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Beryn

Ha cporomni pedopma oOCBITM BHUMara€ TMOUIYKY MPHUHIMIIOBO HOBHX
TEOPETUYHUX 1 MPAKTUYHHUX PIMICHb IIOJ0 MOKPAIEHHS 3arajibHOi SKOCTI OCBITH.
[IpiopuTeTHe Miclle y IIbOMY KOHTEKCTI MOCIJal0Th TPOOJIeMH HAaBUYAHHS JAUCITUTLIIH
MPUPOTHUIO-MaTeMaTnyHOTO Iukiy. B Konmenii JlepskaBHoi miIbOBOI cOITiaabHOT
OporpaMy MIABUIIEHHS SKOCTI MIKUIBHOI HPUPOJAHHUYO-MATEMATUYHOI OCBITH Ha
nepiog 10 2015 poky 3a3Hau€HO, 110 B YMOBaxX PO3BUTKY BHCOKOTEXHOJIOTTYHOTO
1H(opMaIIITHOTO CYCNUIbCTBA B YKpaiHi BUHUKAE HEOOXIHICTh MIJBUILCHHS SKOCTI
MaTeMaTUYHOT OCBITH YYHIBCHKOT MOJIO/I.

Hapuannss B Mamiii akajgemii Hayk YKpaiHM CIHpUS€ TOTJIHUOJICHHIO
MaTeMaTUYHUX 3HAHb YYHIB, YJOCKOHAJEHHIO YMiHb Ta HAaBUYOK pPO3B’S3yBaTU
3a/1aul Pi3HUX PIBHIB CKJIATHOCTI. 3aMOPyKOI TOCATHEHHS MO3UTUBHUX PE3yJIbTaTiB
€ e(peKTHBHE 3aCTOCYBaHHS HOBITHIX METOJMK MiJ 4Yac pO3B’SA3yBaHHS CKJIAJHUX
3ajad.

Oco0nmBe 3HA4YeHHS MAalOTh TEMH, BHBYCHHSA SKAX BHUMarae TIHOOKOTO
pPO3yMIHHSI MaTeMaTHKUA SIK HayKd, C(HOPMOBAHOCTI OCHOBHHUX MAaT€MAaTHYHHX
KOMITETEeHTHOCTEH y4HIB. OJHI€I0 3 TakMX TeM € (YHKIIOHAJIbHI PIBHSHHS, SIKI B
Kypcl TMporpaMM MaTeMaTHKH JUJId 3arajbHOOCBITHIX HAaBYAJBHHMX 3aKJIAJIB
PO3TJISAAIOTECS  HENOCTaTHbO, aje IMPEACTaBleHl B 3aBAAHHAX MaTeMaTHYHUX
OJIIMITIaZl, TYPHIPIB, KOHKYpPCiB, 30KpemMa BceyKkpaiHChKOro KOHKYpCY-3aXHUCTY
HayKOBO-IOCIIIHUIIBKUX poOIT yuHiB — wieHiB MAH Vkpainu.

BuBuennss temMu «@yHKIIOHAJIbHI PIBHAHHS» Kypcy MaTeMaTHKu B Maii
akazieMii Hayk YKpainu nepeadoadae BUPIICHHS TAKUX 3aB/IaHb:

1. TlornuGneHHs 3HaHb y4HIB 3 TeMHU «HucnoBa QyHKIIIN.

2. Po3BUTOK 1HTEpECY 10 pO3B’SA3aHHS HECTAHIAPTHUX MAaTEMAaTHYHUX 3a]1a4 Ta

MaTEMAaTHUKHU 3arajioM.



3. 3HallOMCTBO 3 OCHOBHHUMH METOJAaMH PO3B’si3aHHS  (DYHKIIOHAIBHUX
PIBHSHB.

4, dopMyBaHHS yMiHb 1 HABUYOK CKJIQIaTH MaTEMAaTH4HI 3aja4i.

5. AKTUBI3aIliss ~ HABYAIBHO-I3HABATHLHOI Ta  MONTYKOBO-IOCHITHHUIIHBKOT
JUSITBHOCT1 YUHIB.

6. [TinroToBKa y4YHIB JI0 y4acTi B OJIIMITIa/Iax 1 KOHKypcax.

7. I[TocuneHHs MPUKIATHOI CIIPIMOBAHOCTI KypCy MaTeMaTHKH Ta MiABUIIICHHS
dbyHIaMEHTaIbHOI MAaTEMAaTUYHOT M1ATOTOBKHU.

JIst AKiCHOTO BWIBYEHHS IIi€] TEMH TEAAror Mae 3’sCyBaTH, SKAWA MaTepial
HEOOX1JHO MOBTOPUTHU JO IMOYATKy BUKJIaJaHHS HOBOI TE€MH, MiAiOpaTu 3amayi ajis
MEepIINX YPOKIB 1 CKJIACTH CUCTEMY BIpaB g (pOpMyBaHHS MPAKTUYHUX HABUYOK
pO3B’s3yBaHHs (YHKLIOHATBHUX PIBHSHb.

Opniero 3 mpobiem € g00ip 3amad JJjIsi PO3BUTKY KOHKPETHUX 3110HOCTEH,
CXHJIBHOCTEH 00/1apOBaHUX YUHIB 3 OTJISY Ha OCOOJIMBOCTI X MUCJICHHSI 1 HAYKOBUM
noteHian. HeoOXiIHO CTBOPUTHU TaKy CUCTEMY 3ajiad, sika BiJmnoBijana O cydacHUM
BUMOTaM MO3alIKUJILHOTO HaBYaHHs y Maiiii akajeMii HayK.

JloslydeHHs Y4HIB 10 pO3B’sI3yBaHHA (DYHKI[IOHAIBHUX PIBHSAHb CIIPUATUME iX

IHTEJICKTyaJIbHOMY PO3BUTKY, aKTUBI13aIlli M3HABAILHOT ISUIBHOCTI.



MeToan4Hi pekoMeHaaIlil 1010 BUBYEHHSI TeMH

«DYHKIiOHAJIbHI PiBHAHHA

BuBuennss Temu «DyHKIIOHAIBHI pPIBHAHHA» NOTPIOHO po3MoYaTH 3
aKkTyajizaiii 1eskux (axkTiB mpo QyHKIII.

Y4HI MarOTh ySBJIEHHS MPO YMUCIOBI (PYHKII Ta HaBUYKU POOOTH 3 HUMH.
BaxxnuBo, 11100 po3yMiHHS MOHATTA (PYHKIIIT BIAMOBIIANI0 IEBHOMY 00pasy.

CkoHcTpyroBaTr 00pa3 YUCIOBOI (PYHKIIII HE BaXKKO, MPUYOMY CJIOBO «00paz»
Mae€ 3MICT HE MaTEMaTUIHOTO TTOHSATTA.

YucnoBy ¢yHKIIIO MOXHA YyABUTH CcOOl SIK  JCAKUH  «amapar»
(«mepeTBOprOBaY»), IKUW y pa3l BKIAJAaHHA JIESIKOr0 YKClia X HUIIXOM IEePETBOPEHHS

BHA€ HOBE YMCIIO Y.

«Amnapar» (abo
HIepPETBOPIOBAY)

. . 1 o
Bispmemo, Hampukian, ¢Qyskmiio y=—. JSkmo 3akmacth B e
X

. 1
«MEPETBOPIOBAYW» YHUCIO X = 2, TO Ha «BUXOJD» OTPUMAEMO UYHCIIO y=7> @AKo
1 . o
3AKNACTH THCIO X ==, MATHMEMO y = 9. CUMBOJIIYHO LIE «IIEPETBOPIOBAY» MOKHA

1 . o
3anucaTv Tak: - 3po3ymMiJio, 10 IeH «amapar» Mpaloe 3a TaKUM MPUHIMIIOM:

. . . . 2
KOXXHE IMCHE 4YHCI0 X#0 IIHOCUTHCA 0 KBaagpary, IOTIM 1 OUINTBCS HA X

. . . 1
OTpI/IMaHI/II/I pE3YyJIbTAaT 1 Ja€ HA «KBUXOA1>» HOBC YUCJIO Y = —
X



o . 1
3a3HaunMo, SIKIIO B 3aJJaHUN anapaT 3aMICTh « A » MOCTaBUMO BUPa3 " (t=0),

TO Ha BHUXOJdI OTpHMaeMO Yy=t’, a skmo nocraBuMo Bupa3z f(X), To orpumaemo

B 1
SR

y

Crix 3ayBaKuTH, 10 B MaTEMaTHIIl 1ICHYIOTh e ¥ 1HII «amapatu». [lopsn 13
YHUCIIOBOIO (YHKITIEIO PO3TISAAI0Th TAaKOXK TakKl TOHATTA, SK «OMepaTrop» i
«(pynkuionam (i TepMiHa OyayTh 3po3yminimi i yuHiB 10—-11-x kmacis).

Yucnosa ¢yukyia € «amapar», SKUH 3a YHCIOM A€ YUCIO, TOOTO, B LEH
«arapar» 3aKJIaJJaloThCs YUCIIa, Ha «BUXO/A1» OJIEPKYIOThCS uHcia (0us. puc. 1).

Onepamop € «amnapary, KU 3a YUCIOBOIO (DYHKIIIEIO A€ YUCIOBY (PYHKIIIIO,
TOOTO B IIeM amapar 3aKiafarTbcs (PyHKLII, HA «BHXOI1» OJEPKYIOTHCS TAaKOX
¢byHK1ii (MPUAHATO TOBOPUTHU TaK: orepaTop Ai€ Ha (PYHKIIIO, B PE3yJbTaTi YOTO
BUHHKA€E HOBA PYHKUIA (Ous. puc. 1).

Dynkyionan € «amapar», SIKUH 3a YHCIOBOIO (PYHKIIIE€IO Ja€ 4YUCIO, TOOTO

3aKJIaar0Th B LIeH anapar QyHKIii, a Ha «BUXO/A1» OTPUMYIOTh YHCIA.

Amapar,
SIKUH JTI€ SIK
YHUCJIOBA

pyHKIIISA

Yucno

Yucnosa
bynKITIS

Armapar,
SIKAN JIi€ SIK
oreparop

A

Yucnosa
bynKITIS

Puc. 1.

Yucnosa
byHKITIS

Anmapar,
SIKUH JT1€ SIK
byHKIII0HAT

[Tpuknagom omepaTopa MOXYTh CIYT'yBaTH Taki omeparlii: 1udepeHiiiroBaHHs

Ta HEBU3HAYEHU 1HTErpan (Ous. puc. 2):



f(x) f(x)

A 4 A

A':d_A IAdX

y

F1(0)= df (x) F(X) = j f (x)dx

Puc. 2.

[IpukmagoMm ¢GyHKIIOHATY MOXE CIYryBaTH BH3HAUEHHMM IHTErpaj, TOOTO

b
BHpa3 j f (x)dx (Ous. puc. 3):

e

[ £ 00dx

[N

e
I%:In\x\f =Ine-Inl=
X

1

S

Puc. 3.

[ToTpiOHO BIAMOBICTH Ha TaKe 3alMTaHHS: 110 HEOOXIiAHO 3a1aTH, 100 BUHUK
amapar, sSIKkuid Ha3UBAa€ThCA YUCIOBOIO PYHKII€0? (3aMTaHHA MPO Te, K 3a1al0ThCS
TaKi «amapaTtuy, K orneparop 1 GyHKIIOHAJ, TOTPEOYIOTh T0JaTKOBUX 3aHATh).

Jlnst 3amaHHSA TaKoOro «amapaTy», sk 4uciioBa (yHKIiS, Tpeba 3a1aTu sSIKECh
npaBuiao abo0 3aKOH, 3a SKUM KOXXHOMY JIOIMYCTUMOMY YHCIYy Ha «BXOJI»
BIJITOBIJIATUME OJTHE MEPETBOPEHE YMCIIO HA «BUXOII».

UYucna, siki MOXYTh IMOJABATUCS Ha «BX1», 00 €IHAEMO B OJHY MHOXHHY 1
mo3HauyuMo ii uepe3 D, a yucna, 1Mo OTpUMYIOThCSI Ha «BUXOJI1», 00’ €THAEMO TEXK B
OJIHy MHOKHMHY 1 TO3HAYMMO ii uepe3 E.

BizbmMeMo Temep nBi HenopoxHi MHOKMHU D 1 E (He00OB’S3KOBO YMCIIOBI Ta

Pi3HI) i MOCTaBUMO Y BIJMOBITHICTh KOKHOMY €JIEMEHTY X 13 MHOKUHH D 3a neskum
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3aKOHOM a00 TpaBHIIOM (ITO3HAYMMO Horo depe3 f ) ouH 1 TUTBKM OJTMH €JIEMEHT Y i3
mHOXkuHE E. Came 3akoH f i HasuBaerbcs QyHKIi€ (200 BimoOpakeHHIM),
BU3HAYEHOIO0 Ha MHOXKHHI D 13 3HaUCHHSAM y MHOXUHI E.

TakuMm unHOM, y 3afaHH] QyHKIIT OepyTh y4acTh TPU CKJIQJ0BI: B1 MHOKUHU
D i E (ue Buximoueno, mo D = F') i BignosigHicTs f, sika KoxkHOMY enemeHTy x € D
BiZiHOCUTH onuH eneMeHT Yy € E. Ilosnawarots Tak: f : D—>E a6o D—'—E, a6o
y = f(x), ado (D, E, f).

MoBOI0 Teopii MHOXHH BiAMOBIAHICTH f € miaMHOkHHOIO MHOKHHK D x E, sika
€ JIeKapTOBUM TIpsIMUM J100yTKOM MHOXHH D 1 E, T06TO f = {(X, ¥): X € D, ¥ = f(X)},
XapaKTEPHOI0 O3HAKOIO fAKOi € BIACYTHICTh y HIWA Map 3 OJHAKOBUMHU MEPIIUMU
KOMIOHeHTaMu. Muoxuny f HasuBaioTh rpadikom ¢yHKIil. OTKe, MHOXHHA
BITOPSIKOBAHUX Tap BHAY {...,(X, Y),...}, To0TO map {...(X, f(X)),...} 3 HepiBHHUMHU
NEepIUIMMHA KOMITIOHEHTaMHM 3aj1a€e (yHKIIo, Ky mo3HadaroTh Tak: Y = f(X). Ilix gac
no3HaueHHs Yy = f(X) moBiIbHUI eleMeHT x 3 MHOKMHUA D Ha3MBaIOTh apryMeHTOM
¢GyHK11i 200 HE3aJIeKHOK0 3MIHHOIO, @ CHMBOJI ) — 3aJIEKHOIO 3MIHHOIO.

MHOXHHY TepIMX KOMIIOHEHTIB TMap Ha3WBaIOTh OOJACTIO BU3HAYCHHS
¢byukmii 1 mo3navyaroth D(f) a6o D(y), a MHOXHHY JpyrmxX KOMIIOHEHTIB ITap
HA3WBAIOTh 00JIACTIO 3HaUeHb PyHKIIIT 1 mo3HavaroTh E(f) ado E(y).

Sxmo 3amana ¢ynkmis Yy = f(X), a x — dikcoBanuii enement 3 D,
Yy — BUINOBIAHUYN oMy eleMeHT 3 E, TO KaxyTh, 110 y € 00pa3oM eJIeMEeHTa X, a caM
CIIEMEHT X € POo0oOpPa3oM elleMeHTa y miJ Jac BigoopaxenHs f. Muoxuny D dacto
e Ha3UBaIOTh 00JIACTIO BIJNPABJICHHS BIJOOpaKeHHS, MHOXHMHY E — 00JacTio
npuobyTTs, a f — rpadikom BimoOpakeHHs MHOKHHU D Ha MHOXUHY E.

3BepHIMOCS 10 pUCYHKY 4. BiH CTOCYeThCS KOHKPETHOI YHMCIIOBOi (DyHKIIII:
y=y1-|x. Ob6mactio BusHaueHHs D(y) e Bigpisox [-1, 1], a oGmacTio 3Ha4YeHb

E(y) — Bigpizok [0, 1].

JI71st 3py4HOCTI 11l MHOKHMHHU MOKa3aH1 HA OKPEMUX YUCIIOBUX MPSIMUX (puc. 4).



Enementu x=-1, X = 1 mepeTBOpIOIOThCA 3a 3aKOHOM f =,/1—|x| Ha ememeHT

y = 0, To6to enemenT Y = 0 € E € oOpa3om enemeHTIB x = +1e D. Ockinbku
enemenT x = 0 € D meperBopuBcs B enemMeHT Y = 1 € E, To x = 0 € mpoobpazom
obpazay = 1.

TakuMm yrHOM, unciaoBa MHOXHHA D = [-1;1] nmepeTBopriiacs Ha iHIIY YHCIIOBY

mHOxuHY E = [0;1] 3a 3akoHOM f = /1-|x|.

OTxe, yuciaoBa (PyHKIIs — 1€ BIAOOPaKEHHS JEAKOI YMCIOBOI MHOXKHUHU D,
gKa € oO0JacTI0O BU3HAYCHHsS (YHKIII, Ha IHIIYy YHCIOBY MHOXUHY FE, sika €
MHOKWHOIO 3HaUYCHb (PYHKIIII.

TakuMm 4YuHOM, SKIIO Yucr08a PyHKyisi — 1€ BIAOOpPAKEHHS OJHIET YHCIIOBOT
MHOXMHHU Ha 1HIIY YUCJIOBY MHOXHUHY, TO onepamop — 1ie BiOOpaKe€HHS IEesKOi
MHOXMHHU YHCJIOBUX (PYHKIIA Ha IHINY MHOXUHY (QYHKUIA, a ¢@yukyionanr — ue
B1I00pa)KEHHA 1€SIKOT MHOKMHM (DYHKIIIM Ha JEsSKYy YMCIOBY MHOXKUHY. K QyHKIIs
MOKYTh BUCTYIATH 1 yuCiIoBa QyHKIIs, 1 onepaTtop abo (GyHKIIOHAI.

3po3yMiJI0, 110 TOHATTS (PYHKIII € ICTOTHO IIUPIIUM, HIK MOHATTS YHUCIOBOL
¢byHKIii. Y mUpoKoMy pO3YMiHHI MOHATTS (PYHKINT BKIIIOYae B ceOe 1 YHCIOBY
¢yHKLIO, 1 omepaTop, 1 (QYHKIIOHAJ, OCKIJIBKH 1€ MOHSATTS OTOTOXXHIOETHCS 3

B1JI00pa)KEHHAM OJHIET MHOKMHU HA 1HIIY HE3aJE€XKHO B1Jl TPUPOIAN CAMUX MHOMXUH.



3 apcenany ¢QyHkIiit (BigoOpakeHb) BHUKOPHCTOBYBATUMEMO JIHIIE YHUCIIOBI
GbyHKIIl, TOMy 10 4YHCIOBOI (YHKII 3aCTOCOBYBATUMEMO TEpPMIH «(PYHKIIIs»,

BUJIUIIOYM onepaTop, GYHKIIOHAT K CAaMOCTIHHI TOHATTS.
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DOYyHKIIOHAJbHI PIBHAHHA

O3Hnauenns. OyHKIIIOHATBLHUM PIBHAHHAM HAa3UBAIOTh PIBHICTD, 10 CKJIAaay SIKOI

BXOJUTH HE3aJIC)KHA 3MIHHA 1 HEB1IoMa (PYHKIIIS IT1€1 3MIHHO.
Harpukian, piBHOCTI BUILY: 1) 2f (1) —xf(x) =x, x e R\{0},
X

2) f(sinx)+ f(cosx)=3, 3) f(x+y)=f(X)+ f(y) € QyHKIIOHATLHUMH PIBHIHHIMHA 3
HeB1OMOIO (QyHKITIE f(X).

@DyHKIIIOHAJIBHI PIBHSHHSI MOKHA PO3TISAATH sIK croci® 3amaHHs QyHKII, a
came 3aJlaHHs (PYHKIIIT SIK po3B’A30K (YHKIIOHATILHOTO PIBHSHHS.

VY Takux pIBHSHHSX IIyKaHi (yHKIII NOB’s3aHI 3 BIJIOMHUMH 32 JOIIOMOIOIO
orepalliii yTBOPEHHsI CKIaJIeHUX (DYHKIIIM.

Po3p13HAI0Th YaCTUHHUH Ta 3arajibHUI pOo3B’A3KH (PYHKI[IOHAIBHOTO PIBHSIHHS.
YacTuHHUI pO3B’SA30K (PYHKIIOHAIBHOIO PIBHAHHS — 1€ € (yHKIIA ad0 cucrema
GyHKIIM, sKa 3a0BOJIbHSAE PIBHSHHS Y 3a7aHid 00JacTi BU3HAYCHHS. 3arajbHUN
PO3B’S30K CKJIaJa€ CYKYMHICTh yCiX (YHKLIH, sIKI 330BOJBHSAIOTh PIBHAHHS. Byab-
SAKUW PO3B’S30K (PYHKIIOHATHHOTO PIBHSHHS 3JIEKUTH Bl TOTO, B SKOMY KJaci
¢yHKLIM  BOHO  po3B’si3yeTbest  (y  Kiacl  OOMEXEHUX,  HEMepepBHUX,
nudepeHIiioBaHuX TOIIIO).

[lepmr HiX BHUBYATH OCHOBHI METOAM PO3B’si3aHHS (DYHKIIIOHATILHUX PIBHSIHB,
PO3TJISTHEMO TaKi 3aj1aui:

3amaya 1. Ilokaxith, mo 3amaHa QyHKIiS y= f(X) 3a70BOJIbHSIE 3aJaHE

(byHKIIOHATEHE PIBHSHHS:
1 1 15
1) f(X)=x+—, 4f(5)-f(X)===, x#0.
) f(x) X (X) (x) ™

2) f(x)=3x*, f(sinx)+ f(cosx)=3.
3) f(x)=cosx, f(x+y)+ f(x—y)=2f(x)-f(y).

11



Po3B’s3aHH4.

1) Sxmo f(X)=X+i,TO f(1)=£+
4x X" X

1 X 1 1 4 1 4 1 16-1 15
(x) ) (4 x) ( x) X 4x X 4x 4x 4x

xz0. e 1

JIOBOJIUTB, IT10 3a/1aHa (DYHKITIS 33T0BOJIBHSIE 3a/1aHE PIBHSIHHS.

2) SIkmmo f(x)=3x*, To f(sinx)=3(sinx)* =3sin’ x, a f(cosx) =3(cosx)* =3cos’ x,
omike, f(sinx)+ f(cosx) =3sin®x+3cos? x =3(cos® x +sin®x) =3=3.

OTtxe, pyHKIsA f(X)=3x*> 3a10BOJILHSE PIBHIHHSA f (Sin X) + f (cos x) = 3.

3) Sxmno f (x) =cosx, To f(x+Yy)=cos(X+Yy)=cosx-cosy—sinx-siny,
f(y)=cosy, f(x—y)=cos(Xx—Yy)=cosx-cosy-+sinx-siny, TOOTO

f(x+y)+ f(x—y)=cosx-cosy—sinx-siny-+cosx-cosy-+sinx-siny=2cosx-cosy=2f(x)- f(y)
Omxe, pynkmis f(X) =COS X 3am10BOJIBHSIE PIBHIHHS

f(x+y)+f(x—=y)=21(x)- f(y).
Bagaya 2. 3a saxkux a ¢yskmis  f(x)=1-x—-a Oyae po3B’sI3KOM
(byHKIIOHATBHOTO PiBHSHHS: f(X— f(y))=1-Xx-Y.
Po3p’s3annda. Ilpumyctumo, mo ¢yHkmis f(x)=1-x—a € po3B A3KOM
BHX1JIHOTO PIBHSHHS, Tl f(y)=1-y-a, a
f(x=1(y)=1-(x-f(y)-a=1-x+f(y)—a=1-x+1-y—-a—-a=2-x-y-2a.
[TizcTaBnsitoun OCTaHHIM BUpa3 y BUX1IHE PIBHAHHS, MATUMEMO TOTOXKHICTD:

2—-X—y—-2a=1-X-Y, 3BigKu azé.

Orxe, pyHkmisa f(x)= % — X OyJlie po3B’sI3KOM PIBHSHHS.

Takum 4YMHOM, PO3TJISIHYTI 3a/1a4l BIJMIOBIIAI0Th TAKUM BUMOTaM:

1) 3agauya He € CKIIAgHOIO 1 g 11 PO3B’SI3aHHS BHUKOPHCTAHO MiHIMajIbHi
TEOPETUYHI B1JIOMOCTI;

2) bopmyarOBaHHS 3a7adi CIIPSIMOBAHE HE JIMIIE Ha 3aKPIIUICHHS MOHATTS PO
PO3B’s30K (DYHKIIOHATLHOTO PIBHSHHS, a M Ha PO3KPUTTS i7el OJTHOTO 3 ManOYyTHIX

METO/I1B pO3B’si3aHHS (PYHKI[IOHAIBHUX PIBHSHbD.
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3anuTaHHs: AK 3HAUTH PO3B’s3KK (pyHKLIOHANIBbHOTO piBHSAHHA? — [loTpibHO
BUKOPUCTATH METOJ ITi/ICTAHOBOK.

PosrnssHemMo cmouatky HadmpocTimn (QyHKIIOHAIBHI PIBHSHHS, SKI MOMKHA
PO3B’SI3aTH LIUM METOIOM.

3amaya 1. 3naiitu ¢yHKIIIO, sfKa BHU3HA4YeHA JUIS BCIX JIHCHUX X 1
sagoBonbHse piBaaaas: f(X"y)=y" f(x")

Po3B’s3anHs. Skiio Taka QyHKIIIS ICHY€E, TO 3aMICTh X MOKEMO IT1JICTABJISITH Y
piBHSHHS Oynb-SKH BUpa3, SKUM HE BUXOJUTh 32 MEXi 00JacTi BU3HAYCHHS
dyHKITI.

Sxkmo x=1, orpumaemo f(@)=a, tomi f(y)=ay". IlepeBipumo, un milicHO 1A
byukuis 3amoBosbHsge e piBHAHHA: sgxkmo f(x)=ax", To f(X"y)=a(x"y)", a

f(x")=a(x")". Omxe, f(X"y)=a(x"y)"=a(x")"y" =y "a(x")"=y"f(x").
[lepeBipka nokasye, mo QyHkiis f(x)=ax" € po3B’sI3KOM LIbOTO PiBHIHHSI.
MoskHa 3anpoIroHyBaTH YYHSIM CAMOCTIHHO pO3B’S3aTH TaKy 3ajayvy.

3agava 2. 3HaiiTi QyHKIIiO, sKa BU3HAYeHa V X # 0 1 3a10BOJIbHSE PIBHSIHHS:
1,_ .2
f(x)+3f(=)=x".
X
S0 KOMyCh 13 y4HIB OyJie BaXKKO 3HAWTH 1]I€0 PO3B’SA3aHHS, TAKUM yUHSIM

MOJKHA JIOTIOMOI'TH: Y BUXIJTHOMY piBHSHHI moMmiHaTHd X Ha M (60 x=0). Ilicna

. 1
IILOTO CIIUTATH, SKE K PiBHAHHS OJEpIKalld, UM He Take: | (;) +3f(x) = el ? Teniep

3pO3yM1JI0, IO PA30M 13 BUXIHUM PIBHSHHSM OTPUMAaHE PIBHSHHS YTBOPIOE CUCTEMY

f(x)+3f(£j:x2,

X

f(1j+3f(x):i2.
X X

nBox piBHsAHb 3 HeBigomumu f (X)i f(=):
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[TomMHOXHUMO Jpyre piBHSHHS Takoi CUCTEMH Ha (-3), a MOTIM J0JaMO 3

) ) 3 X
HEepIIMM PIBHSHHSAM, y Pe3yibTaTi 3Haxomumo: f(x) =57 8" ST 0105000070 (0105 I1Z000 (5
X

3poOUTH TIEPEBIPKY.
3agaua 3. Tpeba 3uaiitu GyHKIiO f, ska BusHadeHa npu Beix X#1,X#0 Ta

3aJOBOJIBHSIE piBHSIHHH:

(x+1)f(x)+f(ilj=x.

Po3B’s3anHs. SIkiio Taka (yHKINS ICHYE, TO 3aMICTh X MOYXEMO IT1JICTaBUTH B

JlaHe PIBHSHHS OYyJb-SIKUM BHpa3, SIKUM HE BUXOIUTH 32 MEXK1 00JIaCTI BU3HAYEHHS

X— x-1 x-1

¢byHKii. 3aMIHIOIOYH X Ha Ll’ OTPUMAEMO PIBHSHHS: 2X_1f[L) f(x):il,

sIK€ MICTUTH T1 caml HeBiaoM1l f(x) 1 f(—lj MaeMO Taky CUCTEMY BIIHOCHO

(x+1)f(x)+f[ilj= ,

HeBigomux f(x) 1 f(LJ: -
x—1 2x—1 X X
f(—] fx) ="

x-1 (x-1 —
, x—1 . .
Posp’si3aBmin i, Mmaemo: f(x)=——. IlepeBipka moka3ye, mo s (QyHKIS
X
X
. X— 1 X—=1 X2
3a/10BOJIbHAE aHE PIBHAHHS: (X +1) L X g X =0, x =1
X X
x—-1

JloriuHO michs PO3TIANY TAaKUX MPUKIAIIB CHOPMYITIOBATH CYTh METOIY
M1JICTAHOBOK.

Cymb memoody niocmano8ok nousi2ac y momy, wo:.

1) pisusinus mae po3s 'sa30k;

2) 0151 3MIHHUX, 5IKI 6X005Mb 00 OAHO20 PIGHAHHS, SUKOPUCMOBYIOMb OESKI
nIOCMAHOBKU, WO He BUX00AMb 3a 001ACMb BUSHAYEHHS WYKAHOI yHKYii, max
OMPUMYIOMb CUCEMY PIBHAHb, 0 OOHUM i3 He8i0OMUX € WYKAHA QYHKYIL,;

3)3a 0onomozol0 nepesipku  6NEGHIOOMbCS, WO 3HAUOEHA  DYHKYIs

3A0080IbHAE YMOBU 3A0aUI.
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bakaHo 3a3HaAYNTH BOXKIIMBICTh KOXKHOTO IMYHKTY METOTY T1JICTAHOBOK.

['0OBHUMHU TPYIHOIAMH MiJ YaC BUKOPHUCTAHHS IIHOTO METOAY € BIaIUi
nia01p miacTaHOBOK. Po3riistHeMo Aeski MpUKIaau.

3agauya 4. 3naiitu Qynkuito f, ska BU3Hau€Ha MPHU BCIX XeR 1 3a70BOJbHSIE
piBHAHHS: f(X+Yy)+ f(y—x)—(y+2)f(x)+y(x*—2y)=0.

Po3p’sizanns. Ilpumyctumo, mo Taka (QYHKIS 1CHY€E, TOJI B pe3yibTari
miICTAHOBKH X =0, oTpuMaemo: f(y)+f(y)—(y+2)f(0)-2y*=0. Hexait f(0)=a

(mpumycTUMo, 110 Taka (QYHKIIISA 1CHYE, 11€ MiIKPECTIOE BAXKIUBICTD MEPIIOTO MyHKTY
: : : , 1 N :
CyTl METOay MiJCTAaHOBOK), Toal f(y)=y +an+ a (*). IlepeBipka mokasye, IIO

BUpa3 (*) mae po3B’ 30K (YHKIIOHATBHOTO PIBHSAHHS Jiniie pu a=0. OcTaToyHO
Maemo f(t)=t>.

[{s 3amava miaTBEPIKYE, MO MEPEBIPKA € BaKIMBOI YACTUHOKO PO3B’SI3aHHS
(YHKI10HAJTLHOTO PIBHSHHS.

Po3B’sokeMo monepeHio 3ajady 1HIIMMM I1JICTAHOBKAMH, BIJIMIHHUMH Bij
MONEPEIHIX, Ta OPIBHAEMO PE3YJIbTATH.

ko Taka GyHKIIIS ICHYE, TO, BBIBIIU Y =0, OTPUMAEMO:
f(x)+ f(—x)—2f(x) =0, To6TO f(X)= f(-X) VX€R, a11e 0O3HaYae, 110
f(y—x) = f(x—y) 1 BUXIJIHE PIBHSHHS 3aMUILICTHCS TaK:
f(X+y)+ F(X—y)—(Y+2F(X)+y(X* —2y)=0, anpu Xx=-Y:
f0)+ f(2x)—(2—Xx)f(X) —x(x* +2x) =0, (2)
ampu x=y:. f(2x)+ f(0)—(2+x)f(x) +x(x* —2x) =0. (2

Bigussmu (1) Bix (2), matuMeMo (x +2) f (x) +(x—2) f (x) = 2x°, 3Bigku x =0 abo
f(x) = x°.

Takum unHOM, f(X)=X> € pO3B’SI3KOM BUXIJIHOTO PiBHSIHHS, MPO IO CBIAYUTH
nepeBipKa.

3amaua, po3B’si3aHa PI3HUMU MIJCTAHOBKAMH, JIOBOJHTH, 110 PO3B’SI30K IIHOTO
(YHKIL10HATBLHOTO PIBHAHHS HE 3aJISKUTH BiJ] OJHO3HAYHOCTI BUOOPY MiJCTAHOBOK,

TOOTO, PI3HUM IT1ICTAHOBKAM BIJIIIOBIIa€ OJWH 1 TOM cCaMUd PO3B’SI30K.
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3apaya 5. 3maditu  Bci  QyHkmii f:R—>R  Taki, 10 pPIBHICTh
f(x—f(y))=f(f(y))+x-f(y)+ f(x)—1 BUKOHYETbCI VX, Yy € R.

Po3p’s3anns. [Ipunyctumo, mo Taki GyHKIIT ICHYIOTh, TOJ1 3HAMIETHCS TakKe
3HaYeHHS yeR, mo f(y)=x (me xeR), i Oymemo matu: f(0)= f(x)+x*+ f(x)-1 (1),

- 2 . o o .
3BigKH f(X) = MTX, ne f(0)=a. 3po3ymino, konu 3Hainemo f(0), TO 3HAKIEMO 1

f (x). [lomunkoBo mymatu, mo f(0) MoxkHa 3HAWTH 3 piBHOCTI (1), BBIBIIM X =0, 60
npu x=0 3 (1) BurumBae f(0)=1, a 1e o3Hauae, mo f(y)=0. Moxe He 3HAUTHUCS
takoro y, mo0 f(y)=0. Ha 11e 000B’s13K0BO CJIi/1 3BEpHYTH YBary y4HiB 1 3allUTaTH:

K 3HaiTH 3Ha4YeHHs f(0) =a? 3BUYAIHO K, MOKHA MEPEBIPKOIO.

_ 2
asl(x ATV

Sxuo f(x):#, TO f(x—f(y)):a+1‘(X2—f(Y))2: : 2

)2

a+l-y’,,
ari-(fy)’ 20,7 _—
f(f(y) = > = > , 10yJ1eMO MaTH TOTOXHICTb:

a+l-y’ a+l-y?
a+1-(x—" ) asdl (O a+l-y?. a+1-x’
= +X-( )+

-1 (2) ne xyeR
2 2 2 2 (2) me xye

PiBHICTH (2) BUKOHYETBCS VX, Y € R, IKIIO aTJrlzl, T00TO TIpU a=1. Takum 4yuHOM,

2— X2 . . 2 — X2
> [TincranoBka nokasye, mo QyHkuis f(x) =

3aJI0BOJIBHSIE YMOBY.

f(x) =
3apava 6. Po3B’s3atu dpyHKIioHanbHE piBHIHHSA (D(f)=R):
1) f(x+y)=f(x-y)=4x,
2) 10y)=(f(x)",
3) f(xy)=siny- f(x).
Po3p’s3anHs. [Ipunyctrmo, o Taki GyHKIIT ICHYIOTb.

1) dxmo  x=y, orpumaemo f(2x)—f(0)=4x*, 1 wHexaif(0)=a, TOII
f (2x) =4x* +a. 3aMIHIOIOYH TEIEP X Ha % , MaTuMemo f(t)=t*+a.

[TepeBipka mokasye, mo f(x)=x’+a € IIyKaHO.
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2) IlincranoBka x=1 mgae 3MOry oOTpuMaTH BHpa3 g f(y), TOOTO
f(y)=(f@0)’, BBiBmmM a=f(l), Marumemo f(y)=a’ abo f(x)=a*. 3podbumo
nepeBipky: a¥ =(a*)’ =a¥. Orxe, f(x)=a" € mykaHoro.

3) ITincranoBkol0 x=1 oTpuMaemo f(y)=asiny, a¢ a=f(1). Y pe3ynbrari
IIEPEBIPKHA BIICBHIOEMOCS, IO JIMIIE NIpH a=0 MaeMo (YHKIIIO, SKa 3aT0BOJIbHSE

piBHsSHHS, TOOTO f(X)=0.

3ajgaui, po3B’si3aHHA SIKMX NOTPedy€ OaHiEI a00 JABOX HECKJIAJXHUX
NMiICTAHOBOK.

1. Po3B’si3atu dyHKIIOHANBHI piBHSHHSA (D(f)=R).

1) f(x+y)=f(X)+y Bignosigs: f(x)=x+a.
2) f(x+y)="f(x)e’ Bignosigs: f(x)=ae*.
3) f(x+y)+f(x—y)=2x*+2y? Bignosigs: f(x)=x2.
2
4) af (x)+ f(ljzax npu x=0,a#+1 Bignosiab: f(x):a(l——axz).
X X(l—a%)
5) xf(a—x)—2(a-x)f(x)=1 opu x=0,x=a Biamosias: f(x):ﬁ.

2.3uaiith  Bci  QyHkmii f:R—>R, skmo piBHICTE 2f(X)+ f(1-Xx)=x°
BUKOHYETBHCA JUIs BCIX XeR.

3.3naiitn  ¢Qyskmito f:R—>R, SKIIO BOHA 3aJ0BOJIbHSE PIBHIHHS:
F((x+y)*) = F(*)+ f(y*)+2xy.
4, 3HaiiTi (PYHKIIIIO, SIKa 3a70BOJIBHSE PIBHSHHS (X —2)f(X)+ f(— Ej— xf(2) =5
X

npu X =0 1 AOCTIAUTH 11 HA MAPHICTH 1 MEPIOAUIHICTD.

5. Yu icnye Taka ¢yHKIsa f, 110 AJ1g BCIX X,y e€R Takux, 1o x+y=01 y=0,

F9+f(y)

BUKOHYETHCA PIBHICTB: f(Xy) =
X+y

Taka cucTeMa BIpaB BiAMOBIAAE MPUHITUTIAM:
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1) AOCTYHMHOCTI — MOHSTTS 1 TEPMIHU 33124 BiZOMi a00 1HTYITUBHO 3pO3yMLiITi
VYHSIM; PO3B’s3aHHS TaKuX 3aj/a4 nepeadadae ogHy abo JB1 HECKIIAIHI IMiACTAaHOBKH,
a TepeBipka He ToTpedye BeMKUX 00UYHCIIeHb;

2) nudepentianii — ckiaamuim 3agaui (Ne 1 (4, 5), Ne 4, Ne 5) po3B’s13y10Th
«CWJIBHIII» Y4YHI1, @ MEHII MiATOTOBJICHI BUKOHYIOTH MIPOCTIIII 3a/1aui;

3) pI3HOMaHITHOCTI — XO0Ya J0 CHCTEMH BKJIIOYCHI OIHAKOBI 3a 3MICTOM 1
METOIOM PO3B’sI3aHHS 3a7adi, KO’KHA 3 HUX Ma€ CBOEPITHUIA HAO1p MiACTAHOBOK.

PosrisitneMo Ternep piBHSHHS, B SIKAX IM1ICTAHOBKH HE TaK OYEBHUJIHI, IPUUOMY
1HO/I TX JeKUTbKA.

3agaua 1. Po3B’s3aTn (dyHKIIOHATBHE PIBHSIHHS (D(f)=R):
f(x+y)+ f(x=y)—2f(X)(x+Yy)=2xy(3y—x?).

Po3p’s3annsg. Skmo mocmigoBHO BBecTH 1) x=0,y=t; 2) x=t-1Ly=1
3) x=-1y=t-1, OTPMAEMO CUCTEMY:

f(t)+ f(~t)—2a(l+t)=0
ft—2)+ f(t)=—2(t-)Q2t-t*—-4) ,nme f(0)=a, f(-1)=b.
f(t—2)+ f(=t)—2bt =—2(t —1)(3t - 4)

Po3B’s13y10um 1110 cHCcTeMy CTOCOBHO HeBimoMmux f (t), f (-t), f (t —2), oTpumMaeMo
f(t)=t’+t(a-b-1)+a. IlinCTAaHOBKOIO BIIEBHIOEMOCS, IO JHUIIe Tpu a=0b=-1
byukmisn f(t)=t®+t(a—b—1)+a 3aT0BOJIbHSE 1IC PIBHIHHI.

Otxe, f(x)=x° € €EIMHUM PO3B’SI3KOM.

Ax OaumMmo, mepeBipka Aaiia 3MOTy BHU3HAUYMTH 3HA4YEHHS a 1 b, 3a AKux
3HAMIeHU Ki1ac PYHKI[IH AIMCHO € PO3B’SI3KOM.

3amauva 2. Po3B’s3aTu (dyHKIIOHATBHE PIBHSIHHS (D(f)=R):

f(x+y)— f(x—y)= 2f(x+%)sin y.
Po3p’s3annsa. IlomiTumMo, mo mpu y= J_r% siny=+1, TOml 3IIMCHHUMO

nigcTaHoBku: 1) x=0,y=t; 2) x:—%+t,y:—%; 3) x:—%, y:_%+t_

OTpuUMaEMO TaKy CUCTEMY:
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f(t)— f(-t) = 2f(%)sint,
f(t—n)— f(t) =-2F(t),
f(t—7)— f(t) = -2 (0)cost.

[To3HauuBmm b = f(%), a=f(0) Ta po3B’s3aBUIKM CHUCTEMY, OTPUMAEMO:

f (t) =acost +bsint .
[lepeBipka nokasye, mo f(t)=acost+bsint € nrykatoro.
AHaJioriyHo npukiaagam 1, 2 po3B’sa3ytoTbes piBHSIHHSA (D(f)=R):
1) f(x+y)+ f(x—y)=2f(x)cosy;
2) f(x+y)+2f(x—y)=3xf (X)-y;
3) f(x+y)-2f(x—y)=2f(y)cosx;

4) 2f (x+y)— f(x—y)—(A—y) f(X) = y(6x+X* +Y).

3apava 3. 3HaiiTh PyHkIiro f 3 obnacTio BUu3HaUeHH D(f)= R\{— 2;0;%}, 10

3aJ10BOJIbHSIE (PYHKI[IOHATBHE PIBHSAHHS: 2 f (Lj —3f (BX — 2) S RN (8

x—1 2x+1) 2x-3x°
, ., 3X-2 t 3t-2
Posp’a3anns. Hexaii ol 1’ TOOTO X:ﬁ’ BPaXxOBYKUYU T€, IO
X+ - -
3t-2
X __t-3 =3t_2,(x¢1,t¢—1), 13x—4 (t 3(t=2) (X # OX¢2t¢O,t¢g),
x-1 3-2 , 2t+1 2 2x-3x2  2t—3t’ 3 3
t-3

IICTAaHEMO IIPH ITIICTAHOBIN V I€ PIBHAHHA: 2 f
P yuep [2t+1 t—1 2t —3t°

3t_2j_3f( t j: (t-3)(5t-2)

[To3HauuBIIHK t Yepe3 X, MATHMEMO: 2 f =2 g X\ (x—3)(5x2—2). (2)
2x+1 x-1 2X—3X

Po3B’s3ytoun cucteMy piBHSHB (1)-(2) CTOCOBHO 3MiHHUX f@x_ij 1 f(LJ
X+ X—

X x-1 1
orpuMaeMo: f| — |=——, (X#—-=,x#0,x# )
x—1 X 2 3
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. . X 1 x-1 1 _. 1
I, mapemTi, BBiBIIN 1 Z,0€ 2+ —2;0;5 , IpUYOMY =5 gicraneMo f(z) =

ITepeBipkoro nepexkoHyemocs, 1mo QyHkis f(z) 1 3a2/I0BOJIbHSIE YMOBY 3a/a4i.
Z

3agaua 4. 3maiitu Qynkuiro f 3 obmacTio BM3HadeHHs D(f)=R\{01}, mo

3aJI0BOJIbHSIE (PYHKITIOHATBHE piBHIHHS: f(X)+ f (X—_l) =1+x.
X
R . Xx-1 1 .
Po3p’s3annsa: Hexaih ——=t,(x#0), TOOTO X= ﬁ'(t #1), JICTaHEMO IIpHU
X —
. . . 1 2—-t

I11ICTAHOBII1 B 1€ p1BHAHHA: f (ﬁ) + f(t) = ﬁ’(t #1).

[To3HauuBIIM t YEpE3 X, MATUMEMO: f(li) + f(x)= ?,(x #1)
—X —X

Temep BBeAeMO B JaHE PIBHSHHSA X= u—_l,(u #0), ToOTO U= %,(x #1),
u —

u-1
. x-1 u -1 1 . .
MICTAaHEMO 3 ypaxyBaHHSIM TOIO, IIO T Ul 1y ,(u=1). Ilpn miacranoBul
u
MaTHMEMO: f(u_l)+f( ! ):2u—1.
u 1-u u
[T03HAYMBIIK U 9EPE3 X, MATUMEMO: f(X_1)+ f(1 ! ) = 2X_1, x e R\{0:1}.
X —X
TakuM YMHOM, JICTAHEMO CUCTEMY:
F00+ Y 214 x
X
1 —X . : x¥—x? -1
f(—)+f(X)=—— , PO3B’3KOM 5KO1 € PyHKIisa f(x)=—————,xe R\ {01}
() f0=1— P ymiatian 109 =" 01}
x-1 1 2x-1
fF—)+f(—)=
X 1-x X

AHaNOTIYHO MOKHA PO3B’s3aTH Takl QYyHKIIOHATBHI PIBHSHHS:

4 .
1. f(x)+f(ﬂ):x,D(f):R\{O,Z}.
X 1
3 % () +2f =y =1, D(f) =R\ - 10}
X+1
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a2
a_

4. f(x)+ f(——)=xD(f)=R\{0;a}

X

5, f(ﬁn f(—%):x,D(f):R\{O;l}.

6. xf(x)+2f(—§)=3,D(f)=R\{O}.

X+1

7. f(——=
(x—2

)+2f (=2 = x,D(f) = R\ {=1:2:01}
X+1
BHOK TaKoI' o TI/IHy 3a1a4 HaJaac MO)KJ'II/IBiCTB CTBOpI/ITI/I yMOBI/I I

. . a,x+b, c,X+d;
y3arajJlbHEHHS YYHSAMH LUJIOTO KJIacy pIBHAHL Af| ——— |+ Bf| — |=c, a came:
a,x+h, c,x+d,

IT1JT Yac po3B’s13yBaHHS (DYHKIIIOHATBLHUX PIBHIHB BUAY af (X) +bf (p(x)) =c, ae a,b,c —
B1JIOM1 cTajil ab0 3MIHHI BEJIMYMHU, ¢ — BiioMa QyHKIs, f — mrykaHa QyHKIs, x —
MHOJKHMHA, SKa BHU3HAYAETHCSA 3aJICKHO B a,b,c,¢, HaM4YaCTIIIE BUKOPHCTOBYIOTH

MIJCTaHOBKH, SIKI 3BOJATH L1 PIBHSHHS /0 CHUCTEMH JIHIMHUX PIBHSIHB. 3ayBaKMMO

JUIIIe, 110 PIBHSHHA BUIY Af (M] + Bf [M] =C 3aBXJH1 MOXHA MIPUBECTH 0
a,X+bh, c,X+d,
Burisany af (x) +bf (p(x)) =c (*), 3Bu4aiftHO, Ha 001aCTI BU3HAYEHHS.

[le piBHSIHHS MOKHAa PO3B’S3aTH TaK, SK PO3B’s3aHO 3anady 4. PiBHSHHS
BUIY (*) MOXHa pO3B’SA3aTH 3a JOMOMOIOI MATPHUIh 1 TPYM, 3a JOMOMOTOIO
PEKYPEHTHHUX MOCIIII0BHOCTEH.

OTxe, 111 cUCTeMa BIPAB BIANOBIAAE TAKUM TIPUHITUIIAM:

1) omHOTMTHOCTI — ISt POPMYBAHHS HABHUYOK Ta YMiHb, BHPOOJICHHS CTIHKUX
acolqianiii HeoOXiAHI OJHOTHUIIHI 3ajJadi, PO3B’A3aHHS SAKUX Jla€ 3MOTYy HE JIMIIE
3HAWTH MEBHUHN aJTOPUTM, a ¥ y3araJlbHUTH UUTUN KJac (YHKIIIOHATLHUX PIBHSHB;

2) TOCIIOBHOTO 3pOCTaHHS TPYAHOIIB — BapTO MOCTYIOBO YCKJIaTHIOBATH
HaBYaJbHI 3a7a4l 3 METOI0 30€pEKEHHS 1HTEpeCcy ¥ yBaru, JOTPUMAHHS TPUHITUITY
JOCTYIHOCTI, PO3BUTKY PO3YMOBHX 1 MaTEMaTUYHUX 310HOCTEH;

3) y3araJbHEHHS Ta TONIYKOBO-IOCTIIHUIIBKOMY — CBOE MiCIleé MAaroTh

MOC1AaTH 3aadi, MiJ] 9ac pO3MIISINY SKUX BUHUKAIOTH 3alUTaHHS:
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— Slki BmacTUBOCTI pO3B’S3aHUX 3alad € BUMATKOBUMH, a SKI —

3aKOHOMIpHUMHU?

— Sk 3MIHUTBCA pe3ynbTaT, AKIIO y3aralbHUTH YMOBY 3aj1a4i?

[Tonryk BiAmOBiAEH Ha Taki 3alTUTAHHS MA€ JOCTIHUIILKAA XapaKTep 1 CIpHsie
PO3BUTKY HaBYAJIbHO-OCTTHUIIBKOI AISIBHOCTI T4 CUCTEMATHYHOCTI 11 3/IHCHEHHS.

[IpointocTpyemMo mpukiaad (QyHKIIOHAJIBHUX PIBHSAHB, IO OyJIM B OCTaHHI
pOKM Ha OOJacHMX, BCEYKpPAiHCHKHUX, MDKHApOAHMX Ta IHIIUX OJIMIianax 3
MaTEMaTUKH.

L1i piBHSHHS BIAMOBIJAIOTH K BUILE 3a3HAYCHUM MPUHITUIIAM, TaK 1 TAKUM, SIK:

1) mpuHIMN TIpo(eciiHOi CHIPSMOBAHOCTI — HAA3BUYAHHO BAXKIIUBO, 100
yU€Hb aHaJli3yBaB CBOIO JISJIbHICTh, YMIB BU3HAYaTH CBIM PIBEHb I1iJl YaC BUBUCHHS
KOHKPETHO1 TeMH, TOMY JI0 CUCTEMHU 3ajad I[1€i TEMHU BKJIIOYAIOTh 3a/1a4l 3 OJiMImiaj 1
KOHKYPCIB pI3HOTO PpIBHS 3 METOK JIOCATHEHHS KOXHHUM YYHEM CBOTO
MaKCUMAaJIbHOTO PiBHS;

2) IPUHIIMITA BHYTPIIIHIX 3B’S3KiB — TUIAHYIOUW y3arajibHIOOYI 3aHATTS, CIiJ
ram’siTaTy, 10 KOJHUM METO] caM IO co0l1 HE JIa€ ONTUMAIbHUX PE3YJIbTATIB 1 JIUIIE
B TMO€AHAHHI 3 IHIIMMH 49X B TIEBHOMY B3a€MO3B’S3Ky, KOJW OIWH 3 METOIIB €
MPOBIAHUM, 1HII — JOTIOMIXKHUMH, MOKHA OYIKYBAaTH Ha BUCOKY PE3YIbTATUBHICTH
HAaBUaHHA 1 PO3YMIHHS BHYTPIIIHBOI JIOTIKM MaTemaTuku. Jlo cucTtemu BIpaB
HEOOXIJTHO BKJIFOUMTH TakKl 3a/layl, pO3B’sI3aHHA AKUX IPYHTYETHCA Ha BUKOPUCTAHHI
KIIACMYHUX METOIIB TEM OJIMIIAJIHOTO PIBHS, 30KpeMa Ha METOAl CKIHYEHHHX
PI3HMIIb, METOJI MATEMATUYHOI 1HIYKL1i, IPUHIUII KPaWHBOTO TOIIO.

Take moemHaHHS METOJIB MiJ Yac PO3TJANY OAHIET TeMH € MPUHITUIIOBO
BOKJIMBUM, TT03aK € HEOOX1THOIO YMOBOIO JJISI PO3YMIHHSI MaTEMAaTHKH.

3amaua 1 (O6nacHa oyimIiazga OHUX MaTeMaTukiB, 1989 p.).

3uHaiaiTe yei ¢yHkuii f:R—>R, I8 SKUX 32 OyIb-SIKHX X,y BUKOHYETHCS
piBHICTB. f(x— f(y))=1-x-y.

Po3B’s3annsa. Ockinbku yeR,a y=01 f(0)=a. IlizcraBuBmm y=01 f(0)=a

B 3aJlaHe PIBHSAHHS, OTpUMaeMo: f(x—a)=1-x, Aaii, MiJICTAaBUBIIK X—a=t, TOOTO
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x=t+a, matumeMo: f(t)=1-t—a. [lizcTanoBKa moKa3ye, 110 1€ PIBHSIHHS MOXJIHBE

npu a-l
>

o 1 .
TXKe, f(X)= 5 X — eHA (PYHKIIIS, KA 3aI0BOJIHSE YMOBY.

3anaua 2 (Bceykpaincbka oniMmiaza FOHUX MaTeMaTukis, 1996 p.).

3HaliaiTh yci ¢yHKHii f, BU3HAYEHI HAa MHOXHHI JIACHUX YHCEN, SK1
HaOyBalOTh MIHCHUX 3HAYEHB 1 I BCIX X,Y € R 3a10BOJIBHSIOTH CITiBBiIHOIICHHS:
fOC—y?) = (f(x+y))°.

Po3p’s3anns. IligcraBumox=y=0, tomi f(0)=(f(0))°. Hexait f(0)=a, Tomi

a’—a=0,3Biacu a=0 abo a=+l.
st x:—y:?’\/g Maemo f(t)=(f(0)°’=a’=a=0.

Otxe, ¢pyHkis f B yciX ToOYKkax HaOyBa€ OJTHOrO W TOTO CaMOIr0 3HAYEHHS
a=f(0). Tomy mykanuMu  (QYHKOISIME ~ MOXYTh  OyTM  JHMIIE€  TaKl
bynki: f(x)=0, f(x) =1, f(x)=-1.

[lepeBipka mokasye, 110 BCi BOHU 33/I0BOJIBHSIOTH 11€ PIBHSIHHSI.

3apaua 3 (/pyra CopociBcbKa 0J1iMITIa/Ia 3 MATEMATHKH ).

3HaiiTi BCi QyHKIil f, BU3HA4YE€HI HA BCIM MHOXHHI JIMCHUX YMCEN, 1 TaKi,

mo f(x+y) = f(x)cosy+ f(y)cosx mus Bcix X, Y € R.

. T .
Po3B’si3aHHA. OCKUIbKH cos =0, To KopucHOW0 Oyje Taka MiJICTaHOBKa:

x=2 +t y—Z
2 2

[lincraBuMo B 3ajaHe piBHAHHS: f(7r+1)= f(%+t) cos%+ f(g) cos(%+t) abo
fr+t)=—f (g)sint . Hexaii f(g) —a,Tomi f(z+t)=-asint.
[lincraBuBmM 7+t =X, TOOTO t = X— 7, ofepxkuMo: f(x)=-asin(x—r)=asinx.
[lepeBipka nokasye, mo f(x)=asin x 3aJOBOJIbHSIE 11€ PIBHSIHHS 32 OYb-IKUX a € R.

3anaua 4 (3 marepiaiiB 3aKI0YHOrO TYpy 54-i MOCKOBCHKOT MaTEMaTUYHOL

ommrmiaau, 1991 p.).
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®ynkmis f(x) 3a KOKHOTO 3HAYEHHsS X (—ooj+00) 3aJ0BOJIBHSAE PiBHICTS:
1
f00+(x+ ) T A= =1

1. 3uaiigite f(0) Ta f(1).
2. 3HaiiniTe yci GyHkmii f(x) .

Po3p’si3anns. [linctaBumo 1-x=t, TOOTO X =1—t B II¢ pIBHSIHHS:

fl-t)+ (g —t) f(t) =1. [lo3HauuBIIK t Yepe3 X, OAEPHKUMO TAKy CUCTEMY:

1 1
FO0+ (X4 1) fl-x) =1 1 %73
2 3sigen f(x)=42 * . Otxe, f(0)=2, (1) =-2.
FL-x)+ (- fx) =1 11
2 2772

3amaua 5 (Tpets CopociBchKka 0iMITIAIA).

3HaiaiTh yci ¢yHKmii f, sKi BU3HAUYCHI HA MHOXKHMHI HEBII'€MHHX JIHCHUX
quces, Ha0yBarOTh JIMCHUX 3HAYCHB 1 I OYJIb-IKUX AIUCHUX X, Y 3aJ0BOJBHSIIOTH

piBHICTE: f((x+Yy)?) = f(x*)+ f(y?)+2xy.

Po3B’si3annsa. Crnioyatky miactaBUMox=Yy=0 1 orpumaemo f(0)=0. MHami

MIJICTABUMO X = —Y , OJICP>KUMO:

f(0)=2f(x*)—2x*> abo f(x*)=x%, T00TO f(t)=t JUIs BCIX HEBIJ EMHUX t.

Otxe, f(x)=x, 1e MATBEPKYE MEPEBIpKa.

3apava 6. 3nHaiitu Bci ¢GyHKmii fi g, SKI 3aJOBOJBHAIOTH TOTOXXHICTH:
f)+ f(y)+9(x)—g(y)=sinx+siny.

Posp’a3anns. Ilpu x=y maemo f(x)= % (sinx+siny), 1 TOTOXHICTh MaTHUME
BHTJISI;
1, . 1, .
g(x)—g(y) =§(smx—cos x)—z(sm y—cosy) abo

g(y)—%(sin y—Cosy) = g(x)—%(sinx—cosx) :

3po3ymino, o GyHKiis g(x) = % (sinx—cosx)+c,ceR.

[lepeBipka mokasye, 0 3HaiIeH] PYHKIIT 3aI0BOTBHSIOTH 10 TOTOXKHICTb.
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3apaya 7. 3maitm  Bci  (Qywkmii  f:R—>R, Taki, MmO VXYy,zeR:

f(xy)+ f(yz)— f(X)f(xz) >1.

Po3p’sizannsa. Ilpumyctumo, mo Taka (QYHKIIS ICHYE, TOAlI B pPE3yJbTaTi

[11JICTAHOBOK:

1) x=y=z=1:fQ)+ f()-f>@) =1, 3Biaku (f(1)-1)*<0, T00TO f(1)=1.
2) x=z=1:f(y)+ f(y)-f?@) =1 f(y)=1,a00 f(x)=1.
3) z=y=1:fX)+f@Q-F*(x) =1 f(X)A-f(x))>0, Tomy 0< f(x)<1.

3Baxarouu Ha MyHKTH 2) 1 3) orpumaemo: f(x)=1. Jlerko nepeBipuTH, 10 115

(GyHKII1s 337]0BOJIbHSE BUXIJTHY HEPIBHICTb.

3agava 8. 3uaiitm Bci ¢ynkmii f:R—> R, axi VX,y,Z€R 3a10BoIbHAIOTH

piBasHAS: f(X+Y)= {f (X)}Jr{f (Y)}-

Po3p’s3anna. IlpunyctuMo, mo Taka (QyHKUIA ICHYE, TOAl B PE3yJbTari

M1JICTAHOBOK:

1) x=y=0: f0)=2{f(0}. Ane f()=[fO)]+{f(0)}, Tomy [f(O)]={f(0)},

3BiaKu f(0)=0.

2) y=0:f(x)={f (X)}+{f (0)}={f (X)}vxeR, ToMy 0< f(x)<1.
3) x=y:f(2x)=2{f (X)}, 3Bigku f(2"x)=2"{f(X)}=2"f(x).

f(2"x)

Orxe, f(x)= o =0 npu n—> (00 f(x) oOMexeHa, 3riIHO 3 YHKTOM 2).

[lepeBipka nokasye, o 3Hainena yHkiis f(x) =0 3a10BOIBHSE 1€ PIBHSIHHS.
3agaua 9. 3HaiiTi Bci Taki yukmii f:R—>R, 1m0 vx,yeR: f(x*+y)=f(x)+ f(y°).
Po3B’s3aHHs. K10 Taka PyHKIIS ICHYE, TO TIPH:

1) x=y=0:f(0)=0,

2) y=—x*:f(x)+ f(x*)=0,

3) y=0:f(x*)=f(x)= f(x*)=f(x?).

Orxe, 3 (2)-(3)= f(x)=0. IlepeBipka moOKa3zye, MmO 3HAMICHA GYHKIIIS

3a/I0BOJIBHSIE YMOBY 3aj1ayi.

3apaua 10. 3naittu Bci Taki QyHKmii f:R—R, sl SKUX BHUKOHYIOTHCS

YMOBH:
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a) f(x)=0 mae OIUH PO3B’S30K;
0) f(y+f(x)=f(x*-y)+4f(X)y vx,yeR.

Po3p’sizanns. Ilpumyctumo, mo Taka (QYHKIIS 1CHYe, TOJI B pe3yibTari

[11JICTAHOBOK:
1) y=x* orpumaemo: f(x*+ f(x)) = f(0)+4f(x)x*; (1)
2) y=—f(x) orpumaemo: f(0)= f(x*+ f(x))-4f?*(x). (2)

Honasmu piBHOCTI (1) Ta (2), MmatMemo: 4f (x)(x* — f(x)) =0, 3Bigku f(x)=0
abo f(x)=x".

Ane f(x)=0 He 3am0BOJbHSAE YMOBY 3amadi, Tomy f(x)=x"> — €IUHHI
IIYKaHHUI pOo3B’SI30K.

3agaua 11. 3HaiTH BC1 TaK1 byHKIIi f:R>R, 10
X,y € RIxXF(y) + yf (X) = (x+y) f (x> +y?).
Po3B’si3anHs. SIKIIO Taka QYHKINsS ICHY€E, TO TIPU:

1) x=—y: —yf(y)+yf(-y)=0, 3Biaku y(f(-y)—f(y))=01 Vy=0: f(y) = f(-y).

Otxke, Vy: f(y)=f(-y).

2)  x=0: yf(Q)=yf(y*), s3Bimkm y(f(0)-f(y*))=0 Wy=0:f(y*)=1(0).
Ane f(y*)= f(-y?), Tomy f(x)=f(0) vx=0.

X#=0

Takum yumHOM, f(X) Mae BUIJIAL f(x):{ OckiIbKM  TIpU

C,
a, x=0
x=0,y#z0=x*+y*#0 i 0-f(y)+yf(0)=yf(0)=y-a, (x+Yy)- f(x*+y?)=cy,
TOOTO c=a.

Otxe, f(x)=c, vxeR. llg ¢pyHKIlisS 3210BOTBHSIE YMOBH 3a/a4i.

Bigmosine. f(x)=c,ceR.

3amaya 12. Hexait Q" — MHOKHMHA IOJIJATHUX PalllOHATBLHUX YUCE. 3HANTH BCI
byukii f:Q" — QF, K1 AJIsI KOXKHOTO X € Q" 3aJJ0BOJILHSIOTH YMOBH:

1) f(x+1=f(x)+1,

2) £(x*)=(f(x)*.
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Po3p’si3annsa. Hexali x=1, Toxi 3a ymoBow 2 maemo f(1)=f?(1), 3Biacu
f(1)=0 ab6o f(@@)=1. Ockinpku 0¢Q*, To f(1)=1. [lokaxkeMo 3a IHIYKII€O, IO
f(nN)=n, neN.

Cnpapnai, Hexait f(n-1)=n-1. Tomi 3a ymoBowo 1 gicTaHemMo, IO
fnN=f(n-1+)=Ff(n-D)+1=n-1+1=n.

Jami 3a iHAyKI€r0 moKaxeMo, o f(n+x) = f(x)+n.

Axmo n=1, maemo ymoBy 1. Hexaihi f(x+n-1)=f(x)+n-1. OCKUIbKH

Xx+n=1€Q", 10 f(x+n)=f(y+)="f(y)+1l=Ff(x+n+)=f(X)+n-1+1=f(x)+n.

. m . :
Tenep Hexail r = — — JIOBUIbHE palllOHAJIbHE YHCIIO, TaKe, IO I € Q. 3poOumMo
n

. m .
M1JICTAHOBKY X=n+—, 1e m,ne N. Aje xeQ", TO 3r1JIHO 3 YMOBOIO 2 MaTUMEMO:
n

f L(njanjZ} = fz(n+nmj a6o f(n®+2m+r?)= f2(n+r).
Ockinbku n*+2m=1e N, TO 3TiJ{HO 3 YMOBOO 2:
f(n2+2m+r?)= £(1+r%)= £(r?)+1, f(r+n)= f(t)+n.
OTxe, pIBHICTH (*) MOXHA MOJATH TAKOX Y BUTJISIL:
£(r?)+1=(f(r)+nf abo f(r2)+n?+2m= f2(r)+2nf(r)+n?, 3sigkm m=nf(r), Tomy mo
£(r?)= £2(r) Takum ansom, f(r)=r.
[TepeBipka miaATBEPKYE, IO 119 PYHKIIIA 33JI0BOJIBHSIE YMOBY 3a/1a4i.
Orxe, f(x)=x,xeQ".
[{s 3amaua Oyna y 3aBaaHHaX BceykpaiHChKOT MaTeMaTUYHO1 OJIMITIaAu FOHUX

MareMatukiB [V eramy (Metosa po3B’si3aHHs cx0kuil Ha MeTon Ko — aHamiTHYHUMA

METO/).
3anaua 13 (MixnHapoaHa oniMITiana 3 MareMatuku, 1992 p.).

Hexait R — MHOXMHA nificHuX yncen. 3HaluaiTh yci ¢yHkiii f : R — R, Taki, M0
f(x*+ f(y))=y+ f2(x) @1 BCix x,y eR.
Posp’s3anns. Ilosmaunmo a=f(0) i mpu x=0,y=0 3 JaHOrO piBHIHHS

OTPUMAEMO:
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f(f(y))=y+a® st Bcix yeR (1)

f(x? +a)=f2(x) ams Beix xeR. (2)

3 piBHOCTI (2) ipH X = 0 BHUIUTKBAE, 110 f(a)=a’. (3)

Jlonasmm (2) 3 (3), orpumaemo: a’ + f(x? +a)= f2(x)+ f(a).

3 ocraunboro BumIMBac, mo f(a’+ (x> +a))= f(f2(x)+ f(a)).

3rigHo 3 (1) 1 (3) mpuiigemo 1o piBHOCTI X* +a+a’ = a+(x+a2)2, 3BiKH a=0.
Mincrapnsoun a=0 B (1) Ta (2), Gynemo matu: f(f(y)=y i f(x*)=%(x) (4) (5).

3 pisnocTi (5) BurumBae, mo f(x)>0 npu x>0. Skmo f(x)=0 a1 gesKoro X,
10 0= f2(x)= f(x?)= f(x?(x))=x+ f(x*)=x.. Omxe, f(x)>0 mpu x> 0.
3minroroun y Ha f(y) B bOMY piBHSHHI Ta BUKOpUCTOBYIOUH (4), (5), oTpuMaemo
f(x2(y)= f(x?)+ f(y), a omxke, f(x+y)=f(x)+ f(y) mpu x>0.

OcTraHHs PiBHICTB JIa€ 3MOI'Y CKa3aTH, o f(x)=x.

3anaua 14. 3HaNTH BCl TaKl byHKIT f:R>R, 10

vx,yeR: f(x*+y)=x*f(X)+ f(f(y)).

Po3B’s3aHHs. K0 Taka PyHKIIS ICHY€E, TO TIPH:

1) y=0: f(x")=x}f(x)+ f(f(0));
2) x=0: f(y)=f(f(y);
3) x=18(1): f@)=f@Q)+f(f0)="f(Q+ f(0),38inku f(0)=0:

4) To0To mpu y =0, orpumaemo: f (x*) =x*f(x) i mpu x=-x:
f(x*) =(x)°f(=x) = x*f(x), 3Bigku x*(f(-x)+ f(x)) =0, TOOTO

Vx#0: f(-x)=—1(X);
5) omxe, Vx: f(—x)=—f(x).

Sxmo icHye X, : f(%)=01i %, {011}, T0 f(x) =0, f (%% =0,.,f(x )=0,.

. a b . .
(3po3yMijIo, MO X, # X, ), TOMY f(X)=0 — Ma€ HECKIHYCHHY MHOXXHUHY PO3B’SI3KiB.

Orxe, Wxe{0,-1,1} f(x)=0.
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SAxmo f(U)=0,To mpu x=1 'y TIOYaTKOBIH YMOBI, OTPUMAEMO:
fa+y)=f(f(y)=f(y). Tomi fn)=f(n-)=..=f@Q =0 1 vxeZ: f(x)=0.
Amnanoriuno mig f(-1)=0.

Otxe, f(Q) =0, f(-1) #0. Tomy icHye eIMHE 3HaUYCHHS X, Take, 1o f (x) = 0.

[Tokaxxemo, mo f — ida’exkTuBHA. [Ipunyctumo, mo f(x)= f(y), x=y; A=x-y=0.

Braxxatrumemo, mo y<0. Akmo x,y>0, To f(-x)=f(-y) 3 (5) 1 K X,y
oepemo —x,—y. Tomi f(z*+y)=2°f(2)+f(y) i f(z*'+x)=2°f(2)+ f(X), a 3 IUX OBOX

piBHOCTel BUIIMBaE, o f(z*+x)=f(z*+y) vzeR.

Ockinbkny <0, TO IicHye z,=%-y, Tomi f(zg+x)=f(0)=0. Ame
f(zg +x)=f(x—y)=f(A)=0, 60 ipu f(A)=0 mMamum 6 A=0. OTxe, f — iH €KTHBHa,

ToMy 3 (2) BuruBae, mo f(x)= f(f(x)), 3Biaku x= f(x) VxeR.
[TepeBipKoro MEPEKOHYEMOCS, 110 11 (PYHKIIIS 33 I0BOJILHSIE YMOBY 3a/1adi.

Omxe, f(x)=xxeR.

3amavi 1151 caMOCTIITHOTO PO3B’SI3aHHSA
1. 3naiitu Bci pyHKHii f:R—>R, mo VX,y,zeR: 3f(x+2y+3z) < f(x+y)+ f(y+2)+f(z+X).
2. 3uaiitn Bci pyHKil f 1R — R, 11 SKUX VX, y,zeR: f(x* +y)+ f(f(x)-y)=2f(f(x))+2y°.
3. 3uaiitu Bei Taki QyHKIi f:R—>R, 1m0 Vx,yeR: f(xf (X)+ f(y)=x"+y.
4. 3naiitu Bei ailicHi Gpynkuii f(x), BU3HAYeHi HA MHOKUHI BCiX JIMCHUX YHCEN, TaKi,
110 17151 OyAb-SIKUX AIMCHUX X, Y BUKOHYETHCS PIBHICTD: f (x+ 27 ): f (2X )+ f(y).
5. 3Haiitu Bci Taki ¢pyHKIT f:R— R, sKi 3aJJ0BOJIbHSIOTH YMOBH:

a) |f(x)|>1,

_ )+ 1f(y)
0) f(x+y)_1+f(x)f(y) vx,yeR.

6. 3naiitu Bci QpyHKINT f:R— R, sKi 3aJJ0BOJIbHSAIOTH YMOBHU:

a) f(X)+f(y)-1<f(x+y)<f(x)+f(y) vx,yeR,
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0) f(x)=x+f(0) vxel01),

B) f(~1)= f(1)=0.
7. Hexait S={012,...} — MHOXMHA HEBiJ’€MHUX LiIUX 4Kces. 3HaiTh BCi QyHKii f,
AKI BHU3HAYeHI Ha S 1 HaOyBalOTh CBOIX 3HA4eHb y S, Taki, IO
f(m+ f(n))= f(f(m))+ f(n) st BCix mneS.
8. Hexaii S — MHOXUWHA yucell, sKi Hanexath R, Ounpmmx 3a -1. 3HaliTu BCi QyHKIIT

f:S — S, sKl 3aJOBOJBHSIIOTH YMOBHU:
a) f(x+ f(y)+xf(y)=y+ f(x)+yf(x)vx,yeS,

f(x) .
0) —— CTPOTro 3pOCTa€ Ha KO)KHOMY 3 MPOMIKKIB —1<x <0, x>0,
X
9. Hexali Q' — MHOXWHA JIOJaTHUX paIliOHAIBHUX 4YHcel. HaBemiTe mpukian

f(x)

GyHkuii f:Q* —»Q*, Takoi, mo f(xf (y)):T,VX, yeQ".

PosrnssHemMo po3B’si3yBaHHs 3a7a4 TAKOTO THUITY.

3amava 1. Yu icuye Ttaka ¢yHkmis f:R-—>R, M0 VX,y R 3aJl0BOJBHSE Bl

YMOBH:

a) AKmo x=Yy,To f(x)=f(y);
0) f(x2—2005x)—f2(2x—2006)2% vxeR?

Posp’si3anns. [lpumyctumo, mo Ttaka ¢ynkmis f icHye, Tomi 3 ymoBU O)
3HaleMO 3HaYCHHS 1i€l PYHKIIIT B THX TOYKaX, e X° —2005X = 2x — 2006 , TOOTO:

1) npu x =1 13 HepiBHOCTI f (x* —2005x) — f *(2x —2006) > %
BHUILIMBAC: f (—2004) — f ?(—2004) > % 3BiaKHU (f(—2004) —%)2 <0, omke f(-2004) = %;

2) mpu x = 200613 HepiBHOCTI f (x> —2005x) — f *(2x —2006) > % BUILIHBAE:

f (2006) — f 2(2006) > %, 3Bimkn (f(2006)— %)2 <01 (2006) = % .
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TakuM umHOM, AJI NBOX PI3HUX YHMcen X=-2004 1 y=2006 MH OTpUMAIU

f(x)-f(y)= % , 0 cymepeynTh yMoBi a). OTxke, Takoi QPyHKIIIT HE ICHYE.

3anaua 2. Yum icHye Taka ¢pyHkmisa f R — R, 1m0
vx,y e R: f(x?y?) = max( f(x),y?)+min(f(y),x*)?
Po3B’si3anHs  1mi€i  3amadi 0a3yBaTUMEThCS  HaA  BIJIOMIH

min(a,b) + max(a,b) =a+b. [Ipn X=Y OTpUMAEMO 3  IbBOI'O

PIBHOCTI:

PIBHSIHHS

take: f(x*) = max( f (x),x*)+min( f(x),x*) = f(x)+x*. [ligcraBuBmm x =1, OyJaeMO MaTH,

mo f(@)=f@+1, To6To 0=1. [le mpoTtupiuys i TOBOAUTH, 110 Takoi PyHKIi f He

ICHYE.

3amava 3. Yu icHye Taka pyHKIig f : R — R, 110 33J0BOJIBHSE JIBI YMOBH:

a) f — audepeHuiiioBana Ha R;
6) f'(2005) =1;

B) (f(2005+ x))® = (f(2005—x))* +x VxeR?

Po3p’s3anns. [Ipunyctumo, mo Taka ¢yHkiis f iCHye, TOAl 3 TPEThOI YMOBHU

MaTtuMeMo: (¥) 3f?(2005+ x)- f'(2005+ x) = 2f (2005—x) - f'(2005—x) +1,
60 f — nudepenuiiioana Ha R.

[lincraBuBmM x =0 y pIBHICTH (*), OyJAeMO MaTH:

3 2(2005) - f'(2005) = 2 (2005) - f'(2005) +1, aje 3a yMOBOO f'(2005) =1, TOMY:

3f2(2005) — 2 f (2005) —1 = 0, 3BiaKH f (2005) =1 aGo f (2005) = —% .

OctanHe cynepeuuTh O3HAYEHHIO 4YMCIoBOi (yHKINI, 60 OJHOMY 3HAYEHHIO

. . o .1
X = 2005 BIAIIOB1AAIOTH 32 3aKOHOM f 1Ba p13HI 3Ha4YCHHSA 1 1 -3

OT1xe, Takoi PyHKIIT HE ICHYE.

3anaua 4. Yu icaye ¢yskuis f : R — R, 10 3a10BOJIBHSE /1Bl TaKl YMOBH:

a) MHO>KMHA 3Ha4YcHb f 30iraeTnscs 3 R;

6) st Beix x e R Bukonyerbest f(f(x))=(f(x)+1)(x+1)?

Po3B’s3anHs. 3 YMOBH a) BUILIMBAE, IO 3HalaeThess y e R Take, mo f(y)=-1.

[TlincraBuMo 1€ y naHe piBHAHHA U oxepxkumo f(f(y))=0, To6TO
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[TigcraBnsiroun B JaHe piBHSHHS X=-1, maemo f(f(-1))=0, To6To f(0)=0. Temep
I ICTaBMMO Y PiBHAHHA X =0 ¥ oxepkumo f(0)=1.

Onepxamu, mo npu x=0 f(0)=1 i f(0)=0. Lle cymepeuynTh O3HAYECHHIO
¢byHK1ii. 3HAYUTh, TaKO1 QYHKIIIT HE ICHYE.

3agaua 5. Uu icuye pynkuig f :R?> — R, [0 3aJ0BOJIbHSE TaKi YMOBH:

a) GyHKIIis HAaOyBa€ BCiX MIMNCHUX 3HAYECHB;

0) f(x,y)=-f(y,X)VxyeR;

B) f(x, f(y,z))=2001f(f(x,y),2)Vx,y,zeR.

Po3B’s3anns. [Tokaxkemo, 1m0 Takoi pyHKIIII HE ICHYE:

f(f(xY),2)=—1(z, f(x,y))=—-2001f(f(z,X),y)=2001f(y, f(z,x))=2001%f (f(y,z),X) =
=—-2001% f (x, f (y,z)) =—2001° f (f(x,Y),2)

3Bigcu f(f(x,Yy),z)=0VX,Y,zeR, 1110 CyIepeYUTh MMyHKTY a) YMOBH.

3amavi 115t CaMOCTIITHOTO PO3B’SI3aHHSA

1. Yu icHye ¢pynkuis f, ska BU3Ha4YeHa 1 AudepeHiiiiioBada Ha R, Taka, I10:

a) f(x)> f(x+sinx) VxeR,

0) f'(x) =0 mMae CKiHYEHY KIJIbKICTh KOPEHIB?
2. Yu icHyroTh Taki GyHKIiT f(x) 1 g(x), 1m0 VX,yeR: x* +xy+y* = f(x)+g(y)?
3. Yu icHye Takuii MHOTOWICH P(X), 0 VX e R:P'(x)-P"(x) > P(x)-P"(x)?
4. Yu icaye GpyHkiisn y = f(x), AKa 0HOYACHO 3a0BOJILHSIE JIBI YMOBH:

a) JUIst BCiX X € R BUKOHYy€eThCs piBHIiCTD f(f(X))=—X;

0) must Oyab-skux a<b dynkuis f(x) wa mpomikky [a;b] maGysae Bcix
npomikHuX 3HaueHb Mix f (a) Ta f (b)?
5. Yu icuye ¢ynkiis f(X), ska 3a10BOIbHSIE TaKi YMOBH:

a) f(x+y)=f(x)+ f(y) mas Bcix vx,y eR;

6) t1)=+2, f[v2)=1;

B) f(X) € 0OMEKEHO0 HA POMIKKY [1;\/5 J

Bignosineit no 3agauy 1-5 He icHye.
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Inmi meToau

3ayBa)xxuMo, M0 ICHYIOTb 1HIIII METOIU PO3B’sA3aHHS (PYHKIIOHATHHUX PIBHSIHb:
meton Ko, sskuii mosisirae B TOMy, 110 pO3B’SI30K PiBHSIHHS, TOOTO QyHKIIIO f(X),
3HAXOJATh CIIOYATKY I X € N, MOTIM I BCIX X € Q 1, HApEIITI, IS BCIX X € R, 11e#
METOJ] 3aCTOCOBYIOTH 32 yYMOBH HENEPEPBHOCTI i MOHOTOHHOCTI (QyHKIIi f(x));
METOJ TPAaHUYHOTO MEPEexo1y, MeToA AuEpEeHIlIIOBaHHS, METOJ] KPaHhOTO, METO]T
MaTeMaTU4YHOI 1HAYKI[ii, METO/ 3BEJEHHS 0 PIBHSAHHSA y CKIHUYGHHHMX pi3HHUIAX. L1
MeToI 0a3yloThCs Ha METO/II MiICTaHOBOK. BUKOPUCTaHHS TOTO YH 1HIIOTO METOY
M1 4ac po3B’sA3aHHs (PYHKIIOHAJIBLHOTO PIBHSAHHSA 3aJIEKUTh B1Jl YMOBH 3a/1ayi.

[lepen o3HAWOMJICHHSIM 3 I1HIIUMH METOJIAMU CJiJI 3alpONOHYBATH YYHSIM
CaMOCTIMHO PO3B’sI3aTH TaK1 3a/1a4i:

3agava 1. OyHKIIISA f(x) v XxeR 3aJ0BOJILHAE PIBHSHHS:
f(x+1) = f(x)+2x—2005. 3naitu f(2005), skmo f(0)=0.

3amava 2. Hexait maemo ¢yskmiro i Z—N, gka ans Oyap-skoro 1iioro K
3a10BoabHAE  yMOBY: 6f(k+4)-3f(k+3)-2f(k+2)— f(k+1)=0. J[loBectn, mIO
¢ynukuis f e cranoro.

3agava 3. dynkmis f 3a1aHa Ha TPOMIKKY [L+00) 1 IpH BCIX X >1 3a70BOJIBHSIE

f (2x)
VJ2

Po3B’s13aTH 3ampornoHoBaH1 3a7a4i, BUKOPUCTOBYIOUH JIMIIE MiJICTAHOBKU 0€3

HEpIBHICTh < f(x) < x. JloBectH, o f(X) <+/2X TpH KOKHOMY X >1.

JOTIOMIKHUX MAaTeMaTUYHUX 3aco0iB, HEMOXJUBO. [[1s po3B’si3aHHS MOTPIOHO
BHUKOPHUCTATH TaKi METOIH, SK: METOJ KpalHLOTO, METOJ MaTeMaTH4YHOI 1HIYKIII,

METO/I 3BEJICHHS JI0 PIBHSIHHS Y CKIHUEHUX PI3HULISX.
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MeToa CKiHUEeHMX PiZHUIb

3anaua 1. 3naiiTy Bci QyHkmii f:N — N, masg skux f()=1 1 npu vx, yeN:
f(X+y)=Ff(X)+f(y)+xy.

Po3p’sizannsa. Ilpumyctumo, mo Taka ¢yHkiis icHye. Hexait y=1, Toni
f(x+D)—f(x)=x+1.

[TocaioBHO MIACTABISIOYH 3aMICTh X 1,2,3,...,(n—1), OTpUMAEMO:
f(2)-fQ) =2,
f(3)—f(2) =3,
f(n)—f(n-1=n.

Jomasmu i piBHOCTI, oTpuMaeMO f(n)= f(1)+2+3+...+n=1+2+..+n= n(nz—l) )

T00TO, f(X)= % X(x-1).

[TepeBipkoro nmepekoHyemocs, mo f(x) = % X(x—1) 3a0BOJIBHSIE YMOBY 3aj1a4i.

3anava 2. OyHKIIIA f(x) v xeR 3aJ10BOJIHHSIE PIBHSTHHSL:
f(x+1) = f(x)+2x—2005. 3naitu f(2005), skmo f(0)=0.

Po3p’s3annda. Ilpunyctumo, mo Taka QyHKUIA icHye f(x), Ui sIKOi
f(x+1)=f(x)+2x—-2005 V xeR.

[TocaigoBHO MiACTaBIAOYHN 3aMicTh X 0,1, 2, 3,..., 2004 , OTPUMAEMO:
f(1) = f(0)+2-0—2005,
f(2)=f(1)+2-1-2005,
f (2004) = f (2003) +2- 2003 — 2005,
f (2005) = f (2004) + 2 - 2004 — 2005.

Honapmmu 111 2005 piBHOCTEH, OTPUMAEMO
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1+ 2004

f(2005) = 2(1+ 2 +...+ 2004) — 2005 - 2005 = 2 - -2004 — 2005° = —2005 .

To6To f(2005) = —2005.

AHaJNOrI4YHO pO3B’A3YIOThCA TaKi 3a/1adi:

3apava 3. Oyskiisa f(x) V x e R3a/10BoJbHAE pIBHAHHA: f(X+1) = f(X)+2x+3.
3uaiitu f (2002) , skmgo f (0) =1.

3anaua 4. Oyskiis f(x) V x e R3agoBosbHsg€ piBHAHHA: f(X+1) = f(X)+2x+1.

3Haiitu f (2002), saxmio f(0)=0.
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IIpuHoun KpaiHbLOro y QyHKIioHAJbHUX PIBHAHHAX

[Tix yac po3B’s3yBaHHS OaraThOX 3aJa4d BapTO PO3MVISIHYTH €JIEMEHT, Ha TKOMY
7esika BelMunHa HaOyBae HaWOiIbIIOro abo HAaWMEHIIOTO 3HadeHHs. Hampukian,
HalO1IbIIe a00 HaMEHIIE YMCII0, HAMOUTbIIUKM a00 HaMEHIUN KyT, JIIBUN KiHElb
BiJIpi3Ka, MPaBHi KiHEIlb Bipi3Ka TOIMIO.

SAxio 3amaya MICTUTh HEBIJIOM1 a00 KOHGIrypailii, siki € B IEBHOMY PO3yMiHHI1
PIBHOIIPaBHUMHU, TO JIOIIHLHO 30CEPEAUTH YBary Ha «KpallHbOMY» elleMeHTi. Po3ris
KpalHBOTO €JIEMEHTa B TaKWX 3aJadax — IIe Ta i7es, sSKa CIOPUA€E TOUIyKYy
MpaBUJIBHOTO NUIAXY PO3B’si3aHHs. Takui MiAX1J HA3UBAIOTh PUHIIUIIOM
(mpaBUIIOM) KpaltHBOTO.

3apaua 1. Hexaii R — mHoxmHa Bcix aificHux uucen. Yum icHye (yHKIis
f :R— R, AKa OJTHOYACHO 33JI0BOJIHSIE TaKl TPH YMOBHU:

1) icHye Take JoJaTHE 4YHUCIO C, MO I VXeR  BHKOHYETHCS
HepiBHICTB| f (X)| < C;

2) f@V)=1;

2
3) s BCiX X # 0 BUKOHYETHCS PIBHICT f(x+i2j = f(X)J{f(lD ?
X X
Po3w’si3anns. [lpunyctumo, mo ¢ynkuis f 3agoBosibHSE Tpu naHi yMOBH.

. . : m
Hexalt m — Take HaliMEHILIE HATypajIbHE YUCIIO, KE Ul BCIX X eR f(x)éz. 3 yMOB

(2) ta (3) BurumBae, mo f(2)=f{+12)=f(1)+(f(1)? =2, i Tomy m=>8. 3HaiineThcs

2
X, — TaKe, MIO f(x0)>m4_1, TOi (f[iB =f[xo+i2J—f(xo)<%_m__1:%,

XO

1
BuxopucroByoun ymMoBy (3) 1uist x = > MAEMO
0

1
<=.
2
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(m_—l]z <(f(x,)) = f(i+x§j— f{i]<m+1. Tomy (m—_1)2 <m+1, TOOTO
4 X, X,) 4 2 4 42
m? —6m+7<0. Ane 11 M>8 Ie HEMOXKJIHBO, 3HAYMTH, Takoi PyHKIii f He icHye.

3agaua 2. Hexaii maemo ¢yukuito f. Z—N, sxka mis Oynab-skoro mijgoro K
3aq0BoNbHSIE  yMOBY:  6f(k+4)-3f(k+3)—2f(k+2)- f(k+1)=0. J[loBectn, 110
¢ynkuis f e cranoro.

Hoseaenns. Ockinbku f Mae cBOIMM 3HAYCHHSIMHU HATypajibHI YKCIIA, TO ICHYE
Take 1ijae aucio k,, mo f(k,)< f(k) mas 6yap-sxoro minoro K. Tomi npaBuibHEMH €
taki  HepiBHocTi:  f(k,)< f(k, —1), f(k,)<f(k,—2), f(k,)<f(k,—3), 3Bigku
6f(k,)—3f(k, —3)-2f(k, —2)— f(k, -1)=0, (k +4—>k,). (1)

3a yMOBOI0, J1iBa yacThHa (1) TOpIBHIOE HYIIIO, @ TOMY
f(ky )= f(k, —3)= f(k, —2)= f(k, —1). (2)

Buxoasuu 3 yMOBH, iCTaHEMO:
f(k, —1)=%(3f (ko )+2f(ky 1)+ f(k, —2))= f(k,),

f(k, —4)=6f(k, —1)—3f(k, —2)—2f(k, —3)=f(k,), 3Bimkm, B cmiy (2), Maemo, IO

f(k)= f(k,)=c, st Oyab-skoro minoro k, e C=CONSt
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MeTtoa MaTeMaTH4YHOI iHTYKIIiT

3agaua 1. ®ynuxuis f(x) Bu3HaueHa Ha Biapisky [0]] i maOyBae 3HaueHHs 3
IILOT'O IMPOMIXKKY.

Bimomo, mo icHye Take yuciao A 3 mpoMmikky (01), mis sikoro f(1)#0 Ta
f(1) = A, aTakox f(f(x)+y)=f(x)+ f(y) m11 Bcix x,y <[0]].

a) HaBectu npuxian Takoi QyHKIIi.

6) Josectn, mo mwmst 6yas-sikoro x [0 f(f...f(x)..)=f(f..f(x)...).

19paszis 98pasis

Cnpoba po3B’si3aTH 110 33/Ja4y BIJOMHMH METOAAMH, sIKI OyJI0 PO3IJISHYTO
BHUIIIE, HE J1aCTh 0A)KaHOTO PE3yJIbTATY.

a) Haectu npuknaa Takoi (QyHKUII HE BaXXKO, MIWCHO, BI3bMEMO YHCIIO
L (0 Take, o f<A.

YMOBY 3a1a4i 3aI0BOJIbHITUME, Hanpukiaaa, GyHkiis f Taka, mo f(x) =0 mms
0<x< g, f(X)=1m1a g<x<1.

[[lomo myHkTy 0) YMOBM 3aja4i, TO Kpalle BUKOPUCTATH METOJl MaTeMaTUYHOL
THIYKITI.

[Toznaunmo f(0)=a. Axkmo a=0, TO, MIACTABUBIIM y PIBHIHHSA Yy=0,
orpumaemo f (f(x)) = f(x), 3BIIKM BUILIUBAE TBEPAXKCHHS 3a/1a4i.

Hexaii ae (0], Tom f(a)=f(f(0)+0)=f(0)+ f(0)=2a, 1 gam 3a THAYKIIEIO

posomumo, mo [ (f.f(X).)=(M+D)a v jeaxuit moment ng Benuuuua

n

MEepPEeBULIUTS |, 0 CyNepeunuTh JaH1ii MHOKHHI 3HaYeHb f .
3amaua 2. Ha Biapizky 0<x<1 3amano ¢yskuito f . Bimomo, mo us GpyHKIiris
HeBim'emHa 1 f(1)=1. Kpim mporo, st Oynb-sIKHX JBOX YMCEN X, 1 X, TaKWX, IO

X =20,%x, 20 .. >
, BAKOHYETBCS HEPIBHICTB: f (X, +X,)> f(x)+ f(X,) (™).

X +X, <1
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a) JloBeniTh: sikoto O He Oyma GyHKINS f , 10 3aI0BOJIBHSE TIEPEIUeH] YMOBH,

JUIA BCIX X OyJZie BUKOHYBAaTHCS HEPIBHICTH f(X) < 2X;
0) Uu nmpaBuibHO, 0 1715 BCix X f(X) <1,9x?

Po3B’s13aHHS.
a) OyHKis f MOHOTOHHO He crafae Ha [0;1], OCKiNBKK 3 1> x>y >0 BUILIMBAE
f()=f(x—y+y)=O f(x-y)+f(y)>f(y), ockimpku f(t)>0 i, KpiM TOrO,

f(x+x)=f(2x) =9 f(x)+ f(x)=2f(x) npu vx>0. KopucTyrounuch UM, OTPUMAEMO:

HpH%<x£1: F(x) < 1) < 2x,

1 1 1 1
npu — < X< = f(x)<=f(2x) <= <2x,
pu - > (X) > (2x) 5

1 1 1 1
npu <x<—: f(x)<=f(2x) < —<2x,
P <X TS f@0<
a ockuibku f(0) =0, TOo f(2X)<2X IpH BCIX X.
1
0,nmpu 0 <x<—
0) Biamosinb: HenpaBuibHo. [puknan: f(x) = 2,
Lnpu —<x<1

Jns  miei  ¢dyHKOii  BUKOHYIOTbCS ~ BCl  YMOBM  3ajadi,  aje

f(0,5) =1>19-0,51=0,969.
3anaua 3. Oynkiis f 3amaHa Ha TPOMDKKY [L+oo) 1 mpu BCix x>1

(29 f(x)<x. JloBectH, mo f(x)<~/2X TIpH KOKHOMY

3a/I0BOJIbHSIE HEPIBHICTH

x>1.
Hosenenns. Po3id’emo mpomidb [L+o) Ha iHTepBamM [2";2"),neN.

3po3yMisio, MmO TpPU JOBUTBHOMY neN Takl IHTEpBAJW TMOBHICTIO TOKPUBAIOTH

MIPOMIHB [1;+00).
JloBeneMo 1HAYKIIEO MO N HEPIBHICTh f(X) <+/2X Ha KOXXHOMY 3 1HTEpBAJIIB

[2"H2M).
Baza immykuii. Jms 1< x <2 f(X) < x=/x+/x <~+/24/x =+/2x .
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Kpok inaykuii. [Ipumyctumo, o miist Beix x 3 iHTepBairy [2";2") HepiBHICTh

f(x) <~/2x mae micue. Hexaii Temep 2" <x <2, Tomi f(x) S\/Ef(g)<\/§\/_:\/ﬂ,

. 4 X . } :
OCKIIBKH 2" < 5 <2". OTxe, HEPIBHICTh MA€ MICIE 1 I N+1, a 11€ O3HAYaE, 0 I

BCiX ne N, To6TO f(X)<+/2X 1714 BCIiX X & [Lj+00) .

3anaua 4 (MockoBcbka MaTeMaTH4HA oiimmiana, 1977 p.).

3unaiitu Bci ¢QyHkuii f:N —>N, I SKHX BHUKOHYEThCS Taka YMOBa:
f(n+1) > f(f(n)) misg BCiXx ne N.

Po3B’si3anHsa. JloBegeMo crmodarky 3a JONOMOIOK METOAY MAaTeMaTU4YHOI
IHIYKI1, 10 Juisl OyAb-SIKOTO HAaTypalbHOTO K MPaBWIHLHUM € TaKe TBEPJKECHHS:
AKIo n>k, o f(n)>Kk.

Copasni, st k=1 11€e TBep/DKCHHS € oueBUIHUM. Hexall BOHO € mpaBUIBHUM
st k 1 Hexal n>k+1. Toml n—1>k, oTxe, Ha MiICTaBl IHAYKTUBHOTO MPUITYLIEHHS
MmaeMo: f(n—-1)>k.AneTomii f(f(n-1))>k,00 m=f(n-1)eN, m>k.

3Bakar04yM Ha YMOBY 3ajadi, gictanemo f(n)> f(f(n-1))>k.

Otxe, f(n)>k, a Tomy f(n)>k+1. Takum yunom, f(n)>k, AKm0 n>k mnpu
BCiX ke N.

[Mpumyctumo tenep, 1mo s aeskoro K, mae micue f (k) > k,. [To3Haunmo depes
A, MHOXHHY BCixX 3HaueHb f (N), m1s sskux n > k.

Hexaiéi | — wnaliMmenmmii enemeHT MHOXWHM A ;. Ockiibkn n-1>k;,, TO
f(n-1) > k,. CopaBni, sikimo n-1>k,, TO 1€ BUIUIMBaE 3 HepiBHOCTI f(n-1)>n-1.
Axkmo n-1=k,, o f(n-1) = f(k,) > k,.

Hexait m= f(f(n-1)), Toxi, ockineku f(n-1) >k, To Me A,. Aie 3a yMOBOIO
f(n)> f(f(n-1), T06TO | >m, O cynepeynTh BHOOPY | IK HAMEHIIIOro eJeMeHTa 3
MHOXHUHH A ;.

OTmke, MPUIYIIEHHS MPO Te, 1o uIg Aeskoro K, mae wmicue f(k,) >k,, €

HETPaBWIBHUM, 1 JUIs BCiX ne N Mae micie f(n)=n.
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be3nocepenHbo0  MepeBipKkoI0  MepekoHyeMoch, 1o ¢yHkmis f(n) = n
3aJI0BOJIbHSIE YMOBY 3a/1a4i.

3apaua 5 (CopociBcbka onimmiaga Ykpainu, 1995 p.).

®Oyukmis f: Z — Z 3a710BONBHSIE TaKi YMOBH:

1) f(f(n)) =n WA BCIX IIHX N;

2) f(f(n+2)+2)=n qIg BCIX LIKX N;

3) f(0)=1.

3uaiiaite 3HaueHHs f(1995) Ta f(-1994).

Po3B’a3anHs.

a) [ligctaBumo N =0 B 1), orpumaemo f (f(0)) =0, TooTo f (1) =0, 60 f(0) =1.
3 ymoB (1) Tta (2) BummBae, mmpo: f(f(n)=f(f(n+2)+2), TOOTO VneZ
f(n)=f(n+2)+2

0) Mami 3a ingykiiero N (B oOuasa 00ku) noseaemo, mo f(n)=1-n vnel.

baza immykuii: f(0) = 1; f(1) = 0.

Kpox iHaykiii: nmpumyctumo, o f(n) =1-n.

Hosenemo, mo f(n+2)=1-(n+2) ta f(n-2)=1-(n-2), BUKOPUCTOBYIOUH (a):
fh+2)=f(n)—2=1-n-2=1-(n+2), f(n-2)=f(nN)+2=1-n+2=1-(n-2).

[HaykTHBHUN KpOK MU 3aiMCHIOBaIM uepe3 2, aie 0aza 1HAyKIili Oyna
nepeBipeHa I IBOX CYCiHIX 3HA4€Hb, TOMY MH JIOoBeJH, o f(n)=1-n Vnel.

Tomy f(1995) =1-1995 = —1994, f(~1994) =1—(~1994) = 1995,

3apaua 6 (MockoBcbka MaTeMaTH4HA oiimmiana, 1982 p.).

®ynkuis f (N) BU3HAUeHa 1715 BCIX HATYpaTbHUX N 1 HAOyBa€ MIIMX HEBIA €EMHHUX
3HauyeHb. Bigomo, o 1 (GyHKIIIs 33 JOBOJIBHSIE TaKl YMOBHU:

1) vm, neN f (n + m) —f (n) — f (m) HabyBae 3nauens 0 ado 1;

2)f(2) =0;

3)f(3)>0;

4) f(9999) = 3333.
3uaiitu f (1982).

41



Po3w’s3annsa. IlimcraBumo B 1) m = n =1, Tomi f(2)-2f(1)=0 abo
f(2)—2f (1) =1.

Omxe, f(2)-2f(@) >0, 3Bigku f (1)< % f (2) = 0. Ane 3a o3nauennsm f (1) >0,

tomy f (1)=0.

Skmom=2,n=1,10 f(3)-f(2) - f(1) <1. Ockineku f(3)>0, To f(3)=1.

[TincraBuBmm B 1) N = 3 mpu goButbkHOMY M, mictanemo f (m+3) =f (m) + f (3)
abo f (m+3) =f (m) + f (3)+1.

Otxe, f (M+3) > f (m)+1. (1)

JloBezieMo, 110 Tpu OyAb-IKUX M i K BUKOHY€ETHCS HEPIBHICTh
f (m+3k) > f (m)+ k. (2).

3adikcyemo m i moBenemo (2) imaykimieto mo K. [Tpu k =1 maemo (1).

Hexaii TBep/pkeHHs (2) crnpaBmkyeThes ans aeskoro K. Jloeaemo, mo (2) €
CHpaBeUTHBUM 1 JuTst K+1.

Crpaszi, f (M+3(k+1)) = f (M+3K)+3) > f (M+3K)+1 > f (m) + (k+1), mo i
tpeba Oymno moBectu. Ockinbku 3333 = f (9999) = f (3+3 3332) (gf (3)+3332, To mus
Bcix M 1 K takux, mo m + K < 3333, pukonyerbcs piBHicTh f (3m+3k) =f (3m) + k, a
ToMy octatroyno maemo 3 f (1982) + 2 > f (31982) = 1982 > 3 f (1982), 3Biaku
f (1982) = 660.

Bigmosias: f (1982) = 660.

Po3rnsiHeMO BUKOPHCTaHHSI I[bOTO METOJY ITiICTAHOBOK IIiJ] 4ac PO3B’SI3aHHS
(YHKI1OHATBHUX PIBHSAHB, Y SKUX HEBIAOMUMH € (DYHKIIIS 3 ABOMA 3MIHHUMH.

3agaua 1. Bigomo, mo ¢yHkiis f(x,y) A1 KOKHOT Iapy IIJIMX HEBIA €MHHUX
qrces 3aI0BOJIbHSIE YMOBH:

1) f(0,y)=y+1;

2) f(x+10)=f(x1);

3) f(x+Ly+1)="f(x, f(x+1y)).

3uaiifite 3HaueHHs f(4,1982).
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Inest po3B’si3aHHS Taka: cHiBBIHOMICHHS (3) 3 yMOBH 3ajadi J1a€ 3MOTY
MOCIIJIOBHO 3HAaXOJUTH PEKYPEHTHI CHIBBIIHOIIEHHS, SKI TOB’A3yIOTh 3HAUYCHHS
f(x,,y) Ta f(x,,y+1) mpu x, =1 2,3, 4. 3Haroun 3HaueHHs f(x,,0), HEBAKKO BUBECTH
dopmyiy st f(x,,y), BAKOPUCTOBYIOUHM CTAHAAPTHI IPUHOMH.

JlomoBuMoOCs, 1m0 1mudpa, sKa CTOITh MiJ 3HAKOM «IOPIBHIOE», O3HAYATHME
HOMEp BUKOPHCTAHOTO CIIBBITHOIICHHS 3 YMOBH 3aJaui.

a) [TinctaBumo B (3) X=0, oTpumaemo:
fLy+2)=1(0f@y)=fLy)+1 (4)

1)
JloBeneMo 3a inaykiiero, mo f(Ly)=2+y 4

Maemo f(1,0)=f(01)=1+1=2=2+0.

)
[Ipunyctumo, mo f(L,n)=2+n, Toai BHACTIIOK (4)

f(ln+1)=f(L,n)+1=(2+n)+1=(n+1)+2, mo it Tpeda Oy/I0 TOBECTH.

0) ITizcraBumo B (3) x =1, 3Haxoaumo: f(2,y+)—=f@L fRy)=f2y)+2. (5)
3) @)

JloBemeMo 3a IHAYKINETO, o f(2,y) =2y +3. (5')

Hiticao, mpu y=0:f(20)=f(11)=2+1=2-0+3. Hexait f(2,n)=2n+3, Tomi
) )

f2n+)=Ff(2,n)+2=(2n+3)+2=2(n+1)+3.
®)

B) [TizcraBumo B (3) x =2, orpumaemo: f(3,y+1)—=1(2, f(3,y))=2f(3,y)+3. (6)
®) (5)

3naiigemo crioyatky 3HadueHHs f(3,0): f(3,0) = f(2,1) =5, 3riaHO 3 (2) ymoBu. Tomy
fBy+1)=2-(..2-((2-5+3) +3) +...) + 3, 3BIOKH
fGy+D)=52+31+2+..+2"")=8-2" -3=8%Y -3 (6')
r) Hapemri, miacraBumo B (3) x =3, oTpuMaemMo:
f(4,y+D) =@ f(4y)=2"""°_3 (7)
3i cmiBBigHOmeHHS (2) 3Haxomammo: f(4,0)= f(31)=2°-3. PiBuicth (7) mae
3MOTY JIETKO JOBECTH 3a 1HAYKIII€0, o f(4,y) = 02" —3, JIe MOKa3HUK MICTHUTE (Y +2)

JIBIMKH.
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Otxe, f(4,1981)=2> -3 (y mokasHuky 1983 nsiiixn).
3amava 2. 3HaiaiTe yci QyHKIIT ABOX 3MIHHUX f(X,y), 110 BU3HAYEHI JIJIS BCIX
JTOJIaTHUX X,Yy, TNPUWMAIOTh JOJIaTHI 3HAYCHHS 1 IS BCIX JOJATHUX X,Y,Z

DF(x f(x,z)= (X D:
3aJ10BOJIbHAIOTH YMOBH: JEY)+ f(x2) = f(xy+z+])
2)f (x,y) f (. %) =%y

BigmoBige: f(x,y) = y+l X.
X+1

3ajaui s caMOCTIHHOTO PO3B’ A3aHHS
1.3uaiiti Bci ¢yHkmii f:R> >R, ski npd Oyab-IKHUX JIHCHHX X,Y,Z
3aJI0BOJTBHSIIOTh YMOBHU:

Dx+y)fFxy) = f(x*,y?%),
2)f(x,y)=f(Xx+z,y+12),
3)f(1,0)=1.

2.3naiith Bcl ¢yHKIIT f:RxR—>R, sKI 33J0BOJBHAIOTH TakKi YMOBH:
f(x, f(y,2)+f(f(x,y),2)=2y Ta f(x, f(x,y)) =Yy IIg BCIX TIHCHUX X, Y.

[IIo6 30cepenuTu yBary y4HIB Ha TOMY, IIO BHUOIp METOy PpO3B’sI3aHHS
(YHKIIOHATBFHOTO PIBHSHHS 3aJIKUTHh BIJ TOTO, Y SKOMY KJacl CIiJl IIyKaTd
PO3B’S3KHU (UM TO B KJIACl HEMEPEPBHUX, TUPEPEHILIINOBAHUX TOLIO), CIA PO3TISHYTH
3a/1ayl, K1 MICTSTh B YMOBI OJMH 1 TOW CAaMHil BUIJISIA PIBHSHHSA, ajie QYHKIII, 110
HOTO 33JT0BOJIBHSIIOTh, IPEICTABIISIIOTH Pi3HI KJIACH.

3apava 1. 3naiitu Bci ¢gynkuii f:N —->N, mug skux f(@)=1 1 mpu Vx,
yeN: f(x+y)=1f(X)+ f(y)+xy.

Po3p’s3anns. Hexait y =1, tomi f(x+1)— f(x) =x+1.

Tenep, miacTaBISIOYN MOCTIIOBHO 3aMICTh X 1, 2, 3,...,(n—1), OTpUMaEMO:
f2)-f@)=2

f(3)- f(2) =3

f(n)—f(n-1)=n.
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n(n-1)

Jlomapim yci 111 piBHOCTI, OTpuMaEMO f(n) =1+2+..+n= 5

TobTo f(x)= % x(x-1).

[TepeBipKkoro MEPEKOHYEMOCS, 1110 TTOCIIAOBHICTD 3aJJ0BOJIBHSIE YMOBY 3aja4i.

3apava 2. Po3p’si3atn  PyHKIIOHANBbHE PIBHSIHHA f(Xx+Yy) = f(X)+ f(y)+xy Ha
MHOHUHI QYHKIIN f:R— R, HEMEpPepBHUX Yy TOUIl X =0.

Posp’si3anns. Ilpu y=0 orpumaemo, mo f(0)=0, a TOi, MEepEHIIOBIIN 10
TPaHUIN y BUXITHOMY PIBHSHHI, OTPHMAEMO: Iirr(l) f(x+y)=f(x). Lle o3nauae, mo f

y—
HerepepBHa Ha BCid uyucioBid mnpsmii. [ami, 3adikcyBaBIIM y, OTPUMAEMO:
f'(x+y)=f'(x)+y ado f"(x+y)=f"(x),3Biaku f"(x)=a (a=-const).
Otxe, f(x)= % x* +bx +c. [TepeBipkoro 3HaxoauMo, Mo a=1,beR, c=0.

2
Bigmosige. f(x) = X? +bx.

3agaua 3. 3Haiitu Bci qudepenmiiioBani ¢pyHkiii f :R— R, s skux f() =1
Ta VX, yeR: f(x+y)=f(X)+ f(y)+xy.

Poss’s3anns. Hexait y — ¢ikcoBane umcio, Tomi f/(x+y)=f/(x)+y, a ToMy

/ / / /
fim N0 i Y Ane tim —EEVNZTO gy oMy £ =1
y

y—0 y y—0 y y—0

vxeR.

2
Taxkum unboM, f/(x)=x+b, a f(x):X?+bx+c.

3 ormsaay Ha Te, mo f(x)=1 1 mpu x=0, 3 piBHIHHA BHIumBae: f(0)=0,

bic== 1 x> x 1
MaTUMEMO: 2, TOOTO b==, ¢=0, a f(X)=—+=-==x(x+1) — MuIyKaHa
c=0 2 2 2 2

byHKITIS.
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