 9 (mod 20), so p?> = 1 or 49 (mod 20). Since
p? = 1 (mod 3), it follows that p? = 1 or 49 (mod 60). Therefore, by Theorem 35.10,
F,2 = p? (mod 100). [ ]

For example, let p = 7. Clearly, Fy9 = 7,778,742,049 = 49 (mod 100).

EXERCISES 35

1. The ones digits in F3; is 9 and that in F3;, is also 9. Compute the ones digit in
F33.

F3g ends in 9 and F3 in 6. Find the ones digit in Fj;.

F43 ends in 7. Determine the ones digit in Fp;.

Lo ends in 7 and F5; in 6. Find the ones digit in L, and Ljs.

L4s ends in 6. Find the ones digit in Lo;.

S h W

Complete the following table.

Modulus m | Period of the Fibonacci Period of the Lucas
Sequence Modulo m Sequence Modulo m

S Vo0~ hWN

—

7. Given that L3 = 7 (mod 8) and L»4 = 2 (mod 8), compute L;s modulo 8.
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8.
9.

Let L; = S (mod 8) and L;;| = 7 (mod 8). Compute L, modulo 8.
Let L; = 3 (mod 8) and L;_, = 4 (mod 8). Compute L,;_» modulo 8.

Prove each, where n,i > 0.

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22,
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.

33.
34.
35.
36.
37.
38.
39.
40.
41.
42.
43.

Ly2p4i = L; (mod 10)

Fen+1 = 1 (mod 4)

Fen—2 = 3 (mod 4)

Fen1 = 1 (mod 4)

Len_1 =3 (mod 4)

Lgny2 = 3 (mod 4)

Lenta =3 (mod 4)

Liznts = Lany3(L}, 5 +3).

F4, = 0 (mod 3)

L4py2 =0 (mod 3)

L4, = £1 (mod 3)

Lanyy = £1 (mod 3)

Li2nti = L; (mod 3)

Let 2|t and 3 f¢. Then L, = 3 (mod 4).

Use the fact that 2F,,,, = F,,L, + F,L,, to prove that Fgg,4; = F; (mod 10).
Use the fact that L,, 2 = —L,, (mod L;) to prove that L2 = 0 (mod 3).
Theorem 35.5

Lemma 35.3

Lemma 35.4

Feor = 20k (mod 100) (Turner, 1974)

If n = 1 (mod 60), then F,, = n (mod 100) (Turner, 1974).

Feok+n = 20k F,_y + (60k + 1) F,, (mod 100) (Turner, 1974)

The sum of n consecutive Lucas numbers is divisible by 5 if and only if 4|n
(Freitag, 1974).

Fni2k = Fu (mod Ly), where k is odd (Freitag, 1974).

Finsnk + Fak = 2F 1y (mod L, — 2), where k is even (Freitag, 1974).
Lam@n+1y = Lo, (mod F2,) (Bruckman, 1975)

L(2m+|)(4,,+1) = L2m+| (mod F2m+|) (Bruckman, ]975b)

Lomitydns1y = Lamyy (mod Fa, Fanyy) (Koshy, 1999)

Lype = 3 (mod 10), where p is a prime > 5 (Freitag, 1976).

Fipti + Fupy3 = 0 (mod 3) (Berzsenyi, 1979)

Fy, = n(—=1)"*! (mod 5) (Freitag, 1979)

Ly =7 (mod 10), where n > 2 (Shannon, 1979).

F32» = 272 (mod 2"3), where n > 1 (Bruckman, 1979).

L3 = 2 4 272 (mod 2"**), where n > 1 (Bruckman, 1979).
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FIBONACCI AND LUCAS
SERIES

If, beginning with Fp, we place successively every Fibonacci number F, after a
decimal point, so that its ones digit falls in the (n + 1)st decimal place, then the
resulting real number is the decimal expansion of the rational number 1/89 = 1/ Fy;.
Be sure to account for the carries:
0. 01 1 2 3 5 8
1 3
21

(9]
wn

= 0. 01123595540 5
= L
- 89

[o.¢]
that is, Z(F; / 10+ = 1/F;;. This result was discovered in 1953 by F. Stancliff.

i=0
But, how do we establish this fact? For that, we need to study the convergence of the
Fibonacci series

00 F
i=0

where k is a positive integer.
Suppose the series converges. Then, by Binet’s formula,

gy 1 [ & (145 [1-v5)
Zk—fﬁ:ﬁ Z( 2k )‘( Zk)

i=0 0

424
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1 1 1
= - 36.2
V5k [1 — (1 +/5)/2k 1—(1+J§)/2k] (62)

=%(2k—11—\/§_2k—11+\/§)

Thus, |
S=—-— 36.3
k2 —k-1 (36.3)
Notice that the denominator of the right-hand side (RHS) is the characteristic poly-
nomial of the Fibonacci recurrence relation (FRR). Also, S is an integer if and only
if k=2, -
Since the power series 1/(1—x) = _ x' converges if andonly if |x| < 1, it follows

from Eq. (36.2) that the Fibonacci pc‘)w%r series (Eq. 36.1) converges if and only if
la| < k and |8] < k, that is, if and only if & > max(|«|, |8]). Buta = || > |B].
Thus S converges if and only & > «, that s, if and only if k > 2, which was somewhat
obvious.

Equation (36.3) yields the following results:

When k = 2 251‘1— =5
0
oC

F; 11

When k = 3 ZW=§=E
(4]
o0

F; 1 1

When k = 8 ;W=5_5=F_,0
[o.]

F; 1 1
Whenk =10 3 -t = oo = o
These values of & yield the value of the infinite sum to be of the form 1/ F, for some
Fibonacci number F;; in other words, they are such that k2 — k — 1 = F,; that is,
k(k—1)=1+F,.
Conversely, suppose | + F; is the product b(b — 1) of two consecutive positive
integers b and b — 1. Solving the equation k2 — k — (1 + F;) = 0 for k,

REIETET
2

1 + VAF, +5
2

Since k > 0, this implies

‘- 1+ 4F, ¥5
- 2
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ButdF, +5=4(1+F)+1=4b(b -1+ 1= (2b— 1)%;
_1+42b-1
- 2

so S = 1/F,. Thus 1/S is a Fibonacci number F, if and only if 1 4+ F; is the product
of two consecutive positive integers.
It now follows that there are at least four such values of k:

1-2=14F 2-3=1+F;s 7-8=1+Fy and9-10=1+ F},

k =b

What, then, occurs when we turn to the convergence of the corresponding Lucas

series,
[o o]

L;
* t
$'=> o (36.4)
i=0
As before, we can show that this series converges to a finite sum if and only if

k > «, and the sum is
S* = _Ek_—l_ 36.5)
Tk —k-1 ©e.
when k = 2, §* = 3; and when k = 3, §* = 1. In both cases, $* is an integer.
So we wish to investigate the integral values of k for which $* is an integer ¢.
Notice that + = 0 implies k = 1/2, which is a contradiction. So ¢ > 1. Let

2k —1)/(k* —k—1)=t. Thentk?> — (t + 2)k — (t — 1) = 0, so
L+ VD2 + 40— )

- 2t

_ t+2) /52 +4

- 2t

Since k is an integer, +/5¢2 + 4 must be a perfect square. Whent = 1,k = 3 or 0.
Since k > 1, O is not acceptable, so ¢ = 1 yields the case k = 3.

When t > 1, /5t + 4 > t + 2. Consequently, since k > 0, the negative root in
Eq. (36.3) is not acceptable. Thus

_(t+)+ V52 +4

2t

k

(36.6)

k (36.7)

Suppose k > 4. Then

t+2)++/52+4 -4
2t -

V5t244>T7t -2
52 +4 > 4912 — 28t + 4
112 < 7t

7/11

t

1A

which is a contradiction.
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Thus, the only positive integral values of k that yield an integral value for $* are
k = 2 and k = 3. The corresponding values of S* are the Lucas numbers L, = 3 and
L, = 1, respectively.

A similar argument shows that the only positive integral value of & that produces
an integral value for S = 1/(k* —k — 1) is k = 2, in which case S = 1 = F; (or F>).

In 1981, Calvin T. Long of Washington State University at Pullman showed that
the following summation results can be derived from a bizzare identity established in
the following theorem:

1 o~ Foe i

89 Z 10" (36.8)

% = i LI"O—,,' (36.9)
11_9 = i (_Flz)l) (36.10)
_% - i (flz)l) (36.11)

Theorem 36.1. (Long, 1981). Leta, b, ¢, d,and Bbeintegers. Let U, .2 = aU, 4+
bU,, where Uy = ¢, U) = d, and n > 2. Let the integers m and N be defined by
B=m+aB+band N =cm + dB + bc. Then

n+l
B'N =mY_ B"*'Ui_, + BUyy + bU, (36.12)

i=1
foralln > 0.

Proof. (PMI) When n = 0, Eq. (36.12) yields N = c¢m + d B + bc. So the result
is true when n = 0.
Assume it is true when n = k:

k+1
BN =m Y B*"*'U;_ + BUis1 + bU,

i=1
Then

k+1
BN = m Z Bk‘i+2U,-f1 + BZUk-f-l + bBU,
i=1
k+1
=m Y B*"*2U,_y + (m +aB + b)Uss + bBU;

i=1
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k+2
=m ) B2 + B@Us + bUL) + bUi

i=l1
k42

=m Z B*"Y2U;_\ 4 BUpya + bUsyy
i=l1

Thus the formula is true for all n > 0. [}

Formula (36.12) yields the following theorem.

Theorem 36.2. (Long, 1981) Leta, b, c,d, m, B, and N be integers as in Theorem

36.1. Let
r_a+~/a2+4b and s_a—\/a2+4b
B 2 B 2
where |r| < |B| and |s| < |B|. Then
N &Uiy
— = Zl: T (36.13)

Proof. Using the recurrence relation in Theorem 36.1, we can show (see
Exercise 11) that

U, = Pr* + Qs" (36.14)
where
P—C+ 2d — ca and Q—C 2d —ca
T2 2/a+4b 2 2Ja+4b

Ui— + BUn+l + bU,
mB Bi mBr+!

—+0 asn — oo, since |r|, |s| < 1

In particular, leta =1 = b,c =0,d = 1,and B = 10. Thenm = B2—aB-b=
100-10—-1=89and N =cm+dB + bc =0+ 10+ 0 = 10. So Eq. (36.13)

yields
10 _iFi—l
10-89 ~ & 10/
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That is,
1 _ i Fioi
89 & 10
We can derive summation formulas (36.9) through (36.11) similarly (see
Exercises 12-14).

Corollary 36.1. Leta =b=d=1landc=0:
& F
1. If B = 10%, then 1/(10% — 10" — 1) = }_ 5t
i
2. If B = (—10)", then 1/(10%" — (—10)* — 1) = F;—O;,;
1

Proof. If B = 10*, thenm = 10?* — 10" — 1 and N = 10*. If B = (—10)", then
m = 10?* — (—10)* — 1 and N = (—10)*. Both formulas now follow by substitution.
| ]

The following summation formulas follow from this corollary:

— F;
=) 5 = 0.0112359350557....
1

= 0.0112358
13
21
34
55
89
144
233
= i Bt _ 0.000101020305081321 .
9899 10%
>\ Fi_
998, 999 = Z —0— = 0.000001001002003005008013 . ..

109 12 (-
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> Fi_
10099 Xl:( 100)i

o0
Z Fi_
1 000 999 (= 1000)‘

We now turn our attention to the convergence of the Fibonacci power series
T=) Fx (36.15)
We have

oC
T = Fix+ Fax’ + ) (Fioy + Fi)x?
3

[o o] oC
= x+x2+xZF,x’+xZZF:x‘
2

= x+x2+x(T——x)+x2T
x
T=——— .
p—— (36.16)
X
(I —ax)(1 - Bx)

Converting into partial fractions, we find

A A
l—ax 1-p8x

T =

where A = 1/+/5. The series from the first term converges if and only if jax| < 1
and that from the second term converges if and only if |8x| < 1.

So the Fibonacci power series (36.15) converges if and only if |x| < min(1/]«|,
1/181). Since B = —1, 1/|a|] = —B, so min(1/|a|, 1/|B]) = min(-B, a) = —B.
Thus, the series converges if and only if |x| < —8, thatis, ifandonly if 8 < x < —8.

Next, we proceed to identify the rational values of x for which T is an integer
k > 1, as P. Glaister did in 1995:

x
_C  —k
1 —x—x?
kx> +Gk+Dx—k =0

—(k + 1) £ /(k + 1)? + (2k)?

x =

This implies that there are two possible values of x.
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Since we require x to be rational, (k + 1)2 + (2k)? must be a perfect square. This
can be realized using Pythagorean triples, so we let

k+1=m?>-n?

and 2k =2mn (36.17)
for some integers m and n, where m > n > 1. Then:

(k+ 1)2 + (2k)? = (m? — n?) + 2mn)?

= (mZ +n2)2
—(m? —n?) + (m? —n?
X =
2mn
_m n
T n'm

Suppose both of these values lie within the interval of convergence (8, —8), that
is, B < —m/n < —B and B < n/m < —pB. From the second double inequality,
m/n > —1/B8,s0 —m/n < —a. This is a contradiction, since —m/n > 8 > —a.
Thus, both values of x, —m/n and n/m, cannot lie within the interval at the same
time.

From Eq. (36.17), we have m?> — n? = mn + I;

(m— n/2)2 =m*—~mn+n?/d=n+1 +n2/4 =1+ 5n%/4
that is,
(2m — n)* = 4 + 5n°

Thus, 4 + 5n? must be a perfect square r2 for some positive integer r. So2m —n = r.
Letus now look at the first three possible values of n and compute the corresponding
valuesof r,m,and T = k:

Casel. Letn = 1. Then 4 + 5n? = 32,50 2m — 1 = 3 and m = 2. Therefore,
T =k=mn=2n/m = 1/2,and —m/n = -2. But =2 ¢ (8, —p). Thus

S Fi(1/2) =2.
1

Case2. Letn = 3. Then 4 + 50 = 72,50 2m — 3 = 7 and m = 5. Therefore,
T = mn = 15,n/m = 3/5, and —m/n = —5/3. But —=5/3 ¢ (B, —B). Thus

io: F;(3/5)' = 15.
1

Case 3. Letn = 8. Then 4 + 5n® = 182,50 2m — 8 = 18 and m = 13. Therefore,
T = mn = 104,n/m = 8/13, and —m/n = —13/8. Again, —m/n ¢ (8, —B). Thus

3 Fi(8/13) = 104.
1
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The next choice of n is 21. Surprisingly enough, a clear pattern begins to emerge:
These four values of n are Fibonacci numbers with even subscripts: F; = 1, Fy =
3, Fs = 8, and Fg = 21; the corresponding m-values are their immediate successors:
Fy=2,Fs=5,F; =13,and Fy; = 34; and

YR/ =1-2, Y FG/5 =35
0 0

o0 o0
Y R@/M13) =813, ) F(1/34) =21-34
0 0

In 1996, Glaister established that this fascinating pattern does indeed hold:
To see this, let n = Fy, where k > 1. Then

4450 = 4+5F} =4+5(ﬂ_—'32k)2
V5
=44 @% 4% _2)=a% 4 B%* 12
= o** + % 1 2By = (@ + B*)?
Therefore, 4 + 5n? is a perfect square, as desired. Then

2m —n = o + p*

_ a2k+ﬂ2"+n —1 ” - (x2k-—ﬂ2k
m= S =g (S5

a2+l _ gkl
= —————— = Fyy

V5
Since B8 < 0, it follows that
n F2k a2k _ ﬂ2k
m  Fag1  o2kt! = gt
a2k
< gk

=—=—ﬂ

Thus 0 < n/m < —pB and hence n/m lies within the interval of convergence.
Consequently, T = k = mn = Fy Far4.
Accordingly, we have the following theorem.

Theorem 36.3. The Fibonacci power series (Eq. 36.15) converges if 8 < x < —8
and

o
Z Fi(Fa/Fas1)' = FaFay

i=1

where k > 1. )
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For example, F); = 144 and F;3 = 233. Then

o0
Y Fi(144/233) = 144233 = 33,552

i=l1

A similar study of the related Lucas power series
T=) L (36.18)
yields fascinating dividends. Suppose this series (36.18) converges. Then
o0
T =Lo+Lix+ Z(L,'_l + L;_))x!
2

o o0
= 2+x+xZLixi+XZZLixi
1 0
= 2+x+x(T—2)+x2T
A—x—-xHT =2—x
2—x

R (36.19)

Since ] —x — x? = (1 — ax)(1 — Bx), we can convert this into partial fractions:

A B

T =
1—ozx+l——ﬂx

where A and B are constants. Expanding the right-hand side yields
o0 [o ]
T=A) (ax) +BY (Bx)
0 0

These two series converge if and only if |ex| < 1| and |Bx| < 1, that is, if and

only if |x|] < 1/]a] and {x| < 1/|8]. But || = « and |8] = —B. Thus the series
(36.18) converges if and only if [x| < min(1/«, 1/ — B). Since «ff = —1, this implies
jx] < min(—B, @). But — 8 < a, so min(—8, a) = —B. Thus, the Lucas power series

(36.18) converges if and only if |x| < —8; that is, if and only 8 < x < —B8. When
the series converges, Formula (36.19) gives the value of the infinite sum.

Formula (36.19) generates a delightful question for the curious-minded: Are there
rational numbers X in the interval of convergence for which T is an integer?
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Before answering this question, let us study a few examples and look for any
possible pattern:

2-1/3
h — N = -—————-—-—0 = — .
Whenx = 1/3 T=1/3= (137 3=3-1
2—-4/7
Wh = 4/7, = =14=7-2
enx =471 1—4/7— (4/77 ’
2-11/18

=90=18-5

Wh = 11/18, T =
enx = 11/18 T—11/18 — (11/18)2

Clearly, a pattern emerges: In each case, x lies within the interval of convergence; x

is of the form Ly;_1/Ly, k > 1; and T is an integer of the form Loy Foi—;.
Fortunately, this is always the case. Before we can prove it, we need to lay some

groundwork in the form of two lemmas; we can establish both using Binet’s formula.

Lemma36.1. L;+L; , =5F_,,i > 2. [

Corollary 36.2. L;+L;_» = 0(mod5),i > 2;thatis, the sum of two Lucas numbers
with consecutive even (or odd) subscripts is divisible by 5. [ ]

For example, Lig + L7 = 9349 + 3571 = 12,920 = 0 (mod 5). Likewise,
Lag + Lyg = 0 (mod 5).

Lemma 36.2. Letk > 1. Then L3, — LyyLyx— — L}, = 5. m

We are now ready to establish the conjecture.

Theorem 36.4. (Koshy, 1999) Let k be any positive integer. Then

o0
> Li(Loo1/Lay = Ly Fa-
i=0

Proof. First, we show that 8 < Ly;_;/Lay < —B. By Binet’s formula,

2%-1 4 g2k—1
Ly—y o™ +8
Lok o2k + ﬂZk
_ a1 4 g1
T
o1
< —
T
1
= — = —ﬂ
o

Thus 0 < Loyg—1/Lax < —B,%0 B < Loj—1/La < —B.
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Since x = Lax_1 /L € (B, —B), by Formula (36.19),
2 —Ly_1/Ly

1 — Log—1/Lax — (Log—1/L2%)?

Low(2Log — Lok—1)
L3, = LuLy — L3,

Low(2Lox — Log—1)

Z Li(Lyoy/Ly) =

i=0

= 5 by Lemma 36.2
_ Lo+ Lo — L)) _ L+ Lo
5 5
= £2k(55p—2k—l) by Lemma 36.1
= LuFy-) ]

For example, let k = 5. Then x = Lg/L¢ = 76/123, and Fy = 34;
o0
s Y Li(76/123) = 123 x 34 = 4182
0

Interestingly enough, although when x = Ly;_; /Ly, the Fibonacci power series
(36.15) converges to a finite sum, it is not an integer. We can show that

oo
. LogLog..
Z Fi(Log—y/Ly) = 222221
£ 5
=0
where Ly Lox—1 2 0 (mod 5). For example,
123.76

= 1869.6

Y Fi(Lo/Liw) =Y Fi(76/123)" =
0 0

As in the proof of Theorem 36.1, we can show that 8 < Fp/Fory1 < —B, so the
Lucas series (36.18) converges to a finite sum when x = Fy/Fy1, where k > 0.
Then:

2 = Fy /Ly s
1 — Fox/Fakq1 — (Far/ Fai1)?
_ P QFuq — Fu)
Fl) — FuFuy — F

F F Fo_
_ 2+1( 2k+1|+ 2%—1) — FyniLn

Y Li(Fa/ Faus))' =

i=0
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again an integer. Again, for the sake of brevity, we have omitted the cumbersome
details.
Accordingly, we have the following result.

Theorem 36.5. (Koshy, 1999) Let k > 0. Then

o0
ZLi(FZk/F2k+I)i = Fppp1Ly [
i=0

For example, let k = 3. Then x = F¢/F7 = 8/13. Therefore,

oo
Y Li(8/13) = FiLe = 1318 =234
i=0

oo .
Likewise, Z L,'(Fl()/F“)‘ = F“Lm =89.123 = 10,947
i=0
The next example, proposed in 1963 by L. Carlitz of Duke University, North
Carolina, is an interesting telescoping sum involving a Fibonacci sum. The beautiful

proof given here is by J. H. Avila of the University of Maryland.
n
A telescoping sum is a sum of the form ) (a; — a;-)), where g; is any number.

1
When we expand such a sum, all terms get canceled, except the two ends.
Thus

n
Z(di —aj-1) =ap —ao
1

Example 36.1. Show that

i 1 N i ] 1
Fy Fn+lF E, F3+2 i3y 2
Solution. For convenience, leta = F,,b = F,41,¢ = Fy42,and d = F,,3. Then

a+b=candb+c=d.

1

c—a > 1 1 1
A S (e
abcid abzcd ‘ abcd " bcld | abc  abed

_i 1 1 _i b . ¢
- acld abzd - acld  abid
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o0
Z ( bc bczd)
ad 1
= Z ( ) « Telescoping sum
~\Fy F,,+]F Fn+1 Fl2Fny3
_ 1 1
-~ FFFR 2 "

We can apply the same telescoping technique to derive the following formulas,
developed in 1963 by R. L. Graham of Bell Telephone Laboratories, Murray Hill,
New Jersey, now called Lucent Technologies:

L. B
Fu1 Fayi > Fro1 Fryy

See Exercises 24 and 44.
Letting x = 1/2 in the power series

Z Fix'™! (36.20)

l—)c—x2

00 00 )
we get Y F;/2'"! = 4;thatis, ) F;/2' = 2.
i I
Differentiating Eq. (36.20) with respect to x, we get

1+ 2x gy i2
Ty = 20~ DFx
1

Letx = 1/2. Then
7 i

That is,

The following result was established in 1974 by . J. Good of Virginia Polytechnic
Institute and State University at Blacksburg, Virginia.

Example 36.2. Prove that
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Proof. First, we shall prove by PMI that

1 Fan_y
=3 .
> oy o (36.21)

Whenn = 1,LHS =2 and RHS = 3 — (F|/F,) = 3 — 1 = 2. So the result is true
whenn = 1.
Assume Eq. (36.21) is true for all positive integers < n. Then

% 1 _ 3 an_l + l
~ Fy - Frn  Fomn
Lon Fon_y 1
=3 =21
Lon Fyn + o
LonFyn_y — 1
=32 Z 17 (36.22)
F2n+|
With m = 2" and k = 2" — 1 in Exercise 56 in Chapter 5, we have:
Fonsi_y + F_y = Lon Fpn-
That is,
LZ"FZ"—l i 1 = F2n+l_l
Therefore, Eq. (36.22) becomes
n+1
Z L = F2n+l_l
0 F F2n+l
Thus, by the strong version of PMI, Eq. (36.21) is true for every n > 1;
n
. 1 . F2n+|__1
fm D =3 i
That is,
=1
F=3—(ﬂ)—3+ﬂ 4-a =

Next we pursue an 1nterest1ng problem proposed in 1963 by H. W. Gould of West
Virginia University.

x(1=x)

Example 36.3. Show that T~ =

=[V8
a0
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Solution. Let

x(1 —x) =
e e R Za,,x . (36.23)
0

o
Then x — x2 = Y a,(1 — 2x — 2x? + x*)x". Equating coefficients of like terms,
0
ag=0,1=-2ap+a,, -1 = —2a9—2a,+a,and 0 = a,_3—2a,_> —2a,_ +a,,
where n > 3. Thus

a=0, a=1=a, and a,=2a,_,+2a,.7—a,-3 n=>3 (36.24)

Since a, = F?2 for 0 < n < 2, it remains to show that a, = F? for n > 3. To this
end, notice that:
F} = (Fu_i + Fa2)?
= 2F2 | 4 2F2, — (Fpoy — Fo2)?
= 2F; | +2F , — Fl

So F? satisfies the Recurrence Relation 36.24 and the three initial conditions. Thus
a, = F? foralin > 0, so

x(1 —x) _OOFZ"
1—2x—2x2+x3_; n¥ .

Let us take this example a bit further. The roots of the cubic equation 1 —2x —2x2+
x3 = 0are —1, a?, and B2, of which 82 has the least absolute value. Therefore, the
power series (36.23) converges if and only if [x| < 82, where 82 &~ 0.38196601125.

o0

In particular, the series converges when x = 1/4 and }_ F2/4" = %
0

A LIST OF SUMMATION FORMULAS

The following summation formulas were developed in 1969 by Br. Alfred Brousseau
of St. Mary’s College in California.

] g (="' 6a—9 ) f (=1)" 'Ly 1
. 1 FnFn+3 - 4 ' 1 FnFn+an+an+2 B 3
© (—1)"'F 8 3 !

3.5 0" Fore 8 4_;_21

] L2L2 45

n™~n+2

FnFn+2Fn+3 4
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5 ;\.‘i‘ _ b 17 6 f: Fanys _1
" FuFu2FuiaFaye 480 T FanFani1 Foni2Fanys 2
S Lava 17 (=1)""' Fopyy
=— g 5 =) Tl
R YA >
9. Z( D" 'Lpyy -1 10 i (-n! __3-«a
FoFai 1 Fro "T LiasLinys  40(1 +a)
2 (=1)""Fenys _ 1 x (=)' 150 - 83«
“-Z—;@F—‘=§ IZ'ZFF = 03
1 3n 13043 n'n+s o
13 iﬂip_k"_""?’.:i ]4§ F2n+5 _l
1 Fen Fent6 16 ) 1 FnFn+1Fn+2Fn+3Fn+4Fn+5 15
© (-t 1 F,_ 85
15 —F——— = — 16. —_
21: Fan_1Fany3 6 Z 2, F2, ~ 108
EXERCISES 36

Evaluate each sum.
00 Fl
1. Z

00 Ll
2. Z
Consnder the recurrence relation u, — (@ + B)u,_1 + aBuy,—» = 0, where ug = a
and u; = b.
3. Solve the recurrence relation.

4. Evaluate the sum Z where k > a (Cross, 1996).

k+l’

F;
5. Evaluate the sum Z where k > a.

k+1’

6. Suppose k > a. Show that the Lucas series }CT+,—I converges to the limit
0

2k -1
§* = ———
K—k-1
7. Show that —m/n = Fy—1/Fx ¢ (B, —B) (Glaister, 1996).
8. Show that the value of m corresponding to n = —Fy; is Fp—1, where k > 1

(Glaister, 1996).
9. Show that Fy/Far_1 ¢ (B, —B) (Glaister, 1996).
10. Show that 8 < Fy/L; < —B, where k > 0.
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11. Does the Fibonacci power series (36.15) converge when x = F;/L;, where
k>0?

12. Does the Lucas power series (36.18) converge when x = Fy/L;, where k > 0?

13. ShowthatU, = Pr"+Qs",with P, Q, r, s,and n are defined as in Theorem 36.2.

Derive each.

14. Formula 36.9

15. Formula 36.10

16. Formula 36.11

|
17. Show that }_ = converges (Lind, 1967a).

n

> 1
18. Show that 3~ nE. converges (Lind, 1967b).
1 in

o ] 803
19. Show that }  — > —— (Guillottee, 1972).
‘\1_“ F, 240

20. Let M(x) =

1
(Hoggatt, 1976).

Evaluate each sum.
o0

1
21. ———— (Guillotte, 1971
;(XFIHI'*'F'!(moe a)

® 1
22. (Guillotte, 1971b)
21: Fn+\/§Fn+l +Fn+2

Prove each.

00
M®© sy Foxm!
1

3 _(Z 1)"“ Grah 19
23. = , 1963
L E =3t LE o F,, (Craham. 19632)

24, (Graham, 1963b)

n—an+2
F,

Fooy Foy
1
Gn—lGn+l

G, 1
——— = — + — (Koshy, 1998
G |G,,+| a b ( 4 )
1

2 1 00 (_1)n+l
- + + - =
ZG Gnr1Gri2
(— )

+
=1+ Y ——— (Basin, 1964a)
Z 2 FiFi

25. = 2 (Graham, 1963b)

1
26. = (Koshy, 1998)
27.

28.

- Koshy, 1998
IGn (Koshy, )

29.

E—I—)L = | B8] (Basin, 1964a)

30.
FiFi_y

~M8
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3L

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

FIBONACCI AND LUCAS SERIES

00 F- 1
3 Sl 2 (Ferns, 1967)
1 LnLn+ILn+2 3
00 i o (—1)*
3 = ﬁz( ) (Carlitz, 1967a)
0 Fanei o Lany
®© (—~1)"* o0 1
s D _ 55 L (Carlitz, 1967)
0 Fani2 0 Lan+2
&, Fn+1
Y = 4 (Butchart, 1968)
o 2"
io: ! (B 1969b)

= 1 (Brousseau,
1 Fn Fn+2
x 1 7
Yy = — (Brousseau, 1969b)
1 Fn Fn+4 18
io: 1 1 (Brousseau, 1969b)

— = — I >

1 Fn Fn+2Fn+3 4
o0 Fn
Y ———— = 1 (Brousseau, 1969b)
1 Fn-H Fn+2
i Fn+l 5

= — (Brousseau, 1969b)
; Fn Fn+3 4
© (—1)*! 5
Zl: (Ln-)l » = 1—\/0_ (Brousseau, 1969b)
3 Fyn_1x" L= where x| < B2 (Hoggatt, 1971c)

n— x = ———_7 e

1 =1 1 - 3x + x2 g8

0o .
Show that Y F;(Lak—1/Lu)' = LaxLak—1/5, where k > 1 (Koshy, 1998).
0
oC
Show that }_ Fi(Fe/Ly) = FZk/(L,f —L,F, — sz), where k > 0 (Koshy, 1998).
0

2Ly — F,
L2 where k > 0 (Koshy, 1998).

[o, o]
Show that )~ L;(Fy/Ly)' = —————
% L} — LiF, — F}
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FIBONACCI
POLYNOMIALS

Large classes of polynomials can be defined by Fibonacci-like recurrence relations,
and yield Fibonacci numbers. Such polynomials, called the Fibonacci polynomi-
als, were studied in 1883 by the Belgian mathematician Eugene Charles Catalan
(1814-1894) and the German mathematician E. Jacobsthal. The polynomials f,(x)
studied by Catalan are defined by the recurrence relation

Ja(x) = xfa1(xX) + fa—2(x) (37.1)

where fi(x) = 1, fa(x) = x, and n > 3. They were further investigated in 1966 by
M. N. S. Swamy of the University of Saskatchwan in Canada.
The Fibonacci polynomials studied by Jacobsthal were defined by J,(x) =
Jno1(x) + xJp_2(x), where J) (x) = 1 = J,(x). We shall pursue them in Chapter 39.
We now turn to the class of Fibonacci polynomials introduced by Catalan.

CATALAN’S FIBONACCI POLYNOMIALS

The first ten members of this Fibonacci family are:

Hix) =1
falx) = x
fix) = x*+1

fax) = 342
fs(x) = X +3x2+1
443
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folx) = x> +4x> + 3x

fr(x) = x® +5x* +6x2 +1

fa(x) = x7 +6x3 + 10x3 + 4x

folxy = x® +7x5 4+ 15x* 4+ 10x2 + 1
fio(x) = x® + 8x7 +21x° + 20x% + 5x

Here we make an interesting observation: f;(1) = F; for 1 < i < 10. In fact,
[f2(1) = F, forall n; this follows directly from the recurrence relation (37.1). Besides,
the degree of f,(x)isn — 1, wheren > 1.

We make yet another interesting observation. Notice that fi(2) = 1, £(2) = 2,
and f,(2) = 2f,—1(2) + fu—2(2), where n > 3. So P, = f,(2) defines the well-
known Pell numbers 1,2, 5,12,29, ....

We can extend the definition of the Fibonacci polynomials to negative subscripts
also:

fon @) = (=" fo(0)
Notice that fo(x) = 0.

TABLE 37.1.

n X Xt X2 oxB X x5 X6 x’ xt
1 1

2 0 1

3 1 0 1 /——-—A Pascal row

4 0 2

0 / 1 a Diagonal sum = 24
0 30 1
6 0 / 0 4/ 0
4
1 0 6 0

wn

1

7 5 0 1 « Row sum = F;
8 0 4 0 sg10 O 6 0 1

9 1 0 10 0 15 0 7 0

10 0 5 0 20 O 21 0 8 0 1

Table 37.1 shows the various coefficients of the first ten Fibonacci polynomials,
when arranged in increasing exponents. Three noteworthy observations:

« The elements on every rising diagonal beginning on row 2n are zero.
« The alternate rising diagonals form the various Pascal rows.

« The sum of the elements on the ath rising diagonal is 2¢*~1/2 = 2. 2(=3/2
where n is odd. For example, the sum of the numbersonrow 7is 1 +34+-3+1 = 8.
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TABLE 37.2.
n Expansion of (x + 1)"
0 1
1 x+1
Ve f5(x)

2 x24+2x 41

/ % fr(x)
3 B 43x2+3x 41

/ v

4 a6 +4x +1

/
5 X 4+5x 410 + 102 +5x + 1
6 x/+6x5+ 15x% +20x3 + 15x2 + 6x + 1

In 1970, Marjorie Bicknell of Wilcox High School in California showed that the
Fibonacci polynomials can be constructed using the binomial expansions of (x 4+ 1)",
where n > 0. The sums of the elements along the rising diagonals in Table 37.2 yield
the various Fibonacci polynomials. For instance, the sum of the elements along the
diagonal beginning at row 4 is x* + 3x? + 1, which is f5(x); similarly, the diagonal
beginning at row 6 yields f7(x).

AN EXPLICIT FORMULA FOR f,(x)

More generally, the sum of the elements along the diagonal beginning at row n is

Sar1(x); that is,

ln/2) .
fari(0) = 3 (";’)x"‘” nz0

j=0
Ln=1)/2] i '
A (" j )x""z’_' n>0 (37.2)
j=0

For example,

2 4 .
fs(x) = Z ( ; ])x4~2j
0

() ()

3241

as we obtained earlier.
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Using Formula (37.2), it is easy to verify that fi(x) = 1 and fo(x) = x, s0 f,(x)
satisfies both initial conditions. We can now confirm that f, (x) is indeed the Fibonacci
polynomial (see Exercise 11).

ANOTHER EXPLICIT FORMULA FOR f,(x)

There is yet another explicit formula for f,(x):

_a'(x) - B"(x)
fa(x) = =BG (37.3)

where
x+Vx2+4 —/x2+4

a(x) = — and Bx) = d >

See Chapter 38.
For example, let us compute f5(x). It is easy to verify that

x4+ Vx2+4)° — (x —Vx2 445 =32(x* + 3x2 + 1)V/x2 + 4,

50 fs(x) = x* + 3x2 + 1, as expected.
We can confirm Formula (37.3) using the recurrence relation (see Exercise 19).
Next we establish a few properties of Fibonacci polynomials, which are
generalizations of some formulas we derived in Chapter 5.

Theorem 37.1.
XY fil) = fan(0) + fulx) — 1 (37.4)
I

Proof. Using the recurrence relation (37.1),
Y fn®=x) i+ fia®)
1 1 1

That is,

F@) + fon1®) =2 [0+ fol) + fix)
1

Since fo(x) = 0, it follows that

XY fix) = fan1 (@) + fulx) — 1 .
H
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For example,

x(T+x+ @+ 1)+ @3 +2x)]

4
x Y filx)
t

=x*+x3 432+«
s+ fax) =1 = P +32+ D+ +2x) ~ 1
=x*+x3+3x +x
4
=x) fix)
I

Corollary 37.1.

Xn:Fi-——Fn+2_1 L
1

This corollary follows from the theorem, since f;(1) = F;.

A GENERATING FUNCTION FOR f,(x)

Next, we will find a generating function for f,(x). To this end, we let

g(t) = ) falx)”
0

o0

xtg(t) = Y xfu(x)™!

0
Pg(t) = Y fulot™
0

Then
(1 —xt —t2)g(t) = folx) + 1fi(x) — xtfo(x) =t
Thus

t) = ————
8@ 1 —xt—12
generates f,(x).

Theorem 37.2.

Trnt1(0) = fru1(x) a1 () + frn(x) fu(x)
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Proof.
e Zofn(X)y
Therefore,
Yfm(x) = n
Toxy = go Fn(0) fa)y (37.5)
Then

r_%*;‘—(f—)y—z =3 frrt ) i )" (37.6)
n=0

In 1964, D. Zeitlin showed that

Jmr1(X) + fm(x)y i NE
1—xy—y2 = gfm+n+l(x))’ (37.7)

The desired result now follows from Egs. (37.5), (37.6), and (37.7) by equating the
coefficients of y” from both sides. ]

This theorem illustrates an alternate method for constructing new members of the
family of Fibonacci polynomials.
For example, let m = 3 and n = 4. Then

S 1 (X)) fr1 (X) + fn () fu(x) = fa(x) f5(x) + f3(x) fa(x)
= +200* + 32+ D) + 62+ D+ 2x)
= x7 4 6x° + 10x3 + 4x
= fs(x) = ftns1(x)

Theorem 37.2 yields the following Fibonacci identity without much effort.

Corollary 37.2. F, ., = Fp 1 Fy + Fu Fy [

Next we derive Formula (37.2) for f,(x) by an alternate method.

Theorem 37.3.
[(n—1)/2] n—i—1 )
=Y ( J )x"—zf_l n>0 (37.2)
j=0 /
Proof. We have

— Z Fa(x)y" (37.8)
—xy—y* =
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But
1 oo | ln/2) n—j
- = - {" 20" | 379
1 —2tz+22 ; g( ) ( J )( ) ¢ G179

Ln/2} i
Une) = 3 (-1 ( i ) @y
j=0

is the Chebyshev polynomial of the second kind.* Let z = iy and t = x/2i, where
i = —1. Then Eq. (37.9) yields

1 o o
= ) i"Unlx/20)y
l—xy—y =

y o0

. in )yt
Ty = a2y
1—xy—y =

From Egs. (37.8) and (37.9), it follows that

far1(x) = i"Un(x/2i)
Ln/2)

="y (=1) (” —.j) /iy
j=0 J
1n/2] :
- Z (”fj)xn-zj
- J
w2y
=Y (n j - )xn—zj—l .

The next result, which we derived in Chapter 12, follows from this formula.

Corollary 37.3. (Lucas, 1876)

vy
Fo= ). ( j ) n

j=0

*Named after the Russian mathematician Pafnuty Lvovich Chebyshev (1821-1894).
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Theorem 37.4.

n—1
[ =) fix) fusilx)

i=1

where f, (x) denotes the derivative of f,(x) with respectto x andn > 1.

Proof. Differentiating Eq. (37.8) with respect to x,
oo 2
Zf’:(x)y’l = (1 _ ? — 2)
n=0
(=8}
[Z Ja(x)y" ]
0

[ f(x)fn r(x):l
n=0 Li=0

Equating the coefficients of y”, we get

Il

i) =) fix) fusi(0)
i=0

n-—1

£ix) =) [ fuoix)
i=1
since fo(x) =0. ™
For example, we have:

fox) = x5 +4x3 +3x
fi) =5x* +12x* +3

6
Y @0 foui(x) = A f5() + () fax)
1

+ f3(x) f3(x) + fa(x) f20x) + f5(x) f1(x)
= 2£i(x) fs(x) + 2f2(x) falx) + f7(x)
= 2(1)(x* +3x2 + 1) 4+ 2x(x> + 2x) + (x? + 1)?
=5x*+12x2 43
= fox)
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Using the Pascal-like array in Table 13.3, H. W. Gould in 1965 studied the
polynomial

Ga(x) = Y _ Aln, j)x/

where

AGn, j) = (n ~ LU+ 1)/2J)

Li/2]

denotes the jth entry in row n. Since A(n, 2k) = (n ;k) and A(n,2k+1) =

k

ln/2) Ltn-1)/2] n—k—1
G,(x) = Z( ) x4 Z ( )x2k+' (37.10)

0

L(n+1)/2) n—k+1 in/2} n—
Gun(®) = ) ( ) X 4 Z( )xu“

0

(n —k-l ), we can write G,(x) as

Then

and

Ln/2} —k l(n—1)/2) k— 1
2 — 2k+2 —K— 2k+3
x°Gu(x) = E ( k ) + E < )x

0

L(n+2)/2] L(n+1)/2)
_ n— k + 1 2k 2U+1
= Y ( ¢ ) + Z (k i )x

By virtue of Pascal’s identity,

L(n+2)/2) L(n+1)/2}
—k+2 - 1
G (x) + x2Gn(x) = z (" . + ) %y 2 : ( k+ )x2k+l

0
= Gpy2(x)
Thus G, (x) satisfies the recurrence relation
Gri2(x) = Gpp1 (1) + x°G, (x) (37.1)
which yields the Fibonacci recurrence relation (FRR) when x = 1. Since G,(x) =
i}A(n, J), it follows, by Theorem 13.1, that G,,(1) = F,43,n > 0.
j=

Using the polynomial G,(x), Gould also studied extensively a closely related
polynomial H, (x):

Hy(x) = x"Gu(1/x) = Y A(n, j)x"~
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Interestingly enough, this polynomial yields intriguing results. Notice that:

Hyi2(x) = x"*2Gpya(1/x)
= X" [Gn1(1/2) + x7*Gr(1/2)]
= x"2Gn1(1/x) + x" Gy (1/x)
= xHp11(x) + Hp(x)
where Hy(x) = Go(1/x) = 1 and Hi(x) = xG(1/x) = x + 1. This is exactly the
same Fibonacci polynomial, f,(x), studied by Catalan more than 80 years earlier.

Notice that H, (1) = H,+,(1) + H,(1), where Hy(1) = 1 and H;(1) = 2. So
H,(1) = F,,, wheren > 0.

A MATRIX GENERATOR FOR FIBONACCI POLYNOMIALS

Gould employed the @-matrix technique that we studied in Chapter 32, to study the
H-polynomials. To this end, he considered the generalized Q-matrix

x 1
Q(Jr)=[1 0]

n __ fn+1(x) Ja(x)
Q(")‘[ f®) fn_l(x)] G712

Then

where n > 1 (see Exercise 22).
Since |Q| = —1,|Q"} = (—1)". Accordingly, Eq. (37.12) yields a Cassini-like
formula for f,(x):

Far1 () fas1 () = f2(x) = (=1)" (37.13)

When x = 1, this reduces to the Cassini’s rule.
It follows from Eq. (37.12) that

m+n _ Smgny1(x) Smn(x)
¢ (")‘[ Frin () fm+n_1(x)]

But

Q" (x) = Q" (x)Q"(x)

_ S ) fag1 (X) + frn(X) fu(X) 1 (X) fr(x) + fm(-x)fn—l(x)]
T L) far1 () F a1 () (X)) fin () () + o1 (%) fuo1 ()

Consequently,

Jnan () = fnp1 () o (X) + fin (%) fro1(x) (37.14)
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In particular, let x = 1. This yields an identity from Chapter 32:

Fm+n = m+an + Fan—I (322)

Since fi(x) + fo(x) = 1+0 =1 = Hp(x) and fo(x) + fi(x) = x + 1, it follows
that H,(x) = fre1(x) + fo(x);

S EDTH () = (D7 fa ) = (=D fi(x)
D H () = Y =D i) — (=1 £i(x)
i=0 i=0

= (=1)"" fip1(x)

Thus, we can express the Fibonacci polynomials £, (x) in terms of the H-polynomials
(or the G-polynomials) as

For1 () = D (1" H(x)

i=0
Next, it follows from Eqgs. (37.12) and (37.13) that

Hypi(x)  Hp(x) ]

n+1 " =
"M+ Q') = [ H,(x) Hn,_1(x)

Hopi(x)  H, () | on
Hy(x) Hpa(x)| = 1€ @@+
= Q0" 1Q +1|
That is,
Hn+1(X)Hn—l(x) - an(x) —_ x(_l)——n (3715)

which is again a generalization of Cassini’s rule.
In fact, we even have a further generalization of Eq. (37.15):

Huypa(x)  Hppagp(x)
H,(x) Hyyp(x)

Ha(x) Hayp(x)

=D By

BYRD’S FIBONACCI POLYNOMIALS

Next we examine the Fibonacci polynomials ¢,(x) studied extensively in 1963 by
P. F. Byrd of San Jose State College. They are defined by the recurrence relation

Pr2(X) = 2x Qpyy (x) + @u(x) (37.16)

where n > 0, x is an arbitrary real number, @o(x) = 0, and ¢, (x) = 1.
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Using the recurrence relation (37.16), we can extract various Fibonacci
polynomials of this family:
@p(x) =2x-1-0=2x
e3(x) = 2x(2x) + 1 =4x* + 1
Qa(x) = 2x(4x2 + 1) 4 2x = 8x3 + 4x
os(x) = 2x@Bx3 +4x) + @l + D =16x* + 1222 + 1
In particular, ¢o(1/2) = 0, 1(1/2) = 1, 92(1/2) = 1, ¢3(1/2) = 2, ¢4(1/2) =
3, and ¢s(1/2) = 5; they are all Fibonacci numbers. But, is this true always?
Notice that when x = 1/2, Eq. (37.16) yields the recurrence relation ¢,,,(1/2) =
Pn+1(1/2)+,(1/2), where @p(1/2) = Oand ¢,(1/2) = 1.Consequently, ¢,(1/2) =

F,, as expected.
To derive a generating function for ¢, (x), we let

g(H) =) ga(x)t"

n=0
Then
[o ]
2xtg(t) = ZZx @ ("1

n=0

and

Pg(t) = ) en(n™?

n=0

| 1g(1) — 2xtg(t) — g(1) = — @1t + Y _[@n(x) = 2% i1 (X) = Quy2)t”
n=0

(t* = 2xt - 1)g(t) = —t

by the recurrence relation (37.16). That is,

t
= ———
8(1) 1 —2xt —12

So g(t) = t/(1 — 2xt — t?) is a generating function of the Fibonacci polynomials.

Thus

— 2” Z on (01" (37.17)

Notice that when x = 1/2, this yields the generating function for F, we obtained
in Chapter 18.
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The polynomials ¢, (x) satisfy a fascinating property. To see this, change ¢ to —¢
and x to —x in Eq. (37.17):
Thus

1—-2xt an (—x)(=1)"
That is,

—an(x)r —Z% (—x)(=1)"

n=0
Equating coefficients of ¢" from either side yields the property

on(x) = (=" @, (=x)

Consequently, ¢,(x) is an even function if n is odd, and an odd function
otherwise.

For example, notice that ¢3(x) and @s(x) are even functions, whereas ¢;(x) and
¢p4(x) are odd.

o ¢]
Since 1/(1 —s) =) s', we can expand the left-hand side (LHS) of Eq. (37.17):

0

o0 o0

Y el =1y (2xt +11)"

n=0

(e <] n n

_ n—ig 2\i
=ty 3 (i)(2xt) Q)

3
1l
-}

— Z (’:) (zx)n i n+r+l
1 2 (2
(i ) (2x)l—iti+2 + ZO: (l ) (zx)z—it3+i

]
+
-

3
+ Z (?) (2x)3—it4+i +
0

t+ Q207 + (207 + 110 + [(2x)° +292x))¢*
+ {0 +3@x) + 1) + - -

il

That is,

00 oo [ln—1)/2} 1
Z (p,,(x)t" = Z [ Z (" “"i - ) (zx)n—Zi] "
n=0

n=0 i=0
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This yields the explicit formula for ¢, (x):

ln=1)/2] i1
onlx)= D (" T )(Zx)"‘z" (37.18)

i=0

where n > 1.
When x = 1/2, this yields the Lucas formula for F,, developed in Chapter 12:

ln-1)/2) n—i—1
F, = Z( ; ) (12.1)

i=0

EXERCISES 37

1. Verify Theorem 37.1 forn =5andn = 6.
Find each polynomial using Theorem 37.2.
2. fe(x)
3. fio(x)
Find each polynomial using Theorem 37.3.
4. fe(x)
5. fio(x)
Using Theorem 37.4, find f,,(x) for the given value of n.
6. n=4
7. n=17
8. Letz; = fi(x) + fi(y). Show that z,44 — (x + Y)Zns3 + (xy — 2)Zp42 +
x + ¥)zZp41 + 2o = 0 (Swamy, 1966).

9. Let z; = fi(x) - fi(y). Show that 2,44 — (x¥)Zn43 + (x? + y> + 2)2542 —
XYZnt1 + 2o = 0 (Swamy, 1968).

10. Using the principle of mathematical induction, prove that
frr ) fasi (x) = fEX) = (=1)",n 2 1.
We=D72] /1 —-j—1 n2ie1
11. Letg,(x) = ) ( i )x /=1, Show that g,(x) = f,(x).
j=0
12. Let A(n, j) denote the element in row n and column j of the array in
Table 13.1. Define A(n, j) recursively.
13. Show that f,(x) and f,+1(x) are relatively prime (Swamy, 1971).
14. Prove that f,1(x) fa—2(x) — fa(x) fa-1(x) + x(=1)" = 0 (Swamy, 1971).
Establish the following generating functions.

15. n (X)"
l—(x2+2)t2+t4 Zfz(x)'

t—13
16.
1—(x24+2)2+14

= Z Sonrr ()P
0
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|

18.

19.

20.

21.

22.

23.
24.

~

(x2+1)—1?
1 — (x24+2)12 414

= Z f2n+3(x)12"
0

n n
Show that [l +X|:m] [1 —xz;m] =1
(Swamy, 1971a).
Verify that Formula (37.3) defines the Fibonacci polynomial f,(x).
Chebyshev polynomials of the second kind U,_, are defined by U,-; =

P §n
————,wherer = x ++V/x2—1lands = x — vVx2 — 1. Show that
2/5 1
U,-1(3/2) = F,, (Basin, 1963).

Let g(x, n) denote the hypergeometric function

n—1

B 2%(n + k)! k
glx,n) = g (n—k—1)1Qk + 1)!(x -

Show that g(3/2, n) = F,. [Note: g(x, n) = U,-,(x).] (Basin, 1963).

Prove that Q" (x) = [f?ES) ff" f)(‘;)] ,n>1.
Prove that H,(x) = fur1(x) + fulx),n > 0.

Find the Fibonacci polynomials ¢g(x) and ¢7(x).

Consider the polynomials v, (x) defined recursively by ¥,12(x) = 2xy,(x)+
Y. (x), where Yo(x) = 2 and ¢ (x) = 1.

25.
26.
27.
28.
29.

Find the polynomials ¥,(x) for2 <n <5.
Compute ¥, (1/2) for0 < n <5.

Conjecture the value of ¥, (1/2).

Prove that ¥,(1/2) = L,,.

Find a generating function for the polynomial v, (x).

Consider the polynomials y,(x) defined recursively by y,42(x) = xy,41(x) + ya. (x),
where yp(x) = 0and y,(x) = 1.

30.
31.
32.
33.
34-35.
36.
37.

Find the polynomials y,(x) for2 <n < 5.
Conjecture the value of y,(1).

Prove that y,(1) = F,.

Find a generating function for the polynomial y, (x).
Redo Exercises 30 and 31 if yp(x) = 2.

Prove that y, (1) = L,.

Find a generating function for y,(x).

Consider the polynomials z,(x) defined recursively by z,.2(x) = zp41(x) + x2,(x),

where zo(x) = 0and z;(x) = 1.

38.

Find the polynomials z,(x) for2 < n < 5.
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39. Conjecture the value of z,(1).
40. Establish the formula in Exercise 39.
41. Find a generating function for the polynomial z, (x).
42-45. Redo Exercises 38-41 if zo(x) = 2.
46. Using Formula (37.16), compute the polynomials ¢g(x) and ¢7(x).
47. Let D,(x) denote the nth-order determinant:

2x i 0 O 0 O
i 2x i O 0 0
0 i 2x i 0 0
0 0 i 2x 0 0
. . . S S |
0 0 0 O i 2x

where n > 2,i = +/—1, x is an arbitrary real number, Dy(x) = 0, and
D (x) = 1. Show that D,(x) = ¢,(x) (Byrd, 1963).
48. Evaluate the n x n determinant

1 i 00 00
i 1 i 0 00
0 i 1 i 00
0 0 i 1 00
e | B
0 0 0O i 1

wheren > 2 and i = +/—1 (Byrd, 1963).
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LUCAS POLYNOMIALS

Lucas polynomials 1, (x), originally studied in 1970 by Bicknell, are defined by
ln(x) = xln_ 1 (x) + 1 _2(x)

where lop(x) = 2,1 (x) = x,and n > 2.

The first ten Lucas polynomials are:
Lhix) =x
Lx) = x*+2
L(x) = x3 +3x
Li(x) = x* +4x2 42
Is(x) = x4 5x% 4 5x
le(x) = x® +6x* +9x2 +2
l1(x) = xT 4+ 705 + 923 + 7x
Ig(x) = x®+ 8x® +20x* + 16x% + 2
lo(x) = x” +9x7 +27x% + 30x3 + 9x
lio(x) = x'0 4 10x® + 35x% + 50x* + 25x% + 2

It follows from the recursive definition that [, (1) = L, for n > 0; that is, the sum
of the coefficients of [,(x) is L,. We can verify this by computing /,(1) for these

Lucas polynomials.

459
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TABLE 38.1.
n X0 x! x? x? x* x3 x® x’ x8 x° x'
1 0 1
2 2 0 1
3 0 3 0 1
4 2 0 4 0 1
,——Sum =48 = 3-2*
5 0 5 0 5 0 1
-
6 2 0 9 < 0 6 0 1
/
7 0o 7 0/14 0 7 0 1 «~—Sum=L,=29
8 2 0 16 0 20 0 8 0 1
/
9 0/ 9 0 30 0 27 0 9 0 1
10 2 0 25 0 50 0 35 0 10 0 1

Lucas Polynomials satisfy three additional properties:

o D(x) = far1 )+ fumr(x) = xfu(x) + 2 1 ()
. xl,,(x) = fn+2(x) - f,,,z(x)
o Lp(x) = (=D)"lL(x)

See Exercises 3-6.

In addition, 1,(2) = f,41(2) + fu—1(2) = Ppy1 + Py, where P, denotes the nth
Pell number. For example, [5(2) = 82 = 70 + 12 = Ps + P4.

Arranging the coefficients of the various polynomials in ascending order of expo-
nents, we get the array in Table 38.1. The sum of the elements along the nth rising
diagonal is 3 - 2"~1/2 where n is even and is > 2.

BINET’S FORMULAS FOR f,(x) AND [,(x)

Next we find Binet’s formulas for both Fibonacci and Lucas polynomials.
Let a(x) and B(x) be the solutions of the quadratic equation 2 —xt—-1=0:

x+Vxt+4 —V/x2+4
2

a(x) = and  Bx) =1 :

Notice that a(1) = « and (1) = B;a(2) = 1 + +/2 and B(2) = 1 — /2 are the
characteristic roots of the Pell recurrence relation x* — 2x — 1 = 0. We can verify
that

a"(x) — " (x)
a(x) — B(x)

See Exercises 8 and 9.

fa(x) = and Ih(x) =a"(x) + B"(x)
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We can employ Formula (37.14) to derive identities linking Fibonacci and Lucas
polynomials. Changing n to —n in the formula, we get:

Snon(x) = (=1)'[—= fnr1 (x) fn(x) + [ (x) fusr ()]
fm+n(x) + (“l)nfm—n(x) = fm(x)fn—-l(-x) + fm(x)fn+l(x)
= fm(x)ln(x)
This yields the formula
Fm+n+(—l)"Fm—n=Fan (381)
Replacing n by k and m by m — k in Eq. (37.14), we get yet another identity:
S () = L) fnai () + (= DF fr_ni(x)
In particular,
Fn = LgFi + (=D)*" Fp_gy (38.2)
Two new polynomials g,(x) and h,(x) correspond to the Fibonacci and Lucas
polynomials:
gox) =0 gx)=1
8n(x) = xgn_1(x) — gn-2(x) n>2

h()(x) = 2 hl(x) =X
hp(x) = xhp_1(x) ~ hy_2(x) n=>2

Notice that we can obtain g,(x) and hA,(x) from f,(x) and /,(x) by changing the
plus sign to minus in the recurrence relations. These polynomials, studied extensively
in 1971 by Hoggatt et al., and in 1972 by Hoggatt, are related to the Chebyshev
polynomials of the first and second kind.

Let y(x) and §(x) be the solutions of the quadratic equation 2 —xt+1=0:

x+Vx2 -4 x++/x2-4
2

y(x) = and d(x) =

Notice that y(«/g) = and §(+/5) = —pB. It is easy to verify that

Y'i(x) —8"(x)
y(x) — 8(x)

where x # 2 (see Exercises 19 and 20).

Besides, h2(x) — (x2 —4)g2(x) = 4and h,(x) = gn+1(x) — gn—1(x) (see Exercises
21 and 22). We can see that the coefficients of g,(x) lie along the rising diagonals of
Pascal’s triangle.

gn(x) = and ho(x) =y"(x) + 6" (x)
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DIVISIBILITY PROPERTIES

The polynomials f,(x),l,(x), g.(x), and h,(x) yield interesting divisibility divi-
dends. To extract some of them, recall that

x+VETA _ VT3
2

a(x) = and B(x) = X >

Then

Lomt1(x) + Vx2 + 4Fp 44
2

a(Lyms1(x)) =
= o?™+(x)
by Exercise 15. Similarly,
B(Lamy1(x)) = B (x)

a"(Lam+1(x)) — B"(Lam+1(x))
a(Loms1(x)) — B(Lam41(x))

@@ e () — B (x)  famtiyn(x)
a?mtl(x) — B2m+i(x) T frmy1(x)

fn(L2m+I(x)) =

Similarly, using the identity 2, (x) — 4 = (x? + 4) f2, (x), we can show that:

lam 21 4 m
Yllam(x)) = 2 (x)+~/xz F45m0) _ oy
—_ 2
8(lan (1)) = Lm (x) «/x2—+_4f2m(x) _ g ()
"(Lam(x)) — 8"(L
20 (Lam()) = Y-Ean()) = 8" (Lo (X))

Y(Lom(x)) — 8(Lom(x))

Y2 (x) — 821 (x) _ frmn(x)
Y2 (x) — 82m(x) Sfom(x)

Thus, we have established the following theorem.

Theorem 38.1. (Hoggatt, Jr., Bicknell, and King, 1972)

Fu(x) = fi(x) - fulle(x))  if kis odd
"" fex) - galli(x))  otherwise

Corollary 38.1. fi (x)] fax(x) u
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For example, fe(x) = X0+ 4x3 + 3x
= (x? 4+ D(x*+3x)
= f3(x) - li(x) = f3(x) - f2l3(x))

Corollary 38.2. Fi|Fu [ ]

This follows from Corollary 38.1, since f,(1) = Fi; note that we already knew
this from Chapter 16.

Corollary 38.3.

Ltn~1)/2] .
fnk(x) Je(x) Z ( )(—1)(k+l)jl:_2"—l(x)

Proof. We have

m=1)/2} m—i—1 '
fm(x) = Z ( j] )xm—Zj—l

j=0
L(m—=1)/2] — i1
= "E (1) g
j=0 J
Lin=1)/2] - .
i L (" j ])1,':‘2’"()() if k is odd
J=
fnk(x) = L(n—1)/2) n—j—1 - n—2iei )
fi(x) 'Zo ( i )(—l)’Lk TN (x)  otherwise
J=
l(n—1)/2] )
= fi(x) Z ( )(*l)“‘“”l,'('_z’_'(x) u

For example,
fox) = fz(x)z< ) 157 (x)

= [( )12() ( )lz(x)]_x[(x +2)2 - 1]

= x> +4x3 +3x

as we found in the preceding chapter.
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We can also employ the polynomials I,(x) and h,(x) to derive similar divisibility
properties. To this end, recall that

allmi1 (1) = &' (x)  and  Blom1(x)) = B2 (x)
Ln(lam11(0)) = @@ (x) + ™D (x) = g1y (x)
Since Y(lam (x)) = a®™(x) and 8(lz(x)) = B?™(x), it follows that
hn(lam (%)) = @®™ (x) + B7™ (x) = lomn(x)
Thus, we have the following theorem.

Theorem 38.2. I, (lhm-1(x)) = lgm—-1)n(x) and h, (2, (x)) = lymn (x). ]

Corollary 384. I, (x)ll(z,,, —Dn (x).

Proof. Sincelj(x) =xandl(x) = x% 42, it follows from the recurrence relation
that x|ly, 1 (x) for every k > 1. Likewise, x|hz_((x) for every k > 1.
Since lypm—1(-1(x)) = lom—1yak-1)(x) and Iy (xX)|lam—1 (I2x—1 (x)), it follows

that Iz (xX)am-1y2e-1(x). Likewise, ham_1(u(x)) = lom-nen(x) and
LX) hom—1 U2 (x)), 50 by (x)lam-1y200(x). Thus, whether n is odd or even,
ln(x)'l(Zm—l)n(x)- [ ]

For example,
I4(x) = lip(x) = x'2 4+ 12x"0 + 54x® 4 112x% + 105x* + 36x% + 2
= (x* +4x2 + 2)(x® + 8x° +20x* + 16x2 + 1)
= ly(x) - [lg(x) — 1]

So lg(x)l3.4(x).
Since [,(1) = L,, this corollary yields the following result.

Corollary 38.5. L,|L@am—1)n (]

CONVERGENCE OF A Q-LIKE MATRIX
In 1983, after studying various powers of the matrix

1 1
M_[l 1+x]

for several values of x, S. Moore conjectured that the powers with their leading entries
scaled to 1 converge to the matrix

1 a(x)
a(x) a?(x)
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In the same year, Hazel Perfect of Sheffield, England, furnished a neat proof of this
using the well-known diagonalization technique in linear algebra.
The characteristic equation of M is

1 -2 1

="

':Az—(2+x)x+x=0

Its (distinct) roots are r = 1 4+ B(x) and s = | 4+ a(x).
The eigenvector (':) ) associated with r is given by M (3 ) =r (Z ); that is,

()= ()

Then (1 —u+v =0andu+ (1 +x —r)v = 0. So we choose u = 1 and
v =r — 1 = B(x). The corresponding eigenvector is

(i) N (ﬁ(lx))

Likewise, the eigenvector corresponding to s is

(+) = (ato)

Then, by matrix diagonalization,

M_[l 1 [ 0][1 1]"'
T LB a(x) |0 s||BW) a)

,M,,_[l 11 0]"[1 1]“
' T LB a0 s {BX) alkx)

_[1 1'r"0][1 1]“
LB a0 5" BK) ax)

1 [ 1 1 ][r 0][ 1 —1]
a(x) = Bx) [Bx) a(x) L0 s"[|-Bkx) alx)

_ 1 [a(x)r" — B(x)s" st —r" ]

T alx) - B(x) R a(x)s” — B(x)r"

(38.3)
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’_ | st —pn
a(x) — B(x) o a(x)yrm — B(x)sn
a(x)r® — B(x)s" M = st —r" a(x)s” — B(x)r" (38.4)
- a(rt — B(x)s" a(x)r" — B(x)s"
- i 1= (r/s)"
_ a(x)(r/s)" — B
Tl = fwoysy (385)

a(x)(r/s)" =B alx)(r/s)" — B
Suppose x > —2.Then (r/s)" — Oasn — oo, so the matrix approaches the limit
1
B | [ 1 a) ]
1 a(x) | 7 [ax) o*(x)
B B
as desired.

Suppose x < —2. Then (s/r)" — 0 asn — oo. Thus, as n — o0, Matrix (38.5)
approaches the limit

1

a(x) | _ [ I B ]
%)) Blx) B*x)
a(x) a(x)
Whenx = l,a(x) =, B(x) =B, r =1+ B =p%ands =1 +a = a?. Then
the Matrix Equation (38.3) yields

. 1 aﬂZn _ ﬂa2n a2n _ ﬂZn
M = a—p o - g2 Q2+l _ gnl
1 a2n—l _ ﬂZn—l a2n _ ﬂZn
T o B [azn — g o+ _ ﬂan]

[ Fnr B
- [an F2n+l]
as we saw in Chapter 32.
Asn — oo, (1/F2,-1)M" approaches the limit [; :2].

When x = -2,
M=

so the sequence of scaled matrices is

1 1 1 o] [1 1Tt o
I =10 1|1 =1]"]0 1)
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EXERCISES 38

Find each Lucas polynomial.

l.
2.

5 (x)
lia(x)

Verify each.

3.

L(x)= fn+l(x) + fn—l(x)

4. l(x) = xfn(x) + 2fn—l(x)
5. xly(x) = fp42(x) — fu—2(x)
6. [_,(x) =(-=1)"l(x)
7. Let B(n, j) denote the element in row n and column j of the array in Table 38.1.
Define B(n, j) recursively.
Prove each ) = B)
a"(x) — " (x
8. fulx) = 20— B0
9. Li(x) =a"(x) + B"(x)
10. 2(x) — (x? 4+ 4) f2(x) = 4(—-1)"
1. f2(x) + [}, () = fra41(x) (Koshy, 1999)
12. I2(x) + 12(x) = (x? + 4) frn41 (x) (Koshy, 1999)
13. L (o1 (x) — I2(x) = (=1)""'(x? + 4) (Koshy, 1999)
14, fin OO (x) + f2(xX)m(x) = 2 frnsn(x) (Koshy, 1999)
L(x) + Vx2 +4f,(x)
15. a"(x) = 3
)
16. B"(x) = Ln(x) x2 +4 fa(x)
17. Find the polynomials g(x), g3(x), ga(x), and gs(x).
18. Find the polynomials 4;(x), h3(x), hs(x), and hs(x).
Verify each
19 Y (x) = 48"(x) . .
. 8n(x) = ——— (Hoggatt, Bicknell, and King, 1972)
y(x) —&(x)
20. h,(x) = y"(x) + 8"(x) (Hoggatt, Bicknell, and King, 1972)
21, B2 (x) -~ (x2 —4)g2(x) =4
22, hy(x) = 8ny1(x) — gn—l(x)
[(n=1)/2} n—i—1 ) )
Bog)= % ( I_ ) (=151 > 0,

Establish the following generating functions.

24.

25.

2 —xt o
—_— = ) 1, (x)t" (Koshy, 1999
= Sher Kooty 1999

2—(x2+ 24
=2+ 22+ 14

o0
= Y lrn(x)t* (Koshy, 1999)
0
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(1+x)y-1r

[0 0]
! =Yh, t>"+1 (Koshy, 1999
1—(x2+2)t2+t4 ZO:Z+I(X) ( 0s y )

27. Show that the zeros of f,(x) are 2i cosknr/n,wherel <k <n—landi = /-1
(Webb and Parberry, 1969).

The generalized Fibonacci polynomials t,(x), studied in 1970 by Bicknell, are defined
by t;(x) = a, f(x) = bx and t,(x) = xt,_1(x) + t,—2(x),n > 3.

28. Find t¢(x) and #;(x).

29. Express t,(x) in terms of f,_;(x) and f,_»(x).

30. Use Exercise 29 to find t¢(x).
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JACOBSTHAL
POLYNOMIALS

Jacobsthal polynomials, J, (x), named after the German mathematician E. Jacobsthal,
are related to Fibonacci polynomials. They are defined by

Jn(x) = Jyo1 (x) + xJp_2(x) 39.1)

where Ji(x) = 1 = Jy(x). Clearly, J,(1) = F,. The first 10 Jacobsthal polynomials
are:

Jilx) =1
Jo(x) =1
Jix) =x+1
Ja(x) = 2x + 1

Js(x) = x? +3x + 1

Jo(x) = 3x* +4x + 1

J(x) = x> +6x> + 5x + 1

Jg(x) = 4x> 4+ 10x* + 6x + 1

Jo(x) = x* 41003 + 15x2 + 7x + 1

Jio(x) = 5x* +20x% + 21x2 + 8x + |
469
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We can make a few interesting observations:

» The Jacobsthal polynomials J2,_1(x) and J;,(x) have the same degree.

o The degree of J,(x) is [(n — 1)/2].

« The leading coefficient of J,,_;(x) is one, whereas that of J5,(x) is n.

«» The coefficients of J,(x) are the same of those of f,(x), but in the reverse order.

« The coefficients of the Jacobsthal polynomials lie on the rising diagonals of the
left-justified Pascal’s triangle, in the reverse order, as shown below:

J(x)=3x*+4x=1
2 1Y ¢

1 5 10 10 5 t

I 6 15 > 20 15 6 1
{

1 7 21 35 35 21 7 1
AN EXPLICIT FORMULA FOR Jp(x)

Next, we can derive an explicit formula for J,(x). Since the coefficients of J,(x) are
the same as those of f,(x) in reverse order, it follows that

{n-1)/2}
_ L(n/2] +j Ln=D/2] -
Jn(x) = ]f:_‘a (L(n—l)/ZJ—j x (39.2)
See Exercise 3.
For example,
> 34
Jr(x) = 3-i
7(x) ;(3_ J)x
_(3\.3 4\ , 5 6\ o
=(5)2+(3)=+(1)=(5)
=x+6x2+5x+1
Similarly,

Jg(x) =4x> +10x? + 6x + 1



ANOTHER FAMILY OF POLYNOMIALS K,(x) an
BINET’S FORMULA FOR J,(x)

Now, we find Binet’s formula for J,(x). To this end, let  and s be the solutions of
the characteristic equation t> — t — x = 0 of the recurrence relation Eq. (39.1). Then

r_1+\/1+4x S_l—\/1+4x
- 2 - 2
r+s=1 rs =—x and r—s=+1+4x

It can be shown that J, (x) can also be defined by Binet’s formula

s

() = e

(39.3)

where n > 1

ANOTHER FAMILY OF POLYNOMIALS K,(x)
Next, we introduce yet another family of polynomials, K,(x), which are closely
related to Jacobsthal polynomials.
We define the polynomials K, (x) by
Kn(x) = Ky—1(x) + xKp_2(x) (39.4)

where K| (x) = 1 and K;(x) = x. The first 10 members of this family are:

Kix) =1
K)(x) =x
Ki3(x) = 2x

Ks(x) = x* 4+ 2x

Ks(x) = 3x%2 +2x

Ke(x) = x> +5x% + 2x

K7(x) = 4x® +7x? + 2x

Kg(x) = x* 4+ 9x3 +9x% + 2x

Ko(x) = 5x* +16x3 + 11x% + 2x
Kio(x) = x>+ 14x* +25x3 4+ 132 4+ 2x
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The polynomials K,(x) have several interesting properties:

» The degree of K,(x) is |n/2], so K3,(x) and K, (x) have the same degree.
« The leading coefficient of K, (x) is

1 if n is even
L(n + 1)/2] otherwise

o x|K,(x) forevery n > 2. (Assume that x # 0.)
« The coefficient of x is always 2, where n > 3.

Since K, (1) = F,, it follows that the sum of the coefficients in every polynomial
K, (x) is aFibonacci number. In other words, every row sum in the array of coefficients
in Table 39.1 is a Fibonacci number.

TABLE 39.1.
NI 0 1 2 3 4 5
1 1
2 1
3 2
4 1 2
5 3 2
6 1 5 2
7 4 7 2 <« Rowsum =13 = F;
8 1 9 9 2
10 5 14 25 13 2

Let K (n, j) denote the element in row n and column j, wheren > 1 and j > 0.
It can be defined recursively as follows:

1 if n is even

K(n.0) = [ L(n +1)/2] otherwise
K N = Kn-1,j—1+K@n-2,j) ifniseven
D=V ktn—-1,j)+K(n—2,j)  otherwise

wheren > 3and j < |(n —2)/2).1f j > | (n —2)/2], K(n, j) can be considered 0.
Surprisingly enough, there is a close relationship between the polynomials X, (x)
and J,(x), as the following theorem shows.

Theorem 39.1. (Koshy, 2000) K,(x) = x[J,-1(x) + Jo—2(x)], where n > 2.

Proof. Since K, (x) satisfies the same recurrence relation as J, (x), it follows that
K.(x) = Ar" 4+ Bs", where the expressions A and B are to be determined subject
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to the initial conditions K;(x) = 1 and K,(x) = x. These two conditions yield the
equations

Ar+Bs =1
Ar’ 4 Bs® = x
Solving this system, we get
xX—s r—x
A= ——— and B= —
r14+4x s4/1+4x
o Ka(x) = L R B Al S

r\/1+4x. s\/1+4x.

="'+ (@ —x)s"!

V1 +4x
_ x(rn—l _ sn—l) — (rs)(rn*Z _ sn—2)
- V1 +4x
= x[Joo1(x) + Ju2(x)] by Formula (39.3) ]

Thus, to find any polynomial K,(x), we need only multiply the sum of the con-
secutive numbers J,_; (x) and J,_,(x) of the Jacobsthal family by x, where n > 3.
For example,
Ko(x) = x[Jg(x) + J7(x)]
= x[(4x> +10x> +6x + 1) + (x> +6x2 +5x 4+ 1)
= 5x* 4+ 16x% + 11x% + 2x
Similarly, Kg(x) = x* + 9x3 + 9x% + 2x.

Since K,,(1) = F,, = J(1), Theorem 39.1 yields the familiar Fabonacci recur-
rence formula.

Corollary 39.1. F, = F,_1 + F,_2,n > 3. ]

A POLYNOMIAL EXPANSION FOR K,(x)

We can employ Formula (39.2) and Theorem 39.1 to derive a polynomial formula for
K, (x).



474 JACOBSTHAL POLYNOMIALS

Case 1. Letn = 2k + 1 be odd. By Formula (39.2),
k-1

Jn‘l(x)-*-Jn_z(X):Z(kfj'_.j_]) k~j— I+Z(kij::)xk—j—l
0
—-Z k+j ktj=1) s-j-1
k—j—1 k—j—1

_ik+3j+l k=1 amjmr
S 2j+1 k—j—1

Case 2. Let n = 2k be even. Then:
k-1

_ k+j—1\ 4 ja k+Jj—2\ i-j-2
Jn_,<x)+1n_z(x)—2(k_j_l) - +Z< _,-2) !

0
k-1

_ k+j k—j—1 ktj =2 k-jm1
—Z( —1—1) +Z k—j—1
0
k-1 .
l k—j—1 k—j—1

- —~k+3j—1(k4+j-2\ 4j
L L k—j—1
=X +¥ 2 (k—]—l x

Thus, we have the following result.

Theorem 39.2. (Koshy, 2000)

k__1+z:lk+3]_l<k+j—2

X )x"‘j" if n = 2k is even

T 2j k—j—-1
Ka)/x = k+3j+1 (k 1
~ KTy +Jj - k—j—1 e .
ZO: 2+ 1 (k—j—l)x ifn =2k +1isodd
| ]
For example,
2
24+3j
Ke(x)/x = x* + ) j’(;fj) i

1

=x245x+2
- Ke(x) = x> +5x% +2x
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Likewise,

2

Ki(x)/x = Z

0

4+3j (2+j

P =4x? +7x +2
T 2_j>x x4+ Tx + 2,

SO
K7(x) = 4x> + 7x* + 2x

Since K, (1) = F,, the next result follows from Theorem 39.2.

Corollary 39.2.
—n+3j-1(n+j-2
(1) an=1+212—2—j—(n_j_l> (39.5)
—n+3ji+l (ntj-1
@) F2"+IZXO:T(n_j—l) (39.6)
|
For example,

4
_ 6+3j 4+
F"“;2j+1<4—j

6 /4 9/(5 12 /6 15 (7 18 /8
H(0+3)- 20550
6+30+36+154+2=289

and

Since >, = F,L,, it follows that the sum in Eq. (39.5) has nontrivial factors when
n > 3. Besides, since Fany) = F2 + FZ2,,, it follows that the sum in Eq. (39.6) is the
sum of two (Fibonacci) squares.

We now turn our attention to constructing a generating function for K, (x).

A GENERATING FUNCTION FOR K, (x)

Since 1 —t — xt2 = (1 — re)(1 — st), we can show that

o0
t
—_— = J. ("
—t— yt2 Z"
11—t —xt 5
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Therefore,
l—iiti Z[Jn 1) + s (D))"
= Z[K,.(x)/x]t", by Theorem 39.1
2

That is, w

T = L Ko
In other words, -

e :Bf Z Ka(or"

Thus, the function on the left generates the polynomials K, (x) as coefficients of ¢”,
where n > 1.

EXERCISES 39

1. Using the recursive definition of J,(x), find Jj; (x) and Ji2(x).
2. Using the explicit formula for J, (x), find Jo(x) and Jyo(x).
3. Prove the explicit Formula (39.2) for J,(x).

n__.n 1 B
4. Showthat J,(x) = ———>— wherer = T Y 4% ds = 1 JTHax
V1+4x 2 >

5. Find a generating function for J,(x).
Consider the polynomial k,(x) defined by k,(x) = k,—i1(x) + xk,_»(x), where
ko(x) =2and k;(x) = 1.

6. Find k3(x) and k¢(x).

7. Find k,(1).
8-9. Redo problems 6 and 7 if k;(x) = x.
There is yet another family of polynomial functions, Q,(x), that are related to
Jacobsthal polynomials. They are defined by O, (x) = x[Qx—1(x) + @n_2(x)], where
Q,(x) = 1 and Q,(x) = x. Find each.

10. Q3(x) and Q7(x)

11. Qa(1)

12. The degree of Q,(x)

13. The lowest power of x in O, (x)
14. The number of terms of Q,(x)
15. Binet’s formula for Q,(x)

16. An explicit formula for Q,(x)
17. A generating function for Q,(x)
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ZEROS OF FIBONACCI
AND LUCAS POLYNOMIALS

In 1973, V. E. Hoggatt, Jr., and M. Bicknell investigated the zeros of the Fibonacci
and Lucas polynomials using the hyperbolic functions
et —e7t et +et

3 and coshz = >

sinhz =

where z = x+iy is acomplex variable. These functions satisfy the identities cosh? 7 —
sinh®z = 1, coshiy = cos y, and sinhiy = i sin .

Let x = 2i cosh z. Then +/x2 + 4 = 2i sinh z, so a(x) = i(cosh z + sinh 7) = ie?
and B(x) = i(coshz —sinhz) =ie™%;

@) = B _ e (enz - e—nz) _ i,.—ISi“h”z

a-B et —et sinh z

and [, (x) = (@(x))" + (B(x))" = e"* + ™" = 2i{" coshnz.

Letz = u+iv.Then | sinh z}2 = sinh? u+sin’ v and | cosh z|? = sinh? u +cos? v.
Since u is real, sinhu = 0 if and only if 4 = 0, so the zeros of sinh z are those of
sinhiv = i sin v; and the zeros of cosh z are those of coshiv = cos v.

Clearly, f,(x) = 0 if and only if sinhnz = 0 and sinhz # 0. But sinhnz =0
if and only if sinny = 0, or z = iy. Therefore, ny = *kn, so z = tkn/n. Since
icoshiy =icosy,x =2icoshz = 2icoskn/n,wherel <k <n-—1.

Notice that /,(x) = 0 if and only if cosh nz = 0, that is, if and only if cosny = 0.
Thenny = (2k + )7 /2 and z = iy. So x = 2i cosh z = 2i cos(2k + 1) /2n, where
0<k<n-1

Thus, the zeros of f,(x) are

falx) =

x =2icoskn/n l<k=<n-1

477
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and those of /,(x) are
x = 2icos(2k + 1) /2n O0<k<n-1

For example, the zeros of fe(x) = x> 4+4x343x are givenby x = 2i coskm /6,1 <
k <5 Whenk = 1,x = 2icosm/6 = V3i; when k = 2,x = 2icosn/3 =i,
similarly, k = 3, 4, and 5 yield the values 0, —i, and —+/3i, respectively. Thus,
the zeros of f¢(x) are O, +i, and ++/3i. This should be obvious, since fe(x) =
x(x? 4+ 1)(x% + 3).

The zeros of Is(x) = x> + 5x3 + 5x are given by x = 2i cos(2k + 1)71/10, where
0 < k < 4; so they are O, i————“lozﬂ‘/gi since cos /10 = (v 10 + 2+/5)/4. We can
confirm this easily, since /s(x) = x(x* + 5x% + 5), and x* 4 5x2 + 5 is a quadratic

in x2.

FACTORING FIBONACCI AND LUCAS POLYNOMIALS

It now follows that both f,,(x) and I, (x) can be factored:
n—1

f20) =[x = 2i coskm/n)
1

and

n—1

ln(x) = [ Jlx — 2i cos(2k + 1) /2n]
0

It also follows from these two factorizations that

n—1

Fo=]] - 2icoskn/n) (40.1)
1

and
n—1

L, = [ i1 - 2i cos(2k + 1)/2n] (40.2)
0

Formula 40.1 was initially proposed as an advanced problem in 1965 by D. Lind of
the University of Virginia at Charlottesville. Two years later, D. Zeitlin of Minnesota
derived Formula 40.2 along with Formula 40.1 using trigonometric factorizations of
Chebyshev polynomials of the first and the second kinds. We will elaborate Formula
40.1 further in Chapter 42.

For example,

3
Fy = [](1 —2i coskn/4)
1

= (1 —2icosm/4)(1 —2icos2r/4)(1 — 2icos3n/4)
= (1 = V2i)(1 —0)(1 + V2i) =3
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and

2
Ly = []01 - 2i cos(2k + )z /6)
0

= (1 —2icosm/6)(1 — 2i cos 3w /6)(1 — 2i cos 5 /6)
= (1 —-2icosm/6)(1 - 0)(1+ 2icosm/6)

= l+4cos’n/6=1+4-3/4

=4
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MORGAN-VOYCE
POLYNOMIALS

In 1959, A. M. Morgan-Voyce of Convair, a division of General Dynamics
Corporation, in his study of electrical ladder networks of resistors, discovered two
large families of polynomials, b,(x) and B, (x). Closely related to Fibonacci polyno-
mials, they are defined recursively as follows:

bn(x) = xBy_1(x) + bu-1(x) 4L
Bu(x) = (x + )By_1(x) + bp1(x) 41.2)

where bg(x) = 1 = Bp(x) and n > 1.

These polynomials were studied extensively in 1967 and 1968 by several inves-
tigators, including M. N. S. Swamy, S. L. Basin of Sylvania Electronic Systems,
V. E. Hoggatt, Jr., and M. Bicknell.

To appreciate the origin of these polynomials, we must return to the ladder networks
of n resistors that we examined in Chapter 4. Consider the case with R; = x and
R; = 1 (see Fig. 41.1). As before, Z, denotes the resistance between the terminals
C and D.

x x x X
A —AAN, AN A YAVAY: s c
Z; é 1 é 1 § 1 ; 1 Z,
Be NWW—— VWV see oD
n sections
Figure 41.1.
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Using Figure 41.2, since x and Z, are connected in series, they yield a combined
resistance of R = x 4+ Z,. Since R and 1 are connected in parallel,
1 1 1
Zni1 x+Z, 1
x+Z,+1
x+ Z,
x+Z,

Zpy) = ———— 41.3
* x+Z,+1 ( )

AYAYAY o C
ZH§ § 1 zn+1
* D’

Figure 41.2.

Since Z, is a polynomial in x, soare x + Z, and x + Z, + 1. Thus Z,;, and
hence Z,, are the ratios of two related polynomials. Let
_ bix)

B, (x)

n

By Eq. (41.3),
bri1x) _ x +ba(x)/Ba(x)
Bupi(x)  x+ 1+ b,(x)/Bby(x)
xB,(x) + b, (x)
(x + DB, (x) + bu(x)
This equation yields the recurrence relations satisfied by b,(x) and B, (x):

bn(x) = xBy_1(x) 4 bn-1(x) (41.1)

B,(x) = (x + )B,_,(x) + by_1(x) (41.2)

Since Zy = 1, we define by(x) = 1 = By(x). Thus b, (x) and B,(x) are the Morgan-
Voyce polynomials defined earlier.

Let us now study the resistance Z, from the input end. It follows from Figure 41.3
that the resistence R resulting from the parallel resistors Z, and 1 is given by

11 +1
Rz, |1
R = Zn
Zn+ 1
VA HZ
Z,,+|=X+ = —(x+ ) 'l+'x

Zo+1 Z, + 1
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A
Zp 1 1 Z,
B @&

Figure 41.3.

As before, let Z, = P,(x)/Qp(x). Then
Pani(x) _ 0+ DP)/Gnlx) +x
On+1(x) Pp(x)/Qn(x) + 1
— (x + 1) Pa(x) + xQp(x)
Po(x) + Qn(x)
Therefore, P,(x) = (x + D) Pp_1(x)+ @n-1(x)and 0,;1(x) = P,(x)+ O, (x). Then
Qn(x) — Qn-1(x) = P (x)
= (x + DP2(x) + xQp_2(x)
= (x + D[Q@n-1(x) = @n—2(x)]1 + xQp_2(x)
On(x) = (x +2)Qn_1(x) — Qn—2(x)

Since Q(x) = 1 and Q,(x) = x + 2, it follows that Q,(x) = B,(x). More-
over, P,(x) = Qns1(x) = Qu(x) = Bny1(x) — Ba(x) = buy1(x). Thus Z, =
bny1(x)/B,(x) yields the resistance from the input end.

B, AND b, FAMILIES

The first five members of the B,-family of polynomials are
By(x) = 1
Bi(x) =x+2
By(x) = x> +4x+3
Bs(x) = x>+ 6x* + 10x + 4
Bi(x) = x* +8x> +21x* +20x +5
More generally,

Bn(x)=Z("::i*i'l)x‘ @1.4)

i=0
For instance,

(540
B4(x)=z 4—il*

i=0
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_ 5 6 7 2 8 3 9 4
=(D)+(5)+ ()7 (D)2 (5)-
=x*+ 83 +21x2 +20x + 5

Their cousins in the b,-family of polynomials are:

bo(x) = 1
hi(x) = x+1

by(x) = x4+ 3x +1

bi(x) = x> +5x2 +6x +1

ba(x) = x* + 7x* + 15x* + 10x + 1

More generally,

b,,(x)=Z(Zi-§)xi (41.5)

For example,
L oravi\
b4(x)=Z<4_i>x‘
i=0
(4 5 6\ 2, (7Y 3, (8). 4
= (1) + ()= (§)=+(1)=+(0)-

=x*+73 + 1522+ 10x + 1

PROPERTIES OF MORGAN-VOYCE POLYNOMIALS

Both families enjoy a plethora of Fibonacci-like properties. We can examine a few of
them here. First, notice an interesting pattern emerging:

B()=1=F B()=3=F  B(l)=8=Fs
and B3(1) =21= Fg

More generally, B,(1) = F,,42, where n > 0 (see Exercise 8). Likewise, b,(1) =

Fy,41, where n > 0 (see Exercise 9).
In fact, there is a close relationship between the Fibonacci polynomials f,(x) and

the Morgan-Voyce polynomials b,(x) and B, (x):

b(,,_l)/z(xz) if n is odd
fn(-x) =

xBu_22(x?) otherwise
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See Exercise 33.
Equations (41.1) and (41.2) yield two obvious properties:

by (x) = Bp(x) — Bu_1(x) (41.6)

x By (x) = bpi1(x) — bn(x) 41.7)

These equations together yield the Fibonacci recurrence relation when x = 1.

RECURSIVE DEFINITIONS

Substituting for b, (x) from Eq. (41.6) in Eq. (41.1) yields the recurrence relation
satisfied by B, (x):

B,(x) = (x +2)B,_1(x) = Bp_2(x) n>?2 (41.8)
where By(x) = | and B|(x) = x + 2.
Using Egs. (41.1), (41.2), and (41.7), we can show that b,(x) satisfies the very
same recurrence relation (see Exercise 1):

ba(x) = (x + Dbyt (x) = bp2(x) n=2 (41.9)

where byp(x) = l and by (x) = x + 1.

PROPERTIES OF B(x)

The recurrence relation (41.6) can be employed to express B, (x) as the determinant
of an n x n circulant matrix:

x+2 1 0 0o ... 0
1 x+2 1 0 0
1 0
B,(x) = ! x+2
1
0 x+2

Consequently, we can extract many properties of B, (x) by studying this determinant.
For example,

Bpyn(x) = Bpu(x)By(x) — Bn_1(x)By_1(x) (41.10)

In particular,
By (x) = BX(x) — B2_,(x) (41.11)

and
Bon_i(x) = [By(x) — By_2(x)]1B,_1(x) (41.12)



PROPERTIES OF b,(x)

For example,

B} — B} = (x* +4x +3)? ~ (x + 2)?
=x*+8x3+21x24+20x +5
= By(x)

It now follows from Eq. (41.8) that
(x +2)Bo-1(x) = B} (x) ~ By ,(x)

See Exercise 12.

485

(41.13)

Since B,(1) = Fyn42, Identities (41.10) through (41.13) yield the following

Fibonacci identities:
Fm+n = Fm+2Fn - F,F, 3
Fosy = Fpyy— F}
Fon = (Fuy2 — Fu-2)Fy
3Fum = Fp = Fr

See Exercises 13-16.
The polynomial B, (x) also satisfies a Cassini-like formula:

Br1(x)Byy (x) — BE(x) = —1

In particular, let x = 1. Then Eq. (41.18) yields Cassini’s formula.

PROPERTIES OF bj(x)

(41.14)
(41.15)
(41.16)
(41.17)

(41.18)

We now turn our attention to the properties of b, (x). By Property (41.7), we have

XY Bi(x) = buy1 (x) — bo(x)
0

That is,
n
x Y Bi(x) = by (x) — 1
0

For example,

x(x3 + 7x% + 15x + 10)

3
xZB,-(x)
0

= x* +7x% + 15x% + 10x
by(x) — 1

(41.19)
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In particular, let x = 1. Then Eq. (41.19) yields Identity (5.3):

> Fai= Fanyi = 1 (5.3)
0
It follows from Eq. (41.6) that
Y bi(x) = B,(x) — By (x)
0
But B_;{x) = 0 (see Exercise 20).
S Y bi(x) = Bu(x) (41.20)
0

For example,

3
Zb,-(x) =1+ x4+ D+ +3x+ D+ +5x2+6x+ 1)
0

=x>+6x2+10x +4
= B3(x)

Letting x = 1 in Eq. (41.20) yields Identity (5.2):
Z Foiy = Fy, (5.2)
0

Using Identity (41.6), we have

bmin(x) = Bumin(x) = Bnin-1(x)
= [Bn(x)Bn(x) — Bm—1(x)Bp_1(x)]
~[Bm(x)Bn-1(x) — Bp—1(x) Bp—2(x)]
= Bp(x)[Bn(x) — By—1(x)] = Bu—1(x)[Bn-1(x) — Bp2(x)]
= Bn(x)bn(x) — Bp—1(x)bp— (x) (41.21)
Switching m and n, this yields

bm+n(x) = by (x)By(x) = bpy_1(x)B,_;(x) (41.22)

In particular, b, (x) = Bu(x)bn(x) — Bp—1(x)by—1 (x).
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BINET’S FORMULA FOR B,(x)

Next we derive Binet’s formula for B, (x) by solving the recurrence relation (41.6).
Its characteristic equation is 12 — (x + 2)t + 1 = 0 with roots

X424+ Vx2+4x x+2—Vx2+4x
r(x) = 5 and s(x) = >

where r +s =x +2,r —s = +/x2 + 4x, and rs = 1. So the general solution of the
recurrence relation is B,(x) = Cr" + Ds", where the coefficients C and D are to be
determined.

The initial conditions Bo(x) = 1 and B;(x) = x + 2 = r + s yield the following
linear system:

C+D=1
Cr+Ds =r+s

Solving,
r s
C=—r and D=—-r—
Vx4 4x Vx? 4+ 4x

Thus, the desired Binet’s formula is

rn+l _

B,(x)= ——— 41.23)
r
where r = r(x),s =s(x),andn > 0.
RELATIONSHIPS BETWEEN FIBONACCI AND MORGAN-VOYCE

POLYNOMIALS

Binet’s formulas for B,(x) and f, (x) can be employed to derive a close link between
them. To this end, recall that

a(x) — B"(x)

I = o =B
where
ay = TEYERA gy o FoYXIHA
2 2
Then
o) = x2 +2+;AT+4 and ) = X242 —;/PW.
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We have
a(x) — B¥(x) _ (@2 x)" — (B*(x)"
a(x) — B(x) a(x) — B(x)

_ (r(x®))" — s(x?))"
T [r(x?) —s(x)]/x

Jalx) =

= xB,_1(x?)

Since b, (x) = B,(x) ~ B,_;(x), an(x2) = xBn(xz) _XBn—l(-x2) = fans2(x) —

J2n(x) = xfan+1(x). Thus
bu(x%) = fans1(x)  and  xB,_1(x?) = fou(x)
For example,
b3(x?) = xS +5x* +6x° + 1 = fH(x)
xBy(x?) = x(x* +4x2 +3) = x® + 4x% 4+ 3x = f5(x)

(41.24)

GENERATING FUNCTIONS AND MORGAN-VOYCE POLYNOMIALS

Next, we show how generating functions can be employed to derive the properties in
Eq. (41.24). To this end, first we derive the generating functions for both B,(x) and

b,(x).

Since the roots of the characteristic equation P —(x+2r+1=0arerands,it

follows that
1 1
l—@x+2t+2 7 (A =rt)(1l —st)
A B
1—rt 1 —st

where A=r/(r —s), B=—s/(r —s),r =r(x),and s = s(x).

1 Z (rn-H n+l)tn Z B ( )t
= = X
-+ +12 =~ r—
' 0o
- = B’l tll+’ = B,,_ tn
-G+ 47 "\L:; ® ; 1)

Then

1 —t o [o,9]
- = Bn tn — Bn_ t"
1—(x+2r+12 XO: x) 21: 1)

Bo(x) + D _[Ba(x) — Byy (X)1¢"
1

(41.25)

(41.26)
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1+ i b, (xX)t"
1

D bt (41.27)
0

Equations (41.25) and (41.27) provide us with the generating functions for B, (x) and
b, (x).
It follows from Eq. (41.27) that

A=) N7y e
-2+ +1° ‘ZO: nlx

and

xt?

1 —(x24+ 212 414

00
=) xBy (x)1*"
0

Adding these two equations, we get

t( +xt =) = ixB L2 +§:b (x2)e2nH!
_ _ . 2 - n— n
(1 +xt — )1 — xt ~12) 5 3

t o0 oo
— ZxB,,_l(xz)tz" + an(XZ)ter-l
0 0

[ —xt—12

Yo" =Y xB P+ Y by (X!
0 0 0

Thus fo,(x) = xB,_;(x2) and fon41(x) = b, (x?), as desired.

It follows from Eq. (41.24) also that 5, = B,_;(1) and F5,4; = b,(1). Conse-
quently, the coefficients of B,(x) and b,(x) lie on the rising diagonals of Pascal’s
triangle, as shown below:

1
1 1

e Coefficients of B, (x) = f¢(x)
1

1 2 /— Coefficients of B3 (x) = f7(x)
1 303 1
// //

P47 67 4
17 5710 10 5 1

//
17 6 15 20 15 6 1
1 7 2t 35 35 21 7 1

Moreover, b, (x) is irreducible if and only if 2n + 1 is a prime. For example, bg(x) =
x4+ 17x% + 120x7 + 455x6 + 1001x5 + 128x* + 924x3 + 330x2 + 45x + 1 has
nontrivial factors.
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VOLTAGE AND CURRENT

Next, we will see how the polynomials B,(x) and b, (x) are related to voltage and
current in the ladder network.

Since the system is linear, assume that the output voltage is 1 volt. Let V, denote
the voltage across the nth unit resistance and I, the current. Initially, that is, when
n = 0, we have a no-resistance network, so there is no current and the voltage between
the terminals is 1 volt. That is, o = 0 and V,, = 1 (see Fig. 41.4).

X

ly=1amp Vi =x+1 volts

Figure 41.4.

Thus

Iy =0=B_;(x) Vo=1=by(x)

Iy = 1= Bo(x) Vi=x+1=b(x)
Since b, (x) = xB,(x) + b, (x),

By (x) = (x + 1)By(x) + bp(x) = By(x) + [x B,y (x) + by(x)]
= B,(x) + baa1 ()

Using this result and the principle of mathematical induction, we now show that
I, = B,_1(x) and V,, = b,_,(x). Consider the ladder network in Figure 41.5. We
have V,oy = xl,.y + Vy and 1,y = V, + I,. Assume that I, = B,_;(x) and
V, = b,(x). Then

Vas1r = xBp(x) + bp(x) = bpy(x)
ln+| = bn(x) + B,_1(x) = B,(x)

Since the results are true whenn = 0 and n = 1, it follows by PMI that I, = B,_;(x)
and V, = b,_;(x) for every n > 0.

In +1 In

— AW A/ AN .
Vi 41 x§ V,=1 é § Vo=1

Figure 41.5.



MORGAN-VOYCE POLYNOMIALS AND THE S-MATRIX 491

As a by-product, notice that:
b,,(X) =V, =xB,_,(x) + bn—l(-x)
= xBy_1(x) + xBy_2(x) + bn—Z(x)

x[Bn-1(x) + Bya(x) + -+ + Bo(x)] + 1

Likewise,
Bi(x) =Ly =Vo+ Vi +--+V
= b, (x) + by_1(x) + -+ + bo(x)

Thus we can find the polynomial b,(x) by multiplying the sum of the polynomials
B,_1(x), B,_3(x), ..., Bo(x) by x and then adding a 1 to the product; and B, (x) can
be obtained by just adding the polynomials b, (x), b,,_1(x), ..., bp(x).

For example,

bs(x) = x[B3(x) + Ba(x) + Bi(x) + Bo(x)] + 1
=x[3 62 10+ D+ P +4x + )+ x+2)+ 1] +1
=x*+ 73+ 1552+ 10x + 1
and
Ba(x) = b3(x) + ba2(x) + by (x) + bp(x)
=4+ + D +HEF3x+H D+ + D +1
=x}+6x?+10x+4

MORGAN-VOYCE POLYNOMIALS AND THE S-MATRIX
Like the Q-matrix in Chapter 32, the matrix
_lx+2 i
]
can be employed to investigate the properties of B, (x) and b, (x). Notice that

_ | Bitx) —Bo(x)
Bo(x) B_i(x)

and

1 0 1 0 x+2 -1

_ | B2t0) —Bilx)
Bi(x) —Bo(x)

Sz=[x+2 —l][x+2 —1]=[x2+4x+3 —(x+2)]
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More generally, we can show that

n B,,(x) —Bn—l(X)
" =
[Bn—l(X) B,,_z(x) (4128)
See Exercise 34. Since | S| = —1, this yields the Cassini-like formula we found earlier:

Bpy1(x)Baoi(x) — B(x) = —1.
Using Formula (41.3), Eq. (41.28) implies

[bn(x) —bn_.(x)] _ [Bn(x) —Bi1(x)  ~[Baoi(x) = Byoa(x)]
bp_1(x) —bn_2(x) By_1(x) = Bp2(x) —[B-2(x) — B,_3(x)]

— Sn _ Sn—l
=S""NS=-D
bn(x) - n—l(-x)
=|S—1
bor(x) —bya()| = 1511
_|x+1 =1) _
=l —TF
Thus
b1 (X)bn—1(x) — bi(x) = x (41.29)
For example,

by(x)by(x) — b3 (x) = (x* +7x’ + 15x% + 10x + 1)(x* +3x + 1)

—(x% +5x% 4+ 6x + 1)?

=x

TRIGONOMETRIC FORMULAS FOR B,(x) AND b,(x)

Next, we show that B, (x) and b, (x) can be expressed in terms of the sine and cosine

functions. Since A+ B A_B
sin A + sin B = 2sin > cos 3

it follows that
sin(n + 1)8 + sin(n — 1)0 = 2sinnf cos &

Letcos 8 = (x +2)/2,s0 —4 < x < 0. Then

i 1§  sin(n — 1)6 in n¢
sm(rf +1) sm(n' 9 _ (x + 230" (41.30)
sin@ sin @ sin@
Notice that .
sinn + D6 _ (1 ifn=0

sing  lx+2 ifn=1
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Let S, (x) = [sin(n + 1)8]/sin 8. Then Sy(x) = 1 and §;{(x) = x + 2. Besides,
Eq. (41.29) shows that S, (x) = (x + 2)S,(x) — S,—1(x). Thus, S, (x) satisfies the
same initial conditions and the same recurrence relation as B, (x), so S,(x) = B,(x).

That is,

i 18
B,(x) = % —4<x<0 (41.31)

Since b, = B, — B,_1, this yields a trigonometric formula for b, (x):

_cos(2n+1)6/2

b () cos6/2

-4<x<0 (41.32)

See Exercise 35.

HYPERBOLIC FUNCTIONS FOR B,(x) AND b,(x)

To derive a hyperbolic function for B, (x), we let cosh ¢ = (x + 2)/2. Using similar
steps as before, we can show that

_ sinh(n + 1o

B, -
x) sinh ¢

>0 (41.33)

See Exercise 36.
Since b, = B, — B,_), this implies

sinh(n + )¢  sinh(n — 1)¢

bn = s T
(x) sinh ¢ sinh ¢

_ sinh(n 4+ 1) ¢ —sinh(n — 1)

- sinh(n + e

cosh(2n + 1) ¢ /2
= 0 41.34
cosh ¢/2 X2 (41.34)

ZEROS OF B,(x) AND b,(x)

Formulas (41.31) and (41.32) provide us with interesting bonuses, namely, the zeros
of both B, (x) and b, (x).

Since sin m@ = 0 if and only if 8 = kx/m, it follows from Eq. (41.31) that
B,(x) =0ifand only if 6 = kx/(n + 1), where 0 < k < n. Then

x+2=2cosf =2coskn/(n+ 1)
x = 2[coskn/(n+1)—1] = —4sin2k7r/(2n +2) O0<k<n

Similarly, the zeros of b,(x) are given by x = —4 sin?(2k — ) /(4n + 2), where
0 < k < n (see Exercise 37).
It now follows that the zeros of both B, (x) and b, (x) are real, negative, and distinct.
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EXERCISES 41

O 0 NN bR W -

—
o

. Show that b, (x) satisfies the recurrence relation (41.7).

. Find Bs(x) using Formula (41.3).

. Find bs(x) using Formula (41.5).

. Verify Formula (41.3).

. Verify Formula (41.5).

. Verify that the explicit Formula (41.3) for B,(x) satisfies the Property (41.2).

. Verify that the explicit Formula (41.4) for b, (x) satisfies the Property (41.1).

. Prove that B, (1) = F5,2,n > 0.

. Prove that b,(1) = F5,4,.n > 0.

. Using Binet’s formula for B, (x), show that B,(1) = F, >, where n > 0.
11.
12.

13-16.

Using Exercise 4, show that b, (1) = Fy,,;, where n > 0.
Show that (x + 2)B,—; = B2 — B2_,.
Establish the Identities (41.14) through (41.17).

Prove each.

17.
18.
19.
20.
21.
22.
23.
24.
25.
26.

27.
28.
29.
30.
3L

Let gn(-x) = [
32.

xB,(x) = (x + )b, (x) — b,_(x) (Swamy, 1966)

Byy1(x) = Bp—1(x) = bpy1(x) + by (x) (Swamy, 1966)

x[By(x) + Bp-1(x)] = bp41(x) — bp_1(x)

B_ij(x)=0and b_;(x) = 1.

by (x) = B,(x)b,(x) — By—1(x)b,_(x) (Swamy, 1966)

bans1(x) = Bn(x)bn+1(x) — Bn_1(x)b,(x) (Swamy, 1966)

(x + 2)b2ny1(x) = Buy1(x)bpi1(x) — By (x)bn—1(x) (Swamy, 1966)
(x +2) B2y (x) = Bpy1(x)By(x) — Bp-1(x) By—2(x) (Swamy, 1966)
ban(x) — byn—1(x) = bA(x) — b2_, (x) (Swamy, 1966)

(x + 2)b2n(x) = Bui1 (x)bn(x) = Bn_1(x)bp_2(x) (Swamy, 1966)

S Byi(x) = B2(x) (Swamy, 1966)
[4]
Byi_(x) = Bp(x)B,_1(x) (Swamy, 1966)

byi(x) = B,(x)b,(x) (Swamy, 1966)

3 oM: -M:

Y bai—1(x) = B, (x)b,(x) (Swamy, 1966)
1

2Z"(—l)"b.-(x) = b2(x) (Swamy, 1966)
0

b(,,_l)/z(xz) if n is odd
xBn-2)2(x?) otherwise
Find the polynomials gs(x) and ge¢(x).
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33.
34.

35.

36.
37.

Show that g,(x) = f,(x), the Fibonacci polynomial.
_x+2 -1 n_ | Bax)  —Bu_i(x)
LetS = [ 1 O].ProvcthatS = [Bn—l(x) —Bn—z(x)]’ n>1.
2 1)6/2
Show that b, (x) = ﬂn—t)—/—, where -4 < x < 0.
cosé/2
2 inh(2 1 2
Let cosh¢ = x—i— Show that B, (x) = Em_(n._-l—_)_(pl_’ where x > 0.
2 sinh ¢

Show that the zeros of b,(x) are given by —4 sin?(2k — Dr/(4n+2),0 <
k < n.

The polynomial C,(x), defined by C,(x) = (x + 2)Cp-1(x) — Cp—2(x), where
Co(x) = 1, Ci(x) = (x + 2)/2, and n > 2, occurs in network theory. (Swamy,

1971)
38

39.
40.

41.
42
43.

Find C,(x), C3(x), and C4(x).
Show that 2C, (x) = b,(x) + b,—;(x) = B,(x) — Bp_2(x).

_fx+2 -1 n_ -2 _ | Ca®)  —Casi(x)
Lets_[ 1 0].ShowthatS M _2[C,,_|(x) _ n_2(x)],

where n > 2.
Show that Cp 41 (x)Cn—1(x) — C3(x) = x(x + 4)/4.
& n n+r-1Y\,
Show that C,(x) _,g)n — (n Yy l)x .
Using Exercise 42, find the polynomials C;(x), C3(x), and C4(x).
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FIBONOMETRY

Several well-known trigonometric formulas relate Fibonacci and Lucas numbers with
the trigonometric functions.

For example, a number of interesting relationships exist connecting Fibonacci and
Lucas numbers with the inverse tangent function tan~!, and the ubiquitous irrational
number 7:

1 = tan~! 1
4 1
= tan”! l +tan“I l
2 3
= 2tan”! 1-+—tan“' !
3 7
=tan~' = +tan~' l—f- tan”! l (Dase, 1844)
2 5 8

1 1 1
_1 —1 —~1
— — - 2t —
2tan + tan + 2tan

I 1 1 1
= tan~! g than'l g + tan™" —7— +tan”! §

THE GOLDEN RATIO AND THE INVERSE TRIGONOMETRIC
FUNCTIONS

Several interesting relationships link the golden ratio and the inverse trigonometric

functions.
Since cos™'x = sin"' v/ T—xZ for 0 < x < 1, it follows that cos™'(l/a) =
sin~! /1 — B2 = sin~! B. Likewise, sin™'(1/a) = cos™' /1 — B2 = cos~'(1//B).

496
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Suppose that tanx = cosx. Then sinx = cos® x, so sinx +sinx — 1 =0.
Since sinx > 0, it follows that sinx = || = 1/a and x = sin~'(1/a). Then
tan(sin"!'(1/a)) = cos(sinl/@) = cos(cos~!(1//a) = 1//a. In addition,
cot(cos™'(1/a) = 1//a = sin(cos™!(1/a). These results, studied in 1970 by Br. L.
Raphael of St. Mary’s College, California, are summarized in Figure 42.1.
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Figure 42.1.

THE GOLDEN TRIANGLE REVISITED

We can employ the golden triangle with vertex angle 36° to produce a surprising
trigonometric result. The exact trigonometric values of some acute angles are known.
The smallest such integral angle is 6 = 3°. Oddly enough, we can use the golden
triangle to compute the exact value of sine of 3°. Once we know sin 3°, we can
express the values of the remaining trigonometric functions of 3°, and hence those of
the trigonometric values of multiples of 3° using the sum formulas.

Recall from Chapter 22 that the ratio of a lateral side to the base of the golden
triangle with vertex angle 36° is the Golden Ratio a: AB/AC = x/y = a (see
Fig. 42.2). In particular, let x = 1. Then 1/y = a,s0 y = (v/5S = 1)/2 = =8 = 1/a.
Let BN be the perpendicular bisector of AC (see Fig. 42.3). Then

AN y

sin 18° = _y_ L _ Bt
T AB T 27 2« 4
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B
36°
X
A Cc
y
Figure 42.2.
B

A h (o]
y2 N y2
Figure 42.3.

Since sin® u + cos? u = 1, this implies

V10425 VSa

l ° = =
cos 18 3 )
Then
sin 15° = sin(45° — 30°)
V2 3 V21 Je-V2
T2 2 2 2 4
Likewise,
o V6+42
cos 15° = —

sin 3° = sin(18° — 15°)
sin 18° cos 15° — cos 18° sin 15°

V5-1 V6+v2 V62 V10+2/5
4 4 4 4
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_ (V5 -~ D)6+ V2) — (V6 - V2)V10+2/5
16

This formula was developed in 1959 by W, R. Ransom.

GOLDEN WEAVES

In 1978, W. E. Sharpe of the University of South Carolina at Columbia, while he was
a member of the Norwegian Geological Survey, observed a set of remarkable weave
patterns. Suppose the weave begins at the lower left-hand corner of a square loom of
unit side. Suppose the first thread makes an angle  with the base, where

tanf = >
n+a+1
b a
a
a-b g
b b
(8) | (b) ©

Figure 42.4. The Development of a Golden Weave on a Square Loom of Unit Side, for n = 0: (a)
After 3 Reflections; (b) After 5 Reflections; (c) After 15 Reflections [Source: W. E. Sharpe, “Golden
Weaves,” The Mathematical Gazette, Vol. 62, 1978. Copyright(©) 1978 by The Mathematical Association
(www.m-a.org.uk).}.

Initially, n = O (see Fig. 42.4a). Every time the thread (or line) meets a side of the
square, it is reflected in the same way as a ray of light and a new thread of the weave
begins. After the third reflection, the thread crosses the original thread. Suppose the
point of intersection divides the original thread into lengths a and b, as the figure
shows. Using the properties of isosceles triangles and parallelograms, all the lengths
marked a are equal and so are those marked b.

Since tan 0 = «a/(a + 1), it follows that the first thread meets the side of the square
at the point that divides it into segments of lengths

o o 1

and 1 - =
a+1 o+ 1 a+1

The shaded triangles in Figure 42.4q are congruent, so

a+b a/la+1)
a  1/@+1D

thatis, 1 + (b/a) = «;
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a 1 o
- = = =

b a—-1 ao?-«

Thus the first point of intersection divides the first thread in the Golden Ratio.
From Figure 42.4b, the second point of intersection divides the line segment of
length a into two parts of length b and a — b. Since

b1 1
a-b ab—1 a-1 ¢

this line segment is also divided in the Golden Ratio at the point of intersection.

As additional crossovers occur, successive line segments are divided in the Golden
Ratio at each intersection. For this reason, Sharpe called these weaves the golden
weaves.

VV

NS
n=3

Figure 42.5. The Weaving Patterns for the First 15 Reflections [Source: W. E. Sharpe, “Golden Weaves,”
The Mathematical Gazette, Vol. 62, 1978. Copyright (©) 1978 by The Mathematical Association
(www.m-a.org.uk).].

Figure 42.5 shows the weaving patterns for the first 15 reflections, forn = 1, 2,
and 3. In fact, in all four cases, the first golden division occurs after 2n + 3 reflections,
marked with a circle in these diagrams.

In Chapter 25, we found a trigonometric expansion of F,:

n—1
Fp=2""3 (=) cos" "' x/5sin* /10 (25.1)
i=0

Next we explore a host of additional relationships.

Theorem 42.1. Let G, denote the nth generalized Fibonacci number. Then

— - Gn—H (_1)n+l'u
“ (‘a" G Gn+2) = GGt Gy D
Proof.
LHS = (Gn/Gn+I) - (Gn+1/Gn+2) - GnGn+2 - G?,.H
14+ (Gn/Gus1)  (Gns1/Gry2)  GaGuir + Gn41Gny2
_ (_1)"+lll' .

Gn+1 (Gn + Gn+2)
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The following corollary follows directly from this theorem.

Corollary 42.1.
Fn __1\n+l
(0 tan (tan‘l — tan™! “) = =D 42.2)
ntl Fuy2 Fonya
1y
) tan (tan‘l — tan~! L"“) = Slt)) 42.3)
n+1 Lny2 Lopiy + Lonys
L ]
Theorem 42.2.

= Z( 1)+ tan™

n+] i

Proof. [by the principle of mathematical induction (PMI)] Whenn = 1, LHS =
an~' 1 = (—=1)2tan! 1/F, = RHS. Therefore, the formula works for n = 1.
Now, assume it works for n = k. Then:

k+1
(-D*'tan™! — = ) (=D)*'tan” +( 1)**2 tan™!
Z Fyi Z Fak+1y
F;
= tan"' —% + (=1)*tan”
Frq 2%+2
—tyk+1 F,
= (tan" ———( ) + tan~! ———k+')
Faryz Feta
+ (=D¥tan™! By Corollary 42.1
2k+2
F
= tan~! X!
Fiy2
since tan~!(—x) = —tan~"' x. So the formula works for n = k + 1. Thus, by PMI,
the formula holds for every n > 1. n

Corollary 42.2,

> 1
Z:(—l)"+l tan~' — =tan~'(1/a)
1 FZn
1

Proof. Since tan™' is a continuous increasing function, tan~!'(1/Fy,) >
tan~'(1/ Fa,42). Also, lim tan~!(1/F,,) = tan~! 0 = 0. Therefore, the series con-
n—0o

verges and
00 1 1
Z +1 -1 — E : +1
: (-1 )" tan F; = lim (- 1)" tan™ ;7—

m—o00
n=l1 2n
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= lim tan™!
m-—00 m+l

= tan” ('}Lmoo',-:—”:) =tan"!(1/a) |

This corollary has a companion result for Fibonacci numbers with odd subscripts.
However, before we state and prove it, we need to lay the groundwork in the form of
a few lemmas.

Lemma 42.1.
L2nL2n+2 -1= 5F22n+l‘

This lemma follows by Identity 11 on p. 88.

Lemma 42.2.
tan~! = tan~! — tan™! !
Fany F, Fanq2
Proof. Let
-1 o 1
6, = tan — tan
Fy, Fanya
tand. — (1/Fy) — (1/ Fany2) _ Fanys — Py,
" 1+(1/F2n)'(1/F2n+2) FZnF2n+2+1
F.
= 22"+' by Cassini’s formula.
F2n+l
_ 1
" P
Therefore,
tan~! = tan™! ~ tan™! m
Fanqi n Fanpn

The proof of the next lemma is quite similar to this proof, so we leave it as an
exercise (see Exercise 3).

Lemma 42.3.

tan™!

-1 -1
= tan + tan
Fonyy n Lanyo

We are now ready to state and prove the celebrated theorem promised just before
Lemma 42.1. It was discovered in 1936 by the American mathematician Derrick H.
Lehmer (1905-1991) when he was at Lehigh University.
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Theorem 42.3. (Lehmer, 1936)

[o.2]
Ztan ! I = z
1 F2n+l 4
Proof. By Lemma 42.2,
“ 1 “ 1
—1 -1 -1
tan = tan~ — —tan
g 41 ; ( 2n an+2)
a1 o 1
= tan ' — —tan
13 Fomyr
-1
= — —tan
4 F2m+2
> 1 =z 1
E:tan'l = lim Ztan !
I Fapyi m—>00 N 2n+1
= lim (— ~ tan~! )
m—>00 Fonya
il -1
=——tan~ 0=—--0
4
_r n
T4

The following theorem provides a similar result for Lucas numbers.

Theorem 42.4.

(o o]
Z tan™"
1

1 _ -1
LZn—tan G

Proof. By Lemma 42.3,

" 1 7 1 1
~1 -1 -1
tan tan + tan
Y > (10 2 )

n=1 F2n+l nel L2,,+2

1 = 1 1

-1 —1 -1
=tan” =+ {2 tan + tan

3 ( ; L2n L2m+2)

> 1 1 > 1
tan~" =tan ' = +4+2) tan”' +0

; F2n+l 3 zz: L2n

oo

= ZZtan“' Ll

1 2n 3
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Since /4 = tan~! 1, by Theorem 42.3, this yields

(e ¢]

1 1
2) tan”! =tan"' = +tan'1
2 an Lo, an 3 + tan
=tan"!2 (See Exercise 4)
[o o]
1 1
tan™! = —tan"!2
5-1
= tan~! [—2— (See Exercise 5)
= tan"!(—f) ]

The next theorem was also proposed as a problem in 1936 by Lehmer. The proof
given below is essentially the one derived two years later by M. A. Heaslet of San
Jose State College, California. Alternate proofs were given by Hoggatt, Jr., in 1964
and 1968, and by C. W. Trigg of California in 1973.

Theorem 42.5. (Lehmer, 1936)

o
cot™!'1 = chot'l Foni1
1

Proof.
Fy F 1
cot™! Fy — cot™! Fyyy = cot™! TAIKH T
F2k+l — Fy
_1 FaFyqr +1
=cot = -
Fa—
Fy_F.
= cOt—-l 2k—1 2k+2 By Iden[ity 2 on . o7
Fy
= cot™" Fy42

cot”! Fo — cot™! Fopqn = cot™! Foiq1

n n
Z(COVl Fy —cot™ Fyy) = Zcot" Fai
1 1

n
cot™! F — cot™! Py = ZCO[_I Fp i
1



GOLDEN WEAVES 505

Asm — o0, cot™! F,, — 0. Therefore, as n — 00, this equation yields

[o ¢]
cot/'1-0= Zcot" J
1

That is,

o
cot™'1 = Z:cot_I Fonsi n
1
The next theorem is a generalization of Lehmer’s formula in Theorem 42.3.

Theorem 42.6. Let f,(x) denote the Fibonacci polynomial. Then

I > X
~t -1
tan” - = tan
X 2]: f2n+|(x)

Proof. Lettan, = 1/f,(x). Then

Sans2(x) — fon(x)
1+ f2n(x)f2n+2(x)

X fany1(x)
= 424
IF for () faraa @) “24)

Since fi—1(x) fis1(x) = fZ(x) = (=1)*, this yields

an(f, — bp42) =

Xfanp(x)

o) fan)

tan(6, — 6p42) =

Then
x
6, — Gpyn = tan™!
T Sanr1(X)
tan™! ! — tan™! = tan~! al
San(x) Sanv2(x) Sanr1(x)

“ - X _ “ a x ]
;‘a" Fore1 () ;[“"‘ Fr® " a0

=t~ — —tan~! ——
BT Y @

Since f5(x) = x and tan~'(1/ fams2(x)) = 0 asm — oo, this yields the desired
result:

1 > X
-1 -1
tan ' — = tan
x ]Z S (x)

Lehmer’s formula in Theorem 42.3 follows from this result since f; (1) = F;.
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Corollary 42.3.

o0
}::tan_I ! =z ]
1 F2n+1 4

The next formula was developed in 1973 by J. R. Goggins of Glasgow, Scotland. It
was rediscovered 22 years later by an alternate method by M. Harvey and P. Woodruff
of St. Paul’s School, London,.

Theorem 42.7. (Goggins, 1973)

Proof. (by PMI) Whenn = 1,LHS = tan™' 1 + tan™! 1 = Z = RHS. So the
result is true whenn = 1.
Now, assume it is true for n = m, where m > 1:

) 1 ] ™ 1
-1 . -1
t tan = tan
Za“ T Fomsa Z %+ 1
+tan~! +tan™!
2m+3 Fopnta
= ( tan~! ! )
4 Fomyo
1
+tan™! +tan~! 42.5)
2 3 Fomya

Lettanx = 1/F5,,4 and tany = 1/ F5,, 4. Then

1/ Famyz = 1/ Fomss Fomis — Fopmys
tan(x —y) = =
Y4+ (1 Fomi2)(1/ Fomys) 1+ FomiaFoms
_ Fmy 1
F22m+3 Fam+3
X -y = tan~! !
F2m+3
That is,
tan~! — tan™! = tan™!

Fomi2 Fomya Fonys
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So Eq. (42.5) becomes

Ztan" 1 + tan™' T
: % +1 Fomrs 4

Thus the result is true forn = m + 1. So, by PMI, it is true for every n > 1. ]

This result also yields Theorem 42.3 and, hence, Lehmer’s formula.

Corollary 42.1.

o0
Ztan“ ! = z |
" 2k 4+ 1 4

FIBONACCI AND LUCAS FACTORIZATIONS REVISITED

In Chapter 40, we found that both F, and L, can be factored using complex
numbers:
n—1
F, =[]0 = 2icoskn/n) (42.6)
1

n—1

L,= n(l - 2i cos(2k 4+ 1) /2n) (42.7)
0

In 1967, D. A. Lind expressed the factorizations without the complex number i.
They are given in the next theorem, which was posed as an advanced problem. The
proof below is the one given by Swamy as a solution to the problem.

Theorem 42.8. (Lind, 1967)

Lin—=1)/2]
F, = ]"[ (3 + 2cos 2kn/n) (42.8)
1

[(n—2)/2]
Ly= [] [B+2cos2k+ n/n) (42.9)
0
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Proof.
Case 1. Let n = 2m + 1 be odd. Formula (42.6) becomes

2m kot
Fopy = H (1 — 2i cos Y 1)

1

i km 2m km
n( 2!COS +1)n(1—2icoszm+l>

m+1

m 2m
. kx , kn
H<1—21c052m+1)n[l+21cos(n—2m+l>]

m+1

]

Let j = 2m + 1 — k in the second product. Then

m

ki i . km
Famyi l_[( — 2i cos m+1>lT[<l+2lCOSZm+l)
= 4 cos?
U(l+ cos 2m+l>

m

2jn
= n(3+2c032m+1) (42.10)

1

Case 2. Let n = 2m be even. Formula (42.6) becomes
2m-—1
. krn
F2m = Il-[ (1 — 2i cos 5;;)

As before, this yields

m k m—1 .
= I_I (1 — 2i cos l) (1 + 2i cos ﬂ) -(1+2icosm/2)
| 2m | 2m
m—1 it
= l—[ (1 + 4cos? J——)
| 2m

m—1 .
2
=11 (3+2cos -—’—”) @2.11)
2m

1
It follows from Formulas (42.10) and (42.11) that

ln=1)/2]
[T G+2cos2kn/n) (42.12)
i
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To derive the formula for L,,, we have:

[2n-1)/2]

Faw = [] G+2coskn/n)
1

= n (3 +2cosin/n) n (3+2cos jm/n)

even integers odd integers
i<n-1 j<n-1

Leti = 2k and j = 2k + 1. Then

Lin—1)/2} l(n—2)/2]
Fpn= [] G+2coskn/n) [] [B+2cos(k+ Dr/n]
1 0

[(n—=2)/2]
= F, ]‘[ [3 + 2cos(2k + D)m/n]
0

Since F,, = F,L,, it follows that

l(n=2)/2]
Ly= [] [3+2cos2k+ Dr/n] (42.13)
0

For example,

2
Fe = ]_[(3 +2coskn/3)
1

= (3+2cosm/3)(3 + 2cos2n/3)
= 3+2cos/3)(3—2cosn/3)
=9—-4cos’n/3=9-1
=8

and

2
Le = [ 13 +2cos(2k + 1)n /6]
0

= (3+2cosw/6)(3 +2cos/2)(3 + 2cos 57/6)
= (3+2cosm/6)(3 —2cosm/6)(3 + 0)

= 3(9—4cos’m/6) =3(9—4-3/4)

=18
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EXERCISES 42

. Deduce Formula (42.3) from Formula (42.1).

. Prove Formula (42.1) using PMI.

Prove Lemma 42.3.

Show thattan™' 1 + tan™! § = tan™'2.

Show that tan™! 2 = 2tan~! 8.

Let 6 be the angle between the vectors u = (Bg, By, B,...,B,) and v =

(Fus Fnt1s Fns2s .., Fngn) in the Euclidean (n + 1)-space, where B; = ('Il )
Find lim 6 (Gootherts, 1966).

n—>oo

7. Show that w = tan~!(1/F,) + tan™! F3,,, + tan™" Fy,,, (Horner, 1969).

> 1 > 1
8. Prove that —_— tan™!
; aFp + Fy El: Fauyi

e e

(Guillottee, 1972).




43

FIBONACCI AND LUCAS
SUBSCRIPTS

What are the characteristics of Fibonacci and Lucas numbers with Fibonacci and
Lucas subscripts? That is, numbers of the form Fr,, F,, Lr,, and L, ? For example,
FF(, = Fg = 21, FL.; = Flg = 2584, LF@ = Lg = 47, and LL5 = ng = 5778. In this
discussion, we shall, for convenience, use the following notations:

U,, =Fp" V,,= FL" X,, =LF" and Wn=LL,,

Although Binet’s formulas for F,, and L, are not extremely useful, we can employ
them to find explicit formulas for U,, V,, X,,, and W,.. For example,

Fn_ Fn
U, = - B and V, =af + gh
a—f

In 1966, R. E. Whitney of Lockhaven State College partially succeeded in defining
U,, V,, X,,, and W, recursively in terms of hybrid relations.

Theorem 43.1.
5UnUns1 = Xnr2 = (=D Xy
Proof. We have
V5F, =a" — B" (43.1)
L, =a"+p8" 43.2)
Replacing n by F, in Eq. (43.1):
VS5U, = af» - gF
V5Unsy = et — ghm
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Multiplying these, we get
Sljnljn_*_1 = aFn+2 — ﬁFn+2 —_ (apnﬂFnH +ﬂFnaFn+|)
= Xpi2 = [ (—a™HP i (— 7]
= Xnyz — (~D)n(@frn=Fr 4 gPni=Fr)
= Xoiz = (=)@ + gF-1)
= Xpt2 — (-1 X, [
For example, let n = 7. Then:

5U,Us = 5F3Fy = 5-233 - 10,946 = 12, 752, 090
X742 — (=D X7_1 = X9 — (=1)*Xg = Las + Ly = 12,752,043 + 47
= 12,752,090
= 5U;Us

Theorem 43.2.

Xan+l = Xn+2 + (_'l)F"Xn—l |

Its proof follows along the same lines from Equation (43.2), so we leave it as an
exercise (see Exercise 2).
For example, X¢X7 = LgL13 = 47 - 521 = 24,487

Xg+ (=D)FeXs = Ly + (=1)8Ls = 24,476 + 11 = 24,487
= XeX7

Combining Theorems 43.1 and 43.2, we get the following result.
Corollary 43.1.

5UnUn—H + Xan+l = 2Xn+2 |

The following theorem follows from Eqgs. 43.1 and 43.2 by replacing n by L, (see
Exercises 6 and 7).

Theorem 43.3.

(1 5VaVait = Wopa — (=D W,
) WoWopt = Wopa + (=D W, n

The following result follows from this theorem.
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Corollary 43.2.

5V, Vn+l +W, wn+l = 2Wn+2 u

The next theorem also follows from Egs. (43.1) and (43.2).

Theorem 43.4.
M Xo1Xnp1 = Wo+ (=DPX,
) SUp1Upyy = W, — (-1 X, -
Corollary 43.3.
(l) Xn_|X,,+| +5U"_1Un+’ =2W,
@ Xn1Xp41 = SUp1Upy = 2(—])F—1X" [

In 1967, D. A. Lind of the University of Virginia succeeded in defining both
Y, = Fg, and Z, = L, recursively, where G, denotes the nth generalized Fibonacci
number. We need the following identities from Chapter S to pursue those Fibonacci
numbers:

2Fu41 = Fy + Ly (433)
Foot = (La — F))/2 (43.4)
L2 —SF2=4(-1)" (43.5)
2L,y =5F, + L, (43.6)

It follows from Identities (43.3) and (43.5) that

Fopl = % (,/SF,,Z +4(—1)" + F,.) (43.7)

and from Identities (43.5) and (43.6) that

Loy = % (,/SLg —-20(=D" + Ln> (43.8)

For example,

1 - 1
F.o=—2—(,/5F9 —4+F9) =§(«/5-1156—4+34) =55
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and

1 5 1
= - = - . =
Lo 3 (,/SL9 +20 + L9> 5 (\/5 5776 + 20+76) 123

Identity (43.7) implies that

1
Faoi =3 (,/SF,,Z +A(=1) — F,,) (43.9)

We require two more identities from Chapter 5:
Fuini1 = FuFy + Fpy Fag 43.10)

Lm+n+l = F,L,+ Fm+1Ln+l (4311)
Finally, let s(n) = n* —3[n?/3]. Clearly,

S L
S =1 otherwise

See Exercise 16. So (—1)°™ = (=1)F = (=)l = (=1)%" (see Exercise 18).

A RECURSIVE DEFINITION OF Y,

Next we develop a recursive definition of Y,. We have:

Yoer = FGn+z = F(G,,+|—I)FG,. + FG,.+| Fe,+1 By Formula (43.10)

1
=5 [Y"/5Y3+, + A(=1)Cmt + ¥, 1 /572 + 4(—1)Gn]

Since Y| = Fg, = F, and Y, = Fg, = F, Y, can be defined recursively as follows:

Y\, =F,Yh,=F,

1
Yoo = 5 [Y,,‘/syj+l +4(=1)Gnt + Y,y /572 +4(—-1)Gn] (43.12)

where n > 1.

A RECURSIVE DEFINITION OF U,

In particular, let a = 1 = b. Then Y, = U,. Accordingly, we have the following
recursive definition of U,,:

U =1=U,

1
5 [U,.‘/su,f+l + 4(=1)0+D 4 U, /502 +4(—1)s(n>] n>1

Un +2
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For example, let n = 6. Then Ug = F3 = 21 and U7 = F)3 = 233,

1 2 2
5 |:U6,/5U7 — 4 4 Uy /SUZ +4]

1
5 [21J5 754289 — 4 + 233+/5 - 441 + 4]

“ Ug

Il

1
-2-(10941 + 10951) = 10,946

A RECURSIVE DEFINITION OF V,,

Substituting @ = 1 and b = 3 yields the following recursive definition of V,,:

Vi=1 V=4
5

1
Va2 = 3 [vn V2 +A4(=1y0t0 4V, [5V2 +4<-1)“">] nzl

For example, let n = 5. Then Us = F; = 89 and Vs = Fig = 2584;

1 /

1
=3 [89\/5 - 6,677,056 + 4 + 2584+/5 - 7921 — 4]

1
= 5(514,242 + 514,216) = 514,229

A RECURSIVE DEFINITION OF Z,

Using Formulas (43.4), (43.5), (43.8), and (43.11), we can develop a recursive defi-
nition Z,:

Z,y2 = Lg,,, = Lg,,,+G,
= F@G,..-vLe, + FG,.,L@G,+1y  ByEq.(43.11)
1
=3 (L6, = FGun) LG, + FG,, LG+ By Eq. (43.2)
1

1
= §Lan0n+. - 5Lon Fg,, + Fe,. LG+

1 1
= ELG"LGM + 5F0"+|(2Lcn+. ~Lg,)

1
=3 lznzn+l + \/[Z,Z,Jr. — 4(=1)Gm1][Z2 —4(—-1)G~]}




516 FIBONACCI AND LUCAS SUBSCRIPTS

Accordingly we can define Z,, as follows:

Zy =1L, Z, =1L,

Znya = % [ZnZn+l + \/ [22,, — 4(=1)Cmn][22 — 4(—1)G~]] (43.13)

A RECURSIVE DEFINITION OF X,

When a = 1 = b, Formula (43.13) yields the recursive definition of X,:

X =1 X,=3

1
Xnz = 3 [Xan+1 +IX2, | — 4(=1ysD] K2 4(—1)s<">1] n>1

For example, let n = 5. Then X5 = Ls = 11, and X¢ = Lg = 47. Therefore,

1
Xs = 5(XsXo+ /(X3 — (X2 +4)]

%[11 47 + /(2209 — 4)(12 + 4)] = 521

A RECURSIVE DEFINITION OF W,

When T, = L,, Formula (43.11) yields the recursive definition of W,,:

W, =1 W, =4

1
Wiz = 3 [ Wolhnas o+ JOW2, =4 Doz — 4o} nz1

2

Using this definition, we can verify that Wy = 5778.

EXERCISES 43
1. Verify Theorem 43.1 forn = 5.
2. Prove Theorem 43.2.
3. Verify Theorem 43.2 forn = 5.
4. Verify Corollary 43.1 forn = 6.
5. Verify Theorem 43.3 forn = 5.
6. Prove Part 1 of Theorem 43.3.
7. Prove Part 2 of Theorem 43.3.
8. Verify Part 1 of Theorem 43.4 forn = 5.
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9.
10.
11.
12,
13.
14.
15.

16.

17.
18.

Verify Part 2 of Theorem 43.4 forn = 5.

Prove Part | of Theorem 43.4.

Prove Part 2 of Theorem 43.4.

Compute F}3 using Identity (43.7).

Compute L3 using Identity (43.8).

Prove Identity (43.7).

Prove Identity (43.8).

Lets(n) = n2—3{n?/3], where nis an integer. Show that s (n) = { 0 if3ln
1 otherwise.

Prove that 2|L,, if and only if 3{n.

Prove that (=1)*® = (=) = (=1)-.

Compute each.

19.
20.
21.
22.

Uy
Ve
X3
Ws
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GAUSSIAN FIBONACCI
AND LUCAS NUMBERS

In 1963, A. F. Horadam examined Fibonacci numbers on the complex plane and
established some interesting properties about them. Two years later, J. H. Jordan of
Washington State University followed up with a study of his own. We now briefly
introduce these numbers.

GAUSSIAN NUMBERS

Gaussian numbers were investigated in 1832 by Gauss. A Gaussian number is a
complex number z = a + ib, where @ and b are integers. Its norm, ||z|, is defined by
izl = a* + b?; it is the square of the distance of z from the origin on the complex
plane: ||z|| = |z|%.

The norm function satisfies the following fundamental properties:

o Iz =0
e izl =0ifand only if z = 0
o lwzlf = llwl - llzl|

We leave it as an exercise to verify these (see Exercises 1-3).

GAUSSIAN FIBONACCI AND LUCAS NUMBERS

Gaussian Fibonacci numbers (GFNs) f, are defined by f, = f,—1 + fn—2, where
fo =i,f| =1,andn > 2.

518
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The first six GFNs are 1, 1 + 4,2 4+ i,3 + 2i,5 + 3i, and 8 + 5i. Clearly, f, =
F, +iF,_;. Consequently, || full = F? + F2 | = Fj,_;.

Gaussian Lucas numbers (GLNs) [, are defined by I, = I, + I,—», where [y =
2—i,ly = 14+2i,andn > 2. The firstsix GLNs are 1 +2i, 3+i, 4+ 3i, 7+4i, 1147},
and 18 + 11i. Itis easy to see that [, = L, +iL,—. Also ||l,}) = L2 + L?_,.

The identities we established in Chapter 5 can be extended to Gaussian Fibonacci
and Lucas numbers, also. A few are given below, and others will be found as exercises.
They can be validated using the principle of mathematics induction (PMI).

Theorem 44.1.

n

Zﬁ=fn+2_l

0

Proof. (by PMI) The formula is clearly true when n = 0, so assume it is true for
an arbitrary integer k > 0. Then

k+1 k

Yo fi=D fi+ fen
(1} 0

= (fixr — D+ fin
= fras — 1

Thus the result is true for every n > 0. a

The next two theorems also can be established fairly easily using PMI, so we omit
their proofs.

Theorem 44.2.
b=l — (U +20) =
0
Theorem 44.3.
foctfari = fF=Q-D(=D"  nx1 n
We can extend the definitions of GFNs and GLNs to negative subscripts also:
fon=F g4 iF =) 4+i(=1)"Fpyy = (=)W (F, — i Foy))
Likewise,

ln=L_g+iLl gy ==D"+i(=1)"" Loy = (=1)"(Lp ~ iLny)
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For example, f_3 = (—1)2(F3 —iFy) =2 ~3iandl_4 = (—=1)*(Ls — iLs) =
7—11i.

In Chapter 5, we found that L2 — 5F2 = 4(—1)". The next theorem shows the
corresponding result for Gaussian Fibonacci and Lucas numbers.

Theorem 44.4.

2-5f=42—i)(=1)" -

This result has an interesting by-product. Since 5 = (2 — i)(2 + i), it follows that
2 ~ |2, 502 — i|l,, where n > 2. Accordingly, we have the following result.

Corollary 44.1. (Jordan, 1965) [, is composite for n > 2. [ ]

For example, Is = 11 + 7, = (2 - i)(3+5i),s02 —i|11 + 7i.
Sincel_, = (~1)"(L, —iL,4), it follows that 2 —i{l_,, where n > 2. This gives
the following result.

Corollary 44.2. 1, is composite for all integers n # £1. n

Forinstance, l_s = —11 + 18i = (2 — i)(—8 + 5i),s02 — i|l_s.
In Chapter 16, we found that F,,|F, if and only if m|n, where m > 2. There is a
corresponding result for GFNs. To establish it, we need the next lemma.

Lemma 44.1. (Jordan, 1965) If 2m — 1{2n — 1, then2m — llm +n — 1.

Proof. Suppose 2m — 1|2n — 1. Then 2m — 1|[(2n — 1) — 2m — 1)]; that is,
2m — 112n — 2m. But 2m — 1,2) = 1, so 2m — 1|(n — m). Therefore,
2m — 1|{(2n — 1) —(n — m)]; thatis, 2m — ljm +n — 1. n

Theorem 44.5. (Jordan, 1965) Let m > 2. Then f,,| f, if and only if 2m — 1{2n — 1.

Proof. Suppose f,,| f.- Then || fin 1 fn |l thatis, Fpp—1| F2n—1. S0, by Corollary 16.2,
2m ~ 12n — 1.
Conversely, let 2m — 1)2n — 1. Then Fy,,—| Fan-1, by Corollary 16.2. Therefore,

Sul| _ Wfall _ Fone
fm ”fm” F2m—1
is a positive integer (see Exercise 4). But
ﬁ _ Fn+iFn—l _Fan+Fm—IFn—l+i(Fm—1Fn—Fan—l)
fm—Fm+iFm—l F’3+F'3_]
FpFo+ Fy_ 1 Fye FpnFp — FpFy- .
o Dmfnd Tmoifact | Tmet?n Z Pnlnl By Identity (5.11).
Fom—i Fomy
Foin- Fo_1Fp — FuF, .
S A b m7n=l By Identity (32.4).

Fom—1 Jam—y
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By Lemma 44.1 and Corollary 16.2, F,y,-1/Fam—) is a positive integer. Since
I fa /)l fim ]l is also an integer, it follows that (F,,—y Fj—y — Fin Fa—1)/ Fa,n_ also must
be an integer. So f,/f, is a Gaussian integer. Thus f,,| f,. [ ]

For example, let m = 3 and n = 8. Then 2m — 1|2n — 1. Notice that fz =
214+ 13i = 2+ D)1 + i) = (11 + i) f3. So f3]fs, as expected.
Theorem 44.5 has an interesting by-product.

Corollary 44.3. Let m > 2. Then Fou_1|{(Fy~1F, — FnF,—1) if and only if
2m — 1{2n — 1. [ |

For example, withm =3 andn =8, Foy—y = Fs =5and Fp_|F,, — F, F,—y =
Fng - F3F7 =1-21-2-13=-5,s0 clearly, Fzm_”(Fm_.]Fn - FmF,,_l).

Before presenting the next result, we need to extend the definition of ged to
Gaussian integers.

GCD OF GAUSSIAN INTEGERS
The Gaussian integer y is the gcd of the Gaussian integers w and z if:

o v|lwand y|z
o If x]w and x|z, then {|x|| < |yl

The gcd is denoted by y = (w, z). Forexample, (1 +7{,2+ %) =1 + 2i.

Theorem 44.6. (Jordan, 1965). (f., fu) = fi.where2k — 1 = 2m —1,2n - 1).

Proof. Since 2k — 1|12m — | and 2k — 1|2n — 1, it follows by Theorem 44.5 that
Sl fm and fi| fn; therefore, fil(fm, fu)-

Suppose x| f,, and x| f,. Then {Ix||||| f» | and |lx|i|}j fll; that is, ||x||| Fom—1 and
x|l Fan—1. Therefore, |x|||(Fam—1, Fan-1); that is, | x||{ Fom—1,2e—1y- In other words,
x| F2—1; that is, lx[}} fe. Consequently, ||x|f < | fill. Thus (fin, fn) = fi. L

For example, let m = Sandn = 8. Then 2m — 1,2n — 1) = 3 = 2k - |,
where k = 2. We have fs = 54 3i, fs = 21 + 13/, and f, = 1 + i. Notice that
Ss=0+D@—=i)and fz3 = (1 +i)(17—4i), 50 (fs, f3) = 1 +i = f5, as expected.

EXERCISES 44

Prove each, where w and z are Gaussian numbers.
I JlzIf =0
2. Izl =0if and only if z = 0.
3wzl = (lwl - Izl
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4. llw/zll = flwli/lzl
5. fa=Fa+iF,_1,n> 1.
6. l,=L,+iL,_y,n>1.
7. Wzl = lizll, where Z denotes the complex conjugate of z.
8. Compute fig and /).
9. Compute f_jo and l_)q.
10. Verify Theorem 44.5 form =4 andn = 7.
11. Verify Corollary 44.3 form =4 and n = 11.
Prove each (Jordan, 1965).

12. 34 = lpya — (1 + 2i)
0

13. byylpyy — 2 =52 — i) (=1
14, for1 + fo-1 =1y

15. f2+ f2,, =1 +2i)fon

16. f2.,— f, =142 fr-

17, faln = (1 + 2i) f2n1

18. fm+lfn+l + fmfn = (1 +2i)fm+n
19. 2 -5f2 =42 —i)(-1)"

20. fjf,? =(+2)f2+i(-1)"—i
1

2.3 frici = fan —i

22. Z::fzi = fons1 — 1
2n
23. Zl:(—l)ifi = fa1+i—1

U, (1) fy = (=1 f, i - 1
1

Let C, = F, + i F,4,. Prove each, where E,, denotes the complex conjugate of C,,.
25. C,Cp = Fapyy
26. CoCpyy = Fppia +i(—1)"
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ANALYTIC EXTENSIONS

In 1966, Whitney investigated analytic generalizations of both Fibonacci and Lucas
numbers, by extending Binet’s formulas to the complex plane:

ol — '32

a—p
where z is an arbitary complex variable; f(z) is the complex Fibonacci function; and
1(z) the complex Lucas function. Notice that f(n) = F, and I(n) = L,, where n is

an integer. Both functions possess several interesting properties. We will examine a
few of them here.

fl@)= and  [(2) =+ B°

PERIODICITY OF «* AND 8*

Let p be the period of @*. Then ¢**? = @, soa” = | = €™, Thus p = 27i/Ina.

On the other hand, let g be the period of 2. Then g3*9 = g% implies B =
1 = 2. Since B < 0, we rewrite B = €™ (—B). Then 9% (—B)¥ = ¥ so
(=) = "2~ Di Thatis, a? = e™" 2 soglna = n(g — 2)i;

2mi _ 2n(r —ilna)

1= i lna In®a + n2

Thus ¢ is periodic with period (27i/In«) and 8% with periodic [27 (7 — i Ina)}/
(2o 4 %),

PERIODICITY OF f(z) AND I(z)

Are f(z) and I(z) periodic? If yes, what are their periods? To answer these questions,
suppose f (z) is periodic with period w. Then f(0) = 0 = f(w), whichimplies ¢ =
BY.So f(z+w) = f(z)yieldsa®™ — B3+ = o7~ B%; thatis,a¥ (@i — ) = a?— B2

523
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Therefore, ¥ = 1. This implies that the real part x of w = x + iy must be zero.
Then o’ = 1. But this is possible only if y = 0. Then w = 0 + 0i = 0, which is a
contradiction. Thus f(z) is not periodic. Likewise, we can show that /(z) also is not
periodic (see Exercise 1).

ZEROS OF f(z) AND I(z)

Next we pursue the zeros of f(z) and I(z). First, notice that f(z) has a real zero,
namely, 0, and /(z) has no real zeros.

To find the complex zeros of f(z), let f(z) = 0. This yields (a/B)* = 1 = %™,
where k is an arbitrary integer. Then zIn(a/B) = 2kni. But B = & (—pB), so
a/B =a% " andIna/B = 2Ina — in. Thus:

zQRInw —in) = 2kmi
2kmi
T 2lna —in
2kmiQlna + im)
4In’ o + 72

2kn(—m +2ilna)
4In’a + 2
where k is an arbitrary integer. This equation gives the infinitely many complex zeros

of f(2).

Similarly, we can show that the complex zeros of /(z) are given by
= Qk+ (-7 +2ilna)
- 4In’ o + 72

See Exercise 2.

BEHAVIOR OF f(z) AND I(z) ON THE REAL AXIS

To see how the two functions behave on the real axis, let z = x, an arbitrary real num-
ber. Then @? = o* and B? = B* = &*!"f = £*Ti-®) — p=xIna(cogrx 4 i sinmx),
since In 8 = — Ina. Since Im f(z) = 0 = Im I(z), this yields e *" * sinx = 0, so
sinrx = 0. This implies that x must be an integer n. Thus f(z) is an integer if and
only if z is an integer n. The same is true for (z).

IDENTITIES SATISFIED BY f(z) AND I(z)

Many of the properties of F, and L, that we investigated in Chapter 5§ have their
counterparts on the complex plane. Some of these identities are listed below.

M) fG+)=f+ D+ f(2)

@ lz+2=1z+ 1) +1(z)
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B) fz—=Df@z+1) - f22) =€

(4) lZ(Z) - sz(Z) = 4en'zi

) f(—=2) = —f(2)e™™

6) I(—z2) =I(z)e"™¥

M fQ2) = f@IE)

®) fz+w)=f@Qfw+D+ fz—1)f(w)
© fG)=fC+D+f@)-fz-1

We can establish these properties using Binet’s formulas. For example,
SIfz =D+ D - f2 @] = (@' = 7@ - ) — (@ - 7Y’
= o¥ + p% — (@B) (e’ + B
~[a® + % — 2(aBY]
= 3(=1)* +2(=1)* = 5¢™%

Thus f(z—1)f(z+1) — f%(z) = "%, as expected. We leave the proofs of the others
as routine exercises (see Exercises 3—10).

TAYLOR EXPANSIONS OF f(z) AND I(z)

Since both f(z) and /(z) are entire functions, both have Taylor expansions. Since
(d*/dw*)(@®) = ¥ - In* @, it follows that

X k)
1@ =Y e wy
k=0 )

1 Ka¥(nfa) — B¥(In* B) .
=z kz;a T (z —w) (45.1)
Likewise,
1 = a¥(Inf @) + g¥(In* B)
&) =— > i (z - w)* (45.2)

In particular, let z = n and w = n— 1. Then Eq. (45.1) yields an interesting infinite
series expansion:

1 & a" (nfa) — B*'(In* B)
Fp=—
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Similarly,

1 < a" YIn* a) + g7~ (In* B)
L,=—
7L k!

EXERCISES 45

1. Prove that [(z) is not periodic.
2. Find the complex zeros of [(z).
3-10. Prove the Identities 1, 2, and 4-9.

Prove each.
1 ® (In*a — In* B)n*
11. Ff=—vxsr) ——mo
" 5k§0 k!
1 = (in* In¥ k
12, Ly = Ly 0t fm

5k=0 k!
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TRIBONACCI NUMBERS

In the case of Fibonacci and Lucas numbers, every element, except for the first two,
can be obtained by adding its two immediate predecessors. Now, suppose we are
given three initial conditions and add the three immediate predecessors to compute
their successor in a number sequence. Such a sequence is the tribonacci sequence,
originally studied in 1963 by M. Feinberg when he was a 14-year-old ninth grader at
Susquehanna Township Junior High School in Pennsylvania (1963a).

TRIBONACCI NUMBERS

The tribonacci numbers T, are defined by the recurrence relation
T, =T+ T2+ T3 46.1)

whereT) =1 =1, T3 =2,andn > 4.
The first twelve tribonacci numbers are:

1,1,2,4,7,13,24, 44,81, 149, 274, and 504

Just as the ratios of consecutive Fibonacci numbers and those of Lucas numbers
converge to the Golden Ratio, «, the tribonacci ratios 7,,/7, converge to the
irrational number 1.83928675521416 - - - .

TRIBONACCI ARRAYS

In the same way that we can extract Fibonacci numbers from the rising diagonals of
Pascal’s triangle, so can we obtain the various tribonacci numbers by computing
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the sums of the elements on the rising diagonals of a similar triangular array, a
tribonacci array. Every element t(m, n) of the array is defined as follows, where
m,n>0:

tm,n) =0 if m>nor n<O
tim,m) = 1

tm,n) =tm—-1,n-D+tm—-1,n)+tm—-2,n-1) if m>2

Using the recurrence relation, we can obtain every element of the array by adding
the neighboring elements from the two preceding arrays. Figure 46.1 shows the
resulting array. Notice that the rising diagonal sums of this array are indeed tribonacci
numbers.

1 1
1 3 1
1 5 5 1
1 7 13 7 1
1 9 25‘25 9 1
1 1 41 :3 41 11 1

Figure 46.1. A Tribonacci Array.

There is yet another triangular array that also yields the various tribonacci numbers.
To construct this array, first we find the trinomial expansions of (1 + x 4 x2)" for
several values of n > O:

(1+x+x2)0 =1

A+x4+xH)' =14x+x?

Q+x+xH? = 14+2x +3x2 +2x3 +x*
A+x+xH = 14+ 3x+6x2 +7x> 4+ 6x* +3x5 4 x°

(A +x+x3)* =1+ 4x +10x2 + 16x3 + 19x* + 16x> + 10x® + 4x7 + x8
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Now arrange the coefficients in the various expansions to form a left-justified
triangular array, as shown below:

1

1 1 1

3 2 1

6—7—6 3 1

\ 15 30 45 51 45 30 15 5 1

2
3
N
1 4 10 16 19 16 10 4 ]
5
1 6

21 50 90 126 141 126 9% 50 21 6 |1

Obviously, every row is symmetric. With the exception of the first two rows,
every row can be obtained from the preceding row; see the arrow in the array.
The rising diagonal sums of this trinomial coefficient array also yield the tribonacci
numbers.

COMPOSITIONS WITH SUMMANDS 1, 2, AND 3

In Chapters 4 and 20, we found that the number of compositions of a positive integer n
using the summands | and 2 is the Fibonacci number F, ;. Suppose that we permit the
numbers 1, 2, and 3 as summands. What can we say about the number of compositions
C,?

To answer this, let us first find the compositions of the integers 1 through 5,
summarize the data in a table, and then look for any obvious patterns. It appears from
Table 46.1 that C, = T,,,, where n > 1. Fortunately, this is indeed the case.

TABLE 46.1.

n Compositions of n Using 1, 2, and 3 C,
1 1 1
2 1+1,2 2
3 1+1+1,1+2,2+1,3 4
4 T1+1+1+0L1+1+2,1+2+1, 7

2+1+1,2+2,14+3,3+1

5 l+1+1+1+L1+14+1+2 1+1+3, 13
1+142+1,14+2+1+1,2+1+1+1,
1+34+1,3+14+1,2+3,3+2,1+2+2,
2+1+2,2+2+1

1
Tribonacci numbers
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RECURSIVE ALGORITHM

Using the recursive definition of 7,,, we can fairly easily develop a recursive algorithm
for computing 7, as Algorithm 46.1 shows.

Algorithm tribonacci (n)
(* This algorithm computes the first n tribonacci
numberg using recursion, where n =>4, *)
Begin (* algorithm *)
tribonacci (1) =1
tribonacci (2) =1
tribonacci (3) =2
while i <n do
tribonacci (i) = tribonacci (i —1) + tribonacci
(i—2) + tribonacci (i—3)
endwhile
End (*algorithm *)

Algorithm 46.1.

Next, we explore an explicit formula for the number of additions a, needed to
compute T, recursively. For example, it takes two additions to compute 7y; that is,
ag = 2.

Using the recurrence relation Eq. (46.1), we can define a, recursively:

Gy =an1+ a2+ ay_3+2
where n > 4, and a; = a; = a3 = 0. Let b, = a, + 1. Then this yields
b, -1 = bn—l +bn—2+bn—3 -3+4+2
b, = by + bn—2 + bn—3
where by = by = b3 = 1. The first 12 elements of the sequence {b,} are 1, 1, 1, 3, 5,
9, 17, 31, 57, 105, 193, and 355.
Note an interesting characteristic: Write these values in a row, except the first three;

then write the first 10 tribonacci numbers, except the first, in a row right below. Now
add the two rows:

5 9 17 31 57 105 193 355

3
+12 4 7 13 24 44 81 149
4 7 13 24 44 81 149 274 504 « T,

See an intriguing pattern? The resulting sums are tribonacci numbers 7,,, where n > 4.
So we conjecture that b, + T, = T,; thatis, b, =T, — T2 = T~ + T, _3,
where n > 4. Thus we predict that a, = T,—; + T,—3 — 1, where n > 4.
The next theorem confirms this using the strong version of induction.



RECURSIVE ALGORITHM 531
Theorem 46.1. Let a, denote the number of additions needed to compute 7,, recur-
sively. Thena, = T,_| + T,_3 — 1, where n > 4.
Proof. Since T3 +T) — 1 =2+ 1 —1 =2 = gy, the formula works when n = 4.
Now, assume it is true for all positive integers & < n, where k > 4. Then:
T =T, + T + Th
So

Gnyl = Gn+ Aoy +ap2+2
=T+ Tha-—-D+Tha+ T s - D+ T+ Ths—1)+2
= Tha+Thhao+ L )+ T3+ Ths+Ts5)~ 1
=T,4+ T2 -1

Thus, by the strong version of the principle of mathematical induction, the formula
holds for every n > 4. ]

It follows by the theorem that

Lo ifl<n<3
"7 Tw-1 +T,_3—1 otherwise

For example, a¢ = T5s + T3 — | = 742 — 1 = 8 additions are needed to compute Ty
recursively.

We can represent the recursive computation of 7,, pictorially by a rooted tree, as
Figure 46.2 illustrates. Each internal node (see the heavy dots in the figure) of the
tree represents two additions, so a, = 2 (number of internal nodes of the tree rooted
at T,). For example, the tree in Figure 46.2 has four internal nodes, so it takes eight
additions to compute Tg recursively, as we just discovered.

Figure 46.2.
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A GENERATING FUNCTION FOR T,

Using the recursive definition, we can develop a generating function for the tribonacci
o0

numbers. To this end, let g(x) = ) T,x". Since Ty = O, it follows that (1 — x
0

— x2 — x3)g(x) = Tyx; that is,

X

§(x) = 1—x—x2—x3

Thus
l—x—xz—x3 ZTx

Since

o0
=y
0

it follows that

X
T oao e ST A At

so the various tribonacci numbers appear as coefficients on the right-hand side.

EXERCISES 46

The Pascal-like array in Figure 46.3 can be employed to generate all tribonacci
numbers.

1 1
1 3 1
1 5 $ 5 1
1 7 13 7 1
1 9 25 25 9 1
Figure 46.3.

1. Let B(n, j) denote the element in row n and column j of the array. Define B(n, j)
recursively.
2. Prove that the sum of the elements on the nth rising diagonal is a tribonacci number,
l(n=1)/2]
T, thatis, Y. B(n,j)=T,
0




47

TRIBONACCI
POLYNOMIALS

In 1973, V. E. Hoggatt, Jr., and M. Bicknell generalized Fibonacci polynomials to
tribonacci polynomials t,(x). These are defined by

1n(X) = X2ty (X) + Xty_2(x) + 1,_3(x)

where 1o(x) = 0, ; (x) = 1, and r,(x) = x2. Notice that t,(1) = T,, the nth tribonacci
number.
The first ten tribonacci polynomials are:

Hx) =1
th(x) = x?

B(x) = x* +x

1(x) = M2 41

ts(x) = x% 4 3x° +3x°

te(x) = x'0 +4x7 + 6x* +2x

t(x) = x2+5x% + 10x® + 7x* + 1

f(x) = x'" +6x" + 15x® + 16x° + 6x2

to(x) = x'6 4+ 7x" 4+ 21x'% + 30x7 + 19x* + 3x
fio(x) = x'® + 8x1 + 28x'? 4+ 50x° + 45x8 + 16x3 + 1

533
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TRIBONACCI ARRAY

Table 47.1 shows the corresponding left-justified array of tribonacci coefficients. As
expected, the row sums yield the various tribonacci numbers.

Let T(n, j) denote the element in row n and column j of this array, where n >
J = 0. It satisfies the recurrence relation

T, )=Tr-1,j)+Tr—-2,j-D+T@r-3,j-2)

where n > 4. See the arrows in the table.

TABLE 47.1. Tribonacci Array

n J Row Sum
1 1 1
2 1 1
3 1 1 2
4 1 2 1 4
5 1 3 3 7
6 1 4 - 6 2 13
7 1 5 10 - 7 1 24
8 1 6 15 16 6 44
l
9 1 7 21 30 19 3 81
10 1 8 28 50 45 16 1 149

tribonacci numbers

Interestingly enough, each row of the array in Table 47.1 is a rising diagonal of
the triangular array of coefficients in the trinomial expansion of (x + y + z)", where
n > 0. See the left-justified trinomial coefficient array in the following display.

1 Coefficients of tg (x)

1 1 1 /_

1 2 3 .2 1

13 6717 6 3 1

t 4710 16—19—16 10 4 1

"5 15 30 45 f 45 30 15 5 1

1 6 21 50 90 126 141 126 90 50 21 6 1

Obviously, every row is symmetric. With the exception of the first two rows, every
row can be obtained from the preceding row. We can obtain the tribonacci array
from this array by lowering each column one level more than the preceding column.
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Consequently, the rising diagonal sums of the trinomial coefficient array also yield
the tribonacci numbers, and therefore the sum of every rising diagonal is a tribonacci
number.

A TRIBONACCI FORMULA

An explicit formula for the tribonacci polynomial t,(x) is given by

1(2n~2)/3] .
W)=Y T, j)x>¥7?

j=0

For example,

2
t5(x) = Y TS, px*Y
0

= T(5,0x%+ TS, Dx® + T(5, 2)x2
= x% + 3% + 352

TRIBONACCI POLYNOMIALS AND THE Q-MATRIX

We can generate tribonacci polynomials by the (-matrix

210
Q=[x 0 1]
1 0 0

Using the principle of mathematical induction, we can show that

thy (X) th(x) t_1(x)
Q" = [xt,.(x) F+ o1 (X)) xt (X)) + t2(x)  xt_2(x) + t,._a(x)]
In (-x) tn~l(x) tn—Z(-x)
See Exercise 4.
Since | Q| = 1, it follows that |Q"| = 1, that is,

tn+l(x) t,(x) ti—1(x)
Xt (x) + o1 (X)) xtao(x) + th2(x) xtp2(x) +t,3(x) [ =1
1, (x) t—1(x) ti—2(x)

Now, multiply row 1 by x2 and add to row 2; then exchange rows 1 and 2. This yields
the tribonacci polynomial identity:

thy2(x)  thgi(x)  f(x)

I,,+|(X) t,,(X) tn—l(x)
tn(x) tn—l(x) tn—Z(x)

=-1




536 TRIBONACCI POLYNOMIALS

In particular, let x = 1. We then get the following tribonacci identity:

Tn+2 Tn+l Tn
Tn+l Tn Tn—l = -1
Tn Tn—l Tn—2

EXERCISES 47

Find ¢_; (x).

Find #;1(x) and £12(x).

Find Q% and Q3.

Establish the formula for Q".

In 1973, V. E. Hoggatt, Jr., and M. Bicknell defined the nth quadranacci number
Trby T =T \+ T ,+ T s+ T} 4, wheren>5,T=1=T;T; =2
and T, = 4. Compute T3', T, and T

6. In 1973, V. E. Hoggatt, Jr., and M. Bicknell also introduced a new family of
polynomials ¢, called quadranacci polynomials. They are defined by £} (x) =
3 () + 120, (x) + xt}_5(x) + £7_4(x), where n > 5, 1*,(x) = t*,(x) =

12(x) = 0,and ¥ = 1. Find £(x), £} (x), £2(x), and £3(x).
7. Find £ (1).

The quadranacci polynomials are generated by the Q-matrix

AN .

3

0= (Hoggatt and Bicknell, 1973)

x 1
x2 0
x 0
1 0
8. Find Q2 and Q°.

9. Find Q" (Hoggatt, Jr. and Bicknell, 1973).
10. Find | Q"] (Hoggatt and Bicknell, 1973).
11. Prove that

* * * T*
n+3 n+2 n+1 n
T":+2 ":+' T": T":-' = (=1)"*! (Hoggatt and Bicknell, 1973)
Tn+l Tn Tn—l Tn—2

Tn* T:—- 1

* *
Tn—2 Tn—3
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FUNDAMENTALS

This Appendix presents the fundamental symbols, definitions, and facts needed to
pursue the essence of the theory of Fibonacci and Lucas numbers. For convenience,
we have omitted examples and all proofs. (For a complete study of these fundamentals,
we invite you to refer to the author’s book on number theory.)

SEQUENCES

The sequence si, 52, 53, ..., 5s, . . . is denoted by {s,}7° or simply {s.}. The nth term
sn is the general term of the sequence. Sequences can be classified as finite or infinite,
as the next definition shows.

Finite and Infinite Sequences

A sequence is finite if its domain is finite; otherwise, it is infinite.

The Summation Notation

i=m

Zai =&+ Gy + -+ ap

i=k
The variable i is the summation index. The values k and m are the lower and
upper limits of the index i. The “i =" above the T is usually omitted; in fact,
the indices above and below the ¥ are also omitted, when there is no confusion.
Thus

=m

537
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The index i is a dummy variable; you can use any variable as the index without
affecting the value of the sum, so

m m m
E a; = E a; = E [27%
i 1 )

The following results are extremely useful in evaluating finite sums. They can be
proven using the principle of mathematical induction (PMI).

Theorem A.1. Letn € Nand ¢ € R. Let ay,a,, ..., and by, by, ..., be any two
number sequences. Then:

1

Z(ai +bi) = (Zai) + (Zb.‘)
1 1 1
(These results can be extended for any integral lower limit.) ]

Indexed Summation

The summation notation can be extended to sequences with index sets I as their

domains. For instance, Za; denotes the sum of the values q;, as i runs over the
iel
various values in /.
Often we need to evaluate sums of the form ) a;;, where the subscripts i and j
P

satisfy certain properties P.
Multiple summations often arise in mathematics. They are evaluated in the right-to-

left fashion. For example, the double summation ) ) a;; is evaluated as
iJ

> ( Za,-j) and the triple summation 3_ - ; ajjx as ,Z [; ( ;aiik)]'

i

The Product Notation

i=m
The product ayay41 - - - am is denoted by [] a;, where product symbol [] is the Greek
i=k
capital letter pi. As in the case of the summation notation, the “i =" below and above
the product symbol can be dropped if doing so leads to no confusion:

m
Hai = Qi) A
k

Once again, i is just a dummy variable.
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The Factorial Function

Let n be a nonnegative integer. The factorial function f(n) = n! (read n factorial) is

n
defined by n! =n(n — 1)---2.1, where 0! = 1. Thus f(n) = nt =[]i.
1

FLOOR AND CEILING FUNCTIONS

The floor of a real number x, denoted by |x], is the greatest integer < x. The ceiling
of x, denoted by [x], is the least integer > x.* The floor function f(x) = {x] and the
ceiling function g(x) = [x] are also known as the greatest integer function and the
least integer function, respectively.

Theorem A.2. Let x be any real number and n any integer. Then:

o |nl=n=1n] e XI=x]+1x¢Z)
o lx+nl=|x]+n o [x+nl=x1+n
. L%J=";1 if n is odd . [g]=";l ifnisodd wm

THE WELL-ORDERING PRINCIPLE

The principle of mathematical induction is a powerful proof technique we employ
often. It is based on the following axiom.

The Well-Ordering Principle (WOP)

Every nonempty set of positive integers has a least element.

MATHEMATICAL INDUCTION

The principle of mathematical induction! (PMI) is a powerful proof technique we use
throughout the text.

The next result is the cornerstone of the principle of induction. Its proof follows
by the WOP.

*These two notations and the names, floor and ceiling, were introduced by Kenneth E. Iverson in the early
1960s. Both notations are variations of the original greatest integer notation [x].

tAlthough the Venetian scientist Francesco Maurocylus (1491-1575) applied it in proofs in a book he
wrote in 1575, the term mathematical induction was coined by the English mathematician, Augustus De
Morgan (1806-1871).
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Theorem A.3. Let S be a set of positive integers satisfying the following properties:

1.1eS.
2. If k is an arbitrary positive integer in S, thenk + 1 € S.

Then S =N [ ]

This result can be generalized, as the next theorem shows.

Theorem A.4. Let ng be a fixed integer. Let S be a set of integers satisfying the
following conditions:

1. ng € §.
2. If k is an arbitrary integer > ng such thatk € S,thenk+1 € S. Then S contains
all integers n > ny. ]

Theorem A.S. (The Principle of Mathematical Induction). Let P(n) be a statement
satisfying the following conditions, where n € Z:

1. P(ny) is true for some integer no.
2. If P(k) is true for an arbitrary integer k > ng, then P(k + 1) is also true.

Then P(n) is true for every integer n > ny. [ ]
Proving a result by PMI involves two key steps:

1. Basis Step. Verify that P (ng) is true.

2. Induction Step. Assume P (k) is true for an arbitrary integer k > ng [inductive
hypothesis (IH)]. Then verify that P(k + 1) is also true.

Summation Facts

1. );t:"(";l)
) 21:izzn(n+1)6(2n+1)
\ 2
3. zlji3=[£”;l-1—)]
4 Lo =D o py

We now turn to a stronger version of the PMI.
Theorem A.6. (The Second Principle of Mathematical Induction). Let P(n) be a
statement satisfying the following conditions, where n € Z:

1. P(ny) is true for some integer np.

2. If k is an arbitrary integer > ng such that P(ng), P(ng+ 1), ..., P(k) are each
true, then P(k + 1) is also true.

Then P(n) is true for every integer n > ny. [ ]
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RECURSION

Recursion is one of the most elegant and powerful problem-solving techniques. It is
the backbone of most programming languages.

Suppose you would like to solve a complex problem. The solution may not be obvi-
ous. It may turn out, however, that the problem could be defined in terms of a simpler
version of itself. Such a definition is called a recursive definition. Consequently, the
given problem can be solved provided the simpler version can be solved.

Recursive Definition of a Function

The recursive definition of a function f consists of three parts, where a € W:

o Basis Clause. A few initial values of the function f(a), f(a+ 1),..., f(a +
k — 1) are specified. An equation that specifies such initial values is an initial
condition.

« Recursive Clause. A formula to compute f(n) from the k preceding functional
values f(n — 1), f(n —2),..., f(n — k) is made. Such a formula is called a
recurrence relation (or recursion formula).

o Terminal Clause. Only values thus obtained are valid functional values. (For
convenience, we drop this clause from the recursive definition.)

Thus the recursive definition of f consists of one or more (a finite number of)
initial conditions and a recurrence relation.
The next theorem confirms that a recursive definition is indeed a valid definition.

Theorem A.7. Leta e W, X ={a,a+ 1,a+2,...},andk e N. Let f: X - R
such that f(a), f(a+1),..., f(a + k — 1) are known. Let n be a positive integer
> a + k such that f(n) is defined in terms of f(n — 1), f(n —2),...and f(n — k).
Then f(n) is defined for every integer n > a. ]

By virtue of this theorem, recursive definitions are also known as inductive
definitions.

THE DIVISION ALGORITHM

The division algorithm is an application of the WOP and is often employed to check
the correctness of a division problem.

Suppose an integer a is divided by a positive integer b. Then we get a unique
quotient, q, and a unique remainder, r, where the remainder satisfies the condition
0 < r < b; a is the dividend and b the divisor. This is formally stated as follows.
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Theorem A.8. (The Division Algorithm). Let a be any integer and b a positive integer.
Then there exist unique integers g and r such that

a=b-qg+r
Dividend J ‘ L Remainder

Divisor Quotient

where 0 <r < b. [ ]

Although this theorem does not present an algorithm for finding ¢ and r,
traditionally it has been called the division algorithm. Integers g and r can be found
using the familiar long-division method.

You can see that the equation a = bg + r can be written as

>R
Sl

where 0 < r/b < 1. Consequently, g = |a/b] and r = a — bq.

Div and Mod Operators
Two simple and useful operators, div and mod, are often used in discrete mathematics
and computer science to find quotients and remainders:

a div b = quotient when a is divided by b.

a mod b = remainder when « is divided by b.

It now follows from these definitions thatg = adivb = |a/b] andr = amod b =
a—bg=a-b-la/b).
TI-86 provides a built-in function mod in the MATH NUM menu.

The Divisibility Relation

Suppose a = bq+0 = bq. We then say that b divides a, bis a factor of a, a is divisible
by b, or ais a multiple of b, and write b|a. If b is not a factor of a, we write bja.

Divisibility Properties

Theorem A.9. Let ¢ and b be positive integers such that a|b and bja. Then
a=>. n
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Theorem A.10. Leta, b, ¢, s, and ¢ be any integers. Then:

« If alb and b|c, then ajc (transitive property).
o If a)b and a|c, then a|(sb + tc).
e If alb, then a|bc. n

The expression sb + tc is called a linear combination of b and c. Thus, if a is
a factor of b and c, then a is also a factor of any linear combination of b and c. In
particular, a|(b + ¢) and a|(b — ¢).

The floor function can be used to determine the number of positive integers less
than or equal to a positive integer a and divisible by a positive integer b, as the next
theorem shows.

Theorem A.11. Let a and b be any positive integers. Then the number of positive
integers < a and divisible by b is |a/b]. [ |

THE PIGEONHOLE PRINCIPLE

Suppose m pigeons fly into n pigeonholes to roost, where m > n. What is your
conclusion? Since there are more pigeons than pigeonholes, at least two pigeons must
roost in the same pigeonhole; in other words, there must be a pigeonhole containing
two or more pigeons.

We now state the simple version of the pigeonhole principle.

Theorem A.12. (The Pigeonhole Principle). If m pigeons are assigned to n pigeon-
holes, where m > n, then at least two pigeons must occupy the same pigeonhole.
u

The pigeonhole principle is also called the Dirichlet box principle after the German
mathematician, Peter Gustav Lejeune Dirichlet (1805-1859), who used it extensively
in his work on number theory.

The pigeonhole principle can be generalized as follows.

Theorem A.13. (The Generalized Pigeonhole Principle). If m pigeons are assigned
to n pigeonholes, there must be a pigeonhole containing at least |[(m — 1)/n] + 1
pigeons. ]

THE ADDITION PRINCIPLE

Let A be a finite set and }A| the number of elements in A. (Often we use the vertical
bars to denote the absolute value of a number, but here it denotes the number of
elements in a set. The meaning of the notation should be clear from the context.)
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Union and Intersection

Let A and B be any two sets. Their union A U B consists of elements belonging to A
or B; their intersection A 1 B consists of the common elements.
With this understood, we can move on to the inclusion—exclusion principle.

Theorem A.14. (The Inclusion-Exclusion Principle). Let A, B, and C be finite sets.
Then |JAU B] = |A|+ [B|—-|ANBjand |JAUBUC| = |A| + |B| +|C]| —
[ANB|—|BNC|—-|CNA|+]|ANBNCY. ]

This theorem can be extended to any finite number of finite sets.

Corollary A.1. (Addition Principle). Let A, B, and C be finite, pairwise disjoint sets.
Then |AUB| = |Al+|B|—-|ANBland |AU BUC| = |A| + |B| +IC|. |

THE GREATEST COMMON DIVISOR

A positive integer can be a factor of two positive integers, a and b. Such factors are
common divisors, or common factors, of a and b. Often we are in their largest common
divisor.

The Greatest Common Divisor: The greatest common divisor (GCD) of two positive
integers a and b is the largest positive integer that divides both ¢ and b; it is denoted by
(a, b).

A Symbolic Definition of ged
A positive integer d is the ged of two positive integers a and b:

1. if d|a and d|b.
2. if d'|a and d’{b, then d’|d, where d’ is also a positive integer.

Relatively Prime Integers
Two positive integers a and b are relatively prime if their ged is 1; thatis, if (a, b) = 1.
We now turn to a discussion of some interesting and useful properties of gcds.

Theorem A.15. Let (a, b) = d. Then (a/d,b/d) = 1 and (a,a — b) =d. [ ]

Linear Combination
A linear combination of the integers a and b is a sum of multiples of a and b, that is,
a sum of the form sa + tb, where s and ¢ are any integers.

Theorem A.16. The gcd of the positive integers a and b is a linear combination of a
and b. -
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It follows by this theorem that the gcd (a, b) can always be expressed as a linear
combination sa + tb. In fact, it is the smallest positive such linear combination.

Theorem A.17. Let a, b, and ¢ be any positive integers. Then (ac, bc) = c(a, b).
| |

Theorem A.18. Two positive integers, a and b, are relatively prime if and only if
there are integers s and ¢ such that sa + tb = 1. ]

Corollary A.2. If a|c and b|c, and (a, b) = 1, then ab|c. n

Remember that a|bc does not mean a|b or a|c, although under some conditions it
does. The next corollary explains when it is true.

Corollary A.3. (Euclid). If a and b are relatively prime, and if albc, thenalc. =

The definition of gcd can be extended to three or more positive integers, as the
next definition shows.

The gced of n Positive Integers

The ged of n(> 2) positive integers ay, a, . . ., a, is the largest positive integer that
divides each q;. It is denoted by (ay, aa, . .., a,)-

The next theorem shows how nicely recursion can be used to find the gcd of three
or more integers.

Theorem A.19. Letay, a, ..., a, be n(= 2) positive integers. Then (ay, a3, ..., a,)
= ((alvazv--"an—l)’an)~ [ ]

The next corollary is an extension of Corollary A.3.

Corollary A4. If dlajay---a, and (d,a;) = 1for1 <i <n — 1, thend|a,. »

THE FUNDAMENTAL THEOREM OF ARITHMETIC

Prime numbers are the building blocks of all integers. Integers are made up of primes,
and every integer can be decomposed into primes. This result, called the fundamental
theorem of arithmetic, is the cornerstone of number theory. It appears in Euclid’s
Elements.

Before we state it formally, we need to lay some groundwork in the form of two
lemmas and a corollary. Throughout, assume all letters denote positive integers.

Lemma A.l. (Euclid). If p is a prime and p|ab, then p|a or plb. [ ]

The next lemma extends this result to three or more factors using PMI.
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Lemma A.2. Let p be a prime and pla;a; - - - a,, where ay, a3, .. ., a, are positive
integers, then pia; for some i, where | <i < n. [ |

The next result follows nicely from this lemma.

Corollary AS. If p, g1, q2, ..., g, are primes such that plg1q2- - - g,, then p = g;
for some i, where | <i <n. [ |

We can state the fundamental theorem of arithmetic, the most fundamental result
in number theory.

Theorem A.20. (The Fundamental Theorem of Arithmetic). Every positive integer
n > 2 is either a prime or can be expressed as a product of primes. The factorization
into primes is unique except for the order of the factors. ]

A factorization of a composite number n in terms of primes is a prime factorization
of n. Using the exponential notation, this product can be rewritten in a compact
way. Such a product is the prime-power decomposition of n; if the primes occur in
increasing order, then it is the canonical decomposition.

Canonical Decomposition

The canonical decomposition of a positive integer n is of the formn = p7' p3? - - - pi*
where py, pa, ..., Px aredistinct primes with p; < p; < --. < p, and each exponent
a; is a positive integer.

THE LEAST COMMON MULTIPLE
The least common multiple of two positive integers, a and b, is closely related
to their gcd. We explore two methods for finding the least common multiple of a

and b.

Least Common Multiple: The least common multiple (LCM) of two positive inte-
gers a and b is the least positive integer divisible by both a and b; it is denoted by
{a, b].

Next we rewrite a symbolic definition of LCM.
A Symbolic Definition of LCM
The LCM of two positive integers a and b is the positive integer m such that:

« a|m and b|m;
« If alm’ and blm’, then m < m’, where m’ is a positive integer.
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Next we show a close relationship between the gcd and the LCM of two positive
integers.

Theorem A.21. Let a and b be positive integers. Then [a, b] = ab/(a, b). |

Corollary A.6. Two positive integers a and b are relatively prime if and only if
[a, b] = ab. n

Again, as in the case of gcd, recursion can be applied to evaluate the LCM of three
or more positive integers, as the next result shows.

Theorem A.22. Leta,,a, ..., a, be n(> 2) positive integers. Then [a}, a3, .. ., a,]
=lai, a2, ..., as-1], an}. ]
Corollary A.7. If the positive integers a,, a3, .. ., a, are pairwise relatively prime,
then [ay, a2, ..., a ) =a1az -+ -a,_1a,. | |

The converse of this corollary is also true.

Corollary A.8. Let m, m,,...,m; and a be positive integers such that m;|a for
1 <i <k.Then [mym;---my]la. [ ]

MATRICES AND DETERMINANTS

Matrices contribute significantly to the study of Fibonacci and Lucas numbers. They
were discovered jointly by two brilliant English mathematicians, Arthur Cayley
(1821-1895) and James Joseph Sylvester (1814—1897). The matrix notation allows
data to be summarized in a very compact form, and manipulated in a convenient way.

Matrix

A matrix is a rectangular arrangement of numbers enclosed by brackets. A matrix
with m rows and n columns is an m x n (read m by n) matrix, its size being m x n.
If m = 1, it is a row vector, and if n = 1, then it is a column vector. If m = n, it is
called a square matrix of order n. Each number in the arrangement is an element of
the matrix. Matrices are denoted by uppercase letters.

Let g;; denote the element in row i and column j of A, where 1 < i < m and
1 < j < n. Then the matrix is abbreviated as A = (a;;)mxn, OF simply (a;;) if the
size is clear from the context.

Equality of Matrices

Two matrices A = (a;;) and B = (b;;) are equal if they have the same size and
a;; = b;; for every i and j.
The next definition presents two special matrices.
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Zero and Identity Matrices

If every element of a matrix is zero, then it is a zero matrix, denoted by O.

Let A = (aij)nxn. Then the elements ay1, az;, . . . , @, form the main diagonal of
the matrix A. Suppose

a; = [ 1 ifi=j
0 otherwise

Then A is called the identity matrix of order n; it is denoted by I,,, or I when there is
no ambiguity.

Matrices also can be combined to produce new matrices. The various matrix
operations are presented below.

Matrix Addition

The sum of the matrices A = (@ij)mxn and B = (b;j)mxn is defined by A + B =
(aij + bij)mxn. (You can add only matrices of the same size.)

Negative of a Matrix

The negative (or additive inverse) of a matrix A = (a;;), denoted by — A, is defined
by —A = (—ayj).

Matrix Subtraction

The difference A — B of the matrices A = (@;j)mxn and B = (b;j)mxn is defined by
A —~ B = (a;j — bij)mxn. (You can subtract only matrices of the same size.)

Scalar Multiplication

Let A = (a;;) be any matrix and k any real number (called a scalar). Then kA =
(ka;;).

The fundamental properties of the various matrix operations are stated in the
followin theorem.

Theorem A.23. Let A, B, and C be any m x n matrices, O the m x n zero matrix,
and ¢ and d any real numbers. Then:

e A+B=B+A e A+(B+C)=A+B)+C
e A+O0O=A=0+A e« A+(-A)=0=(-A)+A
o (mDA=-A o c(A+B)=cA+cB

o« (c+d)A=cA+dA e (cd)A =c(dA)

Next, we define the product of two matrices as follows.
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Matrix Multiplication

The product AB of the matrices A = (@ij)mxn and B = (b;j),xp is the matrix
C = (Cij)mxp, Where ¢jj = aibyj + aizbaj + -+ - + ainby;.

The product C = AB is defined only if the number of columns in A equals the
number of rows in B. The size of the product is m x p.

The fundamental properties of matrix multiplication are stated in the next theorem.

Theorem A.24. Let A, B, and C be three matrices. Then:

« A(BC)=(AB)C « Al=A=1IA
e« AB+C)=AB+ AC « (A+B)C=AC+ BC
provided the indicated sums and products are defined. n

Next we briefly discuss the concept of the determinant of a square matrix.

DETERMINANTS

With each square matrix A = (a;;)nxn, @ unique real number can be associated. This
number is called the determinant of A, denoted by [A|. When A is n X n, it is of

order n.

The determinant of A = [Z

|A] = ad — bc.
Knowing how to evaluate 2 x 2 determinants, higher-order determinants can be
evaluated, but first, a few definitions.

b , is defined by

b a
d]’ denoted by {A| = l" d

Minors and Cofactors

The determinant of the matrix (a;;j).x» Obtained by deleting row i and column j is
called the minor of the element a;;; it is denoted by M;;. The cofactor A;; of the
element a;; is defined by C;; = (—=1)"*/ M;;.

Determinant of a Matrix

The determinant of a matrix A = (@;;)nx» is defined as
|Al = ai1Cit + ai2Cip + + - - + @;n Cip.

This sum is called the Laplace expansion of | A| by the ith row.
The following result about determinants will come in handy in our discussions.

Theorem A.25. Let A and B be two square matrices of the same size. Then

|AB| = |A| - |B|
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CONGRUENCES

One of the most remarkable relations in number theory is the congruence relation,
introduced and developed by the German mathematician Carl Friedrich Gauss
(1777- 1855). The congruence relation shares many interesting properties with the
equality relation, so it is denoted by the congruence symbol =. It facilitates the study
of the divisibility theory and has many fascinating applications.

We begin our discussion with the following definition.

Congruence Modulo m

Let m be a positive integer. An integer a is congruent to an integer b modulo m
if m|(a — b). In symbols, we then write a = b (mod m); m is the modulus of the
congruence relation.

If a is not congruent to » modulo m, then a is incongruent to b modulo m; we then
write a # b (mod m).

We now present a series of properties of congruence. Throughout we assume that
all letters denote integers and all moduli (plural of modulus) are positive integers.

Theorem A.26. a = b (mod m) if and only if @ = b + km for some integerk. =

A Useful Observation: It follows from the definition (also from Theorem A.26)
that a = 0 (mod m) if and only if m|a; that is, an integer is congruent to 0 if and only
if it is divisible by m. Thus a = 0 (mod m) and m|a mean exactly the same thing.

Theorem A.27.

o a = a (mod m). (Reflexive property)
« If a = b (mod m), then b = a (mod m). (Symmetric property)

o Ifa = b(modm)and b = c (mod m), then a = ¢ (mod m). (Transitive property)
n

The next theorem provides another useful characterization of congruence.

Theorem A.28. a = b (mod m) if and only if a and b leave the same remainder when
divided by m. "]

The next corollary follows from Theorem A.28.

Corollary A.9. If a = r (mod m), where 0 < r < m, then r is the remainder when
a is divided by m, and if r is the remainder when a is divided by m, thena = r
(mod m). [ ]

By this corollary, every integer a is congruent to its remainder » modulo m; r is
called the least residue of a modulo m. Since r has exactly m choices 0, 1,2, ...,
(m — 1), a is congruent to exactly one of them modulo m. Accordingly, we have the
following result.
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Corollary A.10. Every integer is congruent to exactly one of the least residues 0,
1,2,...,(m — 1) modulo m. |

Returning to Corollary A.10, we find that it justifies the definition of the mod
operator. Thus, if a = r (mod m) and 0 < r < m, then a mod m = r; conversely, if
amodm=r,thena=r(modm)and0 <r <m.

The next theorem shows that two congruences with the same modulus can be added
and multiplied.

Theorem A.29. Leta = b(modm)andc = d (modm).Thena+c¢ = b+d (mod m)
and ac = bd (mod m). [

It follows from Theorem A.29 that one congruence can be subtracted from another
provided they have the same modulus, as the next corotllary states.

Corollary A.11. Ifa = b (mod m) and ¢ = d (mod m), thena — ¢ = b —d (mod m).
]

The next corollary also follows from Theorem A.29. Again, we leave its proof as
an exercise.

Corollary A.12. If a = b (mod m) and c is any integer, thena + ¢ = b + ¢ (mod
m),a — ¢ = b — ¢ (mod m), ac = bc (mod m), and a® = b? (mod m). u

Part (4) of Corollary A.12 can be generalized to any positive integral exponent n,
as the next theorem shows.

Theorem A.30. If a = b (mod m), then ¢" = b" (mod m) for any positive
integer n. [ ]

The following theorem shows that the cancellation property of multiplication can
be extended to congruence under special circumstances.

Theorem A.31. If ac = bc (mod m) and (c, m) = 1, then a = b (mod m). [ |
Thus we can cancel the same number ¢ from both sides of a congruence, provided

¢ and m are relatively prime.
Returning to Theorem A.31, it can be generalized as follows.

Theorem A.32. If ac = bc (mod m) and (¢, m) = d, thena = b (mod m/d). [ |

Congruences of two numbers with different moduli can be combined into a single
congruence, as the next theorem shows.
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Theorem A.33. If a = b (mod m)), a = b (mod my),...,a = b (mod my), then
a=b(mod[m,my,...,m]). [ |

The next corollary follows easily from this theorem.

Corollary A.13. If a = b (mod m,), a = b (mod m3), ..., a = b (mod my), where
the moduli are pairwise relatively prime, then @ = b (mod mm; - - - my). |




A.2

THE FIRST 100 FIBONACCI

AND LUCAS NUMBERS

APPENDIX A.2. The First 100 Fibonacci and Lucas Numbers

n F, L,
1 1 1
2 1 3
3 2 4
4 3 7
5 5 11
6 8 18
7 13 29
8 21 47
9 34 76
10 55 123
11 89 199
12 144 322
13 233 521
14 377 843
15 610 1,364
16 987 2,207
17 1,597 3,571
18 2,584 5,778
19 4,181 9,349
20 6,765 15,127

(Continued)
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APPENDIX A.2. The First 100 Fibonacci and Lucas Numbers

THE FIRST 100 FIBONACCI AND LUCAS NUMBERS

n F, n Ln
21 10,946 24.476
22 17,711 39,603
23 28,657 64,079
24 46,368 103,682
25 75,025 167,761
26 121,393 271,443
27 196,418 439,204
28 317,811 710,647
29 514,229 1,149,851
30 832,040 1,860,498
31 1,346,269 3,010,349
32 2,178,309 4,870,847
33 3,524,578 7,881,196
34 5,702,887 12,752,043
35 9,227,465 20,633,239
36 14,930,352 33,385,282
37 24,157,817 54,018,521
38 39,088,169 87,403,803
39 63,245,986 141,422,324
40 102,334,155 228,826,127
41 165,580,141 370,248,451
42 267,914,296 599,074,578
43 433,494,437 969,323,029
44 701,408,733 1,568,397,607
45 1,134,903,170 2,537,720,636
46 1,836,311,903 4,106,118,243
47 2,971,215,073 6,643,838,879
48 4,807,526,976 10,749,957,122
49 7,778,742,049 17,393,796,001
50 12,586,269,025 28,143,753,123
51 20,365,011,074 45,537,549,124
52 32,951,280,099 73,681,302,247
53 53,316,291,173 119,218,851,371
54 86,267,571,272 192,900,153,618
55 139,583,862,445 312,119,004,989
56 225,851,433,717 505,019,158,607
57 365,435,296,162 817,138,163,596
58 591,286,729,879 1,322,157,322,203
59 956,722,026,041 2,139,295,485,799
60 1,548,008,755,920 3,461,452,808,002
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APPENDIX A.2. (Continued)
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n F L,
61 2,504,730,781,961 5,600,748,293,801
62 4,052,739,537,881 9,062,201,101,803
63 6,557,470,319,842 14,662,949,395,604
64 10,610,209,857,723 23,725,150,497,407
65 17,167,680,177,565 38,388,099,893,011
66 27,777,890,035,288 62,113,250,390,418
67 44,945,570,212,853 100,501,350,283,429
68 72,723,460,248,141 162,614,600,673,847
69 117,669,030,460,994 263,115,950,957,276
70 190,392,490,709,135 425,730,551,631,123
71 308,061,521,170,129 688,846,502,588,399
72 498,454,011,879,264 1,114,577,054,219,522
73 806,515,533,049,393 1,803,423,556,807,921
74 1,304,969,544,928,657 2,918,000,611,027,443
75 2,111,485,077,978,050 4,721,424,167,835,364
76 3,416,454,622,906,707 7,639,424,778,862,807
77 5,527,939,700,884,757 12,360,848,946,698,171
78 8,944,394,323,791,464 20,000,273,725,560,978
79 14,472,334,024,676,221 32,361,122,672,259,149
80 23,416,728,348,467,685 52,361,396,397,820,127
81 37,889,062,373,143,906 84,722,519,070,079,276
82 61,305,790,721,611,591 137,083,915,467,899,403
83 99,194,853,094,755,497 221,806,434,537,978,679
84 160,500,643,816,367,088 358,890,350,005,878,082
85 259,695,496,911,122,585 580,696,784,543,856,761
86 420,196,140,727,489,673 939,587,134,549,734,843
87 679,891,637,638,612,258 1,520,283,919,093,591,604
88 1,100,087,778,366,101,931 2,459,871,053,643,326,447
89 1,779,979,416,004,714,189 3,980,154,972,736,918,051
90 2,880,067,194,370,816,120 6,440,026,026,380,244,498
91 4,660,046,610,375,530,309 10,420,180,999,117,162,549
92 7,540,113,804,746,346,429 16,860,207,025,497,407,047
93 12,200,160,415,121,876,738 27,280,388,024,614,569,596
94 19,740,274,219,868,223,167 44,140,595,050,111,976,643
95 31,940,434,634,990,099,905 71,420,983,074,726,546,239
96 51,680,708,854,858,323,072 115,561,578,124,838,522,882
97 83,621,143,489,848,422,977 186,982,561,199,565,069,121
98 135,301,852,344,706,746,049 302,544,139,324,403,592,003
99 218,922,995,834,555,169,026 489,526,700,523,968,661,124
100 354,224,848,179,261,915,075 792,070,839,848,372,253,127
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THE FIRST 100 FIBONACCI
NUMBERS AND THEIR
PRIME FACTORIZATIONS

APPENDIX A.3. The First 100 Fibonacci Numbers and Their Prime Factorizations

n F, Prime Factorization of F,
1 1 1

2 1 1

3 2 2

4 3 3

5 5 5

6 8 23

7 13 13

8 21 3.7

9 34 2-17

10 55 511

11 89 89

12 144 24.32

13 233 233

14 377 13.29

15 610 2.5-61
16 987 3.7-47
17 1,597 1597

18 2,584 23.17-19
19 4,181 37-113
20 6,765 3.5.11-41
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APPENDIX A.3. (Continued)

n F, Prime Factorization of F,
21 10,946 2.13-421
22 17,711 89.199
23 28,657 28657
24 46,368 25.32.7.23
25 75,025 52.3001
26 121,393 233 - 521
27 196,418 2.17-53.109
28 317,811 2.13.29.281
29 514,229 514229
30 832,040 22.5.11.31-61
31 1,346,269 577 - 2417
32 2,178,309 3.7.47-2207
33 3,524,578 2. 8919801
34 5,702,887 1597 - 3571
35 9,227,465 5-13-141961
36 14,930,352 2¢.33.17.19.107
37 24,157,817 73149 .2221
38 39,088,169 37-113-9349
39 63,245,986 2-233.135721
40 102,334,155 3-5-7-11-41-2161
41 165,580,141 2789 - 59369
42 267,914,296 23.13.29.211-421
43 433,494,437 433494437
44 701,408,733 3.43-89.199.307
45 1,134,903,170 2.-5.17-61-109441
46 1,836,311,903 139 - 461 - 28657
47 2,971,215,073 2971215073
48 4,807,526,976 20.32.7.23.47-1103
49 7,778,742,049 13-97 - 6168709
50 12,586,269,025 5%.11.101 - 151 - 3001
51 20,365,011,074 2 - 1597 - 6376021
52 32,951,280,099 3.233-521.90481
53 53,316,291,173 953 . 55945741
54 86,267,571,272 23.17-19.53.109.5779
55 139,583,862,445 5-89-.661 -474541
56 225,851,433,717 3.72.13.29.281 - 14503
57 365,435,296,162 2-37-113-797 - 54833
58 591,286,729,879 59 - 19489 - 514229
59 956,722,026,041 353 . 2710260697
60 1,548,008,755,920 24.32.5.11-31-41-61-2521

(Continued)
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THE FIRST 100 FIBONACCI NUMBERS AND THEIR PRIME FACTORIZATIONS

APPENDIX A.3. The First 100 Fibonacci Numbers and Their Prime Factorizations

n F, Prime Factorization of F),
61 2,504,730,781,961 4513 - 555003497
62 4,052,739,537,881 557 - 2417 - 3010349
63 6,557,470,319,842 2-13-17 42135239681
64 10,610,209,857,723 3.7-47-1087 - 2207 - 4481
65 17,167,680,177,565 5-233.14736206161
66 27,77,7890,035,288 2%.89.199-9901 - 19801
67 44,915,570,212,853 269 - 116849 - 1429913
68 72,723,460,248,141 3.67-1597-3571-63443
69 117,669,030,460,994 2-137-829-18077 - 28657
70 190,392,490,709,135 5-11-13-29.71-911-141961
71 308,061,521,170,129 6673 - 46165371073
72 498,454,011,879,264 25.33.7.17-19-23-107 - 103681
73 806,515,533,049,393 9375829 - 86020717
74 1,304,969,544,928,657 73 . 149 .2221 - 54018521
75 2,111,485,077,978,050 2-5%2.61-3001 - 230686501
76 3,416,454,622,906,707 3.37.113.9349 . 29134601
77 5,527,939,700,884,757 13 - 89 - 988681 - 4832521
78 8,944,394,323,791,464 2%.79.233.521-859- 135721
79 14,472,334,024,676,221 157 - 92180471494753
80 23,416,728,348,467,685 3.5.7-11-41-.47.1601 - 2161 - 3041
81 37,889,062,373,143,906 2-17-53-109-2269 -4373 - 19441
82 61,305,790,721,611,591 2789 - 59369 - 370248451
83 99,194,853,094,755,497 99194853094755497
84 160,500,643,816,367,088 24.32.13.29.83-211-281-421-1427
85 259,695,496,911,122,585 5.1597.9521 - 3415914041
86 420,196,140,727,489,673 6709 - 144481 - 433494437
87 679,891,637,638,612,258 2.173-514229 - 3821263937
88 1,100,087,778,366,101,931 3.7-43-89-199.263-307 - 881 -967
89 1,779,979,416,004,714,189 1069 - 1665088321800481
90 2,880,067,194,370,816,120 23.5.11-17-19.31-61-181.541 109441
91 4,660,046,610,375,530,309 13%.233 . 741469 - 159607993
92 7,540,113,804,746,346,429 3.139-461-4969 - 28657 - 275449
93 12,200,160,415,121,876,738 2.557-2417 - 4531100550901
94 19,740,274,219,868,223,167 2971215073 - 6643838879
95 31,940,434,634,990,099,905 5-37-113-761-9641 - 67735001
96 51,680,708,854,858,323,072 27.32.7.23.47.769-1103 . 2207 - 3167
97 83,621,143,489,848,422,977 193 - 389 - 3084989 - 3610402019
98 135,301,852,344,706,746,049 13-29.97 - 6168709 - 599786069
99 218,922,995,834,555,169,026 2-17-89-197-19801 - 18546805133

100

354,224,848,179,261,915,075

3.5%.11-41-101 - 151 -401 - 3001 - 570601
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THE FIRST 100 LUCAS
NUMBERS AND THEIR
PRIME FACTORIZATIONS

APPENDIX A.4. The First 100 Lucas Numbers and Their Prime Factorizations

n L, Prime Factorization of L,
1 1 1
2 3 3
3 4 22
4 7 7
5 11 11
6 18 2.3
7 29 29
8 47 47
9 76 22.19
10 123 3.41
11 199 199
12 322 2-7-23
13 521 521
14 843 3.281
15 1,364 22.11-31
16 2,207 2207
17 3,571 3571
18 5,778 2.33.107
19 9,349 9349
20 15,127 7-2161
(Continued)

559



560 THE FIRST 100 LUCAS NUMBERS AND THEIR PRIME FACTORIZATIONS

APPENDIX A.4. The First 100 Lucas Numbers and Their Prime Factorizations

n L, Prime Factorization of L,
21 24,476 22.29.211
2 39,603 3.43.307
23 64,079 139 - 461
24 103,682 2.47-1103
25 167,761 11-101-151
26 271,443 3.90481
27 439,204 22.19.5779
28 710,647 7% . 4503
29 1,149,851 59 - 19489
30 1,860,498 2.32.41.2521
31 3,010,349 3010349
32 4,870,847 1087 - 4481
33 7,881,196 22.199 - 9901
34 12,752,043 3.67-63443
35 20,633,239 11-29.71-911
36 33,385,282 2.7-23.103681
37 54,018,521 54018521
38 87,403,803 3.29134601
39 141,422,324 22.79.521-859
40 228,826,127 47 - 1601 - 3041
41 370,248,451 370248451
42 599,074,578 2.32.83.281-1427
43 969,323,029 6709 - 144481
44 1,568,397,607 7263 - 881 -967
45 2.537,720,636 22.11-19-31-181-541
46 4,106,118,243 3-4969 - 275449
47 6,643,838,879 6643838879
48 10,749,957,122 2769 . 2207 - 3167
49 17,393,796,001 29 - 599786069
50 28,143,753,123 3-41-401 - 570601
51 45,537,549,124 22.919.3469 - 3571
52 73,681,302,247 7103102193207
53 119,218,851,371 119218851371
54 192,900,153,618 2-3*.107 - 1128427
55 312,119,004,989 112.199 - 331 . 39161
56 505,019,158,607 47 - 10745088481
57 817,138,163,596 22.229.9349 . 95419
58 1,322,157,322,203 3347 . 1270083883
59 2,139,295,485,799 709 - 8969 - 336419
60 3,461,452,808,002 2.7-23.241-2161 - 20641
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n L, Prime Factorization of L,
61 5,600,748,293,801 5600748293801
62 9,062,201,101,803 3-3020733700601
63 14,662,949,395,604 22.19-29.211-1009 - 31249
64 23,725,150,497,407 127 - 186812208641
65 38,388,099,893,011 11-131-521-2081 24571
66 62,113,250,390,418 2.3%.43-307 - 261399601
67 100,501,350,283,429 4021 - 24994118449
68 162,614,600,673,847 7 -23230657239121
69 263,115,950,957,276 2%2.139.461 - 691 - 1485571
70 425,730,551,631,123 3.41.281-12317523121
71 688,846,502,588,399 688846502588399
72 1,114,577,054,219,522 2-47-1103 - 10749957121
73 1,803,423,556,807,921 151549 - 11899937029
74 2,918,000,644,027,443 3.11987 - 81143477963
75 4,721,424,167,835,364 22.11-31-101-151-12301 - 18451
76 7,639,424,778,862,807 7 - 1091346396980401
77 12,360,848,946,698,171 29199 - 229769 - 9321929
78 20,000,273,725,560,978 2-32.90481 - 12280217041
79 32,361,122,672,259,149 32361122672259149
80 52,361,396,397,820,127 2207 - 23725145626561
81 84,722,519,070,079,276 22.19-3079 - 5779 - 62650261
82 137,083,915,467,899,403 3.163 - 800483 - 350207569
83 221,806,434,537,978,679 35761381 - 6202401259
84 358,890,350,005,878,082 2.7%.23.167 - 14503 - 65740583
85 580,696,784,543,856,761 11-3571-1158551 . 12760031
86 939,587,134,549,734,843 3.313195711516578281
87 1,520,283,919,093,591,604 22.59.349 - 19489 - 947104099
88 2,459,871,053,643,326,447 47 - 93058241 - 562418561
89 3,980,154,972,736,918,051 179 . 22235502640988369
90 6,440,026,026,380,244,498 2.33.41.107-2521- 10783342081
91 10,420,180,999,117,162,549 29 - 521 - 689667151970161
92 16,860,207,025,497,407,047 7 -253367 - 9506372193863
93 27,280,388,024,614,569,596 22.63799 - 3010349 - 35510749
94 44,140,595,050,111,976,643 3-563-5641 - 4632894751907
95 71,420,983,074,726,546,239 11-191.9349.41611 - 87382901
96 115,561,578,124,838,522,882 2. 1087 - 4481 - 11862575248703
97 186,982,561,199,565,069,121 3299 . 56678557502141579
98 302,544,139,324,403,592,003 3.281-5881 - 6102530946904 1
99 489,526,700,523,968,661,124 22.19.199-991-2179 - 9901 - 1513909

100

792,070,839,848,372,253,127

7-2161 - 9125201 - 5738108801
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SOLUTIONS
TO ODD-NUMBERED
EXERCISES

EXERCISES 2 (p. 14)

1.

1.

13.

15.

17.

19.

21.

© N oW

1,1,2,3,5,8,13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597, 2584,
4181, 6765

2

F_,=(=)"'F,

L_,=(1)'L,
.20+419+1545+1=60=17+13+114+49+7+3

5

Y Fi=12

!

8

Y F =33

I

3

ZL,=8

1

;

1

ZL,=L +2'—3

]

5

S F?=40

577
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8
23. Y F2 =714
1
3
25. L2 =126
1
;
27. Y12 = 1361
1
n

29. ZL,z =Lyl —2
1

31. s+ Fs=24+5=T7=Ls; Fg+ Fg=8+21=29= 1,

33. We have a, = ap-1 +ay—2 + 1, where a; = 0 = a,. Let b, = a, + 1. Then
bp—=1=0lp 1 —D+bp2—D+1=b, + by-3,80b, = bny1 + bna,
where by =1 =b;. Thusa, =b,—1=F,—-1,n> 1.

35. (J.L.Brown) Suppose Fy, < F; < F; < FyareinAPso F;—F, = F,—F; =d
(say). Thend = F; - F, < F;,whereasd = Fy,—F; > F,—F,_1 = F,», = F;,
a contradiction.

37. (DeLeon)Since F, <x < Fyppand Foyy <y < Fppa, Fp + Fapp <x+y <
Foy1 + Fyip; thatis, Fypp < x + y < F,43, a contradiction.

k" +k—2
39 a, = -Zk—-;—ljkT,n 20
1

41, ——
k—1

EXERCISES 3 (p. 49)

1. by=1,by=2

by =byp_1 +bp2,n>3
Sbp=Fy,n > 1.
Yes

No

. =F,

2F, -1

. 10, 15

13. 14,25

=0 N ww

EXERCISES 4 (p. 68)

1. 00000, 10000, 01000, 00100, 10100,00010, 10010, 01010, 00001, 10001,01001,
00101, 10101
Ja=la=2a=a,1+an2,n>3.
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. bh=1,b=2,b,=b,_, +b,_2,n>3.

7. 4,7

L ap = 2,(12 = 3san =ap-) +a,-2,n = 3.
. None; {{1}, @}; {{1}, @}, {{2}, @}, {{1, 2}, @}
- Su = Famenyzr2 = Fan-npae2

EXERCISES § (p. 96)

17.

19.

21.

. Since Z Fyi_1 = F} = F;, the resultis true when n = 1. Assume it is true for an

k+1
arbitrary positive integer k. Then Z Fo_ = Z Foict 4 Forgt = Fou+ Fogr =

F2k+2 Thus, by PMI, the formula is true for every n>1
ZL = Z Lita—~ ZLi+l = (L3+La+ - +Lpp2)—(Lo+L3+---+Lnpy) =
Ln+2 - LZ Ln+2 -3

. Zin = ZLi =Y Lia=ULp2—3)~ULam—2)=(Loppp2— L) = 1=
1 1 1

Longr — 1

i
. Since Y L? = L} = 1 = L|L, ~ 2, the result is true when n = 1. Assume
1

k1
it is true for an arbitrary positive integer k. Then }_ L? = Z L2+ L}, =
I

(LiLis1 —2)+ L}y = Lig i (L + L) =2 = Liy Liyr — 2. Thus, by PMI,
the result is true for every n > 1.

. F10_55_5 11 = FsLs
1.
13.
15.

F?—-F2=132-52=144 = Fy3

LsL, — Lg =4.1-9+# (—1)2
v=a+B8=Luv=0>+8>=(+B)?—2a8 =1?>—-2(—1) = 3; and
Vg Up = @B+ @2+ ) =a" (1) + 11+ B) =
0!"_2(12 + ﬂn—2ﬂ2 =" + ﬂ" =v,.

Since (o — ﬂ)ﬁ = |, the result is true when n = 1. Assume it is true for all
positive integers < k. Then v/5(aFy + BFy) = (Xt — af* + akp — g+t
that is, vV5(a + B)Fi = (@' — Bt + @B)(@*' — B¥~1). So V5F; =
(@1 — B**1y — SF_y; that is, VS(Fi + Fy_)) = (a**' — ¥y, Thus
Fi1 = (@**! — gAYy /4/5. So the result holds for all n > 1.

Clearly, L, = F;. Conversely, let L, = F,. Then a” + " = (" — B")/+/5, so
(V5-1Da" = —(v/5+1)".a" = (a/B)B"; thatis,a" ' ="' = 0. - F,_| =
0,son=1.

x2— (L, +2k)x + kL, +k*+(-1)"=0
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23. Let § = ZF Since o = aF; + Fi_ I,Za = aZF +ZF, 1. That is,
(a"+‘—1)/(a—1) = aS+14+0+(S—F,). Thxsylelds (aF,.+1+F -1 /(e—1) =
(a+1DS+1—F,andthus S = F,.» — 1.

25. Fuys = Fpypa + Foy3 =2Fp3 + Fopo = 3F 2+ 2F 4 = 5Fn+l +3F,

27. 5(FpeiFory — F2) = (@' = g D™t — ﬂ"“) - B")?
3= 4 2(-1)" =5(=1)" . FyoyFup — F2 = (- 1)"

29. Fp = (@™ — p)//5 = (@" - BMI(a" + B")/V5] = F,L

31. F2, — F1 | = (Fayi + Fac))(Fugt — Fat) = Ly Fy = B,

3B. R~ Fa=F+F)) = (Fp— Fao) = Fapi + Fyy = Ly

35. F} — F} = (Fop1 + F)(Fay1 — Fy) = Fua Fay

37. Lﬁ + Ln+l - (a +ﬂn)2 + (an+1 +ﬂn+l)2 = (12" +ﬂ2n +a2n+2 +ﬂ2n+2 —
(12"+l(d _ a—l) +ﬂ2n+](ﬂ _ ﬁ_]) — (a _ ﬁ)(aZn-H _ ﬂ2n+l) — 5F2n+l

39. L2 - 4(—1)" = (a" + B")? — 4(@f)" = (" — ")* = 5F}

41, Loy +2(=1)" = o + ¥ +2(af)" = (" + p")? = L2

43. L,,+2 . Ln—2 — (an+2 + ﬂn+2) _ (an——2 + ﬂn-2) — an(a2 _a——2)
- BB - B =a"(@ - ) - " - B
= (@" — ") (@’ — B%) = (" — B")(a — B) = 5F,

45. Since F2 — F?, = Fyy_p and F2 + F2_| = Fy,_y, it follows that F? > Fy,_,
and Fnz < Fyp_i.Thus Fp, 5 < F < F2,, 1.

47. Ly =a™ + 7" = (=B)" + ()" = (-1)"L,

49. 1+a¥ = a"(@"+a™") = a"[a" + (—B)"]
_ a"(@" — B ifnisodd
T la"(@" +B") otherwise

V5F,a" ifnisodd
L,o" otherwise

51. LHS = (@™ + g¥™ "y — (af)™ (" + B")
=" (@™ - ™) — B (@™ — B™)

(@™ — B (™" — g

= 5F, Fpin
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53. VSLHS = (2" — B2™*") 4 (@)™ (@" — B")
= o™ (" + ") — B (@™ + ™)
= (@" + B") @™ " = ") = /5Ly Frpin
“ LHS = Ly Fain.

55. Ly, = & + " = (@" + ") (@ — o"B" + ")
= Ln[LZn - (_l)n]

57. VSLHS = (@™*" — gmt") — — g™
= a"(@" —a™") ~ "(B" — ")
= a"[a" — (=B)"]1 - B"[B" — (—a)"]
_ { (@™ — B™)(a" + B") ifnisodd
(@™ + B™)(a" — B") otherwise

_ | Ful, ifnisodd
| L.,F, otherwise

53. (Homer, Jr.) Foins1 = Fup1 Fo + Fu Fy
Fm+n—l = F,F, + Fo_1Fpy

P Fopy = FpoiFaoy = Fpgntt — Fgnoy = Fogn

61. 5 RHS = 2[e®* + g7+ — 2(—1)"*)
4 2[a? 4 B2 Z o<1y = [0 + B2 — 2(—1)"]
= 2Lon4a + 2L2p42 — Lon + 2(=1)"
= 2Lont+4 + (L2nt2 + Lony1) +2(=1)"
= 2Lynta + Lonys +2(=1)"
= Lonta + Lonys + 2(=1)" = Lanye +2(=1)"
5-LHS = o®™*® + B2"*6 — 2(—1)"*3 = Lynys + 2(=1)".
.. LHS = RHS.
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63.

65.
67.

69.

71.

73.

75.

77.

79.

81.

83.

SOLUTIONS TO ODD-NUMBERED EXERCISES

By Exercise 62, ,,+2 + F —F)= F3,,+3 and F2+ F2 | — F? , = F3,_3.
Subtracting F +2 + F2,, —2F} ~ +F3, = F3,,+3 — F3,_3 = 4F3,, by
Exercise 57. . F2,,—3F} - F3 = 3F3,,+(F3,, F} = F}+F2 ) =3F,
by Exercise 62
x = Lo, y = F,
(Carlitz) 2-x—-1= (x —a)(x — B)

= Lax" + (=)' =x7 — (@" + B")x" + (@f)" = (x" — a")(x" — B")
Smce x —a|x" —o" and x — Bix" — B", the desired result follows.

(Wulczyn) LHS = (@ + ™) + (@ + B> (aB)"

— (an+l + ﬂn+l)(a"—l + ﬂ"—l) = Lpy1La

(Lord, 1995) 2L} _, + L3 +6L2, L,y =2L}_,
+ (Lngt = Lac1)* +6L% Lyt = (Lpg1 + La1)’ = (SF)’

(Zeitlin, 1963)a" + 8" = L, and a" - b" = «/an.Adding, 20" = L, + V5F,.
A+V5" =21, +/502"'F,) -.a,=2"""L,and b, = 2""'F,.

Thus 2"~ !|a, and 2"~ !|b,.

(Bruckman) Since Fo,41Fap—) — Fzzn = 1,2Fp 1 Fopy — 1 = 2F22n +1 =
F2, + Faup1Fan-1. S0 if 2F5,41 F2a—y — 1 is a prime, then so are 2F3, + 1 and
FZ, + Fany1 Fan-i.

(J. E. Homer) LHS = ng+2Fk + ng+1Fk - ngFk S (Fy—2 + Fyoy —
3

Fi)gr+8n+2Fn +gn+1(F +F 1)+82F1 g1k 82F2 = gui2Fn+8ns1 Fug1—
&1

(Yodder) The formula is true when n = 1 and 2. Assume it is true for all positive
integers < n, where n > 2. Letn be odd. Then f[(7-2" +1)/3] = f[(7-2""! —
1/31+ fI(7-2""' +2)/3]

= fI7- 27" = 1)/3) + f1(T-2"2 +1)/3]
=L, +L, = Ln+1

Similarly, if n is even, f[(7-2" — 1)/3] = L,4:. Thus, by the strong version of
PMLI, the result is true for every n > 1.

n(n+1)/2 n(n—1)/2
Se= Y Fi.i— Y Fyoy= Fypyny — Fag-y
1 1

Area = (Fyy1 + Fu_)V/3F,/4 = V3L, F, /4 = \/3F,/4

EXERCISES 7 (p. 112)

1.

8a+11b

3.b—a
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5. An=2Fn—2+3Fn—l=2Fn+Fn—I=Fn+Fn+l= n+2
7. —/5

n _ n
9. tim &7 — fim ¢ — 9" _

n—ooo L, n—soo g +ﬂ" -

n n n n
1. DG =) (Gisa=Gis) =) Gisa— ) _Gisi
1 1 1 |

=Gpp2—b

13, Y Gy = ZG Zcz, 1 = (G2 —b) = (Gan +a — b)
1

= G2~ G —a=Gpr1—a

10
15. Wehave Y Fiyj = 11F;,7,j > 0.

i=l
10

10
" ZGkH = Z(aFk+i-2 +bFiyi1)
1 1

10 10
=aq Z Fiyiaot+b Z Fiyioy
1 1

= a(11Fx_y47) + b(11 Fi_y47)
= 11(aFiys + bFiye) = 11Gyq

17. Let S; =ZGj =Giy2—b

n—1
2.8 =) Gia—(n=1b

! 1
=841 - (G +G))—(n—-1b
=Spt1—a—-nb=G,y3—a—(n+1)b

Y iGi=) Gi+Y Gi+)Y Gi+-+Y G
1 2 3 n
Sn+(Sn—Sl)+(Sn—SZ)+"'+(Sn_Sn——l)
n—1i
= nS,,——ZS,-
1

= n(Gpi2 —b) = [Gpy3 —a — (n + 1)b]
=nGpy2 ~Guyz+a+b
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19. (J. W. Milsom) The formula works when n = 1, so assume it is true for an arbitrary
positive integer k > 1:

k
3 FiGsi = FyFi1Gou
i

Then
k+1 k
Y FiGy =) FiGsi+ FeGuss
1 1

FiFe1Goq1 + Fiy1Gaiys

= Fiy1(FrGoxs1 + G3iy3)

Since Gpin = Fp1 G + F,G 415
Gas3 = Grs ety = FiGaxs2 + Fir1Ganss.

k+1
Z FiG3i = Fir1lFi(Gav1 + Gaus2) + Fry1Garssl
1

= Fipil(Fis2 — Fra)(Gaeg) + G2ir2) + Fry1 Gogasl

Fir1Frq2(Goigr + Gos2) = Fry1 Fri2Gapys

Thus the result is true for all n > 1.
21. (Peck) We have the trinomial expansion (x + y + 2)" =

n i ik n _ n! . _ _
,-,j,;zo(i,j,k)xyz’Where(i,j,k) T andi+ j+k=n.Letx =

l,y=a,andz=—a®. Thenx +y +z=0.

> (i, ; k)aj(—az)k =0

i,j.k
(l, " k) (= ka2 = 0, (1)
i,j.k I
similarly, Z (i ;l k) (=it = . )
i,j'k 9 i)

Now multiply (1) by ¢, (2) by d, and then subtract. Divide the result by ¢ — B to
get the desired result.

(ca™™* — dB" ) (ca* — dp™¥)

= 2a¥ + d* Y — cd(aB)"* @ + %)

= 5(™ + ) — (1" Ly

= 5Ly — p(=1)""*Lx

23. LHS
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25. 5.LHS = (ca" —dB")? + (ca"' —dp"")?
= o 21 + o) + d*87 72 (1 + %)
_ ﬁ(CZaZn—l _d2ﬂ2n—1)

V5. RHS = (3a — b)(ca®" — dg* ")
— p,(az"‘l _ ﬂZn—l)
= (c+d)(ca® ' —dp* )
— u(aZn—l _ ﬂ2n-—l)
= (! — g2gin!

The result follows by (1) and (2).
27. Follows by changing n to m 4 n in Exercise 26.
29. LHS =Gl Fuy1 + (=1)"F,_1] + G111 — (=1)"]1 =RHS
31. Using Binet’s formula for G;,

5-LHS = (=)' uLp_pio + (= 1)t Ln—n.
Using Binet’s formula for F;,

5-RHS = (=)™  uLpy iz + (=D)L

-, LHS = RHS.
33. 5.RHS = 5Ly,_¢ — 2u(=1)""3 4+ 20L,,_3 — 4p(—1)""2
= 5Lyy—¢+20Lpp3 — 2u(—1"
= 5L, —2u(~1)" =5-LHS
- LHS = RHS.
35. 5.LHS = 5La, + 5Loyse = 30Ly, + 40L o4
5.RHS = 10Ly42 + 10Loy 14 = 30L2, + 40L g0
-.LHS = RHS.

585

(1)
)

3

M

2

37. Since (x —y)?+(2xy)? = (x + y)?, the result follows withx = G,, and y = G,.
39. Follows from Candido’s identity [x? + y? + (x + ¥)?]> = 2[x* 4+ y* + (x + y)*],

withx = G, and y = G,,.
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41 LHS = 5(@Fnsr—2 + bFpir1)’ +5@Fo s g + bFy 1)

= 5"2(1:,,2_2+, + Fnz_z_r) + bz(Fnz—l+r " F"z_l_r)

+ 2ab(Fy_aqr Fuotar + Fa_ar Fu_tar)

= a’[Lan—aLyr — 4(—=1)""") + b*[Lou-2Ly, — 4(=1)""'*")
+2ab[Ly, 3Ly — 2(=1)""]
(@ Lop_q + B2 Lop—2 + 2abLan_3)Ls, — 422 (— )"
+4b* (1) — dab(—1)"*"
= (a®Lyp_q +2abLay_3 + b*Lap_2) Ly, — 4u(—1)"*" = RHS

i

43. Letx = Gpy2andy = Goy1. Thenx?—y2 = (x+y)(x —y) = G,43Gp, 2xy =
2Gn41Gpyz,and x2+y? = G2, +G2, | . Since (x2 —y»)2+4x2y? = (x?+y?)?%,
the result follows.

45. Letx = G,andy = G,_;. Then x2 + xy + y* = G2 + G,G,_; + G3_, =
Gn1(Gpo1 + Gp) + G2 = G,_1G i1 + G2 = 2G% + p(—1)". The result now
follows from the identity (x + y)° — x° — y° = Sxy(x + y)(x? + xy + y?).

47. Letx = G, and y = G,,. Then x? + xy + y? = 2G2 + pu(—1)". The result
now follows from the identity x* + y* + (x + y)* = 2(x? + xy + y?).

49. Letx = G,_ and y = G,.Then x2+xy+y? = 2G2 +pu(—1)" and x* +3x3y+
4x2y2 +y* = G*_ | +3G_,G,+4G2_,G2 +3G,.\G}+Gi =G,_ +Gr+
3G,-1G,(G2_ + G +4G2_ |G = G4_, + G4 +3G,_1G,[(3a — b)Grp_y —
(1 Fau_11+4G2_, G2. The result now follows from the identity x3+y#+(x+y)® =
262 + xy + ¥4 + 8x2y2(x* 4+ 3x3y + 4x?y? + 3xy° + yH).

n n
51. (Lind) Y iGi = nGpyz — Guyz+a+band 3. G; = Gpyz — b.
; 1

i

_ nGn+2 - Gn+3 +a+b

A=

" Gn+2 -b
A ~A ___("+1)Gn+3"Gn+4+a+b_nGn+2“Gn+3+a+b

! ! Guyz—b Gry2—b
Gn . . 1 -
Since lim o a*, it follows that lim (A4 — A,) = M -
n—o0 Gn n—o00 1 —0

n—a+0 _ 1

1-0 ~ 7

53. (Bruckman)

Ap = Cpy2 — Cn+l o

n+2 n+1 n

= Z HiK,_iy2— Z HiK, iy — Z H;K,_;
0 0 0
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55.

= H, 2 Ko+ Hy 1 Ky — Hy 1 Ko + Z Hi(Kn_iz2 — Kn_iy1 — Kn—i)
0

= Hy2Ko+ Hp1 Ky — Ho1 Ko
= (Hp1 + H)Ko+ Hy 1 Ky — Hy Ko = Hy Ky + Ha Ko (1

" Ans1Anat — AL = (Hp12Ky + Hyi Ko)(H, Ky + Hy—1 Ko)
— (Hp11 Ky + HyKo)?
= (Hns2H, — HY, DK}
+ (Huy2Hyoy — Hp  H)) KoK
+ (Hyp1Hyoy — HH)KG

But Hn+2Hn——l—Hn+lHn = (Hn+l+Hn)Hn—l _(Hn""Hn—l)Hn = Hn+lHn—l -
H? = (=1)'"u .. Aws1An — A2 = (—D"MuKi+ (=1)"uKoKi+
(=1)"ukd = (—1)"u(K} + KoK\ — K}) = (=1)"u[Ko(Ko + K1) — K}] =
(—D)"u(KoK; — K,z) = (—1)"pnv. So the characteristic of the sequence {A,} is
L.

It remains to show that {A,} is a GFS. From (1), we have A,_| + A,_; =
(H, K\ + H,_1Ko) + (Ha 1 Ky + Hy2Kp) = (Hy + Hom))Ky + (Ho +
H, ))Ko = H,, K + H,Kg = A,. Thus {A,} is a GFS.

Follows from Exercise 54 with p=L,,,q = L,y ,r = L,y3,ands = L, 3.

EXERCISES 8 (p. 130)

1.
13.
15.
17.
19.
21.
23.
25.
27.
29.

610

. 28,657

610

. 28,657

144
610
47
1364
47
1364
123
521
4181
4181
1364
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31. 4181
33. Lpjyy=al,+1/24+6,0<6 < 1.
ki Ln+l
im =«
n—>o0 n
Lo+ 1+ /5L -2L,+1
35. Loy = it 2" + +6,where0 <0 < 1.
. Ln+l
. lim =«
n—»o0 n
37. 107,711+ 1/2)/a] = 10,946
39. 24,476

. Un . ( Fn )2 (Fn—Z Fn—l Fn )2
41. lim = lim + . .
n—00 Fy . n-—»oo\/ Fon Foo1 Fy Frp

=\/l2+_1_6=da4+1=ﬁa=_ﬁﬂ
o «

a? a?
43. Follows by the Pythagorean theorem.

G2 4+ G2_
4s. lim = = lim [—21 o2
nvooy, >y G+ G
. Gn | 14(Gn2/Gn)? 1+1/a?
= lim ; =« s =a
n—00 Gn-l 1+ (Gn—S/Gn—l) 1+ l/a

EXERCISES 9 (p. 140)

1. 8

3.4

5.8

7. 4

9. 8 =42.1024 — 43 - 1000

11. 4 = (-85) - 2076 + 164 - 1076
13. 8= (~71)- 1976 +79 - 1776

15. 4 = (=97) - 3076 + 151 - 1976

17. Bythedivision algorithm, a = bg+r, where g is anintegerand0 < r < b. Since
d = (b,r),d'\band d’|r. . d'|a. Thus d’|a and d’|b. So d’|(a, b); that is, d’|d.

19. Ly =1-Ly+ Lo
Ly,=1-L, +Ly,
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4
3

-3+

3-14+0

589

n n n
LogtiLy =) L243.12=) L} +3—1.Thus Y L? =Ly Ly —2.
2 1 1

EXERCISES 10 (p. 146)

-0 N ©nw -

. Yes

Yes
No
Yes

. a, =

15.

Ly=a"+8"'n>0

EXERCISES 11 (p. 149)

= R N

11

13.

La,=2-1)"'+2",n>0
L4, =3(-2)"+2-3"n>0
n+2vn 20

.43 =34+8+1

.137=89+4+344+84+54+1

.43 =29+11+43

L137T=123+11+3

.43 =34+8+1

1 2 3 5 8 13 21 34

49* | 98 147 245 392*¢ 637 1029 1666*

43 -49 = 49 + 392 + 1666 = 2107

11 =89+21+1

1 2 3 5 8 13 21 34 55 89
121* [242 363 605 968 1573 2541* 4114 6655 10,769*

111121 =121 42541 4+ 10,769 = 13,431

43=29+11+43

1

3

4

7

i1

18

29

49

147*

196

343

539%

882

1421*

43 - 49 = 147 + 539 + 1421 = 2107
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15.

17.
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111=76+29+4+2
2 1 3 4 7 11 18 29 47 76

242* 1121 363 484* 847 1331 2178 3509* 5687 9196*
111121 = 242 4 484 4 3509 4 9196 = 13,431

Let n be a positive integer and let L,, be the largest Lucas number < n. Then
n = L, + n;, where n; < L,,. Let L, be the largest Lucas numbers < n,.
Thenn = L, + Ly, + n, where n, < L. Continuing like this, we get n =
Lyw+ Ly +Lmy+---,wheren> 1L, > L,, > Ly, ---. Since this sequence
of decreasing positive integers terminates, the desired result follows.

EXERCISES 12 (p. 162)

1.

S (10—

i (07) - D+ (3)+(9)+() -
1+9+28+35+15+

(
i('-’)Li = Z:I(:.')(a"+ﬂ") = Z:)(:.')::W‘%,‘(?)ﬁ =1+a)+

" (n 1 " (n it " fn P 1 .
() = [0 -£ (7)) = g

2n+j __ ﬁ2n+j

—B

= F2n+j

)" — B/l + B =

~(n i __1_"”_ii'_"n_ii'
E()evn = g[S (0)emer - (7)o

= ! [ai‘;(;’)(—a)"—ﬁjE(?)(—ﬂ)i] =a1ﬂ[af(1—a)"—

«=Fp 0 o4 e

. 1 . . - J(ah—I — gr—i )
ﬂj(l_ﬂ)n=a_ﬂ(a1ﬂn_ﬂjan)___ (aB) E:_ﬂ B"7) =(—1)I+1Fn—j
When n = 4:

s S[(2) s () () () ()

=54+6+16+9) =175
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4 4 4 4 4
RHS = (0)L0+(1)L2+(2)L4+(3)L6+(4>Lg
=2+4+124+424724+47=175=LHS

Similarly, when n = 5 also, LHS = RHS.

13. Ly = SF2 +2(=1) ., f('?)Lz,-=5)":<'.'>52+2)":(’.‘)(—1)"
o \! o \! 0o \}
=53 (1)
0 l

15. L? = Ly + 2(—1)', by Exercise 41 in Chapter 5;

SE( -t et (e -5(0)

17. 2L, = (1 + V3" + (1 = V) = X:Z('Z)[(ﬁ)" + (- V5] =
19. Gi = (ca’ —dp')/(a — B)
Z::(—z)" (’,’) G = % Zoj (:’) (—2) (ca’ — dB')

= i[c(l —2a)" —d(1-2B)"]

NG
- C("‘\/g):/; d(\/g)" = S(n—l)/Z[C(_l)n _ d]
21. 2(7) (=) Fy = Z('.’) (=) (@¥ — %). But (= 1)/ (¥ — %) =
0 a—~p g \!

(—a)' — (=%

n n

. 1 . .
Ly ('}) D'F = =23 (’]) [(=e®) = (=B*)]

0 0

_ 1 a2y _ R2\n
————a_ﬂ[(l o)t = (1= 89"
_ (o) = (=)

T = CE
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(), i (o —dp

23. LHS_ZO:(I.)( 1)( o )
— ) (-B)

2

e may gy F
= T =N
_ )T AT e

a=p

25. LHS = ) ( )( 1) (“"H— ﬁ‘ﬂ)

i X2 )
S (e - (1) e
0
ca’ dpg’

R o Calpt —dpla”
_ﬂ(1~a) -a—ﬁ(l B) B —

ca/™" —dpi—"

ap VG-

= (ap)"

n k+2i _ pk+2i k 2yn _ gk 2yn
LHS=Z(")“ B ak(+ad) — (1L + )

27. py = oy

_ [an+k _ (_1)nﬂn+k](ﬁ)n
NG

[ 5(=D72p, . ifnisodd

5"2F, ik otherwise

29. 5 = Qo — 1) = z(z”)(za)( =i = 2(2”)( 2a)'. Similarly,
0 0
5" = (1 -2 = 2(2”>( 28). Adding, 2 - 5" = 2(2”)( 2L
0 0
. 5"=2(2”)( 1yi2-1L,;.

4]
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31. (Swamy)

n

AR (0= D) rm- 2 )
()

=+ a4m)n — A+ B4M)n — aZmn(aZm +a—2m)n
~ BB+ B

- aZmn(a2m + ﬂ2M)n _ ﬂzmn(azm + ﬂZm)n
LHS = L3, Famn

EXERCISES 13 (p. 178)

. x2=Lyx+(=1)"=0

sn =505 (7)) = (3)(6) - (G)(1) + (6) () +
(g)(§)+(§) (j)=1+8+20+16+2=47

5.5 +¢° —ZA(S DNp> g = p* +5p°q + 5pq*?

7. Since r + s = ZA(I Hp’?q" = pand r? + 52 EA(2 DHp*lg =
AR, 0)p + A(2 1)g = p? + 24, the formula works when n = 1 and 2. Now
assume it is true for all positive integers < k. First notice that:

PR gk o (R gk gk Ry sk 4 rRs)
= (" + 550 +5) —rs(rF 450
et 455 + (! 447 ()

Letn = k + 1. Using Eq. (1):

/2] .
RHS = p Z ( )pk—Zlqt

Lk=—1)/2]

k-1 k~1—i\ oo g
+a Z k—l—t( i )p 1
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Lk/2)
ko (k=i gyi-2i i
—Z———( ; )p q

Lk=1)/2)
k=1 (k—1—=i\ 12 isl
> k—l—i( i )” q

0
Lk/2) .
— k k—i k+1-2i i
=2 )T
0
Lk+1)/2]
k—~1 (k- o
+ ____.(-—])pk-f-l quj (2)
5 k—j\Jj-1

Let k be even. Then Eq. (2) yields:

k)2 K2

_ k k prHI=digi k+1-2i i

RHS = ) +— + Z P pig
0

R

_%/5 k(k —i)! + k — Dk —1i)! ] k+1-20 i
T |G-t -20u T k= Dlk+ 1 - 201G ~ D! P

k/2

= k1) —2i 1Nl k120 i
_;(k—i)(k+1—2i)!i![k(k+1 2i) + (k = Dilp**' g
T k120!

Tk yi—i i
0
2
L(Hl)/J_lc_i—__l__.(k-l-l_i)pkﬂ_ziqi 3)
k+1-1i i

Similarly, it can be shown that Eq. (2) leads to Eq. (3) when k is odd. Thus,
by the strong version of PMI, the given formula works for all n > 1.

ro= £ =(0)- () ()+(0)+ () o

214+20+5=55
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IL.r+s=pr—s=p*+d4g=A

595

3200 — 5% = (p+ AP — (p — AP = (10p* +20p%A% + 2AYA =

32(p* +3p’°qg +9H)A
. rS—YS—(p4+3p2q+q2)A

13. Smcer—s-AZ( )p‘z'q‘—Aandr -2 =

A Z ( ;- ) =241 = Ap, the formula works when n = 1 and 2.
0

Now assume it is true for every positive integer < k. First, notice
B S o
= (" = +s)—rs¢r =Y

— p(rk _S’() _+_q(rk41 _Sk--])

Letn = k + 1. Using Eq. (1):

& k-i-1 >
RHS = Ap Z ( ; )pk~21q1

0

Ltk=1)/2 k—i—2 A _
+ Aq Z ( ; )pk—Zr—lq:

0

Lk/2] —l—l o
— AZ( )pk+l——21q|
Lk—1)/2]
k—2—l =2 i
A Z ( )pk|2q+l

|
>
ME
s
N
P
|
|
SN——’
~
s
|
[N

0
Lk+1)/2} k—1—i o
+ A Z ( -_lj)pk+l—2lqj
0 J
Let k be even. Then Eq. (2) yields:
k/2 k—i—] k72 -
RHS = AZ( ) ki "'+AZ< ’>p
k2

B 1 e

that:

k+1-2i i
q

(1

(2)
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15.

17.

19.

21.

SOLUTIONS TO ODD-NUMBERED EXERCISES

k/2
— AZ( ) k+1— Zlql

Lk+1)/2§
A Z ( ) k+1— 21ql (3)

Similarly, it can be shown that Eq. (2) leads to Eq. (3) when & is odd. Thus,

by the strong version of PMI, the given formula works for alln > 1.

Teei=3(%57) £ (2)
-1(5)+()+()+ ()]
(2)+(6)+(3)+G)]

=(1+5+6+D+0O+1+3+1)=18

fewn-£(5)+£(2)=(1)+()-

Cn+1,j+1

cur-=(,22)(19)=(9)+(3) -

16/2) 3 e i S s
ZB(6—j,j)=Z( .’)+Z( .’)
0 0 J 0 J

1)+ () )+ G)]
1)+ () G))

=(1+5+6+D+(1+4+3)=21

2

- - —1)(n -2
”. D(n’2)=(2)+(n21)=n(n 1)+(n 1)2(n )=(n—1)2

EXERCISES 14 (p. 185)

1. A(n,n)=1,A(n,0) = Fpp_1,n > 0;

A, )=An-1Lj))+A(n—-1,j—1D,n>j.
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3

13.

n—1

Let S, denote the nth sum, where So = 1. S, = 1+ 3 Fp = 1 +
0

n

Y Py =14 Fup — 1) = Faq.

]

(P. S. Bruckman) Let D, denote the sum of the elements on the nth diagonal,
where Dy =1 = D;:

nj2
Y Fu+1 ifniseven
_J
Dy = (n+1)/2
Y Fyu_, otherwise
1

m m 2m .
Letn = 2m.Then Dzm = z F4k+l = F|+Z(F4k+|—F4k_1) = Z(—])'FZH.].
1 1 0

m-1 m+1

On the other hand, let n = 2m + 1. Then Dppyy = Y. Fycz = Y. (Fagr —
1 i

2m+1 . n .
Fy-3) = Y (—=1)"*'Fy . Combining thetwocases, D, = Y (=1)"" Fy, =
0 0

EOZ(—l)"_"(F}iHrEZ) = %l(—l)"" Fi == Fi = F}, —0=F},,.

m
. Letn = 2m + 1. Then the rising diagonal sum is }_ Fy; ;3. Using PMI, this sum
0

can be shown to be Fypi2Fom43 = Fut1 Fayo. On the other hand, let n = 2m.
m

Then diagonal sum = Y~ Fyi11 = Fomi1 Fame2 = Fry1 Faya.
0

. Sola,b) =a, Si(a,b) =a+b; S,(a,b) = S,_y(a, b) + S,_2(a, b),n > 2.
. Since Sg(a,b) = a = aF, + bFy and S\(a,b) = a+ b = aF, + bF,, the

result is true when n = 0, 1. Assume it is true for all nonnegative integers < k.
Then Si+1(a, b) = Si(a,b) + Si—1(a,b) = (aFyp1 +bF) + (aF +bF_y) =
a(Fiy + F) + b(F, + Fy—y) = aFyy9 + bFyy,. .. By the strong version of
PMLI, the result follows.

T.(a,b) = T,_\(a, b} + T,_2(a, b), where Tp(a, b) = a and T\(a, b) = a — b.
The result now follows by the strong version of PMI, as in Exercise 11.

EXERCISES 15 (p. 195)

1.

Han,1) = Hn—1,1) + H(n — 2, 1), where H(1,1) = 1 = H(2,1).
S H@n, 1)y=F,.
Hn,n-1)=Hn—-1,n-2)+Hn-2,n-3)=Hmn-1,D+HHn-2,1) =
H(n, 1)=F,.

Loty = (=1)/"'L,5; (mod 5). Letn = 2(m — 1) and j = m — 1. Then
Lom = (—=1)" 2Ly = 2(=1)" (mod 5).
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7.

9.

11.
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Let U, V, W, and X be as in the figure. Then
U=A4+B,V=C+D W=D—-C,and X =B — A.

SJE=V-U=C+D~A-B,F=U+V=A4+B+C+ D,
G=X+W=B+D—-A-CandH=W-~-X=A+D-B-C.
Subtracting Eq. (15.10) from Eq. (15.9),
Hn—-1,))+Hn-1,j—1)—Hn—-2,j-1)=F,.

Thatis, H(n, j)+ H(n, j— 1) —HMn —1,j = 1) = F4,.

By Eq. (15.10), H(n, j)+ Hn — 2, j — 1) = F,41.

SJHm -2, )+ Hn—4,j—-1)=F,_;.

Subtracting, H(n, j) — H(n —4,j —2) = F,yy — F,_| = F,.

EXERCISES 16 (p. 207)

13.

15.
17.
19.
21.
23.
25.

N e

. F7 = 13, F2| = 10, 946, and 13|10, 946.
. (Fiz, Fig) = (144,2584) = 8 = Fg = Fuz2,15)

(Fras, Fre5) = Faa 1925 = F1 = 1

18'46, 368, SO L6|F24.

(F1a4, Faso) = Fraa,aa0) = Fg = 21

\/_S_an =™ — ™" = (@™ — ™) [a D +a("‘2)"‘ﬂ”' __a(n—B)mﬂ2m +oet
B"=Ym] Clearly, F,|Fpp-

(LeVeque) Suppose (F,, F,4+1) = d(> 1), that is, there is a positive integer n
such that F, and F,,, have a common factor d > 1. Then, by the WOP, there is
such a least positive integer m. Since (F1, ;) = L,m > 1. If (F,, F,p1) = d,
then (F,.—1, Fn) = d. But this contradicts the choice of m.

o (Fy, Fypy) = 1foralln > 1.

5|10, but Ls } L.

FoFg [ 3y

[Fs, Fi2] = [21, 144] = 1008 # Fz4 = Fis,12)

(Fp,Ly)=1or2.

5

11
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27.
29.
3L
33.
35.

37.
39.

41.

43.

45.

47.

49.

5L
53.
55.
57.

59.
61.

5

11

37 Fiy

F3| F3,; that is, 2| Fa,.

Suppose 3| F,; that is, F4|F,. So 4|n. Conversely, let 4|n. Then Fy|F,; that is,
3|F,.

S|n iff Fs|F,, that is, iff 5| F),.

n

Ly, = & + B> = (1 +22)" + (1 +28)" = Zj(:') [2e) + (2B)] =
0

3 <7 ) 2'L;. Since Ly = 2, it follows that 2{L,.
0

Let (F,, L,) = 2. Then 2|F,, so 3|n. Conversely, suppose 3|n. Let n = 3m.
Then 2| F3,, and 2|L3,,. Then 2|(F3u, Lam). .. (Fn, Ly) = (F3m, L3m) = 2.
Since Li—; = (=1)/(Fiil; — FiLjt1),Lok-in = Lan-n =
(=D)"(Fagns1Ln — FaxnLpt1). Fan| Fopny that is, F Ly For,. .. L,|RHS; that
is, Ly |L2k~1)n-

Clearly, F,| F,,. Assume F,,| F,, for all positive integers n < k. Since Fyx41) =
Fokem = Fnx—1Fm + FmiFns1, it follows by the inductive hypothesis that
Fu|Fng+1y .- .- By the strong version of PMI, the result holds for alln > 1.

LHS = (21 + 34)F; = 715, where n = 8. RHS = [21, 34] + (- 1)%(21,34) =
7144+ 1 =715 = LHS.

(Freeman) The identity is true when n = 2. Assume it is true for an arbitrary
integer k > 2. Then Foyy = Fau + Foxmt = Firly + Fey1Liy2 — LeLiy) =
FiLy + (Fiya — Fi)Liva — LiLiyy

= FyLi + Frya(Lgys — Lir) — FyLigr — LiLpyy

= Fiyaliys — Frpalisr — FiLgyy — (Lgg2 — Lig) Ly

= FrppLlisa — LygiLgyar + Lys i (Ligr — Fry2 — Fy)

= Frooliis ~ LisiLygya + Ly -0

= FryoLligs — Lipi Ligo.
Thus, by PMI, the result follows.
n=>5,s0LHS = (11 + 18)F¢ =232 =[11, 18] + (11, 18) Fy = RHS.
LHS = (72 + 116)F; = 2444 = [72, 116] + (72, 116)F;; = RHS.
Follows since (F,,, F,) = Fin.a and (a,b) = (a,a + b) = (b,a + b).
(Carlitz) Suppose Fy|L,. Letn = mk +r, where 0 < r < k. Since a” + B" =
o (@™ — Ky + K (a” + B7), Fy|B™ L, ,s0 Fy|L,.Since L, = F,_;+ F,,,, it
followsthat L, < F,;, forr > 2. Hence we need only consider the case F, ,;|L,.

Then this implies F,|F,_i, which is imposiible for r > 2. Thus F; } L, for
k > 4.

Fan = 1= Fin — F2 = Fouryr@n-1) = Fanety—@n-1) = Fang1Lan-
Fing2 + 1 = Fany2 + F2 = Foniyeon + Fonezy-on = Fang2Log
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63. Fania+ 1 = Fanps+ Fi = Fonieyr@net) + Fons)-@n+1y = FangpiLong

65. LHS = (FanLany1, Fans2Lonyt) = Lony1(Fan, Fous2) = Lypy; = RHS

67. LHS = (F4n—1, Fapy1+1) = (Fanp1Lon-1, Fong1L2n) = Fopr1(Lan—y, Lay) =
Fo,41 = RHS

69. LHS = (Fay2 — L, Fgy3s + 1) = (Faulonyz, FangiLlongr) =
Lyni2(Fon, Fapnq1) = Loy = RHS

71. Since go =0, g1 = 12, and g,4» = 7gn+1 — &n, the proof follows by the strong
version of PMI.

73. (Stanley) Finiyar = For_1Fin + For Finyy and Fiq_2, = Fop_ | Fi — Fap Fino-

o Fonoor + Fin + Frnaor = QFory + DEFiy + (Frnq1 — Fin—1) For
= QFy_14+ DFin + Fn Py,
= (F2r + 2F2r—l + 1)Fkn = (L2r + l)Flcn

75. (Lord) When k = 1,h = 5 and 5|/F5. .. The statement is true when k = 1.
Assume it is true for k. We have x5 — y° = (x — y)(x* + x3y + x2y2 +xy3 +y*).
Let x = o* and y = ﬁh. Then Fsj, = Fy,(Lay, — Lo + 1).But Ly, ~ Ly + 1 =
(5F2,+2)—(5h2=2)+1 = 0(modS5). ., Fs;, = 0(mod 5h). Thus the statement
is true for all k > 1.

EXERCISES 17 (p. 213)

L. Guin + Gm-n = Gm[Fuy1 + (=1)"Fooi] + G Fo[1 = (=1)"]

GnL, if n is even
Gu(Fnyy — Froy) +2G,,1 F,  otherwise.

_ | GnLa if n is even
— 1 (G, +2G,,-1)F, otherwise

| GuLa if n is even
TV (Gt + G_1)F,  otherwise
3. By Exercises 1 and 2,

—¢> = | (Cmt1+ Gu-)GnFon if n is even
" (Gms1 + Gm-1)GmFan  otherwise

= (Guy1 + Gp-1)Gpm Fap

GZ

m+n

5. (Swamy)

n n n 2n n
E ax-1 = E (aze—1 +an) — E ax = E ay — E ax
1 1 ] 1 1

= (G4ny1 —a) — (A2a11 — )

= Q4np41 — A2n41
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7. Gamt1 +a = Gams1 + G = Gomen2m + Gomety—2m = Gomy1Lom, by
Exercise 1.
9. Gamis + a = Gamis + G1 = Gamsdyran+) + Gamin-@m+1)
= (Gam+3 + Gont1) Fams1, by Exercise 1.
11. G4m+1 —a= G4m+l - Gl = G(2m+l)+2m - G(2m+|)—2m
= (Gams2 + Gam) Faon, by Exercise 2.
13. Gam+3 — a = Gams3 — G1 = Gamen+@m+)) — Gamin-am+1)
= Gom+2 Loam+1, by Exercise 2.

15. (Gam+1 — a, Game2 — b)) = ((Gams2 + Gom) Fomy (Gomys + Gomet) Fam)
= F2m

EXERCISES 18 (p. 225)

2 1

x—-1 x+3

2 + 3
1+2x 1 -3x

1 +2x—1
243x  x2+41
l—x+ 2x
T x242 0 x243
x—1 2x + 1

+

x241 x2—x+1
11. a,=2",n>0
13. a, =2n—-1,n>1
15. a, =2"'—6n-2",n>0
17. a, =5-2"-3"n=>0
19. ap = Fpy3, N = 0
21. a4, =3-2"+n-2""1 n>0
23. a, =3(-2)"+2"-3"'n=>0
25. a, =2"+3n-2"-3"n>0
27. a, =n-2"H —p22" n >0
29. a, =2(=D)" —n(=D)" 4+ 3n2(=1)" =2"*' ' n >0

EXERCISES 19 (p. 237)

ax __ eﬁx —ox __ e—ﬂx eﬂx — %

e
“f(—X) \/—5- - \/ge(a+ﬁ)x =

I. By Eq. (19.3), f(x) = f—ﬁ——
ACY

50 fl0) = e f(—x).
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ax Bx
3. By Exercise 2, g(x) = %% +eﬁx, SO g(_x) = e~ +e—ﬂx — € -f;e =
e
(x)
g —. glx) = e*g(—x).
e
o5 o0
5. Let g(x) = Y F3x". Then 4xg(x) = Y 4F;, 3x" and x%g(x) =
0 1
(o2}
3 F3,_6x", s0 (1 — 4x — x®g(x) = 2x, since F3, = 4F3,_3 + Fi,_s.
2
e = 2x
88X = 1 —4x —x2

7. (Hansen) Let A = 1 — x — x2. Then:

oo
Y (LmLp+ Ly Ly-p)x"

m=0

00 00
=L, Z mem + L, Z Ly—x™
=0 =0

2—-x —1+3x
- (55) 0 (555)
Lo+ En = L)1+ RLot + gt = L)

A

_ Ln + Ln—lx + Ln—2 + Ln—3x
- A A

o0
= Z(Lm+n + Lm+n—2)xm

m=0

SoLmLp+ Ly 1Lyt = Lypyn + Lmyn-2=5Fuin

at Bt

9. Let A(r) = e_a——T = B(t). Then, by Eq. (19.6),

x n n 2at 2Bt (o+ Bt
t e +e 2e
> (Z)Fm_k — = :
p n! (a—B)

n=0 =0
_ i—": Q"'L,—2) 1"
prd 5 n!

2 2L, ~2
n n
.. E (k)FkF,,_k=—5'—

k=0
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11. (Padilla) (1 — x — x2)A,(x) = Fox"*? + F,x"t! — x.

13.

15.

17.

19.

21.

F"xn+2 + F,,+1Xn+l —x

S AR =

1—x—x?
© F °°(n+l)F+1
—x —x2 = —x2§5 B N 2 T TTRT L entd
(1l—x—x°)B(x) = —x 20 n!x" Eo Y x4+

V51 — x — x))B(x) = v/5¢* — x2(e** — ef*) — x(we®* — Bef*)

o0
D Lnax™ = Z(a"”" + " =" Zot'"x'" +p Zﬂ”’ m
m=0

m=0

an ﬂn

I—ax 1-—pBx

@4+ @+ B Dx Lo+ Laix
- 1 —x —x2 T 1l—x-—2x2

[o o]
(Carlitz) Let C(x) = Y_ Cnx", where Cy = 0.
0

o
(1—x—x)C(x) = Cix + (Co = C)x2 + Y Fpx"
3

[e.¢] o0 X
= Fix + Fox? Fx'=S"Fx"' = — 2
t 2 +§ n % n p—

X

iu Fr £ (,) _& [z(, N 1)( )]

n=0

oo, ) Famren (")

S.Clx) = = xio:(i + Dx +xd)f = io:(i + x4+ x) =

00 n "
Let A(t) = e*' + ¢ and B(t) = ¢'. Then A()B(t) = 3 | 1 (”) L | —.
n=0 Lk=0 k n!
tn o0 n tn
That is, Z L2n = +eﬂ2’ = elatbt 4 B+ Z [Z (”) Lk] .
n=0 n=0 Li=0 \ K n!
00
L2n = Z " Lk
k=0 k
¥t P @Dt _ (B2 =1y
Let A()) = —— and B(t) = e¢'. Thenn — ———— =
a—f a—B
00 n o
[Z(_l)n—k
n=0 Lk=0

" t __ Bt
) FZk] L Thatis, & =% =
n! oa—p

F ]5"- So F, _z( 1)”“"<k)F2k.

=0
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23.

25.

27.
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a™t Mt
(Church and Bicknell) Let A(r) = 5?* and B(t) = ¢! + ¢f™. This
no QM _ 28"

iclds 3 2" Fyn - S5 (") Fel a

yie Sn=0 mnn! = a—-ﬁ _ng()[kg(k) mk mn—mk] ’T"
n

~ Z (:) kaLmn—mk =2nan~

k=0

(Church and Bicknell) Let A(z) = e*"* + "' = B(t). This yields
- " o0 n t"

(ea 14 of 1)2 — Z ,:Z (Z) L,,,kL,,,,,_,,,k] ot

n=0 Lk=0
n

o0
That iS, Z(anmn + 2L’,;,)
n=0

= mkLmn—mk | —
n=o Li=o \ ¥ n!

" Z (n) LokLinp—mk = 2" Lopn + 2L:ln
k=0 k

’_' = g™ 4 g™ 4 @ +p™)
n!

(Church and Bicknell)
00 P ea”‘t — P e(OtFm+Fm—1)l — eBFn+Fui)
F,, — = =
; " n! a—B a—f
aFpt _ ,BFnt o [n n
Fnt € ¢ n —k ok !

=€ ]t< a—B )=Z|:Z(k)Fr:-1Fka:|m
n=0 Lx=0 .

The desired result now follows by equating the coefficients of ¢"/n!.

EXERCISES 20 (p. 246)

. Yes

Yes
LA B ¢

C—Bza;thatis, _C.‘BB=a' .'.é=a+l=a2
Thus, BC = 1/a? and AC = a - BC = 1/a.
L4t —1=0

-B

. Letx denote the given sum. Thenx = /1 — x;thatis, x>4+x—1=0. ".x = —8.
. Leta/b=c/d =k.Thenbj/a = 1/k =d/c.
. Leta/b=c/d =k.Then (a —b)/b = (bk —b)/b =k — 1 = (dk - d)/d =

(c—d)/d.
Sum of the triangular faces  4(2b-a)/2 a _ o,
Base area TTan? b o,s0a = ba.

A+ la=(@+ D)/a=at/a =a.



SOLUTIONS TO ODD-NUMBERED EXERCISES 605

2. el =a+ 1,s00" ="' +a" %, n > 2.

1/a 1
23. LHS = - -
1—la a—1_°
25. LHS = a® = (@ + 1) = 3a + 2

27. a3 —a=3a - =B+ ) —aleg+ 1) =Ja+2

5 5 10 + 24/5
29 0 +2= +2f= +4*/_.-.~/<x+2=_____v‘0‘2*2‘/5
1 5 2
31. cos?m/10 = teost/5 et
2 4
N 2
cocosm/10 = *+
2
1 1 v—1 1
33. — = — = S
v+u2 v+v+l vt v v+l v
v:—1
=Ww-1/v)+1= +1=14+1=
L n n
35. lim =" = Jim — 2 T8
n—oo L, n—oo gftt1 +ﬂ"‘+‘l
s o[l +(B/a)"]
- ,,ll,n;o ant11 + (B/a)"+1] =l/a
G n+1 __ n+1
37. lim S o gim S,
n— oo n n—-o0 cq" —dﬂ"

EXERCISES 21 (p. 265)

1. ma

3 na®/3 —a

) 24

S. (x*xy)xz=[a+bx+y)+cxy]l*xz
a+bla+bx+y)+cexy+zl+la+bx+y)+cxylez
a+bla+cxy+z+czx +cyz)
+b2(x+y)+czxyz+caz )

Likewise,
xx(yxz) =a+bla+x+cyz+cxy+czx)
+b*(y + 2) + cax + *xyz (2)
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Since * is associative, Egs. (1) and (2) yield b*(x —z) + b(z —x) + (z —x) = 0.
Since x, y, and z are arbitrary, this implies 5> —b ~1 =0, s0 b = a or 8.

. (Alexanderson) Let p(x) = x" — xF, — F,_1, g(x) = x> —x — 1, and h(x) =

"2 "3 2 o Fx"F 4o 4 F,_ox + F,_;. Then p(x) =
g(x)h(x). When x > 0, h(x) > 0. When x > «, g(x), h(x) > 0; so p(x) > 0.
When0 < x < a, g(a) < 0;s0 p(x) < 0.

Suppose x; > a. Since p(x) > 0, x; > xx F + Fy_p = xg, 1, SO Xk > Xpa1.
In addition, xg, | = i Fp + Faor > aFy + Foop = ™. S0 xp4 > a5 0o xp >
Xi4+1 > @. Thus xg > o implies xg > x; > x; -+ > ¢. Similarly, if 0 < xy < a,
then0 <xp<x1<x<...<a.

Thus, in both cases, the sequence {x;} is monotonic and bounded, so xi
convergestoalimit/ask — oo : 1 = Y F,_ FIF,.Sincel?—1F,—F,_; =0,
is the positive zero of p(x). But « is the unique positive zero of p(x), so
| = lim x; = a.

k—00
9. Since |B| < 1, Sum ! ! ! 2
. . == = — =
1-18l 1+8 B
X+ 1
11. t = = .Sot? +1—1=0;thatis,t = —a, B.
t+1), t+1
. Fn+k an+k _ ﬂn-&-k o 1-— 9n+k ‘ﬂ }
13. (King, 1971) = = —— . —— where 8] = |—| <, s0
& L, 5" +p") 5 1+46n o1= |3
k
8" — Qasn — 00; ., lim Fosx =2
n-o00 L, ﬁ
15. (Ford) By PML a, = F,, + k(F,4; — 1);
T gﬂ. T Fn+l _ _
nlgrolo "—-nan;o[1+k F Fﬂ)]—l+ka.
b, F._, F,
17. ByPML b, =L, +kF,_y; ... lim — = lim [1+k~ -] —i:] =1+4+k-
n—-oo L, n—00 Fn Ln
11 L+ k
a 5 Vo
n . n .
19. (Lord) Y (7 ) A (’:) @) = "(1+a®)" = a2 Qa*)" =
. 0 0
F..1+ F
21. (Ford) Assume x, # -1 for every n. By PMI, x, = M—"
F +F/F xOFn+Fn+l
n-1 X0 n/ fn-1 .
. R s defined wh —F, F,,n > 1. Wh
F. xot Foi/Fo xnll +e :«n xo # —Fut1/Fa,n = en
. X0 +a
X0 # —Fnyt/Fp, lim xp =~ 2—— = — = B,
n-»>00 a xo+ao o
23. Clearly,r #0.(r,r%,...,r",...) € Viffr" = p"~14r"~2; thatis, iffr2 = r+1.
25. au+bv=(aa+bB,...,aa" + bp",...) =Fiffax + bf = 1 = ac?® + bB~.
Solving these two equations, we geta = 1/(a¢ — 8) = —b.
27. f71(x) = (x/A)/"and f™x = An(n—1)--- (n—m+1)x""".Then f "' (x) =

f™(x) implies (x/A)"/* = An(n — 1)---(n — m + 1)x""; that is, x/A =
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A"[n(n —1)---(n — m + DPPx"P"=") Then A [n(n —1)---(n — m +
D] xrei=m=1 = 0, s0 pn? — mpn — 1 = 0. Solving, we get the desired result.

EXERCISES 22 (p. 271)

. . . AB BC .
1. Since AABC is a golden triangle, — = —— = «. Since AABC ~ AADC,

AB AD AD AC ACAc
Yol C—D; cD-CD " a,s0 ACAD is a golden triangle.

B

A Cc

BC
3. Since AABC is golden, ic = a and ACAD is also golden. Since AABD is

isosceles, it follows that AD = AC = BD. Let h be the length of the altitude
— Area AABC 1/2BC - h BC BC
from A to BC. Then = =

Area ABDA  1/2BD-h_ BD _aCc  *

Area AABC . BC Area AABC 1/2BC - h

5. ——————— = a;jthatis, — = a; . = =
Area ABDA BD Area ACDA 1/2CD - h
BC BC 1 _ 2
CD BC—-BD 1-1l/a

EXERCISES 23 (p. 292)

1. -8
AB BC l Area ABCD AB - BC
3. — = — = — = k. Let ————— = k; that i, —— = k,
BC " BE  w o Area AEFD o thatis, S—p 50
iE = k. Thus iE =k,s0 AE = w. Since ABCD and BC FE are similar,
AB w !
—— = ——; thatis, — = ——,s0 — =k = a.
BC - CF alsw _wsow k=«
/
D F C
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11.
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l AB BC BC
C lyletk= — =a.Then — = — =@, 50 ———— = q.
onversely e ” a. Then BC CF ‘:; s;ggD_ AiB o;g'hat
ea .
is, ————— = @. S0 AE = BC = w; .. = =
S S —aE/BC % ° W' AteaAEFD ~ AE - BC
AB _AB _ _
AE _BC "¢ .
In both cases, AE = w; so AEFD is a square.
. . . FG BG .
Using Figure 23.3, since both are golden rectangles, T il ol Since
FG FP BG
PG ~ ABPC,a = — = —. Si PG ~ PC,a = — =
AFPG a 3G - GP ince ABPG ~ ABPC,«a BC
BP FP BP
;L a.

CP' "GP CP
AB

Si BGHC is a golden rectangle BG = «; that i AC = a.Th =
. Since go g,BC—a, s,BC—a. en =

BG

AC+BC _ AC+BC
A 4 —it1l/a=1-f=a; - ABGFisa

AC

BG
golden rectangle.
(SPQ =180°— (LAPS + /BP Q) = 180° — (45° + 45°) = 90°.

AP
.. The parallelogram PQRS is a rectangle. Since AAPS ~ ABPQ, 3P =
PS AP PS
E. But 3P = a, SO Fé = «. Thus PORS is a golden rectangle.

D c
S

Q
A B

Shorter side = (—1)"*'(bF, — aF,_); longer side = (—=1)"(bF,_1 — aF,_2).

EXERCISES 24 (p. 307)

L.

Follows by Candido’s identity [x* + y% + (x 4+ y)?]* = 2[x* + y* + (x + y)*],
withx = F,and y = F,4,.

Follows by Candido’s identity with x = G, and y = G, ;.

(Prielipp) (Ln-1Lns2)? + @LaLas)* = [(Lnri — Lo)Lns1 + La)P+
(2LnLn+I)2 = (Lg.H - L3)2 + (2LnLn+l)2 = (Li-i-l + Li)2 = (L2n + L2n+2)2'
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EXERCISES 25 (p. 324)

1.

13.

15.

ACQR and ACDR are isosceles triangles with CQ = CR and CR = DR,
respectively. Thus CQ = CR = DR. Continuing like this, we get CQ = CR =
DR=DS=ES=ET = AT = AP.

Since the point of intersection of any two diagonals originating at adjacent
vertices of a regular pentagon divides each diagonal in the Golden Ratio, it
follows that DQ = aDR,s0 RQ = DQ — DR = (¢ — 1)DR. Similarly,
ST = (@ — 1)SD; . QR = ST. Continuing like this, we get PQ = QR =
RS = ST =T P. Thus PQRST is a regular pentagon.

. By Heron’s formula, Area = /s(s — a)(s — b)(s — ¢), where 2s = 2AP +

TP =2a/a*) +a/a® =2a/a; ..s =a/a.

Area = Va/a(a/a —a/a?)(a/a — a/a®)(a/a — a/a3)

a2
= =@ - D~ D@2 -1)
o

ata - 1)/ = 1)  aa-1)a
at N

ot

1 N 2 2/ 2
 Area ACDS =1/2-CS-h=~.2. 9¥at2e _avet?s
2 « 202 4o
1 N 2 2/ 2
.AreaSPRD:Z(areaARDS):Z-—-i-a @+ =a @+ .
2 ol 202 205
a3l

. SR =a/a®, TQ = (a/a®)a = a/a?, and ZY = SR/a® = a/a®, - 25 =

2PV 4+ ZV =2(SR/a?) +a/a® =2a/a’ + a/a® =2a(a + 1)/a® = 2a/a*;
sos = a/a*. By Heron’s formula,

a /a a a a a a
AreaAPVZ = \/&7 ((F_.a_s) (J—o?) ((F—(_x—")

2 2 1
= & D@D D= 2@ DV
¢ o
Area ADRS = : RS -h= I a . a cosm/S5 = a?cos /5 _ a?
2 - 3 T = s T

2 o «o
Desired area = area PORST + 5(area A DRS)
B [ 50 Sa%e’ + (@ — D = 1]} L5
o

JI3—a 4ot 43
_5a* (@ —/3—a— (¢ - 13 —4)

- 4o/3 —
By the Pythagorean theorem, (ar?)? = a2+ (ar)®. Thenr* = r? + 1,s0r2 =«
and hence r = /o
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17.

19.

21.

23.

25.

27.
29.

SOLUTIONS TO ODD-NUMBERED EXERCISES

Since AGOK is isosceles, GK = GO = r. AGLD and AGOK are similar and

Id 6D _ GK _ aithatis, 22 = T GD = aLD. But
L e = e =y , —— = =a; ., = .
golden - Th T 0k ID ok “ ¢ u
LD=0OD=r,s0GD =ra.

Since AD =GD, AD =ra.

B-l=-DE*+3+x2+x+ 1)

x4+ x3+x2+x+1 =0gives x>+ 1/x2)+(x+1/x)+1 =0.Lety = x+ 1 /x.
Then y? +y—1=0,50y = —a, —f. When y = —a, x + 1/x = —a. Then
o+ Jar—4

TOENY T Wheny = 8, x4 1/x = —B.

2
p+ /P

2

2 4+ax+1=0,s0x =

Thenx2+ Bx+1=0,50x = . Thus, the five solutions are

—a+ ot -4 and -B+/B*—4
2 ’ 2 '

1,

B — (a—l a)2+ (aﬁ—_a B Js—_a>2

5 T3 2 2

Qo — 1) + (3 — a)(a — 1)?

4
Bla+])—da+11+[B—-—a)a+1—-2a+1)]
= =3 —a;
4
. AB =3 -«
a a-—1 200 — 1
AE=\/3—a,BD=as/3——a,andh=5-{- 3 = B
1 1
Area of trapeziod ABDE = E(AE + BD)h = §(v3—a +
20 — 1 3 — 1)4/3 —
a3 a) - ot2 =(oe L);/ o
2
28 +1 2 3= 3= JIOBF13
por= (L BY (B3 e (BVS-a) p, YIPTD
2 2 2 2 2
2
28+ 1 2 [(3/3- V3Z JIBF21
apr= (21 2) LR IRLA IFOY AR
2 2 2 2 2
4
3
QC2=(l+ﬁ/2)2+ﬂ(—4a2;QC=3+4ﬂ
1:1/a: 1/a?: 1/
AE AD .
ANACE ~ AAED; .'.-——=A—E=x(say).SmceAE=ABandAC=
AD AB + BD AE+ BD AC )
BD,XE— AE = iE —1+Z—E,thatlsx_l+l/x,so

X =a.
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31 F, = 2ﬁ(—1)k cos'* r/5sinf /10
0
=2{(=1)%/2)(=B/2)° + (=)' (@/2)°(=B/D] = 1

3
Fy =2 (=1)*cos™* m/5sin* /10
0

= 8[(=1)°(a/2)*(—=B/2)° + (= 1)(@/2)*(—B/2)]
+ [(= D% @/2)(~B/2)* + (= 1)*(@/2)°(-B/2)*]

=a’+a’B+api+ B =@+B)’ ~208@+B) =1+2-1=3

33. (V. E. Hoggatt) By Eqgs. (25.2) and (25.3),
n+2
F, = (cos" 7 /5sin7/5sin 37 /5 + cos” 37w /5 sin 37 /5 sin 97 /S) and

5
n+2

2
(-D)'F, = 3 (cos” 27 /5sin 2 /5sin 677 /5 + cos™ 4w /S5 sindx /5 sin 127/5).

n+2 4
Adding, [1 + (- D)"]F, = 3 Y cos" km/Ssinkm/5sin3kn/5
1
n+l 4

3 X': cos" km/Ssinkm /S sin 3k /S = [ (1;" gﬂ':eir;ei::n

Thus

EXERCISES 26 (p. 331)

1. The asymptotes are y = :{:%. Solving the equations y = :t—xﬁ and y? = 4ax,

we get the given points.
3. PQ = /(ac? — af?)? + 2aa — 2ap)? = \/5a* (¢ — B)? = Sa

5. x—By+ap*=0,x —ay —4a +aa =0.
7. The slopes of the tangents at P and Q are /o and 1/, respectively;

1/a —1
ang = | L2 P | 2 = 00,500 = 7/2.
1+1/a-1/8
9. The slopes of the normals at P and Q are —« and — 8, respectively;
cotang = o th # = 00,500 = 7/2.
1 4+aB

11. SQ = \/(a — aBD? + (0 — 2aB)? = /5a|B) and
QR = /(a2 — 02 + (2af +2a)> = /5ap% . SQ : QR = || : B =
ol
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EXERCISES 27 (p. 338)

1
2+

52
23
3 10 43 225
2 730" 157
7 C, = pa 5-43+10 225 = ps  6-225+43 1393
AT gt T 53047 157 T g5 T 6-157+30 972
9. Since C; = | = F»,/F) and C, = 2 = F3/F,, the formula works for n = 1 and
n = 2. Assume it is true for all positive integers k < n, wheren > 2 : C; =
Pe/qx = Fy1/Fi, 50 pr = Fyyyand gy = Fi. Then p, = 1 ppy + pn2 =
F, + F,_y = F,41; similarly, g, = F,; .". Co = pn/qn = F,41/Fy,. Thus, by
PM]I, the formula is true for all n > 1.
Fn-H Fn+l Fn Fn+1Fn—l "Fnz ('—l)n
. n = ; — C _] = —_ = = 5
e i A FuFos FrFat

. 1im (C, — Cpy) = O.
n—0o0

1+

w
|-

EXERCISES 28 (p. 347)

7
1. ZEF, =1-142-143.244-3+5-546-847-13=185=7.34-55+2 =
1
TFy — Fio + 2.
i
3. Let Sj = ZFZk = F2j+] - 1.
i

LHS =2) Fu+2) Fu+--+2Y Fu
1 2 n
= 2[Sn+(sn"Sl)++(Sn _Sn—l)]
n-1
=208, — Y S =2n(Fas1 = ) = (Fon = D =+ 1]
I

= 2(nF2n+l — F5,) = RHS.

J
5. Let S]' = ZLZi—l = sz -2
1

n n n
LHS = ZLZi—l+22L2i—1+"‘+2zl‘2i—1
| 2 n
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=S+ 208 = S+ + (Sn — Su-1)]

n—1i n—1
=@n—-15-2) 8 =2n—18$ -2 (L —2)
| |
= (2n — D(L2n —2) = 2[(L2n—1 — 1) = 2(n = D]

= (2n — 1)Ly, — 2L,,_; = RHS.

J
7. Let Sj = Zsz =Ly —1
1

LHS =2iL2,-+ZZ":L2i+...+2iL2i
1 2 n

= 2[Sn + (S =S+ -+ (S = S

n—1 n—1

= 2(nS, — ZS,-) =2[n(Lapsr — 1) — Z(L2j+| - D]
] |

= 2[n(Lapt1 — 1) — (Lay = 3) + (n — 1)]

= 2(nL,4+1 — Ly, + 2) = RHS.

9. LHS = (a—d)Y_Li+d ) iL;i=(a—d)(Lns2 ~ 3)
] 1

+dnLlpy; — Loz +4)
=(a+nd —d)L,yy —d(L,y3 —7) —3a = RHS.

n n
1. LHS = (a—d) Y _F}+d ) iF} =(a—d)F,Fny
| 1

+d(nFyFoyy — F} +v)
= (a +nd — d)F,F,y, —d(F? — v) = RHS.

13. Let S, = TiL?and S} = Z(n —i + DL:. Then S, + S} = (n + DEL? =
(n+D(LyLps1 =2); .8y =+ D(LaLppt ~2) = (L Lpyy = Ly +v) =
L,Lyyi +L2=2(n+1)—v)=LyLyy2 —2(n+ 1) — v.

15. LetS = Z[a+ (i —1)d]L? and $* = E[(a+ (n—i)d]L2. Then S+ 5* = (2a+
(n—DdZL} = [2a+(n~1Ddl(LyLpy1=2); . $* = [2a+(n—1)dI(LnLnsi —
2)—(a+nd—d)(LyLps1—v)+d(L2=2n—v) = a(L, L1 —2)+d(L2~2n—v).
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17. Let S; = /Gy = Gj42 — b.

n

n n n
1 1 2

n

n—1

=S+ S =S+ A+ (S = Se) =nS, - Y _S;
1

n—1

= n(Gny2 = b) ~ ) (G2~ b)
1

n—1

= (G2 —b) =) Gina+(n— Db
1

=n(Guy2 = b))~ (Gpyz—b—a—-b)+(n—1)b
= nGn+2—Gn+3+a+b

n n n
19. > Grio1=3.G2i — Y G2i2=G2 —Go=Gay+a—b
1 i i

J
21. Let Sj = ZG;k_l = sz +a—b.
I

n

Z(Zi —1)Gyiy = ZGZi—I + ZZGZi-—l +- 4 ZZGzi—l
1 2 n

1
= Sn+2(Sn _Sl)+"'+2(sn _Sn—l)

n—1 n—1

Sa+20n—1)S8, —2) Si=@Qn—1S, -2 5
1 1

n—1|

= @n=-1S,-2) (G +a-b)
1

n—1

= (2n - 1S, —2262; —2(n — 1)(a - b)
1

= 2n—-1)(Gp+a—-b)-2(Gyp1—a)
—2(n—1)(a-—>b)
= 2n—1)Gy, —2G2,_1+3a—-b
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EXERCISES 29 (p. 354)

11.

13.

10
.Y i*F; = 121F1 — 23F 14 + 2F g — 8 = 121 - 144 — 23 .377 +2-.987 — 8

1

= 10,719.

5

S i3F; = 216F; — 127Fy + 42F;; — 6Fy3 + 50

1

=216-13—127-34 442 -89 — 6-233 + 50 = 880.

5
Zi“F; = 1296F; — 1105Fy + 590F;; — 180F)3 + 24F,s — 416
1

= 1296-13 — 1105 -34 + 590 - 89 — 180 - 233 + 24 . 610 — 416
= 4072.

.LHS = F, +4F, +9F3 + 16F; + 25Fs +36Fs =14+4-149-24+16-3 +

25-5+436-8 = 484.
RHS =49F; —15F)0+2F1;,—8 =49-21-15-554-2-144—-8 = 484 = LHS.

.LHS = F1 +8F, + 27F; + 64F4 + 125Fs +216Fs = 1 +8 - 1+ 27 -2 +

64-34+125-54216-8 = 2608.
RHS = 343F; — 169Fp + 48F;; — 6F;4 + 50 = 343 .21 — 169 - 55 +
48 - 144 — 6 - 377 + 50 = 2608 = LHS.

LHS = L, + 16L; + 81L3 +256L4 + 625L5 + 1296L¢
=14+16-34+81-44256-74+625-114 129618 = 32,368
RHS = 2401Lg — 1695L ¢ + 770L,; — 204L 4 + 24L s — 930

= 240147 — 1695 - 123 + 770 - 322 — 204 - 843 + 24 - 2207 — 930
= 32,368 = LHS.
J i i
LCtSj =ZF, and A; = ZSj.ThenS,- = Fj+2——1andA,- =Z(Fj+2_l) =
1 1 1
2+i 24i

ZF,--—:':ZF,~—2—i=F4+,-—i—3,soA,,_|=F,.+3—n—2.
3 1

Using the technique of staggered addition,

n—1 n—1 n—1 n—1 n—1

YRi+DS =3 S5+2) S+2) S+ +2). 8 (1)
1 1 2 3 n—1

=341 +2(An — AD) + 2(Ap-1 — A + -
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+ 2(An—l — An-2)
n—2
[3+201 = 2)]An_1 =2 A
1
n—2

@n = DAny =2 (Fari —i = 3)
I

n-2
@n = DA =23 R+ 202202 D 6
1
n=2

@n— 1Ay =2) Fj+(n=2)n—1)+6(n—2)
5

n-2 4
2n = DAny =2 [Z Fi—Y" F,} +(n=2)(n+5)
1 1

2n—-DA, 1 —2(Fuga— 1) =T+ (n - 2)(n+5)
@n—D(Fpy3 —n—2) = 2F,4
+(n —2)(n +5) + 16 )

F\+4F, +9F;+ 16F4+ --- +n®F,

ZE+3ZR+SZE+---+(2n—1)Zﬁ
1 2 3 n
S +3(S =S +5S — S+ +2n = 1)(S — Se-)

Z(zi — 1S, =38 + 55 + 7S5+ -+ (2n — 1)S,_;]
1

n n-1
[Z(zi — DS, — ) Qi+ 1)5,»]
1 !

n?S, — Q2n — 1)(Fpy3 —n —2)
+2F, 14— (n—2)(n+5) — 16 by Eq. (1)

=n (Fp2 = 1) = @n — D)(Fay3 —n—2) + 2F 44

—(n—=2)(n+5)—16
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n?Fuy2 — (2n — 1)Fpy3 4 2F, 14 — 8
=n+1)?Fu2—-2n+3)Fus+2F6—8

EXERCISES 32 (p. 384)

3 11 1 01 _[F+F. F ] _
1. F,Q + Foid = F,,[I 0]+F,,_| [0 1] = [ v F,._.] =

Fn-H Fn _
I:Fn Fn—le*Q'
n+1

3. LHS:ZQi_iQian-'—l—QO:Q'H'I_I.
1 0

5. Follows by equating the corresponding elements in the last two matrices in the
proof of Corollary 32.2.

7. Addldentity (32.10)and Identity (32.23):2F,,,,, = Fp(Fp 1+ Fo )+ Fo(Fu_i+
Fm-H) = F,L,+ F,L,.

9. Using Exercise 7, 2F,,_, = FyuL_, + F_,L,, = (—1)"F,L, +
(=1 FyLy = (=1)"(FuLn — FyLy).

11. LHS = 5™ + ™) (" + B") + (@™ — B™) (" — B")
— 6(am+n +ﬂm+n) +4(amﬁn +anﬂM)
= 6Lpnsn + 4" (—2)" + (=B) " B"]
= 6Lm+n + 4(_1)"(‘1"‘_-" + ﬁm—n)
= 6Lm+n + 4("“1)an—"

13. Change m to —m in the identity Fiuyn = FuiiFu + FnFaoy @ Fopyn =
Fome1Fn + F_nFu_p; that is, (-1)""*'F,_, = (-)"F,F, +
(_1)m+l FpF,_. Thus, Frp_y = (_1)"Fan-l - Fm—an)-

15. By Exercises 5 and 13,

Fm+n + Fm—n = Fan—l[l + (_1)"] + Fn[Fm+l - (—l)"Fm—l]

_ I L.F, ifnisodd

F,L, otherwise

17. By Exercises 6 and 14,

Lm+n + Lm—n = Fm+1Ln[l + (_l)n] + Fm[Ln—l - (_l)nLrH-l]

[ Fu(Luy + Lag) if n is odd
| 2FnsLn + Fp(L,_y — Lyy) otherwise
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[ 5F.F, if n is odd
T 2F, L, — F,L, otherwise

_ | 5FF, ifnisodd
~ | FuL, otherwise

19. The result is true when n = 1. Now assume it is true for an arbitrary positive
integer k. Then

Fo_ F: 1 1
Mk+1 — Mk i M - 2k~1 2k
Fy  Fuq 1 2

_ | P+ P Py +2Fn | _ | Fuyi Fas
For + Fapr Fop + 2F54 Fuir  Fags

Thus, by PMI, the result is true for every n > 1.
1
21. (Rabinowitz, 1998) Ay, = ZHI 3] A2 [2 2} ApApsr+

31 2 2
0 2
[2 0] A5+l]
Gn Gn+1 5
Gn+l Gn+2 GnGn+2 -G +1
? = = z . B t = l
23. By Cramer’s rule, y G. G, GT = GG ut y
Gn+1 Gn
7. GpGnyz — G2, | = —(Gn=1Gpny1 — G2). Let gy = Gn_1Gny1 — G, where

g1 = GoG2 — G4 = (b —a)b —a? = —p. Then g, = (—1)"" g = (=1)"p.
5 Gp1 Gy — G2 = (—1)"p.

Fn+l
2 [0
[ Fr ] if n is odd

—Fn+l

2 —F ] otherwise
F n+1

F, F, L1 Foi2 + L F,
n —= n+2 n+1 — m+14n+2 mint1
29, VmQ - (Lm+ls Lm) [Fn+l Fn ] [ Lm+1Fn+l 4 Lan :|
(Lm+n+2’ Lm+n+l) = Vm+n+1-
3l. a+e—-b-—d)e+j—h—f)—b+f—c—e)d+h—-g—e)

11 2 0 0 1
3B AP)=[1 2 3 |—-|0 1 2 |[=-1
2.2 2 111

35. AM(R) = L,_ L4y — L2 =5(-1)"*!
37. Guyk + Guek — 2G,

39. Notice that F2,, — Fu1Fy + 2FyFpy1 = Fopi(Fugt + Fo) 4 Fo(Fopr —
Fn—1)=Fn+an+2+F,,2=Fn+2(Fn+2—Fn)+Fn2=F,,2+2_Fn(Fn+2_Fn) =
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F,,2+2 - F, Fn+l and 2F,,2+| + 2FnFn+l = 2Fn+l(Fn+l + F) = 2Fn+1Fn+2- It
can be verified that it is true for an arbitrary positive integer n. Then:

Pn+l — Pn . P
- F2, FuoFy F?
= | 2F,F, F,,2+| - Fo . F, 2FnFn+I
L F,,2 FnFn+l Fnz-H
0 0 1
=0 1 2]
L1 1 1
- F? F,\F, + F? F? | +2F, \F, + F?
= 2F,,F,,+| F,,2+1‘ n—]Fn+2FnFn+] 2F,,2+1+2FnFn+l
— Fnz+l F,,F,,+1+Fnz+] F"2+2F,,F,,+|+F"2+,
- B RRa R,
= 2FnFn+l F"2+2—F,,F,,+] Fn+an+2
L F,,2_+.| Fn+IFn+2 F,,2+2
Thus, by PMI, the formula works for every n > 1.
41. LHS = Fn(Fn - n—l) + Fn+l(Fn+l - Fn) - 2FnFn—l = FnFn—~2 +
Fo_y (Fn+l - F) - FKF. = F,F,o + F,,2_| - FF_, = F,F,_, —

Foi(Fo-F_)=FF 20— F_\Fia=F_F, ~-F_)= F,,2.2

EXERCISES 33 (p. 399)

l. LyLpya — L2, =5(=1)"

3. (Finkelstein) Letr = L¢y/L3gands = Lggyy—rLsgy. Then, by PMIL, L, 460 =
rL,y3q + sL, for all n. In particular, let n = a,a + d, and a + 2d. Hence the
rows of the determinant are linearly dependent, so the determinant is zero.

5. Since G, = aF,_3 + bF,_|, the determinant is zero by Exercise 3.

Gp Gp+m Gp+m+n

7. (Jaiswal) Consider the determinant D = |G, Ggym Ggimsn |-

Gr Gr+m Gr+m+n

Since Giymin = GiamFns1 + Gram—1 Fu, it follows that

Gp Gp+m Gp+m
Gq Gq+m Gq+m
Gr Gr—+—m Gr+m
Gp Gp+m Gp+m—l
Gq Gq+m Gq+m—l
Gr Gr+m Gr+m—l

D= Fn-H + Fn Gq Gq+m Gq+m——l

Gr Gr+m Gr+m—l
Gp Gp+m——2 Gp+m—l'

Gp Gp+m Gp+m—l l

= F, = F, Gq Gq+m—2 Gq+m—l

Gr Gr+n1—2 Gr+m—l
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Gp Gp+m—2 Gp+m—-3
Gq Gq+m—2 Gq+m—3
Gr Gr+m—2 Gr+m—3
Thus, by alternately subtracting columns 2 and 3 from one another, the process
can be continued to decrease the subscripts. After a certain stage, when m is
even, columns 1 and 2 would become identical; and if » is odd, columns 1 and
3 would become identical. In either case, D = 0.

The given determinant A can be written as the sum of eight determinants.
Using the fact that D = 0 and that a determinant vanishes if two columns are

= F,

identical,
G, Gpim k
A=|Gy Ggem ki+---4---= A1+ Ay + Az (say). Since G, 1 G —
Gr Gr+m k
GmGn—l = (_l)m_lﬂFn—m,
G, Gpi 1
Ay = kF, |G, Gy 1| = kuFm[(—l)”‘Fq_, + (—1)”"F,_,,+
G, G,_; 1

(_l)q_le—q]
LA =kul(-1)Fg — (1P F_p + (=D)PF4_pl[Fp ~ Fpin + (—1)"F,]

9. (Jaiswal) Since = [(@a+b)? — (c+d)*][(a - b)> — (c—d)?], the

aoe o8
o Ae o
SR an
Qo0

given determinant A = [(G 3 + Gp42)? = (Gnt1 + Gn)*)(Gpy3 — Gry2)?* —
(Gri1—Gw)¥) = (G2, —G2 )(G2,,—G%_).ButG},,—G?,_, = aGan2+

bGopm-1. .. A = (aGons4 + bG2045)(@Gon—2 + bG2y-1).
11. Using Theorem 33.7 withk =2,m =1,r =0,anda, = L,,
Ly L} L3 4 1 9
D = (—1)"2Ay(Lo) = (1> |L? L2 Li|=(-D"|1 9 16‘
L% L% L% 9 16 49
= 250(—1)"

13. Using Theorem 33.7 withk =3,m =1,r =0,and a, = L,,
Ly L} L3 L3
L3 L3 L3 L}
L3 L} Ly L3
L3 L3 LY L}
4 1 27 64
1 27 64 343

27 64 343 1331
343 1331 5832 24389

D = (=12 A3(Lo) = As(Lo) =
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15. gnia(x) = 2xgny1(x) + gn(x), n = 0.

621

i": nk+l i Fax
17. (B n Fn+l Fn L0 k=0 k=0 k! =0
. (Brown) Q" = F, F,_ ; el = o o =
e" —ef'x =0 . k:,;o
Sy = % "+eﬂ *.Since Ln; = Fuiq1+
Fnk—ls
o0 o0 o0
F, Fuie 0 n F, n n J
Z—-—"—l‘%—f&=e" +e’3;thatis,z "k'+'=(e°‘ +e’3)*z—;:7“l
k=0 : k=0 k=0 '
QY]
Since Fu41 = Fui + Fur—1, we also have
= nk+l o~ Fut o Fmt €' =& Fac—1
Z Z K + Z T B + k! )
k=0 k=0 k=0 k=0
From (1) and (2),
o0 n n
F, 1] ; o' _ P
> ';(kﬂ:'z'[(e" + ey + ¢ ]and
k=0 ) - ﬂ
oo " n
Foe_ 1 n n G-
Lo =gl e -5
k=0 : - ﬂ
® F © Fp * Fu )\’
oy nk+1 nk-1 _ __.’L’f.
k=0 k=0 k=0
o n\ 2 n\ 2
_1 (e +eﬂn)2 3 <e —ef B (e“ —ef )
4 a—pf a—p
— B = Gl

19. (Parker) Let D, denote the given determinant.
Dn = anDn—l + bn—an—
2; o 8n = Pyt
21.
a® + ab + b%. Expanding D, by row 1, D, =

this second order LHRRWCC, we get

D = { (n 4+ 1)a"

n = (an+l — bn+l)/(a .

(Parker) Let D, denote the given determinant. Then D, = a + b and D,

Expanding it by the last column,

2. Then g, = gn—1 + 82, where g; = 1 and g; =

(a+b)D,_y —abD,_,. Solving

ifa=5b
b) otherwise
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EXERCISES 34 (p. 413)

1.

11.
13.

15.

17.
19.
21.

23.
25.

27.

29.

31

Fg135+ F5136 =8.135+5.13% = 134+48 = 1 (mod 181); Lg13% + L5136 =
18- 135+ 11-135=30+178=27=1+2- 13 (mod 181)

. Fi—11F5=3-11-5=79 = (~1)°11° (mod 131)
. Let F, = 0 (mod 3). Then 3| F,; that is, F4| F,,. So n = 0 (mod 4). Conversely,

let n = 0 (mod 4). Then 4|n, so F,|F,; that s, 3|F,; ... F, = 0 (mod 3).

F, = 0 (mod 5) iff 5|F,, that is, iff Fs]F,. Thus F, = 0 (mod 5) iff n = 0
(mod 5).

Since 5F2 = L2 — 4(=1)", F? = L2 (mod 4).

Since 2L, = LyL, + 5F,F,,2L4n = L, L, (mod 5).

Lot-n = a@=n 4 gek=Dn — (gn 4 gry[q@k=Dn _ q@k-Imgn 4 ... 4
B2 =0 (mod L,).

Since Fiyn = Fno1Fy + FuFuy1, Fav2a = F3Fy + FoaFyy, where Fp3 =
28,657 = 1 (mod 9) and F»4 = 46,368 = 0 (mod 9); .". F,,424 = F,, (mod 9).
Since F3|F3,, F3, = 0 (mod 2).

Since Fs|Fs,, Fs, = 0 (mod 5).

Since 2|n and 3 [ n, n is of the form 6k + 2 or 6k + 4.

Casel. Letn = 6k + 2. Then L, = Leyo = Ferv1L2 + FeL). Since
6|6k, 8|F6k; SO F5k =0 (mod 4), L,, = F6k+l -340 = 3F6k+1 (mod 4)
But Fgiyq = 1 (mod 4). Thus L, = 3 (mod 4).

Case2. Letn = 6k + 4. Then L, = Leyqa = L(6k+1)+3 = Fegals +
Fexs1L2 = Ferz - 04 1 -3 = 3 (mod 4). Thus, in both cases, L, = 3 (mod 4).

By Exercise 39 in Chapter 16, 2{L3,. So L3, = 0 (mod 2).

Let (F,, L,) = 2. Then 2| F,; that is, F3{F,; ..n = 0 (mod 3). Conversely, let
n = 3m. Then 2| F3,,, and by Exercise 23, 2|L3,, also; .". 2|(F3,,, L3y). Suppose
(Fim, L3) = d > 2 for all n. Then Fapys = FsFs + Fap F3 = 3F5, +
2F3y,_ 1 and L3yy3 = FypLa + Ly L3 = TF3, + 4F3,-1. Then d|F3n43
implies d|2F3,,—;. This is a contradiction since d > 2 and (F3p, Fin—) = 1.
Thus (F,, L,) = (F3m, L3,) = 2.

Since S(F,,2 + Fnz_z) = 3L;,_2 —4(—1)", by Exercise 36 in Chapter 5, the result
follows.

Lp/2] )
(Lind) Wehave L, = (1/271) 3" ( Z‘ ) 5i. Since p is prime, (5’) = 0(mod
0
p)for0 < j < p;also2P~! = 1 (mod p), by Fermat’s little theorem; .. L, = 1
(mod p).
(Wessner) The statement is true for n = 1. Assume it is true for every i < k,
where k > 1 : 2'F; = 2i (mod 5), 1| < i < k. Then 22*'F, = 2(2¥F, +

2.2 R ) =202 +2-2(k— 1)] = 2(k —4) = 2(k + 1) (mod 5); .". by the
strong version of PMI, the result follows for every n > 1.
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33.

35.

37.

39.
41.

43.

(Bruckman) We shall use the identity Fs,, = 25F,f', +25(-H" F,f, +5F,,m>0
and PML. The given result is true when n = 0 and n = 1. Assume it is true for
an arbitrary positive integer k: Fs = 5 (mod 5%*3), so F,, = m(1 + 125a)
for some integer a, where m = 5. By the preceding identity, Fs,, = 5°m>(1 +
125a)° — 5*m3(1 + 125a)® + Sm(1 + 125a) = 52m> — 52m> + 5m (mod 5°m).
Since k > 1, 5|m; so 5%|m?. Hence 5*m|5*m3; .. Fs, = 5m (mod 5*°m); that
is, Fsiei = 5! (mod 5%**). Thus, by PMI, the result is true for all n > 0.
(Prielipp) Since L2 = S5F? + 4(=1)", (L2)? = (5F})? + 8(—1)"(5F?) +
42, - (5F?)?% +4% = (L%)? (mod 5F?).

20 n+20 n

ZI Foyi = Zl: Fi - Zl:Fi =Fun—1D)—Fp2—1) = Foynn — Fpyp =
i=

(FuFn+ Fo F) =~ (Fa+ Fpp) = Fp(Fy = D+ Fpy(Fp—1)=F, -0+
F.11 - 0 = 0(mod Fyy), since F;; = F; = 1 (mod 55).

5,89, 11,199

Let 5|n. The 5|F,, so F, = 5m for some integer m. Then Fp, = Fs,. Since
5| Fsm, it follows that Fr, = 0 (mod 5). Conversely, let Fr, = 0 (mod 5). Then
5|F,, son = 0 (mod 5).

Follows since 2L+, = L,y L, + 5F, F,.

EXERCISES 35 (p. 422)

13.
15.

17.

-0 N v~

8
7
6

. L25=L24+L23E7+251(m0d8)

L,'..2=L,'—-L,'_| 53—457(mod8)

. Since F; = 1 (mod 4), the result is true when n = 0. Assume it is true for
an arbitrary positive integer k: Fery1 = 1 (mod 4). Then Fep+1y+1 = Ferr7 =
Feeys + Ferne = Fopva + 2Fgpis =+ = SFep1 +8Fgi2=5-1+0=1
(mod 4); .-. by PMI, the result follows.

Fﬁn_l = F6"+1 - Fﬁ,, =1-0=1 (mod 4), since F6|F6,,.

Leny2 = Fony1 + Fonyz = Fony1 + (Feng1 + Fong2) = 2Feny1 + (Fony1 +
Fen) = 3Fgns1 + Fen =314 0 =3 (mod 4), since Fg!|Fg,.

RHS = (a4"+3+ﬂ4"+3)[a8”+6+ﬂ8"+6+2(aﬂ)4"+3+3]
— (a4n+3 +ﬂ4"+3)((¥8"+6 +ﬁ8n+6+ 1)
— a12n+9+ﬁn”+9 + (aﬂ)4n+3(a4n+3 +ﬂ4n+3)+L4n+3

= Liony9 — Lany3 + Loy = Lizpyo
= LHS
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19.

21.
23.
25.

27.

29.

31.

33.
35.

37.
39.

4].

SOLUTIONS TO ODD-NUMBERED EXERCISES

Since Lypyn = Fu_1Ln + FuLn 1, Langy2 = Fan_1Ly + FynLy = 3F4 +
F4, = 0 (mod 3).

Lany1 = Lanyz — Ly = 0 — £1 = 1 (mod 3), by Exercises 19 and 20.
Follows by Exercise 21 in Chapter 34.

Ly = DLy = (DLpex = 1DPLpsu = -
(- l)l-m/4j L,_ —2m/4jk (mod L;). Letk = 2 and m = 4n — 2. Then L4,,+2
Lign-2+22 = (—=1)" ' Lap_2-414n-2)/a) = (=1)""1 Ly = 0 (mod 3).
(Kramer and Hoggatt)

asn«f—l _ ﬂ5n+l 3 asns _ ﬁsns

a—pB T a-8
o =g 5.4 5.3 5" 5.2 o572 5" 5.3 574
='—a‘—ﬂ(a'+a'ﬁ +a” g+’ BT+
= Fule™* + 854 + (@) @2 + B %) + (aB)”?]

= Fs»(L4s» — La.s» + 1) = RHS

I m

LHS =

(Turner) We have:
n—lp _ (7 h 2(n Ln/2) n
2 F"”(1)+5(3)+5(5)+ +3 (Ln/2J)
Eﬂ—i—W(modZS)

. 200k=1 Feor = 60k + 50k(60k — 1)(60k — 2) = 10k (mod 25). Since 22 = 1
(mod 25), it follows that Fgor = 20k (mod 25). Since 6|60k, Fg| Fsor; that is,
8| Feor. So Fepr = 0 = 20k (mod 4). Combining the two congruences yields the
desired result. (Follows from Exercise 31 also.)

Since Fyys = F, Fs— + Fr 1 Fs, Foorrn = Feor Fn-1 + Feox+1Fn = 20k F,_y +
(60k + 1) F,, (mod 100), by Exercises 29 and 30.

(Peck) Follows since Fi,12x — Fnt = Li Fini1)4, Where k is odd.

(Zeitlin) Since Fuian — LiFurix + (=D¥Fue = 0, Fuyan — 2Fyi +
(=D¥Fy = (Ly — 2)Fyiyk. So, when k is even, Fiion + Fue = 2F i
(mod L; — 2).

Follows since Lam+1)an+t) — Lam+1 = SFam+120 Fom+1)@n41)-

(Prielipp) Since Fj + F; = 3 = 0 (mod 3) and F4 + F4 = 6 = 0 (mod
3), the statement is true when » = 0 and n = 1. Assume it is true for all
nonnegative integers < k. So F3x—3 + Fry2 = 0 = F3q) + Fiy3 (mod 3). Then
Fax_2 + F3p41 + Frya = 0 (mod 3). But 6F3;_ | + 4F3_2 + 3F341 = Faiqa,
SO F3k_2 + F3k+1 = F3k+4 (mod 3); F3k+4 + Fk+4 =0 (mod 3) ThUS, by the
strong version of PMI, the statement is true for all n > Q.

(Somer) Since L; = 7, the result is true for n = 2. Assume it is true for an
arbitrary integer k > 2. Since L2 = Ly + 2(—1)™, Loytn = L%, — 2(-1)% =
7?2 — 2 = 7 (mod 10). Thus, by PMI, the result holds for all n > 2.
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43,

(Wulczyn) Since Lg = 18 = 2 + 2%, the result is true when n = 1. Assume
it is true for an arbitrary k > 1: Ly = 2 + 2%+2 (mod 2%*2), Since L} =
Lan+2, Lygn = L3, —2 = 242244 4 2444 (mod 2%+%) = 2 4 2%+4 (mod
2%+6y. . by PMI, the result is true for all n > 1.

EXERCISES 36 (p. 440)

1.

15.

17.

19.

b
. U, = Aa" + Bp", where A =

o0
. By Exercise 4, )

§F i-t : Usin 1/2 § Fi oo
: = x=1/2,Y = =2.
0 ! x? & T2

1—x—

n .

a—B a—p

u; akk-1+b»b
—._:'-——.L = = .

PRy *—a)k—p) eta=0and b =1

1 1

Desired = = .
esired sum Y —

.Since B < 0,1+ 82 > 0and 2! < 0; -0 > B%*1(1 + B2), that is,

a2k~l . a2k—l > ﬂZk_l + ﬂ2k+l. Then a2k—l _ ﬂ2k—l > —ﬁ(aZk _ ﬂZk); thus
Fy—1/Fy > —B,s0 —m/n & (B, —B).

. Since Fou/Foxey = 1 > =B, Fy/Fu—1 € (B, —B)
11.
13.

Yes, by Exercise 10.

Solving the characteristic equation 2 — at — b = 0,1 = r or 5. So the general
solution is U, = Rr" + Ss", where R and S are to be determined. The two
initial conditions yield the linear system R 4+ § = ¢ and Rr + Ss = d. Solving,

R c+ 2d — ca Pand S c 2d — ca 0 U Pri 4
= -t —= = - ——=0; " U, = Pr
2 2Va2+4b 2 2Ja?+4b

QOs",n > 0.
Leta = b =61 = 1,B = —-10,andc = 0. Thenm = 109 and N =

-1 x  Fi . X Fi 1
—10; .- = —; that is, } —— = —.

(-10) - 109 E,: (—10) T (—10) 109
n . 1/F . F, 1 )

(Pond) Since lim S+l _ im 1Ew1 = lim —— = = < |, the series

n—o0 q, n—oo l/F,, n—=00 iy o

converges by d’ Alembert’s test.

n

1
(Lindstrome) Let S, = ) ok Then 24083 = 240 + 240 + 120 + 80 + 48

| i
240 240 240 240 240 240 240
30+ ot T sy T eo tiag Tz 83 5> S
803/240.
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21.

23.

25.

27.

29.

31

33.

35.

SOLUTIONS TO ODD-NUMBERED EXERCISES

1 1 1
(Peck) Since ¢! = aF, | + Fy,, sum = Z = — ( ) =1.

artl a2 \1-1/a

o (=]t % FyFpig — F”2+1 0 ( 1 Fott )
Graham —_— — T = G (LU
( ) Z F Fn+1Fn+2 ; FnFn+1Fn+2 Zl: Fn+l FnFn+2

© 1 Fup- ) % ( 11 ) %0 ( 11 )

- - =+ = -—— )+
(; Fn+1 F, Fn+2 21: n+1 Fn Fn+2 ; Fn+l Fy
< 1 ® 1
> =-1+4 (Z _— 2) = —3+ ) —. The desired sum now follows.
1 Fn+2 1 Fy 1 F

F, Foi1— F,- 1 1

(Parker) = il L = -

Fn—an+l Fn—an+l Fn—l Fn+l

(1 1
. LHS = -
' Z(Fn—l Fn+l>

2

(1 1 SEEAYYS SER N4 IS A RN O
=\i72)t\173 25 38 11

=2
As in Exercise 25, LHS = f: ( ! ! ) = (1 L ) +
’ ~ 5 \Gui Gap a a+b
1 1 4 1 1 + _ 1 1
b a+2b a+b 2a+b Ta b
n Fi_y — F? " (Fy F
HS = 1 Ll_’_]_.___ = 1 ol A = 1
RS = 14 %S HR A W *
Fui B Fop
—_— )= =LHS
( Fn Fl) Fn
. . m Fon
(Carlitz) Since Fouyy =  FpyiLyy2a — Fup2L,, Z —_— =
1 LnLn+1Ln+2
m F, F, F, F,
Z( ntl __Faiz ) =2 _ m+2 _ Since lim m¥2
L,Lpy Lpi1Lnsa LiL, LmnyiLm+2 m—>00 Ly y1Lpys
0, the result follows.
Carli S=45 & -=n" -3 (=1" 1
(Carlitz) LHS = /5 20: Q2@n+l) _ genth) Z 22D | [ — g-A@ntD
—2Q2r+1)
= /5 OZO:(_I)n io: o —2@r+D2n+D) — J3 Z o
n=0 r=0 =0 1 + a—4(2r+l)

V5 Z ! = RHS

a2(2r+l) + ﬂ2(2r+1)

n 1
"]”*°°01 IFka+1 Fiy1Foya n—soo \ F1F,  FuiiFuy2
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1 1 n Fii3— F
37. }j( ) = ——k2 7Tk That s,
FiFiri Py Fipi FoaFrss T FiFrv1 Fipa Frys
1 n Fr1
=2 kL Asn - o0,
1-1-2 Fuy1Fas2Fuss T FiFir1 Frg2Fras
e 1 1
2y ————— — — — 0 = —. The desired resuit now follows.
T FiFiq Fk+3 2 2

" Fp 12 1
39. Let §, = 3 —H! > (— - —)
1

1 Fy Fk+3 Fe  Fiys

_1(1+1+1 1 1)
2\ F s Fuyi Fayz Fags

1/5 1 1 l .
=_({Z - - — oo lim § = =
2\2 Foi F. F.i3 n—»00

—X & P .
TS = 3" C;x'. This series converges for |x| < r, where r
1 —3x +x 0

is the zero of of 1 — 3x + x? with the least absolute value, namely, 8%; -.1 —x =

h

»~

4]1. (Mana) Let

o0
(1 = 3x +x%) Y C;x'. Equating the coefficients of like terms, Co = 1, C| = 2,

0
and C,4y — 3Cyy1 + C, = 0 for n > 2. This implies C, = F3,4;.

43. Notice that 8 < Fi /Ly < —pB. Using Egs. (36.15) and (36.16), LHS =
Fk/Lk FiLy Fy
2,72 12 27 72 > = RHS
|- F/Ly—F;/L; Li—LiF,—F; L, — L Fy — F}

EXERCISES 37 (p. 456)

5
I. Whenn =5,LHS = x }_ fi(x) = x[1+x+ (2 + D+ (3 +2x) + (x* + 322 +
]
DI=x4+x* 443+ 322+ 3x = +43 430+ * +3x2+ D=1 =
6
fo(x)+ fs(x)—1 = RHS.Whenn =6, LHS =x }_ fi(x) = x[+x+(2+D+
1

B2+ 43324+ D+ +4x3 4+3x0)) = 2O+ x5 50 a3 62 4 3x =
O +5x* +6x2 4+ D+ (x° +4x> +3x) = | = f(x) + fo(x) — 1 = RHS.

3. fiolx) = farse1(x) = fs(x) fo(x) + fa(x) fs(x) = (x* +3x2 + (x> +4x3 +
30+ (2 +200* +3x2 + 1) = x% 4+ 8x7 + 21x° +20x3 4 Sx

(9= 025 _ (9 8Y 7. (7TY,5.(6),3
5. flo(x)—jg( i )x f_(0>x9+(l)x +, )+ 5) 0+

(Z)x =x° 4 8x7 + 21x° + 20x3 + 5x

6
7. f1(x) = lefi(x)ﬁ—i(x) = 2[fix) fe(x) + fox) fs(x) + falx) fu(x)] =
2[00 +4x3 +30) +x (0 302+ D + (2 + D3 +2x)] = 6x° +20x3 + 12x
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9. (Swamy) LHS = [(x3 +2x) fus1 () + 2+ 1) £ )G +25) fur1 () + (2 +
D £HOD1=xy[(3+ D) furt O+ x [ UG+ D) o1 D)+ ¥ (D] — (22 + ¥+
Dxfur1 )+ LGN Sor1 D+ Y O = xY froi1 () for1 )+ [a(X) (W) =
Lt ) frot IO + 2007 + 2y) —xy(3 + DO+ D) — xy(x? + y* +
2) ~ xy1+ fart ) frDIE +20) P + 1) —xy? (2 + 1) — x(x2 + y? +2) —
L) frnt IO +D P 42y) =22y (P + D)~y (x4 y?+2) + fo(x) f (2 +
D2+ —x2y2 =34y +2) +1] = 0« fr11 () fr1 () +0- foip1 () £ () +

11.

13.

0 fu(x) fasr1 (M +0- fulx) fu(y) =0.

0 /_ , 0 . ,
Notice thatg;(x) = ¥ ( jj)x‘zf =land g (x) = Y (1 i j)x"zl =x.

j=0 Jj=0

=2/2) () _ i _ 9 _
Besides, xg,_1(x) + gn—2(x) = Y (” J )xn—2j—] +

j=0 J
“"‘ZWZJ (n —J- 3)xn—21—3
j=0 J

When n is even, say, n = 2m:

j=1

. m—1 .
2m —J- 2) xIm-2-1 Z (2”1 .—-j 1— 2) (2m=2j-1
j Z\

(2m "'_] —2) + (2m —j —2)]x2m_2j_]
J i—1

m—1 .
— Z (Zm —_] - 1)x2m-—2]—-l = me(x)
o J

-1 , -1 .
=m (2m“.]_2)x2m—2j-—l+m (2m_—1—2>x2m—2j—|
; J ; j—1

Similarly, when n = 2m + 1, RHS = g;,,4(x). Thus, in both cases, g,(x)

satisfies the recurrence relation Eq. (37.1). . g,(x) = fa(x).
Follows by Exercise 10.

15, Let g(t) = 32 fan (o). Since fo(x) = 0 = fon(x) — (2 + 2) fano®) +
0

fan—a(x), it follows that [1 — (x2 + 2)2 + *1g(t) = xt%; .. g@®)
xt?

1~ (2 +2)2 + 1%
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17.

19.

21

23.

25.
27.

29.

31
33.

35.
37.

39.
41.

43.

RHS = xE fna + X fun( = 55 fni
0

1 mel X xt? 1, At _

) %:fz"“(")’ T2 1= (2422414 *i 1— (2422414

x241-1¢2
1—(x2+ 22+ 14

_a(x)-Bx) _ ) =B o

HGx) = 20— B I ox) = —————a(ﬁ)_ﬂk(x) = o;(j) +;:3(T) = x;

and xfi(x) + fi-1(x) = P —p + o« P =
a—f o —

1

ak—l(xa + l) _ ﬂk—l(xﬁ +1 _ ak—l(aZ) _ ﬂk-l(ﬂz) _ dk+1 _ ﬂk+

- 1)

«—p - o—f a—p
where @ = a(x) and 8 = B(x). So f,(x) is the Fibonacci polynomial.
n 2%(n + k)! 1 n-l n+ k)!
g(3/2,n) = ¥ = ( )

Sm—k—DIZk+ D! 2% T A Ck+Dn—k—1!
"l n4k _

:-’;:) <2k +1 ) = Fan

Since Hy(x) = 1 = fi(x) + fo(x), the statement is true when n = 0. Assume
it is true for all integers i < n : Hi(x) = fi1(x) + fi(x). Then H, (x) =
XHy(x) + Hy— 1 (x) = x[fo41() + fo O]+ [fn (X)) + foo1 (0] = [xfr1 (X)) +

L2+ [xfu(x) + fum1 (0)] = fur2(x) + fo1(x). Thus, by the strong version
of PMI, the result is true for all n > 0.

2x +2:4x2 +4x + 1;8x% + 8x2 +4x + 2; 16x* + 16x3 + 12x2 + 8x + 1.
Ya(1/2) = L,
[o,¢] -
Let g(t) = X ¥, (x)t". Then (—1 + 2xt + t%)g(t) = —2x¥o(x) — Yolx) —
0
dxt —t —2

Yyt = —dxt —2~1t; . g(t) = 12 =12

() =F,

Letg(s) = f}yn(x)t".Then (A =xt—12)g(t) = yo+ (i —xyo)t = t; . g(t) =
)]
t

1 —xt—12
yn(l) =Ln
o0
Let g(t) = > ya(x)t". Then (1 — xt — })g(t) = yo + (y1 — xyo)t = 2 +
0
24 (1 =20t
(1=2x)t; . g(t) = T

(1) = F,

oc
Let g(t) = Y_ za(x)t". Then (1 —t — xt?)g(t) =t,50 g(t) = ————
0 1—t—x22

zn(1) = L,.
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45. Letg(t) = ZO:Z,,(x)t". Then (1 —t —xt?)g(t) =2 —t,50 g(t) =

2~
1—t—xt?

47. Expanding D, (x) with respect to row 1, D, (x) = 2xD,_,(x) — i A, where

i i ... 0
0 2x ... 0 .
a=|] T | = iDua(x). S0 Dy(x) = 28Dp_1(x) + Dpoa(x);

0O - ... 2x
o Dp(x) = @u(x).

EXERCISES 38 (p. 467)

L.

3

11.

13.

15.

17.

19.

x4 11x° +44x7 + 7755 + 5523 + 11x
. Since f1(x) + fo(x) = x = l;(x) and f3(x) + fi(x) = x2 + 2 = L(x), the
statement is true when n = 1 and n = 2. Assume it is true for all positive integers
< n,where n > 2. Then fp12(x) + fu(x) = [xfrs1(x) + fr(X)] + [xfu_1(x) +
Sa2(0)] = x[ fot1(x) + fac1 O] + [fn(x) + fa2(0)] = xLi(x) + 11 (x) =
1,+1(x). Thus, by the strong version of PMI, the result follows.
o Xl (x) = xLfas1(x) + foa1 ()] = [xXfas1 (X) + fua ()] = [fa(xX) — xfr1(¥)] =
Sar2(x) = fa-2(x)
0 ifnisodd
- B(n,0) = 2 otherwise
B(n,n—-1)=0; Bn,n)=1; B(n,j)=Bn—1,j—1)+ B(n -2, j), where
l1<j<n-3,nz=4
. Leta = a(x) and B = B(x). Then [;(x) = a + B = x; Lh(x) = a® + B2
(@+PB)?—2aBf =x2—2(—1) = x>+ 2 and xl,_ (x) + L2 (x) = x(a""!
ﬂn—l)+(an—2+ﬂn—2) — an—2(xa+ 1)+,B"‘2(xﬂ+ 1) = an—2a2+ﬂn—2ﬂ2
a” + B" = l,(x). Thus I,(x) is the Lucas polynomial.
Let @ = a(x) and 8 = B(x). Then (@ — B)’LHS = (a" — B")? + (@"*' -
ﬂn+l)2 — (12” +a2n+2 +ﬂ2" + ﬂ2”+2 — a2n+l(a +a—-l) + ﬁ2"+l(ﬂ + ﬁ—l) =
oo — B) — B (a — B) = (a — BY(@® ! — g¥th); - LHS = fru11(x).
Let « = a(x) and 8 = B(x). Then LHS = (a" ! + g (o™ + g"*!) —
(@" + B = @) e + B —2@p)" = (-1 T2+ ) +2(-) =
(=1)""1(x? +4) = RHS.
a"(x) + B*(x) = I,(x) and a"(x) — B"(x) = vx% + 4f,(x). Adding the two
equations yields the desired result.
xxl—1x3—2x;x* =322 41,

I+ 1

Clearly, go(x) = 0Oand g;(x) = 1. Lety = y(x) and § = 8(x). Thenxg,_;(x) —
o) o Yy 1) =828 - 1)
8n—2(x) = - = =
y-~3$ y—34 y—39
n_ gn
Y = gn(x)-

-3
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21. Lety = y(x) and § = §(x).

(= H(y" —8")2
xr—4
= 4(y8)" =4-1" = 4 = RHS

LHS = (y" +8") - =" +8) - (" 8"

-1 i i .
23. Clearly, go(x) = Z( 'l. 1)(—1)'x—2'-' = 0 and gi(x) =
0

0 — . .
Z( i’)(—l)’x‘z‘ = 1. Whenn > 2:
0

{n—-2)/2}

Xgn-1(X) — gn—2(x) = Z (n _; - 2) (_,l)ixn—2i—l
i=0
L(n=3)/2] i3 ‘ ‘
_ Z (" l )(_1)1xn—21—3 (1)
i=0 !
Letn = 2m:
m-1 .
RHS = <2m _[l - 2) (_l)ix2m—2i—l
i=0
= 2m —i -3
- i 2m—2i-3
i=0
m—1 R
= (2m _'l - 2) (_1)ix2m—2i—l
i=0 !
m—1
2m — J -2 1V p2m=2j—1
+§<1—1)‘”x
j=

m—1 . .
_ Z[(Zm -—-.1 ——2) + (Zm.—t —2)] (—1yix2m-2i-1
i i—1
0
(2m—i—1
— -t i.2m=2i—1
- Z( i—1 )(‘1) o
0

[(n—1)/2] n—i—1 ) )
= Z ( i ) (_])'xn_Z'_l = gom(x) = gu(x)

0

Similarly, when n = 2m + 1, RHS of (1) yields g, (x).
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25.

27.

29.

SOLUTIONS TO ODD-NUMBERED EXERCISES
. [+¢] o0
Since lon(x) = faus1(X) + fou1(X), L ba)N* = Y fanp1 (7 +
0 0
% 1—12 12—t
e = " =
2 1 () i e R e L s B T

- @2+ 2t
1— (x2+2)12 1%
(Webb and Parberry) Let x = 2icosf, where 0 < 8 < m. Then a(x) =
' V=dcos’ 0 + 4
2icos6+ V400044 _ ;056 + sind and similarly, B(x) = i cos8 —

2
j 6 iné)* — (i —i n
sinf. Then f,(2icosf) = (icos6 +sin6)" — (icosd —sing)"

(—i)" (e—"“ + ") _ i)"-l sinné 2sinf
‘. [aQRicos@) = 0 iff sinn@ = 0 and

sin @ 7&0 that1s,1ff9 kn/n g/here 1<k<n-1.

xty_1(x) + ta1 (x) = x[bxfu_2(x) + afu—3(x)] + [bxfa—3(x) + afn-s(x)] =
bx? fu_2(x) + axfu_3(x) + bxfuo2(x) + afua(x) = bx[xfu2(x) + fu_3(x)1+
alxfp—2(x) + faa(@®)] = bx fu_1(x) + afp—2(x)] = tn(x)

since f_;(x) = 1.

EXERCISES 39 (p. 476)

1.
3.

x5+ 15x* +35x3 4+ 28x2 4+ 9x + 1; 6x° + 35x* 4 56x3 + 36x% + 10x + 1.
1] 0

Notice that J; (x) = 3 (8) X =1land hx) =3 (g) x° = 1. Besides,
0 0

L = 1)/2) + ) clo-2/21-

Ln-2)/]
Jn—1(x) + xJp_2(x) = J;O (L(n -2)/2]-j

[(n—-3)/2]
Ln =2)/2]+j \ _1n-3)25—j
tx (L(n—a)/zJ—j)" ’

Let n be odd, say, n = 2k + 1.

k—1
— k+j k—j—1 k+1_1 k—j
RHS—Z<k_J 1) +Z PR

Jj=
k
k+ 1 k+j-1 .
=Z( k]] )"k ’+Z(k—j‘—1)xk ’
1 0
k
>

k+j—1 k+j—1\7 4y A
[( / )+(k_j_l)]x Fl4x
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Similarly, it can be shown that the formula works for n = 2k. Thus it holds for
alln = 1.

5. Let r and s be the zeros of t2 —t — x. Then 1 — 1 — xt? = (1 — ri)(1 — s1).
1 A

o0 1
Let Wt = = = , wh
etda —r-x2 ~ (=rm(=sn _ 1-r " T Vhere

r s 00 o0
————and B = —————.ThenRHS = A) r"t" + B s"t", so
1+ 4x V1 +4x % ZO:

rn+l _ sn+l o0

a, = Ar" + Bs" = ﬁ = Ju41(x), by Exercise 4; .. 3 Joy 1 (x)t" =
0

1

1—t —xt?

7. k,(1) =L,

9. k,(1)=L,

1. @,(H=1

13. {n/2]

x £ /X2 F4x
2

Let r denote the positive root and s the negative root. Thenr +s5 = x,rs = —x,
and the general solution is @, = Ar” + Bs". Since Q,(1) = 1 and Q,(2) =

x—s
x,Ar + Bs = 1 and Ar? + Bs? = x. Solving A = ——"— and B =
8 ro/x?+4x

r—x ] (x —s)r" (r —x)s"

— Qn(x) = + =
sv/x% 4+ 4x " r/x? +4x sv/x?+4x

x=s)yr" M@ —=x)s"t il r" —s"

15. Thecharacteristic roots, given by t2—tx—x = 0,aregivenby t =

Vx2 4 4x T U tdx Jxl+dx
17. The characteristic equation is u? — ux — x = 0; thatis, 1 —xt —xt> = 0.Let 1 —

o 1 1
xt—xt? = (1—rt)(1—st).Let ) apt" = =
0

1 —xt—-xt2 (1 =rt)(1 —s1) -
A
+L,whereA=—r——andB=—

Ky o0
—_; -.- antn =
l—rt  1-st Vx?+4x VX2 +4x Zo:
o] o n+l __ S"+I
AY r"t"+ BY s"t",s0a, = Ar" + Bs" = ———== = (Q,,1(x). Thus
0 0 x2 +4x

— xt Tl —xt —x?

o0 1 o0
2 Qun (0" = T 50 2 O (0" =
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EXERCISES 41 (p. 494)

1.

11.

13.

15.

17.

21.

We have b, = xB,_ +b,_,and x B, = (x*> + x)B,_ + xb,_; from Eq. (41.2).
Subtracting, xB, — b, = x?B,_; + (x — Db,_y; that is, (byyy — by) — b, =
x(b, — by_1) + (x — 1)b,_y, using Eq. (41.5). Thus b, | = (x + 2)b, — b,_1;
thatis, b, = (x + 2)b,—; — b2, n > 2.

=E(E )= () (e B2 ()

10

0 >x5=x5+9x4+28x3+35x2+15x+1

n n+i+1 n+i i _
.b,,(x) = Bn(x)_Bn—-l(-x) = ;[( n—i )_(’l‘—l‘_l>]x -

" n+i i
E(nt)s
n—1 n+l n+l—'1 .
xB,,_|(X)+bn—l(x)=x2(n_,‘_1)xl+§:(n—t—l) '
0 0
" n+i-1 ~(n+i-1
— - ! - i
"Z( n—i )x +Z("_’—1)
0 0
n

. Since by(1) = 1 = F}, the result is true when #n = 0. Assume it is true for every

nonnegative integer i < n, where n > 0. Then b,,(1) = 3b,(1) — b,—1(1) =
3Fn41 = Fan—t = 2Fon41 + Fon = Fauyy + Fany2 = Fapys. Thus, by the strong
version of PMI, the result follows.

Since bn(x) = Bn(x) - Bn—l(x)v bn(l) = Bn(l) - Bn—l(l) = F2n+2 - FZn =
F2n+1~

Using Identity (41.9), B,,4n(1) = By (1) B,(1) — B,,_1(1) B,—1(1). But By (1) =
F2k+2; R O F2m+2F2n — Fyu F3,2; thus Fm+2Fn — FpFpy = Fm+n-
Using Identity (41.12), By, (1) = [B,(1) — B,—2(1)]1B,_1(1); that is, Fy, =
(F2n+2 - FZn—Z)FZn- Thus Fap = (Fn+2 - Fn—Z)Fn~

(Swamy) Using Identity (41.7), b+ — by = (x + 1)b, — b,_; that is, xB, =
(x + 1)b, — b,_1, by Identity (41.5).

. By Identity (41.5), xB, = by4+| — by, and xB,,., = b, — b,_,. Adding, x(B, +

B, )= bn-H —by_y.
Follows from Eq. (41.21).
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23.

25.

27.

29.

31

33.

35.

37.

39.

(Swam)') From Eq. (41.9), (x + 2)b2n+l = b2n+2 + by = (byy By — b, Bp) +
(ann - bn—an—l) = bn+an+l - bn—l Bnhl-

(Swamy) b,, = B,b, — B,_b,_1, by Exercise 21, and by, = b,B,_; —
bn—an—Za b)’ Exercise 22’ b2n - b2n—-l = bn(Bn - Bn—l) - bn—l(Bn—l -
B,_») = b2 — b2_,, by Identity (41.6).

n—1°

n
(Swamy) By, = B? — B2 |, by Identity (41.11); .-, ;Bzi = B}~ B? =

B? - 0= B>

(Swamy) By Identity (41.22), by; = b;B; — b;_1B;_y; .. sz,' = b,B, —
0

b ,B_y=b,B,—0=0b,B,.

(Swamy) By Exercise 25, by —byi_y = b2 —b?_; .. zO:(bZi‘bZi—l) =b2-b2;

2n . 2n .
thatis, ) (—1)'b; — %, = b2 — b*,. Thus Y_(~1)'b; = b2.
0 0

Clearly, g1(x) = by(x?) = 1 and g(x) = xBy(x?) = x - 1 = x. Letn = 2k.
Then xgni1 + 8n = X8ok+1 + 82k = xbe(x?) + x By (x?) = x[x*By_ 1 (x?) +
b1 ()] + xBi_1 (%) = x[(x? + DBioj(x?) + b1 (x2)] = xBy(x?) =
22%+2 = 8n+2. On the other hand, let n = 2k + 1. Then xg, 41 + gn = xgok42 +
g+t = x[xBr(x)] + b (x?) = x?Bi(x?) + br(x?) = gox43 = gns2- Thus
gn(x) = fn(x)-

sin(n + 1)§  sinno _ sin{n + 1)@ — sin n6
sin68 " sin® sin @
2cos(2n + 1)8/2sin8/2  cos(2n + 1)8/2
2sinf6/2cos6/2 B cos6/2

Bn(-x) - Bn—l(-x) =

ba(x)

Using Exercise 35, b,(x) = 0iff cos(2n + 1)6/2 = 0, that is, iff 2n + 1)8/2 =

2k + 1
2k + D)mr/2, where 0 < k < n. Then 8 = —(2 + ;ﬂ,sox+2=2cost9 =
n

1
2 cos M.Thusx = 21]cos (2k—+)_£
2n + 1

P —1]=—4sin2<2"—+”’105k<
n

4n42

(Law) (a) First, we shall show that y, = (b, + b,_1)/2 = Cp:

M yo=We+b-)2=(1+1/2=1

Q) =1 +b)/2=[x+1D+1]/2=(x+2)/2

3B) (x + 2yt — Yu2 = (x + 2)(bay + bp2)/2 — (buz2 + bp_3)/2 =
[(x +2)bp_t ~ bu_2]/2+ [(x +2)by_ — bn_31/2 = (bp + bn-1)/2 = y,.
So y, = C,.

(b) Next we shall show that z,, = (B, — B,-3)/2 = C,:

(D) z0=(Bo—B-»)/2=[1-(-D]/2=1

Q) z1=(By—B_)/2=[(x+2)-0}/2=(x+2)/2
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By x+2Dzp1 — 2n-2 = (x +2)(By_y — By—3)/2 — (By—2 — Br—4)/2 =
[(x +2)Bn—l - Bn—2]/2_ [(x +2)Bn-—3 - Bn—4]/2 = (Bn - B,,_z)/z = 2n.
Soz, =C,.
Thus 2C, (x) = ba(x) + bp_1(x) = By(x) — B,_2(x).
41. Using Exercise 40, —Cp41(x)Cp1(x) + C2(x) = |$"+! — §"~1|/2 = |§"1}.
1 2+4x+2 —(x+2) —x(x +4)
2 _ = ~.1. = T
S 12 = 5 1 42 5 2 . Thus
Cr1(x)Cpo1(x) — C2(x) = x(x + 4)/4.
43. (x2+4x+2)/2; (x +2)(x2 +4x + 1)/2; and (x* + 8x> +23x2 + 16x +2)/2

EXERCISES 42 (p. 510)

1. Let G, = L,. Then 4 = -3 and Gn+l(Gn + Gn+2) = Ln+1(Ln + Ln+2) =
Lynt1 + Laaes. Thus Eq. (42.3) follows from Eq. (42.1).
1/Lon +1/Lany2 . _ Lon+ Lony2
1—1/Lyy-1/Lony2 ~ LasLonpz — 1

Fan 1 e —RES.
5FL,, P’ Fonti

3. Let 6, = RHS. Then tanf, =

2tan 6
1 —tan?0
=1£45 Since tan§ > 0,tanf = =15 = —p; - 6 =tan"! f = Jtan~'2.

1 -1 -1
Fon = Fons2 + tan Fopy
tan~!x + tan~! 1/x = m/2, this implies tan~! é = (n/2 — tan"! Fapy2) +
(/2 — tan~! Fy,y1) = m — tan™' Fp,4p — tan™' Fa,y. This gives the desired
result.

5. Let 20 = tan~! 2. Then tan20 = 2; that is, = 2. Solving, tanf =

Since

7. (Peck) We have tan~!

EXERCISES 43 (p. 516)

1LUs=Fs=5Us =Fg =21,X4=L3 =4,and X7 = L3 = 521. LHS =
5UsUs = 525 = X7 — (—1) X4 = RHS

3. XsX¢=LsLg=11-47=517=521 -4 = X7 4 (—~1)55X,.

5. LHS = 5V5Vg = 5F; 1 Fig = 5- 892584 = 1,149,880 = 1149851 + 29 =
Ly+L;=W;— (_l)Ls W, = RHS

7. Since L, = a" + "W, = abl + gl and W,y = alm 4 Bl
S W Wy = (aLn+2+ﬂLn+2)+(aLnﬂLn+l+aLn+IﬂLn) = Wy p+[al (—a L)+
Bl (=p7ID1 = Wep 4+ (D@l 4 gleathy <
Wasz + (=Di (@' + Blr=1) = Wopg + (=11 Wy

9. LHS = SU4Ug = SF3Fg =5-2:21 =210 =199+ 11 = L, + Ls =
Ws ~ (—1)*Xs = RHS
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I

13.

15.

17.

19.
21.

Since V5F, = o" — B",v/SU, = af — gF. Then 5U, U,, =
(aFn~l+Fn+l + ﬂFn—|+Fn+x) _ (aFn—lﬂFn+l + aFrH-IﬂFn—-l) = (aLn + ﬂL,.)
[o n+|( o~ Fr- I)+ﬁFn+l( —B Fo- 0] = _(__I)Fn I(aFn+l_anl+ﬂFn+l_anl) —
Wn — (=)t @b + BF) = W, — (= 1)F-1 X,.

2L13 = /503, —20(=1)2 + L1 = /53222 -20+322 = 1042; " L3 =
521.

2Lnyy =SFy+ Ly = /SLT = 20(=1)"+ L,; " Loy = [/SL2 = 20(=1)" 4
L,]/2.

L = @™ + % = (1 +20)" + (1 +28)" = 3° (7) [Qa) + (2B)] =

)
n
> (7) 27L;. Since Ly = 2, it follows that 2|L3,. Conversely, let 2|L,. Since
0
Fy, = F, L,, this implies 2| F,,; that is, F3|F,,. .". 3|n, since 3 /2.

EXERCISES 44 (p. 521)

1.

3.

1t

13.

15.

17.

Letz = a + bi. Then ||z|| = a®> + b* > 0.

Let w = a + bi and z = ¢ + di. Since wz = (ac — bd) + (ad + bo)i, wz| =
(ac — bd)? + (ad + bc)? = (a® + bA)(c? + d%) = |w]| - 1zll.

Since fi=1=14i-0=F +iFpand f, = 1 +i = F, +iFy, the
result is true when n = 1 and n = 2. Assume it is true for every positive
integerk < n.Then fop1 = fu+ fici = (Fa+iF )+ (Fooy +iF, ) =
(Fp + Fu_y) + i(Fy_y + Fy-2) = Fui1 + i F,. Thus, by the strong version of
PMLI, the result follows.

Letz =a + bi. Then Z = a — bi, so ||Z|| = a®> + b? = |z||.

foro = Foo+iF_yp = (=D"Fg+i(-1)"?F; = =55+ 8% and |, =
Lojo+il_yy ==DOLyp+i(—=D"Ly =123 —-199i

2m—1=T7and2n -1 = 21,502m - l|2n — 1. F7 = 13, F3F|| - F4F10 =
2-89-3. 55—13 SO F7|F3F1|—F4F|()

LHS = (Ly-y +iLy—2)(Lp41 +iLy) — (Ly +iLy—1)* = (LyoyLag — LY) —
(Ln—aLn = L2_)) + i(Lpy1Lnz — LyLyy) = =5(=1" + 5(=1)""" —
5(—1)""1' = 10(=1)"! — 5(=1)"*li =502 - i)(—1)"*' = RHS

LHS = (F, + iF,n)? + (Fat +iF)? = (FP+ F2 ) — (FL, + F) +
2i(FnFn—l + Fn+an) = F2n+| - F2n—] +2i(F2n) = F2n + 21F2n - (l +
2i)F>, = RHS

fnln = (Fn + iFn—l)(Ln + iLn—I) = (FnLn - Fn—an—]) + i(FnLn—l +
Fo_iLy) = Foy—Fpp 2+i(2F2n-1) = Fou_1+2i Fpy = (142{) F5,-1 = RHS
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19. LHS = (L, +iLp—1)* = 5(F, + iF_y)? = (L2 = 5F}) — (L2_, = 5F2 ) +

21.

23.

25.

2i(LyLpy =5F,Fyy) = 4(—1)" —4(-1D"" 1+4t( "= l—-4(2—1)( " =
RHS

LHS = Z(sz 1+iFy ) = Zsz 1 +lZF2k 2= Fyy +i(Fopy —~ 1) =
fz —i —RHS

2n 2n n
LHS = Z(_l)k(Fk + iFk—l) = ;(_l)ka + iZ("l)ka_l = ZFZk -
1 1

ZFZk 1+z[zF2k 1—):F2k] (Fang1 — 1) = Fo +i[Fon — (Fan_1 — )] =

(an 1—1)+1(F2n 2+l)—(F2n 1+iFp-2) =i—1= fon_1+i—1=RHS
Cncn—(Fn+an+l)(Fn—'Fn+l)—F +F+1—F2n+l

EXERCISES 45 (p. 526)

1.

11.

1(0) = l(w) implies 2 = a® + B%. I(z + w) = l(z) implies a¥** + ¥+ =
o+ B thatis, a2 4+ B2 (2—a®) = a*+p%. Thena” (a* — B%)+287 = a*+ B2,
s0 a¥(a* — B*) = a* — . Thus a® = 1, so Re(w) = 0. Let w = 0 + yi. Then
a¥ = 0, which is possible only if y = 0. Thus w = 0, a contradiction.

. 5-RHS = (@**' 7))+ (a* — %) = a*(a@+1)—p3(B+1) = a*-a>—p=p% =
ait? — B+ = §5f(z+2); - RHS = f(z +2) = LHS.

. LHS = (&% + 89)? — (&% — 9)? = 4(aB)® = 4(—~1)* = 4¢"% = RHS
_ I A S 1 ¢4
—_ = z Z == = =[ .
I(—2)=a %+ 8 @B v (z)

5-RHS = (o% — p)(a¥*! — ¥+ + (@ ! — B+ ) (¥ — B*) = a**¥(a +
a )+ B+ -t @B+ ) —av B B+ 1) =tV (@~ B)
ﬂz+w(a B) = f(az+w ﬂz+w) - RHS = f(z + w) =LHS
1 (Infe — In*B)n*

Let w =0and z = n in Eq. (45.1). Then F,, = Z T
5 k=0 !

EXERCISES 46 (p. 532)

1.

B(n,0)=1=B(n,n),n>0;
Bn,j)=Bn—-2,j—1)+Bn—1,j—1D)+Bn—-1,j),n=2,j>1.

EXERCISES 47 (p. 536)

x2 1 03rx2 10 X*4+x x2 1
.Q2=[x 0 1“x 0 l]:[x3+l x 0}
1 0 odL1 0 0 x? 1 0
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2 1 0qrxt+x x2 1 0420341 x*+x x?
Q3=[x 0 I:H:x3+l x 1]:[ x5+ 2x2 341 x]

I 00 x? 1 0 x? 1 0
5. 8,15,29
7. T}
2 trt+l 5 t;:
* *
9 0" = |"* t Fal g X NI I o A
. * * *
x‘n + tn—l th—l + tn—-2
t* t*
n n-1
s Ly s
Xy X s, XU xt 1
Xty , ity 5 Xty a1y,
* *
tn—2 tn—3

11. By Exercise 10, |Q"| = (—1)"*!. Since ty(1) = T, it follows that the given
determinant equals (—1)"*',
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