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Po3gin 1
BekTopHa anrebpa

§ 1. O3HayeHHs BeKTOpa Ta OCHOBHI
onepauii Hap BeKTopaMu
y 6eskoopanHaTHOMY niaxoai

1.1 O3Ha4yeHHs BeKTopa

IcHye nBa OCHOBHI migXxoau abo JiBa CIIOCOOU MPEIACTABIICHHS Be-
KTOPIB Ta Omepaliil HaJ HUMU — KOOPAMHATHUI Ta 0€3KOOpIMHAT-
Hui. BekTop a 3a3BHYail MO3HAYANOTH K d .

OsHaueHHsi 1. BekTtopoMm y E; Ha3MBa€THCS BCIMUMHA, KA XapAKTCPHU-

3YEThCA: 1) HEBITEMHUM YHMCIIOM (TaK 3BaHUM MopayieM abo aOCcomroT-
HUM 3HAY€HHSM), 10 BU3HAYAE€ il Yy TICBHUX OIUHHIIAX MIPH;
2) HaNPSIMKOM Y TIPOCTOP1; 3) MIIKOPSETHCS TIEBHUM TPABUJIAM T€OMET-
PHUYHOTO J0JaBaHHs (IPABHITy [APAJIEIOrPaMa) Ta MHOMKEHHS HA YHCIIO .

Omxe, mepuruit crocid 3amaHHd BeKTopa d — dYepe3 MOAYIb

—

a= |Zz| 1 HAMPsIMOK. SIKILO € — OMUHUYHUN BEKTOP (|é| =1), mo 3a-

Ja€ HAIIpsIM BeKTopa d , TO d MO>KHA TI0JIaTH Y BUTJISIII

-

- . a
a=ae, e=—.
a

Bekropu € onHaKOBUMH, SIKIIO iX MOYJI Ta HAPSIMKH 301ral0Th-
cs. 3armuc @ =0 abo a =0 o3Hauae, 110 MOJLYJIb |&'| =0 1 HAIPSIMOK

BEKTOPa HEBU3HAYCHUHU.

[Ipupona BekTopiB ((Pi3MUHUX BEKTOPHUX BEIUUYMH) MOXKE OYyTH
pizHoto. IIpHKITaioM HaWMPOCTIIONO BEKTOPA € TaK 3BAHUU reoMeT-
PUYHUM BEKTOp — HAMPSMIICHUH BIJPI30K.

3rapaHi npasvna AOAABAHHS | MHOXEHHSI BEKTOPIB Ha YMCMO NiAKOPSAIOTLCS akciomam
NiHIMHOrO BEKTOpHOro npoctopy (ame. Betyn).
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JIOBUTBHUI BEKTOpP — IIe He 0OOB'S3KOBO HAMPSIMIICHHH BIIPi30K,
ajie KO)KHOMY BEKTOPY MOXHA nocmasumu y 8i0n08iOHIicmb NEIKUN
HAMPSAMJICHUN BIJIPI30K, SKMH Ma€ HAMpPsIMOK PO3TIISIyBaHOTO BCK-
TOpa 1 JOBXKHUHY, 1[0 JOPIBHIOE YHNCIIOBOMY 3HAYEHHIO HOT'0 MOTYJIs
(y meBHoMy MaciuTa0i). Lle 3pyuHuii crocid 300pakeHHs] BEKTOpa.
[Ipy npomy omepaiisiM 13 BEKTOpaMu BIANOBIIATUMYTh Omeparlii 13
BIIMOBITHUMH HANPAMJICHUMH BiJpi3kaMu. TakuM YMHOM, B OCHOBI
HOHSITTSI BEKTOpa a00 BEKTOPHOI BEJIMYUHU JICKUTH TIOHSITTS 2€0ie-
MPUYHO20 8eKMoOpa, IKe HAIeKUTh JO OCHOBHHUX IMOHATH MPOCTOPY.
Came 3 HUX 3a3BUYAl MOYMHAIOTH 3HAMOMCTBO 3 BEKTOpPaMU y HIKOJI1
Ta B KypCl aHaJIITUYHOT T€OMETPii.

3BiJicH BUILJIMBAE 1HIIIE O3HAYEHHS BEKTOPA.

OsHaueHHs 2. BekTopHa cisnuHa BenuumHa — 1¢ ¢izuuHa BeJv-
YHHa, KO)KHOMY 3HAYEHHIO SKOi MOYKHA IIOCTABUTH Y BiJIMOBIIHICTH
TEOMETPHYHHUI BEKTOP Tak, 00 omepamisaM 13 ITUMH (HI3UIHAMU Be-
JUYMHAMHA BIIMOBIJAIN oIepallii 13 BIAMOBIIHUMH Ie€OMETPUUYHUMU
BCKTOPAMH.

10est exkmopHo2o uucienHs NONATaE Y TOMY, IIO0 YCTAaHOBUTH TaKy
BIJIMOBIAHICTh T4 TCOMETPU3YBATH (PI3UYHE MUCIICHHS: PI3HOT MPUPO-
a1 (PI3UYHUM BEKTOPHUM BEJIMYMHAM MOCTABUTH y BIAMOBIIHICTH Ha-
NpsSIMJICHI BIAPI3KK 1 BUKOHYBAaTH OMepailii 13 HUIMU HAOYHO 1 3a YHi-
BEPCAILHUMU TPaBUIAMH.

[TpukiiazomM BiIMIHHOIO Bij HAIPSIMIIGHOT'O Bijpi3ka 00'ekra reo-
METPUUHOI TIPUPOIH, SIKUH MOXKHA PO3TIISAIATH K BEKTOD, € BEKTOP-
HUM eJleMeHT IUIONI — YacTHHA IUIONIMHU, OOMeKeHa KOHTYpOoM, Ha
SIKOMY 3aJ1aHO JTOJATHUN HANpsMOK 00xoy (hopMa KOHTYpY 3HA4YEH-
HS He Mae). EnmeMeHT muionii 300pa3uMo BEKTOPOM, JOBXKHHA SIKOTO
JOPIBHIOE TUIOMI S, siKa oOMexeHa KOHTYPOM, a HaIllPsIMOK 301Ta€Th-
Csl 3 HAMPSMKOM JI0JIaTHOT HOpMaJti 0 TutomuHu. [Ipu upomy, 3a 10-
MOBJICHICTIO, JTOAATHOIO BBAXKAETHCS HOPMalb, 13 BICTPS SIKOT 0OXi[
KOHTYPY B JI0JIaTHOMY HANpsSIMKy BUIJISIZA€ SK TaKUM, 10 31HCHIO-
€TbCA MPOTU PYyXY TOAUHHUKOBOI CTpiJIKI/Iz. [To3HauMMO BEKTOp, IO

300paXkae eJeMeHT 1ol yepe3 S =S7, ie 7 — OJJUHUIHHUIA BEKTOP

*Takuin BUGIp AOAATHOI HOpMani BiAMNOBIAAE TaKoX Tak 3BaHOMY MPaBWiy BUHTA:
rBuvHT (i3 NpaBoto pi3bbolo), BiCb SIKOro NeprneHANKyNsipHa Ao NAOWWHKY, obepTalounch
y HanpsMKy 06xoay KOHTYpY, NOCTYNasbHO PYXA€ETbCs B HANPSIMKY A0AATHOI HOpMari.



y HaIpsIMKy JoaTHoi HopMmaii (pvc. 1.1). Bukonanus mpaBuia jgo/a-
BaHHS BEKTOPIB (TPETiii NMyHKT 03Ha- A =
YeHHs1 1) JUIS CJICMCHTIB ILIOINII 3a-
Oe3medye Taka Teopema. .

Bexmopna cyma enemenmis C > Tn
niowi Onsl 3AMKHEHOI NOBepXHi
(mobmo eexkmop 3aMKHeHOI nose-
DXHI) OOPIBHIOE HYTIO.

[{ro TeopeMy MOCTaTHHO JIOBE-
CTH JUIs TeTpaeapa (npvknag 1 13 n. 1.2), OCKIIbKU TOBUIbHMI Oarato-
I'PaHHUK MOXHa PO30UTH Ha pAJll TeTpaeapiB. 3aCTOCYBABIIM TE€Ope-
MY J10 KOKHOTO 13 TE€TpaeApiB, a MOTIM J0JIABLIA PE3YIbTaTH, OTPH-
MaeMoO: CyMa BEKTOPIB yCiX TpaHCi OaraTorpaHHuKa ILIIOC CyMa BCIX
BEKTOPIB JOaTKOBUX TPaHEH, K1 yTBOPHIHCS Y Pe3yiabTaTi po30uT-
Ts OaratorpaHHHKa Ha TETPACAPH, JTOPIBHIOE HYII0. AJC OCKUIbKH
KOXKHa JIOJaTKOBA TPaHb OJTHOYACHO € TPAHHIO JIJIS JIBOX TE€Tpae/piB,
PUYOMY JIJIsI TIEPIIOTO TeTpaeapa 3a 30BHIIIHIO HOPMaJlb J0 HEi MU
MOBUHHI MPUNAHATH OWH HANPSMOK HOpMa, a JJIsl IPyTroro — mpo-
TIWISKHAN HAMPSAMOK, TO CyMa BEKTOpPIB, KOJKEH 3 SKUX BIIIIOBIIa€
JOJIATKOBIN TpaHi, TOPiBHIOE HYMIO. | K pe3yiabTaT, cyMa BEKTOPIB
yCiX TpaHei GaratorpaHHuUKa, 10 BJIACHE 1 € BEKTOPOM 3aMKHCHOTO
OaraTorpaHHHKa, TOPIBHIOE HYJIIO.

OCKUIbKM Yy TOBEPXHIO JOBUIHHOI (pOpMU MOXHA BOUCATH PSJl
HECKIHYCHHO MaJIuX OaraTOrpaHHHKIB 13 TPaHSIMH, IUIOII SKHUX
NpsMYIOTh 10 HYJISI, TO i1 BEKTOpa 11 MOBEPXHi B pe3yJIbTaTi IpaHu-
YHOTO NIEPEXOY TCK OTPUMAEMO HYJIb.

YTOYHUMO, 110 BEKTOPHHMM €IIEMEHT IUIOIIl € TICeBIOBEKTOPOM
(amB. po3g. 5, § 1).

Puc. 1.1. BekTopHWit
eNeMeHT NNoLi

1.2. OCHOBHI onepaduii HaJ, BEKTOpamMu
y 6e3koopanHaTHOMY niaxopn
Ta IX BNaCTUBOCTI
1. Cyma eexmopis a +b (puc. 1.2) 3HaXOIUTHCS 3a MIPABHIIOM I1a-
panenorpama (mapaneabHUM MEPEHECEHHSIM J0 KIHIS MEepPIIoro BeK-

Topa Tpeda MPUKIIACTH MTOYATOK JIPYTOTO 1 3'€IHATH MOYATOK IEePIIO-
o 13 KiHIeM Jipyroro). [IpaBuio napasenorpama Jyisi reOMETPUIHOL



CYMH BEKTOPIB 0OMeXye MHOKHHY BEJIMYUH, 110 XapaKTepU3yIOThCS
HANPSIMKOM, SIKi MOJKHA HAa3BaTH BEKTOPAMH.

Hamnpukia, moBOpoT TBEpJIOTO TiJla HABKOJO Oy/b-sIKOi OCi Ha
CKIHUCHHMU KYT, 37aBajgocs 0, MOXHa 3aJlaTh HANPSAMIICHUM BIApi3-
KOM, ajie 1ie He Oyje BEKTOp, TOMY IO JiBa I0-
CIIOBHI TMOBOPOTH HABKOJIO PI3HUX OCEi
CKJIQ/IAIOTHCS HE 3a MPaBUJIOM Mapajesiorpama,
a 3a OUIBLI CKJIQJHUM TpaBwioM. [Ipu oMy
pe3yIbTaT MOBOPOTIB 3aJICKHUTh BiJI MOCI1IOB-
HOCT1 X BUKOHAHHS, Y TOH 4ac sK MpH J10/a-

b

Q.

a+b
Puc. 1.2.

Cyma BekTOpiB . L o
BaHHI BEKTOpiB d+b =b+a. Taka BiaMIH-

HICTb TOSICHIOETHCS THM, II0 0OepTaHHS TBEPJIOIO TiJIa Ha CKIHYEH-
HUH KyT OIHCY€THhCS IEBHOK MATPHUIICI0. 3a3HAUMMO, IO HECKIH-
YCHHO MaJll TTIOBOPOTHU MOYKHA TPEJICTABIATA BCKTOPAMHU, TOMY IO
JUTsl HUX MPABUJIO Mapasiesiorpama CripaBe/jiuBe.

2. Jlobymok eexkmopa Ha Oitiche yucio cd — Ie BEKTOp, 0 Mae
HaMpsIMOK d , KO ¢ >0, 1 NPOTHUICKHUN HAPSIMOK, K0 ¢ <0,
Ta |cc7| :|c||c_i| :

3. llpoekyis eéexmopa Ha 6ico U : a, =acoso. — L€ AOBKHUHA BlJ-
pizka (puc. 1.3), 1m0 BiACIKAETHCS
HAa OCl MEPHCHAUKYISIPHUMHU 0
Hei TUIOLIMHAMM, TMPOBEICHUMHU
4yepe3 KiHIl BEKTOpa d, B3siTa 3i
3HakoM "+" abo "-", AKIIO Hamps-
MOK BekTopa d, (puc.1.3) 30ira-

sl

€ThC 3 U a00 MPOTHIICKHUH 10
U , BIAOBIAHO. TyT o0 — KYyT MIXK
BeKTOpamu a Ta u, 0<a <.

Puc. 1.3 0o BM3HAYEHHS NpoekLii
BEKTOpa Ha BiCb

4. Cranapnuii 006ymok a -b € auciom, BUpaxyBaHUM 3a (hOPMYJIOFO

a-b=abcoso=ab=ab,.

Tyt a, =acosa, b, =bcosa — npoekuii BEKTOpiB ¢, b Ha Hamps-
MOK 1HIIOrO (puc. 1.4). SIKII0 BEeKTOp # — OAMHUYHMM, TO d-U =a,, .
VY (pi3uii ckansapHuii 100yTOK BEKTOPIB, HATPUKJIIA, BU3HAYAE poOo-
Ty CHJIH, TIOTIK BEKTOpa Yepe3 IOBEPXHIO TOLIO.
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OcHoOBHI BJIACTHBOCTI CKaJIApHOTO HTO- b

3 @
OyTKYy : N
— g g — ’/ N
I)a-b=b-a; a AN
- o -2 2 o\ -
2) a- a=|a| =a”; b
a,

3)a-b=0, sxmo a=0 a6o b=0, abo Puc. 1.4. Mpoekuis

OIHOIo BEKTOPaA Ha

BEKTOPH d 1 b TepHeHAMKYJSpHI (OpTOro- _
HanpsIMOK iHLIOro

HaJIbHI);

5) (md-nb)=mn(d-b)= n(d-mb)=m(nd-b).

Heo0xigHo 1 0CTaTHBOI0 YMOBOIO OPTOrOHanbHOCTi HCHYJIbOBHX
BEKTOPIB a 1 b e PIBHICTB HYJIIO 1X CKaISIPHOTO A00YTKY 4 - b=0.

5. Bexmopruii 006ymok d Gxb —1e BEKTOp, KUl TOPIBHIOE BEK-
TOPHOMY €JIEMCHTY IUIONII TapayiesiorpaMa, modyJI0BaHOTO Ha BCK-

Topax d i b (puc. 1.5). BekTopHHil 10GYTOK € MepIeHIUKY/IIPHIM
TUIONIMHI ~ BCKTOPIB-CIIBMHOKHHKIB 1 dxh

. . . — - BekTopHuMi1 fo6YyTOK
HallMEHITHH KyT MDK BEeKTOpaMu d Ta b ,

0 < a <7. BukopuctoByBaTUMEMO JUIsl BEKTOPHOTO JAOOYTKY BEKTO-

YTBOPIOE 3 d , b Tak 3BaHy mpaBy’ Tpiiiky
BEKTOpiB. oro MOaysh JOPIBHIOE TLIOMII
napajienorpama, mo0y 0BaHOTO Ha BEKTO-

—

. - a
pax d Ta b, T00TO |Zz|-‘b‘sino¢ Tyt a — Puc. 1.5.

—

piB d Ta b TO3HAYCHHS: d X b, Xoua B JiTEepaTypl 3yCTPIUarOThCs U
1HIII IMO3HAYEHHsI, 30KpeMa, [d X b ], [Ei,l; ], (ax b ).

[Ipuknanyu BEKTOPHUX NOOYTKIB: MOMCHT CUJIU € JOOYTKOM pai-
yC-BEKTOpAa TOYKHM 11 NPUKIAJAAHHS HAa BEKTOP-CUILY N=FxF, ni-

3Y nitepaTypi 4N ckanspHoro Ao6yTKy BEKTOPIB BUKOPUCTOBYETLCH TAKOX MO3HAYEH-
Ha (d - b) abo (d,b).

*lns npaBoi (NiBoi) TPIliKM BEKTOPIB &,, €,, &, MOBOPOT BiA &, A0 &, Ha MEeHLWIl
KyT (< 1) 3AINCHIOETLCA NPOTU FOAMHHUKOBOI CTPINKM (3a rOAMHHUKOBOK CTPINKOLD),
AKLIO AMBUTUCD i3 KiHLS BEKTOpa €, .
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HiliHa MBUAKICTh TOYKHU T4, IO 00EPTAETHCS, € BEKTOPHUM JOOYT-
KOM KYTOBOI IIBHIKOCTI Ha paJilyC-BeKTOp TOYKH BIJHOCHO HEPYXO-
MOTO IIOJIFOCA V =X 7 .

OCHOBHI BJIaCTHBOCT1 BEKTOPHOTO JOOYTKY:

1) axb=-bxa,

2) axad=0;

3) axb =0, akmo a=0 abo b =0, abo BekTOpH d Ta b KO-
HCapHi;

4
4) > ;%
i=1 J

5) maxnb =mn(dxb)=n(dxmb)=m(naxb).
HeoO0xi1H010 1 JOCTaTHBOI YMOBOIO KoniHeapHOCTi BIIMIHHUX BiJl

14 N p v .
bj:ZZ“iij3
1

i=1 j=1

HYJISI BEKTOPIB d Ta b € PIBHICTh HYJIO iX BEKTOPHOrO AOO0YTKY
axb=0.

MNpuknag 1. Hexait y TeTpaenpi 13 IUIOMIAMH TpaHEH si, Sy, S3, S4
IPOBEACHO YOTUPU BeKTOpH S, S,, S;, S, Y HAOpSIMKY 30BHILIHIX
HOpMajsiel 10 rpaHei. JloBKMHU BEKTOPIB BIAMOBIIHO JOPIBHIOIOTH

—

Y

IUIoIaM TrpaHent |S;

= ;. Ilokasatu, mo

0

S;+S5,+5;+85,=0, T06TO BekTOpHA
CyMa €JIEMEHTIB TUIONI Jis TOBEPXHI TET-
paeapa IOPiBHIOE HYJIIO.

PosB'sizaHHs. I3 BepimHM TeTpaeapa mpo-
BEIEMO TpHU JIOMOMDKHI BeKTOpu (pwc. 1.6).
BekTopHi eneMeHTH IOl BUPAKAFOTHCS
yepe3 BIAMOBINHI BEKTOPHI JOOYTKH: IS
OluHMX TpaHci Slzﬁxb/Z, S,=b xE/2, B

Puc. 1.6
A0 npukniaay 1

S,=¢xd/2; mwm TpuxyrHuka ABC
S, =(—d)x(b—a)/2. Toxi
28, + 8, +8;+8,)=Gdxb+bx¢+Exa+(¢—a)x(b—a)=0.
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6. Miwanuii oooymox (d,b,¢)=(dxb)-¢ 1 Mae TaKuil TreOMeTpUY-
HUIA 3MICT: BIH JIOpiBHIOE 00'eMy mapaseserinena (puc. 1.7), mnodymaoBaHo-

rO Ha BEeKTOpax d,b, ¢ , y3aTomy 3i 3HaKOM "+,

SKIO d,b,C YTBOPIOIOTH NPaBY TPIMKY BEKTO-

piB, Ta 31 3HaKoM "—", sik110 MiBy. Koy mix 3Ha-
KOM MIITIAHOTO JOOYTKY 3yCTPIHAIOTHCS JIBA OF1-
HAKOB1 BEKTOPU, TO TAaKMK MIIIAHUNA JOOYTOK
JOPIBHIOE HYITIO (HEMOXKIIUBO MOOYIyBaTH Ia-
pasenerines1 Ha JBOX BEKTOpax).

OCHOBHI1 BIaCTUBOCTI MIIIIAHOTO OOy TKY:

1) (d,b,¢)=(b,¢,a)=(C,d,b);
2) (d,b,&)=—(,b,d)=—(a,é,b)=—(b,d,c);

3) (51,5,5)20,;11(1110 d=0 a6o 526, a6o ¢ =0, abo BEKTOPH

Puc. 1.7.
MilmaHmin nobyTok

—

d,b,¢ — komIaHapHi, TOOTO JieXKaTh y TapaieNbHUX TJIOIMINHAX;
4) (ad +Pd,b,é)=a(ad,b,c)+B(d,b,¢);
5) (md,nb,¢)=mn(a,b,¢) =n(d,mb,¢)=m(na,b,c);
6) (a xl;) c=a- (Z; X C), TOOTO B MIIIAHOMY JIOOYTKY MOHa Mi-

HSITH MICIISIMH 3HAKHM CKAJISIPHOTO Ta BEKTOPHOI'O MHOKEHHSI.
HeoOxigHOIO Ta J0CTaTHBROIO YMOBOKO KOMRAaHapHocTi TPIHKH

BIJIMIHHUX B1Jl HYJISI BEKTOPIB d, b Ta ¢ € PIBHICTh HYJIO iX Millla-
HOTO JIOOYTKY (c?,l;,E) =0.

7. Ioositinuti 6ekmophutl 00OYymox a x (Z; X C) — 1€ BEKTOp, SIKHH,
3 OHOrO OOKY, € MEPNEHAUKYISIPHUM 10 d , a 3 1HIIOTO, € MEPIICH-
JMKYJISPHAM 10 b x &, TOOTO 10 HOpMAl IUIOLIMHH, sKd BH3HAYA-

€ThCS BEKTOpaMu b Ta ¢ . BiH € KoMITaHapHUM JI0 BEKTOPIB b 1 C .

OckUIbKU BEKTOp d X (b X ¢) mepneHauKyIsapHUN 10 d 1 JIEXKUTh

y IUIONIMHI BEKTOPIB b Ta ¢, TO WOTO0 MOKHA PO3KIACTH 3a UMU
BEKTOPaMH TakK, 1110

ax(bxc)=nb+mc, (1.1)
1€ m, n — CKaJIAPHI BEJTUYNHHU, SIK1 3HAWIEMO JIaJIi.
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JUIs 3HAXOKGHHS 11, HOMHOXHMO (1.1) CKABIpHO Ha BEKTOp b’
(puc. 1.8), KWl € HepHeHIUKYIAPHIM JI0 b (5 b =0) 1 JeXUTb y
b’ TUTOIIMHI BEKTOPIB b ta (BEKTOp ¢ — MOMIX
BEKTOPAMH b, l;') Tak, mo b, b’ Ta bx¢
YTBOPIOIOTH MpaBy TPiMKy BekTopiB. Toxl
b'-(ax(bx&)=m(b' 7). (1.2)
Bukopucraemo HUKIIYHY MEPECTaHOBKY Y
ey MIIIAHOMY JOOYTKY:
X\ X o= L= — = 7
Puc. 1.8. r|aom(;iﬁHmc|>|’) bir(axibxe)=a-((bxe)xb) — (1.3)

BEKTOPHMI A06yTOK 1 Oe3mocepe b0 00unciuMo (b xc)xb'.
NEeXUTb Y NNOLWMHI

Bekropauit 1o0yTOK bxé MICPIICHINKY -

BEKTOpIB c o o
opis b, ¢ JSAPHUN 10 IUIOIIMHU, Y SKIH JIEXKUTH BEKTOP

—

b', a ioro JOBXKMHA JOPIBHIOE ‘l; X ¢ ‘ = besin(b,¢) , Tomy
\(5 x &) 13'\ — beb'sin(b, &) = beb' cos(b,¢) = b(b' - &)
(OCKLITbKH b tab — MEePIEHIUKYISPHI, TO sin(l; ,C)= cos(l;',E) ), a
(bx&)xb' =-b(b',7) (1.4)
(HAmPAMOK BekTopa (b x &) x b’ IPOTHIEKHHIT 10 HAPSAMKY BEKTOpa

b , OCKiNbKH BEKTOPHU b, b Ta bx¢ 3a ZOMOBICHICTIO YTBOPIOIOTH
npaBy TpiiiKy BekTopiB). I3 (1.2) 3 ypaxyBaHHsaM (1.3), (1.4) 3HaXO-
JTUMO, 1110

m=—(G-b). (1.5)
106 3naitTu 1, nepenumemo dhopmymy (1.1) y BUrIsil
ax(¢xb)=-mé—nb . (1.6)

[TopiBHIOIOYH (1.6) 13 (1.1) Ta 3aCTOCOBYIOYH IIOMHO 3HAUACHUN pe-
3yabTar (1.5), 3pa3y oTpumyemMo

n=(a-c), (1.7)
TakK, 10 KiHIleBa (hOpMyJIa Ma€e BUTJIS]T
ax(bx&)=b(a-c)-c@@-b). (1.8)

g ¢popmyna 3anuinaerbcsi COpaBeqIMBOKO 1 IPU KOJIIHEAPHOCTI
BCKTOpIB b Ta C, KOJM TIpaBa Ta JiiBa YaCTUHU OOCPTAIOTHCS Ha
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HyJb. 3a3HaYUMO, III0 Y TIOJIBIHHOMY BEKTOPHOMY JAOOYTKY MOPSIOK

MHOKCHHS € MpUHIUIOBMM. Hampukian, obuuciroroun (d X b )X,

OTPUMACMO 30BCIM 1HIIUN BEKTOP
(Gxb)x¢=—cx(axb)=b(d-¢)—a(c-b),

TaKuM, KWW JEKHUTH y IUIOIIMHI BEKTOPIB d 1 b, HA BIIMIHY BiJI

BeKTOpa d x (b X¢), 1110 3HAXOAUTHCA y TUIOLTMHI BEKTOPIB b Ta C .

ChopMymaroeMo s 3ariamM'sTOBYBAaHHS MPABHIO PO3KPUTTS II0O-
JBIMHOI'O BEKTOPHOI'0 JOOYTKY CIIOBaMU: Nepuiuti 6eKmMop 6HYMpiuL-
Hb020 BEKMOPHO20 00OVMKY MHONCUMO HA CKAAPHUL O0OYNOK Mux
BEKMOPIB, WO 3ANUUMUIUCD, | BIOHIMAEMO OPVeULL BEKMOP SHYMPIlL-
Hb020 8EKMOPHO20 000YMKY, NOMHOICEHUL HA CKAIAPHUL 000YMOK
MuUx 6eKmMopis, W0 3aIUUUTUCD.

dopmyna (1.8) 1IeTKO BUBOJAUTHCS Y KOOPAUHATHOMY M1AXO/II.

1.3. Po3knagaHHS BeKTOpa Ha Mo3A0BXHIO
Ta rnonepeyHy cKknaaosi BiAHOCHO

BUAINEHOro HanpsMKy

OCHOBHHMM METOJ0M POOOTH 3 BEKTOpPAMH € PO3KJIaJ[aHHs BEK-
TOpIB Ha ckiIagoBi. Bubip ckiragoBHX Mae MPUBOJHMTH IO CIIPO-
IIEHHS pO3B'A3yBaHHA 3aj1a4i. SIKIIo
y pO3TIIAAyBaHIW 3a1adi € BUJLICHI
HanpsIMKH, 3PYYHO CKJIaJ0BI BUOM-
paTv mapajelbHHMU JI0 [IUX Hamps-
MKiB. Halinpocrimmii BapiaHT Tako-
ro po3KiaJaHHs BUHMKAE TOM1, KOJIH Puc. 1.9. PosknazaHHs
B 3ajia4il € JIMIIEe OJMH BHJIIJICHHUI BEKTOPa Ha MO3A0BXKHIO
HATIAMOK. Ta nonepeyHy CKIaJioBi

Posxnaoanus eexmopa Ha no300821CcHI0O ma NONepPeury CKId008i
BiJHOCHO BUJIJICHOTO HANPSAMKY, SKMU 3aJa€ThCsS ONMHUYHUM Be-
KTOPOM i , BAKOHYEThCS 32 ()OPMYJIOIO

ITo310BKHSI CKJIaJ0Ba BEKTOpAa d — BEKTOP ZzH — HANPSAMJICHUU

napajiesnbHO 10 U , a Horo mpoekuis (ave. n. 1.2, onepaii 3, 4) BU3Ha-
YAETHCS CKAIAPHUM JTOOYTKOM d Ta U , TOMY
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a = (Zi ] )ﬁ :
[Tomiepeyna ckiamoBa BeKTOpa
a, =a-—aq :ﬁ—(ﬁ-ﬁ)ﬁzﬁ(ﬁ-ﬁ)—ﬁ(é-ﬁ).
Bupa3 npaBopy4 € po3KpuUTUM MOABIMHUM BEKTOPHUM JOOYTKOM,
TOOTO HOTO MOXKHA TIEPEITUCATH Y BUTIISII
a, =ux (Zi XU ) :
TakuM 4YHWHOM, JOBUIBHHI BEKTOpP Y TPUBHMIPHOMY IIPOCTOPI
MO>KHA TIPEJICTABUTH Y BUTJISAJII TAKOTO PO3KIATY:
a=dy+a, =u(a-u)+ux(axu), =1 (1.9)
Koopaunatuuii (avB. § 2) 1 O€3KOOpPAMHATHUNA TIAXOIU € B3AEMHO
JonoBHIOBaTbHUMU. [lepeBarn 6€3K0OpAMHATHOTO MIXOAY MOJISATA0Th
y TOMY, IO Oe3K00pOUHAmMHA (hopma 3alaHHs Ta BUKOHAHHS OIeparlii
13 BEKTOpaMH € OUIbII KOMIIAKTHOIO Ta HA0YHO. BoHa Ge3nocepenHbo
BIZIOOpaXkae 3MICT BEKTOPHUX BEJTMUMH Ta CIIBBITHOILICHH Mi’K HUMU SIK
IHBapiaHTHHUX, TOOTO TaKMX, II0 HE 3aJICkKaTh BiJI KOHKPETHOT'O BUOOPY
cucTeM KoopauHaT. Jlo HUX HaJeKaTh, HAMPUKIIAI, TaKi:
v - . = : .
mz =eE +evx B — pIBHAHHA PYyXy 3apsKeHol YacTUHKU B

CJIICKTpUYHOMY E Ta MarHiTHOMy Mojsix B,
(17 7 ) = O — PIBHSHHS IJIOIIMHY, IO NEPIICHIUKYJIISIPHA 10 OAUHU-

YHOr0 BEKTOpa 7 1 MPOXOJUTH Ha BIICTAHl O BiJl MOYATKy KOOPAWHAT.

3acmocysanuns Koopounammno2o memody NO3BOJIIE BUBYATH T'€O-
METpUYHI 00'eKTH HE OE3MOCEPEAHBO, a IOCUTh PO3BUHCHUMH METO-
JamMy anreOpu (B aHAIITUYHIA reoMeTpii) Ta aHam3y (y gudepeHIiia-
JAbHIA TeoMeTpii). [{luM muIsiXoM yAa€eThCsl HOCUTH JIETKO OTPUMATHU
pAI pe3yibTaTiB, 0€3MOCEPEIHE TOBEJCHHS SKUX Y 3arajlbHOMY BU-
najKy HeMOXIuBe ad0 HaaTo rpomizake. OJHAK Y KOOPAUHATHOMY
METO/1 KOKHUN BEKTOP 33JA€ThCSI CBOIMM KOOpJAWHATAMU, SKi 3aJIc-
’KaTh YK€ HE TUIbKHM BiJI CAMOT0 BEKTOpa, ajie W BiJ PO3IJIsiyBaHOl
KOOpAMHATHOI cuctemu (auB. n. 2.4). MoXHa cKka3aTu, 10 BOHU €
300pakKCHHSAM BEKTOpa Yy Il cucTeMi koopauHaT. KoopaunaTHui
METOJI J103BOJISI€ TaKOK BUBYATH OLIbII CKIIAJHI 00'€CKTH — meHn3opu,
K1 € y3aTaJIbHCHHSIM MOHSATTS BEKTOPA.

BnactuBocti reomeTpudHux ab0 (hi3MYHUX 00'€KTIB, 110 HE 3ae-
KaTh BiJl BUOOPY CUCTEMHU KOOPJMHAT, y SKid 111 00'€KTH BUBYAOTh-
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csl, HA3UBAIOThCA 1X IHeapianmHumu enacmusocmsamu. CaMe Taki
BJIACTHUBOCTI 1 € I[IKaBUMHU U1 BUBYEeHHS. OCHOBHE 3aBIaHHSA BEKTO-
PHOTO Ta TEH30PHOTO YHUCIJIEHHA 1 MOJSTAae y TOMY, OO HaBUUTHUCSA
BIJIOKPEMJIIOBATH PE3YyJIbTATH, IO BIIHOCITHCS 0 caMHUX O0'€KTiB,
BIJl TUX, sIKI MPUBHECECHO BUOOPOM CUCTEMHU KOOPIUHAT.

§ 2. KoopanHaTHM MmeTon

2.1. KoopanHaTHUK niaxip,

KoopaunatHuil miaxij BUMarae BUKOPUCTAHHS MIEBHOI CUCTEMU KO-
OpAMHAT, SKa 33Ja€ThCs TIOYATKOM BIIIKY Ta Oa3MCHUMHU BEKTOpPaMHU.
Ha nepuomy erami (po3ainu 1-3) 0OMEKXUMOCS JIUIIE TPAMOIIHITHUMHU
IeKapTOBUMHU (MPSIMOKYTHUMH) cucteMaMu koopauHat (ITJCK).

3ayBakMMoO, 1110 Y BEKTOPHOMY 1 TEH30pPHOMY YHMCIICHHI HIMPOKO
3aCTOCOBYIOTBCS 1HIEKCHI MO3HAYeHHS, TOOTO BEJIMUMHM 3 1HJIEKCA-
mu, BepxHiMu Ta HwkaiMu. Y TIJICK Hemae HeoOX1THOCTI po3pi3Hs-
TH BEPXHI Ta HUXKHI 1HAEKCH, TOMY BUKOPUCTOBY€EMO TiJIbKH HHXKHI.

3TiIHO 3 aKCIOMOIO PO3MIPHOCTI Y TPHMBHUMIPHOMY ITPOCTOP1 ICHYE
PIBHO TpH JIHIHHO HE3aJeKHI BEKTOpPH. Bubepemo iX oJuHUYHHMH

Ta OPTOrOHAILHUMMU:
é-e;, =0, (1.10)

1, i=7,
Ac Sij: : j.
0, i#j

BBIB Y 1866 p. HiMenbkuii Mmatematuk JI. Kponekep (1823-1891). Be-
ktopu ¢€; (i=1,2,3 abo i=x,y,z) Ha3UBAIOTbCA OPTaMM CHCTCMHU

— cuMBoJl KpdHekepa, KopucHE TTO3HAUYCHHS, SKC

KOOPJIMHAT 1 YTBOPIOIOTH Oa3mc abo perep. BoHu xk 3a7ai0Th HaIIps-
Mmku ocelt [IIICK: Ox;, Ox,, Oxy (abo Ox, Oy, Oz). 3ayBaxumo,

10 Y BUIAAKY JIEKAPTOBOI CUCTEMHU KOOPAMHAT iCHYE KiJIbKa CIIOCO-
0iB To3Ha4YeHHs BeKTopiB Oasucy. BuOip mo3HayeHbh MOTHBYETHCS
3pYYHICTIO BUKOPUCTAHHSA y KOHKpETHi 3a/1a4l

{i,),k}=1e,.e,.e.} ={¢,é,,6;}. llouarok Bimiky — Touka O,y
ki nmeperuHaiotbesa oci ITJICK, mae 3HaYeHHs JHIe IS BH3HA-
YEeHHs pajlyCc-BEKTOpa Ta AEKapTOBUX KOOPAMHAT TOYKH X, X5, X3
(a060 x, y, z). OCKIIbKH BCSAKHI YETBEPTUM BEKTOP d € JIHINHO
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3aJeKHUM BIA €;,6,,63, TO JOBUIBHUI BEKTOp ¢ MOKHA MOJATU Y
BUTJISII PO3KIIANY 3a [TUM Ga3COM :
a=ae +a,e, +ae;. (1.11)
Yucna a;,a,,a; Ha3UBalOTh KOOPAMHATAMM BEKTOpa d Yy JAaHIN
CHCTEMI KOOPJMHAT, & BEKTOPU @€, (,€,, A3¢; — HOTr0 CKIafA0BUMM
B3JIOBJK KOOPJMHATHUX OCCH. 3ayBaKMMO, 110 JUIsl BEKTOPIB TECPMIH
KOMMOHEHTU BXKMBAIOTh TAKOX SIK CHHOHIM CJoBa KoopauHatu. [lo-
MHOXUMO (1.11) CKaJIsIpHO Ha €] 1 0IEPIKUMO
a-e =ay, (1.12)
Je a; =acosd, — IpoeKIlis BeKTopa ¢ Ha Bich ( Ox; ). To6TO KOM-
noHeHTu Bektopa y IIJICK — e mpoekiii Ha oci. O1xe, 13 hopmya
(1.11), (1.12) BurumiBae, 1o y konkpetHiit [IJJCK Bektop Moxe OyTH
MOBHICTIO 33IaHUM HAOOPOM CBOIX KOOPAMWHAT i, HaBMaKu, Habip KO-
opauHaT y koHkpeTHiN I1/ICK moBHICTIO BU3Hauae BEKTOpP. 3BUYAM-
HO 1€ 3aIUCYIOTh K d =(a;,a,,a;) abo d(a;,a,,as), U0 € OHE U
TE came. 3ayBakUMO, 110 TICPIIMK 3aMuC HE CJIiJT PO3YMITH SIK TOTO-
KHICTb JIIBOT Ta MpaBOi YacCTHH, & JIMIIC SIK B3a€MHO OJIHO3HAYHY
BIJIMOBIHICTh MK BEKTOpOM 1 HabopoM #oro xkoopauHat. I[lomioH1
3allMCH YMTAIOTh TaK: "BEKTOpP d 3 HaOOPOM KOOPIMHAT a),d,,a3".
JleTanpHimie mpo 1€ ckazaHo y n. 2.5. B eBkiigoBoMy mpocTopi, BUO-
paBiy MeBHY TOYKy O 3a MOYaTOK BIAMIKY, MOXXHA KOXKHIM TOWII
OpOCTOPY  MOCTaBUTH Y  BIANOBIAHICTE i1 pajlyc-BEKTOP
¥ =X€ +X,6, + X363. TyT X{,X,,X3 — I€KapTOBl KOOPJHUHATU TOYKU
y L1l CUCTEM1 KOOPIWHAT, IJIs SIKMX 3a3BUYaii BUKOPUCTOBYIOTh I0-
3HA4YeHHS X, V,z . 3ayBaxumo, mo y [IJICK inaexkcamu, siki mo3Ha-
4al0Th KOMIIOHEHTH BEKTOPa, MOXYTh OyTH He 1udpu, a BiAMOBIIHI
OCSIM MaJICHBKI JIAaTHHCBKI OyKBH: d(a,,a,,d,) .

*TepMiH "6a3nc" € 3arasbHUM 4719 BCiX AiHIMHWMX NPOCTOpIB. BBaX@loTh, LLO MHOXWHA BEK-
TOpiB (6a3MCHNX BEKTOPIB) Y LIbOMY NiHIMHOMY BEKTOPHOMY NPOCTOPI YTBOPHOE 6a3unc, SKLIO
[OBINIbHWI BEKTOP i3 TaKoro NpocTopy MOXHA NoAaTV y BUrNsai NiHiNHOI komMbiHauii 6asuc-
HUX BEKTOPIB. ¥ HECKIHYUEHHOBUMIPHUX Ta (hYHKLIOHAMbHMX NPOCTOpPaX MiHiiHa KOMBGiHALs
3aAMIHSIETECS PSIAOM.
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2.2. lpaBuna 3anucy iHAEKCHUX BUpPa3iB.
BinbHi Ta HiMi iHAEKCH
Hajaimi nputimemMo Taky yroay Ipo IiJICcyMOBYBaHHS. JKu0 00uH
[ moul camuil 1aMuHCoKUll THOeKC Ni0 3HAKOM CYMU 3YCMPiiacmsbCs
08iui, mo 3Haxk cymu onyckaemo. Hampukian:
a= Zaiél‘

n
a;é;, Z i

1€ 7 — PO3MIPHICTB MPOCTOPY. SIKIIO iHJEKCH, MO0 ITOBTOPIOIOTHCH,
MO3HAYEHI TPEUBLKUMU JIITEpaMU, TO 32 YMOBUYBAHHSM (32 BIACYTHO-
CT1 3HaKa CyMH) IMJICYMOBYBaHHS HEMaE.

Inaeke, 3a SIKUM 3IIMCHIOETHCS II1ACYMOBYBaHHS, HA3HBAEThCS
HiMmuMm iHgekcom. Hazea "Himuit" TyT 03Hauae OykBajabHO "TOH, IO
HiYoro He ToBopuTh". ToOTO HIMHUI 1HAEKC HEe Hece HisfKoi iHdopMa-
ii. Bin gumie Bkasye, 3a KOO caMe Mapor0 1HJCKCIB 3A1HCHIOETHCS
HiJICyMOBYBaHHA. BykBy, KOTpOIO BiH MO3HAYA€ThCS B 1I1H mapi 1H1e-
KCIB, MOYKHA 3aMIHUTH 1HILIOIO:

a;€; =aie, =de;.

Inaexe, sIKMid 3yCTPIYaEThCs OJIUH Pa3, HA3UBAIOThH BiZIbHUM iHAe-
KCOM. Y OyJIb-sIKOMY BHpa3l KOXKEH 13 J0JIaHKIB IIOBUHEH MaTH OJIH1
M T1 caMi BUIBHI 1IHAEKCH, a MO3HAYEHHS BUILHUX 1 HIMHUX 1HIEKCIB B
OJIHOMY BHpa3i 30iraTucs He MOXXyTh. Hanpuxian:

X; = aikbk + C]klu]k .

n

€ii >

B iHmoMy BUmanky Takui BUpa3 HE Ma€ 3MICTY.

[Ti3Hime, mpu po3risiAl KOCOKYTHMX Ta KPUBOJIIHIMHUX CUCTEM
KOOPAMHAT, MU BBEIIEMO BEPXHI Ta HUXKHI 1HIEKCH. 1011 B KOXKHOMY
JTO0JaHKYy Mac OyTH OJMH 1 TOW camMuii HaOlp BUIBHUX 1HJIEKCIB SIK 3a
HAaMCHYBaHHSIMU, TaK 1 3a MO3ULIIsIMU (Bropi adbo BHU3Y), a mapa Hi-
MHX 1HJIEKCIB CKJIaJIATUMETHCS 13 BEPXHLOTO Ta HUKHBOTO 1HACKCIB.

BykBu, sSIKNMU TTO3HAYE€HO BiJIbHI 1HACKCH, TAKOX MOKHA JOB1Ib-
HO 3aMIHSATH Ha IHIII, ajie B yCIX JIOJIaHKax ojiHoYacHo. Hampukia,
OCTaHHIN BUpa3 MOXKHA MEPENUCATU Y BUTITISIIL:

X = ayby + ¢y . (1.13)

Koxxauit BinmbHUHN 1HACKC HaOyBae 3HaueHb Bim 1 g0 n (n-—
po3MipHicTh npoctopy). Takum yuHOM, y (1.13) OJTHOYACHO 3amuca-
HO 7 CHIBBIHOIIIEHD, a SIKIIIO BUPa3 MICTUTb Ak BUIbHUX 1HJIEKCIB, TO B
HBOMY, BIITIOBITHO, — n* chiBBigHONICHS.
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2.3. Onepadii Haa BEKTOpaMu
Y KOOPAWHATHOMY niaxoai

VYci onepariii 3 BeKTOpamu, 3alpOBaKEH] B § 1, MOXHa 3][1HCHIO-
BaTHU 1 y KoopauHaTHOMY Tiaxoi. [Ipu nboMy KOOpAMHATHUN ITiIX1]T
BUMarae, moo yci BEKTOpH, K1 OepyTh ydacThb y Iii omepaiii, Oyau
3aJaH1 B OJTHIM 1 Tii camiil cucTeMi KOOpAWHaT.

Maemo pignicmo gexmopie (a = b ), KO B JESKIN CHCTEMI KO-
OpAMHAT iX BiJIMOBIIHI KOMIIOHEHTH OJHAKOBI: @; =b; .

OTpUMY€EMO HY1b-8€KMOP (0 a6o 0) a6o BexTop & =0, KO BCi

JOT0 KOMITOHEHTH JIOPIBHIOIOTH HYJIIO.
Ia1m1 omepariii 31HCHIOIOTHCS] TAKUM YHHOM:

ad =(oa;, aa,, aay). (1.15)

Jlosorcunoro (HOpMOIO) JICHOTO BEKTOpAa d HAa3WBAETHCS YHCIIO
a=|al=+a-a,
SIKC BU3BHAYAETRLCS Uepe3 CKAISpHUHN T0OYTOK BEKTOpa caMoro Ha celce;
4 4 4
(C_i,b,g): b] b2 b3 =€l-jkal-bjck, (117)
G &6 G
g & &4
axb=la, a, a|= el-jkaibjek , (1.18)
b b, b
ne e — cumBoi JIési-HiBiTa, BUSHAYCHNI TaKUM YHHOM:
+1, sxmmio 7, j, k ckIagaroTh MUKIIYHUN MTOPSIOK;

e;; —1, akmmo 7, j, k CKIIalaf0Th aHTUIUKITIYHUN TOpSJIoK;  (1.19)

ik~
0, skmio cepen i, j, k € oqHAKOBI 3HAUCHHS.

[Tpuknaay MUKIIYHAX TOpSAKiB 13 uncen 1, 2, 3: 123, 231, 312;
anTunukiiaaEX: 213, 321, 132; MuKINYAUX MOPSAKIB 13 JTaTHHCHKHUX
OYKB: X,V,Z: XVz, yzZX, ZXy; aHTHIUKINYHUX: VyXxz, zyX, xzy. Ha mpaktuii
JOIITLHO 3aMICTh BH3HAYHHMKA (1.18) KOpHUCTYBAaTHUCS KOMIIAKTHOO
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bopMyII010 IS 3HAXOKEHHS KOHKPETHOI KOMITOHEHTH BEKTOPHOI'O
TO00YTKY:

[axb);=a;b,—ayb;, ne i, j,k CKIANArOTh LUKIIYHUI TTOPSIOK,
Hanpuknan, [axb], =a,b,—a,b,.

HaBenemo koprcHy BEKTOPHY TOTOXKHICTD

i-d b-d ¢-d
(@,b,é)d,e,f)=|a-é b-é ¢-é (1.20)
af b7 e

Ta 11 JOBEICHHS.

OckunbKY MilIaHUuM T00YTOK BEKTOPIB 3alMCYETHCS BU3HAYHUKOM
MaTpHIIl, KOMIIOHEHTAMH SIKOi € BIJIOBIIHI KOOPAWHATHA BEKTOPIB (AMB.
(1.17)), TO BHUKOPUCTOBYIOUM TaKi BJIACTUBOCTI  BHU3HAYHMKIB:

detB = detBT(Bl.JT- =B;), det A-det B =det(4-B"), sHaxomumo
(@,b,¢)(d,é, f)=det A-det B=det A-det BT =det(4B"),

a a aylfd e f ‘E‘z ‘E'é ‘Efi
det(AB")=det|| b, b, by | dy, e, fo||=|b-d b-é b-fl.
a ¢ a)dy e f ¢-d ¢-e ¢-f

2.4. UnkniyHmm 6asznc

Hukniuanii 6a3uc € 3pyYyHUM JUTsl OMKCY BEKTOPIB, IO 00EPTaIOTh-
Cs1, 30KpeMa Py POl PYXy 3apsKEHHX YaCTUHOK Y MarHiTHOMY
T0JI1, CBITJIa LUPKYJISIPHOI Mojisipu3arii Tomo. Bupas nis po3kiamaHHs
JOBUTBHOTO BEKTOPA @ 3a BEKTOpPaMH MUKIIYHOTO 0azucy

e tie, (1.21)
e =—F——, ¢,=¢, 1.21
S 2

Ma€ BUIIISA
d=a_e, +a.é_+aye,. (1.22)

[yKIiuHiI KOMIIOHEHTH a, , a, TOB'I3aHl 3 JeKapTOBUMU (hopMyIaMu:

a. tia a, +a a, —da
X - —
Yy a. = + a. = +

ai:T’ ay=4d,, dy T’ y i\/i
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s 3apsmkeHoi YacTMHKHA B TOCTIMHOMY MarHiTHOMY IIOJi

—_

B = Bé_ BekTOpHE PIBHSHHS PyXY PO3IaJa€ThCs HA TPU OKpEMi piB-
HSHHS TS ITUKIITYHIX KOMITOHEHT BeKTopa MIBUAKOCTI V. BekTop v

[ Xv) £ . .
€ OIMCHUM, TOMY V_ =V, 1 ICKApTOB1l KOOpAWHATH V,, V, 3HAXO-

y
JATBCS KV, = \/EReer V) = \/Elmv+ .
PO3riisiHEMO BEKTOPHY MOHOXPOMAaTHUHY MIOCKY XBHIIIO. 11 more

E(F,t) =A™ +x.c.

€ miicauM (TyT k 1 ® — JiiicHI BEIWYHMHH, K.C. — KOMIUIEKCHO-

—

CHPsDKEHUM JI0 TIEPIIIOTo JI0JIaHKA BUPA3), ajle BEKTOp aMILTITYau A €

KOMIUICKCHUM, OCKIJTbKU A Hece 1H(OpMaIlilo HE JIUIIE MPO aMILTITY-
I, a ¥ mpo BiIHOCHI (ha3u BCIX KOMITOHCHT Tojsl. Hexaii xBuis € more-
PEUHOIO, HANPUKIIAJ, CBITJIOBAa XBWIA y BaKkyyMi ab0 B 130TPOMHOMY

—

npo3opoMy cepenoBulli. Toai A Mae nuiine nepreHauKyIIpHi 10 XBH-

—_

JHOBOTO BekTOpa k ckianosi. HampaBumo Bick Oz mapalieibHO k .
BingMiHHICTH cuTyallii BiJf pyXy B MarHiTHOMY II0JIi TIOJISITA€ B TOMY, 1110

—

BIJITIOBITHI IIUKJIIYHI KOMITOHCHTH KOMILJICKCHOI amIunTyau A4 Tenep
He3ajiekHi. Bekropu momspuzariii, 1o BiAMOBIIAIOTh MUPKYISIPHO TIO-
JSIPU30BAaHOMY  CBITIIy,  3a3BHYail  BHU3HAYAIOTHCA — (QOpMyJIaMH

€™ (e, iley)/\/i . Hexaii 4= Ae];’+ , TOOTO A He MICTUTh CKJIa-

JOBOI, IPOHOPIIHHOT é/E _. Toni nexapToBi KOMIIOHEHTH IOJISI MAIOTh

BUTJISA]T
E. = J24 cos(wt —kz), E, = V24 sin(®? —kz).
Tyt nnst npoctotu A BBa)xkaeMo JiCHUM. TakuM 4YWHOM, Yy (hiKCOBa-

Hiii Touri mpocTopy BekTop E 06epTaeThCs y ILIOLUHI, TIepIeH/Iu-
KYJLSIpHIH 10 BEeKTOpa k , IPUYOMY O0OEpPTAEThCS B HAMPSIMKY IIPOTH
PYXy TOAMHHUKOBOI CTPIUIKH, SKIO JHUBUTHUCS 13 KIHII BEKTOpa k.
3a 03HAYCHHSAM TaKa XBHWJISA BIAMOBIJIAE MpaBiil KPYroBiil monspusarii

ceitia (abo gonmartHii cmipadbHOCTI (poToHA). OTKE, BEKTOp €;

BIJIMOBIIAa€ JTIB1 KPYTOBIM MOISpU3aLIii.
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JIOBITbHUH KOMIUIEKCHHM BEKTOp MOXKe OyTH IOJaHHH SK JIi-
HilfHa KOMOIHAIlis JIHCHUX BEKTOPIB 13 KOMIUICKCHUMH Koe]ilieH-
Tamu (avB., Hanpuknag, (1.21)). To6To KOMIUIEKCHI BEKTOPU yTBO-
PIOIOTH JIIHIMHUM NPOCTIp HAJl TOJIEM KOMIUIEKCHUX 4ucel, ajne 0a-
3UC Yy IIbOMY HIPOCTOPI MOXxe BuOupatucs giicHuM. KommiekcHi
BEKTOPHU HE MalOTh HANPSIMKY 1 IOBKMHU Y 3BUYAHOMY PO3yMIHHI,
K N1MCHI BEKTOpU. TOMY MOHSTTS CKaISIPHOTO AOOYTKY 1 MOIyJs
BEKTOpa HEOOXIJHO y3araJibHUTH, ajie TaK, 00 KI0Y0Ba ij1esl op-
TOTOHAIBHOCTI TIpalioBalia, a JIs JIHCHUX BEKTOPIB HOB1 O3HAYEH-
HSI TICPEXOUJIN Y TIOTICPES/THI.

30epekeMo 3a MO3HAYECHHSM d-b 3mict, BU3HAYCHHIT 3B'I3KOM
ITLOT0 BUPaA3y 13 Komnonentamu BekTopiB y ITIJICK:
a-b=b-d=ab +ab, +asb; .

[NapagoxcansHa (13 morssiAy JIIHCHUX BEKTOPIB (avB. § 5 po3a. 4)) piB-

HicTh €, -€, =0 mokasye, o /Il KOMIUIEKCHUX BEKTOPIB BEJIUYNHA

—

d-b He MOXE CIyXUTU CKAIAPHUM H00YTKOM. Cransapuuti 006ymox
BEKTOPIB d 1 b (y3araji Kaxyuu, KOMIUIEKCHMX) MO3HAYaTUMEMO Te-
- 7 o - k7 .
niep vepes (da,b), o3HaumBIM Horo Tak: (d,b)=d -b . 3Biacu BUILIH-
BA€ HECUMETPUYHICTDH CKASIPHOTO JTOOYTKY JIJIsI KOMIUIEKCHUX BEKTOPIB

P o T\ F . . .
(b,a)=(a,b) Ta iHII BIACTUBOCTI CKalsgpHOro aoOyTky. KBampar
Moxyis (BIH ke Keaopam HOpmu) KOMIDIEKCHOTO BEKTOpa O3HAYHMO
4epes3 CKISPHUM 100y TOK
2 =12 _ = =
a =|a| =(a,a),
. R I . 2

a0o 1HIIUMH cloBaMM, a” =da -d . Toxl 3apxmau a” >0, mpuaoMy
a=0 tinbku, ko d =0. Taki o3HayeHHs 3a0€3MEYYIOTh BHUKO-
HAHHS BCIX aKCIOM, SIKMM MAaroTh 3aJ0OBOJIBHATH HOPMa 1 CKaJsIpHUN
n00yTOK Y HOPMOBAaHOMY BEKTOPHOMY JIIHIHTHOMY MpPOCTOpI 31 CKa-
JSIPHUM JOOYTKOM.

[ToHSATTS OPTOrOHANBHOCTI B 3aralbHOMY BUIAJKY TaKOX BU3HA-
YaEThCS Yepe3 CKAIAPHUA JOOYTOK, a caMe, OPTOTOHAJILHUMHU € BEK-

TOPH, CKASIPHUI JOOYTOK SIKMX JOPIBHIOE HYIIO. Takum 4YUHOM,
yMOBa OPTOTOHATBLHOCT]I KOMIUIEKCHUX BEKTOPIB HAOYBa€ BUTIISLY

(@,b)y=d -b=0. (1.23)
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CkaisipHi TOOYTKH BEKTOPIB ITUKIIYHOTO 0a3uCy MAalOTh BUTJIS
(é_.e,)=¢,-¢é =0, (é,,6 )=¢é_-é =0, (€,e:) =0,
(e_,e_)=(e,,e,)=e, -e_=1. Orxe, uukinynui 6asuc (1.21) € op-
TOHOpMOBaHUM. [IporoHyeMo YuTa4eBi CAMOCTIHHO BUPA3UTH ITUK-
J19H1 KOMITOHEHTH BEKTOpa Yepe3 CKalsapHl AJOOYTKH 3 BEKTOpaMu
IUKIIIYHOTO 6aszucy. g BeKTOpHUX NOOYTKIB MAaeMO é_Xeé, =ig,,

e, xe,=ie,, eyxe_=ie_.

2.5. 3ayBaxeHHs wwoao dhinocodii KoOpAUHATHOrO MeToay

I3 Tenzopamu, 0COOIMBO BUIIUX MOPSIKIB, TOBOAUTHCS Mpallto-
BaTU Mail’ke BUKJTIOYHO Y KOOPJIMHATHOMY IT1IXOJ1, OCKIJIbKH TIPaBU-
Ja O0YHUCJICHb Y HHOMY € YHIBEpCaTbHUMH.

YV koopounamuomy nioxooi Mu TpamrOEMO HE 3 00'€KTOM 5K Ta-
KUM (BEKTOPOM, TEH30POM), a 3 HAOOpOM HOTO KOMIIOHEHT. Y Pi3HUX
cUcTeMax KOMIOHEHTH OJHOI0 M TOro camoro 00'exkra pi3Hi. ToOTo
caM 06 'exkm — insapianmnuii, a hopma tioco npeocmasiennss — Hi. Y
IOMY TOJISITA€ MEBHUN HEMOJIIK KOOPJMHATHOIO METOAY: MOTpiOHA
iH(opMalist Tpo 00'€EKT YCKIATHIOETHCS HEICTOTHOIO 1H(OpMAIIIEI0
npo OKpeMuil BUOIp KOOPAMHATHOI cUCTeMH. Tomy 3amava Teopii
MOJISITa€ y TOMY, 1100 HAaBUUTHUCS BIIOKPEMIIIOBATU T€ CYTTEBE, IO
CTOCYETBCSA CaMHX JOCIIIKYBAHUX TCH30PHUX BEJIMYMH, 1 BIAKHIATH
T€, 1110 MPUBHECEHO TUM YU IHIIUM BUOOPOM CUCTEMU KOOPAMHAT.

Heo0xiqHO 3po0uTH 1me omHe BaXKJMBe 3ayBakeHHs. KoHKpeTHUi
BEKTOP ¢ BIJNOBIJIAE NIEIKOMY pealbHOMY O0'€KTY T€OMETPUYHOI abo
Gbi3MYHOT  TPUPOAM, CKaxiMo,
NEPEMIIICHHIO TOYKH, IIBUIKO-
cTi, cwii Tomo. Llew o0'exT icHye
HE3JIEXKHO BIJ TOTO, Y SIKId CHC-
TeM1 MU HOTO PO3IIISATAEMO, 1 Un
po3IIIAIaeMo B3araii. AJle unciia
a,,a,,a; — KOOPAUHATH BEKTOpa

d — y’Ke 3aJIe’KaTh HE TUTHKH BiJl

caMoro a , aje ¥ Bl KOOpJIUHA- Puc. 1.10. KoopavHaTy BekTopa
THOI CHCTEMH, BITHOCHO SIKOT MH Ha MIOLLMHI
iforo posrmsgaemo. ko BHO- B Pi3HWUX CUCTEMaXx KOOpAMHAT

paTH 1HITY cucTeMy KoopauHat (puc. 1.10), TO i KOMIIOHEHTH OYIyTh
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iHmi, xoua BeKTOp — TOH camuid, (a,a,,a3)—>(af,ay,ay). MoxHa

CKa3aTH, 1110 KOMIIOHEHTH BEKTOPA € 300pa’KeHHsIM BEKTOpa y I1iil cuc-
Teml KoopauHar. Te came BITHOCUTHLCS 1 10 TeH30piB. Takoi mpuHIMIIO-
BOI MO3MIIIT MU 1 JOTpuUMYyeMOCh. [IpoTe B jiTepaTypi ICHY€ i 1HIIIA TOYKA
30py, 3riJHO 3 SIKOK HA0Ip KOOpAMHAT BEKTOpa (Habip KOMITOHEHT TEH30-
pa) OYKBaJIbHO OTOTOXHIOETHCS 13 CaMUM BEKTOPOM (TeH30poM). Harra
HO3HIIIST BUIAETHCS HaM OUIBII IIPHUMHSTHORO 3 TIOTISITY (D13UKH.

Boanouac mix BeKTOpoM (TEH30pOM) 1 HAOOPOM HOTO KOMIIOHEHT
y JaHiil CUCTEMI KOOpPAMHAT ICHY€E B3a€EMHO OJHO3HAYHA BiJAMOBIJ-
HICTb. 3 ypaxyBaHHSIM TakKoOi BIJIMOBIJIHOCTI MOXHa TOBOPUTH MPO
HaO1p KOMIIOHEHT SIK PO caM 00'ekT. Taka TEpMIHOJIOTISl € HIUPOKO
PO3IMOBCIO)KCHOIO 1 CIIPOIIYE MOBY, TOMY BHUCJIOBU Yy MOAIOHOMY
CTWJI1 BXKMBAIOTHCS 1 B IOMY IMOCIOHUKY.

2.6. Tunosi cuTyaLii BU60opy KOOpANHATHUX OCEN

3a KOOPAUHATHOIO MIAX01y BUOIP CUCTEMU KOOPJUHAT € BaXJIH-
BUM KPOKOM Yy PO3B'A3yBaHHI KOXHOiI 3ajnayi. BuOupatu cucremy
KOOpJIUHAT Tpeda Tak, 00 MaKCUMAIbHO cnpocmumu Po3B'a3yBaH-
HA 3a1a4i. He cimijg mparayTa HemoTpiOHO1 "3aragbHOi" CHCTEMH KO-
opaunat. Bubip cucreMu KOOpAMHAT — I 1HCTPYMEHT CIIPOIIEHHS
3amadi. Po3rasiHeMo TUTIOBI MPUKIIAIH.

1. ¥V 3amaui € onuH BUAINCHUNA HAMPSMOK, IO 3aJa€ThCS BEKTO-
poM a . Cucremy KOOpAMHAT CIiJl BUOpATH Tak, 1M00 HOro KOOpu-

Hatu Oynu HalimpocTimii: é; Iapa- X,
nensHo fio d. Tomi d=(0,0,a), e i
a= |ﬁ , = aey. [lpuknan — 3anaya e,
o . a

PO IPOCTOPOBHM PYyX TiIa B OJ- b
HOP1JTHOMY TIOJTI TSDKIHHS, d = & .

2. YV 3amgaul BUAIJIEHO [IBa Ha- O e, X,
IPAMKH, TIOB'sS3aH1 3 BEKTOpaMu d d

. e1
Ta b, MO yTBOPIOIOTH KyT o . Bu-

X

OupaeMo, HAIPHUKIIA uc. 1.11 ! .
P ’ P . (P ), Puc. 1.11. Bubip cuctemu
€; — HanpsAMJICHUH HapaneiabHO KOOPAMHAT AN 3a7aui,
BEKTOPY d ; 0a3uCHUI BEeKTOp € — Y AKiil BUAINEHO ABA HaNpsMKK
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—

HepHIeHAUKYIIpHO 10 IUIONIMHU BEKTOpiB d, b; €, — y IUIOMINHI

BekTOpiB d, b . Tomi a=(0,0,a), Z;:(O,bsinoc,bcosoc). Ilepe-

—
—

MHOXHUBIIM @ Ta b y KOMIIOHEHTaX, 30KpeMa, OAEPXHUMO Bijomi
pesyabTati: d-b =abcosa, bxd=basinoe;.
[Ipuknan — pyx 3apspkeHOT YaCTUHKHU B HeMmapalielbHUX OHOPI-

JTHUX CJIIEKTPUYHOMY Ta MarHiTHOMY MOJISIX, d = B,b=E.

KOHTPONbHI 3annuTaHHS

1. O3HayeHHsI BEKTOpa Ta OCHOBHI omepaliii Haj BEKTOpaMH B
0€3K00PIMHATHOMY TIIXO/].

2. KoopauHaTtu BekTOpa B I€KapTOBiil CUCTEMI KOOPAUHAT.

3. Po3kiiailanHsi BEKTOpa Ha MO3J0BXKHIO Ta MOMEPEUHY CKIIaI0BI
BIJIHOCHO 33JIJaHOT0 HAIIPSIMKY.

4. Oneparii HaJl BEKTOPaMH Y KOOPAWHATHOMY I1XO/I1.

5. ['eoMeTpruHMI 3MICT CKaJISIPHOI'O, BEKTOPHOI'O Ta MIMIAHOI'O
T00YTKIB BEKTOPIB.

6. [IpaBuio PO3KPUTTA TIOJIBIITHOTO BEKTOPHOIO I[O6YTKy BGKTOplB

7. IIpaBwiia 3anucy iHJEKCHUX BHpa3iB. BinbHI Ta HIMI 1HJIEKCH.

3anadi
1.1. 3HaiTh npoekili [a x b Iy, [c? xf]z Ha OCl JCKapTOBOI CHC-

TeMU KOOPIUHAT.
1.2, O6uucnuTé 100yTKH OPTIB MPSIMOKYTHOT CHCTEMH KOOPAUHAT:

a) (e, xe,)x(e; xe,); 6) ((e.xe,)xe,)x((e,xe;)xe,).

V¥ 3amavax 1.3-1.9 70BeCTH BEKTOPHI TOTOKHOCTI:

1.3. (Gxb)-(Exd)=



1.6. (Axb, bx¢, ¢ xa)=(a,b,¢)*.

1.7. ax(bx(¢xd))=(a,c,d)b—(a-b)cxd).
i-d b-d ¢-d
1.8. (a,b,0)d,e,f)=|da-¢ b-e ¢-é
i-f b-f ¢-f
i-a b-a ¢-a
1.9. (@,b,¢)>=la-b b-b ¢-b
a-¢ b-¢ ¢-¢

—_

1.10. Jlano Bexropu d, b, ¢ i xkytu mix Humu: o= Z(b,¢),
B=ZL(a,c), y= 4(21,1;) . 3HAUTH KyT MK IIJIOIIUHAMHA (Zzl;) 1 (I;E) .
1.11. 3Haiith KyT MDK pajiyc-BEKTOpaMH ¥ Ta 7, HaUpPSIMKH
SIKHMX BIJIIOBiHO 3amano chepuunumu kytamu (0,p) ta (6',0").
1.12. BuBecTu TeopeMy KOCUHYCIB C(hepudHOT TPUTOHOMETPIT
cosa = cosBcosy+sin|3sinycosA
ne a=/(b,¢), B=2(G,¢), y=2(d,b); d, b i ¢ — onqunnuHi Be-
KTOpPU 31 COUIBHUM MOYaTKoM; A4 = L((a,b),(Zz,E )) — ABOrpaHHUU

KYT TIPU BEKTOP1 d .
1.13. BuBecTu TeopemMy CUHYCIB CHepUYHOT TPUTOHOMETPIT
sindA sinB sinC

sino.  sinp  siny
ne o= Z(b,é), p=4(a,c), y=2(G,b); d, b i ¢ — onuunuHi Be-
KTOpH 31 cnuyibHUM Tnodatkom; A= /((a, b) (a,c)), B= L((b a), (b c)),

C=Z((c,a),(c, b)) — JIBOTPAaHHI KyTW MpPH BEKTOpax da, bic,

BIJIIIOB1{HO.
1.14. 3a1aHO OAMHUYHI BEKTOPH d , b, ¢ 31 CIIVIBHUM MTOYaTKOM

1 KyTH MDXK HHUMHU: QZL(E,E), B=Z(,a), yZL(ﬁ,E). 3HalTu

KYT MIZK BEKTOPOM C 1 IJTOMUHOK (adb).
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1.15. /lano npusmy ob'emy V. OOuucautH

—_—_—

Mmimanud  00yTok  BekTopi (AB,BC,CD)
(puc. 1.12).

1.16. /laHo ky0 31 cTopoHoto a . O6uucIu-
TH MilIaHUK 10OYTOK BEKTOpiB (p,q,7). Bu-

KOHATH AaHaJOTIYHe OOYHCIIEHHS, SKIIO 3a-
MICTh KyOa [daHo mapaieiemimen ob'emy V

(puc. 1.13).
1.17. lano terpaeup ABCD  obG'emy V. Puc. 1.12
3HaiiTn MiIlIaHHHA 106y TOK BEKTO- no 3apaqi 1.15

pis (DA, DB,DC).

1.18. /loBecTn popmyiry po3KIagaHHS BCK-
TOpa d Ha IMO3I0BXKHIO Ta MONEPEUYHY CKJIAJ0-
Bl BI/IHOCHO HAIPSIMKY, 33/ITAaHOTO OJIMHUYHUM
BEKTOpOM 7 : a=n(a-n)+nx(axn) abo

G=dj+a, ,ne a=n(@n),a =nx(@xn.

1.19. 3HaliTU BEKTOp, SAKH € PE3yJIbTaTOM
J3epKaJbHOTO BIAOOpaKeHHA BeKTopa d Yy
TUIOIIMHI, MEPNEeHAUKYJSIPHIA OJUHUYHOMY BEK-
TOpY 171 .

1.20. Bupas |7 —7'| possunytu B psaa Teinopa 3a 7'/ r i3 TouHi-

Puc. 1.13
0o 3apadi 1.16

CTIO JI0 (r'/r)2 , AKIO ' <K 7.
1.21. Bupas 1/|7 —F'| possunytu B psa Teiinopa 3a 7'/ r i3 To-

ynicTio 10 (#'/ )2, AKWo ' < r.
1.22, 3anucaTy PIBHSAHHS IUIONIMHH, 110 TIPOXOJUTH YEPE3 TOUKY
13 paJilyC-BEKTOPOM 7 TEePIEHAUKYIISPHO JI0 33/1aHOT0 BEKTOpa 71 .
1.23. 3anucaTy PiBHAHHS [UIOMIMHH, 110 MPOXOAUTH Y€pe3 1Bl TOUKU
3 pajilyCc-BEKTOpaMU # Ta 7, MapajiesibHO A0 33JaHOr0 BEKTopa d .
1.24, 3anucaTy piBHSHHS IUIOIIUHY, 110 TPOXOJUTH UYCPE3 TOUKY
3 pajilyC-BEKTOPOM 7, HapajeibHO JO0 3aJJaHUX BEKTOPIB d Ta b.
1.25. 3anucaTy piBHSHHS IUIOIIMHY, IO HPOXOAUTH Yepe3 3ajiaHi
TOUKH 3 PajilyC-BEKTOpaMU 7i , 7, 1 13, 10 HE HAJEKATh OJHIN MPSIMIIL.
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1.26. 3anucaTi piBHIHHS TUIONINHHY, SKa MEePIIEHIUKYISIpHA OJTH-
HUYHOMY BEKTOPY 7 1 MPOXOJUThH HA BiJICTaHI d BiJl MOYATKY KOOP-
JMHAT.

1.27. 3anicaTi piBHSIHHS IUIOIIKMHM, IO IIPOXOJUTH Yepe3 3aaHy
TOUKY 7 MapaJielbHO 334aHIH MJIOLWMHI 7 - 71 = O .

1.28. 3anucaTu PiBHIHHS MPSAMOI, 110 MPOXOAUTH YEPE3 TOUKY 3
pajilyc-BeKTOPOM 7 IMapajesIbHO J0 33/1aHOr0 BEKTOpa d .

1.29. 3HalTU OBXKUHY MEPIEHAUKYIISIPA, OMYIIEHOTO 13 MOYaTKy
KoopJuHaT Ha 1psmy (¥ —r)xa=0.

1.30. 3HaiiTH HAUKOPOTIIY B1JICTaHb MK IBOMA HeMapaeJIbHUMHU

—

NpsIMUMHM, 3aJaHUMU PIBHSHHIMU 7Xd=A Ta 7X b=B, sKWo
Gi-A=0,b-B=0, dxb=0.3HaiiTH yMOBY IIEPCTHHY LUX MPSIMHX.
1.31. 3HaiiTu BIACTaHb BIJ 3aJaHOI TOYKM 7; [0 IUIOLLU-
mn 7-N=a.
1.32. Po3B's13aTu piBHSIHHS BITHOCHO HEBIJJOMOTO BEKTOpa X :
a) X +P(axi)=b; 6) d+bxi=X.
1.33. Po3B'si3aTul cUCTEMY pPIBHSHB BITHOCHO BEKTOpA X :
X-a =p,
Xxb=4g.
YcTaHOBUTH r€OMETPUYHUN 3MICT PO3B'SA3KY.
1.34. Po3B'si3aTHl CUCTEMU PIBHAHb BITHOCHO HEBIJIOMUX X, V Ta Z:
a) xd+yb+z¢=d ; 6) x(bx¢)+ W xad)+z(@xb)=d.
1.35. BUKOpHUCTOBYIHOYM BEKTOPHI TOTOKHOCTI, PO3B'si3aTH BiJIHO-
CHO HEBIJIOMOTO BEKTOpa X CHCTEMY PIBHSHb:

|

=l =l
S
[l

=

ol
Il

Q,
B,
Y.
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§1. 3actocysaHHa TeH3OpiB y i3uuUi

MareMaTUYHUH OMKC TPOIECIB Ta SIBUI IPYHTYETbCS HAa BUKOPHCTaHHI
MOHATTS BEJMYMHU. Bimomo, 110 3a CBO€I0 MAaTEeMATHYHOIO NMPUPOAOIO BEIUYUHU
OyBarOTh TPHOX THUIIIB: CKaJISIpH, BEKTOPH, TCH30pU. Takuil MiAXiI 10 3aCTOCYBaHHS
BEIUYMH TP MOJCIIOBAHHI 103Boyige chopmyiioBaT (i3U4HI 3aKOHU B
IHBapiaHTHOMY BHI. [HBaplaHTHICTh PO3YMIETHCS B Takui cmocid — SKIIO B
MPOCTOPi 3MIHUTH CUCTEMY KOOpJAHUHAT (i1 BI3UKHU 1€ TOB'SI3aHE 3 MOMKJIMBICTIO
3MIHU CUCTEMHM BIJUJIIKY), TO 1€ MPUBOJAUTH 10 BIIIIOBIHUX 3MIH B ONKCI IPOIIECIB i
sBHII, ayie ¢opMa 3amucy HE TOBHHHA 3MIHIOBAaTHCS. TOMY TPECTaBISICTHCS
JIOLIJIBHAM BUKOPUCTATH CKAJIAPHI, BEKTOPHI W TEH30pHI BEJIMYMHH, SIKI IIPU TAKUX

TICPETBOPCHHSX HE 3MIHIOIOTh 3aMucy 3aKoHiB. Hampukiana, BiCTaHb MIK TOYKaMH

M1 M, — iHBapiaHT NpH Nepexoi Bix cucreMu Oxy O CUCTEMH O'x! y] (puc.1).

M, .
A7 M,
A . "’.1
y . K
R
w, : : o 1
L™ Y T x
X
y s 4 ?1 . SV 2 ’.’
. 1 :
‘v . . '0
“0 3 -.. 0“
3 R
3 K
’Q‘ b.’ "".
- R
;
14 1 *.":,' .:-"..
0‘“‘0
3
01
D)
.
»
O X
Puc. 1

< : 1.1.1 1 1 1 1
Hexaii B cucremi Oxy: M (x1,11);iM>(x7,15), Ox'y :M(x1,]);M>(x3,¥3).
Benmnuuna AS =d(M{,M)He 3MIHIOETbCS TOMY, IO AS = AF? , e Ay =1 —n =

= 721 —711. Ckansipu (rycTuHa, TeMIepaTypa, Maca TOLI0) XapaKTepU3yloThCs OJHUM



grcioM (GYyHKINEO), 0 HE 3MIHIOETHCS TIPH IIEPETBOPEHHI KoopauHaT. Bektopun —
CIPSAMOBAaHI BIIPI3KH, XapaKTCPHU3YIOThCS BEIMUYMHAMU 1 HAIIpsSAMaMHU Yy MPOCTOpI Ta
HE 3aJeXarh BiJg BUOOpY cucTeMu KoopaumHat. TeH3opw € BeauuMHaMu OUIBII
ckiaanHol mnpuponu. Hampukinaa, TeH30p Ipyroro paHry MO)XHa BU3HAYUTH B
TPUBUMIPHOMY MPOCTOPI TPIHKOIO BEKTOPIB 00 TAOIUIICIO AEB'SITH KOMITOHEHTIB.
BukopucTaHHs BEKTOPHOTO Ta TEH30PHOTO aHali3y IS MOJEeNIOBaHHS
Gi3MYHUX  SABUI 3YMOBJICHE HE JIMIIIC HAOYHICTIO 1 3PYYHICTIO MaTEeMaTUYHHX
dbopmyn. 3acTocyBaHHS TEH30piB B (i3Il OOYMOBJIEHO BIIACTUBOCTAMU Ta

CTPYKTYPOIO (i3UUHOTO CBITY, SIKH BIIOOPAXKAIOTHCS Y MATEMAaTUUYHUX MOJICTISX.

§ 2. BsaemHi 6a3ucu sektopis. KoHTpaBapiaHTHI i

KOBApPiaAHTHi KOMMNOHEHTU

PosrnstHemo  TpUBUMIPHUN  BEKTOPHHUI  MPOCTIp R, bynb-sika  Tpiiika

HCKOMITJIAHAPHUX BEKTOPIB 13 3araJIbHUM MOYaTKOM YTBOPIOIOTH Oa3uC: El’ 52, 53,

KU OyZeMO Ha3uBaTH O0CHOBHUM. Bynb sikuii Bektop b € R® Moxua PO3KJIACTH T10

oMy 6asucy (puc. 2), To6To

b =B'g + B%e, + B’5. (2.1)

Bg

B'q

Puc. 2

Koedimientn posxmany (2.1) B',B%. B> no OCHOBHOMY 0a3uCy Ha3HBalOTHCS

KOHMpasapiaHmMHuMuU KOMIIOHCHTaMU BekTopa b (iHOeKcH 3Bepxy). s



TOro, 00 BU3HAYUTH KOHTPaBapiaHTHI KOMIIOHEHTH aHAJIITUYHO HEOOXiHO BBECTH
B3aeMuuil Gasnc. basucn €, €,, €, # €', €e”, €3— Ha3UBAITHCS 63AEMHUML,

SIKIIIO BUKOHYIOTBCSI HACTYITHI CIIBBi{HOIIEHHS [2]:

R T L 2.2)
Li=j
e 5§ — cumsont Kponerepa.

Bektopn B3aemHoro 0asucy, SK BHAHO i3
BJIACTUBOCTEH CKaJIAPHOTO MOOYTKY, MepHeHIUKYIISAPHI
JIO BEKTOpPIB OCHOBHOro 0Oaszucy 3 HE30DKHUMU
IHACKCAMHU 1 YTBOPIOIOTH TOCTPUH KYT 3 BEKTOPOM

OCHOBHOTO 0a3nWcy 3 TakuM K¢ iHJekcom (puc. 3),

TOOTO

' 12}, cos@.g)>0(i# j;i,j=1,2,3).

SIko B3ATH 0asuc JIEKapTOBOi NMPSIMOKYTHOI CHCTEMU

Puc. 3

KOC Hi BCKTOPH B3a€MHO IEPICHIUKYJSPHI), TO B3a€MHUM Oasuc

30iraeTbcss 3 HUM. Skmo B adiHHMX (KOCOKYTHHX) CHCTEMaxX KOOPIWHAT
pO3K/IajaHHs MO B3a€MHUX Oasucax He 30irarothes B' #B;, (puc. 4), 10 B

JIeKapTOBUX CHCTeMax depe3 30ir 0a3uciB KOHTpaBapiaHTHI W KOBapiaHTHI

KOMIIOHCHTH CIIIBMaAaloTh, TOMY B HallMCaHHI 1HACKCIB He POOJATH PO3XOMKCHHI.

Bye?

Puc. 4



AHaIITHYHO KOMITOHEHTH BEKTOPIB 3HAXOIATH 32 JOIIOMOT'OI0 CKAIIIPHOTO J10-
S R S | _ _3 i =i
Oytky. Sxkmo b =Be+B°e,+Be3=Bje +Bye~+Bze”, 10 B =b-e —
Konmpaesapianmii KOMIOHeHTH, B = b € j — K06apianmii KOMIIOHCHTH.

J171s1 CKOpOYCHHS 3aIiCy B TEH30pHIM anreOpi Ta TCH30pHOMY aHasi31

npuiiMaeThes npasuiio EifHmreiina abo yMoBa mpo ImiICyMOBYBaHHS:
T _ pl= 2 3= < pie _ pi=
b=Be +B%e+Be=2B¢=DB¢.
SIK110 BMKOpPHUCTAHI IIOBTOPIOBAHI 1HIEKCH (OJIMH 3BEpPXY, IHIIUK 3HU3Y), TO MAETHCS
Ha yBa3i, (SIKIO He 0OTOBOPECHE MPOTHIICIKHE), TT1JICYMOBYBaHHS.
Buznaunmo Tenep aHaNITHYHO BEKTOPH B3aEMHOTO 0a3ucy MO BEKTOpax

nanoro 6asucy. Hexaii nanmii 6asuc Ep 52’ E3 , TOMi

er X e
elle, ellg, e=——2 3
el'(ezxe:)))

TOMY, 11O 3@ BH3HAYEHHIM ¢l -El =1,
k(eyxey) e =1 —;
2737175 (EZX%)'EI,
eq X e e X e
52:_ 3_ 1_ ’ 53:_ 1_ 2_

AHAJIOT1YHO BW3HAYAIOThCS BCKTOPH OCHOBHOTO 0a3ucy, SIKIIO 3a/1aHo

B3aEMHMI 6a3uc (MIHAEMO 1HICKCH BEPXHIM HA HIDKHIN 1 HABIIAKK y opmyiax).

§3. TeHsopu n-ro pawvry (n = 0, 1, 2, .)

Posrinsgaemo mpoctip R3, Y HbOMY CKaJIsIpHI, BEKTOPHI ¥ TEH30pHI BEeJIHYHHHU

BU3HAYAIOTLCA BIANOBITHUMHU BMOPAJKOBAHMMH HaOopaMu KOMIOHEHTIB. KinbKicTh

koMmoHeHTiB 71 =3", e N — panr TeHzopa. Maemo:

1) ckansp - TeH30p HyJbOBOIO PaHry n = 30 =1.



2) BEKTOp - TEH30p NepIoro panry n=23'=3.
3) TEH30p APYroro paHry n= 32 =9, Tomo.

I'eomeTpuyHO 10 TOHATTA TEH30PHOI BEIUYMHM 1 4YHUCIA KOMIIOHEHTIB
MPUXOIUMO 3 BHUKOPHCTaHHSAM Oaszucy B mpocTopi. TeH30p HYJIBOBOIO paHTry
BUXOJIUTD, SKIIO NPH YTBOPECHHI TOJIagHUX JOOYTKIB BEKTOpH 0a3zucy M Oepemo
HYJIb Pa3iB.

Tenzopu 1 panry, Ko BEKTOpH 0a3ucy MU OEpPeMoO 1O OJTHOMY pa3sy.

Tenzopu 2 paHry, SKIIO — II0 JABa pa3u, TOIIO.

st Toro, moO MOSCHUTH OJCP)KaHHS TEH30pa JPYroro PaHry BBEIACMO
CIIOYATKy MOHATT 0iadu [3].

Jiaoor a6Go HeBU3HaueHUM MOOYTKOM IBOX Oa3sHMCHHX BEKTOPiB OymeMo

Ha3MBaTH JOOYTKU BUY €; ee, €e,,..., €33, NIl Mo3HaYenns ¢; ® e -

gj .

Tenzopom apyroro panry abo Oiadukom Ha3MBaeThes OyIb-sKa JIiHiMHA
KOMOIHAIIS Jia;

D=oaeje + fee +..+ wge. (3.1)

Koedirientn B niHIHHUX KOMOIHAIIAX A1a]] € KOMIIOHCHTaMHU TeH30pa. Tak sk

HaM¥ BUKOPUCTaHWI OCHOBHHM 0a3wc, TO e Oy1yTh KOHTpaBapiaHTHI KOMIIOHEHTH

D'l'=q, D2=p8, .., D¥=o0.

Skuro 6patu Tpiaau 6a3UCHUX BEKTOPIB BUNY €6,6, 66,65, 8,6, 1 T. IH., TO
iXHd JTiHiHA KOMOIHAIlid BHM3HA4Yac TEH30P TPETHOIO paHry abo mpiadukx.
BukopurcToByoun HeBU3HAUCHI IOOYTKH Oa3MCHUX BEKTOPIB MO YOTHPLOX (TETpasu)
668, (®e ®e3®ey) npu po3rAml iX YCUIAKMX JIHIMHMX KOMOIHAIii
IPUXOAUMO 10 Mmempadukie abo TEH30piB 4eTBEpPTOro paHry. IIpoiec MoxHa
MIPOJIOBXKYBATH T10 1HYKIIi, OJICPKYIOUHN TCH30pU S5-r0, 6-TO Ta BUIIUX PaHTIB.

§4. TlepeTBOpeHHa KOMNOHEHTIB TeH3opa. MeTpuUdHuUiA
TeH3op. TTiaHiMaHHA U onyckaHHA (NnepeKkUAGHHA) iHAeKcCiB

Pozrasaemo IICPCTBOPCHHS CUCTCMHU KOOPAMHAT, BBA’Kar0O4Y JaHMMHU OCHOB-
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HUH El. i B3aemumit e’/ 6Gasucu, me i, j=12,3. MoxHa 3poOuTH Tepexil I0

o Co—r . s’
HOBOI'0 OCHOBHOTO i B3aEMHOI'0 0a3HCIB e 1 e i

e 1

=g, —Zak_'

2. (4.1)

e/ =p/ (ES) =¥ B! (ES) (4.2)
SIKI0 pO3MIIAAEThCS P —BUMIPHUMA MPOCTIpP , TO MIJICYMOBYBaHHS BeIeThCS

1o p. Ilpu mepexodi 10 HOBHUX 0a3HMCiB KOMIIOHGHTH TCH30PIB, B3araji KaXKydH,
3MIHIOIOTECS. Il POCTOTH PO3TIISTHEMO 3MIHU KOMIIOHEHTIB BEKTOPIB (TEH30pIB

nepioro panry). OTpumaemo:

l?sz-Eszj-a?-?k’=(Bk> g, TobTO (Bk) :aé-Bj —  3aKOH
3MIHM KOHTpaBapiaHTHUX KOMIIOHEHTIB BEKTOPA.
T_p si_p .pl.sl_p Sl v pk _ -
b=B;-et=B;-fj-e =B -e, 10bro B;=pf; By 3aKOH 3MIiHH
KOBapilaHTHUX KOMIIOHCHTIB BEKTOPA.

. i Re/ i
Ileperimemo 10 TeH30pa JpPYyroro pasHry lee ®e/, saxkuil MOXKHA

MPEICTAaBUTH, SK J(1aJJUK IO OCHOBHOMY, B3aEMHOMY ¥ 3MillIaHOMY 0a3ucam:

Jig. s —T/ig. =T. gl Jel' 1 k'l
T=T'"¢ e, T—Tl.e e]—leﬂke ﬁ =T el el , oe
"= B A [3 j — 3AKOH 3MIHU KOGApIaHMHUX Komnonenmie mensopa I1-2o panzy.
Tkl' k Lry 3aKOH 3MiHM KOHTpPaBapiaHTHUX KOMIIOHEHTIB.

J
[ o / ] ] . . .
T, =a; By, T/. — 3aKOH 3MiHH 3MillIAHUX KOMIIOHEHTIB.

VY cydacHIf HayKOBO-TCXHIYHIN JiTepaTypl BUKOPHCTOBYEThCS JIBa IIAXO0IU
10 BU3HAYeHHsA Tensopa. [lepmmit (OunbII TpaaMUiiHUKA) MiAXiJ 3aCHOBAaHUN Ha

BUKOPHUCTaHHI 3aKOHY MEepeTBOPEHHS HOro KOMIOHEHTIB. SIKII0 JaHO SIKUKCh HaOip
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BEJIMYUH (3 BEPXHIMU W HIDKHIMH IHJEKCaMM), SKi IpU TEpeTBOPEHHI 0a3nciB
3MIHIOIOTBCSL K KOBapiaHTHI, KOHTpaBapiaHTHI ¥ 3MillIaHI KOMIIOHCHTH, TO
TOBOPSATH, 110 TaKUW HAOIp BU3HAYMTH BIAMOBIIHWN TeH30p. Hamnpukian, TeH30p
JIPYroro paHry BHU3HAYA€ThCs SK HAOIp JCB'SITH KOMIIOHCHTIB (KOBapiaHTHUX,
KOHTpaBapiaHTHUX a00 3MIIIAHUX ).

Jpyrufi maxin € reoMeTpUYHHM. Te€H30pH PO3MNIAAAIOTHCI SK IOJIUTIHINAHI
M00yTKU (MiauKu, TpiaguKu, TCTPAJIUKHN) BEKTOpiB 0Oasucy. Tojai 3akoHU
NepeTBOPEHHs KOMIIOHEHTIB 3aJal0ThCs MePETBOPEHHIM BEKTOPIB Oa3ucy.

kim0 B mpocTopi YBEICHO CKAISIPHUM JTOOYTOK, TOOTO TIPOCTIP € EBKII1IOBUM,
TO MDK KOBapiaHTHUM, KOHTPABAPIaHTHUM 1 3MIIIAHUM KOMIIOHEHTaAMHU TEH30pa

MOKHa BCTAaHOBUTH 3B'si30K. Hexail y mpocTopi naHi OCHOBHHMM 1 B3aeMHUI 0azucu
e Ta g (i,j=1,2,3). PosrasiHemo 100yTOK Oa3MCHUX BEKTOPIB

Sik =€ e

SIkio po3ryIsIHYTH NOBHI HAOOpU BENUYHH g;: =e’ ‘ég , TO BOHH OynyTh

3MIHIOBATUCS TPH 3MiHI 0a3uCy K KOMIIOHEHTH BiANoBimHOro TeH30pa. Ilo mpomy
iXHIM MOBHUH HAOOpH pO3rIAAaroThCsa sK TeH3op (muBucs migxin 1). Llei TeH3op

Ha3MBA€TLCSI MCTPUYIHUM!

G=gle. ®¢2"
G:gikgi ®Ek

[Ipuponno po3rsHyTd G sIK TOW caMuii TEH30p, ajc MpPU BUKOPHUCTAHHI

BEKTOPIB OCHOBHOI'0O a00 B3a€MHOI'0 0a3ucy.
Merpuka npocTopy Ie:
ds? =dr -dr =dx; e -dv; e/ =gV dx,-dv ;= g -ax! g = gy ank -axl.

Kopucryrounch KOMIIOHEHTAMH METPUYHOT'O TEH30pa BCTAHOBIIFOEMO 3B'S30K
puCTy By P

MDK KOBapiaHTHUMU M KOHTpaBapiaHTHUMU KOMIOHCHTaAMHU.
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SIKIIT0 TaHO OCHOBHHIA 1 B3a€MHUNA 0a3uCH, TO:

B=8/z;=B, &~ 4.3)
0,/#k

g..gk:5l‘?: ] ]

J J L, j=k

STkmio 06uyBi vacTuHn (4.3) TOMHOXKHTH Ha @, To B/e I e’ = BkEk e’

H

ks

omxe, BY = By g™ — 3B'I30K MK KOHTpaBapiaHTHUMHM 1 KOBapIaHTHUMH KOMITOHE-

nTaMu (epPeKUIanns iHeKciB). AHATOTi4HO MOKHA BCTAHOBATH, o B, = g, B .

Jlns TeH3opa JpPyroro ¥ BUILE PAaHTy KOMIIOHEHTH METPHYHOIO TEH30pa
. . _ kl
MOKHA BUKOPHUCTATH KUIbKA pa3iB Tij =gik8 jZT , TOILIO.

3aysaricenna: no Gopmyni nepemeopeHHs KOMNOHEHMI8 MeH30pd Npu

nepexodi 6i0 cmapo2o OCHOBHO20 00 HOB020 OCHOBHO20 CXO0XMCA HA NepPemeopeHHs.
KOMNOHEHMIB NpU nepexooi 8i0 0CHOBHO20 00 83AEMHO20 ba3ucy U nasnaxu. 36ie mac

Micye 05t 6asucie y 0eKapmosux npsamMoKymHux cucmemax koopournam. (OcHosHuil i

g3aemuuti  bazucu  36icatomuvcs).  Komnonwenmu — mempuunoco  men3opa 8
1 0 0

oexapmosomy bazuci G=[0 1 0
0 0 1

§5. Onepalii 3 TeH3opamu

Jlinitini omeparii (JtogaBanHs a0o0 BiJHIMAHHSI, MHOXKCHHS Ha CKaJsp)
BUKOHYIOThCSI 3 TEH30paMH OJHOTO paHry. Jlns Bu3HaueHOCTI OyneMo
BUKOPUCTOBYBATU TEH30PHU Jpyroro panry. Jus TeH3opa Oulblll BHCOKOI'O PaHTy
MIPKYBaHHS IPOBOAMTHCH 1O iHAYKIil. J[ns BuU3HAYeHOCTI Takox Oyjemo
BUKOPUCTOBYBATH JCKapToBl Oa3ucu [4], KONM KOHTpaBapiaHTHI, KOBapiaHTHI W
3MilllaHi KOMIIOHEHTH He po3pisHstoThes. Cyma, pisHuuA (101aBaHHs 1 BiTHIMaHHS)
teHzopiB: C= A+ B, ne

A= Aljgl ®E] = Al 1?151 +...+ A125152 +...+ A33§3§3,
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B = BZJEZ & Ej = Bl 15151 + ...+ B33E3Z3 .
Toni C = A+ B Tex O6yne TeH30poM Jipyroro paury C = (Aij + Bij )EZ-EJ-.
KomronenTn cymu (pi3HUIl) TEH30pIB 3HAXOMIATHCS IIJICYMOBYBAaHHSM a0o0
Bi/IHIMAHHSIM KOMITOHCHTIB IIMX TEH30PIB.
Ipu MHOXKeHHI MeH30pa HA CKAASP BUXOAUTH TEH30D TOTO 3K paHry: D=A214;
Dij = lAl-j , 3B'SI30K JI0JIJaBaHHSI 1 MHOKCHHS Ha CKaJsip, Hanpukian, 24=A+ A.
SIkIo po3rasgaTH TCH30PH JIPYTOrO PaHTy, TO iX MOMKHA XapaKTepU3yBaTH

MAaTPHUIIMU KOMIIOHEHTIB. YBEJIGHI JIiHIHHI omeparii 3 TEH30paMH 3BOAATHCS 0

BIJIMOBITHUX OTEpalliii 3 MaTpUISIMU IXHIX KOMIIOHCHTIB.
Kpim TOro, yBoaaThCs crenianbHi TeH30pHi onepaitii. TensopHuil do0ymox
(MHOXCHHS) TCH30pIB: M = AB=A® B, ne A= A4je;®e;, B=Bye, ®e¢ . Toni
M:AijBklEi@bEj@gk@gl:M[jklgi ®?j ®ep ey,
TenzopHuM JOOYTKOM € TEH30p, paHI' SKOTO JOPIBHIOE CyMI paHTIB

CHIBMHOYKHUKIB, @ KOMITOHCHTH BU3HAYAIOTHCS 32 3aKOHOM:

My = 4 - By, me i, j,k,1=1,2,3.

3eopmatiiisl mensopa.

Skmo mno mapi Oyab-IKMX IHJEKCIB KOMIIOHEHTIB TEH30pa 3poOuTH
MiJICYMOBYBaHHS, TO TaKa OTeparisi Ha3UBacThCSA 3TOPTAHHAM TCH30pa. Y pe3ysbTari
OJIEP)KYEMO TEH30P, PaHr SKOIO0 Ha J(BI OAWHUIII MEHIIe. 3ropTaHHs MOJXKHA
PO3TIISIHYTH SIK PE3YJIbTaT CKaIIPHOTO MHOYKCHHS TCH30PIB.

Bi3zpmemo, HanIpuKIIa, TEH30P JPYTOro PaHry:

A= A;e ®Ej; B = Byel ®ey;

C=4-B=4;5®¢; Byey ®¢ = A;Byg; ®¢; ¢ @7 =

= Gijj1€ ©¢€j e O¢p = Dye; ®¢

CijtrSjk = Dig» €€ =6
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SIKn1o J03BOJISIE PAaHT TEH30pPIB, TO OINEPAII0 CKAIIPHOTO MHOXKEHHS MOXKHA
MOBTOPUTH KUTbKa pa3iB. Pe3ynapTaT eKBIBAJICHTHHM 3ropTIi I10 JIEKLIBKOX
napaMmerpax inzekci. Hampukma, TeH30pH IpYyroro paHry MO>KHa J[Bidi CKaJIsipHE
ICPEMHOXKYBATH.

Bexmoptuii dobymox.

MoxHa BBECTH BEKTOPHUH JOOYTOK TEH30piB, Malo4yd Ha yBasi, LIO IpH
IbOMY BEKTOPHE MEPEMHOXKYIOTHCSA CYCiTHI BEKTOPH TTOTiaI.

Hanpuxinan;:

A:Al'jgl'@?'; B =Bye, ¢y,

Ax B = 4je; ®2; x B2y, ®7 = 4jBye; ®(2) %2 ) ©7

Bekropauii 100yTOK 0a3MCHUX BEKTOPIB 3PYYHO ONMCATH 32 JAOIIOMOIOO
teHn3zopa Jlesi-UiBiTa ejxey =F jkmgm’ ne E jkm— KOMIIOHCHTH TEH30pa Jlei-
YiBiTa BU3HAYAIOTHCS B TAKHiA CIIOCIO:

1 , j,k,m—npaBa nepecTaHoBKa ,

E.

jkm =3~ 1, J,k,m— niBa nepecraHoBKa ,

0 ,j,k,m— cniBnanae nesika mapa iH/1CKCIB .

Ha pucynky 5 nHaBeneHi BUNIQJKH MPABO1 Ta JIBOI MEPECTaHOBOK

1 2
2 _ 3 1 «—— 3
IIpaBa MepecTaHOBKA JiBa TIEPECTAHOBKA

TakuM 4YHHOM,

AXB:AZ]BkZE]kmEl ®gm ®EI

VY pe3ynbTaTi TEH30pHOTO AOOYTKY IBOX TEH30pIB OJCPKHUMO TEH30p, PaHT

SIKOTO JIOPIBHIOE CyMi PaHTIB CITIBMHOXKHHKIB. Y pPe3yibTaTi BEKTOPHOTO JOOYTKY
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BUXOIUTH TEH30DP, PAHT SKOIO Ha OAMHHIIO MEHIIE CYMHU PaHTiB CIIIBMHOXHUKIB. Y
pe3ynbTaTi CKaIAPHOro JOOYTKY BUXOIWUTH TEH30p , PaHr SKOT'O Ha NIBI OJMHUIIL

MEHIIIe, HK CyMa paHTiB CIIIBMHOXHHKIB.

§6. TeHsopu apyroro paHry

Kpim ckansapiB 1 BeKTOpiB B MexaHilli cynuipHoro cepegosuma i OTT
HaWOITbINe TIOMIUPEHHS OJCPIKaM TEH30pU JPyroro panry. TeHzop apyroro

paHry 1ie aiaauk. Bin 3anucyeTbes y BUTIIAIIL

A:Aygz ®§J =A11€1 ®§1 +A12§1 ®§2 +A1351 ®§3 +A21€2 ®€1 +...+A33E3 ®€3

[lepenbavaeTncsi, 10 BAKOPUCTOBYETHCS Oa3uC, y AKOMY KOHTpaBapiaHTHi 1

KOBapiaHTHI KOMIIOHCHTH 301raroThCsl, TOMY TCH30p A TPEJICTABISICTHCS MATPUIICIO

A A Az
A=| 4y Ay Axn
A3y Az Az

CKJ1a/ICHOI0 3 KOMIIOHEHTIB TEH30pa.
He MoxHa OTOTOKHIOBATH TEH30p IPYTOT0 PaHTy 1 MATPHIIKO.
KaxxyTp, 110 TEH30p CUMCTPUUYHUMN, SKIIO NMPHU MEPECTAHOBII 1HACKCIB BiH HE

3MIHIOETHCS, TOOTO Aij =4 jj » Y IBOMY BHIIAJIKY TEH30p Mae TUIBKH 6 HE3AIICHKHHUX

KOMHOHCHTiB, Horo MaTpHulg Mac BUTJIAO!

A1 A A3
A=Ay Ay A3
A3 A3p Az

Taxum vuHoM, mampuys KOMNOHEHMIE CUMEMPULHA 610HOCHO 20A06HOT
J1020HAAIL
3ayeaxenns. SIKIO maHo TEH30p BHUILNE APYroro PaHry, TO y3araJbHEHHIM

CUMETPUYHOIO TEH30pa € TEH30P CUMCTPUUHHUIA 11O Napi 1HACKCIB.

Hanpuknan: sxio B{jl = Bilj , TO TOBOPSATH IO TEH30P B CUMETPUUYHHUI 10

1api OCTaHHIX 1HJEKCIB.
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KaxyTp, 1m0 TEH30p € KOCOCHMETPHUYHMM a00 aHTUCHUMETPUYHUM, SKILO

IIpY MIEPECTAHOBIII IHACKCIB 3MIHIOETHCSA 3HaK KOMIIOHCHTA:

KococumeTpuuHuii TEH30p APYroro paHry Mae TPU He3aJIeKHUX KOMIIOHEHTH,
TOMY IO JliaroHaJabH1 KOMITOHEHTH ITOBUHHI 00CPTATUCS B HYJIb.
Aii Z—Al'l'3 2Aii 203141'1' =0 5
a MK KOMITOHCHTaMH, CUMETPUYHUMHU MO0 T'OJIOBHOI JiaroHaii, po3XOKCHHS

TUIBKHA B 3HAKAX.

0 4y 43
Kococumerpuunuit TeH30p Ma€e BUTIISI: -4 0 Ayy
—4i3 —Ay3 0

Jeskuii TeH30p JApPYroro paHry MOKHa pO3KJIACTH Ha CHMETPUYHY W

* *
AHTUCUMETPUYHY YacTUHU A=A, + A_

1 1
Al'j :E(AU +Aﬁ)+§(Aij_Aji) ,

* 1
ne (A_,_) ii= E(AU + A ji ) — CHMETpHUYHA YaCTHHA TCH30pa,

1
(A_)l-]: E( ij — ji) — KOCOCHMETpPHUYHA YaCTHHA TEH30Da.

BunuteHHs ~ CHMETpMYHOI  4YacTMHM  TEH30pa  HA3MBA€ThCA  HOro
CUMEMpPY6aHHiM, a BUAUICHHS aHTUCHMETPUYHOI YaCTUHH — AADMEPHYSAHHAM
TEH30pa.

3ayeaxennd. SIKIMO OaHO TEH30p BUCOKOTO PaHTy (n >2), TO TOBOPSATH TPO

foro anmucumempuuricinov abo KocoCUMeMpPU4HiCMb MO Napi iHAEKCIB.

§7. BnacHi BekTOpu i BNACHi 3HAYeHHsa TeH3opa

Hexait nanwmit renzop T 1 BekTOop @ . IXHiii ckanspHull 1o0OYTOK Oyae BEKTOPOM

b =T-a. Bzarami Kaxxydu, BeKTOp b BIIPI3HIETHCS BiJ BEKTOpa a BEJIMYUHOIO 1

HaIPSIMKOM.



1 -1 2 3
Hampuknan, skao T={6 2 3| i a=|2 |, Toui gicTaemo, 1o
0 4 5 1
1 -1 2\ (3 3
T-a=|6 2(=|25
0

2
4 5)\1) (13
=(

Maemo, mo @ =(3; 2; 1) ta b =(3; 25 13). Toni |E|:\/ﬁ ,

b|=+/803 i
cos (E/\Ox) = i, cos (Z;/\Ox) = i .

J14 303

Po3pi3usitoTbess Moaylli BEKTOpiB @ ¥ b 1 HampaBisiiodi KOCHHYCH, TOOTO
BCKTOpPH HE 30IraloThCsA HI MO BEIHYMHI, HI MO HampsAMKy. OmHak ICHYIOTH TaKli
HAmPSAMKH B TPOCTOPi, SAKi MiJ Ii€I0 TEH30pa HE 3MIHIOIOTHCA. Taki HaNpsSMKH B
IIPOCTOPI HA3UBAIOTHCS TOJIOBHUMHU. SIKIO B3STH BEKTOpP I'OJOBHOTO HAIMPSAMKY, TO
mig JI€I0 TEeH30pa BiH MEPeXoauTh y Komineapuwit. Bektop T-nm=A-n, TOOTO
HAMPsIMOK Y pocTopi 30epiraetbes. KoediieHT A, 110 XxapakTepusye 3MiHy MOIYJIsI
BEKTOPA rOJIOBHOTO HANPAMKY ITiJl Ti€I0 T€H30pa, HA3UBAETHCA BAACHUM 3HAUCHHSIM.
["o710BHI HANPSIMKU TEH30pa 1 BiAMOBIAHI BJACHI 3HAYEHHS BHU3HAYAIOTHLCA B TaKHIA
croci0:

A-n=A-E-n — 1o BIACTUBOCTAX OJUHHYHOTO TEH30pa.

Toui nicraemo piBusinust (T—AE) 7 =0, ze

T=|Ty; Ty Tas|, E=0 1 0

SIkio mepedTn 10 cKalsipHOi pOpMH, TO ISl BUSHAYCHHS BJIACHUX 3HAYCHB 1
BJIACHHUX HAINPSAMKIB OJICPKYEMO OJHOPIAHY JIIHIHHY CUCTEMY BUY:
(Tll - l) ny+Tyony + Tyzny =0
Toim +(Tpp —A) ny +Toznz = 0.
Ty +T3omy + (T33 - l) ny=0
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OxaHopinna cucreMa 3aBXAM Mae TPUBIAIBHUHN (HYJIbOBUI) PO3B’SI30K, alie
HYJbOBUM BEKTOP HISKOrO HANpSIMKY B IIPOCTOpI HE BU3Hadae. Tomy IIyKaemo
HEHYJILOB1 PO3B’A3KM CUCTEMU. Y IIbOMY BUNAJKY cHcTeMa OyJie HeBH3HAUEHOIO (He
OJIHE, a KiIbKa pilcHb). Toal BU3HAYHMK CUCTEMHU JOPIBHIOE HYJIIO:

Ty-4 T Ty3
T3 T3y  Ty3-4
PozkpuBaroun BUZHaYHUK, OTPUMAEMO airebpaiune piBHAHHS TPETHOTO

CTEIIeHs, 1110 Ha3UBAEThCS XAPAKMEPUCTIUNHUM PIGHAHHAM, 1 IPUBOAUMO HOIo 110

BUAY: A3+ allz +ayl+a3=0, 0e ay, ap, a3 — Koe(IlIEHTH PIBHIHHA Ta

a; = f (Tl])
ap = f2(Tij) — pi3HI QyHKIIT BiT KOMIOHEHTIB TEH30pa Ty (1,7 =1,2,3).
a3 = f3(Tij)

PiBHsiHHS TpeTboro crereHs (a00 3 HEapHUM CTEIeHeM) Mae xouda O OJWH
JIUCHUI KOPiHB. SIKIIO JBa 1HII KOPEH1 KOMIUICKCHO — CIPSKEHI, TO 1M BJIACHUM
3HAYEHHSIM Yy  IPOCTOpi HIisAKI HANpsAMKU He BiANOBigaoTh. barato 3
3aCTOCOBYBAHUX Y MEXaHIIll CYIIUTBHUX CepelIOBHIN 1 (DI3HIII TBEPIOIO TLIa TEH30PIB

CUMETPUYHI. YCTaHOBJCHO, IO IS CHMETPHYHHX TEH30PiB XapaKTEPUCTHIHE
PIBHSHHS Ma€ BUTJIS; 13 —112,2 +IhA-13=0, ne I} =T +Ty +T33;

Ty T Ty3

T T
11 12 . —
; I3 =Ty Torr Trsl.

Ty, T3
Ty Ty

Ty, Ty
Ty, Ty

I = + +

T T
21 22
T3; Tzp Ts3

Koediuientu 1[4,15,/3 Ha3UBAIOTLCS 20A06HUMU THEAPIAHMAMU MEHI0PA.
Ineapianm — ue BennuuHa, fKa HE 3MIHIOETbCA IIPH LIEPETBOPEHHI KOOpPJMHAT,

Hampukiang, AKIIO 3MIHUATH CUCTCMY KoOpAuHaT, TO KOMIIOHCHTH BCKTOpa

3MIHIOIOTBCS, a OTO JTOBXKHHA, X04a 1 € (DYHKII€}0 KOMIIOHEHTIB - HE 3MIHIOETHCA,
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TOOTO € IHBapiaHTHOIO. [[J1s1 CUMETPUYHUX TEH30PiB 3aBXKIU € TPU JIHCHUX BIACHUX
3HAYCHHSI.

Bubupaemo BiacHi 3HaueHHS /”t(l-) (( i) — me ingekc, a HOMEp ), HOMY

. . —(7 o
B1AIIOB1Aa€ I/l( )— BJIACHHHU BEKTOP, KOMIIOHCHTHU AKOI'O 3HAXOAATHLCA K pO3B’$I3OK

CUCTEMU:
(Tll - A(l))nl(l) + leng) + T13n§i) =0

(T21”1(i) +(Ton - A(i))ng) + T23n§i) =0

Ty + Tygn§) + (T35 - Ay i) =0

Cucrema HEBU3HAUYCHA, TOMY HE3QJCKHHMX PIBHSHb MCHIIC HDK YHCIO
HEBIZIOMHMX, TOOTO MeHIIe Tpbox. JlIs oJepKaHHS BIAIOBIACH JO BHU3HAYUMO

cucreMy. MoxHa, HAIPUKIIAJ, 3akaaaTH, 11100 BC1 BEKTOPU MaJIM OJTMHUYHUN MOJTYITh

7@ =1,

OV o (,OV 4 (O
OT1:xe, yMOBa HOpPMYBaHHS (”1 ) +(n2 ) + (n3 ) =1.
SIk11o & cepell BIaCHUX 3HAYCHb l( j)€ KpaTHi (TOOTO SKICh KOPHI MOKYTb

30iraTucs), TO JOJAaTKOBA YMOBA OPTOIOHAIILHOCTI (B3a€EMHOI IIEPIICHIMKYJISIPHOCT])

BECKTOPiB TOJIOBHUX HAMPSIMKIB Ma€ BUTJISAT
2y i) = (,ﬁ(z)ng)ngz)) L 2yl = (nl(J)ngj)ngj)); Ay =A i

nl(i)n](j ) + ng)ngj ) + Iigi)l’lgj ) - 0.

§8. TlpuBeneHHa TeH3Opa A0 AiGroOHANbLHOro BUAY

Hexait gaHo cumeTpuyHMI TEH30pP APYrOTO PAHTY:

T11 le T13

T3 T3 Ts3
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Toxi xapakTepucTUUHE PIBHAHHS Tij—ﬂ.é‘ij =0 Mae Tpu AIMCHUX KOpEeHi

) 242) 243)-
[ToTiM MOXHa 3HAaUTH TPU BEKTOPHU T'OJOBHUX HAIPSIMKIB ﬁ(l),ﬁ(z),ﬁa )., Li BekTOpH
B3a€MHO NEpPHeHIUKY/IApHI. SKio cepex KOpeHiB € KpaTHi A > /1(2) =A@3), TO
B3a€EMHOT TMEPIEHAUKYIAPHOCTI BIACHUX HAMPSIMKIB MU JOOMBAEMOCS 3a YMOBH
5(2) -ﬁ(3 ) = 0. Y upomy BUNAAKy MU MAEMO, 1110 BEKTOPH ﬁ(z) , ﬁ(3 ) HaJieXaThb

IUIOLIUHI 7T 72 173 a 70 15 ( puc. 6).

Puc. 6

Y  nnoumuHi 77 OyAb-sSKWil HAOpsIMOK € royioBHUM. ToMmy BuOupaemo aBa
OYIb-IKUX 7?1 73 (puc. 6).

Y TpUBUMIPpHOMY MPOCTOPi TPU B3AEMHO TMEPICHIUKYISIPHUX BEKTOPHU
JIHIMHO He3aJeXHI 1 iX MO)KHa BHKOPHUCTATH K 0a3uc y IpocTopl. SKio mepeidTu

BiJl /J1aHOT CHUCTEMHM KOOpJWHAT JO 0a3ucy 13 BJIACHUX BEKTOPiB, TO MaTPHIs

KOMIIOHEHTIB TEH30pa ICTOTHO CIIPOIIYETHCSA 1 IPUBOAUTHCI IO J1arOHAIBHOIO

BUJTY.
Ay 00
T=| 0 A O

Toni iHBapianTH OYayTh MAaTH TAKUN BHI:

]1 = le +T22 +T33 = /1(1) + /1(2) + 1(3),
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2= =AnA2) T ADAz) T A24G);
0 4| | 0 Az | 0 Ay
I3=2m 42 43)-
PosrnsHemo Tenep 1t CTyneH1 TeH30pa:
2
: y 0 0 iy o o) [Ap O O
2 .
TT=T*=| 0 Az O |[0 Ay 0 |=| 0 2% 0 |;
a0 o AH 0 o] [y o o0
(1)
T =T-T=| 0 43 0 || 0 4% o0 || 0 23 o

00 An)lo o0 23 0 0 13
3a 101IOMOTOK0 MaTeMATUYHOI IHIYKIIT PUXOIUMO 0 3arajibHO1 (POPMYIIH
lﬁ) 0 0
™= 0 A O
0 0 l(”3)
KoskHe i3 BTacHUX 3HAYCHB 3a/I0BOJILHSIEC XapaKTCPUCTHUHOMY PiBHSHHIO:
3122 4 ha-15=0.
Teopema I'amiromona —Keari. Ycsaxuil cuMeTpudHHIl TCH30p APYTOTo pa-
HI'Y € PO3B’A3KOM CBOT'O XapaKTEPHUCTUYHOTO PiBHAHHS:
T -T2+ L,T-E=0. (8.1)
Aosedents. JliicHoO,
iy 00 iy 00 oy O 0 |
0 by O |-[| 0 A5 0 |+5] 0 Ay 0 [-53]0
0 0 i3 0 0 i3 0 0 /g 0

o = O
— O O
Il
=]
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[Ticns mepexony 1m0 0a3ucy i3 BJIACHUX BEKTOPIB II€H TEH30p NPHBOJIUTH IO
CHCTEMH PIBHSHb
(.3 2
2“(1) — [1)“(1) + [2),(1) — ]3 =0
3 2
ﬂ.(z) —111(2) + ]21(2) —]3 =0 ,

2,(33) —[11(23) +121(3) —13 =0

KOXKHE 3 AKUX [IEPETBOPIOETHCS Y TOTOKHICTh, TOMY IO MU 00paJiv TOJIOBHI

sHA4YCHHS A(1), 42, A(3)-

Hacaidok. CKOpUCTABIIUCH ITIEI0 TEOPEMOIO 3BOJMMO BH3HAYCHHS OY/Ib-IKOTO
HATYpaJILHOTO cTeneHs TeH3opa T no niHifinoi koMOiHalii oquau4HOTO TeH3opa E, a
TAKOX TIEPIIOro Ta APYroro creneHiB Tenzopa T, T2,

Orxe T =E, T' =T, T? = T2, (1,0,0), (0,1,0), (0,0,1) — xomGinarii
koedimieHTiB 1o TeH3opax E, T, T2,

Maemo T = Isz — LT+ 3E, ne I}; —1; I3— xoediuieHTH po3KIaJaHHA.
[TomHO)kUMO 00MB1 YacTUHY piBHAHHA (8.1) Ha T : T —11T3 + ]2T2 - 15T=0.

3B1jICH MAEMO

T = 1T = L,T? + T = [[(I]T? = [,T+ E) = [,T? + I;T = ©2)
= (I} = ) T* + (I3 = [1y)T + [ 5E,
ne ([12 —15); (I3 = 1115); [113 — xoeodinieHTH po3kinagaHss. Jlami MoXKHa JiSITH 3

THAYKIIEO 15 TS, T6 TOIIO.

§9. BexTtopu i TeH3opu B n-mipHOMy npocTopi

Hocuthb yacto mpu onuci Gpi3UYHUX MPOIECIB i ABUILL HEOOX1THO BUKOPHUCTATH
dbakrTopHi  OaratoBumipHi npocropu. Hampuknaxg, y Teopii  BigHOCHOCTI

BUKOPUCTOBYETHCSI YHOTUPUBUMIPHUHN TIPOCTIP TOJIii, 3 IHTEPBAIOM

ds? = C2dt? — dx)® — dxy® —dxy? |
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Y  kjacWuHI  MeXaHili A ONHCY PyXy MarepiainbHOi  TOYKH
BUKOPHCTOBYETHCS IIECTUMIPHUN BEKTOP (Xl,Xz,X3,V1,V2,V3), € X|,Xp,X3—
KOOpAMHATH TOYKH, V|,V»,V3 — KOMIIOHEHTH MBUAKOCTL.. ToMmy mpupomHo
PO3TIIIHYTH anreOpy BEKTOPIB 1 TEH30pIB Yy ACIKOMY 7 —MIPHOMY MpocTopi. 3
Gi3MYHUX MIpKYyBaHb I[i MPOCTOPH TOBUHHI OyTH IJIHIMHUMH, 3 OIEpaliIIMH
JOJTaBaHHS 1 MHOXKCHHSI Ha YHCIIO.

Skmo B3ATH JABa €JIEMEHTH 13 MPOCTOPY BEKTOpiB ab0 TEH30piB, TO B
pe3yabTaTi JoJaBaHHS TaKOX BHUXOIUTH CICMCHT IpocTopy. Hampuknan »n —MipHI
BCKTOPU
a= (al,a2,...,an) Ta b = (b1,b2,...,bn) TIPY TOAaBaHHI AAIOTh /1 — MIPHUH BEKTOP:

c=a+b=(a+b.,ay+by.....a, +b,).

Kpim TOro BBOAMTHCS Omepallis MHOKEHHS Ha YHCJIO0 a00 CKaJsp, y pe3yIbTaTi

SIKOTO BUXOJMTh €IIEMEHT poctopy  Ad =(Aay,Aay, ..., Aay).

IloTiM mepexoAuMo 10 pO3TIIALY CHCTEM JHIMHO 3alIeKHUX 1 JIHIHHO-
HE3AJICKHUX BEKTOPiB. MakcUMasibHa 10 KUIBKOCTI CHCTeMa JIiHIHHO-HE3aIeKHUX
BEKTOpIB YTBOPIOE 0a3zuc IMpOCTOPY. 3PYyYHO BUKOPUCTATH MPOCTip, KOMM HOro
PO3MIpPHICTB 30iraeThest 3 KIIBKICTIO BEKTOPIB 6a3ucy. Hanmpuknan, sKIo po3risiHy T
MHOXMHY KOMIUIaHAPDHUX BEKTOPIB , TO Y 3BUYAMHOMY TPHUBHMIPHOMY MPOCTOPI
BOHM MaloTh TPU KOMIIOHEHTH, a Oasuc — jnBi. Tomy mnepexomumo 0
JTBOKOMIIOHEHTHOT'O 3aITUCY, Y SKUH BXOAATH KoedillieHTH po3KIagaHHs 1o 6a3ucy.

Jani, sk mpaBuiio, y IpocTopi BROJAUTHLCS MeTpuka. Hanpukman, s Toro, 106

MOPIBHIOBATH BEKTOPU MO MOAYIH. HalimpocTimuii BUIMaOK €BKJIMOBHMA MPOCTIp,

KOIM  BBOJMTLCA  CKAISIpHMEM  10OYTOK: @ -b =ajby +ayby +...+ a,b, = a;b;

(tekapToBUX 0a3uc), Ta |a_| =/q; -d , E| =/b; b

He 3aBxam B mpocTopi JOIMIIBHO BUKOPUCTOBYBATH CBKIIJIOBY METPHKY,

HAIPUKIIAA IPOCTIp TMOAIH y Teopii BIAHOCHOCTI HEEBKIIAOBHU (IIPOCTIp
MinkoBcbkoro). Ilpore 10 BHKOPHCTOBYBAaHMX BCIWYMH IIPEA'ABISCTBCS BHUMOTA

TEH30pHOCTI, TOOTO MHPH MNPUIYCTUMHUX IIEPETBOPEHHIX KOOPAMHAT KOMIIOHEHTH
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MOBMHHI TIEPETBOPIOBATHCS K KOMIIOHEHTH TEH30pIB BiAmoBigHOro panry. Lle
HEOOXITHO IS TOro, 100 3aKOHM, 3alFCaHi 32 JOMOMOTOI0 IMX BEIUYUH MAaJH
iHBapianTHy opMy TOOTO HE3aJIeKHY BiJl 3MIHU CUCTEMH KOOPIMHAT.

VY npuponHii ¢opmi 1ii BUMO31 BIAIIOBIIA€ 3aIIMC TCH30PIB:

_ i N e
T=T",, ej®ej...e” Qe
KOMITIOHEHTH I, j — KOHTpaBapiaHTHI1 0a3zuc ¢,e; — OCHOBHUH
k,s — KoBapiaHTHI ek ,eS — B3acEMHUHU

IlepeTBOpeHHS CHCTEM KOOpPJIMHAT 3aJal0ThCsl BHPA3OM BEKTOpa CTaporo
Oa3ucy uepe3 JiHIMHY KOMOiHaIil0o HOBOTO Oasucy abo HaBmaku. IligcTaBistoun
BINMOBITHUN BHpa3 B NMOKOMIIOHCHTHHH 3allMC TEH30pa, OJACPKYEMO BiANOBIIHUMN
3aKOH 3MiHM KOMITOHEHTIB. CaMe Tak MOBHWHHA 3MIHIOBAaTUCS BiJIMOBIAHA TCH30pHA

BECINYHHA.

§10. TeH30pHi nonsa

[Tpu onwmci 1 gociipkeHH] (HI3UIHUX SBUIL 1 IPOLIECIB Y IPOCTOPI BUIUISETHCS
nesika obyacth V', 1110 Mae MEBHI BJACTUBOCTI M OTIM PO3IIISIAAETHCA 11 TMHAMIKA:
TOOTO SK 13 4acOM 3MIHIOETBCS IK caMa 00J1acTh Tak ¥ ii BilacTuBOCTI. BiracTuBICTh
OMKCYETHCS CKAIIAPHOIO, BEKTOPHOIO a00 TCH30PHOK BelW4YuHON. /[ Toro, mob
MIAKPECITUTH, IO ISl BEJIMYUHA PO3IIISIAETHCS B JICSIKINA 00J1aCTi IPOCTOPY, TOBOPATH
PO BIATIOBIHE TeH30pHE moJie [5]. SIkmo B KOXHIiM TodIli obnacti V mpocTopy
3aaHa ckaisipHa Qyukuis @ =@(7,t), Ae 7 — pajiyc-BeKTop, ¢ — dac, TO
TOBOPSITh, 1110 B I{iii 00J1aCT1 3aJjaHO CKAJIAPHE II0JIC.

MeToaMu MaTEMaTUYHOTO aHAIi3y 3MiHA MOJIST OMUCYETHCS 3a JIOMOMOTOI0

MOBHOI OX1AHOT QyHKIIT ¢

d(p:8(p+8(p.dx+8(p.dy+8(p.dz:6(p+grad(p.v_

dt ot ox dt oy dt 0z dt ot

[ToBHa moxigHa Bij (GyHKIII 32 4acoM IIe iHOI HA3MBAETHCS MaTePialIbHOIO
MOXIIHOI, TOMY IO APYTHH JOJAHOK ypaxXOBy€ HaWIIBUIIIY 3MiHY (GyHKII (10

qacTKax ), a TaKOX H_IBI/IJIKOCTi CcaMHX YaCTOK.
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Yacto po3risgaroTh CTAmiOHApHI T0JIsA, SAKi HE 3MIHIOETHCS 13 4acOM, BOHHU
ONUCYIOThCS 3aKOHAMU BUAY @ =@(7). 3MiHAa TOJNSI XapakTCPHU3YEThCS 3MIHOIO
rpajiieHTa QyHKiii # moxigHii mo HanpsaMky (puc.7). Hanpuknan, none Temneparyp

— CKAJILPHE I10JIC.

z A
) y
X

Puc. 7
Maewmo,
92 _ gradg -70 = 99 cosa + a—chosﬂ + a—¢cosy
ol ox ay z
70 _ (cosa ;cos B;cosy), grade = a_(p,-_Jr a_CDJ—Jr 8_(/’]?

ox oy 0z

Skmo B KOXKHIM Toumi oOyacti V' 3amaHa geska BEKTOp-QYyHKIS a TO
TOBOPSTH, 11O 3aJJaHO BEKTOpHE Ioje. Hampuknan, moye MBUIKOCTEH 1 IPHUCKOPEHb
YaCTOK CYLUTBHOT'O CEPEAOBMINA, MOJE CWJI TSDKIHHA, CIICKTPOMArHiTHE IMOJIE, KOJIU
3aJaHl Bl HEPO3PUBHO 3B'13aHl BeIWYWHHU (piBHAHHSA MakcBesuia). s IpOCTOTH

3YyNUHUMOCS Ha BUIMAJKY CTAallOHAPHUX BEKTOPHUX MOJiB: a =a(7r).

3MiHa CTAI[IOHAPHOT'O BEKTOPHOI'O IMOJS OIMHMCYETHCS 3a JOIIOMOI'OI0 JIMBEPreHITii 1

poTtopa BeKkTopHOTO oISt | V=i —+ ] —+k —
ox oy 0z

oa, N da,, N Oa,
ox oy Oz

diva=V.-a=

’
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Hexaii nane ckansipue tosie p = p(x,y,z).

Hudepenmianbauit onepatop Jlamnaca BU3Ha4a€ThCA HOPMYIIOHO:

2 2 2
p,op. 2P (14.1)
o

Ap =

[lomanns o1cpaTopa Jlamnaca B JACKAPTOBHUX KOOpANHATAX:

2 2 2
Oox Ox oz
3 ypaxyBaHHSIM MOKJIMBOCTI BHKOPHCTAHHS KPHWBOJIHIHHUX KOOPJAMHAT

3HaleMo iHBapiaHTHe MoJaHHsA oreparopa Jlammaca: Ap =div(grad p) = v? p, TOMy

10 B JICKAPTOBUX KOOpAWHATAX

da, Oay, §
gradp—a—pz +8_p]+8pk divg=22x Y %z
ox oy oz ox Oy Oz
o(op) o(op) ofop apazpaz
Hami diV(gradp)z—(—j+— — +—(—j =Ap,
axlex) av\ay) a\az) a2 g2 T2

TOOTO TPUXOAUMO 10 oneparopy Jlamnaca.

Y KpUBONIHIHHUX KOOpAUHATAX:

b=gradp=2, -~ Lp g 1P o 1P (14.2)
H,, ou H,, ov H,, ow
by bv bw
Tomi
div(grad p) = divh =; g — (b, HyH,y,) + g (bVHuHW)+i(bWHuHV)
H,H ou v ow
(oo ) oo ) (o 1es)
Hy,HyHyy| Ou\ou  H, ov\ov H, ow\ow H,,

Y winiHApuYHii cuctemi koopauHar Maemo: Hy, =H, =1, H,=H, = p;

H,,=H,=1.Tonxi nictanemo, 1o
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-t 22p) 22 1), 22 )]
Pl op\ op op\op p) 0z\ oz
1 82p op 1 82]) 82p _821) 1 82p 82]) 1 op
p. 2 5 . 2+p. 2 = 2_|_ 2’. 2+ 2 +_.a_
op P P Op 0z op~ p~ Op 0z P op

OT)KG, 3allicC oIrcpaTopa Jlamnaca B I_II/IJ'IiHI[pI/IIIHI/IX KoopanHaTax TaKUM:

02 1 o2 % 16

A= +—- + +——.
p2 8(02 822 p op

(14.4)
8p2

Y chepuunux koopauHaTaxX u =7r,v =@, w=0 . 3BIJICM Ma€EMO

H,=H, =1, HV:H¢:rsin¢; H,=Hg=r,

Ap= 21 |:i(a—pl"2$1n9)+i(6—pL]+i(a—pSln@):|:
r“sin@| or\ or op\dp sinf ) 00\ 06

1 [62p 2 2

2
r sin¢9+2rsin08—p+ I o p+8 p-sin@+cos@2—§}:

8r2 or Sinﬁ'agaz @92

_r2sin¢9
2 2 2
orc T O pfsin“e op~ r< 00° r a6

OTxe, 3anmuc oreparopa Jlamaca B chpepuyHUX KOOPANHATAX MA€E BH/I;

2 2 2
A= 0 +— 12 . 82+L2-a—2+%-£+i2~ctg9~i. (14.5)
rsin“ 0 o9~ o 00- = Or 00

§15. THTerpanbHi Teopemu BeKTOPHOrO U TEH3OPHOrO

aHanisy

15.1. Uupkynauia sektopa. Teopema Ctokca

Hexait B oGitacti V' npocropy 3amaHe BeKTOpHe noje: a =a(7,t), 1€ MOMEHT

4acy ¢ BHCTYNAE AK HapaMerp i 7 =x-i +y-j +z-k . Hexaii ycepenuni obnacti V
po3TalioBaHui KOHTYp L 1 moBepxHs S, oOMexeHa UM KOHTYpoM (puc. 11).

PosrnsaeMo Takox koHTyp [ C L.
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v

X Puc. 11

Lupxyasauiero BEKTOpa @ 10 KOHTYPY / Ha3MBA€ThCS KPUBOIIHIMHUN IHTErpa

[@-dr =[aydx+aydy+azdz. (15.1)
[ /

Binoma Teopema BCKTOPHOTO aHaJIi3y, IO BCTAHOBIIIOE 3B'S30K MIXK
MIOBEPXHEBUMH 1 KPUBOJIIHIHHUMU THTETPAJIAMHU.

Teopema Cmoxkca: LupKynalis BeKTopa a I0 3aMKHEHOMY KOHTYpY L
JIOPIBHIOE TIOTOKY TOt@ JaHOTO BEKTOPA Yepe3 MOBEPXHIO S 13 TPAHMIICIO —

KoHTypoM L (puc 11):

[a-dr =[[n-(Vxa)ds=|[n-rotads. (15.2)
L N N

Oxpemuii BUIMaJA0K: KOJU KOHTYp 1 MOBepXHA miocki (puc. 12). Toxi

a=ayl + ayf = P(x, )i +O(x, ¥)j , I = k — 30BHIIIHA HOPMAJb.

Puc. 12
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Orxe,

(@-dr = Pdx+Qdy. (15.3)
L L

O04HCIUMO Y IbOMY BUIIAIKY POTOP BEKTOPHOTO ToJist. MaeMo

i J Kk
xa| 2 0 2| 80 op - (00 @P) .
ox oy oz 0z Gz ~, \Ox Oy
;\,—J
P O 0 o 0
Tomi rotﬁz(aﬁ—g—g—})) k, ds=dx dy . Teopema CTOKCa ISl IJIOIIMHA
x oy

[[7-rota ds —ﬂ[——é—PJ dx dy.
S ox Oy

Jnst mnockoi o6nacti S # ii koHTYpy L 3 Teopemu CTOKca BUIIMBAE

Gopmyna I pina: | Pdx +Qdy =] (d—Q - Z—PJ dx dy. (15.4)
L )y

15.2. Teopema OcTtporpaacbkoro - aycca

Hexait ycepeauni o0nacTi V' mpoctopy 3 MOBEpXHEIO S 3aaHe BEKTOPHE

note: a=a(7,t) (puc.13).

Puc. 13
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Byze BipHoto HacTynHa teopema.
Teopema Ocmpoepadcvrozo — Iaycca.
[HTerpan Bim AMBEpTeHIIil BEKTOpa a Io 00'eMy V HOPIBHIOE MOTOKY BEKTOpA

@ 4epe3 TOBEPXHIO S, 1m0 06Mexye 00'eM V' (7 —BEKTOp 30BHINTHBOT HOpMATi).

[ldiva dv=f|n-ads. (15.5)
V S

Skmio posnucaru popmyny (15.5) Oinbin JOKIAHIINIE, BOHA MPUWME BU/T

da, day da,
+ + dx dy dz = N+ + ds .
jﬂ( xa T d X dy dz @(%”x ayhny, aznz) s

3ayBaxxenns.
Teopema Octporpanackkoro — l'aycca mommproeThes i Ha TSH30pH OLTBII
BHUCOKOI'O PaHry (4YMM BEKTOPH).
Hexaii, Hanpukiaz, ycepequHi 00'eMy V 3a1ane TeH30pHE OJI€, TEH30pa
JIPYroro panry:
T=T(,1)
T=177 ®¢;

Toni popmyntoBannst Teopemu Octporpasacekoro — ['laycca mae BUTTISIA!

[[f V-Tdv=(n-Tds. (15.5)
V' divt S

§16. TTpuknaaun pose'asyBaHHa 3aAau

Ilpuxnao 1. Jlano TeH30p HANPYXKeHb MATPHUIIEI0 KOMIIOHEHTIB

15 -8 10
T,=|-8-10 5|, MIla.
10 5 25

3naiitu kynboBy Ty Ta mesiatopny D, ckmamoBi TeHsopa.

Posé’szanns: Po3kian TeH30pa Ha KyJIbOBY Ta J€BIaTOPHY CKJIAJI0BI Ma€ BHU-

1 1
rin T, =Ty+Dgs , ne Ty=0gE , 0'02501-1;:5(0114—0'22 +O'33),Ta
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611—=0¢p O12 G13
Ds=| 021 011—-0¢ 033

031 03 033 =0

Toni Mmacmo 0 =%(15—10+25)=10, MITa.

10 0 0 5 -8 10
Tp=| 0 10 O |— xymboBuii Tenzop, D, =|-8 —20 5 |— gesiarop.
0 0 10 10 5 15

Hagenemo Tenep po3B’a30k 1i€i 3a1a4i 3a gjornomororo nakety MathCAD.

ORIGIN, := 1
1=1.3 j=1.3

TeH30p HanpyXeHb CepefHsa Hanpyra
15 -8 10 3

To = | -8 —10 5 To0 :=§-Z Toi; To0 =10
10 5 25 =

[esiaTop HanpyXeHb (TEH30PHUI 3annc)

5 =8 10
DTsj,j == Toj,j—8(i,j) To0 DT =| -8 =20 5
10 5 15
KynboBuWin TEH30P (MaTpU4HWIA 3anuc)
10 0 O
TO; j := 8(i,))-Tc0 To=|0 10 0
0 0 10
[eBiaTtop HanpyxeHb (MaTpPUYHUIA 3anuc)
5 =8 10
DTs = To — TO DTe =| -8 =20 5
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3 NpUKIay BUAHO, 10 TEH30PHHMA 3alMC OLIBII KOPOTIIMMA Ta IPOCTIINN, HikK

MaTpuyHui. IcHye GaraTo mociOHMKIB 10 poOoTH 3 maketoM MathCAD, Hanpukian

[6].

Ilpuknao 2.V todui M Tijna T€H30p HALPYKEHb MAE MATPHUIIFO KOMIIOHEHTIB

I8 6 0
T=6 2 0]|,Mlla.
0 0 1
— \/E - 7 o
Jlns myomanku, 1o 3ajaHa HOpMajuilo A = —7 J+ 7 k ., 3HaliTh: a) BEKTOp

HaIpy>KeHHs O , 0) HOpMalbHy O, 140TU4YHY O, , CKIaJOBl O , IIOBHE
HAMpPYKEHHA O, .

Posé’szanns: BexkTop Hampy»KeHHs Ha 00paHiii IUIOIAALl 00YMCIIOETHCS 32

bopmyIoro [7] 6 =T-n, abo 3a cniseiiHOMmEeHAsIMU Kot

o1 =Tyn +Tyony +Tyang
Oy = T21n] + T22n2 + T237’l3 .
o3 =Tzn +T3pny +Tazmy

Maemo

01:18~0+6-( jo—:—sf MITa.
02=6-O+2-[ jo—=—\/_ MITa.

=0-0+0-0+1-—=—, MIla
Bekrop nanpyxeHus
_:—3\/57—\/§7+g1?,1\/[1'[a.

HopmaibHe Harpy KeHHS Ha ILIOMAALI

Oyp =0 =011 + 0Ny +03N3.
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[ToBHe HATIPY)KEHHS HA IJIOIAIT

crn=|5|=\/c712+022+032.

JloTuuHE HANIPYI)KEHHS HA TIJIOMIAIT
_ 2
=40y, — Oy -

OCTaTOYHO MAEMO

O un :%=1,5 MIla, o, =+/20,5 =4,53Mlla, o,, =+/18,25 = 4,27 MIla.

18 6 0 n::(o_ﬁ QJT

| |
i |
EA'ATNP 6 2 0 |MPa ) o) E
i 0 01 i
i i
| ~3+/2-MPa i
| |
i c:=Tn c—> 2-MPa i
i 2-MPa i
i > i
i i
i i
| onn := o-n=1.5MPa on = || = 4.528 MPa|
i i
i |

oht := \/ cn2 - crnn2 = 4.272 MPa

Ilpuxnao 3. Tenszop nuTOMOT IEKTPONPOBIAHOCTI KpUCTaNa AOPiBHIOE ( B

OIUHULIIX 10_70/14_1/14_1 :
15 0 0
T={0 7 33|

0 -3J3 8
NE)

J1j1s1 opTa BEKTOpa HANPYKEHOCT1 €JIEKTPUYHOTO TOJIS 71 = %7 + 7/? (E =2B/m)

3HANTH: a) BEKTOP j TYCTMHM CTPYMY Ta TEH30p HHTOMOIO oropy P .

Posé’snzarms. BeKTop HAMPYKEHOCTI €JIEKTPUIHOTO OIS
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\/_J (10«/_) a6o E=7 +3%.

E=Eq=2+ ; 0; —
277 2

Bekrop ryctunu ctpymy j =T-E, Toai

5 0 0
E=l0 7 33|

0 33 8 ||V3) (83

a60 =157 +97 + 83k (B omummmax 10~ an™2).
Tenzop nutomoro onopy P = T 3a ymoBu P-T=FE, Toni

A Ay Ay 15 0 0
P:% A12 A22 A32 , J€ A=|0 7 3\/5 =1245
Ay Ay Ass 0 -3/3 8

_3/14_3) 3uaiinemo eneMentu A; marpuui P

(B OUHUIIAX 1072 o
7 33 0 0
1+1
411 =(-1) =83, 4p=0; 43=0; 4y=- =
33 8 33 8
15010 4 1 45\/_/1000
25|, o 7120 3= S
15 0 5 0
Ary =— =—45\3; A3z = =105
32 3\/5 33 ‘ 7‘
B OQUHUILIAX 10_4 OM_2.M_2 )
1 0 0
15
Ocrarouno macmo P=| 0 i —ﬁ B OJIMHUIIAX 1070/1/1-/14.
83 83
o 337
83 83

0;



83 83

! 15 0 0 ; v!
: 1 3 LV
‘Tke=| 0 7 33 (107 ohm 'm ' n_(— \/—j BO:=2—.
1 2 2 .
| 0 —3/3 8 !
! I i
I m-kg I
: E=Bon=| o0 |28 .
. 3 !
! 1732 ) A ,
: |
: — |
: 15%10°° i
1 J: Tk'E ) _7 A .
! i=| 9x10 = !
| m |
! L1.386x10_6J .
: |
: pi=TK ! !
: |
| . |
| 2% 10®-m-ohm

| 210 mohm 0 . |
; 3 i
| ; ; |
i N 0 8§x 10" mohm  3x 10" 4/3-mohm |
| 83 83 !
| ; , :
i 0 3x10 -\/—3-m-ohm 7% 10" -m-ohm i
: |

Ilpukxnao 4. ]Jlano |El| =1,5; |52| =2 Ta KyT @ =7 /4 OCHOBHOrO 0a3ucy

(pric. 14), poskiaj Bektopa b = €] +2e, B ocHoBHOMY 0Oa3zuci. 3uaiitu: 1) B3aeMHUi

1

6azuc e ,E2 ; 2) METpUYHUN TCH30p. BCTaHOBUTH 3B'SI30K KOHTpa- 1 KOBapiaHTHUX

KOMITOHEHTIB BeKTOpa b .

Poze’azanns. 3a ymosamu 3amaui b =g + 2@, = BIEI + B2€2. TobTo B' = 1;
2 : T _pol p o2 1,2 i _
B* =2.V B3aemHOMY 0a3uci Maemo b = Bje” + Bye”, npuduomy e ley, e e =n/4,

0 .
e? 1g,eey=n/4. Toni

1 1

iloos” 150707

gl = ~0,94 Ta I

52‘:
|52|-cos

1
- 1.

T 24272

4
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_ 3Hax0MMO KOMIIOHEHTHA
5,582 A
METPUYHOT'O TEH30pa
— =2 2
g2 g11=€1'61=|61| =1,5 =2,25;
62 262 o L P
. N = glz=g21=€1'€2=|91|'|92|COSZ=
e
V2
\4 :1,5\/57:1,5,
e b

2
g22=52'52=|?2|2 =\2"=2.

\ KoBapiaHTHI KOMIOHEHTH

5,2551 Puc. 14 BEKTOpa b 3HAXOMMMO 34

dbopmynamu:
Bi=g1B' +g2B% By=g1B'+gnB”.
ITiciist mizcTaHOBKY BIAMOBIAHUX 3HAYEHb MAEMO:
B;=2,25-1+1,5-2=5,25; B,=15-1+2-2=5,5.

OcTaTo4yHO OTPUMAEMO

b = Bje' + Bye? =5,25¢! +5,5¢2.
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Mooynvna KormpoabvHa poboma

OCHOBM BEKTOPHOI'0 TA TEH30PHOI0 aHAJI3yV

Bapiant Ne 1

[lepumii piBeHbL. Y BaBgaHHSAX 1 — 7 BuOepiTk OOHY BipHYy Ha Baly
OYMKYy BimnoBink Ta nosHauTe 11 y 6inaHky (mcTi) BimnoBiner:.

1. Bexrop &° B3aemHOro 6asucy BU3HAYAETHCS 32 HOPMYIIOL0

a 0 B r
8! x8, R &' xg? & x &,
el (é,x¢e;) el (82 x&;) (82 x3Y) €, (€, x€;)
2. 3uaiiTu 3navenns 5, A
a 0 B r
A+ Ayy — A3y A+ Ay + A3 ) — Ay — Ay — A3

3. TlijniMaHHs iHJCKCIB KOMIIOHCHTIB T;;, TeH30py ApYyroro paHry T BUKOHYETHCS 3a
dbopmynamu

a 0 B r
ml ik TV _ 6o . T jm _ji _mk TV _ ok,
T - g7 Ty =& Ejktmk T/ -g7 g™ Ty =& ljk
1 3 2
4. 3uaiitn KoMIIOHEHTY T{l tenzopy T 3 marpunero | 3 5 1|, sIKigo cucrema
-2 1 4

xoopaunat O Xxjx5X3 MOBEpHYyTa BITHOCHO O X|X,X3 Ha KyT @ :% BITHOCHO OCi
(0] X1 -

|

0 B
2 242 -2 6

5. 3naiitu anre6paiuny cymy komnonentis 4Cj1y) —3Cy171100yTKy A ® B

3 2 3 5 3 2
TeH30piB 3 MaTpuissMu A={—1 0 1|, B=|-1 0 1

I 10-1 2 6-1
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a 0 B r
0 12 —-10 —187?

6. 3ropuyTu TeH3op Tijkl 3a OCTAaHHIX JIBOX 1HJICKCIB.

a 0 B r
Tk + Tioka = Tisgs Tinn+ T2 +Tiszz Tjnn + Tyjoo + sz Ty +Top + T3

77.06patu hopMmyTy I 3HAXOIKEHHS AUBEPTEHIIiT BEKTOPHOTO TONS @ = - gradu

a 0 B r
(V@2+Q&rAu @WY—M—N4 (V@2+u¢m (V@z—mrAu

PosB’ sisaHHA Bamgad 8-10 noBMHHO MaTH OOI'PYHTYBaHHS.
BammuiTe nocaigoBHi soriuvni Ta MaTemMaTnuui mii =
NOsICHEHHsIMM . SIKIWO noTpi6HO npoimocTpynTe POSB’ siBaHHS
saBrmaHb cxeMamun. [lepeHeciTe BignoBinge Ao 6GiaHKy (IMCTY)
Bignoeigmen.

IpyTni piBeHb.

SJhﬁHHM%MMEmmmmﬁmemTﬁMwmmmeﬁmﬁwm%M%

5 6 3
BJIacHOMY 3HaueHHIO k: T=|—-1 0 1|, k=-2.
1 2 -1

9. Buxopuctosyioun Teopemy OcTporpanchkoro — ['aycca 3HAHTH HOTIK

mmmmmnmmﬂﬁzlﬂ+@—yb+4%q@mnmmﬂmommmmﬂm0&mmma

z
mmHMHMHHX:O;x:a;y:O;yzc;Z:O;X+__:L
c

TpeTim piBeHSb.

10. Jina BexTopHOTO HONA @ = a(xy,xy,x3)3HalTH TpanieHT V ® d, TUBEPreHIIi0

V-d iporop V xd BEKTOPHOTO MONS  d = X, &, + 2X,X,6, + X, X.€, .
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Mooynvna kKonmpoabHa poboma

OCHOBYM BEKTOPHOIO TaA TEH30PHOI 0 aHaJ]i?.V

Bapiant Ne 2

[lepurni piBeHb. Y BaBOaHHsX 1 — 7 BuOGepiTk OOHY BipHY Ha Bawy
OYyMKYy Bigrnoeine Ta nosHauTe il y 6isaHky (immcrTi) Bignoeinen.

1. Bektop ¢' B3aeMHOro 6a3ucy BU3HAYAETHCS 32 (HOPMYIIOIO

a 0 B r
62 Xé3 _éz X_é3 62 X_é?’ él Xéz
_él(_éZ X_é3) él.(é2x_é3) _él'(_é2)<_é3) _él'(_ézx_é3)

2. 3uaiftu 3HaueHHs ;- O 2 A

a 0 B r
A1 A+ Ay + A3 Ay + A3+ Ay Ao

3. Onyckanns inpekcis kommonenTie T” TeHzopy gpyroro panry T BUKOHY€EThCS 3a

dbopmynamu
a 0 B r
T TV T, -gkg. TP T TV T, - gtkT/k
ij = 8ik ii=& &jm km = ki Emj ij=&
1 3 2
4. 3HailTH KOMIIOHEHTY T{3 teHsopy T 3 marpuuero | 3 5 1 |, ko cuctema
-2 1 4

xoopauHat O x{x)x3 NOBepHyTa BiTHOCHO O X|X)X3 HA KyT @ :% BiJIHOCHO OcCi

B
1,5v2 2 -2 3

5. 3uaiitu anre6paiuny cymy komnonentis Cy11 —3Ch333 106yTKy A ® B

3 23 5 3 2
TeH3opiB 3 matpuisimu A={—-1 0 1|, B=|-1 0 1
1 10-1 2 6-1
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a 0 B r
10 0 —15 23

Tklm

6. 3ropuyru tTensop 3a OCTaHHIX JIBOX 1HJIEKCIB.

a 0 B r
Tk11+Tk22+Tk33 Tk11+Tk22—Tk33 T111+T222+T333 Tllk_T22k+T33k

77.06patn hopmyiTy A 3HAXOIKCHHS UBEPTCHILT BEKTOPHOTO Tonst d = u - grad u

a 0 B r
(Vu)2 +0,5u - Au (Vu)2 —u-Au (Vu)2 +u-Au (Vu)2 —2u-Au

PosB’ siBaHHaA Bamad 8-10 noBMHHO MaTM OOGI'PYHTYBaHHS.
BammuiTe nocnipmoBHi Noriuni Ta MaTemMaTHMuHi mii =B
NOsSICHEHHsIMM . SIKIO noTpi6HO mnpoimocTpynTe POSB’ sIBaHHSA
saBrmaHb cxeMmamu. llepeHeciTe BignmoBizge mo 6yaHkKy (NMUCTy)
Bignoeimen.

IpyTni piBeHb.

8. 3naittu ronosuuii nanpsimox 7 tensopa T 3 marpuneto T;;, sxuii Bijgnosinae

i
1 -3 3
BJIacHOMY 3HaueHHio k: T=|-2 -6 13|, k=1.
-1 -4 8

9. Buxopuctosyioun Teopemy OcTporpanchkoro — ['aycca 3HAHUTH HOTIK

BEKTOPHOTO TOJA d = 5i + 2)j — 3zk yepe3 MOBEpXHIO MPU3MH, KA 0OMEKeHa

IUIOIIHAMU

x:O;x:a;y:O;y:b;z:O;erE:l.
a c

TpeTim piBeHb.

10. JTns Bexroproro nons @ =a(xy,x,,x3)3Haiitn rpagient V ® @, JMBEpreHio

V -d 1porop V xd BEKTOPHOTO MO d = (X] +X9)é, +/X|X» &) + x%éé.
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Mooynvna konmposibHa poboma

OCHOBYM BEKTOPHOIO TaA TEH30PHOI 0 aHaJ]i?.V

Bapiant Ne 3

[lepurni piBeHb. Y BaBOaHHsX 1 — 7 BuOGepiTk OOHY BipHY Ha Bawy
OYyMKYy Bignoeine Ta nosHauTe ii y 6isaHky (nmucri) Bignominen.

1. Bekrop €, 0CHOBHOTO 6a3HCy BU3HAYAETHCS 3a (POPMYIOI0

a 0 B r
8! %8, 2 xe> & x &> ¢ %8,
¢'-(e,x¢3) . (82 x83) &l (82 x8?) ¢ -(Cyx¢3)

2. 3uaiity 3HAYCHHS 51‘] 'Agjk

a 0 B r
A+ Appg + A3k gk + Aogk + Brke Aok + Az + A Ak — Aok — A33k

3. IlepeknaaHHs iHIEKCiB KOMIOHEHTIB T,,',k TEH30pY IPYroro paHry | BHKOHYETHCS

3a (hopMylIaMu

a 0 B r
T - g1 T-g™euTy  Tj-g"e"Ty T - g1/
1 3 2
4. 3naiiTi KOMIIOHEHTY T'22 Ten3opy T 3 matpuieio | 3 5 1|, akmio cucrema
-2 1 4

xoopauHat O Xx|x5X3 MOBEPHYyTa BITHOCHO O X|X,X3 Ha KYT @ :% BITHOCHO oOci

O)Cl.

o
2.2 0 3

\9}

5. 3naiitu anre6paiuny cymy komnonentis aCjy33 + BCio3 1006yTKY A ® B

3 23 5 3 2
TeH30piB 3 matpusimu A={—-1 0 1|, B=|-1 0 1|.
1 10-1 2 6-1
a 0 B r

-a+2p 30 -2 —3a+ [ —3a+2p
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6. 3ropuyru Tensop Ty3aOCTaHHb(HBOXiHHCKCH&

a 0 B r

Tipq + Tion+Ti33 T —Thy +T33 T +Tp+ T3 Ty +Thy + T3z

77.06paru hopmyiTy [ 3HAXOIKEHHS JUBEPTEHIIiT BEKTOPHOTO 110 G = 1 - gradu

a 0 B r
(V@2+Q&rAu W%Y—ﬂ-&4 (V@2+u¢w (V@z—%rAu

PosB’ siBaHHs Bamad 8-10 noBMHHO MaTM OOGI'PYHTYBaHHS.
BanmuiTe nocaimoBHi snoriuvrHi Ta MaTeMmMaTHMuHi nmii B
NOsICHeHHsIMM . SKIWO noTpibHO npoipwcTpynTe POSB’ sIBaHHSA
saBnaHb cxemammum. [lepeHeciTk BignoBizmes mo 6iaHkKy (aMcCTy)
Bignoeigein.

JpyImii piBeHSb.

8. 3uaiitu rososuuii Hanpsimok 7 Tersopa T 3 marpuneto T;;, sikuii Bixnosiznae

i>
4 -5 2

BiacHoMmy 3HauenHio k: T=| 5 -7 3|, k=0.
6 -9 4

9.BnmmmnmwmmrmquyOmprmmmmmo—F%mwgmMHnmﬁK
BeKTOpHOTO 1oyist @ = (2 + 3x)i + 6/ + (z — 2)k uepe3 HOBEPXHIO NPU3MH, KA
z

v
oOMexeHa IVIoMMHaMU: x=a ; x=b;y=0;y=c;z=0;=+—=1.
c

Tperinm piBeHb.

10. Jins BexropHoro mons @ = a(x; ,Xp,X3)3HalTH TpaaieHT V ® d, TUBEPreHIIII0

V-d iporop V xd BEKTOpHOIO 11011 4 = (x12 + x% )é, — Xp€) + X34/X] €3.
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Mooynvna konmposibHa poboma

OCHOBYM BEKTOPHOIO TaA TEH30PHOI 0 aHaJ]i?.V

Bapiant Ne 4

[lepurni piBeHb. Y BaBOaHHsX 1 — 7 BuOGepiTk OOHY BipHY Ha Bawy
OYyMKYy Bignoeine Ta nosHauTe ii y 6isaHky (nmucri) Bignominen.

1. Bekrop &2 B3EMHOTO 0a3ucy BU3HAYAETHCS 32 GOPMYIIOO

a 0 B r
¢! %3, €2 x¢, ¢! x¢2 ]
T = =< -, T PN
e -(e;xe3) €' (€% x¢&y) e'-(e%xe?) ¢, (€, x¢;)
2. 3uaiit 3HAYCHHS 51‘] "a;-dj
a 0 B r
a\ay + axas + azay af +a3 + a3 aay —aaz+ a3 a —ay’ +az”

3. OnyckanHs iHIEKCiB KOMIIOHEHTIB Thm TEH30pYy JIPYroro paHry I BHKOHYETHCS 3a

dbopmynamu
a 0 B r
ik jk k ik jmk ik
Tij -g"T/ Tij = gikgjme Tij I Tij = giij
1 3 2
4. 3Ha{iTH KOMIIOHEHTY Tél TeH3opy T 3 marpunero | 3 5 1|, skugo cucrema
-2 1 4

xoopaunat O xjx5X3 MOBEpHYyTa BITHOCHO O X|X,X3 Ha KyT @ :% BITHOCHO OCi

Ox].

0 B
2 —0,5v2 2 3

5. 3uaiitu anre6paiuny cymy komnonenTis 3Cjy(» +4Co 12 n06yTKy A ® B
3 23 5 3 2

TeH30piB 3 matpulsmu A={—-1 0 1|, B=|-1 0 1
1 10-1 2 6-1
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a 0 B r
—-30 6 12 - 10

k . . .
6. 3ropuyTHu TeH30p Tl-j 3a OCTAaHHIX JBOX IHIEKCIB.

a 0 B r
1 22 a3 1 2 3 _ _ , 1 2 -3
Ty + Ty + T3 T —TH + T3 T+ T2 +Tiz3 Ty + T + Ty

77.06patn hopmyTy s 3HAXOKCHHS IMBEPTCHILIT BEKTOPHOTO TONST d = 1 - grad u

a 0 B r
(Vu)2 +0,5u - Au (Vu)2 —u-Au (Vu)2 +u-Au (Vu)2 —2u - Au

PosB’ siBaHHsa 3Bamad 8-10 noOBMHHO MaTM OOI'PyHTYBaHHS.
BammuiTe nocaipmoBHi JsioriuvHi Ta MaTeMaTHMuHi mii B
NOSICHEHHsIMM . SIKIWO NOoTpi6HO mnpoimpcTpynTe POSB’ siBaHHSA
BaBraHb cxeMamn. [lepeHeciTe BipgmoBinges Ao 6GiaHKy (IMCTY)
Bignoeimen.

Jpyrni piBeHb.

8. 3naiitu ronosnuit Hanpsimox 7 Tensopa T 3 marpuriero T;:, aKuii Binosinae

ij>
7 0 0

BJIacHOMY 3HaueHHIO k: T=|10 —19 10|, k=7.
12 24 13

9. Buxopucrosytoun Teopemy OcTporpaschkoro — [aycca 3HAHTH MOTIK

BCKTOPHOTO 0Ns G =—xi +2(X+ )/ +3zk uepes NOBEPXHIO IPU3MH, siKa

x
oﬁmmamnmmmmmm:x:0;x=aUnﬂkZ:c;Z=0;—+X=1.

a b

TpeTinm piBeHb.

10. Jins BexTopHOTO HONA @ = a(xy,xy,x3)3HalTH TpanieHT V & d, TUBEPreHIlio

V.d ipotop V xd BEKTOPHOIO MOiA d = 3x] & + (xl2 - x% )ér — X3253 .
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Mooynvna konmposibHa poboma

OCHOBYM BEKTOPHOIO TaA TEH30PHOI 0 aHaJ]i?.V

Bapiant Ne §

[lepurni piBeHb. Y BaBOaHHsX 1 — 7 BuOGepiTk OOHY BipHY Ha Bawy
OYMKYy Bigrnoeink Ta nosHauTe ii y 6isaHky (mcTi) Bipnomimen.

1. Bektop €; ocHOBHOTO 6a3HCy BH3HAYAETHCA 32 HOPMYIIOIO

a 0 B r
¢l x&, 8> x &, ¢' x ¢’ €, X €&,
el (é,x¢e;) el (87 x¢&;) . (87 x&) € (€, x€3)

2. 3HaiiTu 3HAYCHHS ;- a;-b;

a 1] B r
albl + a2b2 + a3b3 3621'[71' alb] - a2b2 + a3b3 a1b3 + a2b2 + Cl3b]

3. Tlepeknaanus iHneKCiB KOMIOHEHTIB Tl,; TEH30PY APYroro paHry I BHKOHYETHCS

3a popmyrnamu

a 0 B r
T/ g ikT.i T/ _g'g jmT.ﬁz T/ - gipg™T%, Tl lkTI}j
1
4. 3naiitn KOMIIOHEHTY Té3 TeH3opy T 3 matpuriero | 3 } AKIIIO CUCTEMA
-2 1 4
koopauHat O Xx{x5X3 MOBEPHYTa BITHOCHO O X)X,X3 HA KYT (0 = % BIJTHOCHO OCl

Oxl.

a 0 B r

4 1,242 _\2 3

5. 3uaiitu anre6paiuny cymy komnonentis —Csy33 +3C3113 A06yTKY A ® B

3 23 5 3 2
TeH30piB 3 matpuisimu A={—-1 0 1|, B=|-1 0 1
I 10-1 2 6-1

a 0 B r
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6. 3ropryru TeHzop TGkSaOCTaHHD(ﬂBOXiHHCKCHL

a 0 B r
. . . . ) . | ) ;
T+ Tio+Tizz Ty +Th+Th3 T -Th+Th T +T5+T3;

77.06patu hopMmyTy I 3HAXOIKEHHS AUBEPTEHIIT BEKTOPHOTO TONS @ = - gradu

a 0 B r
(V@2+Q&rAu @WY—M—N4 (V@2+u¢m (V@z—mrAu

PosB’' ss3aHHA 3agmay 8-10 nmoBMHHO MaTM OOI'PyHTYBaHHS.
BanmuiTe nocnipoBHi ynoriuni Ta MaTemMaTHMuHl nmii 8
HNOSICHEeHHsAMM . SIKIWO NOoTpi6HO mpoimcTpyiTe POSB’ sIBaHHSA
saBgaHe cxemMamm. [lepeHeciTk BignoBizges mo 6iaHKy (IMCTy)
Bignoeinmernt.

Jpyrni piBeHb.

&3mmﬂmWMMMwmmmﬁTmmmT3MmmmmTmeWMmmMe

5 6 3
BJacHOMY 3HaueHHI0 k: T=|-1 0 1 |, k=2.
1 2 -1

9. Buxopucrosyioun tTeopemy Octporpajchkoro — 'aycca 3HaiTH NMOTIK

BEKTOPHOTO TOJA d = 2xi + (3 — y) j + 4zk depe3 MOBEpXHIO IPU3MHU, sSIKa OOMEkKEHA

ITOIIMHaMU

x:O;x:a;y:Omnunz:0f2+£:1.
c d

Tperiy piBeHSb.

10. /Tns BexTopHOrO MONS @ = a(xy,Xyp,x3)3HalTH rpaaieHT V & d, AUBEPreHIlito

V-d iporop V xd BEeKTOPHOIO OIS  d =/X| €, + (X +x%)52 +Xp+/X3 €3.
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Mooynvna konmposibHa poboma

OCHOBYM BEKTOPHOIO TaA TEH30PHOI 0 aHaJ]i?.V

TecTtoBe 3aBmamua Ne 6

[epunm1 piBeHb. Y BaBmaHHsIX 1 — 6 BuOepiTe OmHYy BipHY Ha
Bally OyMKy BifgrnoBines Ta nosHauTe ii y 6slaHky BignoBipest.

1. Bexrop @, ocHoBHOTO 6a3ucy BU3HAYAETHCA 32 GOPMYIIOIO

a 0 B r
- - -3 -1 N N - -
@@ _&xe _@'xe _GxE
€' (e, %) ST & (&2 x@%) € (€ %€;)

2. 3uHaiiTh 3Ha4eHHs 51‘/‘ -Aij

a 0 B r
Ay + Ay — A3y Ay + Ay + Az Ay + Apy + Ay — Ay — Ay — 433

3. IizHiMaHHs (OIIyCKaHHS) iHIEKCIB KOMIOHEHTIB Ty, TeH30py Apyroro paury T

BUKOHY€EThCS 32 (JOpMyJIaMH

a 0 B r
TV - giijk TV _g*g T TV = ghgimTy TV - giijm
1 3 2
4 .3HaiiTH KOMIIOHEHTY T{ » TeHzopy T 3 marpuneto | 3 5 1|, axmgo cucrema
-2 1 4

koopauHat O x{x)x3 MOBepHYyTa BiTHOCHO O X|X»X3 Ha KyT @ =% BIZIHOCHO 0C1

O)Cl.

i} B
242 -2 3

(\O]

5. 3uaiitu anre6paiuny cymy komnonenTis AC),,; + UCj1r, 100yTKY A ® B
3 23 5 3 2

TeH30piB 3 matpuisimu A={—-1 0 1|, B=|-1 0 1
1 10-1 2 6-1
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a 0 B r
-2 —2A+3u 24 +3u Tu

6. 3ropuyru Tensop Tjj4 32 ocTaHHIX ABOX IHACKCIB.

a 0 B r
T+ T —Tizz T +Toop+T333 T+ Tip+Tiz3 Ty —Thop +Ta33

77.06patn hopmyTy A 3HAXOIKCHHS UBEPICHIT BEKTOPHOTO Tonst ¢ = u - gradu

a 0 B r
(Vu)2 +0,5u - Au (Vu)2 —u-Au (Vu)2 +u-Au (Vu)2 —2u-Au

PosB’' 18aHHA 3amad 8-10 nmoOoBMHHO MaTM OOBI'PyHTYBaHHS.
BammuiTe nocaigoBHi soriuni mii Ta nosscHeHHsT. SKUWO
noTpi6HO mpoincTpynTe POSBEB’sIBaHHS BaBlOaHBE CXeMaMu,
rpapikamMm, TabauusiMmu. [lepeHeciTr BifgnoBiae nmo O6JaHKY
Bignosigmen.

Ipyrni piBeHb.

&3mmnmmwmmwmwmﬁmemT3MMmmmT~HmmmmmMe

ij>
0 7 4

BJIacHOMY 3HaueHHio k: T=| 0 1 O}, k=1.
1 130

9. Buxopucrosyioun teopemy OcTporpancbkoro — 'aycca, 3HANTH HOTIK

BekropHoro o @ = 2xi — (3y +5)j +(4z —3)k depes mosepxio IpusM , sIKa
Xy

06memanmanMMH:x=O;—+Zcﬂ;y=0;y=b;2=0;2=c.

a

Tperii piBeHb.

10. s BexTopHOTO MO 7 = a(xy,Xy,x3)3HalTH TrpadieHT V & d, AMBEpreHIio

V-d iporop V Xd BEKTOPHOTO MONS  d = X,€, + X,X,E, + X, X,&,.
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KOMEHTAP 10 PO3B’SI3AHHS TECTOBUX 3AB/IAHb

3apananua 1. IpaBunrHa BignoBigb: 6.

(Komnorenmu npo2pamosux 8umoz, wo nepesipiiomscs 3a600HHAM:
OCHOBHMII Ta B3aeMHUI 60a3ucu .)

3apaaHHa 2. [lpaBuiabHaA BignoBige: 6.
5UAZJ = Aii = All + A22 + A33 .

(Komnornernmu npo2pamosux 8umo2, ULo nepediparmspcs 3a80aAHHAM:
npasuiio A. Eftainreiina samucy cym).

3apaanna 3. lpaBunbHa BignoBige: B.

Pozeé’azanns. IligHiMaHHS IHAEKCIB BUKOHYETBCS 32 JJOITOMOI'0I0 OCHOBHOT'O
mn mi _nk .

meTpuyHoro tenszopa T = g™ g™ Tz . Tak camo MOKHA OILyCKaTH 1HICKCH.

(Komnornernmu npo2pamosux 8uMo2, U0 Nepesiparmspcs 3a80aAHHAM.
IIepeKUIAHHS 1HICKCIB.)
3aBpaanua 4. [lpaBunepHaA BignoBige: a.

Posé’szannsa. Ha nigcrasi Bimomux Ghopmysr MaemMo

4 X .
T=Tyee =T,

mn

- = _ [/ G-
€m€n = Tmnam(xn €,

ae €, =0ye,, €,=0,¢.

i

r i n .
Tak ax Ty = a0 T, , TON

, 1 2 1.2 1.2
Ty =apa, Ty, =0qai Ty +a1a3 Ty +

+a110532T13 + (X%CX]ZTzl + (Z%(Z%Tzz + a%a32T23 +

X1
1.2 1 2 1.2
+azof T3 + oa3ar Ty + 30333
Puc.15 Maemo
—_— 2 ’ 2 ’ ’ —_— 2 r 2 4 ’ —_— ’ ’ /
| =——e ———er + 0 -e3; 2=£el+£e2+0 e3; e3=0e+0e)+1-e5
2, 2.7~ 2 - boe e
a, al a a,
2 2 2 2
0511:7;05122—7;0513:0, 05%27;05%:7§ %:OQ 0‘%:0‘322090‘3?:1'
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=2

2

. 2 A2 2 V2, 2 2, V22 1 3 3 5
T]2:_. g+ . 34 o= 34 . S 4 -
2 2 2 2 2 2 2 2 2 2 2
(Komnorernmu npo2pamosux 8umMo2, Ulo nepediparmspcs 3a80aAHHAM.
3MIHA KOMIIOHEHTIB T€H30pa IPH IIePEeTBOPEHH] KOOPINHAT)

3aBaanua S. [lpaBunbHa BignoBige: a.

323 53 2
Poszs’szanns. Jng zamanux matpunb A=|—-1 0 1|, B=|-1 0 1
1 10-1 2 6-1

MaeMo: Cipo1 = A12Br1=2-(-1)=-2;Ci127 = 411835 =3-0. Takum 4nHOM,

AC1p21 + uCy1pp =—24.

(Komnorernmu npo2pamosux 8umMo2, Ulo nepesdiparmbspcs 3a80aQHHAM.
IIPaBUJIO TEH30PHOI'0 MHOKEHHS TEH30P1B)

3aBaanua 6. [lpaBunbHa BignoBige: B.
P036 A3AHHA. Tl]] = Till + Ti22 + Ti33 .

(Komnornernmu npo2pamosux 8uMo2, U0 Nepesiparnmbes 3a60aAHHAM.:
3HAXOJKEHHS 3TOPTKH TEH30P1B)

3apaanua 7. [lpaBunbHA BignoBige: B.

Poszs’azannsa. Jns BekropHoro monsi a =u - gradu maemo

2 2 2
ox\_ Ox) oy\ oy) 0z\ oz ox o2\ oy

2
+u—+(—j +u6_;{ :(gmdu)2 tu-Au= (Vu)2 +u-Au
Oz

3apaannsa 8.

Pose’szanms. Jlns Bexropa 7 =(ny;np;n3) MaeMo

—ny+7ny +4n3 =0 20ny +3n3 =0 n =59
0=0 =<y =n =m =-3.
m +13ny —n3=0 ny =7n, +4n; ny =20
0 7 4](59 —21+80 59
Ilepesiprka: |0 1 0| -3 |= -3 =|-3|, 0010 T-"" =k 7.
1 13 0] {20 59-39 20

Bionogids: i =(59;-3;20)
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3apaanasa 9.

Poss’azarnns. 3a dopmynoro Octporpaacskoro-I'aycca Maemo
ﬂjdivadV - [fj a-nds.
|4 S

3naiinemMo quBeprentio nomst @ =2x1 —(3y +5)7 +(4z-3)k .

oa
diva = da +—L 4 Oaz _ i(2x) +
ox Oy 0Oz Ox

%

+£(—5—3y)+£(4z—3):2—3+4:3
oy Oz

Toni
mdlde 3de =382 ape

X Bionogion: éczbc.
Puc. 16 - 2

3apamanusa 10.

Pose’szarnna. CxilanaeMo TaOJUIK KOMIIOHEHTIB Ta 1X MOX1IHUX.

a) = x| ay = xx) a3 = x{x3
%:1 %:)% %:2)@632
0ox, ox, ox,
Oy _ %4 _y, % _y
0%, 0x, 0x,

% -0 % -0 % -9 xl2 3
0x5 0xy 0X4

3HaiiiIeMo TpaicHT OIS

0 0 0
V®a=|e +e + e R(aje; + arer +arer )=
[lﬁxl 28x2 38)@} (11 2€2 33)

_ Oay Oay oay oay oay

e R+, Qe+ le®e +—2¢ Qe +—22, Qe +
o 10 g 2RatT g atargravary e ®e
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+%E3®€2+a—€]®€3+8—€2 ®€3+ai€3 ®e Z%E] ®El+
8x3 8x1 8x2 8)63 axl
+ai€1®€2+aiel®€3 +ai€2 ®el+ai62 ®62 +6—€2 ®€3+
6x1 6x1 8)62 8)62 6)62
. Oay Cay oay_ _ Oa;_ . _
o e +—22 Q8 +—> e®e =—>e Qe;=¢ Qe +x7er0 Qe +
8X3 3 1 8X3 3 2 8X3 3 axi 1 J 1 1 2€2 1

+X1§2 ®52 + 2x1x§ 53 ®51 + 2X12 X3E3 ®E3,
day Oa, Oa
1 + 2 + 3

floro muBeprenuito V-a = =1+x + 2x12 X3 Ta foro portop

8)61 8)(?2 8)63
e e &

VXT = ot 7 — 0 0 0 _ day  Oay 7 + day Oaz %+
axl a)Cz aX3 8x2 8X3 8x3 8x1

al a2 d3

| Q204 1o (0-0)g +(0-2x02)8 + (g — 01 = 231338 + x5,
8)(1 5)(2
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BJIAHK BIJIMOBIJIEM
1) 2) 3) 4)
S) 6) 7)

3aBaanHsa 8
Po3B’s13aHHnA

Bionoeiow :

3apaanasa 9
Pos3p’s13anus

Bionoeiows :




2 TEH30OPHA AJITEBPA

2.1 IlousiTTs TEeH30pa

Ha mouaTky 3ymMHUMOCS Ha OKPEMHX BHUMAJKaX TEH30pIB y TPUBUMIPHOMY
IIPOCTOPI.

Ckansp

Ten3op HYJILOBOTO paHry (CKasIp) — 1e 00'€KT, SIKUH MOBHICTIO BU3HAYAETHCS B
Oyab-AKili CHUCTEM] KOOpPAMHAT OJHUM YHCIIOM, SIKE HE 3MIHIOETHCS IIPU 3MiHi
CHUCTCMH KOOpJIUHAT.

Bexrop

Tenzop mnepmoro panry (BekTop) — 1ie 00'€KT, AKUH Yy Oyab-sKii cucremi
KOOpPJIMHAT BU3HAYAETLCS TPHOMa YUCIaMHU a', sxi NpH 3MiHI CUCTEMH KOOP/IMHAT
MIEPETBOPIOIOTHCA 3T1THO 13 3aKOHOM

. .

a =ald". 2.1

Hpuxiax 2.1. Hexali 3agaHo ABa JIHIMHO HE3aJeKHHUX BEKTOPH B CHCTEMI

KOOpJIMHAT i3 0a3sucoM ¢;,e,,e;. 3 KOMIIOHEHT IMX BeKTopiB a' i b' yrBopuMO

BCUIIKI JTOOYTKH, ITO3HAYUMO iX A% = g'p* , BCbOTO OTpHMaeMO 9 uucesn. 3HAUTH
3aKOH MEPETBOPCHHSI IIMX YHUCEN TMPH MEPEXOi A0 IHIIOI CUCTEMHU KOOPAHMHAT i3
6azucom ey, ey, ey .

Po3B’s3anHs: BUKOpPHCTOBYIOUM 3aKOH TEPETBOPCHHS KOMIIOHEHT BEKTOpa
(2.1), orpumaemo

a' :all al bk :akbm

= A% =q"p¥ —ala Lakpm = ala Kalp™ = al ak 4™

Benuuunn A HPEJICTABISIIOTh MPHUKIA SKICHO HOBOTO, B IIOPIBHSHHI 3
BEKTOPOM 1 CKasipoM, 00'€KTa, 1110 Ma€ Ha3BY TCH30P JIPYroro PaHry.

TeH30p npyroro paHry

Tensop npyroro panry — 1e 00'€KT, KUl BH3HAYAEThCS B OYIb-sKid CHUCTEMI
KOOpAMHAT 9 yuClIaMu, SIKI TIPU 3MiHI CUCTEMHU KOOPAMHAT MEPETBOPIOIOTHCS 3T1THO
i3 3aKOHOM

'k’ 4 lm
a —al a,a (2.2)
ITpuknagamMu TEH30PIB JIPYroro PaHry MOXKYTh CIYXKHUTH TCH30D Hﬂpr)I(@HL

o , TEH30p Iedopmanii e’ , TEH30p MOMEHTIB 1HepIii 17 , MeTpr4HKi Terszop g7

Bimznaunmo, 1o BeKTOp (TEH30p MEPIIOrO paHTy) MM BU3HAUMIM TpbOMa HOro
KOHTpaBapiaHTHUMK KOMIIOHEHTaMH, ajl¢ BEKTOpP TaKOK OJHO3HAYHO BU3HAYAETHCA 1
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3a JIOLIOMOI'OI0 TPbOX HOI0 KOBapiaHTHUX KOMIIOHEHT «;, SIKI II€PETBOPIOIOTHCS
. . k
3TIIHO 13 3aKOHOM a; = o ay, .

Z[HSI TGHSOpiB APYroro paHry TakKoOK MOKHA pO3MIAgaTH KOMIIOHCHTHU pi3HOI‘O

ik . . . .
ponay. Tak a™ — KoHmpaeaplanniii KOMNOHEHMU, d;, — KO6ApIAHMHI KOMNOHEeHMU,

k

. i . .
a; ,a, — MilIaHi KOMIIOHCHTH TCH30pa APYTOro PaHTy. 3aKOHU Nepemeopenis s

piSHI/IX BI/II[iB KOMIIOHCHT TCH30pPa BUITISIAATUMYTh TaKUM YHMHOM!

1 om . ik ik Im,
al"k’ —(ll.'akra[m, a —(ll ama ’
K 1 kK om. i i om
ay =a,a,a"; a,, =a,a ay,.

Haramaemo, mo al./f , aik e KoepiieHTH MPSMOTO i 3BOPOTHOTO MEPETBOPCHHS

’

. .o . ok k
BEKTOpIB 0a3UCIB €;,e,,e3 1 ey, ey ,e3, TOOTO ey =a.er, e =a; ep.
Tensop n-ro panry

TensopoM  n-ro paHry r-pa3 KOHTpaBaplaHTHUM 1 S-pa3 KOBaplaHTHUM
(n =r+ s) HA3HMBACTHCS 00'€KT, IKUI y OyIb-AKill CHCTEMi KOOPJIMHAT BU3HAYAETHCS

3" ynciaamu (KOMIIOHEHTAMH) a]lcl]llg'""k , IO IIEPETBOPIOIOTHCS NP 3MiHI CHCTEMH
kg

KOOPJIMHAT 3T1JTHO 13 3aKOHOM
lil’zl;, . 11 12 ls il i1 i,. m1m2...m,.
A S e A L 7 A I (2.3)

r
TeH3op TAaKOI'0 BUTIAAY HAa3MBAIOTh TCH30POM THUITY

IMpuxiaay 2.2. 3agaHo KOBapiaHTHI KOMIIOHEHTH TEH30pa IPYroro paHry
ap =1, ap==2, a13=3, ay =2, ay; =—4, a3=6, a3; =35, azp =1, az3=4
i MaTpHL IEPEXOLY BiJl CTApOi CHCTEMH KOOPAMHAT 0 HOBOI

I -1 3
il 1
1 4 -1
3HaWTH a;y — KOBaplaHTHI KOMIIOHEHTH TOrO > TEH30pa B HOBIH cucremi

KOOP/IHAT.

5 . _ ) m :
Posp’szaHHs: 3a 3aKOHOM  dyyp =Q Q. dj,, TCPETBOPCHHS KOBapIaHTHHX

KOMITOHCHT TCH30pa Ma€EMO
ayy =apajay +apaja + apatas + apajay +ajatay +afaiay; +
+ afrall'a_gl + af’raﬁa” + afraf'a% =33,
ayy =aypoyay,, =93, ayy =abadta,, =37, ayy = aé,a{,”alm =116,
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I m I m I~ m
ann! :052,052, e :131, ayy :0{2/053; am :—60, ayy :053,051, A :92,

I m I m
azy = O{3¢a2¢ an, = 79 s A3y = a3,053, ap, = -95.
2.2 3B'A30K Mik Pi3HMMH KOMIIOHEHTAMH TEeH30pa
p |Y

Pi3Hi BUaM KOMIIOHEHT T€H30pa 2-T'0 paHry, y CUCTeMi KOOPAHMHAT 13 METPHUKOIO
ds? =g dx'dx*, 3B's3ani Mix co6or0 hopmynamu
ik il _km Im
a =8 & Ay, dik =8il&km?

1 / kK & Ik
Qi =8Ka; =gidy, a4 =g ay, a; =gua , (2.4)

/ il I li ik il -k kl i
ay =8 Ay, d, =8xd4 ., 4 =8 4, =8 a,.

Kpanka y dopmynax (2.4) miakpeciaroe MOpsaoK IHIEKCIB, TaK y 3aIuci alik

TIepIINi 1HIEKC — HIDKHIN (KoBapiaHTHUIA), a APYTUil — BepXHil (KOHTpaBapiaHTHUMN).

[MpaBuno (2.4) onepxkaHHs OJHUX KOMIIOHEHT TEH30pa uYepe3 IHMm 3a
JIOTIOMOTOK0 METPUYHOTO TEH30pa HA3UBAKOTh onepayicto niOHamms (OnycKauHs)
iHOeKci@ y KOMIIOHCHT TCH30pa.

Ile mpaBwyio moJyiAira€e B TOMY, IO 1HJEKC, SKHH MiTHIMAETHCSA (OITYCKA€ETHCS)
MEPEXO/IUTh Y METPUYHUI TCH30D, @ Ha TC MICIle, KyJH BiH TOBHHCH OYTH ITiTHSITHHA
(omymieHuit), CTaBUTHCA «HIMHW» I1HAGKC MIJCYMOBYBAaHHS; IPYTUM «HIMHAM»
IHJIEKCOM TTIJICYMOBYBaHHS € BUIBHUH 1HAEKC METPUYHOTO TEH30pa.

Hanpuxnan,

At =8im Ay = Eim&inA']" = Gim A = Eim&in&urA"" = Cim&mAY."-

Hpuxaanx 2.3. [lokazaTy, 10 BEJIWYUHU g , g’k , g;k B CHCTE€MI KOOPJAUHAT 3
OCHOBHUM 0asucoM (&,,€,,8;) € pi3HUMH BHIaMM KOMIIOHEHT OJHOrO # TOTo K
TEH30pa 2-I'0 paHry.

Po3B’d3aHHA: 3Hai1eMO 3aKOHU NEPETBOPEHHS IIMX KOMIIOHEHT IpH IEepPeXoi
JI0 HOBOI CHCTEMH KOOP/IMHAT 3 OCHOBHUM 0a3znucom (él/,ézr,éy).

- = l— m— I m— — I m
ik =€ e =0pe ey, =0papree, =g y,,

gt =g’ gk :alléla,]fqém:a;afnglm,
N A - k'-m [ k'——m I k' m
gir —er-e =qpeae =apa,ee =iy, g

3aKoH MEepeTBOPEHHs Ui BCiX BUAIB KOMIIOHEHT BHKOHYEThCs. [lokaxkemo, 1110
[[c KOMIIOHEHTH OJHOTO TeH30pa. JIJi1 LbOoro mepeBiprMO UM 3aJ0BOJIBHAIOTH BOHH
dopmysiam 3B's3Kky a00 npaBWily MITHSATTS, OIYCKaHHA 1HAEKCIB. Bimomo, 1m0

_ _] .
e; =gye , Toml

- —1/ —m Im

8ik =€ "€k =8i1€ 8m€ —Egil8m& >
- [ - 1
ik = 8il€ €k =8i8 ) =8k&i —¢€i8ke€ -
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Bunno, mo npasunio (2.4) BUKOHYETHCS, 3HAYUThH 11€ KOMIIOHEHTH OJIHOTO T€H30pa.
Bimzraunmo, 110 A7 3MIMIAHUX KOMIIOHEHT METPUYHOTO TEH30pa CIIpaBeITNBI
CITIBBIIHOIICHHS

& 8. ik O,iik’ .

ne o, — cuMaoll KpoHekepa.

Mpuknax 2.4. B gexaprosiit cucremi koopmumar K (ij,iy,iz) 3a1aHo
KOMIIOHEHTH TEH30pa JPYroro paHry

2 1 3
|4 =4 =4k =l4xl=|2 3 4.
1

BasucHi Bekropu cucremn koopaunar K'(ey,e,,e3) BHPaKalOTLCS 4epe3 opTh
JICKapTOBOI CUCTEMH KOOPJIMHAT 3a CI1BBITHOIICHHSIMH
e =i, ey =i +iy, €3 =I] +iy +1.
BusHauuTu KoBapiaHTHI, 3MilllaHl ¥ KOHTpaBapiaHTHI KOMIIOHEHTH JaHOTO
TEH30pa B cucTeMi koopaunar K'.
Po3p’s3anns: Bunumemo xoedirientu al-]f HPsIMOTO TIEPETBOPEHHSI CHUCTEMH
koopaunar K y K', ckopucrasimcs hopmynamu (1.7),

oqlf =1, alz' =0, 0513/ =0,

0{%! = 1, a22( = 1’ (Z%/ = O’
1 2 3
ay = 1, ay = 1, a3 = 1.
3a 3aKOHOM Ay = a;?qa Z, A,,,, TIepeTBOpEeHHs] KOBaplaHTHUX KOMIIOHEHT TEH30pa,
0JIeP>KMMO
11 1.2 1.3 21 2.2 2.3
Ay =aray A+ ayai Ay +apap iz +apay Ay + aypaidyy +apaq Ay +
+ 0{13/051%431 + a13ra12fA32 + 0{13/a13'1433 =1-1-2= 2
AHanoriyHo 3HaiIeMo 1HIII KOMIIOHECHTH
A1!2I = 3 , AlrSI = 6, A2!11 = 4 ) A2!2r = 8 5 A2!3’ = 15’ A3!1/ = 5 5 A3I2I = 1 1 5 A3!3! = 19 .
Bianosine 3anuiiemMo y BUTIISAII MATPHIT

2 3 6
fl=pt 8 15
5 11 19

[H1I11 BUAM KOMIIOHEHT TE€H30pa 3Hai1eMo 3a opmysiamu (2.4).
JIst iboro 3HaNIEeMO KOBapiaHTHI KOMIIOHEHTH METPUYHOTO TEH30pa
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1 1 1
|| =|le; -ex|=1 2 2.
1 2 3

3HaiiieMo Terep KOHTpaBapiaHTHI KOMIIOHCHTH
ik

ik
g" =——, G=det|g; | =1.
2 2
Gl = 22,62 =-1,G%=0, G =-1,G2 =2,
2 3
GB - 1. 63N =GP =0, P =GB=_1. G¥ 1.
3Bijcu
2 -1 0
gh=l-1 2 -1
0 -1 1

Jani ckopuctaemoch hopmyiamu (2.4).

11 11 11 1112 1113 12 11 12 12
A =g g An+g g Ar+g g A3+g g Ay+g g An+t

12 13 13 11 13 12 13 13
+8 g8 A3 +8 78 A31+g8 g A +tg g “A3=2,
A2 =1, AP =1, 4% =0, 4P2 =2, 4P =3, A =1, 4P =1, 4P =1
3BiacH

‘A"”"H: 0 -2 3|

-1 1 1

-k ki -1 11 12 13 2 -3
A" =g"4y = A =g A+g Aptg Az=1, 4" =-2, 4" =3,
A =0, 4,2 =3, 4, =7, A4 =—1, 457 =2, 43° =38.

2 -1 -1

3Bincu
1 -2 3
A;"'H: 0 -3 7.
-1 -2 8

Ala=-2,429=2, 4%, =3, 4"3=-3, 4%3=5, £35=4.

3Bijcu
0 -2 -3
il _
‘A_k, =1 2 5|
1 3 4
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Hpuxaang 2.5. 3agaHo MimaHi KOMIOHEHTH TEH30pa YETBEPTOrO PaHry B
CUCTEeMIi KOOpJUHAT 3 0a31CcOM (El , éz) 1 METPHYHUIT TEH30p g,
11 12 21 22 .

g11=6, g12=g21=5, g22=2.
ITigasaTy 1Ha€exc i .
Po3p’a3annga: Jlmg Toro 1mo0 MAHATH HMKHIM 1HIEKC @, 3HaWageMO

KOHTpaBapiaHTHi KOMIIOHCHTHU MCTPHUIHOTO TCH30pa
gl = Sl . G= det”gUH _‘ 2 =13, G''=2,G*' =—5,G*' =—5,G** =6.
2 5
- P 5
13 13

3a npaswioM (2.4), BpaxoByI04H, 110 A]Z —AJZ —AJ}ik,OTpI/IMaeMo
ili ] il i1 12 4 jl 2 il
A =gyl =gl +g’ A] =(g Lrg™hal =
gz 120 0 4

=(g +g°) nk =( 3 ) =33’ Ak 13 k=1 k T
15 5 12 4
IR R TR
ks Ok Ty TR Ty R T

2.3 Po3kJiajg TE€H30pa 32 BEKTOPaMHU

[Moxaxemo, o Oyab-IKUil TEH30p 2-T0 paHry MoKe OyTH PO3KIAJACHUN Y CyMy
MOMApHUX JAOOYTKIB KOMIIOHEHT TpPhOX BEKTOpIB. YBEAEMO TpPIHKYy B3a€MHO

OPTOTOHAJILHUX OPTIB (ﬁ(l),ﬁ(z),ﬁ(3)) , TIO3HAYMMO Yepe3 u(a)l-,uéa) KOBapiaHTHI It
KOHTpaBapiaHTHI KOMIIOHCHTH BEKTOpa U(q) B Till CUCTEM1 KOOPAMHAT, Y AKiH 3a7aH1

KOMIIOHEHTHU TeH30DPa, HAIIPUKIIA]], KOBapiauTHi 1
Posrnsinemo ckansapu

Tiap) =T iay(p)
IToMHOXUMO KOXKHUM 3 HUX Ha Ua)p "U(B)q 1 THICyMYy€eMo TIo o, 3 :
3 3
_ [ k
> Tapt@ptiprg = 2Tk 2 Uiy pylha)ph(Brg - (2.6)
aaﬁzl l,k a)ﬁ:l

3 iHWIOro 60Ky, 8,5 =iy g = Z“Ea)“(ﬂ)i .
i=1
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[ToMHOXHMO 1110 PIBHICTH Ha u(“ﬂ) 1 TMACYMY€EMO o f3
25aﬂ“(ﬁ) Z“(a) Z“(ﬂ)z B “ Z“(a) Z”(ﬁ)z B

. a a1
3 iH1oro 60ky U g —Z}gi Uiy -
1=

3BijICH, OJIEP)KUMO

B a

= 2 4(p)itt(p)

B=1

Toxi npasa qaCTI/IHa piBHOCTi (2.6) HepeTBopI/ITLcsI B TaKWi criocio

Z ik %lu(a) BH(@p"(B)g = Z kgpgq =Tpg =

i,k

= Tpg = 2 Tap)(a)ph(p)g -
a,p=1
TakuM 4UHOM, OTPHMAJIU PO3KIIAJ TEH30PA 3a BEKTOPAMH.

2.4 DiznuHi KOMIIOHEHTH

Crig 3a3HauYMTH, 0 PO3MIPHICTH BEKTOPHHUX 1 TEH30PHUX BEJIUYHMH 3aJEKUTh
BiJ 3ajaui, 1 SKIIO 3aJada 3a3Jalieriib IpuBecHa 10 0e3p03MipHOTO BUIIIAAY, TO 1
KOMIIOHEHTH € Oe3po3mipHumu. Ilpum po3B’s3yBaHHI 3agadi 3  QI3UYHUMHU
BeIMYMHAMHU 0a3uc MoKHA 3amaTh 0e3po3MipHuM. Toji KOMITOHEHTH BEKTOPIB i
TEH30piB 30epiratoTb PO3MIPHICTH PO3IJISIHYTUX BEIMYMH. 3 1HIIOI CTOPOHU
OCHOBHOMY 0a3HCy MOKHa IpPUIKCATH PO3MIPHICTh, IO BIAMOBIIAE PO3IVISTHYTUM
BCJIMYMHAM, TOJI KOHTpaBapiaHTHI KOMITOHCHTH BEKTOPIB i TCH30piB OyJayTh MaTH
IHIIY PO3MIPHICTh, MOXKJIUBO 11030aBiieHy (izuyuHoro 3micty. 11lo6 yHukHyTH Takoi

CUTyallll, BapTO pO3IJSHYTH, TaK 3BaHl, «(}i3W4HI KOMMOHEHTW». [[11 1boro
Sk

— * . . . -~ ~ ~r —
BM3HAYMMO BEKTOPHHI 0a3uc €; 1 BiAIOBiqnuil oMy B3a€MHUI €' 3a JOLOMOIOIO
CITIBBIHOIIEHD

TO1

i e’ . (2.7)
w1 *

Komnonent™ a , a;

; B po3kiagax (2.7) HasMBAIOTh  Qi3uyHUMU

KOMHOHeHmamu eexkmopa d . 3B'S130K (I3MUHUX KOMIIOHEHT 3 KOBaplaHTHUMH 1
KOHTpPaBapiaHTHUMH KOMIIOHEHTAMU BU3HAYA€THCS CII1BBIAHOLICHHIMMU
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.* .
1|—
a; =, a" =d'fgl.

Bpaxoyrouu, wo |e¢; |=/¢; -€; =./g;; , orpumMaemo
i* i .
a =a' ,/g; (Hemae cymu 1o i),

* al
a;, = (HeMae cyMu 110 1 ).
8ii
ITonarTs «}i3uuHi KOMIIOHCHTH» BEKTOPIB IIPUPOJIHO Yy3araJbHIOIOTHCI M Ha
KOMITOHEHTH TE€H30PIB APYTrOro paHry

SRR
a™ =a™ [g.gu (Hemae cymumo i, k),
* ar

Qi =—F7—
\ &ii & kk

2.5 Jlii Hajx TeH30paMu

(Hemae cymMmu 10 i, k).

JlonaBanHs TEH30piB

JlonaBaHHsl BU3HAYAETHCS TIJIBKW JUII TEH30PIB OJIHAKOBOTO PaHTy W OYJ0BH.
Cymoro 4+ B 1BOX TeH30piB Ha3WBaeThCcs TeH30p C TOTO XK paHTy ¥ OyJOBH IO i
A, B, KOMIIOHCHTH $SKOro B OyIb-sKili CHCTeMi KOOpJIWHAT IOPIBHIOIOTH CyMam

BIINIOBITHUX KOMIIOHEHT T€H30PIB A, B.

igerdy  _ gitinedy | plild, 2.8)
JJ2-Js JJ2-Js J1J2-Js
Hpuxaag 2.6 Hexaii KOMIIOHEHTH Alkj,BZkJ JBOX TEH30PIB 33/IaHO Y CHUCTEMI

koopauHaT K(ey,e,). 3HalTu cyMy X TeH30pIB y Til caMii cucTeMi KOOpAKHAT .
A=Ay =1, 45 =0,43 =2, A3 =3, 43, =5, A5} = Ay =-2;
Blll = O, 3112 = 8, Blzl = Blzz =4 , B211 = —6, B212 = 0, 8221 = —7, B222 =3.
Po3p’s3anns: 3a dopmynoro (2.8) 3HaWAEMO CyMmMy BIiJIIOBIIHUX KOOPIMHAT
3QJIaHUX TEH30PIB
cl=4h +BY =1+0=1.
AHaJOrivHo
Cih =9, Cii =4, Ci5 =6, C3;=-9, C3, =5, C51 ==9, C5, =1.
Biaznaunmo, 1o onepairisi 10/1aBaHHs TEH30PIB IHBAPIaHTHA, TOOTO HE 3aJICKUTH BiJl
TOTO, y AKil CHCTEMI KOOPIUHAT 33JaHO TCH30PH.

MHoKeHHS T€H30pa Ha CKaJISIP

JloOyTkOoM TeH30pa A Ha cKasip A Ha3WBaeThca TEH30p B = AA, KOMIIOHCHTH
SIKOTO B JICSIKIM CHCTEMI KOOPJAUHAT JOPIBHIOIOTH JOOYTKY KOMIIOHCHT TCH30pa A Ha
ckaysip A.
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MHOKEHHSI JIBOX T€H30DiB
Ils onepariiss BU3HAYAETHLCS 1T OY/b-SKMX JBOX TEH30PIB, HE 3aJIE)HO BiJI
iXHBOTO paHry i 6ynoBu. JloOyTKoM TeH30pa A paHTy n; Ha TeH30p B paHry n, 3
KOMITOHeHTamMu ~ A12+r, , kiks-kp
J1J2-Js Liy..d,
1y + N, 3 KOMIIOHEHTaMH

Ha3UBAETBCA TEH30P C=A®B panary

iy dpkyky, iy, kiky ..k

o =42 7, 2.8
J1J2-dsh-dg Jid2ds  hly.dy (2.8)

Hpuxaang 2.7. Hexali 3a7aH0 ABa TEH30pH 3 KOMIIOHEHTAMHU A’ ,B].k B JIEAKIH

cucreMi koopauHat K(ej,e,). 3Haitu A®B, 1 B® A, skumo Al =1, A? =0,

1 O
Posp’s3anns: 3Haiinemo komnoneHTH C = A4 ® B 3a GpopMmynoro (2.8)

i i
. 1 1 1 1 1 2 2
3B1I[CI/I C-ll =A 'Bll :1, C-12 :O, C.21 :O, C.22 :2, Cj =A Bjk =0.
Amnanoriuno s D =B & A otpumaemo
i i
3sincu Dj{ =1, D} =0, Di?=0, D;?=0, D51=0, D57=0, Dys=2,
D53 =0.
ITomitumo, mo 4 &® B# B® A, T00TO 100YTOK TEH30PIB HE KOMYTaTHBHUI.

Onepalrisi nepecTaHOBKHU iHACKCIB, 800 YTBOPCHHS 130Mepy.

JlBa Tenzopu A i B ojHOrO paHry i Oy/T0BM Ha3UBAIOTHLCS PIBHUMM, SKIIO PiBHI
BIJIMOBITHI KOOPIMHATH IIUX TEH30PIB Y JACAKIM CHCTeMi KOOpAUHAT.

A=B e A" =g
J1J2+Js J1J2-Js

Binznauumo, 110 3 piBHOCTI KOOpPAWHAT TEH30pPIB y NEAKIM cucTeMi KOOpAMHAT
BHILIMBAE iXHS PIBHICTb y OYIb-sIKiH 1HINIH CUCTEM] KOOPIHUHAT.

[30Mep YTBOPIOETHCS IPU 3MiHI TOPAAKY MPOXOHKCHHS BEpPXHIX a00 HIKHIX
innekciB. Hanpuknan,

iy _ pli
A"pqr - B--pf]r'
ITo cyTi, 111 onepartist € popMaabLHOIO.
[i 3HaYeHHsT BUSABIISIETBCS TOM1, KOJIM BOHA KOMOIHYETBCS 3 BUSHAYCHUMHM BHIIIC

oTcpaIisIMH.
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3ropraHHs MIIIAHOTO TEH30pa (3rOpPTKa)
3ropTaHHsSM HA3UBAETHCS IMIJICYMOBYBAHHS KOMIIOHEHT TEH30pa MO JIBOX
PI3HOMMEHHUM («BEPXHIW», «HIKHII») 1HIEeKcax. 3ropTaHHS 3aCTOCOBYETHCS TIITHKU
710 3MIIIaHUX KOMIIOHEHT TE€H30pa.
BnacTuBocri:
1) 3ropTaHHs MOXKHA IPOBOJIUTH JIJIsl TEH30PIB paHry n>2;
2) IIpu 3ropTaHHi TEH30pa paHry 71 IO ABOX IHIEKCAX OJCPIKUMO
TEH30p paury n—2;
3) Onmnepariito 3ropTaHHs MOXKHA TTPOBOJIUTH JICKIJIbKA Pa3iB.

Ipukiaan 2.8. 3HaiiTu BEKTOP, [0 YTBOPIOETHCA MHOXKEHHAM Ten3opa 'Y Ha
BEKTOP A; 3 HACTYIIHUM 3rOPTAHHSIM II0 IIepIIOMY (IApyromy) iHAEKCY TeH30pa i

1 0 2 1
iHIeKCy BEeKTOpa, SIKIIO ‘T =3 4 1, |4=]2-
1 3 4 3

Po3B’s3anns: [Ipu MHOKEHH] TEH30pa HA BEKTOP OAEPKYEMO TEH30pP 3-I'0 paHry

C--jk =T ’jAk, 00 He 3HAaXOJUTH yci 27 KOMIOHEHT IIbOT0 TEH30pYy, MPOBEIEMO
3rOpPTKY IO HOTO MepIIoMYy BEpXHBOMY IHAEKCY ¥ HHKHBOMY 1HJEKCY, 3aMiHUBILH I1i
IHJIEKCH Ha 1HJIEKC MMiICYMOBYBaHHS [ .

B =Cl =1V ay =TV a4y + T% 4y + T 4.

B =74, +T%' 4, + T3 45 =10,

B2 =T 4 + 7?24y + T2 45 =17,

B3 =TB4, +T7% 4, + T3 45 =16.

SIKmo mpoBeCTH 3rOPTKY IO APYroMy BEpXHBOMY 1 HIDKHBOMY iHJCKCax
TeH3opa C OCpKUMO HIIUH pe3yNbTaT
D' =CU =174 =T 4 + T2 4, +T" 4.
D' =TV 4y =11, + 7124y + T 43 =7,
D2 =T 4, =74, + T?? 4, + TP 45 =14,
D3 =T34, =T34, + T4, + T3 4; =19.

3ayBakeHHS. MHOKEHHsI 3 HACTYIIHUM 3TOPTaHHSIM HAa3UBAIOTh CKAIAPHUM
006ymKom TEH30DIB.

CumeTpyBaHHA

[TonusTTSI cCMeETpii BiTHOCATH /IO TCH30PIB PaHTy HE MCHIN JBOX, IO MaloTh
napy OJJHOMMEHHUX 1HJIEKCIB.
iyiy..d,
jlj2“'js
IHJIEKCIB, SKIIO KOMIIOHEHTH , IO BUXOJATH MPH MEPECTAHOBI IUX 1HIEKCIB, PiBHI
oauH onHoMy. Hanpuknan, 4, = A4;;.

Tenzop A HA3MBAETLCS CHMETPUYHUM 110 Tapi BepXHIX (HUKHIX)
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iyiy..d :
Tenzop AJ‘; rj Ha3HUBA€ThCS KOCOCUMCTPUYHUM (aHTHCUMETPUYHUM) T10 I1api
1 2... K

BCPXHIX (HIDKHIX) 1HJICKCIB, SKIIO B PE3yJlbTaTi IXHBOI MEPECTAHOBKHU 3HAK
BIJTIOBITHUX KOMITOHEHT MIHA€ThCS Ha MpoTuiexHuil. Hanpuknan, 4, =—A4;;.

BrnacTuBicTe cumeTpii iHBapiaHTHa, TOOTO HE 3aJICKHUTH BiJ BHOOPY CHCTEMHU
KOOpIMHAT.

Onepayiss cumempysanHss TO n BEpXHIM (HWKHIM) IHJCKCaM IIOJIArae B
yTBOpeHHI 7! 130MepiB, y AKUX I 1HAEKCH PO3TAIIOBYIOTHCA BCIMAa MOXKJIMBUMHU
croco0amu, i3 HaCTYTHUM JIOJITaBAHHSIM 1 JIIJICHHSM CyMU Ha 7).

CuMeTpyBaHHA IT03HAYAETHCA MAPOIO KPYIIIUX YXKOK, Y SIKAX PO3TALIOBYIOTHCSA
IHIEKCH, 110 OepyTh y4yacTb B onepauii. Hanpuxmnag,

1
Ay =5 Ay + i)

B =%(B"f" +B™ 4 p/ki | gJik y gk | phity,

1
Tinly =5 Tije + T )
(iHmekc k , mo He Oepe ydacTh B orepaitii 103Ha4arTh |k| ).

VY pesynbTaTi onepailii CMMETPYBaHHS OJEPKYEMO HOBHH TEH30p TOTO K PAHTY
it Oy10BH, 1110 Ma€ BIACTUBICTh CHMETPIi MO JAHOMY Ha0Opy OJTHOHMEHHHX 1HACKCIB.

AJLTEpHYBaHHSA

Omnepainisi anbTepHYBaHHSA 3MIHCHIOETHCA aHAJIOIIYHO CHUMETPYBAHHIO, ali¢ IIPHU
IbOMY KOXHHH 3 n! i30MepiB OepeTbcs 3 JIOAATHUM 3HAKOM IIPU TapHIN
MIePECTAHOBIII 1HACKCIB, 1 3 BiJI’€EMHUM — IIPH HETIAPHIM.

IHgexkcu, mo OepyTh ydyacTh B albTEPHYBAHHI I1103HAYAIOTH KBaJAPATHUMH
nyxxkamu. Hampuknan,

|
Ay =5 Ay = Aji).
VY pe3ynpTari anbTepHYBaHHS MO Tapi iHACKCIB OAEPKUMO KOCOCHMETPHYHHMA
TEH30p.

Hpuxaan 2.9 Jlnsg 3amaHoro TeH30pa TPETHOTO PaHry 3 KOMIIOHCHTaMuU

Tlll =sinx! + cosx?, Tllz = x!, T211 =(x1)2, T212 =x'x?, T121 =sinx! - cosx?,

1
X .
TIZZ =x2, T 221 = (x2 )2, T 222 =—  BHKOHAaTM OICpallii CHMCTpyBaHHA H
X
aNbTCPHYBAHHSA 10 HIKHIX 1HJIeKcax. /loatn oTpuMaHi TCH30pH.
Po3B’sa3anns: Bukonaemo cumerpyBaHHs 3a GOPMYJIOI0

ko ook ok ok
OnepxumMo
1 .
Slll :E(Tlll +Tlll)=Tlll =sin x' +cosx?,
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1 .
Slzl :E(lel +T121):T121 =sin x! —cosx?,

1 2

51225(«* +(xH?),
St =5 2+ 67,
shi=5 G ah),

1
Si=5 (" + ()Y,

Sy =x'x?,
1
X
S5 ==
2
Iori B gk Tk _l(Tk_Tk)
OTIM AJIBTCPHYEMO TCH30P 3a (POPMYJIOKO ij = [U] —2 ij ji )
111
A11=5(T11—T11)=0,
A% =0,
1 1 1,2
Alzza(xl—(x) )
2 (2 202
A12=—(x —(x7) ),
2
1
Ay =1 - x),
2
1
42 :_<x2 2—x2),
2175
A%2_Oa
A222:O.

ITomiTiIMO, 1110 B CYMi Il TECH30PH JaIOTh TCH30P Tyl‘(
kg Vb ok ok ok k
Sij + 4 ZE(Tij +Tji)+§(Tij -T;)=T; .

Taxum ynHOM, OyIb-SIKUI TEH30p, 1110 Ma€ Xo4ya 0 mapy OIHOMMEHHUX 1HICKCIB
MO>HA TPEJICTABUTH Y BUTJISA/II CYMU CUMETPUYHOTO i KOCOCMMETPUYHOTO TEH30PIB.

OauHAYHIN TEH30D

Bigomuii 3 anrebpu cumBoi Kponekepa 5,2 € TEH30POM JPYroro paHry 3

MAaTPHUILICIO
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0,i#k,
Li=k.

100

il _ i_ g i

5i|=lo 1 9o, si=cf j'_{
00 1

KOMITOHEHTH OUHUYHOIO TCH30pa OJHAKOBI Y BCIX KOOPAMHATHUX CUCTCMaX.

MHOXEHHS Ha O ]l( 3 HACTYIIHUM 3ropTaHHsIM 4YaCTO BHUKOPUCTOBYETLCS B

anreOpaiyHuX BHpa3ax.

Hpuxiaax 2.10. CHOpocTUTH — BUpa3H: 5£-A,g; 51!5Z’bibk—b15]’-"aj;
A*B, - B
Po3B’s3anns:

1) o ,’( - Ay = A;j — TOTOXKHE IIEPETBOPEHHs (IIEPEiMEHYBaHHSI THICKCY);
3) 4By — B' = 4 By -5 B =(4] - 5B, =T By.

Jiagauii 10OYTOK BEKTOPIB
Ao  po3rASHYTH  BCUISKI  JOOYTKM  KOMIOHEHT  JIBOX  BEKTODIB

Al Bx =c* (i,k=12,3), TO OnepXUMO [EB'SITh 4YHCEN, 10 YTBOPIOKTH TEH30P

JAPYrOro PaHTy, SIKMii HA3UBAETbCS OiaOHum O006ymkom eexmopie A,B . Jliamuwuii
106yTOK € Ten3opHuM 100yTkoM A ® B BexTopis A,B.

Jliaguuit 106yToK He KomyTaTuBHU A ® B# B ® A. Ane marpuns B @ A €
TpaHcrioHoBaHa Matpuusi 4 ® B . AHANOr4YHO i3 3ammucoM BekTopa A = A e; TEeH30p
C MOXHAa 3aMMcaTy TaKk

C=A4A'B*ee, =C*ee,.

VY3araipHIOIOYM 1€ CHoci0 3amMcy Ha BUNAIO0K TEH30pa OYIb-SKOTrO paHry,

OJICPIKUMO
T=T""rh & ..
J1--Js h

Y 1upoMy BHpa3i BEKTOPHU Efl,...,é/‘f,eﬁ ,...,éip MaloTh BU3HAYEHUHN TMOPSJIOK,

MiJICyMOBYBAHHS MPOBOJUTHCS 38 BCIMA THACKCAMH 1],....0 py, J15e-05] -

2.6 I'o10BHI oci TeH30pa

Po3srnstHeMo MilaHi KOMIIOHEHTH TeH3opa 2-ro panry T i Jeskuil BEKTOp 3

xommonentamu AX . Slkuio ueit TEH30P MOMHOXKUTH Ha BEKTOP 1 3pOOHUTH 3rOPTKY 3a
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IHIEKCOM BEKTOpa 1 HIDKHIM 1HAEKCOM TEH30pa, B PE3yJbTaTi OAEPKUMO HOBHIA
BEKTOD 13 KomronenrtamMu B' =T ;{Ak .

Takum 9MHOM, TEH30p NPU CKATIPHOMY MHOKEHHI Ha BEKTOP 3MIHIOE JIOBXKUHY
IILOTO BEKTOpA 1 HOr0 HAIPSMOK.

BuaiifeMo a1s ganoro tensopa 7 BCi BEKTOPH, IO 3MIiHIOIOTHCS TLILKH 3a

JOBXUHOIO. JJ1s1 IHOTO PO3B’SIKEMO BIJIHOCHO KOMIIOHEHT Ak PIBHSHHS
Th A% = 24", (2.9)
ne A — ckamusp.
SIkIo Po3B’SA30K 1ILOTO PIBHSAHHS ICHYE, TO BEKTOPH, 110 HOMY 3aJI0BOJILHSIIOTH,
HA3UBAIOTBCA GIACHUMU 6eKkmopamu men3opa Tj, HANPSIMKA IUX BEKTOPIB —

20JIOBHUMU HANPIAMAMU MeH30pd, 0C1 IIUX HATIPSMKIB — COJI06HUMU OCAMU MEH30pPd.
3HauCHHS KOMIIOHCHT TCH30pa B KOOPJAWHATHIH CHCTEMi TOJIOBHUX OCCH
HA3UBAKOTHCS 20108HUMU 3HAYEHHIMU.
3HaiiieMo po3B 30K piBHAHHS (2.9).

i 4k i _ i gk i gk _ i ool N gk _
7,4° =24 =T, A" -0, A" )=(T; —16,)A" =0.
TaknM 9MHOM, IS 3HAXOUKEHHs Komronent A* neo6ximmo PO3B’sA3aTH OJHOPILHY

CUCTEMY 3 TPbOX JIHIHHUX PiBHSAHB. SIK BiJIOMO 3 anreOpH, OJIHOPIIHA CHCTCMa Ma€
HETPUBIATEHUHN PO3B’A30K, SKIO i1 BU3HAUHUK JOPIBHIOE HYJEBI

TI-4 T} T
77 T3-1 T3 |=o0. (2.10)
Ty Ty T3-2

Le piBHSIHHS TPETHOTO CTENEHS HA3UBAETHCS XAPAKMEPUCTIUYHUM.
Cnopoctumo 3amady, i OyneMo po3riasgaTd TUIBKU TCH30PH 13 CUMETPUYHHUMH
KoBapiaHTHUMU Komionentamu 1y =Tj;. Toxi MaTpulst cucTeMu € CUMETPUYHOIO 1

XapaKTEpUCTUYHE PIBHAHHS Mae TUIbKHU AliicHI kopeHl. Hexait A; # A, # A3 — kopeHl

piBHsAHHSA (2.10), TOAI KOMIIOHEHTH IIYKaHMX BEKTOPIB, BIAMOBIOHI BIACHUM
3HAYCHHSM A,, BU3HAYAKOTbCS 3 TOYHICTIO OO CTalOro AIMCHOTO MHOKHHKA. [X

MOJHa BU3HAYNUTHU 3 TPHOX CUCTEM piBHSIHL

(T = A:8}) A =0

3BIJICH OJCPIKHMO

4! A 4

(s) _ (s) _ (s) , s=123. (2.11)
T3 -4 T3 T3 TP TP T34
T3 T3-Al |B-A Ty T3
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BimsHaunMo, IO TpU BEKTOPU A() B3AEMHO MEPICHIMKYISPHI, 8 BHUXIXHHIA

TCH30p Yy CHCTEMI KOOpAWHAT, 0oCl AKOi € TOJIOBHHUMH OCIMH TCH30pa, 6y,Z[C MaTHu
KOMIIOHEHTHU

A4 0 0
[Tl =|7ie| <[ =]0 2 o
A3

Sxmo A; # A, # Az, TO FONOBHI HANPSMK TEH30pa €JUHI.

Sgxmo A =A, # A3, TO ABOKpaTHOMY KOpeHeBI A; = A, BINNOBIAa€ BIacHa
IUIOLMHA, KA IIEPIEHAUKYJIAPHA TPETbOMY I'OJIOBHOMY HaupsMy. Y Wil IUIOLIMHI
Oyab-aKui HarpsiM Oy/IC TOJIOBHHM.

Sgkmo A4 =A, =43, 10 Oyup-skuil Hanpsim Oyje roioBHuM. Takuit TeH30p
Ha3UBAETHCA KYIbOBUM.

Tenszopua nosepxus

bynb-skomy cumerpuyHoMmy TeHzopy 1y =7;; MOXKHaA TOCTaBUTH Y

Bi/IMOBIZIHICTH TIOBEPXHIO JPYroro mopsaky Iy, x’ xF =1, [1s moBepxHs HA3UBAECTHCS

TEH30pHOIO. ['0JTOBHI OCi TEH30pa € TONOBHUMH OCSIMH TEH30pPHOI MOBEPXHI, sIKa Y
CHUCTCMI T'OJIOBHUX OCCH Ma€ PiBHSIHHSA
1,2 22 3,2
C N CE N C0
1 1 1
A A A3
SAxmo Bei A >0, To TeH30pHA MOBEPXHs — eJincoin. I'ojaoBHI oci TeH3opa —

S . 1
TOJIOBHI oci ernincoina. Y Bunaaky A4, =4, =43 =4 Maemo cdepy paniyca ﬁ Y%

ObOMY BUIIAJAKY MaTpULA TEH30Pa B I'OJIOBHUX OCAX Ma€ BUTIIAA

1 0 O
”Tzk” =40 1 0=Ad,
0 0 1

VY Bunanky A4; = A, # A3 Maemo emnincoin odepTaHHS.

Mpuxiax 2.11. 3HaliTH TOJOBHI 3HAYCHHSA W TOJIOBHI HanpsiMU TEH30pa Ti'k ,

SIKIIO
1 20
T* =2 2 of.
00 3

Buznauntn BUI TGHSOpHOI HOBCpXHi.
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Po3B’s3anns: Po3B’soxeMo XapaKTepUCTUIHE PIBHSHHS (2.10)
1-2 2 0

2 2-4 0 |=0 < (3-Al2 —31-2)=0,
0 0 3-4

+
3BIACH A5 = 3_;/ﬁ, Ay =3.

3 cmiBBigHOmEeHHS (2.11) 3HaiimeMo BIacHI BEKTOPH, IO BIAMOBIIAIOTH
KOYKHOMY 3HAUCHHIO A .

1)11:3+\/ﬁ’
2
1 2 3
Eq Ey By
0 2 ’
2_3+\/ﬁ 0 S 5 2_3+\/ﬁ
? 7 T 0 0
0 3_3+ 17
2
2 3
Eoy _ Ey  _Eq
5-17 =3+:17 ’
_(1) :(S—Jﬁ;—3+\/ﬁ,0)
2)12:3_;/ﬁ,E(z):(—3—dﬁ;7+2‘/ﬁ;oJ

3) 43 =3, E(3)=(0,0:-2).

BekTopu E(l), E(z), l_?(3) BH3HAYalOTh I'OJIOBHI HAIIPsIMH TCH30pa.

E(:
B oproHopmoBaHOMy 0asuci ey,e, ey, ne e :‘E(l) , KOMIIOHCHTH TCH30pa
@)
3++1
+ ;/_7 0 0
A4 0 0
3-417
MatuMyTh Buriag 7y =10 A, Of=| O 5 0.
0 0 4 0 0 3

Ten3zopHa MoBepxHS B IIbOMY Oa3uCi MaTUMeE PiBHSHHSA
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kol o (x;)z + (XZ)Z + (Xj)z =1. Ile oIHONOPOKHUHHHUIA

34417 3=417 3

Tyox'x

rinep6o1oin.
[HBapiaHTH TeH30pa
Bukonaemo enemMeHTapHi IIepeTBOPEHHS y XapakrepucTuaHomy piBHsaHHI (2.10).
T\=A T, T4
TP T34 T3 =0

T T3-2
2> 23 ol et g3 [T T2 T
B2 er2erd)eal|2 I3 T TN T g2 2
‘ Iy T3| [Ty Ti| Tz Tj3 r3 13 73
3ayBaxumo, mo Ay, A,, A3 — ckausApH, AKI HE 3ajeXaTb BiJ CHCTEMH

KOOPJIMHAT. 3BiJICH BUILUIMBAE, 1110 KOCMIIIEHTH I1[OTO PIBHAHHS TAaKOX HE MOBUHHI

3MIHIOBATHCh IIPHU 3MiHI CUCTEMH KOOPIHMHAT.
BenuunHU, fKi HE 3MIHIOIOTHCA MPH 3MiHI CUCTEMH KOOPJIWHAT HA3UBAIOTHCA

IHBapiaHmamu.
Taxum YyrHOM, TSt TCH30pa IPYTOTO PAHTy iHeapianmamu €

I =T_% +T§ +T§’ =4+, + A3 =inv,

2 3 1 2 1 53
1y =|12 3T T T g a4 22y + Ay =i, (2.12)
Ts T3 [Ty Ti| |T3 T3
T\ T, Tj
T T3 T3

Temnsop, y sikoro inBapiant /; =0 Ha3UBaIOTL degiamopom.
bynb-sxuii TEH30p MOJKHA PO3KJIACTH Ha JICBIaTOP 1 KyJIbOBUI TEH30D

T S U S S R VR
;7" =T; —37i & +§T; gi =D; +§T; g -

1 1

Tenzop
DF =1k _ZTlgk (2.13)

. 1
¢ nesiatopom, Tomy 1o D =T;' -3 Tl'l 3=0.
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1
Tenzop ngl gl'-k — KYJIbOBUH.

KoBapianTHi i KOHTpaBapiaHTHI KOMIIOHCHTH JICBIaTOpa MartOTh BUTIIS]T
1 1

A ik ik A ik
D =T =317 &ik» D" =T 370 g".
1 0 4
Hpuxaang 2.12. Tenszop Tl-‘k ‘: 5 3 2| mnpeAcTaBUTH Yy BHIJISAL CyMH
0 1 3

JieBiaTopa 1 KyJaboBOIO TeH30pa. 3HalTH iHBapiaHTu TeH3opa 1;,/,,/5.

Po3B’sg3aHH4: 3HaI/II[CMO I[eBlaTOp TGHSOpa

‘ 3a (hopmyoro (2.13)

_4 0 4
| 1 0 4 1 00 3 5
D =T* —ngglk Tk—%gl‘-k:S 3 2)-ZJo 1 ol=| s 32
0 1 3 0 0 1 2
0O 1 =
3
7 0 0
| 1 0 0 |3
Blk—ng'l ,k gO 1 0f=0 % 0| — xynpoBUH TEH30D,
0 0 1
0 0 7
3
T = D + B
3HaiiIeMo iHBapiaHTH TeH30pa Ti'k 3a popmysiamu (2.12)
Iy =1+3+3=7,
31 (1 5 |10
I, = + + =13,
2 3 10 3 |4 3
1 0 4
I3=]5 3 2/=27.
0 1 3

O3Haka TEeH30PHOCTI

Hexait A', A;, B', B; — KOHTpaBapiaHTHi i KOBapiaHTHi KOMIIOHCHTH IBOX

BekTOpiB A, B. Sxmo 3a ponomoroio BemuuuH T lk, Ty, Tik MOXHa CKJIaCTH
IHBapiaHTH BUTJISATY
T* 4,4, =inv,
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Ty A" A% =inv, (2.13)

1

TX4'B;, =inv,
TOJI 11l BETUYMHH €, BI/IMOBIIHO, KOHTpPaBapiaHTHUMHU, KOBAPIaHTHUMHU 1 MillIaHUMHU
KOMITOHEHTaMH1 TE€H30pa JAPYroro paHry.
2.7 IlceBnoTenzopun

llcesoomenzop € 00’ €KTOM OJU3BKUM /10 TEH30pa 32 HAIMMMCAHHAM ¥ TIPUPOJOI0,
MOro KOMIIOHCHTH MAarOTh TaKi BIIACTHBOCTI:

1) IpH  TEPETBOPEHHI CHCTEMH KOOpPJMHAT, 3aKOH IEepPEeTBOPEHHS
KOMITOHEHT TICEBAOTEH30pa € TAKMM CaMUM SIK 1y TEH30pa;
2) IIpY TIEPETBOPCHHI KOOPAUHAT, 110 MEPEBOIUTh MPaBy CHCTEMY B JIBY 1

HaBMAaK{, 3aKOH IIEPETBOPEHHS IICEBJOTEH30pa BIAPIZHAETHCA BIJ 3aKOHY
TIEPETBOPEHHS TCH30Pa 3HAKOM

ll,llzl], _ l] 12 lS i] il ir I’l’l]ﬂ’l2 ..J’I’l,,
Hk{ké...k; I R R T Hlllz...ls
[TpukiiagoM OJMHUYHOIO IICEBIAOTEH30pa TPETHOTO PAHTy MOXYTh CIYKHTH
BEIIMYNHM &7 (cumBoM JIeBi-UiBiTa), Kl 3a1af0THCS CIIBBIIHOIICHHSIMH

ik
5z‘jk :(ll'le)' ko
ne i, — OpPTH NPAMOKYTHOIi /J€KapTOBOI CHCTEMU KOOPJMHAT, TOOTO ik
JIOPIBHIOIOTH HYJEBI, OJUHUIII ab00 MIHYC OJHMHHMII, B 3aJI©KHOCTI BiJI TOTO SKi
3HA4YCeHHS MPUUMAKOTh 1HACKCH 1, j, k.
3a npomomoroio cumBojiB JleBi-UiBiTa MOKHA yTBOPIOBATH IICEBIOTCH30PH

— ijk ijk

Oyab-saxoro panry. Hampuknan, /1 = gy T7" — ncepaockansp, ko 77" — TeH3op.
7 =gk Tjk — 1ceBuoBekTop. Skmo A4 j,Bk — KOMIIOHEHTH BEKTOPIB A,B, T0
pemmunan 111 = &% 4 By € xoMmoHeHTaMH X BEKTOPHOTO T0OYTKY A % B.

OCHOBHI BJIACTUBOCTI TICEBJIOTEH30DIB

1) Cyma JBOX TCEBAOTEH30PIB OAHOTO PaHTy € TCEBIOTEH30POM TOTO K
panry.

2) J1oOyTOK JIBOX TICEBIOTEH30PIB € TEH30POM, PAHT SKOT'O JOPIBHIOE CyMi
paHriB CIIIBMHOKHHKIB.

3) J1oOyTOK TIceBAOTEH30pa 1 TEH30pa — MCEeBIOTEH30P.
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