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Isan Ilempoeuyw Bacunvuenxo — npogecop xaged-
DU 3a2aNbHOT MAMEMAMUKU MEXAHIKO-MAMEMAMUYLHOZ0
paryavmemy Kuiecviozo HayionanbHozo YyHisepcumemy
imeni Tapaca Ileguena, QOKMOP MeXHIYHUX HAYK, YJEH
Hayionanvrozo komimemy Yrpainu 3 meopemuytol ma
npukKaadnol MexaHiKu i Mmamemamuru, paxiseys y zary-
3i mamemamuiHo20 MOOENIOBAHHA.

Buwy oceimy 3006y6 na mexaHiko-mamemamuiHomy
@arxyavmemi Kui6cobr0z0 HAYioHaNbHO20 YHiBEpcUMemy
imeni Tapaca Illesuenxa, Oe i posnowas c68010 HAYKO8Y
i nedazoziuny disnbHicmb, HABYAIOYUCL CTLOYAMKY 8 ACTi-
parmypi, a nomim He3IMIHHO npauylioiu Ha Kagedpi
3a2abHOL MamemMamukru.

Y 1986 p. 1.I1. BacuavueHnko 3axucmue 0oKmopcovry
Oucepmayin. Yepes dsa pokxu iiomy Gyno npucydicero
84eHe 38aHHA npogecopa.

Asmop nonad 140 nayxosux npayb 3 numaHsv npu-
KAQ0HOL MamemamuKu, Yy momy wucii mpoox mornozpagii
i n’amu nidpyunuxkis. Ceped nux “Buwa mamemamurxa”
(K., 1992), “Buwa mamemamurxa” (K., 1994 ), “Buwa
mamemamuxa” (K., 1995 ). Odna iz monozpagiit ony6ui-
Kosana y eudasrHuymei Mockoscbkozo yHieepcumemy
im. M.B. JIomonocosa (1990 p.).
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IlepenmoBa

MaremaTuka — e MOryTHiit 3acib6 3a6e3eUYeHHA TOUHOCTI Mi3HAHHA.
MabyTs, caMme TOMy BUAATHHI HiMenbKuii dinocod Immanyin Kaur sBa-
JKaB, 1110 HayKa TUM OijbIlle 3aCJIyroBy€ HA3BY HAYKH, YUM Oijiblie B Hil
MaTeMaTHKH.

IIpupoaso, 110 IpoIec MaTeMaTH3allil He OMHAKOBOIO MipOIO TOPKAETHCS
pisHux Hayk. I'vmamitTapHi Hayku TpuBaauil dac 6yau izonboBadi Bif
MaTeMaTHUKH, SIKI0O He BPAXOBYBATH 3ACTOCYBAHHSA CTATHCTUUYHHUX Me-
TOZiB ¥y AOCTiI’KEHH] OKPEMUX cOlliaJIbHUX IIPOIleCiB, 30KpeMa mpobaem
Jemorpadii, a Takoxk npo6yieM CTPYKTYPHOI JIIHI'BiCTHKH, e 3aCTOCYBaH-
HA MAaTEMATHUKH JaJI0 IO3UTHBHI pe3yJbTaT.

3HAYHUM HAYKOBUM JOCATHEHHSAM CTAJI0 BIOPOBA/KEHHS MaTeMa-
THYHUX METOJIB Yy €KOHOMIUHY HAYKY i B yHnpaBJiHHS €KOHOMiUHHMH
npomecamMu. Y Hall Yyac HAYKOBE YIPABJIIiHHA IIUMH I[IPOIECAMU MOXMe
OyTu 3xificHeHO TiJILKM HA OCHOBi 3aCTOCYBAaHHA TOYHHX MATEMATHUYHHX
MeTOAiB y BCixX cepax rocnofaproBaHHS — Bij IPOrHO3yBaHHA poO3Mi-
IIeHHA KOPUCHUX KOMAaJINH A0 BUBYEHHJ IOMHUTY HA TOBAPH IIUPOKOTO
BXKUTKY i mo6yToBi mocsyru, Bix BUBUEHHA noTpebu B pobouiit cuai 1o
ILIAaHYBAHHA TPAHCMOPTHUX aprepiit Tomo. Ock YoMy ChOroAHi MaTeMa-
TUKa AK HaBYaJIbHA AUCIUILIiIHA Mocifae uinbHe Miclle B HABUAJBLHUX
IJaHaxX MPaKTUYHO BCiX cneniajbHOCTEH BHUIMX HABYAJLHUX 3aKJafiB.

ABrop nigpyunuka 1.II. BacuisueHKo — mnpodecop MexaHiKo-MaTe-
MaTuyHOro darynasrery KHiBChbKOr0o HallioHANILHOrO yHiBepcurery ime-
Hi Tapaca IlleBuenka, BifoMuit B Yxpaini Ta 3a il Mmexamu daxisens y
rajgysi MaTeMaTHYHOTO MOAEJIOBAHHA — Mac€ BeJIUKUH NOCBij BUKJIaNaH-
Hf BUINOI MaTeMaTHUKH CTYJEHTaM Pi3HUX cllelliaJbHOCTEH i pisHUX hopm
HaBUYaHHA, Y TOMY YUCJi ¥ CTYZEeHTaM eKOHOMIYHUX crerniaJbHOCTei.

Isan IleTpoBuu — gmocBiguenwmit aBTOp. Moro mepy Hase)xars OHAL
140 onmy6sikoBaHMX HAYKOBMX IIpalb, AeKinbka MoHorpadi#t i m’sars
nizpyusukiB. Tpu i3 HUX — DiAPYYHUKH 3 BHIOI MaTeMAaTHUKH, i, Tpe-



10 Nepeamosa

6a cKasaT, BOHU BU3HAHI paxiBUsMu i KOPHCTYIOTHCS BEJIHKOIO HOIY-
JISIPHICTIO cepefi CTYAEHTiB.

Ilepen Bamu, uraHoBHMI YMTady, MiADYYHHK 3 BHINOI MaTeMaTHKH
g ekonomicris. 1le HoBa npars npodecopa I.I1. Bacunruenka, axy 4 i3
3a/10BOJICHHSIM PEKOMEHIYIO CTYAeHTaM eKOHOMIYHHUX clellianbHoCTel
1 eKoHOMicTaM-IPAKTHKAM.

BaraTopiuuuii focBix negaroriusaoi po6ortu, yuacTs y poboTi Haj eKo-
HOMIiYHVMU NPOEKTaMM Pi3HOro PiBHA, MOCTiHHe CIIIKYBaHH4 i3 daxiBrsa-
MH-eKOHOMicTaMH, JOCKOHAJIe 3HAHHA NIPo0JeMaTUKU, Hall AKO0 NIPaIio-
IOTh EKOHOMiCTH i MaTeMaTUKH, Jal¥ MOJKJMBICTL aBTOPY 3HAMTH ONTH-
MAaJILHMH BapiaHT DiApPYyYHHKA K 34 CTPYKTYPOIO, TEMaTHKO0, obcAroMm
Matepiany, Tak i 3a ¢bopmoro HOro nNojgaHHA.

3a a3micToM IiApPYYHMK BiANIOBiZae mporpaMam 3 BHIOI MaTeMaTHKH
IJifA CTYAEHTIB eKOHOMIUHMX CHeliaJibHOCTEN BUIIUX HaBYAJLHUX 3a-
kaazis. Koxxuuii po3niys, Ko)KHA rjaBa, KOXHME naparpad Hanucasi a
HeoOXiIHOI0 TIOBHOTOIO i pPasoM 3 THM KOMIIAKTHO, YiTKO i sicHo, 110
Bifmosimae #oro mpakTuuHiil cnpsmosaHocTi. HaBogsaThcsas BesuKa
KinbKicTs mpUKIazAiB i 3ajau, a TAKOXK MeTOAMYHI peKoMeHAaIlil Ta pos-
B’A3KM THAIOBUX 1 cKJAagHUX 3afad. ¥ HeoOXiHUX BHUIIAJKax PO3KPHU-
BAa€THCA €KOHOMIUHHI 3MiCcT MaTeMaTHUYHKUX MNOHATD.

Bce e fae migcTaBu cTBepAKYBaTH, IO 32 CBOIM MOTEHIIiaJIOM Mixpyd-
HUK Ja€ 3MOry 3abesneuuTn I'PYHTOBHE 3ACBOEHHA TEOPETUYHOIO MaTepi-
aJy 1o KOXXHiif Temi, a TakoX — 1m0, MabyTh, 6ibII BAXKJIUBO — JOIO-
MOI'TH CTyAeHTaM cOPMYBATH HABUUKM 3aCTOCYBAHHSA iHCTpyMeHTAapiio
BUIIIOI MATEMaTHUKH 0 PO3B’A3aHHA 3ala4 €KOHOMiYHOI CIIPSIMOBAHOCTI,
OBOJIOAITH CYYaCHMMH IigXOJaMH IO aHAaJIi3y eKOHOMiYHUX IpobJeM,
TMOMIYKiB ONITUMAJbHUX WJAAXiIB iX BUpilIeHHA.

Iigpyunuk npoiimoB anpodanio y paxi KMIBCbKUX BUIIIUX HaBYalb-
HHUX 3aKJafiB, 3okpema KuiscsKoMmy ciaBictuusiomy yHiBepcureri, Kuis-
CbKOMY iHCTUTYTi iHBeCTHIIIIHOrO MeHePKMEHTY, AKageMii MyHinunanb-
HOTO yIpaBJiHHA.

Baane moegHaHHA Y NiAPYYHHKY HAJIEKHOI TIOBHOTH, OOI'PYHTOBAHOCTI,
JoriyHoi JOBEepIIeHOCTi 1 MPOCTOTH IOJAHHSA MaTepialy Ja€ MOMKJIUBICTD
PEKOMEHAYBATH L0 KHUTY SIK HNIAPYYHUK CTyAEHTAM He TiJTbKU €KOHO-
MiuHHX, a i1 npupoAHUYNX (AKYJIbTETIB BUINNX HABYAJLHUX 3aKJaJiB,
ocofaM, AKi 3aliMalOTHECS CAMOOCBITOIO 3a IIPOrpaMaMH NiAATOTOBKY Gaka-
JaBpiB, cremianxicris Ta maricTpis.

A nepexonaHuii, 10 1A KHUra Oye KOPUCHOIO BCiM, XTO IIparse npa-
HIOBAaTH HAJ eKOHOMIYHMMM IpobieMaMu i IPAaKTUYHUMU 3aBJAHHAMU
€KOHOMIUHOTO CIPAMYBAHHSA HA Cy4acHOMY piBHi.

Hoxmop exonomivnux nays, npogecop,
3acaysxcenuil disy Hayxu i mexHiku Yrpainu T.T. Kosanvuyx
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Beryn

IlizpyyHUK BiAmoBizae mporpaMmi 3 BUIIIOI MAaTeMaTUKH IJIsT EKOHOMIiU-
HUX CIeliaJbHOCTEH BHINMX HABUAJNBHUX 3akjanis. Mera iioro — 3a-
fe3meunTH I'PYHTOBHE 3aCBOEHHS TEOPETHUYHOrO KypCy 3 BHUIIIOI MaTeMa-
THKH, COPUATH (HOPMYBAHHIO HABHYOK Y 34CTOCYBAaHHI METOAIiB BMIIOI
MaTeMaTHKH 3 NiICUJIEeHHSIM i1 IIPUKJIagHOI EKOHOMIUHOI CIIPAMOBAHOCT,
JOIIOMOTTH CTYAEHTaM IPH CaMOCTiiHOMY po3B’aA3aHHi 3amau. Bimomo,
1110 HOBUII HAaBYAJIbHUM MaTepiaJ 3aCBOIOETHCA CTYASHTAMY 3HAYHO JIer-
11e, AKI0 BiH CYIIPOBOAKYETHCA JOCTATHLO BEIWKOIO KiIBLKiCcTIO TpuKIa-
[iB, K1 HOT0 iMIOCTDYIOTE. A TOMY B JaHOMY MiAPYYHUKY 3p0o6JIeHO CIPO-
0y MoeAHATH TEOPETHYHHUI MaTepiasl 3 METOAMYHMMH PEKOMEHAALisaMU
Ta po3B’sI3KaMu 6araThboxX THIMOBHUX 3aJlayd, B TOMY YHCJIi I eKOHOMiUHOrO
3MiCTy, BKJIIOUAIOYH 3aJadi A8 CAMOCTifiHOro po3B’A3KY Ta BiAMOBiAi Ko
Hux. Omxke, HOro MOKHa BUKOPDHUCTOBYBATH i K 306ipHUK 3amad.

[linpy4yHUK CKJIAAAETHCA 3 JBOX YACTHH. ¥ Iieplriil yacTUHi posris-
JaloThCA TaKi po3jijiv BUIOI MaTeMATHUKM: JiHiiiHa Ta BEKTOpHA aJyre6-
pa, anajgiTHYHA reoMeTpis, BCTYN 0 MaTeMaTHUYHOro aHaJaisy, aAudepeH-
nianbHe uncaeHHss GYHKUil ogHiel aminHOl; y apyrii yacTuHi — inmTe-
rpanbHe yucHeHHA GYHKIIT oxniel aminnoi, GpyHKIi] 6araTbox 3MiHHHUX,
Teopist paAAiB, AudepeHIiaNbHI piBHAHHA.

IIpu po3KpPUTTI OCHOBHUX MOHATH IepeBara HajJaBajach KJIACUYHOMY
miaxony: HANPUKJIAMA, HOHATTA HenepepBHocTi GyHKIil posraamacTsca
TicJIst MOHATTS TPAHNIL, BUSHAYEHUH iHTerpas GopMyNIOeThHCA AK IPaHUILA
inTrerpasrHoi cymu i T. in. CKpiss, ge 11e MOKJIUBO, AAETHCA ['€OMETPUY-
HU i eKOHOMIUHUI 3MICT MaTeMaTHYHUX MMOHATEL (HANPHUKJIAK, IIOXiAHOI,
iHTerpasy Ta iH.), HAaBOAATHCA MAaTEeMATHYHI QOPMYIIOBAHHS JeAKNX €KO-
HOMIYHHX 3aKOHiB, PO3IVIANAIOTBCSI HAWIIPOCTiIi 3acToCyBaHHS BUITOI
MaTeMaTuKu B exoHoMini. Taki sacTocyBaHHSI po3paxoBaHi Ha piBeHb
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NiZITOTOBKY CTYAEHTiB IepIIOro Kypey i Maiixe He nHoTpe6yIOTh JOZATKO-
Boi exoHoMiuHOI iHdopmarii.

Ilpu manmucanHi miApyYHUKa ABTOPOM BUKODHCTAHO GaraTopiunwmii
HOCBi BUKJafaHHA BHUINOl MaTeMaruku y KuiscbkoMy HamioHanbHOMY
yHiBepcureri iMmeHi Tapaca IleBuenka cTymenTaM pisHHX cheniajsbHOC-
Tell Ta pisHMX (DOopM HaBUAHHSA, KUl NO3BOJAEC ABTOPY CTBEDIKYBATH,
o NifPYYHUK NOBMHeH MicTuTm 6araTo 3ajady Ta NPUKJIAMiB, B TOMY
4yucJi ekoHomiuHOro 3micty. Ile cnpusitiMe mifABMIIEHHIO iHTEpeCy CTY-
JeHTiB 0 3aHATH 3 MATEMATHKM, & TAKOXX BUKOPHUCTAHHIO MaTeMaTHU-
HHUX MeTO[iB GaxiBIIMHU eKOHOMIKH i MeHeN KMEHTY.

ABTOD croxiBaeThCH OfepIKATH BiJ CTYAeHTIB Ta (baxiBiiB sayBakeH-
Hs, peKOMeHAanii Ta nobaaHHA, CIPAMOBAHI HA MOKpAalUeHHS MiApy4-
HUKAa IIpY HO0ro moJajibIIoMy BHAAHHI.
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YACTUHA ITEPIIA

Poznin I 5
EJJEMEHTHU JIIHIMHOI AJITEBPU
TA AHAJITUIHOI TEOMETPII

Inasa 1. Matpuni. Bu3Haynukn mMaTpHii.
Cuctemu piBHAHb NEPHIOTO CTENeHs

§ 1. OcHoBHi MOHATTA

OxHUM 3 HAMBAXKAWBIINUX 3aBAaHL MATEMaTUKHU € JOCHiJPKeHHS Ta
PO3B’A3aHHS CHUCTEM PiBHAHL mepmioro cremens. Hexafl Taka cucrema
MiCTHTb M HEBIIOMHUX X,, X,, ..., X,, 3B’ A3aHMUX N PiBHAHHAMU IIEPIIOTO
creneds (4ucjo piBHAHB MoXke i He 36iraTmcsa 3 uMcJoM HeBigoMuX). ¥V
3araJbHOMY BUTJIAAI I(I0 CUCTEMY MOXKHA 3aMMCATH TaK:

a,x, +a,x,+..+a, x,=b,
QX+ Ay x,+ ... +a, x, = b, )

a,x, +a,x,+..+a, x=>b.

nm m
Y cucremi (1) b, b,, ..., b, — 3anani BinbHi yrenu, a,(i=1,2,..n;
k=1, 2, ..., m) — 3anani xoediuient npn Hesigomux. Ilpu usomy nep-

muii iHfeKC ¥ a, 03HaYa€ HOMep DiBHAHHA B cUCTeMi, a Apyruit — HoMep
HEeBiZIOMOTO, IPU AKOMY CTOITh el Koedinient. TobTo a,, — KoedimienT,
AKUA CTOITH B i-My DiBHAHHI cucTeMM NpH HeBiOMOMY X,. AHaJIOriuHO
b, osnauae BinbHUII YNeH B i-My PiBHAHHI cucTeMu.

Poap’sizkoM cuctemu (1) HasuBaeThHCA TaKa CYKYIHICTh YUCeJI X,
X, -eey X, IKA, OyAyun nizicTaBneHa y Bei piBHsAHHA cucremu (1), obGeprae mi
PiBHSHHSA B YUCJOBi piBHOCTI.

Sanuinemo Tabauio, cKIageny 3 KoedinieHTiB Tpu HeBifoMuXx y cuc-
remi (1):

ay Ay . @4

m

a, Gy .. a

A= o, (2)

a, G, . 4

nm
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Taxky TaGjauL0 PO3TAAaTHMEMO AK €XUHE IiJie — Iie OCHOB8HA Mam-
puuys cucmemu.

Tabauilsa
a, G, .. 4, b
a a e a b
B=|“2 22 2m 2 , (3)
a,, a, .. a, b,

AKAa MiCTUTE i cTOBHEIb, CKIAZIeHUN 3 BiIbHUX wieHiB cucrtemu (1), Ha3u-
BAETHCA POIUWLUPEHOI0 MAMPUYEIO cCuCMmeMmu.

OueBuaHO, 110 i came icHyBaHHSA po3B’fA3Ky cucremu (1), i MoxauBi
YHCJIOBi 3HAUEHHS €JIEMEHTIiB pO3B’A3KY IOBHICTIO BU3HAUYAIOTHCS MAT-
puiamu (2) i (3). A Tomy, IPpEPOAHO, PO3IIAHEMO AesiKi 3arajbHi BracTu-
BOCTi MaTpullb.

Hucsn08010 mampuyeio, abo IPOCTO MATPUIIEI0, HA3UBAETHCA IPIMOKYT-
Ha Tabauirsg yucesa. Oxpemi uuncesa 1iei TabauIi HABNMBAIOTHCA €JIEMEHTOM
maTtpuni. EreMenTu MmaTpuri A no3HavaTs CUMBOJIOM @, e i — HOMep
pAAKa, kK — HOMeD CTOBIIIA, B AKOMY CTOITh BUOpaHUil eJIeMeHT.

SAxmo mMaTpunst MictTuTe n pAZKiB i m croBnuiB, TOAI roBOPATH, IO
MATPHIA Ma€ PO3MipHICTE n X m.

Oco6anBO YacTO AOBOAUTHCA MATH CIPABY 3 MATPHUIIAMH, B SAKHUX
KinbKicTs pAAKiB AopiBHIOE KinbKocTi cToBomiB. Taki marpuni nasusa-
IOTBCA K6a0pamHumu.,

KinpkicTes paakiB, a oTKe, i KITBKiCTH CTOBMITIB KBAAPATHOI MaTPUILi
Ha3UBAETHCA NOPAJKOM MaTPHUIL.

§ 2. Bu3HAYHHKH MATPHIb IPYTOr0 MOPSAKY

Hdnsa kBagpaTHOI MaTPHUIli BBOAUTHCA HOBE IIOHATTA — BHUBHAUHUK
marpuni. BusHaysuk KBaJgpaTHOI MaTpUIli MO3HAYATHMEMO CHMBOJIOM
det A i BusHayaTUMEMO HOT0 iHAYKTUBHUM METOAOM.

Busnaunurxom mampuyi nepwozo nopadxy (Tobro MaTpuli, sKa cKjia-
JaEThCA 3 OJHOrO eJeMeHTa, OLHOTO YHCJIa) HA3UBAETHCA CaMe YHCIIO, AKe
YTBODPIOE 3aJlaHy MaTPHUIIO.

: a4, G

Buanaunuxom mampuuyi dpyz020 nopadky — A = — Hagu-

g Gy
BAETLCA YMCJO, ofunc/eHe 3a TaKUM mpaBuioM: det A = a,,a,, ~ a,,a,,.

Hiaronanb KBaspaTHOI MaTpHIli BiJf J1iBOro BepXHHLOTO eeMeHTa Tab-
JIUIi 0 IPaBOr0 HUKHBOTO HA3WBAETHCS 20JA08HOI0 (iAZOHALNI0 MAT-
puni. JJiaronans Bij npaBoro BepXHLOro eJeMEHTa IO JiBOr0 HHMKHBOTO
HA3WBAETHLCS NO6iuHOW 0iazoHAANI0 MATPHUIILI.
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Orxe, a5 00YKCIEHHA BUSHAYHKA MATPHIIL APYTOro MOPSAKY HOTPiGHO
Bif 106YTKY eneMeHTiB, AKi BHAXOAATHCA HA NOJIOBHIH AiaroHani MaTpumi,
BiIHATH NOOYTOK eJeMeHTiB, AKi sHaxXoAATHCA Ha M0oOiuHil aiaronani.

. a1 Gy a1y Gy
Jna pusHaunuka Mmatpuni A = BBOJUTHCS CUMBOJI .
Ay, Ay Ay Ay
Orxe,
ay; Qg
det A = =03,835 — Q4305 (4)
Ay Ay

Sk BUAHO 3 03Ha4YeHHSA (4), BUBHAYHUK MATPHUIlL APYIoro HOPAAKY €
anrebpaiuHolo cymorw ABOX nozaHkiB. KosxkHuii 3 qomankis € fob6yTkom
ZBOX eJieMeHTiB, MPUYOMY A0 HLOTO BXOAUTH OJUH eJIeMeHT HepIIOro
PALKa Ta OJUH eJIeMEeHT JPYroro psajgKa, OUH eJIEMEHT NEePIIoro CTOBIIA
Ta OJUH eJIeMeHT APYroro CTOBIIIA 3aJaHoi Marpuni. 3i 3HaKoM “nroc”
GepeTbca NOOYTOK €E€MEHTIB I'OJIOBHOI AiaroHani i 3i smaxom “minyc” —
I00yTOK esieMeHTiB moOiunol fgiaromasi.

3 o3HaueHHsd (4) JerKo JicTaTH pAJ BJACTUBOCTEIl BUBHAYHUKIB MaT-
PHIIb.

Bracmusicmv 1. IIpu nepecmanosyi padxie mampuuyi na micye
cmoenyie i HaBNAKU BUSHAYHUK MAMPUUL He 3MIHIOEMbCA.

a4, 4y, a;; Gy

, a maTpung A" =

Ay Gy Q13 Ay
3n06yTa 3 A IepecTaHOBKOIO PAAKiB Ha micme crosmiis (Taka MaTpHILA
A’ yacTO Ha3WBAETHCSA TPAHCIIOHOBAHOIO IO BiJHOIIEHHIO [0 MaTpHIi A).
Toni

Hexaii 3agana marpuns A =

A, Gy
det A" = b | = Gnan —Gnay = det A.
12 22

Bracmusicme 2. Ilpu nepecmarosuyi d8ox cmoenuyise abo padkie ab-
COLIOMHE 3HAYEHHA 6USHAYHUKA MAMPUYi He 3MIHIOEMbCA, A 11020 3HAK
3MIHIOEMbLCA HA NPOMUNEHCHUIL.

a, a
Hexaii sagana matpuna A, =| * ' |ago6yra 3 A mepecTaHOBKOIO
) ) Ay Gy
crosnuis. Toxi
G, ayy
det A, = = Q4205 — A1y = —(ay,85, — 0,,8,) = —det A.

Ay Gy
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Bnacmusicmo 3. Axwo mampuys mae dea odnarxosi cmoenyi (psao-
Ku ), modi 6usHavHuk mampuuyi JOpiBHIOE HYIIO.

Baacmusicms 4. Axwo aci eremenmu 6ydv-axozo cmoenys (padka)
Mampuuyi nomHoNcumu Ha odHe i me came wucao, modi BUSHALHUK mMan-
PUUi 8UABUMBCA NOMHONCEHUM HA Me Came YUCO.

Banacmusicmv 5. Axuwo aeci eremenmu 6ydv-sxozo cmosnys (padka )
mampuyi Gopienioloms HYI0, modi UIHAYHUK Mampuyi OOpieHI0e HYLIO.

Bnracmusicms 6. Hexail aci eremenmu 6ydv-arozo cmosnuys (psadka)
mampuyi A € cymoio 060x enemenmie i 8i0nosidni cmoanyi mampuys A,
i A, ckradaomebcs 3 maKux enemenmis:

’
a, + a; ap, a,; Gy
A= , fl1 = , A2 =

’ Az Qg
Qy; + Gy Gy

’

a;; Gy
’

Ay Gy

Toni
det A = det A, + det A,.

Take TBepA)KeHH, AK i TBepmKeHua 3, 4, 5, foBoauThLCA Gesnocepen-
HBEOIO ITepPeBipKOIo.

Bnacmugicme 7. Busnaunuk mampuui He 3MiHI0OEMbCA, AKWO 00 ene-
menmia 6ydv-axozo cmoanuya (padra) mampuuyi dodamu seauiuru, npo-
nopyiitni enemernmam inwozo cmognysa (padka).

Hexaii

a, + ka, ap
Ay Gy Ay + ka,, ay
Toni
ay+ kay, ap| |ay 6| |kay, ap

det 4, = = + =
Ay + Ry,  ay| |Gy Gy (kA ay

Sz = det A.

i
o
@
-+
i
+
e

©

§ 3. Bu3HAaYHHKM MATPHIb TPETHOTO MOPSAKY

IIpunycrumo, 1o 3agana 6yab-aKa MATPUIA 1-TO MOPAAKY

a a a

11 12 *** 1n

a21 a22 s aZn

a, a, .. G

nn
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Bubepemo noBinbHMII enemeHT a, uiei marpuui i BUKpecaiumo i3
MaTpuni A To# pAXOK i TOH CTOBIEIlb, B AKUX MiCTUThHCA LEW €JeMeHT
(To6T0 BUKpECHMMO i-if pANOK Ta k-it croBuens). Toxi aictaneMo MaTpumio
(n — 1)-ro opsaKy.

HaasusaTumemo ii cy6MaTpuIielo MaTpuili A, 1110 BiAIIOBija€ eIeMeHTy
a,, Ta noanavaTuMemo ii D,,.

Busnaunuk cybmarpuni D, HasseMo MiHOpDOM MaTpuui A, mo Bif-
TIOBijlae eeMeHTy a,,, Ta MO3HAYKMMO CUMBOJIOM M.

3Bigcu

M, = det D,. ()

Hexaii Buxigua matpunsa A 6yJjsa MmaTpuilelo Tperboro nopaaky. Toxai
AeB’aTs ii MoxauBux cybmarpuus D,,, D,,, D,,, D,,, D,,, D,;, D,,, D,,, D,,,
AKi BigmoBizaoThL pizHUM eleMeHTaM MaTpulli A, 6YAYTH MATPUISAMHU
Ipyroro Nopaaky.

Osnavenns. BusnavHukom mampuyi mpemuvozo nopadxky

a;; Gz Gy,
A=|a, ay ay
Q3 a3y Gg3

HA3usaemMbvls 1UCI0, BU3HAYEHEe 3a maKum npasuiom.

a;; 4, Q43
detA =la,, a,, ay,|=a, M, -a,,M,+a,M,;. (6)
Az Q3 Qg
OckiNbKHY A MaTpuili A

a a a a a a
_ 1 @gp Qg3 _| @2 23 21 Qg
Du 4 D12 - ’ D13 - 4
) A3y Q33 a3, Qgy a3, Qs
ToAi

M, = det D, = a,,a,,~ a,a,,

M,,= det D), = a,,a45~ 0,04,

M13 = det D13 = 0y Qgy ™ AyyQy,-
3Bigcu
det A = a,,(@y05, — Qpyls5) = 0,)(Ay0yy ~ Gyy25) T @,5(a5,y, ~ Ay05),
det A = a,,0,,055F Q505505 + 030,05, — Q),0y 05~ Q05 0y~ (N

T 0304504,

Ax BuaHo 3 uiei popmyJsn, BUSHAYHUK MATPUIi TPETHOT'O IMOPSIKY
npezcTasade co6om anredbpaiuny cymy mnecTn goxaukis. Koxuuit goga-

HOK € JNOOyTKOM TprﬁT%e}rBﬁw (T'unomy 3 KOXXHOrO pAfKa i
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KoxxHOTOo croBuusA. Ilepmmuil 3 fogaukis, B3ATHX 3i 3HaKOM “ILtioc”, €
I06yTKOM eJIeMeHTiB, po3MinieHUX Ha roJioBHiM aiaronasi matpuni. Oc-
TaHH] ABa MicTATH eJleMeHTH, PO3MilleHi y BepmIMHAX TPUKYTHHKIB 3
OCHOBOIO, NTapaJjeJIbHOIO POJIOBHIiN Aiarouadi.

+
Puec. 1

HobyTku 3i sHakoM “minyc” mMicTaTE eneMenTH, poamimeni Ha mobiuniii
niaroHasi, Ta eJIeMEHTH, DO3MIiIleH] y BepiIMHAX TPUKYTHHKIB 3 OCHOBOIO,
napaJieJbHOIO oOiuHiit niaronasni.

Puc. 2

Besnocepe HBOIO IEPEBIPKOI0 MOKHA TIePECBIAUNTHCE ¥ TOMY, 10 BCi
BJIACTHBOCTi, BCTAHOBJIEH] JJIf BUBHAUHUKIB MaTPpUIb IPYTOro NOPSIAKY,
OPUTAMaHHI i BUBHAYHUKAM TPETHOrO MOPAAKY.

§ 4. Bu3HAYHNKHM MATpHIIL BHIIMX NOPSIKIB
Busnausuku MaTpuIih 4eTBEpTOro i 6iJbII BUCOKUX NMOPALKIB BBOAU-

THMEMO 8HaJOriuHO BU3HAUYHWKAM MATPHUIh TPETLOro nopaxky. Hexait
3ajaHa MaTpund

a, a, .. a,
A0 8y o4y
Gy Gy .. 4,
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Osnauennn. Busnaunurwom mampuuyi A n-zo nopadry HA3UBAEMbCA
Yucao, 06LuUcCAeHe 30 MAKUM NPABUNOM:

a,, a4, ... 4,
a. a a
21 22 *°* 2n n-1
det A = =a M, —a,M, +...+ (=) a,M,,. (8)
a, A, ... 4.,

BianoBiaHO 10 cKasaHOro BHUINE, B ILiit dopmyai M, € MiHopoM MaTpuLi
A, axkuil BianoBinae enemMenty a,, To6TO BUSHAYHUKOM cybmarpuni D,
3000yTUM 3 MaTPHUIl A BUKDECJIOBAHHAM i(-TO PAJAKA i kK-ro CTOBIIA.

Ilpasuno (8) € oueBuAHUMM yzarajbHeHHAM npasuina (6). Boro nae
MOXKJIMBICTH 3B€CTH OOUMCICHHA BU3HAYHUKIB MaTPUILb YeTBEPTOro IO-
PAIKY IO o0uuCJeHbh BUBHAUHUKIB TPETHOTO MOPAAKY i T. iH.

O0uucieHHsa BU3HAYHNKA MATPHIIL BUCOKOIO IOPAAKY 3a (opmMyJIo0
(8) — omepallia 4OCTATHBO TPYAOMICTKA. A TOMY BaKJINBO, BUKOPHCTO-
BYIOUM BJIACTHBOCTi BUSHAYHUKIB MATPUIlb, CKOPOTUTH OOUYMCIIEHHS.

OcCKinbKY BUBHAUHUKK MATPUIh BBe/IeHI Ha OCHOBI NPUHIUIY iHAYKIT,
TOZi IPUPOJHO CIIOAIBATHUCS, 10 BJACTHBOCTiI BUSHAUHUKIB MaTpuNb BU-
INUX NMOPAAKIB 6yAyTh Ti cami, 110 i BIACTHMBOCTI BUBHAYHUKIB JPYTOro
nopanky. Ilpuitmemo Ge3 NOBefleHHA TaKi fBa TBEPA'KEHHA IIPO BIACTHU-
BOCT1 BU3HAUHUKIB MaTpuIb n-ro mopaaky (1i BiaacTuBocTi 6ysau nepe-
BipeHi 17 BH3HAUHMKiIB MATpUI[L APYIOro MHOpSAKY, a BJaacTuBicTh 1
TAKOX 1 JIJIsT MATPpUIb TPETHOTO MOPSAAKY).

Bracmusicmv 1. I[Ipu nepecmanosuyi padxie mampuyi Ha Mmicye
CMOBNUIB | HABNAKU BU3HAYHUK MAMPUYL He 3MIHIOEMbCA.

Bracmusicms 2. IIpu nepecmanosyi dgox padxis abo cmoenyie mam-
puuyi abcoromne 3HAYEHHA BU3HAYHUKA MAMPUYL He 3MIHIOEMbCA, 4 3HAK
3MIHIOEMbCA HA NPOMUSEHCHUIL,

Ilepia BIaCTUBICTE fa€ MOMKJIMBICTD BCi ITOJIOKEHHS, BCTAHOBJIEH] 1A
pAAKiB MaTpuli, nepeHocuTH Ha i1 croBmnni. Hanpukian, BU3BHAYHUK MaT-
pUIii MOXKJAMBO OO0UHMCIIOBATH i 3a HOpPMYJIOI0

det A=a,M, —a,M, + ...+ (-1)""a, /M, 9)

TOGTO BUKOHYBATH PO3KJAJ BU3HAYHUKA MATPUIIL He TiJILKU 3a eJleMeH-
TaMy MepIIoro pAAKa, a ¥ 3a eJileMeHTaMH Ieplioro croBniA. Ha ocHoBi
JaHWX TBepIKeHb BUBEAEeMO OCHOBHY (GopMyJy AJsA pO3KJaay BHU3HAU-
HMKa MATPHili 3a eJleMeHTaMHu OyAb-AKOro pAAKa abo CTOBIIA:

det A = (~1)y*la, M, + (-1)*2a,M,+ ... + (-1)*7a, M, =
= (-1)t*a, M, + (-1)**a, M, + ... + (-1)*a M. (10)

Tlepma yactTuHa GOPMYJIH € PO3KJIAZOM BUZHAUHNKA 32 €JIeMeHTaMH
i-ro pAgKa, Apyra MOoJOBUHA —— DO3KJIAZOM 34 eJIEMEHTaMU k-ro CTOBIIIA.
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HoBenenna. Hexall sagana MaTpums n-ro mopagky

a, a, .. a,
Ay, a22 e Ay,
A= Qg Gy .. Gy,
a; Q... Gy
Q1 Qe el Qi
a, a,, b ann

IlepecraBumo i-it i (i — 1)-it pagox maTpuni A, HOTIM IepecTaBMMO
HoBuii (i — 1)-i panok 3 (i — 2)-M pAnAKoM i T.4. JOTH, AOKW BHXigHuit i-it
PAROK He cTaHe mepmuM psaaxkoM. ToAi aictanemMo HOBY mMaTpumio:

a, a, .. g,
a;, a12 “ee aln
Ay Ay ... Gy,
A=l |
Q1 Gy . Gy,
i1 Qg . Gy,
anl aﬂz b ann

Marpuns A’ sno6yra 3 A B pesysbrarti (i — 1) nepecTaHOBOK DPAAKIB.
Koxxna Taka nepecraHOBKa y BUSHAUHMKA MATPHII 3MiHIOE TiIIBKH 3HAK.
Orixe, (—1)"'det A’ = det A.

Cyb6marpunsa D, matpuni A’, sika Bignosigae eneMenry a,,, MOBHiCTIO
3biraeTbea i3 cybmaTpuiiero D, sixa Bignosigae enementy a, MaTpui A.

Tomy

det D', =det D, = M,
i Ha ocHOBi o3HauenHs (8) micraremo
det A’=a, M, —a,M +...+(-1)""a, M, .
Orxe,
det A = (-1)-1det A’ = (-1)*1det A’ =
= (-1y"a,M, + (-1)*%a,M,+ ... + (-1y*ra, M, ,
i mepmy mosoBuny dopmyau (10) 3gobyro.

Apyry nonosuny GopMyu AicTaHeMO, BAKOPHCTOBYIOUH MOKJIABICTD
nepecTaHOBKM DAAKIB i cToBmIiB.
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Jns cnpomerHs 3anucy GopMyJs po3kJady 3pPYYHO BBECTH HOHATTS
“anzebpaiune donosHeHHA, aKe 8i0nosidae 3adanomy enemenmy mampuyi’.

O3navennsn. Anzebpaivnum OONOBHEHHAM eleMenma a, Mampuyi A
Ha3ueaemuca minop M, yiei mampuyi, nomnosxcenuir na (—1)+*,

AnredpaiuyHe NOMTOBHEHHSA eJIeMeHTa a, MaTpuli A NO3HAYAETHCH, AK
npaBuso, cUMBoJIoM A,,. OTixke,

A, =(-1y"*M,. (11)
Tenep dopmyiy poskaany (10) moskHa 3amnmucaTu Tak:
detA=aA taA,+..+a A =aA, +taA,+..+a A, (12)

Busnaunux mampuuyi dopisnioe cymi dobymria enemenmia 6ydv-arKo20
padka a6o cmosnysa mampuuyi Ha 8i0nosidne anrzebpaiuvie GONOBHEHHA.
JJiA CKOpOUEeHHA 3anmHCy YACTO BBOAUTHLCA cllelliajibHe NMO3HAUEHHS
cymu pany noxaukis. Cymy o, +a,+ ... +0o, 3anucyBaTUMEMO CUMBOJIOM
n

Z O, . BHak Y y TaKoMy 3allici € CUMBOJIOM MifcyMOBYBaHHSA, sanuc k = 1
k=1
miff 3HAKOM CYMHM i 1 HaJ 3HAKOM 2 03HA4YaE, 10 iHjgexc kX B OKpeMux
IollaHKaX HaOyBae 3HaueHHA Bix 1 no n. OueBUAHO, AKINO p — OyAb-sKe
YUCJIO, TOA1
n 13

Y po, =pY ay,

k=1 k=1
T06TO CTaNNii MHOKHUK MOYKHA BUHECTH 34 3HAK cyMH. BraxkeMo 11e, 110

n 1 n
D(a,+ be, = 2a,e, + Db,
k=1 k=1 k=1

Hiiicxo,
n
g,(ak +b)e,= (@, + b)e, + (@, + b)e, + ... + (@, + b, = (@c, + b, + a,c,+
+ b,c,+...+a,c, + be)=(actac,+...+a.c,) + (b, +b,ec,+

+..t b)) = zakck+ Zbkck‘
k=1 k=1

BuxopucToByoun CUMBOJI ITiACyMOBYBaHH4A, dhopmyay (12) sanucyoTs y
BHUIJIALL

det A = 2 a,A, = 2 ay Ay, (12)
Py i=1

3a gporiomorow (opMyJid pO3KJAAY Jerko BCTAHOBUTH iHINI BJjacTu-
BOCTi BUBHAYHUKIB MaTPULb OYAb-SIKOTO HOPSAKY.

Bracmusicme 3. Axwo mampuys mae 98a 0dnakosi padku ab6o cmos-
nyi, modi 8usHavHuK mampuyi OpiBHIOE HYLIO. v

HdoBenxenH a. Hexait B marpuni A 3biraiorsca [-if i s-if panox.
IlepectaBumo B 1iit MaTpuLi s-i pAgoOK HA Micue [-ro i HaBnmaku. OcKinb-
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K¥ IIi pAJKHI OJHAKOBI, TOA Hi cama MaTpunA, Hi ii BUSHAYHNK He BMiHATH-
ca. OgHaK pasoM 3 TMM IPH IIePECTAHOBII B MaTPUIi JBOX OYAb-AKUX
PAAKIB BUBHAYHUK MaTPHUIi 3MiHUTH CBill 3HAK, T006TO det A = —det A, i
Tomy det A = 0.

Bracmueicmo 4. Axuo 6ci enemenmu 6ydv-arozo padika abo cmos-
nysa mampuyi nOMHOXUMU Ha o0He i me came Yucao, modi BU3HAYLHUK
mampuyi cmaHe NOMHONCEHUM HA Me came YUCao.

Il oBenenH a. Posriamemo marpuni

a,, a, .. a,. a, a,, e Ay,
Ay Ay .en Gy, Ay Gy .o @y,
A= con aee ses ces AI= s s vee see .
Ay Gy ... G, ) pa, pa, ... pa,
a, a,, ... a,, a., a,, e a,,

Posknagaroun BU3SHAYHUK LUX MATPUUD 34 eJIeMEHTaMH i-ro pAAKa,
Aicranemo

n

det A = 2 aikAik; det A'= Z Pa,A, — p 2 a,4,.
k=1 k=1

k=1

Orixe, det A" = p det A.

Baracmusicmo 5. Axujo eci enemenmu 6ydv-arx020 padia abo cmosnys
mampuyi dopienioroms Hya10, Modi 8UHAYHUK mampuyi GOPIBHIOE HYLIO.

HdoBepeHH s Po3kiaganouyd BUSHAYHUK MATPHIL 3a eJeMeHTa-
MU PSJKAa, BCi eJIeMEeHTH SKOT0 JOPiBHIOIOTH HYJIIO, 0JePKIMO II0 BJac-
THUBICTB.

Bnracmueicms 6. Hexail eci eremenmu 6ydo-ax020 padka a6o cmosnys
mampuuyi A npedcmasasiome cobow cymy 06ox dodankie i Hexail
8i0nogidni padixu mampuyb A, i A, ckaadaomsca 3 yux dodankie:

ay, a2 a, Ay Gy e Qg
ay Ay a;, Ay Gyy e Ay,
A — .. .ve e .an A - .o e
a,+0, Q,+0, .. a,+o, [ a, a, . a,/
anl an2 b ann anl an2 a’nn
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au alz . aln

Ay Ay e Gy,
4, = o, O, o, |

anl anZ . ann

Toxi det A = det A, + det A,.
IIoBenenHa Poskiaaganouu BUBHAYHUKHM MaTpulb A,, A,, A 3a
eJeMeHTaMH i-ro psifika, KicTaHeMO

det A =D(a, + 0,)A, = Da,A, + 2 o, A, = det A + det A,.
k=1 k=1 k=1

Bnracmusicmo 7. Busnaunukx mampuyi He 3MiHUMbCA, AKW0 00 eflemer-
mie 6ydv-aro0zo psdxa (abo cmosnys) mampuui dodamu eaudUHU, NPO-
nopuyiiini enemenmanm inwozo padka (abo cmosnys) miel camoi mampuuyi.

HosepnenH a. Posrnguemo maTpuni

8y G - Gy a, ay, . a,
Ay Gy o Oy, as Q2 e Q3.

A - ons see e see Al — .on .ee aee sse
ail aiz aes ai" ’ an + pau alZ + palz e a’in + pam
anl anz e ann anl an2 e ann

i marpuo B, 3006yTy 3aMinoio B maTpuii A i-ro pagka l-m pagkom (i # ).

Ik nosezeno panime, det A’ = det A + p det B. IIpore marpuns B MmicTuTh
ABa OHAKOBL PANKU Q,, Q) +.., G, — HA I-My T& l-my micusax, tomy det B =
= 0, ro6ro det A" = det A.

BeranosieHi BIacTMBOCTI JaloTh NMPAKTUYHHHE MeTOR o6uYMCIEHHA
BU3HAYHUKIB MaTpUIb BUCOKMX NOpPAAKiB. IIokakeMo Ha KilIbKOX NpHU-
KJaJaX 3MiCT I[bOTO METOAY.

Ipuxaan 1. 3ajaHO MaTPHUIIO

1 -2 3
A=|2 1 14}
3 -

3HaiTu det A.
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ITepersopuMoO 3afaHy MaTPHILIO TaK, 106 B OHOMY PAAKY 860 B OHO-
MYy CTORII BCi ereMenTH, KPiM OAHOrO, cTanu pisHUMU Hymo. IlepeTBo-
PeHHsA NPH bOMY NPOBOAMMO TaKi, 00 BUSHAYHUK MATPHUIIi He 3MiHIO-
BaBcA. [l 1BOrO [0 eJleMeHTiB Iepuioro i TpeThoro pAxKiB Zogaemo
IOJBOEH] eJleMEeHTH APYTroro pAgKa:

1 -2 3 5 0 5
detA=|2 1 1(=|2 1 1}
3 -2 2 7 0 4

Poskyazatoun BUSHAYHMK 3a €J€MEHTAMH ADYroro CTOBMHIA 3a (op-
myJaoro (10), aicranemo

1
detA=-0 2 +15 5 -0 55 = 55 =-15.
4 7 4 2 1 7 4
IIpukaax 2. 3agano MaTpHUIIO
2 3 -1 2
A= 1 2 -3 1 .
4 -2 1 0
3 2 2 3

3uaiitu det A.

IlepeTBoprMO MaTpHUIlIO TaK, IO BCi eJIeMEHTH TPeTHOTO PAAKA, KPiM
0AHOro, o6epTannuch B HyAb. {1 LOro J0 eJleMeHTIB MepIIoro CTOBIMIIS
AoflaMO eleMeHTH TPEeThOro, IOMHOXeH] Ha —4, a 0 eJleMeHTiB Apyroro
CTOBILSI — €JIEMEHTH TPeThoro, noMHoxxeHi Ha 2. Toxi

2 3 -1 2 6 1 -1 2
1 2 -3 1| {183 4 -3 1 6 12
detA= =~ 1070 o 1 ol|18 41
3 2 2 3/ |-5 6 2 3|1 63

Hani 10 enemMeHTiB mepmIoro pALKa JOJAMO €JIeMEeHTH IPYyroro psgKa,
MOMHOeHi Ha —2, i 1o eJIeMeHTiB TPeThOro pAKKa — eJEeMEeHTH Apyroro,
nomHoxxeHni Ha —3. Toni

-20 9 0
detA=] 13 -4 1|=
-44 18 O

HoBenemMo Ha noBepIlIeHHA (e OAHY CYTTEBY TEOpeMY, Ky Ha3BEMO
meopemor npo anzebpaiuni GonoeHeHHA.

20 9 5 1
144 18| 77111 2

l: -36.
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Teopema. Cyma dobymrie enemenmis 6ydo-axozo padka a6o cmoenys
mampuyi Ha anzebpaiini donosHenHA, 8i0n06i0HI enemenmam iHULO020
padra abo cmoenya yiel camoi mampuyi, OopieHioe HYIO.

IHoBenenH a. Hexalt 3ajano maTpuio

Ay Gy e Gy,
Ay Qg - Gy,
a a w a
il i2 in
A= ,
a“ a,z e a,n
a"l anz e ann

PosrisHemMo H0NOMiXKHY MaTpHIIO

al 1 alz o (11"
Ay Ay . Ay,
a. a, - a
il i2 in
Al = »
h, h, . h,
a, a, .. a,,

3100yTy i3 MaTpu1i A 3amMiHoIO ejeMeHTiB I-T0 paaKa yucaamu h,, h,, ..., b,
. Posknagaoun det A, 3a enemenTamu l-To pajgka, gicranemo det A, =
z hA,, ne A, — anrebpaiuHi fonoBHeHHA, BianoBinHi enemenTam /-ro
k=1
pAfKa AK MaTpuni A, tax i maTpuni A. fIxmo &, = a,,, aicranemo maTpuio,
y AKiit nBa pAgKYu noBHicTO 36iraroThesa. Tomy npu i # | BUBHAYHUK Hiel
n

maTpuiii, To6ro ZaikA,,,, Mae gopiBHIOBaTH HyJMI0. TeopeMy foBeleHO.
k=1

06’exuyioun JoBefeHy TeopeMy i1 popmyny (12'), MoXkHa 3anucaTu

Z detA i=1,
zaikAlk = 0 Pl (13)
k=1 .

Amnajoriuno, po3KJIafaoyy 3a €JIEMEHTAMH i-i1 CTOBIIEILb, MAEMO

a, A, = detA k=1,

14
< 0 k=l (14)
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Konmpoaoni 3anumanns i 3aedanns

1. Ilfo nasuBaersca Marpunero? fAxi yacTunHi Bunagku MaTpullb BH
3HaeTe?

2. Chopmy.mioiiTe, 10 HABMBAETHCS BUSHAYHUKOM JIDPYrOro, TPETHOTO
Ta 1-ro NOpAAKY.

3. ChopmyioiiTe BJACTUBOCTI BUSHAYHUKIB.

4. o HasuBa€THCA MIHOPOM Ta anrebpaiyHUM NONOBHEHHAM eJe-
MeHTa BusHauyHUKa? HaBexiTe npukian,

5. Illo o3Hayae: POBKJIACTY BUBHAYHMK 38 €JIeMEHTAMH CTOBIIILA (panka)?

6. ChopmysioliTe TeopeMy NpO PO3KJIA[ BUIHAUHHMKA 11-TO TIOPAAKY
3a eleMeHTaMu Oyb-AKOT0 pAAKa a60 CTOBIIA.

7. Yomy nopiBHIOE BH3HAYHUK, Yy SIKOTO CTOBIELL abo DALOK CKJa-
JaeTbcA 3 HyJaiB? :

8. SIK 3MiHUTHCA BUBHAYHMK DU TPAHCIIOHYBAHHI marpuui i yomy?

9. Yomy nopisHIOBaTMMe BUSHAYHUEK, SKINO B MATPHI IOMiHATH MiCId-
MH ABa CTOBIIi?

Ilpuraadu pose’azyeanna 3adau

1.1. OGuucanTH BUBHAYHUK APYTrOTO NOPAAKY

5 3
6 4|
5 3 =5.4-6-3=2.
6 4
1.2. O6yucauTH BUBHAYHUK TPETHOI'O MNOPAAKY
2 21
1 2 1|
310
3rifHo 3 NPaBUJIOM TPUKYTHUKA MAEMO
2 21
1 21|=22.0+2-1-34+41-1-1-3.2.1-1-1.2~1-2.0=
310

=0+6+1-6-2-0=-1.
1.3. O6uncauTH BU3HAYHUK TPETLOTO NOPAXKY
5 3 2
-1 2 4|
7 3 6
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PogknaBimiy BUSHAYHUK 3a eJleMeHTaMH MepIIoro psanKa, AicTaHeMo
5 3 2

-1 2 4|=5
73 6

1.4. O6uucanTy nonepenHiil npuKJIaj iHaKIIe, BUKOPUCTABIIMN BJacC-
THUBOCTi BUBHAYHHUKIB.

Ho enemeHTiB nmepuIoro psajaka JoAaMo BiJiIIOBiHi eJeMeHTH Apyroro
psigKa, IOMHOXEHI Ha 5, a 0 eJIeMeHTiB TPeThOro DsAKa — BianosigHi
eJIeMeHTH APYroro psjaKa, IOMHOXeHi Ha T:

5 3 2 0 13 22 0 13 22
-1 2 4i=|-1 2 4|=|-1 2 4|

7 3 6 7 3 6 0 17 34
PosknaBimy BU3HAYHUK 32 €JJeMeHTAMH IEePIIOoro CTOBINA, AicTaHEeMO
0 13 22 '

2 4
3 6

-1 4
7 6

-1 2
7 3

-3 +2

‘ =5-0-3(-34)+ 2(-17) = 68.

-1 2 4 =0\13 32'—(—1)‘13 §Z‘+OI12 2i’=13-34—17-22=68.
0 17 34
1.5. O6uncauT BUSHAYHUK
3 5 17 2
D= 1 2 3 4 ’
-2 -3 3 2
1 3 5 4

Buxonaemo raki xii: 1) 1o eleMeHTiB nepiioro pAaaka go1aMmo IIOMHO-
JKeHi Ha —3 BiAMOBiAHI eJleMeHTH Apyroro paaxa; 2) K0 €JEeMEHTIiB Tpe-
TBOTO PSAKA J0JaMO ITIOJBOEHI eJIEMEHTH APYroro paaKa; 3) 10 eJIeMeHTiB
YeTBEPTOro pAAKA AOAAMO BiANMOBiAHI eJleMeHTH APYroro pAajKa, IOMHO-
eHi Ha —1. Tozai BUXifHMII BUBHAYHUK TePETBOPUTHCA N0 BUTJIAAY

0 -1 -2 -10
1 2 3 4
0 1 9 10/

0 1 2 0
Posknasimu neit BU3HAYHUK 32 eJIeMEHTaMH Ie€PIIOTO CTOBIIA, MAEMO

D =

-1 -2 -10
D= 1 9 10
1 2 0

Homamo 10 elieMeHTIB MepLIOro pPsfKa €JeMEHTH TPEThOro pAxka i
Bimmimemo Bij eleMeHTiB APYroro psagKa eJleMeHTH TPeTLOTo psaka. Jicra-
HEMO
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0 0 -10
D=0 7 10|.
12 o0
Posxnanemo BH3HAYHHUK 34 €JIeMEeHTaMH NepIIoro CTOBIIA:
_Jo -1of_ o
7 10

1.6. OburcinTi BUSHAYHUK II’AATOrO MOPAAKY
10 -2 -2 -1 3
0 -1 -4 -7 2
D=|-10 8 3 5 -5].
6 2 -2 1 2
-3 0 -1 2 3
JJis nepeTBOPEeHHA B HYJIb BCiX €JIEMEHTIB (KpiM 0fHOT0) 6yAb-SKOr0
pAfKa Y4 CTOBIIIA BUGHPAEMO TOM PAAOK ab0 CTOBIYMK, AKUI CKIAZAETHCS
3 Ha#MeHIMMX wmcesl. Y BU3HAYHUKY TAKUM OyAe APYIHil CTOBMUMK.
3aynIuMo B HbOMY 6e3 3MiH esleMeHT a,,= —1, a pemTy nepeTBOPUMO B
Hyui. [ing nvoro Bukonaemo: 1-i p. + (~2) - 2-it p., 3-it p. + 3 - 2-it p.,
4-it p. + 2 - 2-i1 p.*
Hicranemo

10 O 6 13 -1
0 -1 -4 -7 2
D=|-1 0 -9 -16 1.
6 0 -10 -13 6
-3 0 -1 2 3
PoskyiazeMo BUSHAYHUK 3a eJIeMEHTAMH IPYroro CTOBIIIS:
10 6 13 -1
1 -9 -16 1
6 -10 -13 6|
-3 -1 2 3
B omep:xaHOMY BUBHAYHHMKY BIK€ UETBEPTOTO NOPALKY 3 HANMEHIIUX
€JIEMEeHTiB CKJIaZla€ThCA YeTBePTHi pALOK. [lepeTBOpMMO B HYJIi Bei Horo
eJIeMeHTH, Kpim a,,= —1. [lnsa uporo Bukonaemo: 1-i cr. + (~3) 2-ii er.,
3-ier. + 2 2-itcT., 4-fier. +3- 2t e Y pesyabTaTi gicraHeMo

D=(-1)

* Tyr i gani: p. — panox.
* Tyr i gani: cr. — cToBOELb.
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-8 6 25 17
D=- 26 -9 -34 -26 .
36 -10 -33 -24
0 -1 0 0
PosknaneMo BU3HAYHHUK 34 eJIeMEHTaMH YeTBEPTOro pSjKa:

-8 256 17 -8 25 17
D=-(-1) 26 -34 -26|=6 13 -17 -13|.
36 -33 -24 12 -11 -8

(Mu BuHec)H 33 3HAK BU3HAYHUKA CHIJBHUI MHOKHHUK 3 €JIeMEHTIiB
ADPYroro pAAKa i COHiJIbHHI MHOMXHUK 3 €JIEMEHTIiB TPETHLOro psaaKa).
JlJ1s 3MEHIIeHHA eJIEeMEHTiB I[bOT0 BU3HAYHUKA J0JaMO TIepIInii cTo-
BIIellb 0 APYroro Ta TPeThOro:
-8 17 9
D=6/13 -4 0 =6{(—1)”3-9‘
12 1 4

OcraHHil BUBHAYHWK PO3KJIAJCHO 3a eJIeMEHTaMH TPEThOr'0 CTOBIIIA.
1.7. OGuynCcNINTH BU3HAYHUK 7N-T'O HOPAAKY

13 -4

+(-1)%*® .4
12 1 1)

13 -4

-8 17 ‘} =-1122.

5 3 3 .. 8
3 5 3 .. 38
D=|3 38 5 .. 3|

3 3 38 ... 5

3BiBIDM HOTO 0 TPHKYTHOI'O BUIVIAARY.
Bignimemo mepmiuit psafioK Big ycix iHmmnx:

5 3 3 3 3
-2 2 0 ..00
D={_2 o0 2 00
-2 0 0 .0 2

o mepiioro cToBNIIA FOAAMO CYMY BCix immmx:

5+3(n-1) 3 3 3 ... 3

0 2 0 0..0
D= 0 0 2 0 .. 0 |=@n+22""

0 0 0 0 .. 2
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3adaui i enpasu dan camocmitinoi po6omu

O6uncaANTH BU3HAUYHUKHU

IBW
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a+db a-»d
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§ 5. Po3s’si3yBanHs cuCTeM n PiBHAHDL 3 n HEBiIOMHMH

Hpasnao Kpamepa. BctaHOBUBIIIM OCHOBHI BJIACTUBOCTI 1 crioco6u 06-
YHUCJIeHHA BH3HAYHUKIB MaTpunb 6yIb-AKOr0 NOPAAKY, IOBEPHEMOCH /10
OCHOBHOI 3afiayi — pO3B’A3YBaHHS i AOCHiAKeHHA CUCTEM DiBHAHB IIEp-
moro creneds. ITloureMo BUBYEHHSA I{HOI'0 IUTAHHA 3 PO36OPY TOrO OCHOB-
HOI'O BUIIAJKY, KOJU KiIbKICTh DiBHAHB 36iraeThbecA 3 KIJIBKiCTIO HeBiOMHUX.

Hexait 3agano cucremy

a, %, +0,%, +...+a,x, =b,

1n"n

Ay Xy +AopXy +...+ 8y, X, =b,, (15)

D R R S R R Y R YY)

a,x +a,x,+...+a,x,=b_.

IIpuiimemo, uro cucrema (15) Mae sikuii-ueGyabp poa3s’sA30K i morpi6uo
Tisbku 3HaWTH Horo. [TosHauMMoO uepes A OCHOBHY MaTPHIIO CHCTEMHM:

a,, 4, ... a,
a a a
21 eee
A= 22 2n .
a, a, .. a,,

ITomHO%MMO Bei uieHu mepruoro piBusuHus cuctemu (15) Ha A, —
anreGpaiuHe DONMOBHEHHA eJleMEHTa a,, Marpuili A, Bci wiIeHH Apyroro
piBHsAHHA cucTeMu (15) Ha A, — aiare6paiuHe JONOBHEHHA eJIEMEHTA @,
Mmarpuii A, HapewTi BCi wieHu n-ro piBHaHHA cucremu (15) Ha A | —
anrebpaiuxe JonoBHeHHA eneMenTa a,, matpuli A. Toxi gicranemo cucremy

allAllxI + a12A11x2 toot alnAllxn = blA'll’

Ay Ay Xy + By Apy Xy +.ot @y, Ay X, = DAy, (15)

anlAnlxl + an2An1x2 +...t annAnlxn = bnAnl’

HoaaMo mo4sieHHO BCi piBHAHHS CUCTEMHM:

n n n n
ZauAu x + zaIZAil X, t.o..t ZainAil X, =ZbiAi1‘
i=1 i=1 i=1 i=1

BigmosizHo 0 Teopemu npo anrebpaiuni JOITOBHEHHSA MaEMO

2a,A, ~detA, DaA =0, ..., da A =0.
i=1 i=1 i=1
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ToMmy oflep:KaHe DiBHAHHA MOKHA MEPEMUCATH Y BUTJIAAL

n
x,- det A=) bA,.
i=1
Poarnasemo MaTpHIIO l

b, a, .. a
b, a a
2 22 2n
Bl = ’
b, a,, .. a,

3106yTy 3 MaTpuli A 3aMiHOIO €JeMEHTiB NepuIoro CTOBMIS CTOBILEM
BiJIPHMX 4YJieHiB PiBHAHB CHCTEMU. Poalc.nap;afoqn det B, 3a ereMeHTaMu
mepuIoro cToBmnug, gicranemo det B, = ZbAl, a Tomy x, - det A =det B,.

AnanoriuHo, IOMHOMXUBIITHN plBHaHHa cucremu (15) signmoBigHo Ha A,
(i=1,2,...n)inonawun ix, ogepruMo x,- det A = det B,, ne

a, b .. a,
a, b, ... a,

B, = .
a, b .. a,

Po6asuy Tak caMo i B MIOZAJBLIIOMY, AiCTAHEMO CHCTEMY PiBHAHD

x, -det A =det B,

x, -det A = det B,, 6
(16)

eesessssvemecsescencnsonos

x, -det A =detB,,

ne MaTpuiio B, ofiep:kaHO 3 A 3aMiHOIO k-T'0 CTOBIIIA CTOBIIEM BLILHUX
YJIeHiB. Oqem«umo, 6yab-akuit poss’s130K cuctemu (15) € i poss’a3KoM
cucremu (16).

TlokJsazeMo Tenep, 110 BUBHAYHUK OCHOBHOI MaTPHIli CUCTEMHU He [0~
piBHIOe Hym0. Tozi cucrema (16) Mae egMHMIT PO3B’A30K

x, =de—tl—;i, i=1, 2,..., n. a7
det A

Haragaemo, 1o dopmyay (17) ogep:xkaHo 3 NPUIIYIIIEHHAM, 1110 CUCTE-

Ma (15) mae po3s’a30k. BeanocepeHbO0I0 MiCTAHOBKOIO 3HAWIEHUX 3HA-

4eHb X, y cucteMy (15) MoxHa mepeKOHaTHCA B TOMY, 110 BOHU € po3s’A3-

KOM cucremu (15) i, oTxe, B npunymenHi, mwo det A # 0, cucrema (15) mae
pO3B’A30K i OIpH TOMY €IMHHUMH.

Teopema Kpamepa. JKuw0 8uU3HAYHUK OCHOBHOI Mampuyi cucmemu

n piéHAHb nepulozo cmenexa 3 n Hegidomumu 6i0minHull 8i0 HYyas, mOOL
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cucmema mae €Ounuil po3e’a3ok. IIpu yvomy 3HaAYEHHA KOWCHOZO 3 He-
gidomux dopienioe wacmui 6i0 JineHHA BU3HAHHUKIE 060X MAMPUUb: 6
3HAMEHHUKY CMOimb BU3HAYHUK OCHOBHOL Mampuuyi cucmemu, a 8 wu-
CeNbHUKY — BU3HAYHUK Mampuyi, 00epiaHnol 3 0CHO8HOL mampuuyi cuc-
memu 3aMmiHOI0 cmoénys, wo eidnosidac subpanomy Hesidomomy, cmos-
nyem GinAbHUX Y]eHi8.

I3 miei TeopeMu BUXOAUTH, 1[0 AKUIO CHCTEMa DiBHAHBL OXHOpiAHA,
T00TO BiJIbHI WIeHH y BCiX DIBHAHHSX CHCTEMHU JOPiBHIOIOTH HYJIO, i
AKINO BUBHAYHMK OCHOBHOI MATpHILi CHCTeMU BiAMiHHEM Bix HyaA, TOAL
cHcTeMa Mae€ TiIbKY HYJbOBUM po3B’#30K. IificHO, B TAKOMY BUIAAKY
MAaTpHIi, BUSHAYHUKY AKUX CTOATH B YUCEJBHUKY hopmynu (17), micTaTs
CTOBIENb, AKMIH BKJIOUAE B cebe JiuIie HyIi, i, OTKe, BCi uncina x, ROpiBHIO-
I0Th HYJI0. 13 JOBEeeHOrO BHIIJIMBAE TAKA TeopeMa.

Axwo cucmema n 00HOPiOHUX DIBHAHD NEPULOZO CMeNneHA 3 N He6ido-
Mumu mae xoua 6 00uH HEHYAbLOBUIL P038°A30K, MOJi 6UHALHUK OCHO8-
HOL mampuui cucmemu OOpiBHIOE HYIO.

Hificno, Axk6M neit BU3HaYHUK OyB He piBHWMIT HyMI0, TOAI CCTeMa MaJia
6 TiJIbKM HYJBOBHUM PO3B’SA30K, 1110 CYyIEPEUYUTh YMOBI.

V¥ nopajblioMy MU AOBeIEMO, IO PiBHiCTH HYJII0 BUBHAYHHKA CHCTe-
MU € He TiJbKH 000B’s3K0BOIO Ta HeoOXifHO YMOBOIO iCHyBaHHS HEHY-
JIbOBOTO PO3B’A3KY, a # YMOBOIO, JOCTATHHOIO AJIA iCHYBaHHSA TAKOTO PO3-
B’AsKy. Inakine Ka)xyum, SIKIIIO BU3HAYHUK CHCTEMH OAHOPINHUX DiBHAHB
JIOPiBHIOE HYJIIO, TOJI CCTEMa Ma€ HEeHYJIbOBHII PO3B’A30K (i Mpu HEOMY
HECKiHYeHHY MHOMKHMHY TaKHX DO3B’A3KiB).

Po3p’a3yBaHHA i XOCTiAKEHHA CHCTEM PiBHAHL NEPIIOTO CTENeHd
MeTOXOM NOBHOro Bukaouenns (Merox I'aycca). @opmynu Kpamepa na-
JOTh MOKJIMBiCTh, BUKOPHUCTOBYIOUM CITOCi0 OOuYmcIeHHS BH3HAYHMKIB,
3HANTY YNCJIOBI 3HAYEHHA PO3B’A3KY CUCTEMH PiBHSAHL Y BUNAJKY, KOJIU
BU3HAYHMK OCHOBHOI MaTpHIli cHCTeMH Bigminuwmii Big Hyna. IIpore npak-
THUYHE 3aCTOCYBaHHA muX GopMys y 6ararbox BHUIAAKAX yCKJIaJHEHe.
Tlepm 3a Bce moTpiGHO BiAMITHTH, IO AJIs 3HAXOAKEHHA PO3B’ASKiB 3a
dopmyanoro (17) rpeba obuucauTu n + 1 BUSHAYHUK N-TO NOPAAKY, IO
sABJA€E 06010 JOCUTH TPYAOMICTRY pPo6OTY, HABITH NPM BUKOPHCTAHHI THX
cnocobiB, npo Aki moca B § 4. OagHak OCHOBHEM € Te, IO Yy BUIIAAKY,
Koy KoedinicHTH piBHAHHA 3afaHi HaGamkeHo (B peaJbHUX 3ajadax
ue 6yBae Maiiske 3aBxaM), moxubka po3B’A3KY MOXKe OYTH ZOCUTH BeJH-
Ka. Ile MOsACHIOETHCS THUM, IO ROJAHKHU, AKi BXOAATH N0 KOXXHOIO 3 BHU-
3HAYHUKIB, depesd SKi BU3HAUYAETHLCA PO3B’SI30K CUCTEMMU, MOXYTh OyTH
JIOCUTD BeJTUKI (HarajaeMo, BOHH € 106YTKOM N CHiBMHOMHUKIB — pisHMX
Koe(imieHTiB po3mKUpeHOl MaTPHIl CHCTEMH), a cAM BU3HAYHUK — aJl-
rebpaiuHa cymMa TakKMX AORAHKIB — Moxke Gytm manuii. HaBite B TOMy
BUIMAAKY, KOJU KoedinienTn B cucTemi BUXifHUX piBHAHB BijjoMi TouHO,
ane caMmi ofuucJeHHS BeAyThCS 3 YpaXyBaHHAM JUIIe 3aJaHOTO YHcJa
3HAUymux nudp, MA 3 THX CAMMX IPUYUH 3MOXKEMO OFePKaTH JOCHUTH

2 Bacuasyerko 1. IT.



34 Mnasa 1

BeJIMKi NOXUOKY B Pe3yabTaTi. A TOMYy IIPH IIPAKTHYHOMY po3B’A3yBaHHi
CHUCTeM DiBHAHL y GisbIIOCTI BUMAAKiBE BUKODHCTOBYIOTH He dopmyn
Kpawmepa, a inmri cnoco6u o6unciens.

¥V maHoMy Kypci MU PO3risiHEMO MeTOJ TOBHOI'O BUKJIOUEHHS CTOCOB-
HO DO3B’A3YBAHHA CHUCTEM DiBHAHL HEpIIOrO CTENeHs TAKOX i B TOMY
BUIIAZKY, KOJIX YUCJIO PiBHAHD He 36iracTecsa 3 unciom Hesigomux. IIpo-
T€ BUKJaJeHHA IbOT0O METOAY IIOYHEMO 3 OCHOBHOIO BHNAJKY: AKIIO
KiNbKicTh piBHAHB 36iraeThea 3 KinpkicTio HeBigomux.

Orxe, Hexaii 3HOBY 3aJaHO CHCTeMY N DiBHAHB 3 1 HeBiIOMUMN’:

a;, %, +a,,x, +...+a,,x, =b,,

Ay Xy +QyoXy +...+ 8y, X, =D, (18)

a,%, +a,% +...+a,x, =b,.
Ockinbky xoua 6 ogun 3 KoedinieHTin a,, BigMinHWi Big Hyna (iHakie
A0 cucreMu B3araji He BXoauso 6 x,) i piBHAHHSA B cucTeMi MOXKJIHBO
MiHATH MicuaMHU, ToLi 6e3 6yAbL-AKOro o6MeKeHHS 3araJbHOCTI MOMKHA
IIOKJIACTH, WO a,, # 0. Iloxinumo nepie piBHAHHA crcTeMHU Ha a,, i npu-

BEAEMO HOro 210 BUTIAAY X; +a{px, +...+ alVx =b", ne
a b
O _% o _ 9
alk) = » b b=
11 a;
YMHOKAIOUM BCl YJIEHH O/lepIKaHOTO PiBHAHHA Ha a, i BigHimarouu 3
i-ro pisHsaHHA cucremu (18), gicTanemo HOBY cucTemy

1-x;, +a(x, +...+alx, =b®,

1) M, _ p
0-x1+a22x2+...+a2nxn =b,", (19)

R S LR RN T

0-x, +al)x, +...+a%Px, =M,

re af =a, —a,al; b® = b-ab;i=2,..,nk=1,2,..n.

Ockinbku piBHAHHA cucremu (19) 37106yTi Ak imifiai kombinamii
piBHAHB cucremu (18), To 6yab-TKUIT PO3B’A30K cHUcTeMMU (18) € Takox i
po3B’askoM cuctemu (19). Pazom 3 TuM, ocKinbKH

) — M — A0 M p _ p) 1)

Ay = 1,0, b, =bay, 0, =a,) +a,ap), b, = b +a,b”,
TO piBHAHHA cucteMu (18) Moxkna 3X06yTH K ninifiny xombinaniro
piBHsHB cucTemu (19). Orsxe, 6yab-AKUIH PO3B’A30K CHCTEMMU (19) e i poa-
B’A3KkoM cuctemu (18). Takum uunom, cucremu (18) i (19) piBHo3HAaYHI.
(Jlimiftnoro xomGinaniero ABoX piBHAHB X tepx,+ . te x =d i
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€%, T ConXy +.ote,x, = d2 Ha3WBATUMEMO PIBHAHHSA 7\,l(cux1 +e X, ...t

+e,x)+ A(Cy X, epX, e X )= A d, +Ad,, ne A, ta A, — umcia.)

TlopiBHaiiMo Tenep BU3Ha4HUKH D, i D, ocHOBHMX MaTpUIb CHCTEM
(18) i (19). Ilepuimit pAKOK OCHOBHOL maTpuii cucremu (19) oxeprano 3
[IepIIOro PAAKa OCHOBHOI MATPUILL CHCTEMH (18) minenHam Ha a,,. Taxa
olepanisa BigIoBifa€ AiJeHHIO D, naa,,. Tami panky 37106y Ti BifHiMaHHAM
3 BiAMOBiAHMX PAAKIB OCHOBHOI MaTpHIiL CHCTEMHU (18) BennuuH, 1IpPO-
nopuiiiEux mepuroMy paaxy. lia omepania ne 3MiHIOE BEJINYNHU BHU3-
HaYHWKA. BBincuD BUXOAHTH, 0 BUBHAYHNK D, OCHOBHOI MAaTpHUIli CUCTEMH

1

2" A tomy D, # 0, AKIIO D,#0,iD,= 0, axmo D, = 0.
11

3azHaumMMo, HapeliTi, 1o o6YMCIeHHA MU IIPOBOANIIN TinpKU 3 Koedi-
micHTamMu piBHAHL cucTemu (18), ToMy HeMae moTpebu nmucatu cami pis-
HaHHA. JloCTaTHBLO HAMMUCATH JMIle POIIIMPEHY MATPHUIIO CHCTEMU i
[IePETBOPUTH TiNBKM €JIEMEHTH I[i€l MaTpHILi.

ByjeMo no3HAYATY NIEPeXif Bif onHi€el po3MIMPEHOI MATPHUILi A0 iHMmIOl,
To6TO (PAKTHYHO mepexin Bix oxHiel cucTeMHu piBHAHB JO CHCTEMH, i
piBHO3HAUHOI, CHMBOJIOM & aGo -~. Toni mposefeni omepanii MOXHa
3aIMCcaTy TaK:

(19) nopiBHIOE

(o0} m
a;, Gy .- Gy, b 1 a ... a, b
Aoy Qgy .o Gy, b 0 a® ... Y b |
B1 — 21 22 ' 2n 2 22 2n 2 - B .
m M pM
a, @, - Q, b, 0 a, .. a, b,

IIpuiiMeMO CIOYATKY, 10 BUHAYHUK D, OCHOBHOI MaTpHUIIi CHCTEeMH
(18) pinminum#t Bix mynsa. Toai, AK cka3aHO BUINE, D,# 0, a Tomy B
KpaiiHbOMy BUNIAAKY OJHE 3 YhCcel ay (i=2,..,n) BifMinHe Big Hysd,
ocKinbkm #AKGM BCi a) AopiBHIOBANM HYMIO, AODiBHIOBaB 6u HYJIO i
BU3HAYHUK D, OCHOBHOI MaTpUIli CHCTEMU (19).

OckinbKu piBHAHHSA B cucTeMi (19) MOXKHA TOMIHATH MicnmsaMU, TOMY
Ges O6MexeHHsA MOXKHA MTOKIacTH, o aty # 0. [loxinumo Apyre piBHAHEA
cucremu (19) Ha @iy , TOMHOKHEMO ofiep:KaHmii pagoK Ha af) (i=1,3,4, ...
..., n) 1 BigniMeMo Bif i-ro psaaxa.

Toxi MaTUMEMO

(2) 2) (2)
1 0 af .. aj b
@) @ B2
0 1 a .. a, b

@ @ B
0 0 a .. a b,
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Cucrema piBHAHB, 0 BignoBiKac MaTpumi B,, piBHO3HauHa cucTeMmi
(19), a Tomy i Buxinniit cucremi (18). Busnaunuk D, ocnoBHOI MaTpumni
miel CHCTeMM BiIMIHHMI Bij HYJNA, OCKiNbKU BigMiHHME Bix Hyxs Bu-
3HayHuK D,. 3BiAcK B KPalHEOMY BUIIANKY OfHE 3 YHCeJ a® (i=3,...,n)
BIAMIHHE B1Jl HYJIS 1 MOXKHA 3HOBY IDOBECTH Ti caMi omepamii, mo i pa-
gime. IIpogoraxyloun ananoriuni MmipkyBanus, nicis n onepanii gicra-
HeMO MAaTPHII0

1 0 0 ... 0™
B |01 0 .. 0"
0 0 0 ... 1™

BixgnoBigna cucTema piBHAHB Ma€ BUTJIAL

1.2, 402, +...+0-x, =b",
0-x,+1-2,+...40-x, =b{",
(20)

........................................

0-x,+0-x, +...+1-x, =b™,
i equauM posr’sskom e

x, =b", x, =b", ..., x, =b". (21)
Ockineku cucrema (20) piBHO3HAauHA cucTemi (18), mae eannMit pos-

B’A30K, TO Ma€ €AMHUI PO3B’A30K, 1[0 BUSHAYAETHCA dopmynamu (21), i
BuUxizHa cucrema (18).

Hpuknan 1. Poss’asaru cucremy

X +2x, -x;+x, =1,
2x; +3x, +2x, —x, = -3,
X, +Xx, +x3 +2x, =4,
X, —3x, +2x; — 2x, = 0.

IIpoBefeMo neperBopenHs

1 2 -1 1 1 1 2 -1 1 1
2 3 2 -1 -3 0 -1 4 -3 -5
B= o
1 1 1 2 4 0o -1 2 1 3
1

-3 2 -2 0 0 -5 3 -3 -1
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1 0 7 -5 -9 10 7 -5 -9
01 -4 3 5 01 -4 3 5
< <
00 -2 4 8 00 1 -2 -4
0 0 -17 12 24 0 0 —-17 12 24
1 00 9 19 1 000 1
010 -5 -11 0100 -1
& Ed ’
001 -2 -4 0010 O
0 0 0 —-22 —-44 0001 2

x,=1; x,= -1; x,= 0; x,= 2.

3agHAYMMO AKIIO CUCTEMA OQHODiAHA, TOGTO seiuncna b, (i= 1,2,...,n)
J[OPiBHIOIOTH HYJIIO, TOAL AOPiBHIOKTE HYJIO 1 BCl umena b ", Tomy cucre-
Ma (18) Mae B [bOMY BHIIAJIKY TiJIbKH HyJbOBHI PO3B’A30K.

Hexaii Tenep BusHauyHUK D OCHOBHOI marpuui cucremu (18) nopis-
mioe Hyto. ToAi BxKe He MOKHA CTBEPJKYBATH, IO CEPE THCe alm?
(i=m, m+1, ..., n), oflepKaHuX MmiCId (m — 1)-ro erany nepeTBOpeHb,
6yne xoua 6 ogHe, BiAMiHHe Bif Hysisa. Binbire Toro, Ha AKOMYCh erani Bci
i yucsa 0608’ A3KOBO CTAHYTh PiBHUMM HYJIO (imaxme mu Manu 6 pos-
riaaryTHiI Bunagox). OTxe, Hexall AicTaHO MaTPUIIO

1 0 .. am™ arh .. el by
0 1 .. am™" ol ... el b
B =l e e e e |-
0 0 .. 0 alh .. an?® b
0 0 .. 0 am™h .. af?® prd

IlepecTaBuMO m-ii CTOBHENb MarpHIii Ha Micie n-ro, a Bci HACTYIIHi 3a
mM-M CTOBIILIEM, KPiM CTOBNIA BiIBHHUX yjeHiB b,.(’"‘” , 3CYHEMO Ha OJHe
Miciie BJiBO (Taka omeparlis, OYeBHAHO, 03HAYAE NIEPECTAHOBKY HeBiIOMUX
y piBEsAHHAX cucTeMu abo ix IepeHyMeparniio, 1o, 3BUYaifHo, He 3MiHIOE
pOBB’A3KY cHCTeMH). B peayibTari ofepKUMO MaTPHULIO

(m) (m) (m)

1 0 ... a .. a, b
(m) (m) (m)

0 1 .. ay .. a3 b
(m) (m |’

0 0 .. am ... 0 b,
(m) (m)

0 0 .. a7 ... 0 b

_ - . -1
me a'™ =a™ ;0™ = bV i=1,2, .1 ar) =ays k=m,m+1,..,n

TIponoBaxkyrous Ti
KiHIleM MaTpHILIO

caMi rmepeTBOpeHHd, IO i panime, aictraHeMo Kinens
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(n) (1) pn)
1 0 ... 0 ayg, .. a, b

(n) m
1 ... 0 aypy ... ay b

cse see  ese ese Iy ces see .o

B, =10 0 .. 1 a@f, ..a” b | (22)
0 0 ... 0 O e 0 B
0 0 ... 0 0 e 0 B

Marpuni (22) Bianosinae cucrema piBHAHD

( ’ (n) 4 (
Lxj+0-x;+...40-x, +a(), - xp., +..otal? - x! =b",

n

’ ' ’ (n) ' (n) r _ pn)
0-2;+1-25 +.. 402, +@yp ) Xppy +oon a0 - x) =6,

D R I

' ' ’ (n) ' (n) r __3(n)
JO-x1 +0-x;, +...+1.x, + Qppgy Xy +ooet @y, - x, =b", (23)

’ ’ ’ ’ ' _ ()
0-x; +0-x) +...40-x;, +0-x,,, +...+0-x, =57,

0-x; +0-x; +...40-x, +0-x},, +...+0-x, =b™,

B AKi# HeBifoMmi x; BigpisusioThes Big HeBimommx x;, B cucremi (18)
Juile Hymepanieio. Ockinbku cucrema (23) piBHosHauyHa cucremi (18),
TO BHCHOBOK IIPO PO3B’sA3HicTe cucremu (18) piBHOCHALHMIT BHCHOBKY
IIpo po3B’A3HicTL cucremu (23).

OuesnzHo, mo Axmo xoua 6 ogne 3 uncea b™ (i =k + 1, ..., n) He
AOPiBHIOE HYJIO, TOAL PiBHAHHS cucTeMu (23), a TOMY i DIBHSHHS CHCTEMHI
(18), necymichi. fIxmo Bei b (i =k + 1, ..., n) nopiBHIOOTE HYIIO, TOXI
piBHAHHA cyMicHi. IIpu unomy HeBizomum Xp,q» oo X, MOMKHA HANATH
Oyab-aKi 3HaYeHHS i cUCTeMa MaTUMe Taki PO3B’A3KU;

1 _ pn) (n) (n)

X =b" = (At +..-+an'ty),
r_ p (n) (n)

X, =0, —(aypayty +..0+ay ),

R Y R R PR R R P

t _ p(n) (n) (n)
X, =b" —(aq4hpyty +.+aty),

' ' ’
Xpr =ty Xpyp Tl eeny X,

= tl’
ae t,t, ...,t, (I=n-k) — nosinexi.

Hns Toro, mo6 6ya0 3py4HO MOBEPTATUCA O BUXIAHOI cucTeMH He-
BifOMUX, KODHCHO HAJl CTOBIISIMH MaTPHIh, K] OfEPIKYIOTH IIPHU NIpOBe-
LeHH] [lepeTBOPeHb, HAANNCYBATH O3HAYEHHS BiANOBiAHUX HeBiJIOMHX.
Braxxemo, xpim Toro, mo Axmo BuxigHa cucrema (18) onHOpixHa, TOAl



Matpuli. Buaraunmkyi marpuui. CUCTeMu pisHsiHb NepIloro cTenexs 39

BCi umcia bi‘") (i=1,2, ..., n) nopisHooTs Hy10. TomMmy crnpaBseasuBi Taki
JBa TBEP/KEHHS.

1. Cucmema 0dnoOpidHUX Pi6HAHb NEPULOZO CMENEHA 3aexucdu
cymicHa.

2. Axwo eusnaunuk cucmemu 00HOPIOHUX pienanv nepwozo
cmenens dopieHioe Hyno, modi cucmema mae HEeCKIHYEeHHY MHONCURY
po3é’a3kis.

Hpuraan 2.

x, +2x, —2x; - 2x, = -1,

%, +3x, —2x5 - Tx, = 2,

2%, —x, + 23 + x, = 3,

X, — X, + X4 +3x, = 0.
ITpoBeseMO nepeTBOPEHHS

1 2 -2 -2 -1 (1 2 -2 -2 -1
1 3-2-7 2|/ _lo 1 0-5 3
B= = =
2 -1 2 1 3/ lo-5 6 5 5
1-1 1 3 o \0-3 3 5 1
10 -2 8 -7 10 -2 8 -7
01 0 -5 3/ |01 0 -5 3

(=4 (=4
00 6 -20 20 |00 1—%1_;-‘@
00 3 -10 10) 0 0 3 -10 10
100 4+ -1
3 3
010 -5 3
~
001 -2 1
3 3

000 0 0

CucreMa piBHSIHD, L0 BifOBiNA€ oJep:KaHiit MaTpULi, Mae BUTIAL
4 1

1-,40 %, +0-x3 +—x, =——,
3 3

0-x,+1-x,+0 x5 -5x, =3,
10 10

02,402, +1- %3 ——x, =,
3 3

0-x,+0-x,+0-x;,+0-x, =0.

Cucrema cyMicHa, X, = t — JIOBUIbHE YHCJIO. CucreMa Mae HeCKiHUeH-
HY MHOXXMHY DO3B’A3KiB:
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x, = —%(1+4t),

x, =3+ 5¢,
10

X3 = —(1+1),

3 =5 (1+1)

x, =1

npu4yomMy ¢ — HTOBiJIbHE UHCJIO.

3a3HauMMoO, 10 AKOK BiNbHI WiIeHN B PiBHAHHAX Oysm iHmwvMu, Hix
3anaHo B YMOBi, cucTema Morita 6 6yTu HecymicHowo. Hexaii, Hanpukiaz,
b,= 1. Toxi nepersopena Marpuns cucremu Gyne

1 00 41
3 3
010 -5 3
001 10 10
3 3

0 0O 0 1
i ocranne piBHAHESA cucreMu HabyBae Taxoro BUrIAAY: O - x,+0-x,+0-x,+
+ 0 -x,=1, mo He Mae cMucay.
Ilpuxkaan 3.
X tx, +x;3+x, =0,
Xy +x, +2x, - x, =4,
X, +x, - 2x; —3x, =2,
2x, +2x, — bx; — 6x, = 6.

IIpoBeaemo nepersopenHs

11 1 1 0 11 1 1 0
11 2 -1 -4 00 1 -2 -4
11 -2 -3 2 ° 00 -3 -4 2 it
2 2 -5 -6 6 00 -7 -8 6
X, X3 x, x, X, X3 X, X,

1 1 1 1 o 1 0 3 1 4
@0 1 -2 0 -4/e(0 1 -2 0 -4|
0 -3 -4 0 2 0 0 -10 0 -10
0 -7 -8 0 6 0 0 -22 0 -22
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X, X4 x, X, x, X, X, X,
1 0 3 1 4 1 0 0 1 1
01 -2 0 -4|10 1 0 0 -2
0 0 1 0 1 o 0 1 0 1
0 0 -22 0 -22 0O 0 0 0 O
Cucrema cymicHa, x, =t — ZOBLIbHE YHUCIO; X, = 1-t, x,=t, x,= -2,

x,= 1.
4
PosraanyTuit Merox 6e3 6yab-aKUX 3MiH NepeHOCUTHCH 1 Ha TOH BH-
NajoK, KO0 KiIBKiCTh HeBiOMUX He 36iraeTscd 3 KiJbKicTIO DiBHSAHB.

Konmpoavni 3anumanna i 3a60anns

1. Banumits popmynu Kpamepa.

2. B AKOMYy BMIIaAKY 3aCTOCOBYeThCH mpasBuio Kpamepa? 3a saxux
YMOB cucTeMa JiHifiHUX anre6paiyHux PiBHAHL Ma€ €QUHUI PO3B’A30K?

3. Illo MoKHA CKAa3aTH IIPO CHCTeMy DiBHAHB, AKIIO il BUBHAYHUK
IOpiBHIOE HYIIO?

4. Ba AKMX YMOB OZHOpiHA CHUCTeMa n JiHi#HWUX PiBHAHD 3 N HEBixO-
MHUMH Ma€ HeHYJIbOBUI pO3B’ 30K ?

5. ¥ yomy moasarae meToi 'aycca poss’sas3yBaHHS cuCTeM JiHIHHHX
piBHSIHB?

Ipuxaadu po3se’asysanns 3aday

1.20. Po3ss’si3aTu cucremy

3x, +2x, =1,
4x, - 5x, = 40.

OGunCANMO BU3HAYHUK CHCTEMHU

detA=i 25 =3-(-5)-4-2=-15-8=-23.

OckKinbKY BUBHAYHHUK CUCTEMH BixMiHHMI Big HyJNs, 3aCTOCYEMO IIPaBU-
1o Kpamepa. [lana oGuncienHns BusHauHuKa det B, saminuMoO croBnenp

3 7
( 4 | BUBHAUHUKA CHCTEMU CTOBIIEM i3 BiBHUX uJeHiB 40 |’ Maemo
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2

det B, =‘470 '=7(—5)—40-2=-—35—80=—115.

2

Busnaunuk det B, micranemo samiHOM cTOBIIA (__ 5) BU3HAYHUKA

CHCTEMH CTOBIILEM i3 BiJIbHMX 4JIeHiB:

det B, = 8 7 =92,
4 40
) -115 92
3rigHo 3 mpaswiom Kpamepa 3HaX0qQuMo X; = o3 =95 X, = “o3 = -4,

CykynHicTh uncen (5; —4) € eAUHUM PO3B’A3KOM HaHOI CHCTEMH.
1.21. PoaB’sizaTu cucremy

2x, +5x, —8x, = 8,
4x, +3x, -9x, =9,
2x, +3x, —bx; =T,

Busnaunuk 3 KoedinieHTiB cucTremu BigMinuui Big myna:

2 5 -8
detA=; 8 =9 _9.3.(-B)+5-(-9)-2+(-8)-4-3-
3 -5

~(-8):3:-2-5-4-(-5)-2-3-(-9)=-14=0.
Tomy mosxHa 3acTocyBaTH npasuio Kpamepa:

8 5 -8 2 8 -8
detB, =9 3 -9 =-42; detB,=14 9 -9(=-28;
7 3 -5 2 7 -5
2 5 8
detB, =4 3 9 =-14.
2 37
3Biacu sHaxoguMo X, =——i1—2—= 3 X, =i= ;X =ﬂ=
-14 -14 -14

CykynaicTh yucen (3; 2; 1) € eAUHUM PO3B’SI3KOM CHCTEMHU.
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1.22. Poss’s3aTu cucreMy
3x, +4x, +5x, +Tx, =1,
2x, +6x, —3x; +4x, = 2,
4x, +2x, +13x, +10x, =0,
5x, +21x; +13x, = 3.
Bunumemo po3mupeHy MaTPUII0 CUCTEMH

34 5 71 34 5 71
2 6 -3 4 2 2 6 -3 4 2
4 2 13 10 0 ~ 4 2 13 10 0
5 0 21 13 3 00 0 04

(4-it p. + 2-it p. — 1-it p. — 3-i1 p.)

HeBaxko mo6auuTy, 1[0 BUSHAYHHK 3 KoedimieHTiB cucTteMu fOpiB-
HIOE HYJIIO, OCKLIBKHY UeTBepTHil PAJOK HOro cKiIafacThea 3 Hylis. Ocran-
Hiil pANOK PO3IIMPEHOI MATPHUILi CBLAYHUTH IIPO Te, IO CUCTEMAa HecyMicHa.

1.23. Poss’sizaTu cucremMy

x, +2x, +3x; +x, =0,
2x, +3x, +x, - 2x, =1,
x, —2x, —3x, +x, =2,
3x; +x, —5x3 —x, =0.

BunuiiemMo pos3iINpEeHy MaTPUII0 CHCTEMU

1 2 3 1.0 1 2 3 1
2 3 1 -2 1 0 -1 =5 -4 .. 1
1 -2 -3 1 .. 2 ~ 0 -4 -6 0 ~
3 1 -5 -1 .0 0 0 -3 0 .. -3
(2-up. -2 1l-ixp., 3-#ip. —1-Hp, (3-it p. : (-2),
4-# p. — 2-it p. — 3-i p.) 4-i1 p. : (-3))
1 2 3 1. 0 1 2 1 38 .0
0 -1 -5 -4 0 -1 -4 -5 . 1
“lo 2 3 0 .. -1 = 0 0 -8 -T7 1
0 0 1 0 0 0 0 1 ..1
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Y pesyabraTi BCix mepeTBOpPeHb AaHA CUCTeMAa JiHiIHHMX piBHAHB
3BOAUTHCA A0 TPUKYTHOrO BUIJIALY:

x, +2x, +x, +3x; =0,
~-x, —4x, -5x; =1,
-8x, -Tx; =1,
x; =1.
Bona mae equnmii po3s’A30K: x,=1, x,==-1, x,= -2, x, = 2.

1.24. Poss’stzaTu cucremy

(%, +2x, +3x;, +x, =38,

x, +4x, +5x; +2x, =2,
2x, +9x, +8x, +3x, =7,
3x, +Tx, +Tx, +2x, =12,
5x, + Tx, + 9x, + 2x, = 20.
IIpoBenemo nepeTBo}JeHHa

1 2 3 1 3 1 2 3 1 3 1 2 3 1 3
1 45 2 2 o 2 2 1 -1 0 1 -2 -1 3
2 9 8 3 T|le|0 5 2 1 1l|=(0 2 2 1 -1l
3 77 2 12 0 1 -2 -1 3 0 5 2 1 1
5 7 9 2 20 0 -3 -6 -3 5 0 -3 -6 -3
1 31
10 7 3 -3y |- %%2% %
01 -2 -1 3/ {010 o %
<10 0 6 3 -Tlo 1 7 |
0 0 12 6 -14 2 6
0 0 -12 -6 14 0 0 O
0 0 O 0 0
. _ . 31 2
PiBuanna cymicHi, X,= 1 — [NOBlLJIbLHE YUCJO, X; -—Et+~6—, x2=§,

LT

X
¢ 2 6
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1.25. Poa’BsizaTu cucTeMy
X +2x, +x3—%, =1,
x, +3x, — x5 +2x, = 4,
2%, +x, — %3 + X, =-1.
TIpoBesteMo nepeTBOPEHHSA

12 1 -1 1 1 2 1 -1 1 10 5 -7 11
13 -1 2 4|=|0 1 -2 3 -5j|0 1 -2 3 -5
21 -1 1 -1 0 -3 -3 3 -3 0 0 -9 12 -18
oo -1 1
10 5 -7 11 3
o012 3 slelo 10 1 1l
00 1-2 2/ |00 1 =
Cucrema cymicna, x, =t — JOBLIbHE YHCIO, Xy =§t+1, X, =~El)’-t—1,
x3=it+2,x4=t,
3
1.26. Po3s’s3aTu cuctemMy
(%, +2x, —x; +8x, =0,
2x, —x, +2x3 —4x, = 0,
1x1+x2+2x3+x4=0,
x, +5x, + x4 +9x, = 0,
|, —5x, —2x, —11x, = 0.
TIpoBeseMo nepeTBOPEHHSA
1 2 -1 30 1 2 -1 30 1 2 -1 3 0
2 -1 2 -4 0 0 -5 4 -10 O 0 1 -3 20
1 1 2 1 0le(0 -1 3 -2 0]j<|0 -5 4 -10 0|&
1 5 1 9 0 0o 3 2 6 0 0 3 2 6 0
1 -5 -2 -11 0 0 -7 -1 -14 0 0 -7 -1 -14 0
10 5 -1 0 10 5 -1 0 100 -1-0
01 -3 20 01 -3 20 010 20
|0 0 -11 0 0«0 O 1 00|®|00 1 0 O0f
00 11 00 00 11 00O 000 OO0
00 -22 0O 00 -22 00 0 00O 001
Cucrema cymicHa, X, =t — JIOBLIbHE UMCIO, X, = t, X,= —2¢, x,= 0, x,= ¢

=
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3adawi i enpasu daa camocmiiinoi pobomu

Poss’asatu cuctemu 3a nmpasusiom Kpamepa.

1.27. |3x, —5x, =18,
{2x1 + Tx, =81.

1.29. r7.7(:1 +2x, +3x; =15,
15x, — 38x, +2x, =15,
[10x, —11x, +5x; = 36.

1.31. [4x, +4x, +5x, +5x, =0, 1.32.

2x, +3x; —x, =10,
\x, +x, -5x, =10,
3x, +2x5 =1.
Pos
YeHHSA HEBiJOMHX).
1.33. (x, +2x, +3x; +x, =0,

1.34.

1.35.

1.37.

2x, +3x, + x5 —2x, =1,
P

x, —2x, —3x, +x, =2,

3x, +x, - 5x; —x, =0.

(8x, +4x, +5x, +Tx, =1,

2x, + 6x, —3x; +4x, =2,
<

4x, +2x, +13x, +10x, =0,
(5%, +21x; +13x, =3.

(2x, +8x, —x, +x, =1,
8x, +12x, —9x, +8x, =3,
4x, +6x, +3x; —2x, =3,

2x, +3x, +9x; —Tx, = 3.

1.28. {

1.30.

1.36. .

1.38.

3x, —4x, =1,
3x, +4x, =17.

(%, + x, ~ 2x, =6,
$2x, +3x, —Tx,; =186,
5x, +2x, + x, =16.

(22, — x, + 3%, +2x, =4,
3x, +3x, +3x, +2x, =6,
<3x1 —-X, - Xy ~2x, =6,
3x, —x, +3x; —x, =6.
B’A3aTH cucTeMu MetonoM Iaycca (MeTOZ IMOCIiZOBHOTO BHKIIO-

(12x, +14x, - 15x, + 28x, + 27x, = 5,
16x, +18x, —22x, + 29x, +37x, = 8,
|18x, +20x, - 21x, +32x, +41x, =9,
10x, +12x, —16x; +20x, + 23x; = 4.

)

x, +3x; —3x, = -6,

2x, + x, + x5 —Bx, =8,
<

3x, —bx, — 2x, - bx, =117,
12x, +Tx, —Tx, = -9.

x, —5x, -8x, +x, =3,
3x, +x, -3x, —-bx, =1,
x, —Tx; +2x, = -5,

11x, +20x; - 9x, = 2.
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§ 6. Panr maTpuiii, TeopeMa npo CyMiCHICTb CHCTEM PiBHAHb NEPLIOrO
cTenens

IOns pocnimxenHss 6araThbOX INMHTAaHb, IIOB’A3aHUX 3 pO3B’A3aHHAM
CHCTeM PiBHAHL [EPIIOrO CTENEHs, YacTO BBOAATL NOHATTA panz mam-
puui.

O3navennsn. Panzom mampuyi Hasusaemuvcs Hailguwyuili nopadox
BiOMiHHO020 610 HYMA BUSHAYHUKA K8adpamHoi cybmampuyi, Ompumarol
i3 3adanoi mampuyi eurpecaiosanuam deaxux padkie i cmoenyis.

PoarnsHemo, HAIIPUKJIAK, MATPHUILIIO

130 4
320 1|
1 30 4

Buxpecnenusam 6yab-gKoi KiIbKOCTI pAJKIB i CTOBHOIIIBE HEMOMXKJIUBO
ofepsKaTu i3 3agaHol MaTpuUIli KBaJAPaTHY MaTPHIIO MOPAAKY BUIIE TPe-
Thoro. 3Bizcm BumIMBae, 1o pasr ii He Moxe 6yTu Ginpme 3. Opnax,
BUKPECJIOI0UH OJfMH i3 CTOBIIiB, MU OJ€pP;KyBaTHMeMO KBaApATHI maT-
pHIli, AKi MaIOThL [BA OQHAKOBHX PSAKY, a TOMY iX BUSHAYHUKH AOPiBHIO-
BaTHUMYTh Hy 0. OT:Ke, paHr BuxigHol marpuni menire 3. Buxpecausmm,
HaIIPUKJaj, TpeTiii i uerBepTHii cToBNLi i TpeTiit pAAOK, AicTaHEMO KBaj-

paTHY MaTpPHIIO 3 of BHU3HAYHHUK KOl He popiBHioe Hymio. OTixke, BCi

BH3HAYHMKHU cyOMaTpHIi TPeThOro NOPAAKY AOPiBHIOIOTHL HYJIO, ajie ce-
pesl BUBHAYHUKIB MATPUIL APYTOro NOPAAKY € BiagMinHMA BiA Hyaa. Ta-
KHMM YMHOM, PaHT BUXifHOI MaTpuIi ZopiBHIoE 2.

IloBeneMo TeopeMy: pPaHz Mampuyi He 3MIHIOEMbCA NPU NiHiil-
Hux onepauisax 3 ii padkamu.

HiitcHo, niniiini omepanii 3 paakamMu AkKoi-HeOyab MaTpHIll NPHBO-
JATh 0 TMX caMMX JiHiiHMX omepaniit 3 pagkamu OyAb-AKoi cybmaTpu-
ni. IIpore, AK yKasaHo BUIle, IPH JIiHIHHNX onepanifAx 3 pAAKAMU KBaJ-
pPaTHUX MATPUIb BUSHAYHUKY LUX MATPUIb OTPUMYIOTH OAMH 3 OTHOTO
MHOKEeHHAM Ha 4YMCJIO, BiAMiHHe Bix Hyad. 3Biacu HYJIbOBUI BUBHAUHUK
3aJIMINAETHCA HYJbOBUM, & BiAMiHHUI BiJ HyJda — BiAMiHHUM Bif HyNA,
To0TO He MOXKe 3MiHUTHCH HaWBHINUI ITOPAAOK BiAMiIHHOrO Bijg Hyxas
BU3HAaYHUKA cyOMaTpuus. He BuyivBae, oueBUAHO, HA PAHT MaTpuIi i mme-
pecTaHOBKA CTOBHI[IB, OCKiJIbKY TaKa IepeCTaHOBKA MOX<e BIUIMBATH JIUIIIE
HAa 3HAK BiIIOBIAHMX BU3HAUHHUKIB.

I3 goBeneHOI TeopeMH BHXOLWUTH, L0 po3riaHyTi B § 5 neperBopeHi
MaTpHUIll MalTh TOM caMuil paHr, mo i Buxigxi. Tomy panr ocHosHOI
MAaTPUIl CUCTEMH PiBHAHL NEPHIOrO CTeNleHA JOPiBHIOE YHMCIY OQUHHID
Ha TOJIOBHiM giaroHasi neperBopeHOl MaTpuui.
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JloBegeMo Temep TeopeMy PO CYMICHICTH CHCTEM PiBHAHB IIEPIIOTro
crenens (Teopema Kpomerkepa — Kaneniui): das mozo wob cucmema
pienAHb nepuozo cmenena 6yaa cymicna, Heo6xidHo i docmamubo, w00
Ppanez poswuperoi mampuyi 36izaéca 3 paHzom OCHOBHOI Mampuui.

Hexaii paHr ocHOBHOI MaTpuni cucremu AOpiBHIOE k. AKu[o paHr
PO3UINPEeHOI MaTPHUIIi CUCTEMH TaKOX JOpiBHIOE k, TO a60 cucteMa MiCTUTE
TinbKu k piBHaAHB, a0 Bci ymcaa bi"') (i=k+1, ..., n) y nepersopesiit
MaTpHIi JOPiBHIOIOTH HYJIIO (B IPOTHBHOMY BHIIAAKY PAHT PO3IIHUPEHO]
MaTpuIi nepeTBopeHoi, a ToMmy i BuxizHoi cucremu 6yB 6u k + 1).

IIpunycrumo, mo paHr nepeTsopeHoi (a TomMy i Buxignoi) posmmpenoi
MAaTpHli cucreMu Oibime &, To6TO GLIbIIIE Hid 9HCIIO OXMHUIHL HA FOJIOBHIH
Aiaronani neperBopenoi marpuui. Toxi icuye xoua 6 ogHa cybmarpuns
(k + 1)-ro mopaaky, BUSHAYHUK AKOI He AOPiBHIOE Hy10. Taka cybMaTpums
MOXKe OyTH oJepKaHa TiJIbKM AOAAaBAHHAM [0 OAWHMYHOI MaTPHIi
nopAAKy k (1[0 3HAXOZUTHCA B JIIBOMY BEePXHLOMY KYTY IepeTBOPEHOi
MaTpuIi) Akoro-He6yab OXHOrO PAAKA i CTOBIIA, [0 CKJIAJAETLCS 3 TIep-
mux k BUIBHUX 4jeHiB DiBHAHb HEpPeTBOPEHOI cHCTEMH i GyAb-AKOro
OITHOI'0 BiJILHOTO 4JieHa 3 HACTYNHHUX n — k piBHaHb. I[06 BU3HAYHUK
ykazanoi cyOmarpuni 6yB BigMiHEMHE Bix Hyad, BiAMIHHUM Bix HyAsS Mae
6yTH i meit ocranHilt noxanuii exement, To6ro uucno b (i=k+ 1, ..., n).
Oxnak, Ak 6yJ0 JoBeEeHO paHille, B ILOMY BUTIAAKY (pu b,."" # 0) cucrema
HecymicHa. OTixe, cucTeMa cyMicHa TOAi i TiNBKYU TOAL, KOJM paHT OCHOBHOI
maTpuii 36iracTeca 3 paHTOM pPO3IIMPEHOI MATPHIILL.

Konmpoasni 3anumanns i 3aedanna

1. Hlo HasuBaeThCsA paHroM MaTpuIi?

2. IIlo HaszuBaeThHCA PO3B’ABKOM CUCTEMM JiHiMHUX piBHAHB?

3. fki cucTeMu HasWBAIOTHCA CYMiCHUMM (BU3HAYEeHUMU, HEBU3HAUe-
HUMU), HecyMmicHUME?

4. Chopmymmoiite Teopemy Kpouexkepa — Kanesni.

5. fix amiHIOETHCA PaHr MaTpuli npu JiHifiEMX onepanisx 3 il pan-
Kamu?

6. fixi B 3HaeTe cioco0H 3HAXOMKEHHA PAHrY MaTpHUIi?
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Ipuxaadu po3e’asyeannsa 3adax

1.39. O6uMCANTH PAHr MaTPHIi 3 JOINOMOI'OIO €JieMeHTapHUX mepe-
TBOPEHb

3 2
A=|2 0 -
0 4
32 1 2 31 1 2 01 0 O
A= 20—11:>20-11=>20—1 1|,
-6 0 3 -3 -6 0 3 -3 -6 0 3 -3
(3-#tp.—2-1-@p.) (2-tcr. :2) (1-i er. — 3 - 2-# cT.,

3-i1 eT. — 2-it, 4-#1 cT. — 2 - 2-#1 cT.)

Ie 3HAK => BKAsye, IO 3’¢JHaHi HUM MaTpHIli OfePKYIOTH OXHY 3 ogHoOl
eJleMEeHTapPHUMH [IePEeTBOPEHHSAMH, 8 TOMY BOHU MAalOTh OAHH i Toit ca-
MUl paHr.

Hani noxamo zo 3-ro paaka AoGyTOK (8 - 2-it pagok), 1-ii crosmens
noxiiuMo Ha 2, HORAoYM Horo Ao 3-ro cTOBINA i BigHiMarouu 3 4-ro.
TlepecTaBHBIIN MiCHAMU IepIIi 1Ba CTOBIIIIi, MATUMEMO

01 00 0100 1 0
A=|2 0 -1 1{=(1 0 0 O(=>10

1
00 00 00 00O 00
Panr marpuni A nopisuioe 2, Tobro r = 2.
1.40. 3a I0OIOMOrol0 eJeMeHTAPHUX INepeTBOPEHbL OOGUMCIMUTH PaHT
MaTpHILi.

00
0 0}
00

95 31 17 43 25 31 17 43
75 94 53 132 0 1 2 3
75 94 54 134 = o 0 1 2|
95 32 20 48 0 1 3 5
2-it p. — 3 - 1-it p., 3-it p. — 2-i1 p., 4-r0 p. — 1-i p.)
25 31 17 43
= 0 1 2 3|
0 0 12

(4-# p. BigKuHEMO, OCKinbKH 4-# p. = 2-# p. + 3-i p.)
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Orpumyemo r = 3, 60 BUSHAUHUK TPHKYTHOI MATPUIIi 3 IIEPIINX TPHOX
CTOBIILIiB He JOPiBHIOE HYJIIO.

O6uucienns panra mMaTpuui MeroaoM o6pamiaensa. BuGnupaemo B
AaHifl MaTpUni MiHOpP APYroro HOPAAKY, BiaMiHHmit Bix myns. Ilorim
06UYHNCIII0EMO MiHOPH TPETHOTO MOPAAKY, SAKi 06PaAMIAIOTE (MicTATH B c06i)
BUOpaHMil, MOKKM He 3HANeMO cepeli HMX BizamiHHOTrO Bif nyna. Hani
06uMCII0EMO MiHODH YETBEPTOTO NOPALKY, AKi 06paMIAIOTh BigMiHHMIH
Bif HyJA MiHOD TPETHOIO NOPAAKY, IOKW He 3HAHIEMO cepei HUX Bil-
MinHu# Bif Hyns, i 7.4, Ko sHaNK BigMiHEMIA Bix HYyNA MiHOD r-ro
NOPAAKY, a Bci Minopu (r + 1)-ro nopagky, ski itoro o6paMasaoTs, 10pis-
HIOIOTH HYJIIO a60 ixX y)ce HeMae, TO paHT MaTPUIL ZOPiBHIOE r.

1.41. ObuucauTH paur MaTpumi

1 3 5 -1
2 -1 -3 4
5 1 -1 7
7 7 9 1

Buxpeciumo 3-it pafoK, ockinbku 2 - 2-i p. + 1-if p. = 3-i1 p.
Orpumyemo

1 3 5 -1
2 -1 -3 4|
7T 7 9 1
3
Bubepemo, Hanpukiazn, 1 #0.
OGuucaumMo MiHODH TPETHOrO MOPAAKY, AKi 06paMIAIOTH HOrO:
1 3 5 1 0 0
2 -1 -3 - 2 -7 -13 =l 7 13‘:0,
7T 7 9 7 -14 -26| |14 26

(2-#icr. — 3 -1-# 1., 3-H cT. — 5 - 1-i1 cT.)

1 3 -1
2 -1 4]=20.
T7 1

Minop TpeTboro nopsaAky BiAMiHHMIL Bif Hyna. Bin mictutscs y Bu-
3HAUYHHUKY YE€TBEPTOTO NOPAAKY 3alaHOI MATPpHUIi, AKHI A0PiBHIOE HYJIIO.
Orxe, r = 3.
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1.42. Po3B’si3aTyl CUCTEMH DiBHAHB!

a) (x, +2x, + 3x; = 2, 6) (%, +2x, +3x; —x, =0,
X, — X, +2;, =0, X, =X, +x; +2x, =4,
x, +3x, —x3 = -2, x, +5x, +5x; —4x, =4,
3x, +4x, +3x; =0; x, +8x, +Tx, —Tx, =-8;

B) {x, +2x, +3x; —x, =0,
X, — X, + X, +2x, =4,
%, +5x, + 5x; —4x, = 4,

x, +8x, +Tx, —Tx, = 6.

a) Tyt r(A) = 3, r(B) = 3; cucrema cymicHa, BU3Ha4YeHa.

Ockinbpxku
1 2 3
1 -1 11=14 %0,
1 3 -1

TOZAL 3 IEpPIINX TPHOX PiBHAHBL CUCTEMY, HAIIPHKJIA, 3TiIHO 3 (hopmMyraMu
Kpamepa 3HaxX0AWMO:

x,=-1,x,=0,x,= 1.

6) Tyt r(A) = 2, r(B) = 2; cucreMa cyMicHa, ajie He BU3HaUYeHa.
BusHausuk ‘ = -3 # 0, i 3 nepmux IBOX PiBHAHL CHCTEMH

x, +2x, = -3x; + x4,

X —x, =4—x; - 2x,
3HAXOAUMO

x—8 5xx x—42x+x
1 3 3 3 4 2 3 3 3 4’

Ie HeBifoMUM X, i X, MO)XHA HajaBaTH OyAb-fAKi 3HAYEHHA.

B) ¥ npomy Bunaaxy rd) = 2, r(B) = 3; cuctema HecyMicHa.

1.43. Metoaom Taycca (mOCHiZOBHOrO BUKJIIOUYEHHA HEBiZIOMUX) PO3-
B’A3aTH OAHOPIAHY CHCTEMY PiBHAHB

x; +2x, +3x3 +4x, +5x; =0,
2x, +3x, +4x, +bx, + x; =0,
3x, +4x, +5x5 + x, +2x5 =0,
x, +3x, +5x, +12x, +9x, = 0,
4x, +5x, +6x3 —3x, +3x; =0
i sHafiTu ii GyHIaMeHTaIbHY CHCTEMY DO3B’A3KiB.
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Bunumemo posmmpeHy MAaTPHUII0 CHCTeMM (IPH IbOMY HYJLOBHUI
CTOBIIEIh MOJKHA He nucartn). Ilicaa saposymisux nmepersopers maTumMeMo

1 23 45 1 2 3 4 5
234 51 0 -1 -2 -3 -9
345 1 2|=>|0 -2 -4 -11 -13|=
135 12 9 o 1 2 8 4
4 56 -3 3 0 -3 -6 -19 -17
1 2 3 4 5 123 45
0 -1 -2 -3 -9 012 39
=0 0 0 -5 5[=|0 00 -1 1},
0 0 O 5 -5 000 00O
0 0 o0 -10 10 000 00O

TOOTO 3ajaHa cucTeMa pPiBHO3HauYHa TaKiif:
x; +2x, +3x, +4x, +5x, =0,
x, +2x; +3x, +9x, =0,
-x,+x; =0.
Tyt r = 3, i TPu HeBiJOMHUX MOXXHA BUDA3UTH Yepe3 OCTAHHI TaK:
X, = x,,

X, = ~2x;— 3x,— 9x,= —2x,— 12x,,

X, = —2x,- 3x,— 4x,— bx;= x,+ 15x,.

PyHAaMEHTANbHY CUCTEMY MOKHA OJepPIKATH, AKIIO BiIbHAM HeBifo-
MUM X,, X, HalaBaTH 3Ha4YeHHdA X, = 1, x,= 0 (Toxi x=1,x,=-2, x,=0)
ix,=0,x,=1 (Togxi x, =15, x,=-12, x,= 1). Lle nac dyagaMeHTaNBHY
cucTeMy pO3B’A3KiB:

e=01,-2,1,0,0), ¢,=(15,-12,0,1, 1).

3 BUKODHUCTaHHAM GYHAAMEHTAJbHOI CHCTEMHM 3aTajbHUIl PO3B’A30K
9aCTo 3amMUCYIOTh Y BUTIAAL JiHifHOI KoMmGinanii poss’saskis e, Ta e,,
T00TO

e =a;e; +0yey, =(0; +150,, —2a;-120,, 0, 0y ay).
1.44. 3naiiTn QyHIaMEHTAILHY CHCTEMY PO3B’A3KIB cHCTeMM JIHIHHIX

pPiBHAHL
2x, +3x, —Tx, +3x, =0,

2x, —8x,~3x, +5x, =0,
2x, +9x, —11x, + x, =0,

4x, +6x, —14x, + 6x, =0
Ta 3anucaTH il 3araJbHHUI PO3B’A30K.
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2 3 -7 3

> s _3 1 2 3 -7 3
2 9 -11 1 = 0O -6 4 2.
4 6 -14 6 0 6 -4 -2

(4-i p. = 2-i p. + 8-it p., 2-it p. — 1-it p., 3-#t p. — 1-# p.)

Tperiit pagok Bigxusemo. Cucrema 3BeJgach A0 crymniHyacroi 3
FOJOBHUMH HEBiJIOMUMH X,, X, i BLIBHUMH X4, X,:

{2.1:l +3x, =Tx; —3x,,
—6x, = —4x; —2x,.
. 2 1
3 0CTAaHHBOTO DIBHAHHA 3HAXOAUMO X, = — X3 + —~X,, 3 IepIIoro —
3 3
1 5 . .
X = '2‘(5953 -4x,) = Exa - 2x,. Binpuux HeBifomux asa. Tomy Gepemo
BU3HAYHUK APYTOro MOPALKY 3 ONMHUYHKMMY eJEeMEHTAMH TOJIOBHOI Aia-
1 0

rogaii i nyapoBEMH — T106igHOI: 0 1

5 2
Bisememo x,= 1, x,= 0. Toni x; = 3 x, =§- IlicraHeMO BEKTOD

5 2 L
e= (—2—, 3’ 1, 0). Jaxni BisbMemo x,= 0, x,= 1. Oep>RUMO BEKTOD
1 .
e,= (-2, 3 0, 1). BekTopu e, i e, € QyHIAMEHTAILHOI CHCTEMOIO
pO3B’ABKiB.
Temep 3arajJbHUI PO3B’A30K MOXKHA 3alMCATH y BUIJIAAL

5 2 1
e = 0,6 +0.8 = (E a, — 2a,, §a1 + 3% 0y, Og)e
Hapgatoun Koedinienram o, , o, GyAb-AKi (TOBiLIBHI) UMCIOBL 3HAUEHHH,
Oflep KyBaTHMEMO Pi3HOMAHITHI YacTHHHI pPO3B’ABKH.

1.45.
X, +x,-3%x,+x,+x;,=0,
X, — X+ %, +3x,—3x, =0,
x,—2x,+3x,+4x,-5x, =0,
X, - X, +2x,—x,=0,
%, +3x,—Tx, —x,+5x,=0.
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1 1 3 1 1 o 1 -2 -1 2
1 -1 1 3 -3 0O -1 2 1 -2
1 -2 4 -5 - 0 -2 4 2 -4 -
1 0 -1 2 -1 1 0 -1 2 -1
1 3 -7 -1 5 0 3 -6 -3 6
(Bix ycix papkiB BigimMemo 4-if p.)
1 0 -2 -1 2
- 0 1 -1 2 -1 ]

Hpyruit, Tperi#t Ta m’ATHI pARKY, AKi NpomopIiOHATBHI IepIoMy,
BuUKpecaumo. B oxep:xaniit Marpuni mepecraBHMO mepiimii i Apyruit
CTOBMIIi.

Paur marpumni gopisaioe 2.

TonoBni mesinowmi x, i x,. Bineni — x,, x,, x,. Cucrema Tenep mae
BUTJIAL

x, = 2x, +x, — 2x,,
X, = x5 —2x, +x;.
Haparoun BinbHEM HeBiJOMUM IIOCTiZOBHO 3HAYEHHS, piBHI enemeH-
TAM CTOBIIIiB BH3HAYHUKA

S O =
o = O

0
0
1

—t

# » %5=0; x,=0, x,=0, x,= 1), nicraremo:
Dx,=2,x,=1; 2)x,=1, x,=-2; 3)x,=-2,x,= 1 T0OTO BEKTOPU
c, —(1 2,,0,0),¢,=(-2,1,0,1,0), ¢, (1 -2, 0, 0, 1) cknagaoTs QyHAA-
MeHTaJIbHy CHCTEMY pO3B’A3KiB. 3aI‘aJII:.HPIH PO3B’A30K CHCTEMHM Temep
3aNHUIIETHCHA:

(x;=1,x,=0,x,=0; x,=0, x,=

C =00 +0yCy + 03¢5 = (0 — 205 + a3, 20, +ay, — 204, 0, O, o).

1.46. [3x, + x, —8x, +2x, +x, =0,
2x, —2x, —3x; —Tx, +2x, =0,
x, +11x, —12x; + 34x, —5x, = 0,
X, —5x, +2x3 —16x, +3x, = 0.
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Marpuusa xoedinieHTin

3 1} -8 2 1
2 -2 -3 -7 2
1 11 -12 34 -5
1 -5 2 -16 3

Mae paur r = 2 (nepesipTe).

1
#0.
2 -2

Toxi ckopoueHa cucTeMa MAaTHUMe BUIVISAJ
{3x1 +x, = 8x5 — 2x, — X,
2x, ~ 2x, = 3x; + Tx, — 2x;.
3Bifcu, NpUAHABINY X, = C,, X,= C,, X;= C3, 3HAXOAUMO

Bubepemo 3a 6asucHuit Mmisop M, =

19 3 1
X, = —8'—(,'1 +§CZ -Eca,
7 25 1
X, = gcl ——8—02 +-§C3.

3aranpHuil po3B’A30K CUCTEMU

19 3 1
gcl +2§ Cy —§C3
5 1
= -2y +=
e=| 81 T To%
41
Cy
C3
I3 3arajbHOrO pO3B’A3KY 3HAXOAUMO (QYHJAMEHTAJbHY CUCTEMY PO3-
B'A3KiB
19 3
8 8
7 _25
e, (1, 0, 0)= 513 , €(0,1, 0)= 08 , 30,0, 1)=
0 1
0 0

|
=] OMI»—*MIH
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3 BHKOPHUCTAHHAM DYHAAMEHTANbHOI CUCTEMH 3arajibHU pO3B’A30K
MOKHa 3allMCaTH Y BUIIAAL e = c,e, + c,e,t che,.

3adawi i enpasu dan camocmiiinoi pobomu

OGuuC/IATH PaHTH MaTPHIL 3 ZOLOMOTOIO €/IeMEHTADHUX TIePeTBOPEHb.

1.47. (3 5 7 148. (4 3 2 9
1 2 3 0211
1 3 5 0 0 3 3

149. (-1 3 3 -4 1.50. (24 19 36 72 -38
4 -7 -2 1 49 40 73 147 -80
-3 5 1 of 73 59 98 219 -118 |
-2 3 0 1 47 36 71 141 -72

O6uncnuTy paHTM MaTPUIL METOJOM OGpaMJIeHHH,

151. (9 -1 3 -2 4 1.52. (1 3 5 —1
4 -2 5 1 7| 2 -1 -3 4
2 -1 1 8 2 5 1 -1 17
7 7 9 1
153. (3 -1 3 2 5 1.54. 1 2 3 4
5 -3 2 3 4 2 3 4 5
1 -3 -5 0 -7 3456
7 -5 1 4 1 4 5 6 7

3HaiiTi GyHIaAMEHTANIBHY CHCTEMY PO3B’A3KIB i 3arabHUIl PO3B’A30K.

1.55. 3x; +2x, + x5 =0, 1.56. (x, + 2x, +4x, - 3x, =0,
2x, +5x, +3x; = 0, 3x, +5x, + 6x, ~4x, =0,
3x, +4x, +2x, =0, 4x, +5x, - 2x, +3x, =0,

3x, +8x, +24x, -19x, = 0.
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1.57. 2x, —4x, +5x; +3x, =0,
3x, — 6x, + 4x; +2x, =0,
dx, -8x, +17x; +11x, = 0.

1.58. (3x, +2x, + x5 +3x, + 5x; =0,
6x, +4x, +3x, +5x, +7x; =0,
9x, +6x, + 5x, +Tx, +9x;, =0,
3x, +2x, +4x, +8x; = 0.

1.59. (5x, +6x, — 2x, + Tx, +4x; =0,
2x, +3x, —x, +4x, +2x, =0,
Tx, +9x, —3x, +5x, + 6x; =0,
5x, +9x, - 3x, + x, + 6x; = 0.

1.60. (3x, +4x, +x, +2x, +8x, =0,
5x, +Tx, + x4 +3x, +4x; =0,
4x, +5x, + 2x, + x, +5x; =0,

Tx, +10x, + x; + 6x, + 5x, = 0.

§ 7. OcHosni onepauii 3 MATPHUAMH

¥ § 6 mupoKo 3aCcTOCOBYBaJNCH JiHiiiHi onepanii 3 pAAKaMu i cTOB-
nuaAMK pisHux maTpuus. IIpore B fedKUX NUTAHHAX JiHiMHOI anrebpu
HOBOAUTHCA PO3TJIAZATH Ollepanii 3 MATPUIAMH AK 3 €JUHUM 00’ €KTOM.

B ocHOBi BUBUEHHA omepaliil 3 MATPUIAMH JIEKNTH IOHATTA piBHOCTI
MaTpuilb. ByZieMO BUXOAMTH 3 TAKOI'O O3HAYEHHRA: 08i Mampuui o0Hiel i
miel camol po3mipHocmi HA3UBAIOMbCA Pi6HUMU, AKUW,0 pPi6HI 6cCi ix
8i0nosioHi enemenmu.

Orsxe, maTpuni A i B opniei i Tiel camoi poamipHocTi n X m piBHi Toai
i rinekm roni, ko A, =B,,i=1, 2, ...,n; k=1, 2, ..., m. IIpu npomy me
pa3 HAroJO0CHMO, II0 IMOPiBHIOBATH MOXKHA JMIle MaTpuui oxuiel i riel
camol poaMipHocTi.

Cymoro gsox matpuik A i B ogniei i Tiei camol posmipHocTi n X m
HasuBaerbeda matpunta C riel camol poamipHocTi Taka, 110

(€)= (A),, + (B),,. (24)
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Otoxe, Ipu HoxaBaHHI MaTpunb (JOAABATH MOXKHA TiNBKYM MATDHIL
onuiel i Tiei camoi poamipuocTi) Tpeba ckaazaTH Bei Ix BignoBixHi ese-
MEHTH.

OcKiJIbKM AOXaBaHHA MATPHIE 3BOJUTLCA [0 AOJABAHHA UMCEN —
eJleMeHTiB HUX MATpHUIb, OYEBHUAHO, MAE MiCIle KOMyTaTHBHA ¥ acolia-
THUBHA BJIACTUBIiCTH:

A+B=B+A;(A+B)y+C=A+ B +C(C). (25)

Hob6yTrom MaTpuii A Ha uncso A (a6o umcaa A Ha MaTpULIO A) HA3H-
BaeThbCA MaTpuila B Taka, 1o

(B),, = MA),, (26)

TOGTO IpU MHOXKeHHI marpuui Ha umcao (abo yMCIa Ha MAaTPMILIO) HO-
TPiGHO BCi eJleMeHTH MaTPHUILi MOMHOMUTH Ha Iie uncio. Haragaemo, 1o
NPHM MHOKEHHI Ha YMCJI0O BUSHAYHHUKA MATPHUIl JOCTATHRO OYJO IIOMHO-
JKUTH HAa Ile YHCJIO JIMIE eJeMeHTH OyAb-aKoro pagka (abo cTosmigs).

Jlerxo mepeBipuTH, 1110 IPY MHOXKEHHI MAaTPHIIi Ha YUCJIO Mae Micue
PO3MOAiNIbHA BJIACTUBICTH:

MA+ B)=2A +AB; (A+1n)A =14 +nA. 27

Busnauumo Tenep no6yTok apox marpuns. Hexait gano maTtpuiio A
poamiprOCTi n X m i maTpuio B posMmipHocTi m X p. '
Oznauvennn. JJo6ymrxom mampuyi A posmipnocmi n X m na mampuyio B
poamiprocmi m X p Hasusaemocs mampuys C posmiprocmi n X p makxa, uo
m
(€ = Y, (A)y(B)y, (28)
=1
iHaxIIe KaXcydu, JJI OXEPIKaHHS eJIEeMeHTa, 1110 3HAXOAUTELCA B i-MY PS-
Ky i B k-My cToBnui Marpuni fo6yTKY, NOTPiGHO OGYUCIUTH CyMy HOBYT-
KiB eJIeMeHTiB i-Iro psAKa MMepiioro MHOXKHNWKA i BiAmoBifHUX esreMeHTiB
k-ro cToOBHIA APYroro MHOXKHUKA. OTKe, JJIA TOTO 106 MOMKJIMBO GYyII0
CKJIACTH BKAa3aHy CyMy, norpibHa piBHicTH KiBKOCTI cTOBNIIB y mepuriit
MaTpuili (To6To KiJIBKOCTI eJleMeHTIB Y KOXHOMY PANKY) KiJIEKOCTI pAKiB
y Apyriit (To6To KiNBKOCTI eJleMEeHTIB y KOKHOMY CTOBMIL).
IIpuknag 1.

12 21
A=| 2 03} B= .
-1 2
-1 1

3HaiiTu A - B.
Marpuua A mae poamipaicts 3 X 2, marpuns B — 2 x 2; nobyTok icuye
— Ile MaTpunsg poamiprocTi 3 x 2.



Matpuui. BuaHaurnkn MaTpudy. CUCTEMUN PiBHAHL NEPLIOrO CTENEHS 59

') ) 1-2+2(-1) 1-1+2-2 0 5
2 0 ( | ]: 2.2+ 0(-1) 2.1+40-2 |=| 4 2|
-1 1]\ ~1-2+1(-1) (<1)-1+1-2 1

-3

Jo6yToK MaTpUIb He Ma€ IepecTaBHOI BiacTMBOCTi: A - B, Bzaraii
Ka)Xyul, He fopiBHioe B - A.

Ilo-nepiue, 3 TOro, 110 MOXKHa o6uyncauT A - B, 30BCiM He BUXOAUTD,
mo Mae cMuca B - A. Hanpukiaag, y TIABKH 110 POSTIASHYTOMY IDHKJIaAi
[epecTaHOBKA MHOXXHUKIB, TOGTO MHOKEHHS B Ha A HEMOXKJIMBe, OCKiNIbKYU
He MOXXHA MATPHUII0 PO3MipHOCTI 2 X 2 MOMHOMHTH Ha MaTPUIIO PO3-
mipricTio 8 X 2 — KiNbKicTh CTOBNIIB MepIIol MaTPUIli TYT He AOPiBHIOE
kinekicTi paakie apyroi. Ilpore HaBiTh AKu0 Ko0yTOK B - A icHye, TO
Hepigko AB # BA. PosrnianeMo Takuil IpUKJIAL.

Hexan A = 13 i B= 21.
-1 2 -1 0

Toxi AB = 1-2+3(-1) 1-1+3-0 _ -1 1;
-1.24+2(-1) -1-1+2-0 -4 -1
2.1 _ . .
BA = +1(-1) 2:-3+1-2 _ 1 8 .
-1-1+0(-1) -1-3+0-2 -1 -3
Omrxe, AB # BA.

Paszom 3 TuM MoOKHA moBecTH, IO
(A -B)C = A(B - (),
AB + C)=AB + AC
(sBuuaiino, 6eperscs A0 yBaru, 4y Bei Ii foOYTKY MalOTh CMUCJI).
BignoBigHo f0 Bu3HAUEHHS NOOYTKY MaTPHUIh 3aBXKAN MOYKJIUBO MHO-
JKEeHHA KBaJPAaTHUX MAaTPHIb OJHOTO NOPALKY, IPU IIbOMY AOOYTOK Oyne
MaTpPHIEI0 TOTO CAMOr'0 OPAAKY. 3a3HaUNMO 6e3 JOBeJeHHsA OJHY 3 BJa-
cTHUBOCTEH AOOYTKY KBafDATHHUX MATPHIb OJHOTO IOPAAKY: 6U3HAYHUK
dobymxy deox mampuyb 00H020 i M020 camozo nopadxy dopiénioe
0obymxy 6U3HAYHUKIE MAMPUYD, WO TLePEMHONCYIOMBCA.
Iy)xxe 4acTo ZOBOAUTHCA PO3MIALATH HOOYTOK MaTpuni posmipHocTi
n X m Ha MaTpUIl0 posamipHocTi m X 1, ToOTO Ha MATPHIIO 3 OJHUM
croBnnem. OueBHAHO, MU NMOBHHHI OJEp;KaTH B pe3yJbTaTi MaTPHIIO
poamipHocTi n X 1, ToOTO Tako¥ MATPHIIO 3 OZHUM croBuieM. Hexai,
HAIIPUKJIA], TOTPiOHO MIOMHOMXUTY MaTPHUILIO

(29)
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Gy Gy - Gy x
A= @1 Gz - Gom Ha MaTpHULIO X = x:2
Ay Gug oo Gy Xm

b,

b
¥ pesyabrari gicranemo marpumio B = :2 , eJIeMEeHTH AKOl obuuc-

JIIOIOTHCA 32 popMysIaMu

by = @y Xy + By Xy + it G, X, = D Ay %,

n
k=1

ITpore e o3Hauae, 1[0 CUCTEMY DiBHSHD IIEPIIIOTO NHOPAAKY, DOSTJIAHY-
Ty B § 5, MOXHa 3anucaTH B Ay:Ke 3pYUHili MaTpuuHi# dopmi: AX = B.

CyTTeBy poJIB B PiBHUX 3aCTOCYBAHHAX MATPHYHOI anre6pu Bigirpae
KBaJipaTHA MaTPUILA, Y AKOI Bci AiaroHasnbHi esjeMeHTH (TOGTO eJleMeHTH,
AKi 3HAXOAATHCA Ha I'OJIOBHIH miaroHasi) JopiBHIOIOTSH 1, a Bei iHmi ee-
MeHTH — HyJd0. Taka MaTpUIa Ha3UBAETLCHA OOUHUYLHOIO MAMPUYeN.
OueBHIHO, IO BUSHAYHUK OXUHUYHOI MATPUILL

b, = QX + Xy 4.0+ @, X, = D Q,%,.

1 0 0 .. O 1 0 0 ... 0
o1 0 ... 0 01 0 ... 0

detE=detf0 0 1 ... 0{={0 0 1 .. Ofl=1.
0 0 0 ... 0 0 0 O 1

XapakTepHi Taki BiaacTuBocTi oguHuMuHol Martpuni. Hexait sagana
KBajpaTHa MATPUILA A OPAAKY n i £ — oguHUYHA MATPHUILA TOTO CAMOTO
nopaakry. Toxi AE = EA = A.

0 Il#&

Hiiicro, (AE), =Y (A),(E),, anre (E), = {1 I
=1 = .
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Tomy B cymi Z(A),,(E)”. BigMinHi Bix Hyna Tineku Ti cKIANOBi, HiIH

akux [ = k. oT!;Eé, (AE), = (A),, i sBincu AE = A. Ananoriuso i nna
nobyTry EA.

Koumpoavni 3anumanns i 3aédanns

1. dAx BusHaualOThCA JiHiNHI omeparnii Haxm mMaTpuuAMHE Ta AKi ix
paacrusocti? HaBexiTs npuxaanu.

2. IIlo nasuBacThCA NOGYTKOM JBOX MATpHIL?

3. fki yMOBHM HaKJIaZAIOThCA HA PO3MIPHOCTI MAaTpHIlL IPH BixmoBiz-
HUX onepamisgx Hajg HUMH?

4. IlTo Take oguHNYHA MaTpUILA?

5. 5Iki BracTHBOCTI Ma€ onepaniss MHOXeHHS MATPHULL?

6. Un MoxxHA TEePEMHOXMKHUTH MATPUIIO 3 posmipamMu 2 X 3 Ha MaTpu-
III0 3 TAKUMM CAMHUMH poaMipamu?

Ilpuxnaadu pose’azyeannsa 3adau

1.61. 3naiiT; fo6yTOoK A-B Ta B-A ABOX MaTpHIbL:

1 -1 2

A=304, B=4213.
2 4 -3 -110 2
-2 5 0

Hobyrok A-B He icHye, 60 YMCJIO CTOBHIiB MaTpuIli A He JOPiBHIOE
Yucay pAankiB matpuni B.

Yucno croBmnuis MaTpuni B fopisHioe uncny paakis marpuni A. Otsxe,
icuye nob6yTok B-A:

1 -1 2
B-A=4213-304=
-110 2 2 4 -3
-2 5 0

4-1+2-3+41-2+43(-2) 4(-1)+2-0+1-4+3-5

[(—1)-1+1-3+0-2+2(—2) -D(-1)+1-0+0-4+2.5
4:-2+42-4+1(-3)+3.0) ( 6 15 13
(—1)2+1-4+0(—3)+2-0]_(—2 11 2]'
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1.62. 3uaiiTn matpunio 24 + 5B, aAxio

3 5 7 1 2 4
A=12 -1 0], B=| 2 3 -2/
4 3 2 -1 0 1
IIpoBezeMo nepeTBOPEHHS:
6 10 14 1 2 4
2A={4 -2 0|, B=| 2 3 -2},
8 6 4 -1 0 1
11 20 34
2A+5B=|14 13 -10]|.
3 6 9
3adaui i enpasu dan camocmiiinoi pobomu
1.63. 3naiitu 106yToK A-B i B-A fBOX MaTpHUIb.
10 23 3 21
Ao 21 0 3 , B 0 34 1
32 10 012 3
01 -1 2 101 -2
1.64. 3naiitn go6yrox MaTpuub A-B.
-3 2 -1 2
A=} 0 -1 3|, B=|4].
2 3 -1 3
1.65. 3uaiiTu 1o0yTKM Mmatpuub AB i BA, axkino
1 31 2 10
A=12 0 4}, B=|1 -1 2}.
1 2 3 3 21

1.66. 3uaiiTu 3HaueHHA MaTPUYHOro MuorousieHa 24%+ 3A + 5E npu

112

A=]1 8 1|, axmo E — oqUHWYHA MATPHUIA TPETHOTO OPAAKY.

411
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§ 8. OGepnena matpuus. Po3s’si3yBaHHA MATPHYHHMX PiBHAHD

IIpu posrasipi Aiff 3 MaTPUIAMHU He BBOZUTHLCA OIlepallid JiJieHHA.
OaHaK MOYKHa BBECTU NMMOHATTS, SKe A€ 3MOT'y JlaTH JesIKHH eKBiBaJIeHT
nii gii.

O3navennsn. Keadpamuna mampuys B na3ueaembvcsa obepHeHOI0
Keadpamuiit mampuuyi A, axuyo do6ymox A - B € o0unuunow mampuyero.

HoBenemo, 110 aas 6yAb-AKO0I KBaApPaTHOI MATPHIli A, BUBHAYHUK SKOL
BigMinuwii Big HyadA, icHye ofiHAa i TiIBKYM ofHa ofepHeHa MaTpHIlA, i HaBe-
gemo croci6 i1 obuuncieHHs.

Hexait 3ajaHO MaTpHUILIO

Ay Gy e Gy,
A< Ay, Qgy e Ay,
Ay, Gy ... Q,,
idetA=0.
IIpumyctumo, 1o
b, b, ... by,
B - 21 b22 b bZn
bnl bn2 see bnn
€ IIYKaHOI0 MaTpHUIelo i
1 . 0
0o 1 ... 0
E =
0o 0 .. 1

— OAWHHUYHOIO MAaTPHUIILIO TOIO CAMOIO IOPAAKY 7.

Bianosiano no ymosu AB = E, Tromy A/ BUSHAYEHHSA n? eJIeMeHTIB b,
MaTpuni B MaeMo n CHUCTE€M PiBHAHD NEPIIOTO CTENeHA, KOXKHA 3 AKUX
MicTHTH n PiBHAHB:

a;byy +aby, +. o+ ab, =1,

Qo by + 550y +...+ayb, =0,

a,b,+a, b, +...+a,b, =0;
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a; by +aby +..+a,b, =0,

Ay big + Apobyy +...+ay b, =1,

a,b, +a,by +...+a,,b, =0.
Taki cucreMn MalOTh OHY i Ty caMy OCHOBHY MATPHUIIO A.
3rigao 3 npunyieHaam det A # 0, TOMy KOKHA CHCTEMA Ma€E €MUHUI
PO3B’A30K, AKMUI MOoXkHaA o6uncauTu 3a hopmynamu Kpamepa. Ockinbku
B mpaBiifi yacTHMHi B KOXXKHi#t cucreMi TinbKM OZMH ejJeMeHT AOPiBHIOE
oauHUI{, a Bci iHmMi JOPiBHIOIOTH HYJIO, TO

Al 1 Al 2 Al n

bi=Geta’ " detar v UM T Gera’
b _ A b _ A b = Ao
127 detA’ 22 detA’ 7 " detA
. . . Aki .
ir. n.issaran b, = m ,i,k=1,2,...,n.
e

Orxe, maTpunga B, ofepHena MaTpuli A, siKa I03HAYAETHCA YacTime
CHUMBOJIOM A1, Mae BUIIAL

A, A, ... A,
A A,, ... A

B= A—l — _det_A 12 22 n2 . (30)
A, A, .. A,

Panimie 6yJsio 3aznaueHo, 1m0 AAs KoBinbHuX Matpuinib A i B A-B # B-A.
IIpore Moxxua moBecry, mo A 1A = A-A7L.

. -1 = -1 Z ‘A'l 1 <
Hiticxo, (4 - 4), = SA, (A = 3 R e = oS e
Opuak cyma nob6yTkiB enemeHTiB OyAb-AKOTO pAAKA MATPUIlL Ha aJ-

rebpaiuyHi JOITOBHEHH, Bi/IIOBiAHI eJleMeHTaM APYyroro pAjgKa, JOPiBHIOE
HyJ10, a cymMa JOOYTKiB esemMeHTiB OyAb-KOro psagKa MaTpHUIl Ha
Bigmosinui anreGpaiunHi AOMOBHEHHs €JIEMEHTIB TOTO CaMOro pAxka Jo-
PiBHIOE CAaMOMY BU3HAUHUKY.
TOMy (A—l . A)ik - {0’ l * k,
1, i=k

Orxe, A '/ A=E =AAL.

Ilonsarra “obepHeHa MaTpuiA” MOYHA BUKODPMCTOBYBATH IJS PO3-
B’A3aHHS MATPUYHUX PDiBHSHbB.

Hexaii 3agano pisaaaasg AX = B, ne A i B — 3ajganHi kBajgpaTHi maTpuni
MOpsiiKy n, a X — LUIyKada KBaJpaTHa MaTpPUIlA TOTO CaMOT0 MOPALKY.
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Hexait det A # 0. Toxi ob6umciioemo MaTpuiic A™' i IOMHOXKHMO JiBY i
IpaBy YaCTMHH 3aJaHOTO DiBHSHHA 3j1iBa Ha A1

A1 (AX)=A1B.
OckinbKu
ALAX)= (A1TA))X
(3riZHO 3 aCOLiaTHBHOIO BJACTHBICTIO MHOKEHHA MATPHILb), TO
A1AX)=EX =X
i gicramemo
X =A"1'B.

Ins obuncnenns MaTpuni A~l, obepHeHoi MaTpuiLi A, MOXKHA, 3BHYAail-
Ho, BuKopucTaTH dopmyau (30). IIpore, sK NpaBmIO, 3HAYHO BUTiAHIIIe
BHKOPHCTOBYBATH JJIfA I[bOTO METOJ IOBHOTO BUKJIOueHHA. Ile fouinbHO
me it ToMy, I{0 BCi 7 cMcTeM DiBHAHB, AKI CAYXKAaTh [ BUSHAYEHHHA
CTOBNLIB MaTpuLi A, BiapisuaoTHCA TUIBKK HpaBuMu YacTuHaMu. Tomy

Iporiec HepeTBOPEeHHs PO3IIMPEHUX MaTpPHIb IUX CHCTEM MOXKHa Ipo-
BOAMTH OfHOYACHO IJisl BCiX MaTPHIb.

§ 9. Moznenb 6araToramy3esoi eKOHOMiKH

V MaxpoeKOHOMIiIli BUHMKAE NUTaHH4, 0B’ A3aHe 3 €(DeKTHBHICTIO Be-
feHHsi GaraTorajyseBoro rocmojapcTsa: AxuUM Mae Gytu obear BupoO-
HUUTBA KOMKHOI 3 n ranysei, 106 3afg0BOJBHUTH BCi motpebu B IIpO-
xyxIii miei ranysi? Ilpu npoOMy KoKHa rajaysb BUCTYIA€E, 3 OAHOTO 6OKY,
K BUPOOHMK JeAKOl IPOAYKIlil, 3 iHIIOr0o — AK CHOXKMBAY MPOAYKIil i
¢Boe€l, i BUpo6JieHOI iHIIWMU Tajy3saMH.

Poarisanemo npoiiec BUPOGHULITBA 3a AeAKUH Nepiox uacy (HaupuKJIazg,
pix). BBezgemo Taki nmo3HayeHHsI:

x, — 3aranbHUH (BasOBUiL) o6CAT npoaykuii i-i ranysi (i =1, 2, .., n);

xij — obcAar mpoAyKIii i-i ranysi, 110 CHOKUBAETBCA B j-# ramaysi B
mpoueci supobuuuTea (i, j =1, 2, .., n);

y, — obcar Kinnesol mpoAyKuil i-i rajysi s HeBUPOOHUYOrO CIIOMKMU-
BaHH4.

Ockinpku BasoBHit 06car mpoayknii Oyab-sikol i-1 ramysi mopisHIOE
CyMapHOMY 06CATY TPOAYKIIii, [0 CIIOMKHUBAETHCA 1 TANY3AMH, i KiHIeBoi
npoxayxuii, To

=ixij+yi (i=1,2,...,n). (31)
=1

Pienannsg (31) sasuBacThCA cnigsidnouennam 6anancy. Posrasza-
THMeMO 8apmicHuil MiXczary3esuil 6aniaHC, KOJIH BCi BeJIMYUHH, AKi BXO-
IATb 10 piBHAHHMA (31), MaloTh BapTiCHEe BUPAXKeHHA.

3 Bacuabuernxo I. II.
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Beenemo roegiyiecnmu npamux sumpam

%y ( —
a,=— Uj=L12,...,n), (32)
X.
J
AKi Bifo6paskaloTs BUTpPaTH NPOAYKIii i-i ranysi ua BUPOGHUIITBO OfH-
HUII npoaykmii j-i ramysi.

MooxxHa BBaXKaTH, 10 Ha AESKOMY NIPOMINKKY yacy koeimieHTn a;
OyayTh CTAJIMMH i 3aJI€XKHUMH BiJ TeXHOJIOTi] BUDOGHMIITBA, 1110 CKJIaJja-
cda. Orxe, e BUBHAYae JiHIHHY 3ajeHiCTE MaTepiaJbHUX BUTpAT Bif
BaJIOBOT'O BUIIYCKY, TOGTO

X; =a,x; (i,j =12,..., n), (33)
BHACJIIZIOK YOro nobyaoBaHa Ha IIiiff OCHOBI MOAeJb MimKranysesoro 6a-
JIaHCy oJlep:KaJia Ha3By JIiHiiTHOI,

ITosnaunmo
x, a, a, .. a, Y
X = -":"2 A= Ay Gy ... Gy, y-= .'/:2 , (34)
X, a4y G, ... Q, Y,

Ae X — BEKTOp BaJOBOTO BUNYCKY; A — MaTpUIs OpAMUX BATpAT; ¥ —
BEKTOD KiHnesoro npoaykry. Toxi cucTeMy MOKHa 3aucaTH B MaTpuU-
HOMY BUIVIAAL

X=AX+Y. (35)

Ochosne 3asdannsa mixearysesozo 6arancy nonszae y sidwyranni
maxozo 6exmopa 6a106020 sunycky X, axuil npu eidomiii mampuui nps-
mux eumpam A 3abesneuye 3a0anuil 6exmop Kinye0z0 npodykmy Y.

ITeperrnmemo pieusanusa (35) y Buraani

(E-AX=Y. (36)
Axuto matpuns (E ~ A) HeBUPOAKeHa, TOHTO |E - A| #£0, 1o
X=(E-A)'Y. (37)

Marpuns S = (E — A)™! Ha3UBAETLCA MATPHUIIEIO TOBHUX BUTPAT, KOX-
HUHA eJIeMeHT Sij AKOI € BeJUYMHOI BAJIOBOTO BUIIYCKY nponykmii i-i
ranysi, Heo6xigHOro ast 3abe3neuenHs BUIIYCKY OJMHUIII KiHIEBOTO MpPo-
AYKTY j-1 ramysi y,=1(G=12,..,n).

Bignosigno xo exkoHoMiuHOro 3MicTy 3aBIaHHA 3HAUEHHS X, MaloTh
O6yTH HeBiZ’eMHMMU IIDH HeBif’€MHMX 3HAYEHHIX y,20ra a,20,pei,j=
=1,2...,n.
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Marpuns A > 0 HasuBaeTHCA NPOAYKTUBHOIO, AKIIO AJA 6y aBL-AKOTO
BexkTopa Y > 0 icaye poas’asok X > 0 pisaanns (32). ¥ uboMy BUIAAKY i
MOjeJIb Ha3WBAOTh MIPOAYKTHBHOIO.

Icuye Kinpka KpuTepiis mpoayKTHBHOCTI MAaTPHIi A. OAMH 3 HUX MONATAE
y TOMY, ILI0 MATPUIIS IPOAYKTUBHA, AKIIO @, > 0 pna 6yap-axnx i, j=1, 2, .., n,

i MaKCHMyM CyM esJieMeHTiB ii cTOBINiB He I1epeBrUINye OI{HHHIIL
n

max Zai. <1,
j=1,2...,n im1 d

npuyoMy xoua 6 AJA OAHOTO 3i CTOBMIIB CyMa eJIeMEeHTiB CTPOTO MEeHIIe

ONMHMILI: n
Ya,;<1.
i=1

Koumpoaoni 3anumanns i 3a60anns

1. HaitTe o3HaueHHsA oGepHEHOI MATDUILi.

2. Ik MOKHA BifimykaTu o6epHEHY MATPHUIIO?

3. sIki icuyoTs crocofu 3HaxomKeHHS oGepHeHOI MaTpUIi?

4. BamumiTeh cucTeMy JiHIHHNX DiBHAHB Y MATPUYHOMY BUTIIAAL.

5. HaBeniTh OpHKJIaAM 3aCTOCYBaHHsS oOGepHeHOI MaTpPHIL.

6. Ik posB’a3yeTLCA cucTeMa JiHIHMX DiBHAHL Y MATPUYHOMY BH-
rIAnl 3 BUKOpUCTAaHHAM obepHenoi Marpumi?

Ipuxaadu po3se’azyeannn 3ada4

1.67. Merogom Taycca poss’ssaTu y BHOajKy cyMicHoOCTi cucremy
JiHiAHUX PIBHAHD

X+ X, — X3 +x, =2,
L~ 2%, + x5 - x, = -3,
2x, +x,+2x, =5,

L= 2%, x5 +x, =1,

VkasaTy BLIbHI 3MiHHi, GasucHi 3MiHHi Ta 6as3ucHUH PO3B’A30K, AKUIM IM
pinmoBinae. IlepesipuTu ueil posB’A30K MiJCTAHOBKOIO.

PospaxyHKH 3a MM METOJOM IIPEACTABUMO y BHUIJISAAL Tabauni 1, no
AKOI 3aHOCKMO PO3LINPEHY MATPUIIO CUCTEMH.

Ha xosxnuift irepauii Bu6upanoTs roJOBHHRI PAJOK Ta TOJOBHUME CTOB-
HUMK, HA ePeTHHI AKNX 3HAXOAUTHCHA I'OJIOBHUIA €JeMEHT.

3a roJIOBHMI eJIeMeHT AJIS CHpOINeHHA ofuuciaeHb 3py4YHO BUbUpaTu
eJeMeHT piBHUIX 1, Ta 3a TOJIOBHHI CTOBIYMK BUOMDPATH CTOBIYHK, AKNHA
MicTuTL sKOoMora Ginblre HyJiB.
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Ilepma irepanis. Bubupaemo rpetiii roJoBHMI CTOBOUUK i aApyrui
rosioBuui panok. Ha ix neperusi cToiTs rosloBHUH eleMeHT a,,, AKUH MU
BUILTHMO PaMKoo. Tyt i Hagani gyepes a,, MO3HAYNMO eJIeMeHT, AKUKN
CTOITh Ha MEPeTHHI PAAKA 3 HOMEPOM ¢ i CTOBIYMKA 3 HOMEpOM p.

Hasi mepepaxoByeMo eJleMEHTH TOJIOBHOTO PALKA 3a GOPMYJIOI

, a

k
@, = 2, (38)
aQP
rek=0,1,2, ..., n; ¢ — HOMep rOJIOBHOTO PAAKA; P — HOMeD roJIOBHOTO

CTOBNYMKA; @', — eJIeMeHTH HOBOi MaTpHLi, fKa BiAmosigae mepumiit
irepamii.

Tab6auysa 1
Nt irepanit X1 X4 air
0 1 1 2
1 -1 -3
2 2 5
5 1 1 1
1 2 0 0 -1
1 1 -1 -3
2 0 2 5
4 0 4
2 4 0 0 4
5 0 1 3 7
2 1 0 2 5
4 0 0 2 4
3 2 0 0 1 2
-1 0 1 0 1
-2 1 0 0 1
0 0 0 0 0
3 2 0 0 1 2
-1 0 1 0 1
-2 1 0 0 1

OckinbKM KIS RaHOTO TPHUKJIAZy a,= a, =1, To arixno 3 dopmyJoio
(38) Bci enemenTH ro0BHOrO psAAKa MOTPibHO MoAinUTH Ha 1, a orxe,
nepenucaru 6e3 sminu.

EneMenTtu inmux psaakis o6unconThea 3a GopMyI00

’
aik = a’zk - aip’
a‘IP
abo
a,th=aik_a’qk a, (39)
Rei=1,2,...,n;k=0,1, 2, ..., n; ¢ — HOMep TrOJIOBHOTr0 PAAKA (g =2);

P — HOMep roJIOBHOTO CTOBIUMKa (p = 3).
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OckinbkH a,,= 0, TO TpeTiil PAROK arizno 3 popmyaoro (39) mepern-
mierbes 6e3 aMinn. [Jd eleMeHTiB mepIoro paaxka MacMo

’

a,,=a,~ a'ya,; = 1-1(-1)=2;
@'y, = a,,~ @y, = 1= (-2)(-1)=-1;
a'3= Gy~ @08, = 05
' 1= (-1)(-1)=0;
2- (-3)(-1)= -1.

@', = 0~ @yl
@)= 30~ @ pldyy

ENeMeHTY 4eTBePTOro PAAKA 0GUHCIIOOTs aHaNoriuko: ¢, = 4, a’;,= 0,
a,=0,a,=2, a,=4.

Tlicast nux o6YMCAeHb IOJIOBHUH CTOBIIYMK MA€E I€PETBOPUTUCH B OXH-
HUYHHAH.

3ayBaXKuMO, 0 HA HACTYIHUX iTepaniax Hi IpyTuill pANOK, Hi TpeTil
CTOBIIUKK B)Ke He MOXYThb 6yTH BHOpAHUMM 3a rOJIOBHI.

Jipyra itTepania. 3a rojoBauii BUGHPAEMO eJleMeHT a’y,= 1 (romoBHMH
PANOK — TpeTiii, FOJIOBHUI CTOBITYUK — APYTHif). TIposoamMo O6YMCIEHHA,
aHaJjoriuni nepmiii iTepamii.

Tpetsa iTepauia. a”,,= 2 — roJOBHUI eJeMeHT.

Ha Tperiii iTepanii BAHUK HYJILOBUR DANOK, KU MOXKHA BIAKUHYTHU
(xpok 3').

Micas ocTanHBOi iTepamii KoaeH pAnOK He Moke GyTu BUOpaHUH 3a
TOJIOBHMIL, OTKe, PO3PAXYHKH 3aKiHUeHO.

Yepes Te 1m0 MU OTPHMMAIM TPH JNiHIAHO HE3ANEKHUX OANHUYHUX
CTOBIYMKH IIPY YOTHPHOX 3MiHHHX, TO JaHA CHCTEMa DiBHAHb HEBH3HA-
yena. 3miHHI, gki BiAnoBigawoTs JiHIHHO HE3AJNEKHUM OJUHUIHUM CTO-
BOUAKAM, MOXYTh 6yTH BubpaHni 3a Gasuchi. [ HAUIOro NPUKIARY X,
x5, ¥, — GasucHi aMinHi. Yci inmi (To6ro x,) — BiJgbHI.

OcKiJIbKH OCTaHHA TaObJaUIA BifnoBigae cucreMi

[

2%, + x4 = 2,

—x,+x3 =1,

-2x, +x, =1,
T0 3arajbHHUI PO3B’SIB0K BUXiAHOL cucTeMu Ma€ BUrAn (6a3ucHi 3MiHHI
BHPaXKalOThCA uepes BiIbHi)

x, =1+ 2x,,

x, =1+x,

x, =2-2x,.

IIpupiBEaBmM Bei BinbHI aminHi g0 Hyas (Tobro X, = 0), sHaiigemo
fasucHUHA posp’Asok: x, =0, x,= 1, x,=1, x,= 2.
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ITepeBipumo 1eit PO3B’A30K MiACTAHOBKOI Y BUXIAHY CHCTEMY:
0+1-1+2=2,
0-2-1+1-2=-3,
2-0+1+2-2=5,
5.0-2-1+1+2=1.

Otoxe, i 3BHAYEHHS € PO3B’ A3KOM.

1.68. Ina BupoGHUITBA NPOAYKIIi CTBOpEHO TP ipMu, KOoXKHA 3
AKUX BUIYCKa€ OAMH BHUJA npoayknii. B rabauni 2 sagano:

— KoeimieHTH npsAMux BUTPAT a,, To0TO KiJNbKiCTL OAMHMIL TIPO-
AyKuii i-i GipMu, AKa BUKOPUCTOBYETHCA SK HPOMIMKHUIL IPOAVKT IadA
BUIIYCKY OOAMHUIL npoaykiii k-1 dipmu;

— KIIbKiCTh OAMHUIS Yy, TpoAYKLii i-i dhipMu, podpaxoBaHuX Ha peai-
saniro (KiHIEBUH NPOAYKT).

Busuauuru:

a) Koe(inienT mopHMX BUTpAT;

0) BasoBuit BUNycK (IU1aH) AJs KoxxHOI dipmu;

B) Koe(dimieHTH HeNpPAMUX BUTDAT.

Tabruys 2
A IIpami BuTpatn a;, Kinnesuii npoayxr
Dipvn Iepma Jlpyra Tpers Yi
Tlepiua 0,1 0,2 0 10
Hpyra 0,1 0 0,2 30
Tpera 0 0,2 0 20
=2
Hexa#t X =|x, | — Bupo6Huua mporpama bipm, xe X, — BaJOBHH
x3
BHIYCK NMPOAYKIii i-i pipmu (i=1, 2, 3).
W
Ilosnauumo uepes Y =|y, | nman Bunycky TOBAPHOI NPOAYKINiT

Y3

(pospaxoBanoi Ha peanisaniro). Marpumnio KoediniesTis NIPAMUX BHUTPAT
no3HaunMo yepes A=|| a, . BexTop Y Ta marpuio A 3anano B Tabaumi 2.

3rifHo 3 ymMoBoIo 3anaui i-ta dipma Biggae piBHO a,x,+ a,x,+ a,x,
ONMHHIL NPOAYKIUIiI Ha BHYTpimHI norpe6u dhipm. Toxi Bupobuuyi 38’ A3KU
¢bipM MOXHA MpeNCTABUTH 3a AOTIOMOTOI0 CHCTEMH TPHOX piBHAHB: X, =
=yta,xta,x,tayx,i=1,2,3.

Inuumy cnoBaMu, BaJoOBUit BUIYCK NPOAYKILT X, CKJIaIAEThCA 3 BUTYC-
Ky TOBAapHOI NPOAYKUIi ¥, Ta BUITYCKY HPOAYKLii 115 BHYTpiIHiX mOTpe6.
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¥ marpuuni# opMi 110 piBHiCTE MOMKHA II€peNnucaTH:
Y+AX =X, abo X -AX =Y.

Ao E — ofvHUYHA MATPUILA TPETHOTO MOPSAAKY, TO OCTAHHE PIBHIHHS
nepennmeTLca y Buraani (E - A)X =Y.

Horo po3s’s30K y Mananm ¢opMi Mae BUIIALA

= (E - A)'Y, (40)

ae (E — A)' — obeprena Ma'rpuuﬂ

a) EnemenTtn matpuui (E ~ A)™ € Hi mo inme, Ak mykaHi KoedinieHTH
noBHUX BuTpar. Ilogaauumo S = E — A, TobT0

100 o1 02 O 0,9 -0,2 0
§S={0 1 0{-|01 O 02|{={-01 1 -02]|.
0 01 002 O 0 -02 1

Buaiinemo marpuiio S merogom I'aycca.

Po3paxyHKU IIPeJICTABUMO y BUTJIsAAL Tabnuni 3, B niBi yactuHi AKO1
3amMILEeMO BHXiZHY MaTpULIO S, cupasa — Marpunmo E.

BinnoBizni mepeTBOpeHHs PSAAKiB TaGMHUIL IPOBOAUMO TAK CAMO, AK i
IIpM PO3B’A3KY CHCTEMH PiBHAHB (AuB. Tabx.1), HaMaral4ucr OTPUMATHI
onuHUuHi cToBmuMKH (iTepaunii 1—3). fAxmo BuxigHa MaTpuus HeBH-
poKeHa, To IicJIs IPoBeAeHHd 1 irepamnisi (n — HOpALOK cucTeMu) gicra-
HEeMO 1 ONIMHWYHUX CTOBIUYMKiB. SIKIIo BUXifHA MaTPHUIlA BUPOAYKEHA, TO
micns sikoick iTepartii B JiBi#t yacTuHi TaGaNNi 3’ ABUTHCA HYJIBOBHUH pPsi-
nox. Ile 6yzme cBiguuTu mpo Te, U0 0GepHeHOI MaTpUili He iCHYyE.

Jlis HAMIOTO NPUKJIANY MU OTPHMANM TPH ONMHWYHUX CTOBIIYMKH.
Ha ocrannboMy Kpoli (3') IepecTaHOBKOKI PAJKIB yTBOPIOEMO B JiBil
yacTuHi Tabnauni ofuHUUHy Marpumio. Toal B mpasiil wacTuHi Tabauii
Gyne sanucaHa obepHeHa MaTPUIA.

Ta6auys 3
Ne iTepanii Marpunsa S Martpuus E
0 0,9 -0,2 0 1 0 0
-0,1 1 -0,2 0 1 0
0 g 0 0 1
1 0 1 0 0
=01 0 0 1 0,2
0 1 0 0 1
2 0 0 1 9 1,8
1 0 0 -10 -2
0 1 0 0 1
3 0 1 0 0,12 1,07 0,21
1 0 0 1,15 0,27 0,02
0 0 1 0,02 0,21 1,04
3 1 0 0 1,15 0,27 0,02
0 1 0 0,12 1,07 0,21
0 0 1 0,02 0,21 1,04
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OT:xe, MmaTpuns KoedillieHTIB HOBHUX BUTPAT Ma€ TAKMH BHIVIAL:

1,15 0,27 0,02
S1'=[012 1,07 0,211
0,02 0,21 1,04
Hanpuknan, a4 BUNYyCKY OXUHMIY TPOXYKIIT mepiit, Apyriii Ta Tperiit
¢ipmamM morpi6HO BMTpaTHTH Bigmosiguo 1,15; 0,27 Ta 0,02 oauHUUL
npoaykuii nepmoi dipmu.

6) ina BU3HAYEHHA BAJOBOrO BUIYCKY NPOAYKIii BHKODPHCTOBYEMO
piBHicTh (40)

1,15 0,27 0,02) (10 20
X=(E-A)"1={012 1,07 021 {30 |=|375]|
0,02 0,21 1,04 | {20 27,3
Orxe, x, = 20, x,= 37,5, x,= 27,8.
B) KoedinienTn HenpaMUX BUTpAT 3HaiifeMO AK DISHHMIIO MiX NOB-
HUMM BUTparaMy S™! Ta npaMuMu BUTpaTamu A, a6o B MaTpuuniit hopmi
1,05 0,07 0,02
S*'-A={0,02 1,07 0,01
0,02 0,01 1,04

1.69. 3naiiTi MaTpunio, obepHeny MaTpHIi

1 2 -1
A=[|0 -1 11
2 0 -1
PosranseMo maTpumio
1 2 -111 0 O
B'=|0 -1 1|0 1 0]
2 0 -1/0 0 1
Ilepmii Tpm croBmui niei marpuni — croBmui zagamnoi MATpHIIL A,

HaCTYNHi TPu cTOBMIi, BiAKiNeH] pucKolo, AKi CKIANAIOTH PA3OM OAUHUY-
HY MaTpHIIO, — CTOBIII BiJIbHIX YJIEHIB JJIS CHCTEM PiBHSIHD, III0 BU3HA-
YalOTh eJIeMeHTH o6epHeHOI MaTpuili.
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IlpoeoauMo 3BMuaiiHi omepailii METOAOM NMOBHOIO BHKJIIOUEHHS:

12 -1/1 00 i 2 -1 1 00

B |01 -1/0 -1 0]e|0 1 -1] 0 -1 0|
2 0 -1]0 o0 1| o -4 1|-2 o1
10 1] 1 20} (10 1|1 2 o0

olo 1 -1] 0 -1 0le|0 1 -1]0 -1 0|e
00 -3|-2 -4 1] oo 1/2 4 _1
3 3 3
12 1
100[33 3
olo 102 1 1)
00153 3
33 3

Marpung, BiloKkpeMJIeHa PUCKOIO, 1 € IIyKaHa, OCKLIBKA KOMKHHUM i1
CTOBIENb € PO3B’A3KOM BifIIOBifHOI cHCcTEMH DiBHAHB, TOGTO

1 2 1
33 3 12 1

A“:%%—%=%21—1.
2 4 1 24 -1
33 3

1.70. 3uaiiTu marpuio, obepHeHY MaTPHUILi
1 13\2
1 2
3 0f
2 5

DN = DN =
N DN =

Poarnsaemo MaTpuno
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11121000 1 1 1 21 0 0 O
. 21120100 0 -1 -1 -2|-2 10 0
B = = =
1 23 0/(0010 0 1 2 -2(-1 010
2 2 2 5[0 001 o 0 o0 11-2 0 0 1
111 2] 1 000 1 00 0-1 00
011 2] 2 -1 0 0 011 2 2 -1 00
(== (=1 (=4
012 -2(-1 010 0 01 -4|-3 10
0 0O 1/{-2 0 0 1 0 0O 1(-2 01
1 00 0j-1 1 00 1 0 0 Oof -1 1 0 0
010 6 5 -2 -1 0 0100} 17 -2 -1 -6
& = .
0 01 -4{-3 1 10 0 01 0-11 1 1 4
0 0 O 1{-2 0 0 1 0 001 -2 0 O 1

-2 0 O 1

A pyruit cnoci6 3Eaxonxenna o6epaenoi marpuui
1.71. 3naiitu obepHeHy A™! MaTPUIIO 0 MATPHI.

2 5 7
A=|6 3 4|
5 -2 -3
O6unciaumMo BUSHAYHUK MaTpUIli A:
2 5 7 1 0 o0 5 4
detA=|6 3 4 = 6 3 4—’ 9 3’:—1.
5 -2 -3 5 -2 -3 "% 7

(1-#t p. + (3-#t p. ~ 2-i p.))

Marpuns A HeocobnmBa, ockinbky det A = -1 = 0.
O6uncaumo anrebpaidni JOMOBHEHHS eJeMEHTIB LLOTO BU3HAYHHKA.

3 -2 6 4 6 3

=-27;
4 -3 5 -3 5 -2

=38; A,;=

All = =-1; Alg =
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5 7 2 7 2 5
= — =1; = =-41; A - = 29;
A21 _ 2 _ 3 A‘ZZ 5 _ 3‘ 23 ‘5 _ 2‘
5 T 2 7 2 5
A, = =-1; A = = 34; = =-24.
31 3 4 32 {6 4 A’33 6 3‘
3rigno 3 popmysaoio (30) sanucyemo
1 -1 1
Al=1-38 41 -34 |
27 -29 24
1.72. 3uaiiTi MaTpUI0, O0EPHEHY A0 JaHOI
1 0 2
A=[-1 1 2|
01 -1
Banumemo obepHeHY MATPHUILIO Y BULIALL
o B n
Al = a, B2 s |
a; By Vs
3rifHO 3 TPaBUJIOM MHOXXEHHS MATPULb AiCTaAHEMO _
1 0 2 a B n a, +2a, B, + 2B,
-1 1 2 [la, By ve [=|-oy+ay+2a5 —Py +P; +2B; -
0 1 -1)lag B3 7 Uy — Qg B, —Bs
Y. + 2y, 100
“Y, +Y, +2y; |={0 1 0.
Y2 =73 0 01
Ilns 3HAXOJKEHHs eJIeMeHTiB MaTpuni A™! 3anuiieMo CUCTeMHU
a, +2a, =1, B, +2B; =0,
—a, +0, +20; =0, By +By +2B; =1,

ay — oy =0, By —Bs =0,
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Y1 +2y5 =0,
Y +Y,+2y; =0,
Y2 =7 = 1.
Po3r’asku nux cucrem i gamTh HaMm eneMeHTH obepHeHOl MaTpumi:
3 2 2
5 5 5
,4‘l = .1.. _].'_ é. .
5 5 5
111
5 5 5
1.73. 3naittn MmaTpumio X 3 piBHAHHA
1 0 2 3 -1 5
-11 2| X=(2 2 3|
01 -1 4 1 2

IloMmHOMUMO 06HAB] YacTHHM DiBHAHHA 3 JiBOrO OoKy Ha MaTpuuio,
obepHeHY A0 MaTpUIi

10 2
A={-11 2|
01 -1
. 3 -2 2
3rigHo 3 nomepeanim nmpukmagom A7 =E 1 1 4.
1 1 -1

¥V niBi#t yacTuHi piBHAHHSA 3a acOIiaTMBHMM 3aKOHOM MAaEMO
AlAX)=(A14)X = EX = X.

¥ npasiii vacTuni

13 13

3 -2 2)Y(38 -1 5 5 5
l114-2 23=£1 1E=X.

"l 1 -1lle 12 51 56

5 3

3ayBaxeHHsa. OCKIIbKY MHOYXXEHHS MATPHIIb HEKOMYTAaTUBHE —
A-B # B-A, To B 3afjauax TaKOro THIY MOTPiGHO YBA’XHO BH3HAYATH, 3
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AKOro GOKY CHif MHOMUTH OOGHABI uacTHHM DiBHSHHSA Ha MaTPHIO,

ofepHeHy [0 ofHiel 3 JaHUX.
1.74. Poss’a3atu cucteMy piBHAHb
3x, +2x, + x5 = 5,
2x, — X, + x5 = 6,

x, +5x, = -3,

IPeNCTABMBINH i Yy BUTJISAL MATPUYHOrO DiBHAHHA.

ITepenumemo cucreMmy y Buraagi AX = B, ne

3 2 1 x,
A=|2 -1 1| X=|x,{, B
1 5 0 Xy

5
=| 6
-3

Po3B’5130K MaTpUYHOro piBHAHEA Mae Buraag X = A™'B. 3naiinemo A7,

Maemo
3 21 21 3 1
detA=12 -1 1=1| 1 1|—5‘2 1‘=
1 50
Ob6uucanmo anre6paiuse AONOBHEHHS €JIeMEHTIB IIbOro BU3HAYHHMKA.
-1 1 2 1
A= 5 OI ==5 Ap= oo =L Ay
2 1 3 1
P I o
2 1 3 1
Ay = 11 =3 A= _lz ll =-1, A
Bignosiguo no ¢opmyan (30)
-5 5 38

3-5=-2=20.

2 -

= 1 =11;
1 5|
3 2

- l= -13;
1 5
3 2

= =-7.
2 -1

at=-Y 1 o1 a1,

11 -13 -7
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Orxe,

-5 5 3 5 -25+30-9 -4
X=A‘1~B=—l 1 -1 -1||¢6 =—l 5-6+3 =—l 2 |
11 -13 -7 (-3 55-78+21 2 -2
2
X=|-1]|, To6TO X, = 2, x,=-1,x,=1,
1

3adaui i enpasu dan camocmiiinoi pobomu

3uaiiTn obGepHeHi maTpuii.

1.75. (2 5 7 1.76. (3 -4 5
6 3 4. 2 -3 14
5 -2 -3 3 -5 -1
1.77. (1 1 1 1 1.78. (2 7 3
1 1 -1 -1 3 9 4|
1 -1 0 of 15 3
0O 0 1 -1
1.79. (11 2 2 180. (3 3 -4 -
2 1 -2 0 6 1
2 -2 1 5 4 2
2 3 3 2

Poasp’aszaru marpuuni pisHagnsa.

1.81. (1 2\ (3 5 1.82. (3 -2) (-1 2
3 4/ |5 9f 5 —-4) (-5 6]/

1.83. (1 2 -3 1 -3 0
3 2 -4X=|10 2 7|
2 -1 0 10 7 8

>

1.84. 5 3 1 -8 3 0
X 1 -3 -2i=(-5 9 0|
-5 2 1 -2 15 0
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Po3s’s3aTH CHCTEMH, IePeTBOPUBINY iX y MaTpuyHi PiBHAHHSA.

1.85. (2x, +3x, +2x, =9, 1.86. (x, —x,+x, =6,
x, +2x, —3x5 = 14, 2x, +x, +x3 =3,
3x, +4x, + x; = 16, X +x, +2x; =5,

1.87. inst BUPOGHHUITBA IIPOMUCIIOBOL IPOAYKILil CTBOPEHO TP dipmu,
KOKHA 3 AKUX BUIIyCKae ofuH Bug npofykuii. B rabnuni sagaso:

— KoedinieHTH OPAMMX BUTDAT @,, TOOTO KiNBKiCTH OAMHHIDL IIPO-
aykuii i-1 pipmMu, AKa BUKOPUCTOBYETHCH AK NMpOMiKHUI NPOAYKT AJA
BUNYCKY OAMHHIL npoAykuii k-1 dipmu;

— KigpkicTh ofuHHLSG Yy, DpoAyKHii ¢ipmMu, pospaxoBaHUX Ha peaJi-
aaniio (KiHueBHui IPOAYKT).

Busnauuru:

a) xoe¢inieHT NTOBHUX BUTPAT;

6) BajoBUil BUIYCK (ILJ1aH) AJA KOMHOL ipmu;

B) KoeginieHTH HENIPAMHX BHTPAT.

Tabauysa
. . Ipami BuTpaTH a;) Kimnesnit
BapianT Dipmn Mopma Tipyra Tpera OPOAYKT Y;

Ilepina 0,1 0 0,1 30

1 HOpyra 0,3 0 0,1 40
Tpers 0,1 0,2 0 50
TMepa 0,2 0,1 0 50

2 Hpyra 0 0,3 0,1 60
Tpers 0,2 0,1 0 20
Tlepma 0 0,2 0,2 40

3 Ilpyra 0,3 0,1 Y 50
Tpers 0,1 0,2 0,1 60
Hepma 0,1 0,2 0 100

4 HOpyra 0,2 0,1 0,3 120
Tpers 0 0,1 0 110
Ilepma 0 0,1 0,3 70

5 Ipyra 0,1 0,1 0 100
Tperts 0 0,2 0,2 120
Ilepma 0,2 0,1 0 180

6 Ipyra 0,2 0 0,1 200
Tpers 0,1 0,1 0 210
Ilepura 0 0,3 0,1 30

7 HOpyra 0,3 0,2 0,1 60
Tpers 0,1 0,2 0 100
Iepiua 0,2 0,1 0,1 400

8 HOpyra 0,2 0,1 0 300
Tpetsa 0,1 0,1 0 200
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Bionoeidi do 2aaeu 1

1.8.18. 1.9. 425 1.10. 0. 1.11. 0. 1.12. 900. 1.13. 1. 1.14. 160. 1.15.

n(n-1)

-98. 1.16. (-1)*~15". 1.17. n!. 1.18. (-1) 2 . x(x - 1)(x — 2)..(x —n).

1.19. -264.1.27. x, = 16, x,= 7. 1.28. x, = 3, x,= 2. 1.29. x, = 2, x,= -1,
x%,=1.130.x,=3,x,= 1, x,=-1. 1.3L. x,= 1, x,= -1, x,= 2, x,= -2.

1.32. x,= 2, x,=x;= x,= 0. 1.38. x, = 2, x,= -2, x,= 1, x,= -1.

53 20 5 5 5 2 1
1-34. x1=a4"ﬁa5+?, x2=—§u4+ga5-—§’ x3=§0’5_§’
Xy =049 X5 =055 O, 0, — HOBiNbHI uncaa. 1.35. Hecymicua. 1.36. x, =3,
5-8a, —a
x2= 11 x3= "4, x4= -1. 1.37. xl =04, x2 =*—'ﬁ——2-, x3 =0,,

5a, -1
x, =—“21——. 1.38. Hecymicua. 1.47. r = 2. 1.48. r = 3. 1.49. r = 2.

1.50.r=38.151.r=2,1.52. r=3. 1.53. r = 3. 1.54. r = 2. 1.55. Cucrema
Mae TiIBKY TPUBianbHUI po3B’asok. 1.56. c,e, + c,e, e,=(8,-6,1,0),
5 7
e,=(-7,5,0,1). 1.57. c,e, + c,e,, e, = (1,0, e E) ,e,=(0,1,5,-7).
9 3 31
1.58.ce, + c,e,+ cie,,=(1,0,0, -, —) ,¢,= (0,1,0,~—, 2), ¢,= (0, 0,
1 4 472 2 2
1 2
1,-2,1). 1.59.ce, + c.e,, e, = (0, 3’ 1,0,0),e,= (0, - 3’ 0,0,1). 1.60.c.e, +
+c,e,e,=(-3,2,1,0,0),e,=(-5,3,0,0,1).

1.63. 9 4 8 0 10 4 7 15
a=|® 7 9 8| g, 1812 311
9 13 13 5 8 8 -1 9
2 2 4 -6 4 0 5 -1
1.64. (—-1) 1.65. 8 0 7 4 6 6
5|. AB=[16 10 4| BA=|1 7 3
13 13 5 7 8 11 14
28 15 16
1.66. 242+ 34 + 5BE = |19 36 15|
30 19 28
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1.77.

1.80.

1.83.

1
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-3

3
41
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-1
41
-29
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30
43
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1

24
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12
-5
-69
99

1.84.

1.76.

1.78.

-19

8
111

-159

-8 29
-5 18
1 -3
7

; 2
2 -1
2 1

1.81. (-

1 2 3
4 5 6.
789

11

-7

O 0O

1
2

1

-1
3

1.79.

OO ||

=

1.85.x,= 2, x,= 3, x,= —2. 1.86.x,=1, x,= -2, x,= 3.

3
5
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-2
-4

YN/ R CYI-R N )

J.



82

I'naBa 2. BekropHa ajredpa

§ 1. OcHoBHi noHsATTA

Posrnaparouu pisHi npoiecu Ta ABUINA, MU 3ycTpidaemocs 3 06’cxTa-
MH Ta BeJIMYUHAMHU pisHOI nmpupoau. [ledaxi 3 pisvunnx BeauuuH — Taki
sIK Maca, TeMIlepaTypa, 06’eM, HOTeHIiaN — XapaKTepU3YIOThCA OTHUM
4ucjioM. BoHM HasMBAaIOTHCA CKANAPHUMU BeJIWUNHAMY 860 IPOCTO CKa-
aapom. Ilopan 3i ckansapaMu iCHyIOTL BeJIMUMHM, IJIA XaPaKTePHCTHKH
AKUX DOTPi6HO BKa3aTH Takox i Hanpamox. Taki, Hanpukazm, dx cuia,
LIBHJKICTB, IepeMileHHs, HanpyKeuHs Ta in, Ili dbisuuni Benuunny Ha-
3MBAIOTBCA BEKMOPHUMU BeauiuHamu abo sexmopamu.

T'eomempuunoro modennio 6exkmoproi 6enuvunu € nPAMONiHiiHLL
6idpi3ox 3 6UGDAHUM HA HLOMY HATLPAMKOM.

¥ HamoMy Kypci MaTUMeMO CIIPaBy B OCHOBHOMY 3 I[i€}0 MOJEJLIIO, a
TOMY IOPAMOJIHIHHWE BiADi3OK, AJMA AKOr0o BKa3aHO, IKa 3 0OMeXHHUX
HOro TOYOK BBAXKAETHCA IIOYATKOM, AKA KiHIIEM, HA3MBATIMEMO reOMeT-
PUYHHUM BEKTOPOM ab0 IpOCTO BEKTOPOM.

fAxmo A — mouaToK BekTOpa, B — iioro kKimens, Toxi cam BEKTOD
nmosHavyaTuMemo cumBonom AB. CumBonr BA Gyje mosHauaTu BEKTOp,
TIOYATOK SIKOI'0 3HaXoAauThecA B Touni B, a Kimeup — B Touni A. Ilix
IOBXXWHOIO BEKTOpa PO3YMITHMEMO BiAfajib MiK IOYaTKOM i KiHmem

BeKkTopa. [loB:xuHY, 260, K YACTO rOBOPATHL, MOAYJIb BeKTOpa AB , I03Ha-

YaroTh CUMBOJIOM IAB . OueBunHO, BekTOpU AB i BA MAalOTh OZHAKOBY

JOBYKUHY, TOOTO ’ABI =IBA , 1 IpoTUIeXRHI HAIPAMKH.

Bume 6yno 3asHaueHo, 110 BEKTOP MOBHICTIO BHBHAYAETHCS CBOIM
IOYaTKOM Ta KiHuem. BiH morke OyTH 3agaHMi TAaKOXK IIOYATKOM, AOB-
JKMHOI0 Ta HampsaMKoM. IIpore ais psAAy nNUTaHb TOYKA NPUKJIANAHHSA
(rmoyaTox BeKTOpa) He 060B’ ABKOBA — Mae 3HAYEHHS JHIIE JOBKIHA BEKTO-
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pa Ta jtoro HanpsMoK. Taki BekTOpH Ha3WBaIOTh giabnumu. OCKiAbKH
TouKa IPUKJAJaHHA (II0YATOK BeKTopa) OyAb-AKa, TOJ1 BEKTOP MOXXHa
[IePeHOCHUTH, 36epiraroym Horo JOBXKHUHY i HANPAMOK, Y 0yAb-AKY TOUKY
IIPOCTOpPY. A TOMY BEKTODH, AKi MaiOTh PiBHI JOBXUHU Ta OJAHAKOBi Ha-
IPAMKH, HA3WBAIOTH PiBHUMH BeKTOpaMu. TobTo 6exmopu pi6ni, AKwo
npu napanenbHoMy nepenoci 6exmopie i 36iz2i ix nowamxie 6ydymo
sbizamucsa i ix Kinyi.

OcKiNbKY AJIA BIIBHUX BEKTOPiB MOKHA He BKa3yBaTH [0YATOK, TO ix
YACTO IO3HAYAIOTH OHOIO JiTEPOIO: BEKTOD a , BeKTop b i T.A. JloBxUHY

BEKTOpPa a MHMO3HAYAIOTh CUMBOJIOM ‘a‘.

BeeneMo 1ie TP TepMiHH, sKi 4acTO 3yCTPiYAOTECA ¥ BEKTOpHIi aJ-
re6pi.

KonineapHumu HA3WBAIOTh BEKTOPH, AKi JiexaTh Ha MapajeJbHAX
npsamux. A60 BeKTODH KOJiHeapHi, AKINO NP IapajeJbHOMY ix nepe-
Hoci Ta sicTaBieHHI iX MOYATKIB BOHM JIesKATh HA ONHiN nMpaMii.

KomnaanapHumu Ha3UBAIOTh BEKTODH, SKi JIeXKATh Ha NAapaJIeIbHUX
mionmEax. TobTO BEKTOPY KOMILJIAHADHI, AKIIO IPU napajenbHOMYy 1X
mepeHoci i sicTaBienHi IX Imo4aTKiB BOHM JIeXaTh B OAHii molmuHi.
OuyeBHIHO, 1[0 KBa BEKTODH 3aBXKIM KOMILIAHADHI.

Hy.abo8um BEeKTOPOM € BEKTOD, Y AKOTO IIOYATOK 3biraernbcsa 3 KiHIEM.
IloBsKMHA HYJABOBOI'O BEKTOPA AOPIBHIOE HYJIIO, 8 HAIPAMOK IOBiILHUH,
TOMY HyJIbOBH BEKTOD MOXKHA BBAXKATH KOJTiHEAPHUM 6yAb-AKOMY iHIIIO-

My BeKTOpy. Il03HaYaTHMeEMO HYJBLOBUI BEKTOP CHMBOJIOM 0.

§ 2. Jliniiini onepauii 3 BeKTOpaMu

Beogsuu pisni onepaiii 3 BeKTopaMu, 30epesxemMo npuiiaaTi B aare6pi
uncen TepMiny “gomaBanHsa” Ta “mHOxeHHA”. IIpore caix 6paTu 10 yBa-
Y, II0 OCKiJIbKM MOHATTA “BeKTOP” Ta “ypeno” cyrreBo pisHi, To i
aMicT ykasaHHUX omepaniii Moxe He 3biraTucs 3 BigmoBigHMMU omeparti-
aMu ajnrebpu umcea. A ToMy HOTPiGHO JOCHiAUTH OCHOBHI MpaBUya MUX
IO CyTi HOBHMX onepaliii Ta mepeBipuTH BUKOHAHHA BCTAHOBJIEHHUX B
asnre6pi uMces 3aKOHiB: KOMYTATHBHOTO, 4COLiATUBHOTO Ta IucTpuoy-
THBHOTO.

Osnavennsn. Cymoro 060x 8eKkmopié Ha3ueaembvcs mpemiii 6exmop,
nOYAMOK AKO0Z0 € NOLAMKOM NEPuLoz0 6eKMopa, KiHyem — Kineyb Opyz020,
npu womy noiamox 0pyzo0zo eexmopa gicmasaeHuil 3 KiHUeM nepurozo.

13 1bOr0 O3HAYEHHS BUILIMBAE, 10 IPH JOAABAHHI BEKTOPiB Mae Micie
KOMYTATHBHA BJIaCTHBiCTh, TO6TO

a+b=b+a. 1)
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JificHo, JOMOBHMUMO TPUKYTHHK, CKJIAAEHUH 3 BEKTODIB a s b, a+ b,
no mapanenorpama (puc. 3). Ockinbku a = OA = CB , b=AB=0C i
3rilHO 3 O3HAYEHHAM cyMa BeKTopiB OA + AB=0B i OC +CB = OB,
Toni a+b=b+a.

B

Puc. 3

I3 nroro sunIMBAaE, 1110 CYMY ABOX BEKTODIB @ i b MOKHA BUBHAYUTH
AK AlaroHaJb IapajiesorpamMa, nmoGyJoBaHOTO Ha BeKTOpax a i b, sKi
BUXOJATH i3 3arajIbHOrO MOYATKY 3aJlaHUX BEKTOPIB.

Jlerxo mepeBipuTH, L0 NPU KOJABAHHI BEKTODIB Mae Micue acomiaTus-
Ha BJIACTHUBiCTBH, TOOTO

(@+b)+c=a+fp+ec) 2)

4 TOMY CyMY TPBOX BEKTODiB MOXKHA 3anucaTy y Buraaai a + b + ¢ . [iiicro,
no6yxyemo i3_BeKTOpPiB @ i b BeKTOp a +b; MOGYAYEMO TaKOXK cyMy
BEKTODiB a + b Ta BeKTOpa ¢ (puc. 4).
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Iloznauennii NYHKTAPOM BEKTOP AC 3rigHo 3 0O3HAUYEHHAM € CYMOIO

BEeKTOpiB b i e y OC = 0B+ BC = (a + b)+c . Pasom 3 TuUM
O—C=E)Z+E=E+(l—7+c) oTXKe (a+b)+c —a+(b+c)

TIpoBeneHi MipKyBaHHS JAIOTh NPUHOM J0AaBaHHA OYy/Ab-AKOro 4MCIA
sexTopiB. Hexait 3agano k BexTopiB a,,a,,...,q, i morpi6HO 3HaMTH iX
cymy. Jlo kiHIg BeKTOpa @, NIPUKJIAJAEMO II0YaTOK BEKTOpa @,, A0 KiHUs
no6y0BaHOrO BEKTOpa E; NPUKJIAZIEMO NOYAaTOK BEKTOPa a_3 i r.n. Ha-
pewTi, 10 KiHIIA BeKTOpa @ -1 IPUKJIAZEMO MOYATOK BEKTOPA ax (puc. 5).

a,
Puc. 5

Toxi BeKTOD a  TIOYATKOM AKOTO € TIOYATOK BEKTOPA 4, , & xmneM —
KiHeupb BeKTOpa ak, i 6yme cymMol0 BEKTOpiB al,az,.,,,ak. a _al +

+a, +...+a, . Ilpn npomy Gailnyxe, B AKOMY HOPAAKY HYMEPYIOTHCH
3afaHi BEKTODH.

OTske, cyMa KiJIbKOX BEKTODiB npeicTanise co60i0 BeKTOp, AKUH 3a-
MHKa€ JaMaHy, nofygoBaHy Ha 3afaHUX BeKTopax. Mosxe crarucs, 110
KiHeHb OCTAHHBLOTO BEKTOpA 36iraeThCs 3 MOYATKOM IEpPIIOro i, OTxe, ¥
3aMHKaJbHOTO BEKTOpA KiHensb 36ira€eTncsa 3 moyaTKoM. ¥ IbOMY BHIIaj-
Ky CyMa BEKTODiB € HyJJbOBHM BEKTOPOM.

Osnauenns. [JoSymrom eexmopa a Ha wucao A(a6o 4wucra A Ha
éexmop a) Haszueaemuvcs sekmop b, 0osicuna AK0z0 8 ik| pa3 Giavwe
dosacuru 8eKkmopa a i HanpPAMOK 36i2a€mbca 3 HANPAMKOM 8eKmopa a ,
axkwo L >0, ma npomunexHuil Hanpamry a , akuo A<0.

1
OckKinpky HieHHA HA Yncio k # 0 € MHOMKeHHAM Ha YHUCJI0 3 TO MOX-
HAa BHKOHYBATH i ZileHHA BeKTOpa Ha BifjMiHHe Bif HyJA YHCIO.
1
ldl
ﬁ-a =ﬁ HanpsaMJeHu# Tak, AK 1 BeKTOp a. HoBxuHa
a a

Hexait ¢ — HeHyJbOBUI BeKTOp. OCKiNbKHM l — IojaTHe YHUCJO, TO

BEKTOD € =
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BEKTOpPa e JOPiBHIOE, OUEBMAHO, 1. BeKTop e, AKUI Ma€ JOBXKUHY, 10
gopisHIOE 1, i HanpAMJIeHnil TaK, AK i BEKTOP a , HABUBAECTHCA OPMOM
éexmopa a .

HMobyTok BexTOpa a Ha uneno —1 (abo, mo Te came, 06yTOK qucia

—1 Ha BekTOp a), ’I‘06TO BUpAa3 (— )a (abo a- ( )), 3aIIMCYIOTh AK — @ .

OckinbKuU BEKTOpU a Ta (— 1)- a MaroTh BifTIOBiIHO KO O3HAYEHHSA ONHA-
KOBi ZOB'KUHM Ta NPOTUJIEKHI HANPAMKH, TO

a+la)=o0. (3)

Akis anreﬁpi yuceJ, B anredpi BeKTOpiB HeMaeg noTpedu poarasagaTi
OKpemMo 111}0 BlAHlmaHHH. BllIH.'iITPI Blll Bem'opa a BEKTOD b o3Hauae

JozaTH A0 BEKTOpa 4 BEKTOP — b:a-b=a+l-b). A TOMY Yy BEKTOPHUX

PIBHOCTAX BEKTOPU MOXKHA IIEPEHOCHUTH 3 OAHiel yacTuuM piBHOCTI B
iHmry, 3MiHIOIOUM 3HAK, AKHHU CTOITH IIepej BEKTOPOM, HA IPOTHJIEKHUI.
Tobro Akmo a+b=c,T0 a=c-b.

Hepaxxko nepekoHaTucs, U0 IPM MHOMEHHI BEKTOpa HA YHMCJIO Ma-
IOTh MicIle acomniaTuBHa Ta JUCTpUOYTHBHA BaacTuBocTi. ITokaxkemo, no-
mepiue, 10

Apa)= Oua, (4)
TOOTO Ma€e Miclle aconiaTUBHA BIACTUBICTL 1II0J0 YUCJIOBUX MHoxchciB.

,HII/ICHO OCKIJIBKH AOBXUWHA BEeKTOpa Ha AOplBHIOG y AOBJKHKHA

BeKTOpa )\(u ),nopuamoe m ’pal m ]p[ i l Ta IOBXKHUHA BEKTOpA (}»p)a

IOpiBHIOE |Xp| ‘al = W Ipl ’a| , TOJi OB HHA BEKTOPIB )‘(Pa) Ta ?\,p)a oxn-
Hakosa. [lani, AKINO, HaNpUKJIakA, yucaa A Ta U JOAATHI, TOAL BEKTOPH

ua , k(u ) Xp a HanpsAMJIeHi TaK, fIK i BeKTop a a TOMY BCi BOHK MaIOTh
onHaxoBi Hanpamku. koo A >0 i p <0, Togi sBekropu pa , K(pa), (lu)(;

HaIpAMJEHi IPOTHUJIE’KHO BEKTOPY @ , & TOMY TAKOXK OJHAKOBO HAIIPAM-
JIeHi.

AmnasoriyHi MipKyBaHHA NPOBOAATHECA i y BCiX iHIMMX BHUMagKax.
JloBenemo tenep, 110

Ala +5)= 2z +2b. (5)

Hexait a = OA, b= AB, \a=0A4,, \b=A B, (puc. 6 mpu L >0 i
puc. 7 nipu A<0).
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Q|
>

Puc. 7

Ockinbku K—BuAlBl , To kyru OAB ra OA B, pisui. Ockinbxu
‘@‘ /'al =, 1A_B_I /,E‘ = A, 1o TpukyTHNKH OAB Ta OA B, noai6Hi.

Bsigcu Touru O, B, B, nexars Ha onuit mpamiit i IOB‘| / !OB’ A, a Tomy
OB =1-OB. IIpore OB, = A - a+h- b OB=a+ b; TBepIXEHHSA HOBe-
IeHe.
OueBHuHO, Ma€ Miclie CIIiBBiXHOIIEHH S
(A+p)a = ra +pa. (6)
PosraanyTi oneparlii — mogaBaHHsA BEeKTOPiB Ta MHOXXEHHS BEKTOpAa
HA YMCJO — HA3UBAIOThCA JIHILHUMU onepayiimu, a BEKTOD
MGy + Ay +evet Ay @y (7

OTpUMaHuli B pe3yJLTaTi NpPOBeAEHHSA KiNbKOX JiHiHWMX omepaiii, —
ninifiEo0 KOMOiHAIi€I0 BEKTODIB G, ,Q,, .., 4,. Hucaa A,,A,,..,A, HA3H-
BajoThCA Koedimientamm miei siHitiHOI KoMGiHaM(].
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§ 3. Jliniitna 3anexuicTs Ta JiHiiiHA He3a1eXHICTL CHCTEMH BEKTOpIB

Hexait sagano k BekropiBs: 4,,4a,,..., a,. Hagsemo Taky sagany mMHo-
JKUHY BEKTODIiB cucmeMmoio gexmopia.

Osnavennn. Cucmema 86eKmopie HA3uBAEMbCA AiHILHO 3A1EHCHOI0,
AKWO xoua 6 odun 3 6exmopie cucmemu Mmoxce Gymu 6upaxceHuil K
AiniilHa KomOinayia ocmantix,

Orixe, cucrema BeKTOpiB a,,4a,, .., a,, JiniiiHO 3aye)xHa, AKIO, HAIPH-
KJjan,

Q, = 0,8, + 0,8y +...+0,_,a,_;, 8)
ne o, Oy, .., O, , — AeAKi uncia.

Axmo B 3azaHy cucTeMy (MHOMXHMHY) BEKTODPiB BKJIIOYEHWH HYJILOBHIL
BEKTOD, TOAL cucTeMa 060B’A3KOBO JiHilHO 3anexcHa. 1a. [lificHo, 3aBxau
MOJHa HanucarTH, o a, =0=0-a,+0-a, +...+0-a,_, , TO6TO BupaxKa-
TH HYJbOBUI BEeKTOp SK JiHiMHY KoMGinanio (3 HyIboBUMHM KoedimieH-
TAMH) OCTAHHIX BEKTOPiB CHCTEMH.

IIpusesene o3HaYeHHA NiHIAHO] 3aI€HOCTI CHCTEeMH BEKTODIB BUAI-
Jifi€ 3 iIHMKUX AKUECHh OAUH BeKTOp cucteMmu. 1I[o6 yHUKHYTH TAKOro BU-
IiJIeHHA, 4aCTO BBOAATH iHIIe O3HaYeHH JiHiliHOI 3ayieKHOCTI.

Osnavennsn. Cucmema eexmopis a,,a,,...,a, HA3UBAEMbCA NiHIIHO
3QJeIHCHOI0, AKWO ICHYIOMb HUCAA Ay, Ay, ..o, ), , i3 AKUX x04a 6 odHe
si0minne 6id Hyas, maki wo

xl(_z:+l2£;+...+x,,_13,:+kka—,,=0. 9)

Taxe osHaueHHA piBHOBHAYHE NONIEPeAHBOMY. [ificHO, AKINO MaeMo PiBHICTH

a, =0,a, +0,8y +...+0q,_,a, ;,

TOAL, MEPeHOCAIN g, Y NPaBy YACTUHY, AiCTAHEMO o, a, +0,a, +-.-

et o, ,a, , +(-1a, =0 i, orxe, maemo pismicts (9) npu A, = a,,

Ay = 0Oyyee05h,; =0,_;, A, =-1## 0.HaBnakn, axmo BUKoHaHO ymMOBY (9)
i, Bapukaam, Ak #0, Toxi
a, = —::—‘al —;—zaz —— k{‘l a,_,
k k k
i TMM caMHM BHKOHAHO YMOBY (8).

Y nosHiit BiAnOBiZHOCTI i3 3a3HAYEHNM MOXHA BBECTH i O3HAYEHHS
JniHifiHOI He3aJexKHOCTI CHCTEM BEKTOpPiB AK 3amepeueHHS JiHiMHOI 3a-
JIeKHOCTI.

Osnavennn. Cucmema 8eKkmopie HA3UBAEMbCA NiHIILHO He3ANeHCHOID,
AKUW,0 60HA He € NiHIIHO 3a1eHHOIO.




Bextopna anreGpa 89

TIpuBenemo iHuIi piBHO3HAUHI O3HAYEHHA.

Cucmema 6exmopie HA3UBAEMbCA LiHITIHO He3ANeHHOI0, AKUY0 HOOeH
3 8exmopie cucmemu He Moxce Gymu 6upPa*ceHull AK NiHillHA KOMOIHA-
uis ocmaHHix.

Cucmema 6eKmopie Ha3u8aEMbCa NiHIlHO HE3ANeHHOI0, AKUL0 PiBHICMb
HYa10 IX NiHiTHOL KOMOiRayil MoKHcAUBA minbku modi, Koau 8ci Koediyi-
enmu NiHiTHOT KoMmBinayii dopigHIoIOMb HYMIO.

HaitnpocTimum npukiaazoM JiHiHHO 3aJeKHUX BEKTODPiB € mapa Ko-
nineapHux BexTopis. Hexail 3azaHo ABa KOJiHeapHi HeHyJbOBi BeKTOPU

a, i a, . TlosnaunmMo uepes O BiAHOMIEHHS p;oaxmﬂ IUX BEKTOPiB, TOOTO

YHUCJIO ‘ ‘/l \ OueBugHO, IO BEKTOPU otal i a2 npu 3pobJyieHOMY BH-

Gopi umcra oL MaIOTh O HAKOBI JOBXUHMU. Omxe, AKIIO a1 i a, ogHAKOBO
HanpAMJeHi, TOAL @, = 0a,, AKII0 BOHU HANpAMJIeH] B MPOTUIIEXKHI OoKH,
TOAL ;1_2 = —aa_l. TaxkuM YUHOM, /B4 KOJiHeapHMX BEKTOPH 3aBXKAY JIiHIHHO
sanexHi. fIcHo, M0 npaBUNIbHE it 06epHEHE TBEPAKEHHS: AKIIO JBA BEK-

TopY JiHiHO 3ayekHi, TOAL BOHK KoJIiHeapHi.
Orxe, ymoBa

a, =oa,, (10)

T06TO YMOBAa JiHIAHOI 3aJIeKHOCTi IBOX HEHYJILOBUX BEKTODiB, € YMOBOIO
HeoOXiZHOIO i 0CTATHROIO AJSA KOJiHeapHOCTI LUX BEKTOPiB.

IosexeMo Temep, 10 JiHiliHA 3a/IeXKHICTH TPHOX BEKTOPIB € yMOBOIO
HeoOXiAHOIO i OCTATHLOW AJIA IX KOMIJIaHAPHOCTI. _

Hexait 3aano TpM KOMILIAHADHI HeHYJIbOB1 BEKTODH a,, a2, a3 Bigno-
BifiHO N0 O3HAYeHHS NpPH 3iCTaBJIEHHI MOYATKIB IIMX BEeKTOpiB BOHU Oy-
OyTh B OAHiN muomguHi (puc. 8).

Puc. 8

Bissmemo, 110 BeKTODH q, i a, HE KoJIiHeapHi (B IPOTHBHOMY BUIIA]-
Ky BOHM JiHiifHO sanexHi). Uepes kinens BexTopa g, (Touky C) mpose-
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JAeMo npaMi, napaJiesbHi BeKTOpaM a, i a, . I1i npami neperHyTs npaﬂi,
Ha AKHX JIeXKATh BEKTOPH a, i a,, B TouKax A, i B). Bexropu OA, i g,
OUYEeBHUIHO, Konmeapm. A _TOMY OA, =Ma, i aHaJIoquo OB =L az .

ITpore OA +OB =0C = a, . Takum unHOM, a, =) al +A,a, i, oTxe,

BEKTOpHU al,az, wes a,, ainiiiHo sajnerxHi,
CnpasegnuBe i oGepHeHe TBEDPAKEHHA: HAKI[O BEKTODHU

al,az,..., a, JIlHlPIHO 3aJexHi, TO BOHPI KomnnaHapm. ,IIII/ICHO, Hexau

a; =A\a, +x a2 . Axmo BEKTODH a1 i a2 He KOJIiHeapHi, TO BOHU BU3HA-
YarTh AeAKY IJIomuRy. B Tiit camiit niomuxi nexaTs, 0O4eBUAHO, BEKTO-
p¥ Aa, i A,a,, a Tomy iix cyma — BekTOp a, . flkmo BeKTOpH g, i
a, KoJiHeapHi, TOAL Ha Tif caMmiil mpsAmiit nexkuTh i BeKTOp a; i Tpm
3aJlaHUX BEKTOPH He TiNIbKYU KOMILJIAHADHI, a i KoyliHeapHi.

3BigcK BHNIMBaE, 10 AKUIO HA IJIOLIMHI 3afaHo napy HeKoJiHeap-
HUX BEKTOPiB, TO OyAb-sKMil TpeTiil BEKTOp, AKUIH JEeKUTh B Tiil camiit
IUIOINKHI, MoXke 6yTH mogaHuil AK Ainiiina KoMbGiHaNis ABOX 3afaHUX.

Oanavennsn. Bnopsadxosana napa (aKuio 8xa3ano, akuii eexmop napu
B6AHAEMBCA NEPULUM, G AKULL OpYyzuM ) HEKONIHEAPHUX BeKMOPi8 HA3U-
8aembuca 6A3UCHOI0 cCuUCmeMmoio 8eKmopi6 (6a3ucom ) Ha NAOWURL, BU3HA-
YEHOI0 3a0aHUMU 8eKMOPAMU.

Teopema poskaagasus. Bydv-saxuil aexmop Ha naowuri moxe 6ymu
nodanuil ax AiHillHa KOMOinayis 6a3ucHOl cucmemu 6eKmopie; ue no-
danusa (posxkaadanns 3a 6a3ucHow cucmemor ) edune.

Hexaii BexTopu e, i e, 6asuchi. Tozi, Ak mokasano Buile, GYAL-IKUI
BEKTOD a MOXKe OyTH NOJAaHUI y BUIIARL @ = o, e, + 0, e, . BAINHIIAEThCA
JOBECTH €NVHICTH DO3KJIAKAHHS.

Hoxnanemo, 10 icHye e 0iHE PO3KJIAJAHHA BEKTOPA 34 TIi€I0 CAMOIO
6a3uUCHOI0 CHCTEMOIO:

a = e +Bye,

npu ubomy xoua 6 oxHe 3 yucen P, Ta P, BigMinHe Bix umcen a; Ta o, .
Toxi orpumaemo (Bl —-a )e1 + ([32 o[z)e2 = 0. Orxe, BexTOpH ¢, 1 e,
JniHifiHO 3anexHi, a ToMy Kosineaphi. IIpore e cynepeunTs TBEpAXKEH-
HIO, 1I0 ¢, i e, yTBOPIOIOTH 6a3ucHy cucremy. TaKkuM YMHOM, PO3KJIaJAH-
HA 3aJJaHOT0 BEKTOpA 32 3aJaHOI0 0a3NCHOKI CHCTEMOX €JHHe.

IIpoBeneHi MipKyBaHHSA JIETKO IIePEHECTH i Ha BEKTOPH, 3aaHi B IIpoCTOpi.

Osnavenns. Bnopadrxosana mpiitka (AKwo 6Ka3aHo, AKUIL 6eKMOP
mpiiitku esaxcamu nepwum, axuii dpyzum i axuii mpemim) Hexomnaia-
HapHux eexmopié Ha3ueaemuvcsa 6a3UCHOIO cucmemolo aexmopis (6a3u-
coM ) y npocmopi.

Teopema po3kiaanamusa. Bydv-axuii gexmop moxce 6ymu nodanuil Sk
JAinilina KomOinayisa 6a3uctoi cucmemu sexmopis; marxe nofanus (pos-
KaadaHHA 3a 6A3UCHO cucmemo ) eduHe.
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DosepeHH a. Hexail 3agana 6azucHa cucTeMa BEKTODIB e, ¢,, e,
i E — poBinbHM# BekTOp. Hexait O — 3al‘a_.ZII>HHfI II0YaTOK IIUX BeK-
ropiB. Yepea Touky D — kimenn Bekropa a (puc. 9) — mnposenemo
npamy DE, napaneiabHy BeKTOPY e, i Hexait E — TOYKa NepeTuHy Liei
npaMoi 3 IIOMHOK, BU3HAYEHOI0 BEKTOpPaMHu €, i €, .

Puc. 9

Yepea Touxky E nposesemo npsmi, apajejbHi BEKTOpaM e, i ;2-.
Hexait B, i A, — TOYKM IePETUHY UHWX NPAMUX 3 NPAMUMH, HA AKUX
JexaTth BKasaHi sekTropn. Hapemri, uepe3 Touky D nmpoBeiemMo NpsMy,
napanensny OE, o nepetuny B Touui C, 3 NpsaMolo, Ha AKIA JEeKUTH
BEKTOD e, .

OE = OA, +OB,, a=0D = OE +0C,.
Maemo
O_Al =a1;1, 6?1 = O(zg, O_C1 = Otaé;,
TOMY

a=q,e + 0,8+ 056,
OnepixaHuii po3Kaaj eqUHUN, OCKINBEKY AK6K iCHYBAB Ille OAVH PO3KJIAL
a=Be +PB,e, +Pse,,
TO BUKOHYBaJlacs OM piBHICTH

(Bl —al)e1+(ﬁ2 “"2)82'*' (Ba _‘13)93 =0,
npu ubomy xoua 6 ogue 3 uucen B, — a,, B, —a,, B; — a; 6yso 6 BixmMinHe
Big myna. Ile osnayano 6, 0 BEKTODPH e,, e,, e, Oy 6 ainiliHO 3anexHi,
a TOMy i KOMILJIaHapHi, HI0 CYNEPeYNUTh YMOBi TeOpeMH.
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I3 noBeseHoOro BUILINBAE TAKOMK, 110 6YAb-SKi YOTHDPH BEKTOPH JiHiHHO
3aJIeXHi.

BseseMo 11ie OZHE CYTTEBO Ba)XJIMBE TOHATTA.

Osnavenns. Koopdunamamu eexmopa 8 sadanomy 6asuci nasusa-
ombcea Koegiyienmu po3xaadanns eexmopa 3a 6a3UCHOI0 CUCTMEMOI0 8EK-
mopias. - —

3 Orxe, AKIIO 3ajaHa 6asucHa cucTemMa BEKTODiB e, e, e, 1

a=aqe +a,e, +0,e,, TO KOODAUHATAME BEKTOPa a B 3ajjaHoMy Gasuci

e,, €,, e, HABUBAIOTBCA YUCIA 0, Q,, O3. 3ANUCYIOTHCA KOODAMHATH

BeKTOpa B 3afiaHoMy 6asuci y BUrasafi pagka: g = {al, oy, 0‘3}-
3yCcTpivaeThes TAKOMK 3aMUC y BUTIALL CTOBIIILA

Otsxe, AKIIO 3a1aHO Gasuc e, e,, e, i B uboMy basnci a = 3,1, -2},
ToAi a =3e, +e, —2¢, .

OueBHUAHO, AKINO 3aJaHO AeAKUM Gazuc, TO 3aJaHHS KOOPAMHAT BEKTO-
pa B nromy 6a3uci noBHiCTIO BUBHAYA€E caM BEKTOD i, OTKe, ABa BEKTODU
piBHi ToAi i TinbKM TOZmi, KoyM piBHI iX KOOpAMHATH B AKOMY-HeGYAb
samanomy 6aswuci.

Buxopucrosyiouu npaBusia niHifiHuX omepariit, orpumMaeMo Taki reo-
pemu,

IIpu muoxcenni eexmopa na wucao 8ci itozo Koopdunamu 8 3adanomy
6asuci nepemMHONCAIOMbCA HA Y€ YUCIO.

IIpu dodasanni gexmopie ckaadaromocs 6i0nosidni Koopdunamu yux
sexmopis. .

JificHo, Hexait 3agaHo 6Gasuc €, €, e, i B ubomy Gasuci gBa BeKTOpPU:

;1— = {al’ Uy as}’ ;2- = ﬁil’ Bas Ba}
Toni
lﬁ: = k(ala + a@m@): MIZ + xa2§+ ang; = {kal, Ao, Xas};

a, +a, = (otle1 +a,e, +a3e3)+ (ﬁle1 +B,e, +ﬁ3e3)=
= (al + 31)91 + (az +Bz)‘32 + (‘13 "’Bs)es = {al +B1y ay +B,, 0y +Ba}-
3a3Ha4MMO, IO B IPOCTOPi MOKHA BUODATH HEeCKiHUEHHY MHOKHUHY
0a3MCHUX cUCTEM BEKTODIB i oguH i Toit camuii BeKTOp y pisHux Gaswuc-
HUX cucTeMax Gyse maTu pisni Koopauaaru. B 6araTbox 3agauax Kopuc-

HO IIepPexXoAUTH Bix oxHiei 6as3mcHOI cucreMu A0 Apyroi i BCTaHOBJIIOBA-
TH CIiBBifHOIIEHHSA Mi’XK KOODAMHATAMM BEKTOpa B Pi3HHX CHCTEMAaX.
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Konumpoavni 3anumanns i 3aedanns

1. Illo HasuBaETLCSA BEKTOPOM, MOAYJeM BeKTOpa?

2. fIKi BeKTODM Ha3WBAIOTHCA KOJIiHEADHUMH, KOMILJIAHADHUMMU, DiB-
HUMHK? ,

3. ChopmyroiiTe BJIaCTHBOCTI JiHIMHUX onepailliit Ha BEKTOpPaMH.

4. IIo Ha3UBAETHLCA JIIHIHHOIO 3aJI€KHICTIO Ta JiHINHOIO He3aJeXKHi-
CTIO CHICTEMH BEKTOPiB?

5. ChopmysioiiTe TeopemMy IIpPo PO3KJaJaHHA JOBLJILHOTO BEKTOpAa 3a
6a3MCHUMHM BEKTODaAMH.

6. HaseniTs mpukaagy JiHifHO 3aJIe’KHUX Ta JiHIHO He3aJeXHHUX
CUCTEM BEKTOpiB.

Ilpuxaadu po3eé’szysanns 3aoau

2.1. YV 6asucHiit cucremi e, e,, e, 3a4aHO TPU BEKTOPHU

a, ={1,2,0} a, =F1,1,1}, ¢, ={2,0,1}.
Y GasucHiii cucremi a,, @,, @; BEeKTOP a Ma€ KOOPAUHATH {— 1, 2, 1}.
3naiiT KOOpAMHATH BeKTOpa a B Oasuci e, e,, e;.
a =-a, +2a, +ay;

a, =e +2e,; a, =—e, +e,+e;; a, =2 +e;

a-rv2e)e2la+a+a) b )= —a +0-5 + 3

Omxe, a=1{1, 0, 3} y6asnuci e, e, e -

2.2. BcTaHOBUTH, YH € BEKTOpPH a = {1, -2, 0}, b= {1, 2, —1},
c = {— 1, -6, 2}, 3a/laHi CBOIMU KOOpAUHATAMH B AKili-HeOyAb 6a3ucHiM
cucTeMi, JiHifIHO 3aJIEdKHUMH, i AKIIO IIe TaK, TO BUPA3UTH OAUH 3 BEK-
TOpiB uepes iHImi.

BignosizHo fo osHaueHHsA JiHifHOT 3amelkHOCTI BiAIIyKyoThCA TaKi
qucaa Ay, Ag, Ay, mMO6 A, a + A,b + Aye = 0. Ockinbku npu piBHOCTI Bek-
TOpiB MalOTh 6yTH PiBHi iX KOOPAUHATH, TO

A +h,—Ay =0, A, =24,,
=20 +20, —6h3 =0, A, =N, +A,,
-2, +20; =0, A=A, +3%; =0.

Tpere piBHAHHA € HacaigKoM ABOX immux. Bubupaemo A; = 1. Toxi
)"1 =-1, )"2 =2, -a+2b+c=0, a=2b+ec.
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2.3. V 6asuci e, e,, e, 3a1aHO YOTHDH BEKTODHU

a1=0,1,-2}, a:=,1,1} as={,0,1} a«={1,3}

3HaiiTu KOOpAUHATH BeKTOpa a4 B 6Gasuci a,, a,, a,.
OckinbKHY YOTHPH BEKTODH 3aBXKAU JiHiMHO 3aJIeHi, TO g J=0,a +
+0,a, + 0,0, ITopiBHIOIOUM KOOPAUHATH BEKTOPiB, AiCTAHEMO:

a, =-2, 0, =3, a; =-4,

20, +0a; =2,
as =2, 38 -4},

a, +a, =1,
- 20, +0,+0; =3.

2.4. 3’Aacysarn, 44 € CcHCTEeMa BEKTODIB &1={1,-1, 2, 1},

az ={1, -1, 1, 2}, a3 = {1,_— 1, 4, -1} nimiitHo BasNexHOIW.
Hexai#t ¢, a1 +¢,02 + ;03 =0, ae ¢, ¢,, ¢ — Jeaxi uucna.
IligcTaBnseMo B 1110 piBHICTL BUpPA3u BEKTODIB

e, -1,2,1)+¢,(1,-1,1,2)+¢,(1,-1,4,-1)=0.
Ilicns MHOXKeHHS BEKTODIB Ha UHCHA ¢, Cy, C; 1 JOLABAHHA BEKTODIB
OTPHMAaEMO, 1110
@, -1, 2 1)+e,(@, -1, 1, 2)+¢,(@, -1, 4, -1)=0,

3BigKH
¢, +¢y,+¢; =0,
-¢—¢,—¢; =0,
2¢, + ¢, +4c; =0,
¢, +2¢, —c; =0,

ITro cucremy JiHiIfHMX ONHOPIAHUX DPIBHAHL PO3B’SI3YEMO 3a MeETO-

mom Taycca:
1 1 1 1 1 1
1 -1 -1 0 0 0 111 1 1 1
s 1 4|7 0.1 2/7)|° 1_2—’[012}
- 0 0 0 -
1 2 -1 0o 1 -

Hicranu TpaneneiganbHy cucremy. OTiKe, 3aJlaHa CUCTEMAa € HEBU3HA-
YeHOI0, a TOMY KPiM HYyJBOBOTO PO3B’A3KY ¢, = ¢, = ¢; = 0 Mae i HeryIb-
oBUM po3B’A30K. TakUM YHHOM, pO3TAA/yBaHa CHCTEMa BEKTODIB
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a1, O2, O3 JiHIKHO 3anexHa. MoxHa 3HANTH TaKoX KoedilieHTH ¢, c,, 4
JIiHifIHO 3a/IeKHOI cHCTEMM BEKTOPiB i, 0z, t3. JJIA IbOTO PO3B’s3yeE-
MO CUCTEMY JiHiHHUX PiBHAHB
¢ +c, +cy =0,
¢, —2¢; =0.
BinbHuMU HeBiJOMMMU MOXJIMBO BBAMKATH C,. Bupasxarouy rojioBHi HeBi-
AoMi ¢, i ¢, uepes BijbHE HEBiZIOME €y, BHAXOAUMO, IO C, = 2 C,, €, = ~3 C,.

Hapamo ¢, noBinpHe 3HaueHHsA, BiaminEe Bim HyJs, Hanpukiag —1.
Orpumaemo ¢, =3, ¢, = -2, ¢; =-1, 10610 8011 — 202 — 03 = 0.

3adai i enpaeu 01a camocmitinoi pobomu

HocainuTu Ha NiHIAHY 3aJIEIKHICTH CHCTEMY BEKTODIB.

25. a=1{,4,6}, b={,-1,1}, c={1, 1, 3}.

26. a={,-3,1}, b=, -1,5}, c=11, -4, 3}.
27. a={,4,3}, b=8,3 2}, c=8,1, 3}
28. a={,1,1}, b={0,1,1}, c={, 0, 1}.

3HaiiTH KOODAMHATH BeKTOpa x y Gasuci (e;, e,, e;), SKIIO BiH 3a-

naHuii y 6asuci (e, e;, €3).

2.9. (7 _o +e, +26,
¢ = 2¢, - ey, x=16, -1, 3}

- - =
e;=—-e +e,+e,.

2.10. e; = e, +e, +3e,,

& =5e ey x={., 2, 4}
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2.11. ey =e +e, +4e,,

e, =—e —e,, x=1{, 3, 6},
e; =—e +e,+e,.

Poaksacti BekTOp x 3a BEKTOpaMHK ;, &, r.
212. x={247, p={0,1, 2}, ¢={, 0,1}, r=f1, 2, 4}.
213. x=1{,-4,4}, p=f,1,-1}, ¢=0,3 2}, r=§, -1, 1}.
214. x=§,-1,1}, p={1,1,0}, g=0,1, -2}, r=1{, 0, 3}.

§ 4. Ilpoexiia BeKTOpa Ha Bich

HasuBarumemo Biccio npsiMy 3 BUOpaHKMM Ha Hilt HampAMKOM.

Hexait 3agano BekTop AB i Bick L. Po3ryisHeMo BeKTOp, IIOYATOK
AIKOTO € TOUKa A, — NpoeKIiA TouKu A Ha Bick L, a KiHneM — Touka B, —
npoeknis Touku B Ha Ty camy Bich.

O3nauenna. Ilpoeruyieio sekmopa AB nua sicv L nHasusaemucs 0os-

JuHa sexmopa B,, 83ama 3i snaxkom “+”, axwo nanpamox A, B
11

36izaembca 3 Hanpamkom oci L, ma 3i snarxom “—”, axuyo Hanpamox A,B,
npomuanexcHuil Hanpamxy oci L.

IIpoexuia BekTopa AB Ha Bich L nmosnauaeTsca sk 1np, AB. Byzemo
HasuBaTH opmom oci L éexmop L, , HanpaMoK sixoro 3biraerscs 3 Ha-
npaMkKoMm oci L i noB:xuHA gopiBHIOE 1,

Osnavenna. Kymom min 0eoma sexmopamu (abo Mmix eexmopom
ma siccio) Ha3usaemuvca Hallmenwuil kKym, Ha AKWiL nompi6HO noéepHY-
mu odun 3 6exmopis, w06 1020 HANPAMOK 36izca 3 HANPAMKOM OpY2020
eexmopa.

IIpu pbomy Hemae 3HAYEHHSA, AKMil 3 [BOX BEKTODIiB IMOBEPTAETHCH:
BEKTOP a no 36iry 3 HanmpAMKOM BekTopa b a6o BexkTop b no 36iry 3
HaIpAMKOM BeKTopa a . IHImuMu cjoBaMu, KYT MiK BeKTopamu a i b €
pPasoM 3 THM i KyTOM MixX BeKTOpaMu bia. 3Bizcu BUmIMBaE, MO KYT

Mi’X ZBOMa BEKTOpaMu He MoxKe OyTH Bif’eMHUM i He Moxe 6yTu Ginbiie
T pagiaH.
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§ 5. IIpaMoKyTHA IeKapTOBA CHCTEMA KOOPAHHAT Y NPOCTOPi

Bu6epemo B mpocTopi AKy-HeOyAb ToUKy O, mpoBeaeMo Yepe3 Hel Tpu
B3A€EMHO NepHeHAMKYAapHi oci i Ha KoHi# i3 HUX BiZbMEMO OAMHUY-
HUH BEKTOp, HAIPAMJIEHUIH 110 Wi oci (opt oci). Bick 3 Bubpanum Ha Hii
MOYATKOM BiTiKy Ta OMMHHIIEIO JOBXKUHYU HABUBAETHCA KOOPIUHAMHOK
giccio, a BIOPAAKOBAHA CHCTEMA TPhOX BBAEMHO IEPIEeHANKYIAPHUX KO-
OPJMHATHUX OCeH i3 3araJbHMM IIOYATKOM BiIIiKy i 3arajJbHOIO OAUHU-
[eI0 ZOBXKHUHKA HA3WBAETHCA NPAMOKYMHOW 0eKapmosoio Cucmemo Ko-
opdunam y npocmopi.

V subpaniit BHOPAAKOBaHi! cuCTeMi KOOPAMHATHUX OCei Nepiny Bich
HasBeMo giccio abeyuc (abo Biccro x), Apyry — siccio opdurnam (abo Bic-
cio y), TpeTio — Biccro anaikam (a6o Biccio 2). OckinbKu Ha KOKHIH oci
Bubpanuit opT oci, To MaeMo TaKoX OasMCHY TPiKy BeKTOpiB. BexTopu
uiei GagucHoi Tpifiku B3acMHO neprneHguUKynapHi. Taky 6azucuy cucre-
My BEKTODiB HA3MBAIOTb 0PMOZOHALLHOW. KpiM TOro, HOBXKUHH yCiX TPHOX
6a3MCHUX BEKTODPiB AOPiBHIOIOTL ofuHmuLi. Taxa cucTeMa BeKTODiB HAa3u-
BAETLCA HOPMOBAHOK (B 6araTh0X BHNAJKaX JOBXKHUHY BEKTOPa Ha3uBa-
I0Tb HOPMOIO).

OTske, BGpaHa cucTeMa 6a3UCHUX BEKTOPiB — KOOpAMHATHNI 6asuc —
€ OPTOTOHAJIBHOIO 1 HOPMOBAHOIO, 260, AAK Y4ACTO T'OBOPATE, OPMOHOPMOBA-
now. Hepmuit BekTop GasucHOl TPIfKYM, HANIPAMJEHHUH MO mepuIiil oci
(1o oci abcuuc), MO3HAYAETHC CUMBOJIOM i, APYTMHA BEKTOD, HATIPAMJIE-
HH# 1o Apyrifl oci (mo oci opaMHAT), — CHUMBOJIOM j, TPeTiit BEKTOD,
HaTIpAMJIeHUH o TpeTiit oci (1o oci anmaikar), — CUMBOJIOM k.

Basucui, To6TO HEKOMILIAHADHI, TPIiKK BEKTOPiB y IPOCTOPi PO3ALIA-
1OTh HA JBa TUIH. FAKIO IpH CIIoCTEpeKeHH] Bifl KiHIA TPETHOTO BEKTO-
pa 6a3ucHOI TPiKY KOPOTIIN ITOBOPOT BiJ| II€pUIOrO BEKTOpPA A0 APYTo-
ro 3MifICHIOETHCA IPOTHU FOAUHHUKOBOI CTPiNKK, Oa3ucHa cucTeMa Ha3u-
BAEThCA NPasoin. FIKINO NpH CIIOCTepeXeHHi Bij KiHLsl TPETHOTO BEKTO-
pa HaffKOPOTIIHUii TIOBOPOT Bi/| EPIIOro BEKTOPA 10 APYIrOro 3A1MCHIOETHCS
3a FOAMHHUKOBOIO CTPIJIKOIO, TPiliKa BEKTOPiB HABUBAETLCHA 1i6010.

[IpsMOKYTHA AeKapTOBa CHCTeMa KOOPJAMHAT HA3WBAETHCA BiANOBiA-
HO TIPaBOIO, AKIIO IIPABOIO € Tpifika i1 6a3uCHUX BEKTODIB, i JiBOIO, AKINO
Tpiiika ii 6asMCHUX BeKTOpiB JiBa. MM BHKOPHUCTOBYBATHMEMO TiJIbKH
IpaBy CUCTEMY KOODJMUHAT.

fIx 6yn0 mokasaHo paHile, 6yab-AKU BeKTOp Moxe 6yTu posxiaje-
HU, 1 1pu ToMy B €fuHuMI cnocib, 3a 6azucHoO0O TpifiKoI0 BeKTOpiB. A
TOMY Oy/ib-IKHI BEKTOP g MOXKHA 3aIIUCATH Y BUIVIAML @ = a,i + 0, j + 03k .
OCKiJIbKM NOYATOK BEKTOPA g 3aBXKAM MOXKHA PO3MICTHTH B IOYATOK
xoopauHat (puc. 10), To uncna o), oy, Oy, TOGTO KOOPAUHATH BEKTOPa a
B 6asucHi# Tpikni i, j, k, € OHOUACHO IPOEKIIAMM BEKTOPa a Ha i oci.

A Damnmmrrriromaen~n T 1T
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Puc. 10

s cKopodeHHA 3amucy 3amicTe mp,a, np,a, 1p,a 3aCTOCOBYIOTH
cuMBOIH G,, G, Q.. A TOMy BEKTOD @ MOXHA 3alHCATH y BUTIAAL

E:a,f+ay}+aj={ax, a,, az}. (11)

OcCKiJIBKM BEKTOp 4 BHACJHIJIOK B3a€MHOI NepNeHAUKYJIAPHOCTI KO-
OPAMHAT Oceil € AiaroHaJ 0 IPAMOKYTHOI'O NapaJjeneninesxa, nobynosa-

HOTO Ha BeKTOpax a.i, a, J, a,k, To

H ai +a’+al (12)

Kyru, yrBopeHi BEKTOpOM as KOOPAMHATHUMM OCAMH, MOXKHA 00uuc-
JUTH 3a popmMyaamMu
o ay
-, cosla,y )= —=
a

a
cosla, x|= =
‘a

BisbmeMo B npocTopi i3 3a/1aHOI0 NPAMOKYTHOIO CHCTEMOIO KOODIH-
HAT AOBiNBbHY TOYKY M. Pajxiycom-BeKTOpOM i€ TOUKHM HAa3MBATHMEMO
BEeKTOP OM 3 IOYaTKOM y IIOYATKY KOOPAMHAT i KiHuUeM y 3ajgaHii
Touni (puc. 11).

Osnauenns. Koopdunamamu mouku 6 3adaniii npamoxymmuiii dexap-
mosiil cucmemi xkoopdunam Ha3usawmvcs npoexuyii padiyca-eexmopa
yiei mouxu Ha Koopduramui oci.

, cos(?z, z): I%’—. (13)
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<V

Puec. 11

Koopauunaru 3aganoi Touku M y 3ajaHiii NpAMOKYTHIH AeKapToBi#t
CcHCTeMi KOODAWHAT 3anMCYIOThCA, AK IPABWJIO, Y BUIVIAAL (X, Y, 2), Ae

x = npx‘O.J\_/.;, y= npyO—I\?, z=1up,0M, (14)

i Ha3MBAKOTHCS BIANOBIAHO aGCIIMCOI0, OPANUHATOIO TA AILIIKATOIO TOYKY M.

Tpu nIOIMHY, BU3HAYEHI NapaMKU KOOPAMHATHUX Oceil, po36MBaOTH
BeCh NpPOCTip Ha BiciMm yacTuH — oKranrie. Ilmomumuy i HasuBalOTHCA
KOOPAMHATHUMHM nuomuuamu. Ha mromuui xy (dKka IIpoxXoguTs uyepes
oci x i y) anikara 6yab-AKOol TOUYKM ROPIBHIOE HYJIO, Ha IJIOHIWHI X2
(aKa mpoxoauTs uepes oci x i 2) opauHara 6yAbL-AKOI TOYKH AOPiBHIOE
HYJII0, Ha IUIOIUHI y2 (AKa mMpoOXoAUTh uepe3d oci y i 2) abeuuca 6yxab-
SIKOI TOUKM JOPiBHIOE HYJIIO.

OueBHHO, B 3a/laHill cHCTEeMi KOODAMHAT KOOPAUHATHU Oy Ab-AKO1 dhikco-
BaHOI TOYKHM BUSHAUYAIOTHCA €AMHHUM ciiocoOoM i 3afaHHA KOOpAMHAT
6ynb-1koi Toukm (TOOTO 3afaHHA BIOPAAKOBAHOI TPiHKM AIMCHUX Yu-
ceJl) EIMHUM cIoco00M BH3HAYAE IIOJIOMKEHHA caMol TOYKH. IHImMuMu
CJIOBAaMY, B 3a7aHiil cHCTeMi KOOPAMHAT Ma€ Micue B3a€EMHOOAHO3HAYHA
BiAMOBIAHICTL MiXK TOYKAMM B NMPOCTOpi i BIOPAAKOBAHMMHU TpidKaMu
AificHux uncen. OCKiBKM BEKTOpP MOBHICTIO BH3HAYAECTHCA 3aJAHHAM
MIOJIOXKEeHHS ITOYATKY i KiHIs, TO MOXKHA BUPA3UTH KOOPANHATH B OPTO-
HOpMoBaHOMY 0a3uci uepes3 KOOpAMHATH Iforo KiHnis.

Hexaii y 3agaHiit IpaMOKYTHIil AeKkapToBiii cucTeMi KoopaMHAT IiO-
4YaTOK BEKTOpa 3HAXOAuThCA B Touui M,(x,, y,, 2,), a Kimens — y Touni

M,(x,,y,, 2,) (puc. 12). fIk Bizomo, OM, + M, M, = OM, . OnHak BeKTOD

OM, € paniycoM-BeKTOpPOM TOYKY M, a OM, - paniycoM-BeKTOPOM
TouKH M,.




100 Mnasa 2

A2
M M,
M, P
7~
Ve
/ -7
// ///
/ prd
// -~
////
-
O y
x
Puc. 12
Tomy
OM, = xlf + yl}' + zlﬁ, OM, = xzi + yz} + zzé.
Orxe,
MM, = (x, — x,)i + (Y, — y,)j + (2, — 2,k (15)

MoskHa BUKOPUCTATH ¥ iHINY CHCTEMY 3aIUCY:

OM, = {xu Yi» 21}’ OM, = {xzv Yo 22}’

MM, = {xz = X1 Ys Y1y 22 “21}
AnapaT BeKTOpPHOI ajre6pm i MeTo] KOOPAMHAT 3 yCMIiXOM BHMKOPHC-
TOBYIOTHCS JJiS PO3B’sA3aHHA 6araTb0X reOMeTPUYHMX 3a7ad.
HMpuxaan 1. 3umafitu Biggaap Mix ABOMa 3aJaHMMHU TOUKAMHU

M1e"1’ Y1» zx) i Mz(rz’ Yo 22)‘

Bexrtop M, M, Ma€ KOODAMHATH X, — X, Y; — Yy, 2, — 2, . Panime Gymo
IOBeJeHo, 1110 JOBKHUHA BEKTOPAa JOPiBHIOE KOPEHIO KBa{PATHOMY i3 cymMu
KBaJpaTiB 10oro KOOPAWHAT B OPTOHOPMOBaHOMY 6asuci. A Tomy

|M1M2|=\/(x2_x1)2+(1/2_y1)2+(22“21)2- (16)
Ipuxnapn 2. 3agano A8i Touku M, (x,, y,, 2,) i M,(x,, y,, 2,). 3naitu

KOODAWHATH TOYKH, KA JEKUTb Ha BiApisky M, M, i AinuTb fOBKUHY

- . m
IIBOT'0 Bifpiska y BisHomeHni — = A
n
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Hexaii rouxa M(x, y, 2) — mykana (puc. 12). Bextropu MM i MM, ,
O04EeBUJHO, KOJIiHeapHi i OJHAKOBO HAUpAMJIeHi, TOMYy BOHHM MOXYThb
BiIpi3HATHCA TIIBKY HOBXHUHOIO. 3 YMOBH

M,M
==
’MMZ n
Omxe,
|M1M| = k|MM2|.

IIpu piBHOCTI BeKTOpiB MaoOTh 6yTH piBHUMU iX KoopauHAaTH. OCKiNIBKYU

MlM:{x‘xl’ Y=Y 2_21}’ MM, ={x2—x, Ys - Y, 22_2}’
TOAL

XX =k(x2-x), y—-u =)\(y2_y)’ 2—z =X(22—z),

_xp tAxy _y1+)\y2_2_zl+kz2
1+2 YT 1+
B okpemMoMy BHIIAAKY, AKIIO n = m, A = 1, To6T0 Touka M JIeXKUTH B

cepeauHi naHoro Biapiska M,M, , To

X+ X%, _ Wity _Zt2
2 2 2
OTsxe, KOOPAKHATH CePeAUHU Bifpiska HOpPiBHIOIOTH MiBCyMaM BiJIOBif-
HUX KOOpPAMHAT HOT0o KiHIIiB.
OueBnaHO, 110 BCi 3100yTi pe3y/IbTaTH MOYKHA MepPeHeCTH i Ha BUIA-
NOK TPAMOKYTHOI CHCTeMH KOODAMHAT Ha IIouuHi. BexTopamu, sAKi

YTBOPIOIOTH OPTOHOPMOBaHu# Gasuc, TyT 6yayTs i Ta j, a TOMy OyAb-

. 17

(18)

SKUI BEKTOD Ha IUIONIMHI Xy MOKHA 3alIMCATH Y BUMIALL @ = a, i +a,j =

={a,, a,}.

11lo6 orpuMmaTH 3 BuBeseHUX Ghopmys BianoBigui ¢hopmysin B mpamo-
KYTHIi [eKapTOBill cucTeMi KOOPAMHAT HA MJIOIMHI, OCTATHLO IMOKJIAC-
TH PIBHMMM HYJIIO BCi NpOEKIIil Ha Bich z.

§ 6. Ckansapnuii 100YTOK BeKTOpiB

Y GpisnuHNX, TeXHIYHUX, EKOHOMIYHNX 3aCTOCYBAHHAX MaTeMaTHUKH
BeJIMKe 3HAYEHHS Ma€ Po3B’sI3aHHA 3a4adi npo BU3HAYEeHHA pobOTH, AKY
BHKOHYE 3alaHa cTajia CiJa [IpH nepeMilreHHi matepianbHol Touku. SIKIo
TOYKA IlepeMillyeThCcaA NPAMOJiHifiHO, TO, IK BigoMo, podoTa ZOpiBHIOE
IOOYTKY BeJIMUYVHU CHJIM Ha BeJUYUHY IepeMilljeHHd i Ha KOCHHYC KyTa
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Mi) HAIIPAMKOM CHJM i HanpsiMKOM nepemiinennsa. IlosHaummo cuiy
F, a nepemimennss — AB, nicraneMo jJia oG6uncieHHs po6oTu BUpa3

W = |F|[4B|cos(F, 4B).

Ockinpku mofiOHa omepanis 3 JBOMa BEeKTODAaMH 3yCTpidaeThcs J0-
CHUTBh YacTO, TO JJisl Hel BBeJEHO CIIelliajibHy Ha3BYy, cleniajibHe TO3HAYEH-
Hea i BUBuYeHi Bci ocHOBHI BiacTHBOCTI.

Osnavennsn. Ckanapnum do6ymiom 060x sexmopie Ha3ueaemucs J0o-
6ymok ix 008M#UH i KOCUHYCA KYMQa Mid _HUMU.

_ Cxansapuuit 1o6yTOK ABOX BEKTOPiB @ i b MO3HAYMMO CHMBOJIOM
a-b. BiagnoBigHO 10 0O3HAUEHHA

a-b= }al : |b| cosla, b). (19)
Besnocepeinbo 3 0O3HAYEHHSA BUIIJIUBAE, 110 CKAJIAPHUN J0OYTOK ABOX
BEKTOPiB € CKAJIAPOM.
KyT Mix n1BOMa BeKTOpaMH He 3aJIE)KUTh Bijf TOro, AKMit BeKTOp BUOU-
PAETHCSA NepLIUM i AKUN JPYTrUM, TOMY
a-b=b-a, 20)
TOOTO CKanApHUI JOOYTOK Ma€e KOMYTATHBHY BJIACTHBICTSD.

Ockinbkn |b| cosG, b) € TPOEeKIlicio BeKTopa b Ha Bick, HANIPAMJIEHY

Tak, AK i BeKTOD @, Ia! cos(a, b) € IIPOEKIIi€I0 BeKTOopa a Ha Bich, HAIpAM-
JieHy 10 BEKTOpy b, TO
a-b= la!npab = Iblnpba. 21)
Temnep JIerko NOKas3aTH, 110 CKaJAPHUA fo0yTOK BEeKTOPiB Ma€ pPoO3IIo-
BiNBbHY BJIACTUBICTH, TOOTO
a-(b+c)=a-b+a-c. (22)
HiticHo,

alp+c)= ‘E|npa b+c)= ‘a\(ﬂpal_) +1p,c)= \E’npal; + ’ElnpaE.

OnHak |a|npab =a-b, |a|npac =a-c.
9
a(l—)+c)=a-b+a-c.
Hesaxko nepesipurH, 1o cKajgsapuuil fo6YTOK Ma€ acoliaTUBRHY BJa-
CTHUBICTH II0 BiJHONIIEHHIO [0 CKAJAPHOTO MHOMKHMKA:

Aa-b)=(a) b = alpb). (23)
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3 O3HAYEHHSA CKAJIAPHOro AOOYTKY BEKTODiB BUILIUBAE, IIIO
-_ - — —| f— — — — —12
a2 =] [lcos 6. 3)=[al - [q = "

OT:xe, cKaNAPHUHN JOGYTOK BEeKTOpa Ha caMoro cebe fopiBHIOE KBajgpa-

Ty JOBKHUHHU BeKTOpa. 30Kpema,
i-i=1 j-j=1, k-k=1, (24)

AKio ABa BEKTOPU B3a€EMHO NMEPIeHANKYAAPHI, TO IX cKanApHUI KO-
6yToK mopiBHIOE HyaI0. HaBmaku, AKI0 CKANAPHUA NOOYTOK HOPiBHIOE
HYJIIO, aJie YKOJeH 3 BEKTODPiB He € HYJIEM, TO B HYJIb Ma€ NepeTBOPIOBATUCS
KOCHHYC KYyTa Mi)X BeKTOpPaMH, a TOMY BeKTODH MAIOThb OyTH IepIeHau-
KyJApHi.

Omoxce, Oan mozo wob dea eexmopu 6yau nepneHOUKYAAPHI, He0Oxi0-
HO i docmamHtbo, Wob ix ckanapHuil Go6ymox JopisrI08a8 HYIIO.

OCKiJIBKM HaPAMOK HYJBOBOIO BEKTOPA BBAXKAETHCA AOBLJIBHUM, TO
MOXXHA BBAKATU HYJLOBHHM BEKTOP NEPHEHANKYJIAPHUM A0 OYAL-AKOTO
BeKkTopa. ToMy B HaBezeHiil yMOBi TepneHAUKYAAPHOCTI ABOX BEKTOPiB
HeMae noTpebu 0coO0JIMBO BKA3YBATH, IO JKOJEH 3 BEKTOPiB He NOBHHEH
6yTH HYJBOBUM.

3 yMOBHM NepHeHANKYJISPHOCTI OTPUMAEMO, 30KpeMa, 110

i-j=0, i-k=0, j-k=0. (25)
fkmo BeKkTOpM 3ajaHi CBOIMM KOODAWHATAMHM B OPTOHOPMOBAHOMY
Gasuci i, j, k, TO, BAKOPUCTOBYIOUHM POSNOAiNBLHY i CIIONYyYHy IO BifHO-

HIEHHI0 J0 CKaJISPHOPO MHOXKHHKa BJIACTHBOCTI CKaJIApHOTO AOOYTKY,
JicTaHeMo

a-b =(axi +ay;+azg) (bxi_+ by]T+bzI;)=axbxi_‘i_+axbyi j+
+ axbzi.-I;+aybx;~i—+ayby;-;+aybz;-I;+aszl;i_+
vabyk-j+abk-k=ab,+ab,+ab,
a-b=a,b, +ab,+ab, (26)
T00TO cranapruil do6ymox deox sexmopia dopieHioe cymi dob6ymkis 00-
HOlMeHHUX KoopOunam yux sexmopis.

3 03HaUYeHHA CKAJIAPHOro JOOYTKY ABOX BEKTOpiB 6Ge3nocepeHL0 BUBO-
IATh GopMyay Ay oOUUCIeHHA KOCHMHYCA KYTa MiX JABOMA BeKTOpaMu

cos (3, B)= 22
T

27

S
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§ 7. Bekrophuii 100yTOK BEKTODIB

Osnauenna. Bexmopuum 0obymiom 060X 6eKxmopié HA3UBAEMbCSA
mpemiil ekmop, arxuil mae 008ICURY, HUCEAbHO PIBHY NJOULL napaeno-
epama, no6ydosarozo Ha 3a0aHUX 8eKmopax, AKUIL nepnenduKyiapruil
00 nAOULUHU YuX 8eKmMOpi8 [ ymaeopioe 3 6nopadKos8aHol0 napow 3ada-
HUXx eexmopie npasy mpiiky.

IlosuavailoTh BEKTOPHUI KOOYTOK 3aJaHUX BEKTOPiB a i b cumBo-

JIOM [axb]. o
OckinbpKu mioma mapaJsejorpamMa, 1o0ya0BaHOTO HA BEKTopax a i b,
IOpiBHIOE NOOYTKY MOBXKUHU IIMX BEKTOpPIiB i cMHyca KyTa MidK HUMU, TO

I[ax5 ] =[allBlsin (a,5). (28)

Bka)xeMo0 Ha OCHOBIi BJIACTHMBOCTI BEKTOPHOTro No6yTKY BeKTOpPiB., 3a3-
HAYUMO NONEePEHBO, 110

[axb]=-[pxal. (29)
Miicno, Hexait
c=[axb]i 7=[xal
Ockinbku
¢ = |alje|sina.b) i [] = lfa]sinf,a). o [q=[¢

Bextopu ¢ i ¢’ nepneHAMKYJAPHi 40 OAHOI i TOI caMol IJIOLIUHU

(nonmrHa, BU3HaAUEHa BeKTOpaMu a i b). Bem‘opnga » b, ¢ yTBODIOIOTH
npaBy Tpifiky. IIpaBy Tpifiky yTBOpPIOIOTS i BeKTOPHU b, 4, ¢’, ToMy BeKTO-
pu ¢ i ¢’ MaloTH OAHAKOBI HOBXUHU, NepHEHANKYJAPHI A0 oaHOI i Toi
camol myiomueM, i HanpamieHi B nporunexHi 6oku. Ile osnauae, mpo
¢ ==c¢’. OTxe, IpH TEPECTAHOBII BEKTOpIB, 110 MEePEeMHOMKYIOTHCH, Ha-
ITPSIMOK BEKTOPHOTO NOOYTKY 3MIHIOETHCA HA NPOTUJIEKHUM, a JOBXKUHA
He 3MiHIOETHCA.

MosxHa J0BeCTH, 1[0 BEeKTOPHMUI N06YTOK ABOX BEKTOPIB Mae Croyu-
ny BJIACTHUBICTDH 040 TPETHOI'O — CKaJAPHOTO — CHIBMHOXHUKA:

A-laxd]=[a)xb]=[ax (b)) (30)
i po3noAiNIEHY BJACTUBiCTH:

[ax®+c)=laxbl+axc]. (31)
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3 03HaUeHHs BEKTOPHOIO A0GYTKY BEKTODiB BUILJIMBAE, IO BEKTOP-
HUH AOBYTOK KOJIiHEapHHUX BEKTODPIiB € 3aBiKAH HYJbOBHM BEKTOPOM.
3okpemMa, 3aBXKAU

[a X a] =0.

OCKiNbKY BEKTOPH i, j, B B3aEMHO NEepPIeHAUKYJIAPHI, MAIOTh OJU-
HUUHI OBKUHH i yTBOPIOIOTH IPaBy TPiAKy, TO

ixi]=o, ixjl=", ixE]= -7,
[xi]=-F, ixil=o, [xk]=1, (32)
[Exi]:}, [Ex}]:——i, [ﬁxﬁ]:O.

BuxopucToBy0OUH PO3NOAINBHY i CIIONYYHY TI0 BiJHOIIIEHHIO JI0 CKa-
JIAPHOrO MHOXXKHHMKA BJIACTUBOCTI BEKTOPHOI'o JOOYTKY, MOXKHA AicTaTu
dopMysu 415 0OUKNCIEHHA BEKTOPHOrO AOOYTKY BEKTODiB, 3alaHUX PO3-
KJIaJ0M 3a OPTOHOPMOBAHUM 0asmcoM:

[axb]=(a,i+a,j+a,k)X(bi+b,j+bk)=ab.[ixi]+ab,[i%]]+
+a.b,[ixk]+ab[jxi]+a,b,[jx]]+a,b,[jxk]+ab, [kxi]+
+ab,[kxjl+ab,[kxk]|=abk+ab,(-])+a,b, (-k)+
+abi+ab, j+ab, (-i)=i(ab,-ab,)+
+j(a,b, —axbz)+E(axby ~ab, ) ,

[axb]=(a,b,-a,b,)i+(ab, ~ab,)j+(a,b,-ab,)k. (33)

BaskJIMBOI0 NeOMETPUYHOIO 3a/1aUel0, KA PO3B’A3YETHCA 32 JOIOMO-

TO10 BBEZIeHO1 omepailii, € 004KCIeHHs IIOMUHN TPUKYTHHKA 32 KOOPAH-
HaTaMU HOTO BEPIINH.

Hexaii s3asani KoopZinHATH BEpPIIUH TPUKYTHUKA A, B, C. 3HaouH ix,
sHaxomumMo AB i AC . Ilnoma TpukyTHuka ABC ROpiBHIOE IIOJOBUHI
MJIOINi mapaJiesiorpama, nobyzoBaHoro Ha BekTopax AB i AC . Orxe,

1
Sasc = 5\ [4B xac]- (34)

Mpuxnan. A(1; —2; 0); B(2; 1; —-1); C(0; 3; 1). 3naiitu S, ;..

AB=11,3,-1} AC={1,5,1}
[ABxAC]=[3-1-(-1)-5]i+[-1) (-1)-1-1]j+[1-5-3(- )]k = 8i + 8,
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|[4Bx4c] = 8+2,
S,pe = 442,

Hapemri, dopmyny ana obuucaeHHA BEKTOPHOro AOGYTKY BEKTOPiB
(33) spyuHilre 3anucyBaTu uepe3 BUSHAUHUK

i

8 .

[axb]=

y

k
a a,l|, (35)
b, b

=

Yy

PO3KJIaAAIOUH AKHUIA 32 eJIEeMEeHTaMH IIEPIIOro PAAKA OTPUMAaEMO dopmyJry (33).

§ 8. Mimanuii 100yToK BeKTOpiB

OckinbKu BeKTOPHUH JOGYTOK BEKTODPiB bi c € BEeKTOPOM, TO MOXKJIU-
BO posrnfma'rn i ckanApHUI ZOGYTOK BeKTOpa a Ha [b X c] i BekTOpHUIA

nobyrox a Ha [bx c]. ¥V HamoMy Kypci MH pO3IrJISHEMO TiJILKK IMepIINiA

i3 nux pobyTkis.
Osnauenns. CranrspHuil dobymox eexmopa a Ha 6exmopHuil doby-

moK éexmopia b i ¢ nasusaembves MiwanuMm 606ymrcom éexmopis a, b, c.

Orxe, mimmraanii 1o6yTOK BEKTOPiB a bic — e BUpa3s a[bxc] BiH

€, OUeBHJIHO, CKaJIAPOM.
3’sacyemo reomeTpuuHNi 3MicT BBeenoro noHarTA. Hexait Touka O €

3araJJbHUM IIOYaTKOM TPhOX HEKOMILJIAHADHUX BeRTOpiB a, b y C.
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ITo6ynyemo Ha 3aiaHUX BEKTOpax napaieineninex (puc. 13) i sHaiine-

MO BEKTOp d = [(; X E]. 3 o3HaYeHHs CKaJAPHOro Jo0yTKY BEKTOPiB AicTa-
HEeMO
a[b X c] =ad = \dlnpda.

_ Ockinpku BeKTOp d MEPHEHAUKYJISAPHUAN A0 IIOIINHHI BEKTOpIB b i
¢, TO IpoeKIliag BeKTopa a Ha Bick, HaUpAMJIeHy II0 BeKTopy d, abo
ZOpiBHIOE BHCOTI n_apgneneninena, AKINO LA IpoeKIis moxarTHa (TobGTo
SIKIIO BEKTOPH @, b, ¢ YTBOPIOIOTH MpaBy TPiitky), a6o fopiBHIOE BUCOTI,
B3ATi# 8i sHakoM “MiHyc”, AKIIO LA IpoeKIlis Bix’emHa (TOOTO AKIIO
TpM 3aJaHUX BEKTOPH YTBODPIOIOTH JIBY TPIHIKY).

Orxe, MilnaHuii fo6YTOK TPHOX BEKTOPIB AOpiBHIOE 00’ €My mapaese-
ninesa, no6yI0BaHOIO HA IIUX BEKTOPaX, AKINO BOHU YTBOPIOIOTEL IIPABY
Tpifiky, i HopiBHIOE 06’ €My mapaJjenemninesa, B3ATOMY 3i 3HakoM “Mminyc”,
AKINO BeKTOPH YTBOPIOIOTH JiBY TPiUKY.

SIkmio y subpanuit Tpiitii X nepecraBuTH, TO Napaneemnines, nobyno-
BaHKIT Ha UX BEKTOPaX, OYEBUIHO, He 3MiHUTHECA. 30KpeMa, He 3MiHUTE-
cst it abcosoTHA BeJMUYMHA Mimagoro Ao60yTKy. 3a3Ha4YuMo, HI0 IIPU KPYy-
rosiil mepecTaHOBIli BeKTOPiB MpaBa Tpifika BeKTOPiB 3aJHIIAEThCA Mpa-
BOIO, a JiiBa — JiBow. ToMy npu Kpyroriii mepecTaHoBIii BEeKTOpiB Mima-
HHut 106yTOK BEKTOPiB He 3MiHIOETHCA.

Orxe,

alpxc]=claxb]=blcxal. (36)

SIXII0 BEKTOPH 3ajaHi CBOIMH KOODAMHATAMM B OPTOHOPMOBAHOMY

Gasuci i, j, k, 1O

a = ﬁlx’a’y’az}’ l_) = @’x’by’bz}’ E = {Cx,Cy,Cz},

d = {bycz -be,, be, -be,, b, - bycx}, 87)

y’
afpxcl=a, (b,c, -b,e,)+a,b,c, —b.ec,)+a,lbe, -be,).

fIxkio 3afaHi TPM BEKTOPU KOMIJaHapHi, To ix Mmimanuit fo6yTok,
OuYeBHHO, fopiBHIOE Hy0. HaBnaku, axkmo minianuii o6yTOK TPhOX BEK-
TOPiB OPiBHIOE HYJIIO, TO 1Ii BEKTOPH 0008’ A3K0BO KoMnaHapHi. [lificHo,
SIKIIIO CKaJapHUN f06YTOK BeKTOpiB a i d AOpiBHIOE HYJIO, TO BEKTOp d
IepIeHUKYAAPHUM 10 BeKTOpa a , aje d NepHeHAUKYJIAPHUHN TaKoX
[0 TIOIUHEY BeKTopiB b 1 ¢ . OT:Ke, BEKTOP @ JIEXKUTH B IUIOINHHI BeK-
rTopiB b i ¢. 3Bigcu BexTOPH a , b, ¢ KOMILJIIaHAPHI.

OTxe, piBHiCTs HyJIIO MilIaHOrO AOGYTKY TPHOX BEKTOpPiB € HeobXix-
HOIO 1 JOCTATHBOIO YMOBOIO IX KOMIIJIAHADHOCTI.
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@opmyay (37) MokHA 3anKMCATH, BUKOPHUCTOBYIOYM BU3HAYHHUK Tpe-
THOT'O MOPAAKY

o a, ay a,
apxecl=lb, b, b, |, (38)
¢, ¢ ¢

POBKJIaZaouy SKHWH 3a eJIeMEHTAMH IEPIIOro PAAKA OTPUMAEMO hopmy-
ay (37).

Koumpoaoni 3anumannsn i 3aeédannsn

1. SIx BMBHAYAETHCA TOJIOXKEHHSA TOUKN M mpoCcToOpy pajiycoM-Bex-
TopoM? SIKi KoOpAMHATH BEKTOPA 1 TOUKH B nipocTopi?

2. Illo Ha3MBAETHCA KOOPAUHATHUM 6a3ucoM?

3. fIx BuUBHaUaeThCA MPOEKIisa BeKTOopa Ha Bich? Haszsite Biactu-
BOCTi ITpOEKILiii.

4. 51k BU3HAYUTHU JOBXKUHY Ta HAIIPAMOK BEKTOPA 34 BLIOMUMHU H0r0
KoopAuHaTaMu?

5. JlaiiTe 03HaueHHS CKAaJSAPHOrO AOOYTKY ABOX BEKTODiB, chopMmy-
JI0fiTe OCHOBHi #Horo BiacruBocTi. fIK BU3HAYAETHLCA CKANAPHUHI H00Y-
TOK 4Yepe3 KOOPAWHATHU BEKTOPIiB-CHiBMHOXHUKIB?

6. Chopmynioiite Heo6xifHi Ta JOCTATHI YMOBM NepHeHAUKYISPHOCTI
JBOX BEKTOpPiB. 3anuIlliTh hopMyny A 3HAXOAKEHHS KyTa MiXkK BEeKTO-
paM# Ta YMOBY IapajieJIbHOCTI JBOX BEKTODIB.

7. Illo Ha3uBa€ETHCA BEKTOPHUM JOOYTKOM JABOX BeKTopis? fKi iioro
BJIACTHBOCTi?

8. 3anuuiiTe BEeKTOPHUH AOOYTOK uepe3 KOOPAMHATU BEKTODPiB-
CIiBMHOKHHKIB B ODTOHOPMOBaHOMY 6asuci. AKnit reoMeTpHUHUHI 3MicCT
MOJYJIA BEKTOPHOIO AOOYTKY?

9. ITo HasuBaeThCA MilTaHUM JOOYTKOM TPboX BeKTOopiB? SIKi Biac-
TUBOCTi Mae mimanuit fo6yTOK?

10. ChopmyJiioiiTe TBEPAMXKEHHS, 110 PO3KPUBAE FeOMETPUYHHUN 3MicT
MillIaHoro ZOOGYyTKY.

11. ChopmyatoiiTe Heo6GXiHy i AOCTATHIO YMOBY KOMILJIAaHAPHOCTI
TPLOX BEKTOPiB.

12. Sk Bupa)kaeTbcA MillTaHUR KOOYTOK Uyepe3 KOOPAMHATH BEKTODiB
CHiBMHOMHUKIB?
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Tlpuxaaou pose’azysanna 3adax

2.15. ¥ tpuxytauxky ABC cropona AB toukamu M i N poszijena Ha

Tpu piBHI yacTHHH: [Al\ll = lMN' = |NBl. 3HafiTu BEKTOD W, AKIIO
CA=a, CB=b.
- b-a
Maemo AB=b-a. 3Bigcu AM = 3
—— - b-a _b+2a
3
2.16. ¥V tpurkyrauky ABC npama AM e 6icextpucoio kyra BAC, npu-

Orxe,

qomy Touka M nexxuTs Ha cropoHi BC. 3maiitu AM , axino AB =b,
AC=c.
Maemo BC =c¢ —b . I3 BracTuBocTi GiceKTprcy BHYTDIIIHBOTO KyTa

TPUKYTHUKA BUILJIUBAE, IO 'E]\_l’ : ’1\_4(_3. = H : ’E , TOOTO }Eﬁi : IE—C‘ =

=Bl ()

3Bincu nic'raemo =

f
S H( 2 e + P
Ockinbkn AM = AB+ BM, 10 AM = b+’b‘ H( )

Bl

2.17. Bagano Touxku A (1; 2; 3) i B (3; —4; 6). 3naiiTu AOBKUHY,
HANpPSMOK 1 HOpMY BeKTOpa a=AB.

IIpoeknisimu BekTOpAa E Ha oCi KOOpAMHAT € pisHMIIA BiATIOBIIHUX
kKoopauHar Touok Bi Ata =3-1=2, a,= -4-2=-6,a,=6 - 3 =3.

3sincu a=AB=2i- 6} + 3k. 3HalifieMo JOBXHUHY BeKTOpa a:
‘E‘: Ja? +a? +a? =2’ +(—6)2 +38% =

cosa = cos(&x) %; cosf = cos(-y) 7 ; cosy= cos@z) %
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ﬁ 2i - 67J+3k ii‘ghéﬁ'

2.18. 3anano TpukyTtHHK: A (1; 1; 1), B (5; 1; -2), C (7; 9; 1).

3HaliTu KoopAMHATH TOUKHM D meperuny GicekTpucu Kyra A 3i cTopo-
Howo CB.

3Haii1eMO TOBIKUHHU CTOPiH TPUKYTHUKA, 10 YTBOPIOIOTH KYT A:
lac] = Jlx —xA)z (We —ya)' +(ec -2,)" =
=J@-1)+(©-1)"+({1-1)" =10;
|AB| = (s — x4)*+ (s —94)" + s — 2.)" =
=y6-1)*+0-1)°+(-2-1)*=5.

3sigcu 1CD| : |DB| =10:5=2, ockinnku GicekTpuca AiNNTH CTOPOHY
CB Ha yacTUHH, IPONOpPHifiHi npusernum croponam. OTxe,

_Xethey T+2.5 17 _YotAyy 9+2-1 11
P 1+A 1+2 3’ 7P 1+2 1+2 8~
2o +Azg 1+ 2(-2)
2D= = = -1,
1+A 1+2

mykasa Touka D (17/3; 11/3; —1).

2.19. Ha oci Ox snalitu TouKy, piBHOBif#aneny Bif TouoK A (2; —4; 5)
iB(-3; 2; 7).

Hexait M — myxkauna rouka. Toxi |AM | = IMB| Ockinbku Touxa M
JIEXKHUTh Ha oci x, To I koopaunatu (x; 0; 0).

Orixe, |AM|=\/(x—2)2+42+52, |MB]=\/(x+3)2+22+72; (x-2)? +

+ 41 = (x + 3)*+ 583, a6o 10x = —17, To6T0 X = ~1,7.
3sigcu M(-1,7; 0; 0).

2.20. 3a1aH0 BEKTODH a =4i- 2} - 45, b =6i- 3} + 2k.
O6uHCIUTH CKAJIAPHI J0OYTKU:

1) a-b; 2) Ya?; 3) Vb%; 4) (2a-35)(a+25); 5) (@ +5).

3HaXO0IUMO:

1) a-b=4-6+(-2)(=3) +(-4)(2) =24 + 6 — 8 = 22;
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2)al=a-a=4-4+(-2)(-2)+ (-4)(-4)=16+4+16=36; Va’ =
3)bl=b-b=6-6+(-3)(-3)+2-2=36+9+4=49 b2 =T
- = - —2 — - -2 -2 - -2
4) (2a—3b)(a +2b)= 22" + 4ab-3ab-6b" = 23" +ab—6b =
=2.86+22-6-49 = 2(36 +11-147)= -200;
5) (@ +bf =a’ +2ab+b" =36+2-22+49 =129.
2.21. O6uucauTH, IpH AKOMY 3HAaYeHHI 0@ BEKTOPH a=ai-3 j+ 2k i
b=i+ 2} ak B3aEMHO NeprueH uKYIApHIi.

3HAX0AUMO cxam{pnnn IOOYTOK IMX BEKTOPiB: a-b=a-6-2a
Ockinpku alb,T0 @a-b=0.
3sigcn -0 -6 =0; a =-6.

2.22. O6umcauMTH KYT MiX BeKTOpaMHu ;=22—4}+4; i

5:-35+2}'+6E.

QI
G"I

Ockinpxn @b = H ‘b‘cosq) ToAl COSQ =

S

Maemo @-b=2(-3)+(-4)2+4-6=10; || J4+16+16 = 6;

}5|=\/9+4+36 =7. Orxe, cos<p=£=% i (p—arccos25—1

2.23. 3Ha#TH BEKTOD x, AKWA NepreHAUKYJAPHUN IO BEKTODiB
a=2i+3j-kib=i-2j+3k Ta 3aNOBONBLHAEC YMOBY ;(25 —j+ E) =-6

Ockinbkn xla i xlb, Toxi x-a=01ix-b=0. Hlyxkanuit BEKTOP
x mae KOOpAUHATH x = xli + x2;' + xSE .
Otixe,
2x, +3x, —x; =0,
x, —2x, +3x, =0,
2%, — x, + x5 = —6.
PoaB’sizyouu ofep:kaHy CUCTEMY, MAEMO

x={-3,8, 8}, T06T0 x =-3i+3j+3k.
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2.24. BanaHo BeKTOPH a = 3i—j -2k, b =i+ 2j—k. BuaiiTn KOODIU-

HATH BEKTOPHHX MOOYTKiB:

a5} 2)[ea+b)p; 3)[ea-b)ea+b).

3HaAX0AUMO:
i ; K 1 2 3 2 3 1
nlepl-js -1 m2\=il —1i"jl1 _1’ —.1 _2;=
1 2 -1 - -
=5Z+}‘+7§;

2) [0a + )= [2a 5|+ [p-5]= 2a - 5] 10 + 2j + 14%;

3) [(25-5)(22 +b)|=4fa.a|+2fa.5]-2p-a)-p-5]= 4o -5)-
= 20i + 4] + 28F;
2.25. 3anano Bepimau TpukyTHUKA A (1; 2; 0), B(3; 0; -3)i C (5; 2; 6).
Of0uwncyiMTH #oro maouly.

3HaxX0AUMO BEKTODHU AB i AC.
AB=3-1)i+(0-2)j + (-3 - 0)k = 2i — 2j — 3k;

AC =(5-1)i +(2-2)j + (6 — 0)k = 4i + 6F.

IInomia TpuxkyTHUKa ABC [OpiBHIOE IIOJIOBUHI IJIONI ITapajiesorpama,

nobynoBaHoro Ha BekTopax AB i AC, a ToMy 3HAXOJUMO BEKTODHUMH
JIoOYTOK IIMX BEKTOPiB

ik 2 -3 -2 -3 -|2 -2
[AB-AC]:Z -2 -3 = ”0 ”6i-j|4 _6+k’4 "0t=

4 06

=—12i - 24 +8k.

3Bigcu

S s =%|m25]| = %\/144+576+64 =%\/@ =14 KB.01.



BektopHa anrefpa 113

2.26. O6uucauTy IJIOILY ITapajiejiorpaMa, 100y 0BaHOI0 Ha BEKTOpax
a+3b i 3a+b,mmo o =p|=1, (@"b) =30

Maemo

[@+35)3a+5))=3laa]+[ab]+9lba ]+ 3[pb]=3-0+[ab]|-9[ab]+

+3.0 = -8fabd):

OCKIJIBKH [Zc_;]z [ES]: 0, [BZ]: -[El—;].

3sigcu S = 8'[;1—)]] =8-1-1-5in30° =4 KB.0xA.

2.27. 3HaliTu mimaHu# JOOYTOK BEKTOPiB

a={-1-3Lb={-23251}, c={3-25}

1 -1 -3
abc=|-2 2 1 =1l 2 1l—(—1)l_2 1'-—3I_2 2’:
s o |25 3 5 3 -2

=12-13+6=5.

2.28. 3uaiiTu 06’eMm TpUKYTHOI mipamizu 3 sepmuHamu 4 (—-1; 0; 2),
B(2;1;1),C(3; 05 -1), D (3; 2; 2).

3uaiizemo Bektopu AB, AC i AD, aki sbiraroreca 3 pebpamu mipa-

Migu y BepuinHi A: AB=3i+ } - E, AC = 4i - 3E, AD =4i + 2}' . 3Haxo-
JuMO MimaHui foO6yTOK UUX BEKTODPIB:

31 -1

AB-AC-AD=|4 0 -3|= lé ";.—213 ;‘=~12+10=—2;
4 2 0 B -

v 2

Ockinpru 00’eM mipamigu JOpiBHIOE ~6— napaneneninena (puc. 14),

no0yI0BaHOTO Ha BEKTOpPax A—B, ACiAD, TV

nipaM

it
ol



114 nasa 2

A

2.28. IlokasaTu, 110 BEKTOpH a=2+ 3} —k b=i- ; +38k c=i+
+ 9} ~-11k KOMILJIaHapHi.
3HaxoauMo MimaHui K06YTOK BEKTOPIB.

2 3 -1 1 3 1 3 1 -1
abe=|1 -1 3 =2|_9 11‘—3‘1 11‘—1’1 '9‘:
1 9 -11 - -

=-32+42-10=0.

Ockinbku abe = 0, To 3afaHi BEKTOPU KOMILIAHADHI.

3adaui i enpasu dan camocmiiinoi pobomu

Yu kosineapni BekTOopH C; i Z‘; , TobynoBaHi Ha BeKTOpax aib?
2.30. a={1; -2 3} b=0;0; -1}, ¢, =2a+4b, ¢, =3b-a.
231 a={;0;1}, b={2 35}, ¢, =a+2b, ¢, =3a-b.

232. a={2 41}, b={; -2 7}, ¢, =5a+2b, ¢, = 2a—b.

SHaliTH KOCHMHYC KyTa Mix BekTopamu AB i AC.
2.33. A (1; -2; 3), B(0; -1; 2), C (3; —4; 5).

2.34. A (0; -3; 6), B (-12; -3; -3), C (-9; -3; —6).
2.35. A (-1; 2; -3), B(3; 4; -6), C (1; 1; -1).

O6uncanTy IOy napajeaorpamMa, no6yqoBaHoro Ha BEKTOpax t_l i l_)
q] =2, (p q) =

2.36. a=p+2q, b=3p-gq, %.
_ =\ 1
q|=1, [p q)=z.

;’=1;

2.37. a=3p+q, b=p-2q

;|=4;
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2.38. a=p-3g b=p+2q, 'p| ;=1 (}3”5):%.
TlepeBipuTH Ha KOMILJIAHAPHICTH BEKTOPU E, l_), c.

2.39. a={2; 3; 1}, b={-1; 0; -1}, c={2; 2; 2}.

2.40. ¢ ={3; 2; 1}, b=12; 3; 4}, c={3; 1; 1)

241. a={1; 5; 2}, b={-1; 1; -1}, c={L; 1; 1}.

O6uncautu 06’eM TeTpaeapa 3 BePUIMHAMY B TOUKAX Av A,, A, A L
Horo BUCOTY, ONyINEHy 3 BepiuuHu A, Ha rpanb A A A,

2.42.A (15 3;6), A(2; 2, 1), A, (15 0; 1), A,(-4; 6; -3).

2.43. A, (-4; 2; 6), A(2; —3; 0), A,(-10; 5; 8), A,(-5; 2; —4).

2.44. A (75 2;4), A(7;-1;-2),A(3; 3; 1), A (45 2; 1).

Bionoeioi do 2aaeu 2

2.5. Jliniiino zanexui. 2.6. JIiniitHO Hesamexui. 2.7. JIinifiHo 3a-

aexHi. 2.8. JIlinifigo HesamexHi. 2.9. X = {i,3—8,i}
13 13 13
0. 3?:{ ,-2,-2} 211 ¥ ={3,-6,-6} 2.12. ¥={2,-1,3 }.
2.13. ¥={-1,0,3} 2.14. ¥ ={7,-8,-5 } 2.30. He xoxineapuni.

24
2.31. He xonineapHi. 2.32. He konineapni. 2.33. —1. 2.34. 25" 2.35. 0.

2.36. 7. 2.37. 14\/5. 2.38. 1. 2.39. He xomnnauapui. 2.40. Komnia-

HapHi. 2.41. He xomnaauapui. 2.42. V=%. 2.43. V= 536

=43

2.44.
4 2"
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Inasa 3. AnaniTimyna reomerpis

§ 1. BignosignicTb MiXK reoMeTpHUHHMH 00pa3aMH Ta PIBHAHHAMH

Sk BoKe BiOMO 3 eJIeMEHTapHOro Kypcy MaTeMaTHKH, METOJ KOODAH-
HaT Ja€ MOJKJUBICTh BCTAHOBUTH BiANOBiAHiCTH MiXK AeAKHMMU TeoMeT-
puuHNMHU 0o6pa3aMu Ta PiBHAHHAMMH ab0 ix HepiBHocTAMH. B mxigtpHux
Kypcax po3risjiajachk NPAMOKYTHA JeKapTOBAa CHUCTeMA KOOPAMHAT Ha
miromuHi xy (TobTo Ha IIOIMNHI, AJa BCiX TOUOK AKo0l 2 = 0) i roBopunocs

npo piBHAHHSA npsaMoi, npo piBEAHHEA napaboaun, npo rpadik y = l iT.a.
Tenep, nicia BBeleHHA NPAMOKYTHOI IeKapTOBOi CUCTEMU Roopffnﬁa’r v
poCcTOpi, PO3TJIIAHEMO I1e MUTAHHA 3 O1JIbII 3araJbHUX MMO3UTiH.

Hexaii y npocTopi 3agaHa IpAMOKYTHA JAEKApPTOBA CHUCTEMA KOOPIH-
HaT i HoTpi6GHO BCTAHOBUTU 3aJEKHICTH MiK KOOpAMHATAMHU OYh-sIKO1
TOYKH, II[0 3HAXOANTLCSA Ha 3afaHil Bigcrani R Big saraasuoi rouxku C(a,
b, ¢).

IIpunycrumo, 110 @ € MHOKUHOIO TAKNX TOYOK, TOOTO MHOXKMHOIKO TO-
yok cthepu S 3 nenrpom y C i paniycom R; M(x, y, 2) — moBisbHA TOYKA

muoxunn Q. Toxi |CM| =R, CM ={x-a,y—b,z—c}, Tomy

\/(x—a)2+(y~-b)2+(z—c)2 =R,

a6o

2 2 2
(x—a) +(y-b) +(z—-c)f =R (1)
Koxxna Touka MHOKUHY §, TO6TO KOXKHA TOUKA chepr, MaE KOOp/UHA-
TH, fAKi 3aX0BONBHAIOTH piBHAHHIO (1). AKIMo Touka N JeXuUTh He HA

cdepi, a Bcepeauni nei, To ICN | < R; axuro Trouka N JexuTh 30BHI cdepH,

TO ICN ( > R . PiBusauusa (1) HasuBaeThCcA PiBHAHHAM, IO BiANnoBifae 3a-
naHi# cdepi, abo mpocTo piBHAHHAM 3azxaHoi chepu.
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O3navwennn. Pisnanns, wo sionogidae 3a0aniic MHOMCUHL MOYOK, HA-
3UBAEMbCA PIBHAHHAM, AKOMY 300080LbHAIOMb KOOPOUHAMU BCiX MOYOK
MHOMCUHU | He 3a0080/1bHAIOMb KOOPOUHAMU MOYOK, W0 He HALeHaAmb
3a0aHilt MHOMCUHL.

O3navennn. MHuoxcurna mouok, uo 8idnosidae 3a0aHOMY PIBHANHIO,
HA3UBAEMbCA MHONUHOIO MUX | MIALKU MUX MOYOK, KOOPOUHAMU AKUX
3a00801bHAIOMb 3A0AHOMY PIBHAHHIO.

PosrisHeMo MHOMKHHY TOYOK, AKi 3HAXOAATHCA HA PIBHUX BiACTaHAX
Big rourn A(1; 3; —2) i Bixg Touku B(—1; 1; 0) (114 MHOXXHHA TOYOK € ILJIOIK-
HOIO, fIKa IPOXOAUTDb Yepe3 CepeAnHy Biipisky AB i nepneHZUKyJAAPHA
10 BekTopa AB). Hexait M(x, y, z) — JOBiJbHA TOYKA 3aJaHOI MHOXH-

rowy Jle 1T G 9 + 61 2 -

; ; 2 . . .
= \/(x + 1)2 + (y - 1)2 + (2 - 0) . Ilignecemo o0uABi yacTUHU B KBaApaT i
npusejaeMo noAibHi ujgeHy, AicTaHeMo X + Y — 2 — 3=0.

HHU. 3rifHO 3 YMOBOIO IA—JW—l = lBM

Skmo Touka N He HANEKUTh 3aJaHI MHOMKHHI TOYOK ‘AN ‘ #* |BN| s
Tomi

Ja-1F +(y-3F +z+2F =y +1}F + [y -1F + (z—0F

x+y—-2—-3#0.
Orke, piBHSHHSHA, 110 BiANMOBifae 3amaHiil MHOXKUHI, € PIBHAHHAM
x+y—-2z-3=0.
PoariiaseMo MHOKUHY @ TOUOK, III0 3HAXOAATHCA Ha 3afaHiil BiacTaHi
R Bix oci Z. 3agaHa MHOMKHHA TOYOK € HECKiIHUEHHOIO IUJIIHAPUUHOIO

[IoBepxHe, TBipHiI kol mapajiensHi oci Z i sHaxonaTbcA Bix Hel Ha
sigmcrani R (puc. 15).

Z
A

/"“———_\\\
\\\~ — //

N(-) -—‘\

M0 e N(xy.z)
//"'b——li M\x’y’z,

» Y

} i
X __ L1
l-— \\,l
[“\\‘_._____,/ i
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Cxiagemo piBHAHHA wiei moBepxni. Hexaii Touka M(x, y, z) — xo-
BiJIbHA TOYKa MHOMXUHHU @; Touxa M, o — TpOeKIlia Touku M Ha Bick Z —
mae KoopauHartu (0; 0; Z). 3riguo 3 ymoBoio

|M0M‘ = R, Tomy x® +y® =R,

abo

x* +y* =R (2)

Omxe, KoopauHATH GyAB-AKOI TOUKY MHOMKUHH @ BiZOBiAIOTE PiBHSH-
HIO (2). Hexaii Tenep Touka N — ska-HeGyAb TOUKA, 110 HE HAJEKUTH

MHOMXUHI @, i Ny — ii mpoekuis na Bice Z. Togi ’N N’ # R i tomy

x% 4 y # R®. Mu Z0BeaM THUM caMuM, 1[0 PiBHAHHSA (2) € PiBHAHHAM,
mo BigmoBizae MHOXUHI @, TO6TO € PIBHAHHAM HecKiHYeHHOI LMUIiHI-
puuHOl nmoBepxHi, TBipHi fKOI mapanenwHi oci Z i 3HaxomAThCA Bim Hei
Ha Bigcraui R.

PosrnsreMo MHOXUHY @ TOYOK ILIOMIUHHU, NepIeHANKYIAPHOI Ko oci
Z, mo MPOXORUTE Yepe3 TOUKy M (0; 0; 2). OCKiJIbRM L NIOMUHA napa-
Z = 2. fAxmo BleMeMO AKy-HeOyab Touky N(x, y, 2), 10 He JeXKUTH Ha
safaHiit romuHi, To aiA Hel Z # 2. Orke, piBuAHHA Z = 2 € piBHAHHAM
3a1aHOI MJIOIIMHU.

3 HaBe/leHUX NIPUKJIAJiB BUAHO, 10 PiBHAHHAM, J0 AKUX BXOLATH TPH,
nei i HaBiTH OffHA HeBizoMa, B mIpocTopi BiAOBiNAE KesKa 1moBepxHs. Bu-
HATKOM € BUIANKH, KOJHM IIOBEPXHSA BUPOAXKYETHCA B OKPeMi TOUKH, B
JnHuo a60 B3araji € IyCTOI0 MHOMUHOIO Touok. Tak, piBHAHHIO
x4 y + z = ( BigmoBizae ogHa TOuKa — noqa'rox KOOpJII/IHaT piBHAH-
HIO x° + y® = 0 Bignosinae Bick Z, piBHaHHO x° + y? +2*+1=0 — nye-
Ta MHOXXHHA TOYOK.

Ockinbku 6yab-Aka ninis mMoxe 6yTu 306paskeHa AK NepeTHH ABOX
[I0BEPXOHb, TO JiHiA B mpocTopi moxe GyTH 3ajaHa CHCTEMOIO XBOX
piBHaHb. Tak, cucTeMi piBHsHD

Z =0,
x2+y2=R2

BiiMOBifae MHOKUHA TOYOK, L0 HAJEKUTD AK IonmHi Z = 0, Tak i He-
cKiHueHHINM nuAinApUYHik noBepxHi x? + yz = R?*, T06T0 KOJIO pagiycom
R, AKe Mae IeHTD Ha IOYATKY KOOPAMHAT i JIEKUTH Y Trouusi Z = 0.

¥ f6ararpox 3afayax, ocoGJMBO B 3afa4Uax, OB’ ABAHUX 3 PYXOM, JiHii
3ajaoThe Jiemo inakme. IIpunycrumo, 110 MaTepianbHa TOUKA PyXaEThCA
no axiiice ainii. KoxxaHoMy MoMeHTY uacy t y nponeci pyxy Bigmosifae
IesKe BU3HAYeHe MOJIOKEHHA Touku M, wo pyxaerscsa. Hexailt y mpo-
CTOpI 3a7laHO IPAMOKYTHY A€KapTOBY CHCTEeMY KoopauHaT. Toai KoxHO-
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My 3HauEHHIO t y Ipoleci pyxy BiamoBinae geaxknii pajiyc — BeKTOD

OM = (p(t)._qua caMHM 3aJaHOI0 € BeKTopHa GyHKHisA (p(t). BexTopHe
piBHsHHSA r = @(f) HAa3MBalOTh IapaMeTPUYHHUM BEKTOPHUM DiBHSHHAM
TPaEKTOPii. _

Hexait r = {x,y,2} i olt) = {o, (), 0,(t), 0, (t)}. Tomi mns xoopaunar
Touku M(x, y, z), 1110 pyXaeThcsl, MAaEMO ITapaMeTPU4YHe CKAJIIPHE DiBHAH-
HA

X = (Pl(t)’ y= ‘Pz(t)’ z2 = (Pa(t)° 3

Bukmouaiouu t 3 IepIIXX JBOX Ta 3 OCTAHHiIX ABOX PiBHAHb CUCTEMU
(8), micranemo /iBa piBHAHHSA, AKi 3B’A3YI0TH KOOPAWUHATH X, Y, 2 AOBLIBHOL
TOYKY TPAEKTOPii, TOOTO PiBHAHHS ABOX IOBEPXOHB, 1[0 IEPETUHAIOTHECA
1o i TpaekTopii.

V¥ nanromy NpUKJIaji napaMeTpoMm (J0MOMiX¥HOIO 3MiHHOIO), Uepe3 AKUM
BUpaXKaBCA pajiyc-BeKTop OyAb-sikol Touku ainii, 6yB yac. IIpoTe napa-
MeTpoM Mosxe OyTH He TinbKM uac, a i JOBXKWHA NpoiifeHOI MaTepiaab-
HOIO TOYKOIO AYyTH, KYT II0BOPOTY Ta iHii ¢isuuHi uu reoMeTpruHi 3MiHHi.
Basksuse TinbpKM Te, 100 II0 KOXXHOMY (B I1eAKOMY TPOMIiXKKY, II[O0 PO3T-
JASAEThCA) 3HAUEHHIO ITapaMeTpa IIOBHICTI0 BM3HAYAJIOCh MOJOXKEHHSA
3MiHHOI TOUKHM.

Y pagi sagayu mopsy i3 3aBIaHHAM IIOBEPXOHb i Jiniit caig posraazarn
i obsnacti, oOmeskeHi nuMu nosepxHamu abo AiHiamu. Ak npasuio, ni 06-
aacTi MoxyTh OyTH 3afaHi 3 JOTOMOTr0K OfHOI a60 KinbKOX HepiBHOCTE.

Hexali posrnsifacThca MHOXKHHA TOYOK, AKi i HajexaTs, y cepefuHi
chepu paniycom R 3 nenrpom B M (a, b, ¢) i M(x, y, 2) — ROBiJIBHA TOUKA
niei mpoxxkunu. OueBuAHO,

M, M| < R,
TOMY

(x-af +@y -0y +(z-cf <R

VYei Touku 3agaH0l MHOXKMHY 1 TINIBKM TOYKH, AKi il HamexaTs, MalOTh
KOOpAMHATH, 110 BiAiNOBiAa0Th ofep:xaHiit HepiBHOCTi. ToMy BOHO MOKe
OyTH HasBaHe HEPiBHICTIO, IKA BiANIOBifae 3amaniit MHOXKUHI TOYOK.

MHOXKUHI TOYOK, AKi 3HAXOAATHCA MiXK JBOMA IIJIOLIMHAMU, IIepIEH-
TUKYJAPHAMH JI0 oci x i mepeTuHaioTh 110 Bick y Toukax A(1; 0; 0) i B(3;
0; 0), sigmoBinae cucrema HepiBHocTeil 1<x<3. MHOKHMHi TOUOK, AKi 3Ha-
XOIATLCA MiXX KOHIEHTPHMYHHMHU KOJIAMH 3 IeHTPOM Ha MOYaTKy KOOp-
auHar, pagiycamu R, = 2 i R,= 3 i nexarp y nyomusi xy, sianosigae
cucrema ymoB 2 =0, 4 <x* +y? <9 ir.nm.
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§ 2. Jliniitni o6pasn — nioumua i mpama

Busuennsa reomeTpuuHNX 06pasiB 3a ZOTIOMOTOIO METOAY KOODAUHAT
OPUPOJHO MOYATH 3 HAUNIPOCTININX 00’ €KTiB — rromuy i npamux. Ilo-
Ka)XeMo HacaMIlepes, 10 UM 00’€KTaM BifNoBijae PiBHSHHS DEpLIOro
CTeneHs.

Teopema. ByOv-axiil naowuni 8 npocmopi i3 3a0aH00 NPAMOKYMHOI
derxapmosow cucmemow Koopdunam sidnogidae pienanna nepuiozo cme-
nena i 6yO0v-aKomy Pi6HAHHKIO NePuLOz0 cmenens 8 npocmopi ionosidae
desara naowuna.

HdoBepnenHa Hexail y npocropi i3 3agaHo0 IPAMOKYTHOIO
JeKapTOBOIO CUCTEMOIO KOOPAUHAT BubOpaHa JesiKa miouiuHa . Bissme-
MO Ha uiit romuni 6yae-aki tpu rouku M (x,, y,, 2,), M,(x,, y,, 2,),
M (x,, y,, 2,), AKi He jexaTs Ha onHi# npsamii. Ik Bigomo, Taki Toukn
IOBHICTIO BU3HAYAIOTH PO3risigyBany nuouiuny. Hexait M(x, (x, y, ) — Jio-
BisbHA Toyka miIoIMHM Q. PO3riasiHeMo TPU BEKTOPH M M, M M,,
M M, . OcxineKkM BOHHI JI€XXaTh B OAHIM miomuui Q, To X Mimanmit
zxo6y'r0}c Ma€ TOPiBHIOBATH HYJIIO AJS BCix TOYOK M, 1[0 HAJIEXAaTh ILIO-
uruHi @ (1 TITBKK AJS IHX TOYOK).

Omxe, piBHAHHA

MM -[M\M,-M,M;]=0 (4)
€ PIBHSHHAM IJIOIIKMHY @, w0 posraanaersed. Ockinbxu Touxku M,, M,,
M, He nexaTh Ha OfHiN mpamiii, To BekTopn M, M,, M, M, Hekonime-
apHi 1 BeKTOPDHHUH J00YTOK HEe MOXKe Oytu HyabOBUM BekTOpOoM. IToana-
4uMO et BeKTopHUi no6yTok uepe3d N = {4, B, C}. fIx 6yno sazHaueHo
Bulle, xo4ya 6 oxHe 3 uucen A, B, C Bigminne Big myns. Pasom 3 TuM
BEKTOD N NepneHAUKYJIAPHUHN 10 IJIOIUHI BeKTOPIB i, OTXKe, € BEeKTO-
POM, MEePHeHAUKYJAPHUM [0 IUIOIIUHK @ (BeKTOp HOpPMAJi X0 3amaHol
nosepxHi). Ockinbku M, M = {x — x,, y — y,, 2 — 2,},,piBHAHHA (4) MOXHA
IepenucaT y BUTJALL
A(x -x)+Bly-y)+C(z—-2)=0. 5)

Ilepmia mosioBMHA TeopeMH BKe NoBejeHa: 6yob-AKil mmomuui Bigmo-
Binae piBHAHHA nepuioro cremnens. llle pas 3azHaummo, HI0 B IILOMY
pisnansi (x,, y,, 2,) — KOOPAMHATH 33/JaHOI TOUKHM IJIOUIMHH, (X, U, 2) —
KOOPAMHATH J0BibHOI (3MiHHOI) TOYKHM IIOmMUEY, A, B, C — Koedimien-
TH IPU 3MiHHUX KOODAMHATAX — KOOPAWHATH BEKTODA, NEepPIeHIMKY-
JISIPHOTO 0 TJIOM[WHH.

PieHsanHga (5) MoKHa nmepenucaTe y BULIsALL

Ax + By +Cz+ D = 0. (6)
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lle piBHAHHS Ha3WUBAETHCA 3AZALbHUM PIBHAHHAM NAOUUHL.

JloBeneMo Tenep, 110 O6yAb-AKOMY PiBHAHHIO IIEPUIOro CTeNeHsI 3 TPhO-
Ma HeBiIOMHMH B IIPOCTODi i3 3aaH0I0 MPAMOKYTHOIO [€KapTOBOIO CHC-
TeMOI0 KOOPAMHAT Bi/imoBifae gesaKa MJIOIIUHA.

Hexait 3asaHe 3arajbHe PiBHAHHSA IEPHIOTO CTelleHA 3 TPphboOMa He-
Bigomumu Ax + By + Cz + D = 0, npuuomy xo4a 6 ogse 3 unucen A, B, C
Biaminne Big Hynsa. IIpunycrumo, 1o C # 0, 3azamMo JOBLIBHO JBa YHUCTIa
x, 1y, 1snaigemo z, raxe, 11100 BUKOHYBaJacsa piBHICTH

Ax,+ By,+ Cz,+ D = 0.

Toni D = —(Ax,+ By, + Cz,).
IigcTaBasioun y IOYaTKOBE PiBHAHHA ofuncyieHe 3HaYeHHa D, gicra-
HeMO piBHiCTB

A(x —x))+ By —y,)) + C(z —2) =0

ITo6ynyemMo BeKTOD N ={A, B, C} i uepe3 Toury M(x,, Y,, 2,) IPOBEIEMO
IJICIUHY, MePIeHANUKYIAPHY /10 BEKTOpa N Hexait M(x, y, z) — Jno-
BinbHa Touka miei mromuun. Ockinpku Bexrop MM pas Gyzab-sikoi
Touku M, 110 JEKUTh Ha NMOoOymoBaHiil HJIOHlHHiMJ‘IbKH I TOYOK
1iel IOIMMHAK), NePIeHANKYIAPHUN 10 N, rogi M M N=0 i, omTxe,
pPiBHAHHA

A(x —x)) + Bly —y,)) + C(z - 2;) = 0,
a ToMy i piBHO3HAuHe HOMY PiBHAHHSA
Ax+By+Cz+ D=0

€ PiBHSIHHSAM IUJIONUHU.

Orike, MM He TiBKH ZOBEJIHU, 1[0 MIOYATKOBOMY PiBHSHHIO BiAnoBigae
MIJIOILHA, 4 i BCTaHOBUJIN, 110 1ie 3a MJIOMNHA: Iie IJIOIUHA IIePIeHH-
KynsapHa fo BekTopa N = {A, B, C} i upoXoxuTs Yepe3 TOUKY (X, Yo Z¢)
TaKy, mwo Ax,+ By,+ Cz,+ D = 0.

BaBHauno ekl oxpelvn BUMNAJKY 3arajbHOr0 PiBHAHHS IUIOIIMHY. SIKIIO0
C = 0, To6ro 3aranbHe PiBHAHHSA NJIOIIMHY MA€ BUTJIA] Ax+ By + D=0,

Toxi mpoexkilist Bekropa N Ha Bicb Z nopmmoe HYJIO i, 0OTXKe, BEKTOD N

neprnesauKyasipauit fo oci Z. Iipore N HeprneHJuKyJIapHui 10 3a1asol
IJIOMMHEN Q. 3BifcH BHIIMBAE, L0 3aJaHa IUIOIMHA IapaJeabHa oci Z.
Amnasoriuso piBusinHw Ax + Cz + D = 0 BignoBigae njaoniuHa, napajeib-
Ha oci y, piBusnH© By + Cz + D = 0 — njomuna, napajeibHa oci x.

Axmo D = 0, To6To piBHsHHA Mae surasag Ax + By + Cz = 0, roai
3azaHa IJIOIHHA IPOXOJUTEL Uepe3 IOUYaTOK KOOPAMHAT.
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Sxuto A = B = 0, To6T0 piBHAHHS Mae Buriag Cz + D = 0, roxai
IJIOIIKMHA, AK 3a3Ha4eHO BUINe, IapaJesbHa oci x Ta oci y, a Tomy napa-
JleJIbHA IIOMKHI xy (i, 0TiKe, NepIeHANKYAAPHA [0 oci 2).

Axmo B 3arajbHOMY piBHAHHI momuHYN Koedinient D # 0, To, pos-
ALTHBINY BCi wieHu piBHAHHA Ha —D, PiBHAHHA MJIOUIMHY MOMHA IIPUBE-
CTH IO BUILJIAAY

Ty¥, 2, (6)
a b ¢
ne a =-D/A, b= -D/B, ¢ = -D/C. lle piBHAHHA HA3UBAETHCA PiBHAH-
HAM IJIOLMHYU Y BiApiskax: y HEOMY @, b, ¢ — BignosigHo abenuca, OpAHU-
HaTa i anikaTa TOYOK IepeTUHY ILIOIUHY 3 ocamu Ox, Oy, Oz.
Tax camo MoxHa PO3rIAHYTH i Bei OcTanHI MOMK/IMBI OKpeMi BUIAAKH.
Temnep poarasHeMo 3ajauy Ipo O6UMCAEHHS KyTa MiX ABOMA TLJIOIIH-
Hamu. Kyr misk pgBoMa niomusaMu, Tounime ogun i3 cyMisKHAX KyTiB
MiX JBOMA ILJIOMMHAMH, MOYKHA OGUUCIUTY K KYT MiXX HODMAJIAMH 10
OMX IJIOIIUH. SIKII0 NIONIUHY 3afaHi cBOIMU 3araJbHUMM PiBHAHHAMU

Ax+Bly+Cz+D=0 Ax+By+Cz+D,=0,

Toxi IX HOpMAaNBHiI BEKTOPH MAIOTH BUTJISL N ={4,B,,C}, N ={4,,B,,C,}
i Tomy KyT 0 Mix nmommuHaMuU

N, N, AA, + BB, +C,C,
cos0 = —= 2 .
FARFA \/A2+BZ+CZ\/A2+BZ+C"’
IInomuan napanensHi Tozxi i Tinbky; Toxi, Koxu N = )»N i, oTxKe,

A,=M,, B,=AB,, C,=1AC,, abo

A _B_C
4 B G

Ilromuny nepneHAMKYNAPHI Toxai i Tineku Toxi, komu N " N,=0i,
OTXKe,

AA,+ BB,+CC,= 0.

[Ipamy ninio B IpoCTOpi MOXHA BUBHAYMUTH SK MEPETHH ABOX ILIO-
IMH, TOGTO K MHOMKHMHY TOYOK 34 CHCTEMON JBOX DiBHSHb HEPLIOTO
CTeneHsa

Ax+By+Cz+D, =0,
A, x+B,y+Cyz+ D, =0.

Buginumo okpemo Toit BUNIaoK, KOJU OQHA 3 IIUX NJIOUIUH € IIJIOU-
HOMW0 XY i, OTxKe, mpaAMa, L0 POSLAAJAECTHCA, JEKUTD Y IJIOMIMHL xy. B
IBOMY BUNIAAKY cucTeMy (7) MOKHA 3aIUCATH Y BUTJIALL

(N
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z2=0
Ax+By+D =0, ®)

10 € TepPeTUHOM IUIOIIMHY XY 3 1romuHo Ax + By + D = 0, napaJeib-
HOIO oci 2. .

Posraauemo Bexrop N = {A, B, 0}, 1110 JeXUTH y IJOIUHI xy 1 nep-
NeHANKYJAApHUHA fo miomuau Ax + By + D = 0. Lleit BeKTOp Nepresu-
KyJApHUI A0 npsMoi, 10 BU3HAYAEThCA cucTemolo (8), i HasuBaeThCA
HOPMAJILHEM BEKTOPOM Iiel nmpamoi.

Tenep posrIAZATUMEMO TLIbBKK TOYKHU IJIOIIMHY XY 1 po3B’A3yBaTH-
MeMo 3ajaui, 110 BiJHOCATHLCH TiABKH 0 TeOMETPUYHUX 00pasiB, AKi Je-
skaTh Ha Lii maomusni. Toxi MoKHA TpeTi KOOPAMHATH TOUOK i BEKTOPIB
HaBiTH 1 He 3anmucyBaTH, 6epyuu IO yBaru, 1o BOHX MalOTh JOPiBHIOBATH
HYJIIO.

fIx yske 3a3Havasocs Bulle, piBHAHHIO Ax + By + D = 0 y rromusi 2 = 0
Bisnosifae mpama. A ToMy B aHATITHUHIM reoMerpii Ha NIOMMHI PIBHAHHA

Ax+By+D=0 (9)

Ha3UBAIOTh 3arajJbHUM DiBHAHHAM npamoi. Hopmanbuuil BekTOp wi€i
npamoi sanuinemo tenep y dopmi N = {4, B}.

Axmo A = 0, Toxi npsima napaJieasHa oci abcnuc, KII0 B 0 — oci
OpAUHAT.
Hexait B # 0. Toxi 3arainHe piBHAHHSA NPAMOI MPUBOAUTHCS A0 BH-

y x 1T k b, ni i
T [ J— —_—— —_—— ; P , =
JISILY B B 03HAYMMO B B JicTaHeMO piBHSH
HA NPSAMOi y BHIMIAAL

y=kx+b. (10)

_ 3’scyemo reomMeTpnyHMii 3MicT Koediientis k i b. PosrasHemo BeKToOp
s$={-B, A}. Ockineku s+ N =(-B)- A+ AB =0, T0o BeKTOp s HaIIpAMJIEHUIA
B370BXK TIpsaiMol Ax + By + D = 0. Bin HazuBaeThCsl HAIPAMHUM BEKTOPOM

npsamoi. ITosuaunmo uepes ¢ kyT Mixk BekTopoM s i Biccio x (puc. 16).
Toni

np,s =| s |cos¢ = —B, npyé =|s |cos((p—§) =|s|sing= A,

3Bizcu

A A
tgp=—-— i k=—-—=1tgeo.
= B B &P
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Puc. 16

3HaiinemMo Touky M, mepeTuHy mpsiMoi 3 Biccio oppuHAr. OCKiIbKH
abcnuca Touku M o IOPiBHIOE HYII0, TO if OpAMHAaTa NOpiBHIOE b.

OTixe, B piBranHi (10) KoedilieHT k € TaHTeHCOM KyTa MiXk 3a/aHOI0
OpsMolo i Biccwo abenmc (BuGHpaeTbes KyT y BepxHi#t miBmommni), a
BiIBHUI useH b — OPAMHATA TOYKM MIE€PETHHY NPAMOI 3 BiCCIO OpAMHAT.
Uucso k HasUBaEThCH KYMOBUM Koediyienmom paMol, a b — novamio-
6010 opduramoro. Came piBHsAHH#A (10) HasMBaeThCA PIBHAHHAM NMPAMO]
(fKa nexuUTH B IJIOINUHI Xy) 3 KYTOBUM KoedirieHToM.

Ockinbku npu BuBeneHHi piBHAHHSA (10) MU HPUIHAIN TiNbKH, 10
B # 0, To B TAKOMY BHTJIsI[i MOXKHA 3aIMCATH DiBHAHHA 6YAb-AKOI nps-
Moi (y momuHi xy), KpiM npsmux, napaneJbHUX OCi OpAUHAT.

Hajinpocrimumu i pasom 3 THM OCHOBHUMM 3aJauaMu, 0B’ A3aHUMU
8 IPAMAMH JIiHIAMM Ha IUIOIIMHI, € BU3HAUEHHSA TOYKHU IEPETHHY JBOX
OPAMUX T OOUUCAECHHS KyTa Mix nmpaMuMu. OCKinbKu 6yab-aKiil opsamiit
Ha IUIOLMHI XY BiAMOBifae piBHAHHSA NEPIIOTO CTeNeHd 3 JBOMA HEBio-
MHMM 1 TOYKA NMepeTHHY ABOX NPAMHUX Mae HAJEXKATH KOMXKHIM 3 mmx
NpSAMUX, TO AJS BU3HAUEHHS TOYKU IEPeTHHY ABOX HNPAMHUX NOTpifHO,
OUYeBUJHO, PO3B’A3aTH BiAMOBIAHY CHCTEMY DiBHAHD.

st oBuncIeHHA KyTa MiX ABOMAa MIPAMUMH, 1110 JIEXKATh B IUIONHH] xy,
MOKHA BUKODHCTATH METOAM OOUMCIeHHA KyTa MiK ABOMa BEKTOPAaMU.

Hexait npami 3afani cBOIME 3araJbHUMY PiBHAHHAMU

Ax+By+D =0, Ax + By + D,=0.

Ak 6yno 3a3sHaueHO BHUINE, HAIPAMHMMHU BEKTOPAMH LMX NPIMUX €
BEKTOPHU

g= {_Bl’Al} i g: {—Bz’ Az}'
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A ToMy KOCMHYC KyTa Mi OpAMHUMH (TOUHIiIIe, KOCHHYC OJHOTO 3
KYTiB MiXX IPAMUMH) 00UHCII0EMO 3a HOPMYJIIOIO

S8, A A, + BB,

COSB:——__—_*—— .
Is |-1s,| JAZ+ B2\ A+ B;

1n

3oKpeMa, AKIIO ABi IpsAMi B3AEMHO IePHeHAUKYIADPHL, TO §; « S, = 0,
a6o B cKaaspHii dopmi
AA,+ BB,=0.
Hpammb%xo, 3an1a17mo, i1 obepHeHe TBepIKeHHA: AKI A A, + B, B,=0,
0o c0osO = 0 i mpsAMi nepneHAUKyAAPHI.
Orsxe, piBaicTs A A, + B B,= 0 € yMOBOI0O, HEOOX11HOIO i AOCTATHBLOIO JJISA
[epHeHMKY/ISPHOCT] ABOX NpAMUX. Ko npaAMi napasiesbHi, TO S, = As,

iropiA,=MAA,, B,= =AB,, T0o6T0 KOedilieHTH NPH 3MiHHMX KOOpAWHATAX ¥
PIBHSAHHAX napajieJbHUX OPAMUX BiNOBIAHO MPONOPIiHi:

A, _ B,

ko npami 3agaHi cBOIMU PIBHAHHAME 3 KYTOBHMHE KoedilieHTamMu
y=k1x+b1,y=k2x+b2,
TO
A=Fk,B=-1,A=Fk,B,~= -1,
i yMOBa epNeHAUKYJIAPHOCTI ABOX IPAMUX MAE BUTILAL
1
kk,= -1, abo k, = . (12)
1

Omxe, AJIA MepHeHJUKYJIAPHOCTL ABOX NPAMUX (He IapajejbHUX 0CAM
KoopAMHAT) HeoOXiaHo i AocTaTHbO, 1100 IX KyToBi Koedinientn Oynu
obepHeHi 3a BeJIMUYMHOIO 1 IPOTUIEKH] 32 3HAKOM.

IToBepHeMocs 40 NUTaHbL reoMerpii y mpoctopi.

ITpsAMy MOKHA 3a/IaTH He TLJIbKH SIK IIEPETUH JBOX ILJIOUIUH, & ¥ ABO-
Ma Je:KauuMU Ha Hill Toukamu, abo, 110 pakTUYHO Te caMe, TOUKOIO, IO
JIEXKUTH Ha MPAMiil, i BEKTOPOM, KoJiHeapHUM IpAMiii.

Hexait 3anaso0 To4Ky M, IO JIEXKUTH Ha IIPAMil L, i BeKTOP s KoJliHeap-

Huil npamift L; O — nouaTok xooppuHar i M — noBinpHa (3MiHHA)
TOYKa 3ajaHol mpsamoi (puc. 17).
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Puec. 17

Iloznayumo uepes E paniyc-sexkrop OM,, i uepes r — papiyc-BeKTOp
OM . Ockinsxu BekTop M M KoNiHeapHUit BEKTODPY §, TO ANA OyAhL-

SKOro noyioskeHHs Touku M Ha L icnye Taxe gificre unceno ¢, mo M, oM =ts.
3minw0YN mapaMeTp ¢ Bif —oo 10 +o0, gicTaHeMo Oyab-sIKY TOUKY IpAMOI

L i Tinpxu npsamoi L. A Tomy, 3aMiHuBIIK MM Ba r—-r,, oiepxumo,
1110 PiBHAHHA

r-r,=ts (13)

€ BEKTODHUM DiBHAHHAM IIPAMOI, 1[0 PO3rIALAETHCH.

IIpupoaHo HassaTu Lle DiBHAHHA napamempuiHum PiBHAHHAM nps-
MOL Yy 6eKxmopHiil opmi. B

Hexait Touka M, mae KoopauHATH X4y Yys 29> A BEBKTOP S — KOODJAWUHATH
l, m, n. TlosHaunMo uepes x, Y, 2 KOOPAMHATH AOBLIBLHOI (8MiHHO1) TOUKH
M npamoi. Toxi mapameTpruuHe BeKTOPHE PiBHAHHS (13) sanumerscs B
CKanApHi# dopmi

x=x,+1t,y=y,+mt, z=2z,+ nt. (14)

¥V Bunaaxy, AKINO 3aJaHa NPAMA JIEXKUTH Y IJIOLIAHI xy, 2 i n gopis-
HIOIOTh HYJIO, piBHAHHESA (14) HabyBae BUrIANY

x=x0+lt,y=yo+ mt, z=0.
Hxmo m # 0, To6T0 NIpsiMa He NePNEHAUKYISAPHA KO Oci X, TOJi, BUK-
JIIOYHUBIIN NnapaMeTp ¢, AicTaHeMoO piBHAHHA 2z = 0, y — Yo= k(x — x;), ne

m . - ..
k= n = tg€9; ¢ — KyT Mix HaNpsSMHHM BEKTOpPOM s i Biccio abemuc.



AnanituuHa reomeTpis 127

Orsxe, B moniuHi z = 0 piBHSIHHA

Y= Yo= klx — x,) (15)

€ PiBHAHHSAM IpPSAMOI, MO MPOXOAUTH uepesd TOYKY M (X, Y, 2,) 1 Mae
KyToBuit KoediiieHT k.

fIxuio mpAMa He NEePHeHAMKYJIADHA Hi 4o oxHiel 3 KOOpPAHHATHUX
oceit, To6To unciaa l, m, n BiAMiHHI Bix HYJsA, TOA1, BUKJIIOYAIOUH i3 CHCTe-
mu (14) mapamerp t, OAEPXKUMO PiBHAHHA

X—X _Y~Yo _2"%
l m n
fIKe HA3WBAETHCH KAHOHIUHUM DIBHAHHAM NPAMOL.
PosrnsaHeMo OKpeMo KoKHe 3 piBHsAHBL cucremu (16). Pmnmn-m
X = Xq

, (16)

l =¥ Y% Bixnorizae miomuui, napanenasHii oci arrikar. Pasom
m

3 TUM YCi TOYKM IpaMoi MAlTh JexaTd B Uiil miomuHi abo miomuHa
MicTuTe B cobi 3asany npamy. OCKiibKM ILUIOIMUHA NEepHeHAUKYISIPHA
IO TUIOILIMHK XY, TO BOHA MPOEKTYE 3a[aHy IPAMY Ha IO IJIONUHY. AHa-

. . Y~—Yo _2-2 _. . .
JIOTiYHO piBHAHHA — —— = — — BIJITIOBIJA€ IJIONIWHI, AKa NPOEKTYE
m n

. x-—x, 2-2
3afaHy NIPAMY Ha IUIOLIHHY Y2, a PiBHAHHA 7 = ——, AKe € Ha-
n

CJiIKOM JBOX IIEPIINX, BU3HAYAE IIOUTHHY, AKA IPOEKTYE 3aIaHy PAMY
HA IJIOLIUHY XZ2.

BasknuBoio 3a7jayero, 0B’ A3aHOI0 31 B3BAEMHUM IIOJIOXKEHHAM OpPAMOI
i mromuHU B mpocTopi, € 3axaya mpo ofumcJeHHA KyTa MiXX nmpamoo i
MJIOLITHHOIO.

Hexait L — 3agana npsMa, piBHAHHA AKOI

X=Xy _Y—¥Yo _2-%
l m n
i @ — 3ajaHa IUIOIIMHA, PIBHAHHA AKO1
Ax +By+Cz+ D =0.

KyToM Mix npaMoI0 i MJI0LIMHOI HA3UBAETHCA KYT MiX IPAMOIO Ta
il mpoekIielo Ha MIOIMHY. A TOMY KYT ¢ MiK IPAMOIO i IJIOH{MHOIO HE

’

. . n o - o .. T
Ginbime Hix 3" Hexait s — nHanpaMuuii BeKTop npamoi, a N — BeKTOp

HopMmaJi go muiomuneu (puc. 18).
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Puc. 18

OTpumyemo

sin ¢ =|cos(N, s)| = ) a7

IN|-|s

OcCKinbKY § = {l,m,n} i N = {A, B,C}, 10

Al+ Bm +Cn
VAT + B2+ CIVIE v m? + 0
OueBupHo, nmpama L i muommnua @ mepuesAuKyaspHi Toxi i Tinpxku

sin @ =

Toli, KOJHU BeKTOPH s i N Kouaixeapsi.
OToxe, A5 EPHEHAUKYJIAPHOCTI IPAMO] i mnomnmHay HeobxigHo i Ko-
CTaTHBO, 106U N = As, a6o

A=MN, B=Am, C=Mn. (18)

3po3yMiJIo TAKOXK, 1110 npaAMa L i niomuHa Q mapaJjieibHi ToAi i TLIbKH
TOJi, KOJU NePIeHAUKYIIAPHL BekTopu § i N, To6TO 1151 mapasesbHOCTI

npamol i IJIOHIMHU HeoOXixHo i gocraTHBO, 06 N -s =0, abo

Al + Bm + Cn = 0. (19)

Konmpoaoni 3anumanns i 3a6dannsn

1. HoBecTH, 1110 PiBHAHHSA NJOIIMHHK 3aBIU BUPAKAECTLCA DiBHAH-
HAM IIepUIOTO CTeNeHs i, HAaBNaKy, BCAKE PiBHAHHSA MEPIIOro cTelleHs €
PiBHAHHAM ILJIOLIUHH.

2. fAxnit BUrasy Mae 3arajbHe piBHAHHA naomuun? Skuit 3B’a30kK
icaye Mixx HopManbHuM BekTopoM N [0 miomuHH Ta KoedinienTamu
3araJIbHOI'O PiBHAHHSA IIOMIUHHA?

3. 3anuiiTh piBHAHHA IOIIVHK ¥ BEKTOPHIN Ta KOOPAMHATHIN dopMi.
4. SIK BUBHAYAETHCA FOCTPUAM KYT Mi ABOMA ILIOIMHAMU, 10 IIepe-



AnaniTvusa reomeTpis 129

THHAIOThCA? 3alHIUIITE YMOBYM IapajeIbHOCTL Ta NMepneHAUKYJIAPHOCTI
ILJIOIIMH,

5. 3anuiniTh piBHAHHS ILIOIIWHY, IO NMPOXOAUTH Yepes TPH 3aJaHi
TOYKMH.

6. fAxuit BUrIAA Mae KaHOHiIUHe PiBHAHHA NPAMOI, HI0 IIPOXOAUTH
uepes 3afaHy TOURY A(X,, Y, 2,) I napasesbHa HAIPAMJIEHOMY BEKTOPY
s{l, m, n}?

7. 3anuiniTe nMapaMeTpuuyHi piBHAHHA npamol. xuii 3B’A30K iX 3
KAHOHIYHUM DiBHAHHAM?

8. fIx sanucyeTnca PiBHAHHSA NPAMOI, IO IPOXOAUTH Yepesd ABi 3asani
TOUKU?

9. Ik BU3HAYAETHCA KYT MiX ABOMA NMPAMHMH, L0 3aJaH1 KaHOHIY-
HUMH PiBHAHHAMKM? 3aNUINiTH YMOBHM MAapajieJIbHOCTI Ta IEpHeHAUKY-
JAPHOCTI IUX TIPAMUX.

10. Sk BU3HAYKUTH KYT MiXK NIPAMOIO TA IJIOIINHOW? 3aIUHIITL YMOBY
TapayeNbHOCTi 1 MepneHAUKYIAAPHOCTL IPpAMOI Ta IJIOIMHH.

11. fx BUBHAYNTH KOOPAWHATH TOUKH MIEPETUHY MPAMOI Ta IJIOIINHE?

12. 3anuniiTes yMOBY HaJIeIKHOCTi ABOX NPAMUX IJIOIIHUHI.

13. BuBegiTh 3arajbHe PiBHAHHA OPAMOI HA IJIOIIWHI.

14. BuseniTh piBHAHHSA NpAMOL 3 KYTOBUM KoedinieuTom. Axuii reo-
MeTpUYHHUN 3MicT mapamerpis k i1 b?

15. ChopmymroiiTe yMOBY MapajeSbHOCT] i NepPMEeHAUKYIAPHOCTL IBOX
TNPAMUX Ha IJIOHIMHI.

16. Hocnizite 3aranbHe piBHAHHSA npAMoi Ax + By+ C=0npud =0,
upu B =0, npu C = 0.

17. 3anumiTe piBHAHEA IPAMOI, IO IPOXOAUTH Yeped TOUKY M (x,, Y,)
i Mmae KyToBU KoedimieHT k.

18. 51k BupaxawOThCH PiBHAHHA NPAMUX, napajenbHux ocam Ox i Oy,
a TAKOXX PiBHSAHHSA CaMUX IUX oceit?

19. flx npuBecTH piBHAHHA 3 KYyTOBUM KoedillieHTOM [0 3arajbHOIO
piBHAHHSA npsaMoi Ha mIOIMHI?

20. Ik 3HAWTH TOYKY NEPETHHY ABOX NPAMHUX?

21. Ik sanucaru piBHAHHA IPAMOl y BEeKTOPHi# dopmyni?

Ilpuxaadu poze’asyeanns 3adau

3.1. 3agano piBHaHHA npamoi 14x — 5y ~ 45 = 0. Hanucaru:
1) piBHAHHA 3 KyTOBUM KoedilicHTOM;
2) piBHaHHS y BiApiskax.

1. Po3B’sizkeMo pPiBHAHHSA BiJ{HOCHO Y, OAEPKHUMO PiBHAHHSA 3 KYTOBUM
KoedinieaTom:
y=14:5)x—-9.Tyrk=14:5,b = -9,

5 Bacuabsyenxko I. I1.
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2. Ilepenecemo BiJIbHUII YJIeH 3araJIbHOTO PiBHAHHA B IIPAaBYy YaCTHUHY i
posaisuMo o6uxBi yacTuHM Ha 45; orpumaemo (14 : 45)x — (5 : 45)y = 1.
Ilepenucyioun ocTaHHE PIBHAHHA Y BUIIAAL

x y
+ =
45:14 —-45:5

*

AicraHeMmo pDiBHAHHSA faHoi mpsamoi y Bigpiskax. Tyra = 45: 14; b =
=-45:5 = -9,

3.2. 3agano BepmnHM TpuKyTHUKA ABC: A(8; 0), B(5; 10), C(13; 6).
3uaiTu:

a) piBHAHHSA cTOPOHU AB;

6) piBaanHa BucoTu CD, onymenoi 3 BepuinHu C Ha cTopoHy AC;

B) piBHAHHSA Menianu AE.

a) PiBHAHHSA NPAMO]I, HI0 MPOXOAUTE Yepes TOUKU A(X,, ¥,) i B(x,, y,),
Ma€e BUIJIAL,
xX-% _Y-u
X=Xy Y2~ Yy

1106 suaiiTu piBHAHHSA cTOPOHU AB, MifAICTABUMO KOOPAMHATH TOUOK
AiB:

x-3 _y-0 x—3=l_

5-3 10-0" 2 10’
6) Bucora CD neprneHIUKYJsIpHA A0 cTOPpOHU AB, ToMy iX KyTOBi KO-

y = 5x - 15.

1
edinienTu k, i k, Bignosigaors ymoBi k, = —-—1;2- . 3 piBHAHHSA npamoi AB
. 1 . .
BUAHO, 0 k,= 5, ToAi k, = 5 Sanuiemo piBHAHHA NPAMOI, 110 IPOXO-

JOUTH Yyepe3 gaHy TouKky M,(x,, y,) B 3afaHOMY HaIPAMKY: y — y, = k(x —
- X,).

IMigcTaBuMo B HBOTO KoopAMEATH ToukHu C i KyTOBHH KoedinicnT &,
OJlep’KUMO IyKaHe piBHAHHA BucoTH CD:

1
y—6=—'g(x—13); 5y —-30=-x+13; x+5y—-43=0.

B) BusHaunutu koopauHati TouKH E. 3acrocyemo dopmyny mominy
Biapiska y 3alaHOMY BiJHOIIEeHHi
_xntx, Ut
T VT
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BukopucroBywouu KoopauHaTu Bepmnuu B ta C, gicranemo: x = 9,
y = 8; E(9; 8).

X—X% _Y~u
X, =% Y~ U

IlizcraBumo KoopauHaTH TOYKK A i £ B piBHSAHHA
OZEpKUMO PiBHSAHHS menianm AE
4x -3y -12 =0,

3.3. BepInvHM TPUKYTHHKA 3HAXOAATHCA B Toukax A(3; —5), B(-3; 3),
C(-1; —2). 3HaliTH AOBXHWHY Ta piBHAHHA OiceKTpucH iforo BHYTpilI-
HBOTO KyTa, IPOBEAEHOI 3 BEePINUHA A.

Bizomo, mo 6icekTprca BHYTpiIHLOro KyTa TPUKYTHUKA AiJIUTH IIPO-
TUJIEKHY CTOPOHY Ha YaCTHHM, MPOMOPLiHHI JOBMXHHAM NPHJETJIUX
cTopiH. 3HaHAEeMO JOBXHUHU IIUX CTOpPiH:

AB| = J(-3-3)° +(3+5)" = 10; |AC| = J(-1-3)* +(-2+5)* = 5.

Awxmo Touka D (x, y) — Touka neperuny 6icekrpucu i croporu BC, To
BOHA JiJIUTH I[I0 CTOPOHY y BifiHOIIIEHHi A:
_|BD|_|AB| _

| DC| | AC|

Tenep 3Hax0AUMO KoopAuHATH TOUYKM D 3a GOpPMYyJIOI0 NOALNY BiApisKa
y 3aaHOMY BiZHOIIIEHHi:

32N _ 5 3+2(2)_ 1

1+2 3! 1+2 3’
OTike, IyKaHa AOBXKHUHA GiceKTpUCH

0

A 10 _,
5

5 e 1 e 1442
IADI—\/( 3 3)" +( 3+5) 3"

Pisnanna GicexTpucu 3anumeMo AK PiBHAHHA NMPAMOI, IO IPOXO-

1 .
— 5 ).
x-3 _ Y+5  x-3_y+5,

5 o 1.2 14 14
3=3 35

IuTb yepes ABi Biomi Touku A(3; —5), D(— 3 H

(x -3)=-(y + 5);
x+y+2=0.
3.4. 3Ha¥iTH PiBHAHHSA NJOMIMHH, LI0 OPOXOAUTH Yepe3 TOUKY

M(2; 1; -1) nepnerguxynapsao go Bekropa N =i—-2j+3k.
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JocTaTHbO BUKOPHUCTATH PiBHAHHA IJIOIIMHHU, 110 IPOXOAUTDH Uepes
3ajlaHy TOYKY NEPIEeHANKYJISAPHO KO 3aAaHOro BeKTopa: A(x — x)) + B(y —
-y)+C(z—-2)=0.

Orxe, 1(x-2)-2(y—-1)+3(z+1)=0, Tobro x — 2y + 32+ 3 = 0.

3.5. 3anucaTu piBHAHHA IUIOHMHH, AKA IPOXOIMUTH Yepe3 TOUKHU
M (2; -1; 3) i M,(3; 1; 2) napanensHo BeKTOPY a ={3; —1; 4}.

_ Buxopncraemo ymoBy KOMIUIaHaPHOCTI TPBOX BeKTOpiB M\ M , M| M, ,
a, ne

W= {x-2; y+1; 2-3},
MM, = {1; 2; -1}
x-2 y+1 2-3
3sigen | 1 2 -1}{=0,a60x~y—-2=0.
3 -1 4
3.6. 3HaliTy PiBHAHHA IJIOLIUHHU, SKA IPOXOZUTH Yeped ABI TOYKH
M, (1; -1; -2) i M,(3; 1; 1) nepneHAUKYJIAPHO K0 ILIOIIUHK X — 2y + 32 —
-5=0.
3a HOpMaJILHUN BEKTOD N MIYKAHOI IJION[MHKA MOXKHA BUOPATH BeK-
TOD, NEePHeHANKYJAPHUNA IO BEeKTOpa ]\m = {2; 2; 3} i HopmasbHOTO
BEKTOpa N1={1; —2; 3} nanoi nyomuHu. A TOMY 34 N npuiilMeMO BEK-

TopHUil KobyTok M,M, i Ny

j
2
-2

=12i - 3] - 6k.

LW W o=

i
N= [MIMZ Nl]= 2
1

3anNIacThCA BUKOPHUCTATH PIBHAHHSA IJOLIMHY, KA IIPOXOAUTH Ye-
pes 3ajiaHy TOUKY (Hanpukaag, M) nepnenauKyIspPHO AO 38JAHOTO BEKTO-
pa N={12; -3; —-6}:

12x-1)-3(y +1)-6(z+2)=0,a604x ~y — 22 -9 =0.

3.7. 3anucaTu PiBHAHHA IJIOIIUHY, AKA NPOXOAUTEH Ueped TOUKY
M (3; —1; —5) nmepneHAUKYAAPHO 10 ABOX MomuH 3x — 2y + 22+ 7=01
5x -4y +3z2+1=0.

Ha sigminy Bif momepeanboi 3ajadi, BUKOPHCTAEMO YMOBY KOMIJa-
HapHOCTi TppOX BeKTOpiB: M\M ={x —3;y + 1; 2+ 5}, N,={3; —2; 2}
i N,={5; ~4; 3}, To6T0
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x—-3 y+1 z+5
3 -2 2
5 -4 3

2x-3)+ 1y +1)-2(z+5)=0,a00 2x +y - 22 - 15 =0,
3.8. PiBHAHHA NpAMOI NIPUBECTH A0 KAHOHIYHOIO BUTISALY:

{x—2y+3z—4=0,

= 0.

3x+2y-5z-4=0.

Bissmemo, Hanpukiag, z,= 0, 3Haxomumo 3 faHoi cucteMu x,= 2, y,= —1;
OTKe, MM B)XK€ 3HAEMO OfHY TOUKY npamoi: M, (2; —1; 0). Tenep 3naiizne-
MO HanpAMHUI BeKTop. OcKiNbKHK BiH Mae OyTH IepIEeHAUKYIASAPHUN 10
HOpMalbHUX BeKTopiB N, = {1; -2; 38}, N,={3; 2; —5} safanux miomus,
TO 32 S MOKHA B3ATH BeKTOpHU# n06yToK BekTopiB N, i N,

i j Ok
s=[N:-N:J=[1 -2 3|=4i+14j+8k,
3 2 -5

T006TO [ = 4; m = 14; n = 8.
MigcraBnsiouu 3HalifieHi suaveHHa X, y,, 2, i I, m, n y piBgicTs

X=Xy _Y—-Yy 22 . . . w“ .
1 = m = n , A1ICTAHEMO KAHOHIYHE PIBHAHHSA JAaHOl IPAMO1
x-2 y+1 =z x-2 y+1 2
_— =— afpo —— = = —,
4 14 8 2 7 4

3.9. 3uaiiTu TOuKy @, cuMerpuuHy Touni P(1; 3; —4) BigHOCHO miO-
muH 3x + y ~ 2z = 0.

3anuiemMo piBHSHHA HPsIMOi, AKA IIPOXOAUTH Yepes TOUKY P nepreH-
JUKYJIAPHO A0 38JaHOI MJIOIIUHU, 110 MAE HOPMAJILHUI BEKTOpD N = {3;
1; -2}, y surasani :

x-1 y-3 z+4
3 1 -2
3HalifeMo npoexuio Touku P Ha 3a/jaHy ILJIOIMHY, PO3B’A3aBIIN CY-
MiCHO cHCTEMY DiBHAHbD

3x+y-2z2=0,
x-1_y-3 _ z+4
3 1 -2
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IMepenumiemo piBHAHHS npsiMoi y Burasagi x =3t + 1, y=¢t+ 3;z =
= —2t — 4. IligcraBuMO 1i BUpasu ANA X, Y, 2 Y PIBHAHHA IJIOIIUHU,
sHaiigemo t = —1, 3BigKku x = -2; y = 2; 2 = 2.

Koopayuuati cuMeTPHUYHOI TOUKH 3HaWaeMo 3 ¢dopmya

x=m- y=u. 2=zp_+29_
2 ’ 2 ’ 2
1+x 3+y -4+ 2
6ro -2 = £ 2= L, -2 = —2
TOOTO 2 2 2
3sincu Xo= "~ -5; Y= l;zQ=O.

Orxe, @(—5; 1; 0)
3.10. 3naiitu Touky @, cumerpuuny Touni P (2; —5; 7) BizHOCHO NIpAa-
Moi, AKa IPOXOAUTH yepe3d Touku M, (5; 4; 6) i M,(-2; ~-17; —8).
PiBHAHHSA npsaMoi, AKa NPOXOAUTH yepea Touku M i M,, mae BUIISR
x -5 _Yy- 4 2z2-6
-7 -21 -14°
PiBHSHHA NIOIINHU, AKA IIPOEKTYE TOUKY P Ha npAMy, Ma€ BUTIAL
~Tx-2)-21(y+5)—-14(z-7)=0,a60x + 3y + 22-1=0.

3HaXO0AUMO IPOEKIilo TOUKHU @ Ha NPAMY, AJA YOr0 CYyMiCHO po3B’s-
JKeMO CHCTeMy PiBHAHB

x+3y+22-1=0,
x-5_y-4_2-6
-7 -21 -~14

ITapaMeTpuuHe piBHAHHA JaHOI IPAMOl Mae BUrAAx X = —Tt + 5; y =
= —21t + 4; z = —-14¢ + 6.

V]

IligcraBasitoun x, Yy, 2 y piBHAHHSA IJIONIMHHY, 3HaliAeMo § = -7- . 3Bigcu

x=3y=-2;z=2.
Toxi KOOPAUHATHA CHMETPUYHOL TOUKHM MOXXHa 3HAWTH, BUKOPUCTOBY-
oun GopMyJy AJis KOOPAWHAT CepefVHU Binpiska:
=2+xQ. By, T4z

2 YT 2 % g v
EA -3.

3BiAKH x, = 4; yQ 1;
Orxe, Q(4; 1; —3).
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3adaui i enpasu daa camocmiiinoi pobomu

3.11. BusnaupTu niouly S Ta NepuMeTp TPHUKYTHHKA, YTBOPEHOTrO
npamoio 3x — 4y — 12 = 0 i ocAMHU KOOpPAMHAT.

3.12. 3anucaTy piBHAHHA NPAMOI, IO IPOXOAUTh Uepe3 NOUYaTOK KO-
opauHar i Troury (—1; 8).

3.13. [lano BepminHaM Tpuryrauka A(1; —2), B(5; 4) i C(~2; 0). 3anu-
caty piBHAHHSA OiceXTpHCH HOro BHYTPIIIHBOTO KyTa IIPH BepIIuHi A.

3.14. 3amucaTy piBHAHHA NPAMHUX, HA AKUX JIeKATh KaTeTU PiBHO-
0eipeHoro IPIMOKYTHOI'O TPUKYTHUKA, 3HAIOUM PiBHSHHSA IPAMOi, Ha AKilA
JIeKUTh rinorenysa 3x — y + 5 = 0, i Bepmuny Kyra C(4; —1).

3.15. BcramoBurtu, sIKi 3 nmap npaMux mapaneibHi, 36iratorbca abo
MePEeTHHAIOTHCA (B OCTAHHBOMY BHIAAKY 3HAUTH IX TOUKY II€PETHHY):

Nx+y-3=0i2x+3y—-4=0;

2Q)y=x+5i2x-2y+3=0;

3 —lx+2 i —lx+l =1

V=7 PTgT TRV

3.16. Busnauutu TouKy, cumerpuuny rouni M(8; —9) BignocHo npsa-
Moi, AKa IPOXOAUTH uepes Touku A(3; —4) i B(-1; —2).

3.17. OcHoBa piBHOOEAPEHOTO TPMKYTHHUKA JIEXKUTb HA MPAMIiH x —
-2y =0, a ogHa 3 6iyHUX cTOpiH Ha npaMiil x + y —3 = 0. 3anucaTyu piBHAH-
Hfl IPOMOI, Ha AKii JeKUTH Apyra 6iuHa cTOpOHA, 3HAIOYH, 1110 BOHA IIPO-
XOAUTH uepe3 Touky (1; —1).

3.18. O6GunCIUTH BeJIUUMHY KYTa MiXK IPAMUMH:

l)y=38xiy=-2x + 5;

Ny=-dx-Tiy=—>+2

3Yy=5x—-3iy=5x+ 8.

3.19. 3anucaTy piBHAHHA NpAMOI, mapajeianHol i piBHoBigmaseHoi
BiJ ABOX mapanensHuxX npsamMux X +y—1=0ix+y + 13 =0.

3.20. 3anucaTu piBHAHHA IPAMOI, HA AKiil JeKUTH NePHEHANKYJIAD,
BCTAHOBJIEHH ¥ TOUYIIi TepeTUHY NpAMHUX 4x + 3y —-5=0i8x~by+23=0
Jo mepuroi mpsamoi.

3.21, 3anucaTtu piBHAHHSA NpAMOi, Ha AKiil JexaTh 6iceKTpUCH KyTiB
Mixk npamMumu 3x -4y + 7=0ib6x + 12y -1 =0.

3.22. IIpu AKUX 3HAUEHHAX mapamerpa a npama (a + 2)x + (a2 + 9y +
+3a>-8a+5=0:

1) mapanensHa oci Ox;

2) napanensua oci Oy;

3) npoxoauTh Yepes IOYATOK KOOpAMHAT?

3.23. 3anucaTu piBHAHHA NIPAMHUX, HA AKUX PO3MillleHi CTOPOHM TPHU-
Kytuuka ABC, 3naroun KoopauHaTtu Bepiinau A(1; 3) ra piBHsIHHS ABOX
oro memian: y — 1 =0ix-2y+1=0.
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3.24. 3anucaru piBHSAHHA CTOPiH TpUKyTHUKA ABC, AKIO 3agaHo
KoopAMHaTH OfHiel 3 Hioro BepmuH B(—4; —5) i piBHAHHA nmpaMux, Ha
AKUX JieskaTh ABi Horo Bucotu: 5x + 3y —4 =01 3x + 8y + 13 = 0.

3.25. [Isi cTOpOHM KBaapaTa JexaTh Ha npaMux Sx — 12y — 65 =0,
5x ~ 12y + 26 = 0. O6uucanuTH NJIOUIY KBajpaTa.

3.26. 3HaiiTy piBHAHHA IJIOLIMHN, AKA IPOXOIUTE Yepes TOUKy M(2;
3; —1) nmapasnensso mwiaonwmHi 5x — 3y + 2z - 10 = 0.

3.27. 3HafiTH HOBXKUHY MEPIEeHAUKYJIApPA, SKHH ONYINEeHO 3 TOYKHU
M (2; 3; —5) na nyommAy 4x — 2y + 5z ~ 12 =0,

3.28. 3HaliT piBHAHHSA ILJIOIMHY, STKA MPOXOAUTH Yepe3d TOuKy P(2;
0; -1)i Q(1; —1; 3) nepneHANKYASIPHO A0 MaomuHu 3x + 2y — 2+ 5=0.

3.29. 3HaiiT piBHAHHS IJIOUMIMHY, KA HPOXOANTH Yeped MOYATOK
KoopAauHAT i ueped Tourku P(4; —2; 1) i @(2; 4; —3).

3.30. 3naiiTu piBHAHHA IJIOIIUHA, AKA IPOXOAUTH Uepes JiHiio mepe-
TUHY maomuH x + Sy + 92 - 13 =0, 3x -y — 52+ 1 = 0 i uepe3 Toukry
M(0; 2; 1).

3.31. CxyacTu piBHAHHSA IJIONIMHK, KA IIPOXOAUTDH uepes JiHiio me-
peruHy oyl 2x —y - 122 -3=01i38x + y — 72 — 2 = 0 nepnengu-
KYJApHO Ao miuomuHu x + 2y + 52 -1 =0.

3.32. CkyacTu piBHAHHA TUIOUIMHY, SKA [IPOXOLUTH Yepes TOUKY M(0;
2; 1) napajenbHO BEKTOpaM a —L+]+k ib= i+j- k.

3.33. 3HaiiTu piBHAHHA NPAMOI, KA IIPOXOAUTDL uepea Touky N(5; —1;
—-3) napajenbHo NpAMiii
2x +3y+2-6=0,
{4x—5y—z+2=0.
3.34. O6uucanTu BiicTaHb MiX HapaleIbHUMH NPAMUMHUA
x_y-3_2z-2 x-3 y+1 2z-2
1 2 1’1 2 1’

3.35. 3agano touxkm A(—1; 2; 3) i B(2; —3; 1). Cxkiactu piBHAHHA
npAMoi, KA IPOXOAUTh ueped Touxky M(3; —1; 2) nmapajielbHO BEKTOPY
AB.

3.36. 3HaliTH KyT MiXK npaMuMu

4x-y-2+12=0, [3x-2y+16=0,

{y—z—2=0 {3x-z=0.

3.37. Bapano Touku A(1; 1; 1), B(2; 3; 3)i C(3; 3; 2). CknacTy piBHAHHS
OpAMOI, AKa IPOXOAUTH Yepe3 TOUKY A NepneHIVKyJIAPHO N0 BEKTOPiB
AB i AC.

3.38. 3HaiiTy piBHAHHSA NJIOIIMHH, AKA NPOXOAUTH Uepe3 IPAMY

x+1 y-2 =z
3 = 1 = 1 NIEePIEeHAUKYIAPHO A0 niaomuan: 3x + y -2+ 2 =0.
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y+3 z-2

1 -2

. X
3.39. 3uaiiTu piBHAHHA NpoeKuil npamol 2 = HAa IIO-

muHy 2x + 3y — 2z - 5= 0.

§ 3. Jinii apyroro mopsaxky

PoarasinyBimu reomeTpuuHi 06pas3u, Bu3HaUeHi DiBHAHHAMH IIePILIOTO
CTeNeHsi, IPUPOAHO MEePeiTH A0 BUBUeHHs o0pa3sis, AKUM BiANnoBizaoTe
piBHsIHHA Apyroro cremeHsa. IToumemo 3 poarasay pisHuUX 06’e€kTiB Ha
KOOpAMHATHIM miaomuHi xy i posrasxaTuMeMo DIBHAHHA 3 JBOMa He-
BioMuMM, NTOKJIaAAIOUM, IO TPETS KOOPAMHATA 2 3aBKAYN AOPiBHIOE HYJIIO.

3aranpHe piBHSHHS PYroro CTEeNeHd 3 JBOMa HeBIZOMUMY Ma€ BUTJIAL

Ax?+ Bxy + Cy?+ Dx + Ey + F = 0, (20)

npu upomy xoua 6 oxuH i3 KoediuieHTiB A, B, C He JOPiBHIOE HYJIIO.
JIinii, mo BiAgmoBizalTh ILOMY DiBHAHHIO, HA3MBAIOTHCS KPUBUMH
Ipyroro Nmopsaaky.
Haitnpocrimorwo Takow KpuBOW € Kojo. Hexail meHTp Koja 3Haxo-
zuThes B Touni M (a, b) i paxiyc xosa gopisaioe R. OCKiIbKH KOJIO €
MHOUHOIO TOYOK, III0 3HAXOAATHLCA Ha 3alaHii Bigcrani Bix nenrpa M,

TOAL |M0M’ =R,

(x ~ a)?+ (y - by = R (21)

3a3HaunMmo, 110 B piBHAHHI BifcyTHiHi yleH 3 JO6GYTKOM 3MiHHUX KO-
OpAUHAT i KoedilieHTH IPU KBaJPATHUX 3MiHHUX KOODJUHAT PiBHI MiXK
coboio (B piBHaHHI (21) ni KoedimieHTH AOpiBHIOOTL 1), ase 3BUYAUHO
MOX{Ha BCi YACTHHU piBHAHHA (21) IOMHOXUTH Ha 6YAb-AKY KOHCTAHTY.

Kpusumu gpyroro nopsiiky € Kpusi — euiinc, rinep6osa i napa6oaa.
Binsm roro, gani goBeaemMo, 110 OyAb-sIKa JiHIA JPYyroro NOpsaaKy ABJIAE
coboro abo eninc, ado rimepboay, abo nmapaboay, abo OyAb-AKNE BUNIAJ0K
ix “Bupomxenus”. OfHAK HacaMIepesa AaMO BU3HAYEHHS IIUX TPHOX OC-
HOBHMX KPUBMX, BHBeAeMO ixX Haimpocrimi piBHsHHa i pocnigmmo ix
dopmu.

Osnavenna. Enincom nazusaemvca MHONUHA MOYOK (HA NAOWUHI ),
cyma gidcmaneil 8id axux do 06ox JaHux mo4ox cmaaa.

Bubepemo cucremMy NpSIMOKYTHUX JEKAaPTOBUX KOODAWHAT TaK, 1106
Bick abcuuc npoxoxuna uepes obuzBi samani Touku F, i F,, a mouaTok
KOODAMHAT 3HAXOAMBCA Ha cepefuHi Bixpiska F F, (puc. 19).

Hexait M(x, y) — ofHa 3 TOYOK MHOXKUHH, 110 po3riagacTbed. [IosHa-
yuMo deped 2¢ BifcraHb Mix 3asaHumu Toukamu F, i F, Ta uepes 2a —
3azaHy cymy Biacraneit F .M i F,M. OueBugHo, 1o Touka F, ma€ Koopau-
Haru (—c; 0), a Touka F, — xoopauHatu (c; 0).
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Yy
@ i @ >
F, (=¢,0) Fy(c,0) °
Puc. 19
3rigHo 3 03HAUYEHHAM
| EM | +| F,M | = 2a, (22)

3Biicu micraHeMo piBHAHHA
J(x +0) +y* + J(x -¢)’ +y® = 2a. (23)

Hacnpasnai piBaauns (23) yke i € piBHAHHAM MHOKWHU, 1110 PO3IJIA-
naerscd. IIpoTe BOHO Ma€ He3pYUHUI AisA NOCHIAMKEeHHS BUIIAXL; Tiepe-
TBOPUMO #oro xo 6issm mpocrtoi dopmu:

Jx+e)? +y? =2a—(x-c)? +y°,
x* +2cx+c? +y? =4a® —da\(x - c)’ +y? +x* —2cx +c? + 1P,
a’® - cx = ay(x —c)? +y°,

at— 2a%cx + c%x? = a?x?—- 2a%cx + a%c*+ a%y?,

(a*— c¥)x*+ a’y?= a¥(a®- c?).
Ockinpku 2a > 2¢ (cyma ABOX CTOPiH TPUKYTHHKA Gijblle TpeThoi
CTOpOHU), TO a%~ ¢2> 0. ITpuitmemo
a’- c2= b (24)

Y kiHneBomy miZicyMKy oaepikuMo (mpu BuGpamiit cucremi xKoopau-
HAT) piBHAHHA
2 2
x Yy
—+Z-=1. (25)
a® b’
OueBNAHO, KOYKHA TOYKA PO3TIANYBAHOI MHOKHMHU MA€E 3aJOBOJILHATH
onep:xaHe piBaAHHA (25). IIpoTe ocKinmbKM B poleci nepeTBopeHb ABiui
HigHOCHMAMCA M0 KBajgpaTy obuaBi wacTWMHM DiBHAHHSA, NOTPiIGHO mepe-
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BipuTH, UM He OoTpMMaHi NpH 1bOMY “3aifBi” Toukm. IHaKIIe KaXyuwu,
Tpeba IepeBipUTH, III0 KOXKHA TOYKA, KOODJUHATH AKOI 3aJ0BOJIBHIAIOTh
0JlepXaHOMY DiBHSAHHIO, HAJEKUTh PO3TJIAAYBaHiil MHOMHUHI TOYOK.

Tlonepenuno 3pobuMo AeAKi sayBaskeHHs npo ¢popmy ainii, mo Bigmo-
Bijtac ofepKaHOMY DiBHAHHIO,

Ockigbku
b . a
y=t—+va® - x? i x =+—b’ -y,
a b

TO KpHBa CHMETPHUUYHA BiJHOCHO OCell KOOPJUHAT, & TOMY i BifHOCHO MoYar-
Ky KoopauHaT. I3 3pocragHam |x| Bix 0 g0 a |y| cnagae Bix b go 0. Touru
KPHUBOL iCHYIOTH JIMIIIe B MPAMOKYTHHUKY | x |< a, |y |<b (puc. 20).

2a
< >

M (x,|y)
2b

Puc. 20

ITlepesipumo Termep, o 6yAb-AKa TOUKA JiHil, BU3HaUeHA OJepKaHUM
piBEAHHAM, HAJEXUTh 3ajaHiit MHOMUHI. [{d nporo moTpibHo noxasa-
TH, 10 SKIO KOOPAMHATH HOBiNbHOI Touku M (x,, Y,) 3aJOBOJIBHAIOTH

2 2

piBHAHHIO ?+b—2 =1, ge b2=a?~c?, 10 | EM, |+| F,M, |=2a.

2
- x() TO

IFM |+|FM I—,/ x, +¢)* +y? +,/(x0 —o)? +y,’

s = - 0
(%, +¢)° +— (a —x2) + J(x, — )’ +—(a -x2) =
a’ a’

Ockinbku Y, = %

§|c~

= l[\/(a2 —~b%)x + 2a%cx, + a’(c? +b%) +

+J(a —b%)x? —2a’cx, +a’(c® +b%) ] [\[c 2 4 2d%cx, +a* +

+‘[c2x§ —2a’cx, +a' ] = l[J(cxo +a?)’ + ‘/(cx0 —az)z}
a
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Ockineku | x, |[<a ic<a,To cx,+a?>0 i cx,—a?<0.
Tomy

Jex, +a?)? = ex, +a?, (cx, ~a®)? = a’® —cx,,

| FEM, |+ F,M, | = %(cxo +a’ +a® -cx,) = 2a.

Orsxe, Bei Touky jginil — + ‘Z—z =1 € TOUKaAMHu 3aJaHOI MHOXXHHU TO-
YOK.

Touxu F, i F, nasupalorsca ¢orycamu eninca, uuciaa a i b — nisocs-
Mu ejiirica, TOUKH II€peTHHY eJinca 3 ioro ocaMu cuMerpil — gepuwiuna-
Mmu eiimca.

3i amiHOIO ¢ 3miHIOETHCA dopma exinca. AKIIo ¢ npsMye 70 HyJId,
To6TO hoKycH eyinca 3IMBAIOTLCA, TOAI b IpAMYE [0 a i eJimnc crae Kosom
3 piBHAHHAM x2+ y2= @2, T0OTO KOJIO € OKPEMHUM BHUIAJKOM eJifca, KoM
niBoci esinca piBHiI Mik co6oro.

fkio ¢ npsimye 10 a, Toni b = va® - ¢* upamye no Hynsa i eninc cruc-

s . ¢ .
KY€eTbCA B3/I0BX oci opaunar. OTke, BifHOIIEHHA — MosKe 6yTu Mipoo
a

. . . . . ¢
CTHUCKY eJiilica, Miporo Horo BigxuaeHHs Bij kosa. Yucsno E = — (0<E<1)
a

Ha3MUBaAETbCA eKCyeHmpucumemom eJjimca.

¥ 6ararbox 3azauax 6yBa€ NOTpi6GHO BUKOPHCTOBYBATH IapaMeTpHYHi
PiBHAHHA eJimnca.

IToBynyemo xBa KOJa 3 LeHTPAMH HA HOYATKY KOOPAMHAT i pagiyca-
mu b i a. IIpoBesieMo 3 moyaTKy KOOPAMHAT IPOMiHB IiJ KyTOM ¢ K0 oci
abcouc (0 < t < 2m).

A

Puec. 21
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Hexait B i A — #0Oro ToOYKM mepeTuHy 3 NMOOYJOBAHUMU KOJaMH
(puc. 21) i M(x, y) — TouKa NepeTMHY NPSIMUX, IPOBeleHUX 3 B mapa-
JIeJILHO oci abecmuc i 3 A — mapasienbHO oci opauHaT. Busrauumo reome-
TpUYHE Micile TOUOK M.

Maemo x =|OA| cost = acost, y =|OB| sint = bsint.
2 2
Ocrinbku [3{) + [%] =cos’t +sin?t =1, To Touku M € TOYKaMHu
a

eninca 3 miBocamu a i b. 3miuioouu ¢t Bix 0 go 2w, gicraHeMo BCi TOUKH
uporo eximnca. OTxe, piBHAHHEA

x = acost, y=bsint (26)

€ [mapamMeTpUYHUM DiBHSHHAM eJjimnca 3 miBocsimu a i b, poamimieHoro
CHMEeTPHYHO BiIHOCHO oceil KoopAuHaT. 30KpeMa, Ipu a = b nicranemo
ImapaMeTpUYHe PiBHAHHS KOJIA.

O3navenna. I'inep6oso0 HA3UBAEMBCA MHOMHUHA MOYOK (HA NAO-
WuHi), abconiomue 3HaveHHA pidHuyi eidcmaneil 8i0 axux do dgox da-
HUx moy4ok cmaae (i 8i0minHe 8i0 HYyaa).

Cucremy xoopauHaT BubGepeMo Tak, AK i npu BUBeAeHHI PiBHAHHSA
eainca (puc. 22).

AY
X
>
F,(-c;0) /|2b ¢ F, (c; 0)
Puc. 22
I3 BuBHAUEHHA MaE€MoO
| M |~ | E,M | = 2a, 27)

\/(x +c) +y° —-\/(x—c)2 +y® =+2a,
x* +2x+c® +y° =4a® t4a\(x —c)? +y* +x? —2cx+c” +y7,
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cx —a® = a(x —c)® +y?,

(c? —a®)x® —a®y? =ad’(c® - dP).
OckinbKM DI3HHIA ABOX CTOPiH TPHKYTHUKA MEHIIE TPeThol #oro
cTopoHH, TO 2a < 2c.

IToxnagemo
c2— a%= b2 (28)
Toxai oxep:knmo b2x?— a’y?= a?b? i, Hapemri,
2 2
X Yy
— -2 =1, 29)
a? b? (

Ax i y Bunaary esinca, norpi6Ho mepeBipuTH, 110, HE3BAXKAIOUN HA
ABOKpAaTHe MiJHECEHHA 0 KBaJpaTa, MY He oJep:Kaan “3aiiBuX” TOUOK, i
3no6yre piBHsHHA (29) € piBHAHHAM rinep6osiu.

IlonepeaHbo 3a3HAYNMO AesAK1 BJIACTUBOCTI JIiHil, BU3HaUEeHOI PiBHAH-
Ham (29). la xinia cumerpuuyHa BiJHOCHO oceit KoopAwHAT i BiZHOCHO
MOYaTKYy KOOPAUHAT.

b 2 2
Ockinpkn ¥ = £—vVx® —a’® | ro pns Beix Touok KpuBOi x > a , HeMae
a

TOYOK KPHMBOI y cMy3i ~a < x < a. KpuBa CKJIafa€eThCa 3 ABOX OKPEMUX
YacTUH — @imox zinepbo.u, OgHa 3 AKHUX JIEKUTH B objacti x 2 a, a
Ipyra — B obJsacti x < —a (mpasa i jgiBa BiTKM rimep6osu).
IloBepHeMoOCs L0 AOBEAEHHS TOrO, IO PiBHAHHA (29) € piBHAHHAM
rinep6oJu.
Hexait M (x,, y,) — noBinbHa TOYKa, KOOPAUHATH AKOI 3af0BOJIbHA-

1oThb piBHAHHESA (29). IToTpi6HO AOBECTH, L0 ‘I FM,|-|F,M, |’ = 2a.

| KM, || F,M, |= Vi(x, +c)’ +y§ = (%o ~c)? +y02 =

b b’
= ‘/xg +2¢x, +c? +a—2(x§ -a®) - [x2 - 2cx, + c? +F(x§ -a?) =

= %[\/(cxo +a®)? —\/(cx0 —az)z].

ITpu x,> a (Tobro aAnsa ToUOK mpaBoi BiTKHU rinepboan) cx,+ a*> 0 i
cx,— a*> 0. Tomy y BUDAIKy X,> a
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| FM, |- | F,M, ]=l[(cx0 +a®) —(cx, _az)]= 2a.
a

ITpu x, < —a (TobTo AJs ToUoK JiBOi BiTKM rinepbonam) cx,+ a*< 0 i
cx,— a*< 0. Tomy y Bunagry x, < -a

|EM, |- | F,M,|= l[— (cxy + a®) + (cx, - az)]= —2a.
a

OTxe, B 060X BUNAAKAX ‘| FM,|-|F,M, || =2a ixpusa(29) ¢ rinep-
6onor10.

Yuciio a HasuBaeTbeA dilicHol0 nigsiccio, uncyio b — yaeroio niesgiccio.
Touku nepeTnHy rinmep6osn 3 il Biccio cuMeTpil Ha3NMBAIOTHCA BEPULUHA-
mu rinep6osu, Touku F, i F, — 1i ghoxycamu.

3aszHauumo 11e ogHy ocobsusicTs ¢opmu 1iei ainii. PosrasHemo pa-

. . X b . .
30M 3 rimep6osolo ABi mpami: y = *-—-x. HeBakko nomitutu (BHAacii-
a

IOK cumeTpii JiHil JOCTATHHRO POBIJIAHYTH MePIIY UBEPTH), 1110 IPH OAHIN
i Tift camiii abGcuuci opauHATH TOYOK rinep6osn MeHIlle OpAMHAT BiAIio-

b
B1AHNX TOYOK IIpSAMOl ¥ = — X,
a

- b b 7 =

Hikcno, y -~y =—X—-—=vx —a”>0.
P a a

Paszom 3 TuM, ocKinbKH

2 2 2 2
2 2 x°—(x"—-a’) _

a
x—-vx?-a? = =
x+vVx? —a? x+\/x2—a2,

TOAL pisHULA Y, — Y, TPAMYE A0 HYJA IPU HeoOMe)XeHOMY 3POCTaHHi X,
i Tomy TouKM rimepbosu mpu HeoOMe)xKeHoMy 36iabiIenHi aberucu sK

. . . b
3aBrogHO 6,1M3bK0 HAGIMIKAIOTHCA HO BiATIOBIIHMX TOYOK NPAMOL Yy = — X.
. a
IIpami

y=+2x, (30)
a
IO AKHX K 3aBrOJHO GJM3BKO IIPH |x|—ec HAGMMIKAIOTECA TOYKH BiTOK
rinep6osn, HasUBaOTbCA acumnmomamu rinmepboan. Hepaxxkko momiTury,
IO ACUMIITOTH rinep6oJiX HANPAMIIEHI 3a [iaroHaJNAMH NPAMOKYTHHUKA
3i cropoamu 2a i 2b, cuMeTpPHYHOrO BiZIHOCHO oceil cumeTpii rinmepbosn.
Axmio a = b, Toxi rinepbosia HaOyBae BUrIALY

x2—- y?= a?, (31)
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AcumnToru rinep6oyu B 1bOMY BUNAAKY B3A€MHO IMePIeHANKYJISPHI.
Taxa rimep6oJia HasuBaEThCA PiBHOGIYLHOIO.

TpeTpoI0 OCHOBHOIO KPUBOI APYroro MopAaKy € napaboa.

Osnavenns. Ilapa6onowo Hasusacmoves MHONCUHA MOYOK (HA NJO-
wuHri), pienogiddarenux 6id 3adanoi mouxu i 3a0anoi npamoi.

BubGepemo Bick abciyc NPAMOKYTHOI JeKAPTOBOI CHCTEMU KOODIUHAT
Tak, 11106 BOHA IIPOXOAMUJIA Yepe3 3ajjaHy TOYKY F nepueHIMKYISIPHO A0
3afnaHoi npamMoi L, MoyaToK KOOPAMHAT HeXall 3HaXOAUTLCA Ha cepefunHi
Bigpiska FK (puc. 23). Hanpsamok oci abcuuc BKasaHuit Ha PUCYHKY.

Y

®

Puc. 23

Bigcrans Bifg Toukn F o npsamoi L nosmauumo yepes p. Toxi touxa F

MaTuMe KOOPAUHATH :g 0 |, a piBHAHHA npamMoi L — x = _P .

’ 2
Hexait M(x, y) — noBinbHA TOYKA POSINAAYBAHOI MHOXHUHA i A —
OCHOBAa IIePIEHANKYJIsApa, onymiesoro 3 M ua L.

: p s
OckinpKu TouKka A Mae KOOpAXWHATH { — —3 Y {1 3TLAHO 3 O3HAYEHHAM

o 2
| AM |=| FM |, Toai
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2 2 2 2

D 2
+= | +(y- =fle—=| +y°, |x+=| =lx—-=| +
X+ -y 2 y 2 2 y

y:= 2px. (32)

Jlerko nepeBipuTH, 110 NpH IIiZHECEHH] 0 KBagpaTa MU He BBeIH “3aiiBi”

rouru. IilficHo, nigcrasasiouu 2px 3amicts y? y Bupas

2 2

. p p e -y
nicranemo 4| ¥ ~ o +2px = x+—2- . Orxe, | FM |=| AM |.
Ockinbku y? >0, To x He MOke GyTH Big’eMHHUM i BCi TOUKHM KPHUBOT
JeaTh B npaBiit niBnsomuRi. IIpu 3pocransi x Bixg 0 1o +o HeoOMexe-
Ho 3pocrae [y|. AcHo Takox, MO KPUBA CHMeTPUYHA BifHOCHO oci abeiuc.
3amana Touka F HasuBacThCA (PoKycom mapaGoiu, TOUKA MMEPETUHY

napabosu 3 ii Biccio cumerpii — g@epwurnoio napabou.
2 2 2 2

PiBHAHHA x_2 +¥4 - (entinc), X ¥ - 1 (rinep6ona), y?= 2px (ma-
a®* b a® b
pabosnia) 6ysu ojepIKaHi Ipu creniaJsHOMY, HAM3PYyUYHIIIOMY PO3MilleHHL
KxoopauHaTHUX oceil. ToMy i piBHSAHHS HA3UBAIOThCA HaWnpocTimumy,
260 KaHOHIYHNMHU, PIBHAHHAMY KPUBUX APYIoro MOpALKY.

Hua roro 1106 03HaHOMUTHUCA 3 METOZAMU MPUBEJAEHHA PiBHAHL KPH-
BUX APYroro NOpAJKY, 3afaHUX B iHWIi#t KOOpAMHATHIH cucTeMi, IO TaKoO-
ro HaNNpPOCTiHIOrO BUMIALY, MOTPiOHO AicTaTu GOpPMYJIH IepEeTBOPEHHS
KOODAMHATHUX CHCTEM.

Konmpoavni 3anumanus i 3aedanns

1. Axa MHOKMHa Ha IUJIONIVHI HABUBAETLCH KOJIOM? SalnIliTL PiIBHAHHSA
KoJia 3 neHTpoM y Touni C(a, b) i pagiycom R.

2. laiiTe 03HAUEHHA eJjiinca i 3anuuIiTe KAHOHiUHe PiBHAHHA eJjiimnca.

3. IlobynyiiTe KpUBY eJinca i NOACHITH reoMeTpPUUYHUIH 3MicT napa-
MeTpiB, 1110 BXOAATH 0 PiBHAHHSA.

4. IMTo Take eKCHEHTPUCHUTET eJirca Ta AKUM HOoro reoMeTpu4yHUMR
amict?

5. JlaiiTe o3HaueHHs rimepOonu Ta BUBeAiTH i1 KaHOHiIUHe PiBHAHHA.

6. Hocaixite dopmy rimepGonu 3a ii kaHoHiunum pisusuHam. Ilo-
fICHITh TeOMEeTPUYHUN 3MicT mapaMeTpiB, 110 BXOAATH A0 PiBHSIHHA.
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7. $Ixi rimepGosiv HA3UBAIOTLCA PIBHOCTOPOHHIMH, CIIPAXKEeHUMU?

8. Illo Taxe ekcHeHTpUCHUTET rinep6oau Ta AKUM HOro reoMeTpuy-
HUHX 3MmicT?

9. HaBeziTe o3Hauenns napaGonn i BuBeiTh Il KaHOHiIUHe PiBHAHHA.
10. HocnizuTu dopmy mapabGonu 3a ii KAHOHIYHUM piBHAHHAM.

11. Yomy mopisHIOE eKceHTpHcUTET Mapaboan? AKuit reoMeTpUUHUN
3mict napamerpa p y piBHsaHHI napaGoan?

Ilpukaadu pose’szyeanns 3adau
3.40. 3anmucaTy piBHAHHA KOJa, 10 Ma€ UeHTp y Touni (5; —7) i npo-
XOAUTDH yepes TOUKy (2; —3).
3HalaeMo pagiyc KoJsa SK BigcTaHb BiJ eHTpa N0 AaHOI Oro TOUKM:
r=(2-5)% + (=3 - (-T)) =5.

Tenep y piBHAHHSA KoJa (21) nifcTaBUMO KOOPAMHATH I€HTPAa i 3Ha-
JeHy BeJIMYUHY paaiyca:

(x — 52+ (y + 7)2= 25.
3.41. 3HaillT¥ KOOPAMHATH LIEHTPA Ta Pajiyc Koja
x*+ y?—-4x - 14y + 17 = 0.
IIepenuiremo faHe PiBHAHHS TaK:

x2—4x+4+y?- 14y + 49+ 17 -4 - 49 =0,
abo

(x— 22+ (y - 7)2= 36.
ITopiBHioIOUM He piBHAHHA 3 piBHAHHAM Koaa (21), aicranemo a = 2,

b =17, R=6. Otxe, [eHTD KO0Jia 3HAXOAUThCA B Touni (2; 7), paxiyc fioro
JOpiBHIOE 6.

3.42. 3uaiiTu piBHAHHA eninca, poxycamu Akoro € Touku F,(0; 0) Ta
F,(0; 8), a Betuka niBBics a = 5.

Bigcrani Bix Touku M(x, y) eninca go GoKycis f0piBHIOIOTE BifnoBig-

HO x? +y% Ta \x%+(y-8)®. Brigno 3 osHaueHHAM eiinca MacMo

Jx2 +y? +x2 + (y - 8)% = 10.
CropoIiyyioun e piBHAHHA, OAEPRUMO

Jxt +y? —16y +64 =10 - Jx? + 32,

x? +y? —16y + 64 =100 - 20yx% + 52 +x? + 7,

16y + 36 = 20\/x2 + yz,
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4y +9 = 5x* + 2,
16y° + T2y + 81 = 25x% + 2547,
25x% +9y? —72y - 81 =0.

Buninumo moBHMI KBajgpaT BiZHOCHO Y:
25x%2+ 9(y?- 8y + 16) = 225.

Hogminumo Ha 225 i gicraHeMo KaHOHiIUHe PIBHAHHA eJjinca

2
f_ + .(_y_—4)2 =1.
9 25
Ocamu cuMmerpii Taxoro exinca 6yayTs aiHil x = 0 Ta y = 4, BesuKa
miBBichk @ = 5, MaJa miBsick b = 3.
3.43. O6uucauryu niBoci rimep6osu, AKUI0 AUPEKTPUCH 3aaHi PiBHSAH-
HAMH X = 1-3\/5 i KyT MiX acCHMIITOTAMH IIPAMUII.
JupexTpucu 1oB’a3aHi 3 niBocaAMu rimep6oau gopmysamu

a a c
x=-—; x=—-—; E=—; c¢c=+a? +b%,
E E a
a, b — nisoci rinepGosu. PisHsiHHA acuMnTor Y = —X Ta Y = —-l;x .
a

3rigHo 3 YMOBOIO 3aKaui OfepKUMO CUCTEMY ABOX PiBHAHB

2
2 -39,
Va® +b?
bZ
— =1 (yMoBa nepneHAUKYJIAPHOCTI ACUMIITOT).
a

2
Beinen b? =a?, 2 _=3/2 =a=8.-2=6,o0mkeb=6.
a2

3.44. Hanucaru piBHAHHA napaboiu, 10 IPOXOAUTh yepes Toukry (0; 0)
Ta (1; —2) cumeTpuyHO BigHOCHO oci Ox.

PiBaanHa nmapa6oau, 1o npoxoauTh yepesd Touky (0; 0) cumerpuuno
BizHOCHO oci Ox, mae Buraag y?= 2px.

3rigHo 3 YMOBOIO, 110 apabosa IpoXoXUThs uepe3 Touky (1; —2), aicra-

Hemo (—2)2= 2p.

. 4
3Bincu p=§=2.

TobTo mykaHe piBHAHHA napabosu MaTuMe BUMIAL y2= 4x.
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3adaui i enpasu oan camocmiiinoi pobomu

. (1 3).
3.45. 3anmucaTy PiBHAHHSA KO0JIA 3 IEHTPOM Y TOUI E; - Z i3 pa-
Iiycom, mo popiBHioe 2. IToGyayBaTu 11e K0J0.

3.46. 3anucarn pPiBHAHHA KOJ4a, AKe NIPOXOAUTHL uepes Touku A(5; 7)
i B(—2; 4), saxuio neHTp HOro JeXUTh Ha npamii 4x + 3y - 18 = 0.

3.47. 3anucaTn KaHOHiYHe DiBHAHHA ejinca, 110 HPOXOAHUTHL Yepes
Toury M(5; 0), akio dokasbHa BifcTaHb AOPiBHIOE 6.

3.48. loecTu, uio piBuauua 36x2+ 100y2— 3600 = 0 € piBanEAM
esinca. 3HaiTy KoopauHaTH GOKYCiB Ta QOKAILHY BificTaHb.

3.49. SanucaTy piBHAHHA eJilica, GoKycamMu AKoro € Touku (0; — V5 )

i(0; \/g), a BeJIMKa Bich gopiBHIOE 6.

3.50. 3anucaru piBasiHHA eiinca 3 Goxycamu Ha oci Ox, AKINO BincTaHb
Mmix dokycamu nopiBaioe 12, a ekcuenrpucurer E = 0,6.
3.51. Banucaru piBHsiHHA exinca 3 Poxycamu Ha oci Ox, aKIO BiH

NIPOXOAUTH Yepe3 TOUKH A(\/é_; JE) i B(3; \/5).

2 2 2

3.52. IloGyaysaru enincu ;—5 + 41 X2

X
_ 16 25
eJyinica o0YHCAUTH €KCLIeHTPUCUTET.

2
¥ 1. Js xoHOTO

9
2

2
3.53. 3HallTH KOOPAMHATH TOUOK NEpPeTHHY ejinca fﬁ + 5—5—

=13

npamoio x + 2y — 14 = 0.

3.54. fIky ninito Busnauae piBuanHA Tx2— 9y?= 63?

3.55. 3uaiiTn niBoci, KoopaUHATH GOKYCIB Ta €KCIIEHTPUCHTET Tiltep-
6onm, mo 3axani piBHAHHAM 4x2— 5y?= 20. O6UMCIUTH AOBKUHHU bO-
KaJpHUX pagiyciB Touku M(-5; 4).

3.56. 3anucary piBHAHHS aCUMITOT Ta AWPEKTPUC rinepbosu 9x? —

— 25y2= 225,
3.57. I'inep6osia npoxoAuTs yepes Toukn M [3; @

] TaN(—Z\/g; 3).

3HaiiTu 11 KaHOHiIYHe PiBHAHHA.
3.58. HanncaTu piBHAHHA ZOTUYHUX A0 rinep6onu x2— 4y%= 16, npo-
BeJeHUX 3 Touku A(0; -2).
2 2

3.59. 3uaiiTu BifcTans Bix poryca rinepbonu 6 9 =1 goii acum-

TIITOT Ta KYT MiXK acMMIOTOTaMH.

3.60. Hanucaru piBHsHHA napaboJu:

1) mo npoxoauTsk yepea Touku (0; 0) ra (—1; 2) cuMeTPpUYHO BiTHOCHO
oci Ox;
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2) mo npoxoauTth uepead Touku (0; 0) Ta (2; 4) cuMeTpHUYHO BiJHOCHO
oci Oy.

3.61. 3HaiiTi KoopAuHATH HOKYCca Ta PIBHAHHSI AUPEKTPHCH Itapabo-
an y?= 20x. O6umcantu BiscTtanb Touxku M (10; — 10\/5) no ¢okyca.

3.62. CknacTu piBusinHA rmapa6oiu, 1110 cMMeTpUYHA BigHOCHO oci Ox,
fIKa MPOXOANTH ueped Touku M(4; -5) ra N(6; 15).

3.63. Ha nmapa6oui y?= 6x sHaittu Touky M, doraasHUil pagiyc AKoil
piBaM# 4,5.

3.64. Hanmcatu piBHAHHA goTHYHUX Ao napaboau y?= 8x, mposeje-
HuX 3 Touxku A(0; —2).

3.65. CxknacTu napaMeTpuyHe PiBHSHHSA KOJIa, AKIIO Touka M(x, y)
ONHMCYyE KOJIO pajiyca r 3 HEeHTPOM Ha MOYATKY KOOPAMHAT.

3.66. Jano piBranHa exinca 9x?+ 16y%= 144, 3anucaru #oro napa-
MeTPUUYHe DiBHSHHS.

3.67. [laso mapameTpuuHi piBHAHHA eninca x = 5cost, y = 3sint, ¢t € [0; 27).
3amnucaTy Horo KaHoHiuHe piBHAHHA.

§ 4. IlepeTBopeHHs KOOPAMHAT HA IUTOMMHI, 32CTOCYBAHHA NTEPETBOPEHHS
KOOPAMHAT 0 CTpOILLIEHHs PiBHAHb KPHBHX JAPYTOTO TOPSIKY

PosrnsiHemMo HacamIepen, AK 3MiHIOIOTLCS KOOPAMHATH TOUYOK ILJIO-
IKXHYA XY IPU [IePeTBOPEHHI IapajeJbHOI'O IepeHeceHHA, TOOTO TaKuX
TepeTBOPEHb, NPU AKUX 30epiraeTbcs HANIPAMOK oceil (po3riaAanacThes
TIPAMOKYTHA IEKapTOBa CHUCTEMA KOOPAUHAT), ajie 3MiHIOETHCA TOJIOMKEH-
Hf IOYATKY KOOPAWHAT.

IIpunycrumo, 1m0 Ha mIonuHiI BUGpaHO fesKy Touky M, Hexai (x, y) —
il koopauHaTH B cucTeMi oceit x, y 3 mouaTkom O i (x’,y') — KoopauHa-
TH Tiel camoi Touku M y cuctemi oceil x’,y’ 3 mouatkom O (puc. 24).
Hexait (a, b)) — xoopaunatu Touku O’ B cucreMi oceit x, y. OueBugHoO,
00+ O'M = OM.

v Ay
Y M(x, y)
4 e
(0] x
0 e

Puec. 24
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OckinpKY NpH mapajieJJbHOMY IlepeHeceHHi oceil KoopAMHATHMI 0a-
3uC He 3MIiHIOETHCA, TO NPH AOJABAHHI BEKTOPiB MOXKHA CKJIAafaTH iX
BigmoBizHiI KoopauHATH. A TOMY

x=x+a; y=y +b (33)

Mu ogep:xkanu GOPMYJIH I NePexXoAy Bil cTapux KOODAWHAT TOUKHU
M no mHoBuUX Ii KoopauHar. I3 popmyan (33) BunauBawTh GOPMYIH

=x-a; y=y-b, (34)

1[0 BUPA’KAIOTh HOBi KOOpPAMHATH 4epes cTapi.
Hpuxnan 1. BctanosuTHu, AK 3MiHIOETHCA PiBHAHHA x%2— 4x + 2y2+
+ 8y — 10 = 0 npu napajenbHOMY IlePeHECEeHHi ocell KOOpAMHAT, AKIIO
MOYaTOK KOOPAMHAT IIepeHeceHo B Touxky O’ (2; —2).
3rigno 3 dopmysomw (33) maemo x = x’ + 2, y = y’ — 2. Ilixgcrasasoun
i BUpa3y B 3aJlaHe PiBHAHHSA, JicTaHEMO
(" +22-4(x"+2)+ 20 - 22+ 81y -2)-10=0,

72 ’2
x Y
X2+ 2y2=22, —+——=1,
22 11
Orxe, BUXifHOMY DIBHSIHHIO BifnoBifae eninc 3 niBocssmu V22 i \[IT ,
3 neHTpoMm cuMeTpii y Touni (2; —2) i ocsimu cumerpii, mapansessHUMU
OCAM KOOpJWHAT.
Hpukaax 2. 3a JONOMOrow MapaejJbHOrO IIEpeHOCY OCeil KOOPAWHAT
TIPUBECTH A0 HAMIIPOCTIIIIONO BUTJIAAY PiBHAHHA x2— 6x ~ 3y?— 6y + 2= 0.

IlepenuiemMo 3agaHe PiBHAHHA Yy BUINIAAL
(x-32-9-3y+1)2+3+2=0.

BisemeMo x -3 =x",y +1 =Y.

Toni
72 2
x’2—3y'2=4, abo ——y——-—=1.
4
3
Orxe, BUXiHe piBHAHHSA BU3HAUAE rinepboay 3 AificHoro Biccio 2, ysiB-
2

HOIO ﬁ i menTpoMm cumetpii y Touni (3; —1). Oci cumeTpii rimep6osu

napaJjieJibHi 0CAM KOOpDJAUHAT.

Paninre 3azHauanocs, mo piBHAHHA Y2 = 2px (p > 0) BusHayae napabo-
Jy, B AKiil Bick cuMeTpii 36iraeTnscsa 3 Biccro abcIyc i BepIIMHa 3HaAXOAUTE-
¢ Ha MoYaTKy KoopauHAaT. PiBHaHHIO x2= 2py, abo, 1110 Te caMe, PIBHAHHIO
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y=ax’|a= —2—— , BiamoBinae, oueBnAHO, Napaboia, B AKOI Bich cuMeTpil
p

3biraeTbcs 3 BicCIO ODAMHAT, a BePIIMHA, AK i panile, 3HaX0QUTLCA HA I10-
yaTKy koopauHar. ITokaskemo, 1110 piBHAHHA Y = ax?+ bx + ¢ MO Ha IPUBEC-
TH JO0 BUIJIAAY Yy = ax? 3 HOTIOMOTOI0 IapalejbHOTO TepeHeCeHHs Ocel.

Hexaii (a,, b,) — KOOP/IMHATH HOBOT'O NOYATKY B cTapiil cucreMi KOop-
auuar. Toxpi x = x' ta,y= Y+ b, i pisuanna y = ax®+ bx + ¢ HaGyBae
BUIJIALY

Yy +b=a(x +a)+bx +a)+ec,
abo
y = ax"?+ (2aa, + b)x’ + aa®+ ba, + ¢ ~ b,.

Yuciaa a, i b, 6ysu noku mo gosinbHi. Bubepemo ix rak, 1106 BUKOHY-
Bajacs piBHIiCTB

2aa,+b=0, aa’t+ba +c—-b=0.

, b b’
Posp’a3yioun 10 cUCTeMY, AicTaHeMo @; = ——; b, =¢ —— . Orxe,
2a 4a
AKIIO NepeHeCTH IoYaToOK KoopauHat (npu 3beperkeHHi HanpAMKY ocei
b2

KOOpAMHAT) ¥ Touky O'| ~ %;c "4zl ToAl BUXigue piBHAHHA Y = ax?+

+ bx + ¢ mabysae Buraany y = ax?. Ilpore ue o3Hauae, IO BUXifHe
piBHAHHA € piBHAHHAM napafonu 3 BepmuHoio B Touni O i Biccio cu-
MeTpiil, mapaJieJIbHOIO OCi OpAKUHAT.

PoarsisgHeMo Tenep nepeTBOPEHH, IO BKJIOYaE B cebe IIOBOPOT KOOP-
IUHATHUX oceil npu 36eperkeHHi MOJIOKEeHHs mouaTky Koopaunat. He-
xait x, y — cTapi oci koopauHar, x’, y’ — HoBi oci (puc. 25) i o — KyT
II0OBOPOTY, TOGTO KYT MisK HOBOIO i OZHOIIMEHHOIO CTAPOIO BicCIO KOODAU-
HaT (OCKiNBKY MM PO3IIIAZAEMO 3a/jauy Ha IUJIOIIUHI, To MoYKHa pikcyBa-
TH HAOPAMOK BifAJiKy KyTiB; KyT BHPaxOBYETHCA Bif AOAATHBOrO Ha-
NPAMKY cTapoi oci mpoT# rOAUHHUKOBOL CTPiIKH).

V Bumajky, INO POSTIALAETHCH, KOODAMHATHHM 6asuc, OUEBUAHO,
amiHloeTBCA: 3amicTh Gasuca i, j — Maemo HoBuil Gasuc i’, j/, npu-

.7 b . T . T
YoMy KyT Mk | i i’ ZOpiBHIOE O, KYT MiXk ', j AOpiBHIOE E—Ot (abo

T
o - —) KYT Mix ] i J z[oplnmoe o, KYT Mix ] i l JOpiBHIOE Ot+§ A
Tomy B OpTOHOPMOBaHOMY 6asuci i, j
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Puc. 25

7 n .
i"=4cosoy COS(E —a); = {cos o; sin a},

> T .
= {cos(oc + E); cos a} = {~sin o; cos a}.
Hexait M — poBinbra Touka naommuny, (x, y) — ii crapi, a (x, y') —
HOBi koopaunartu. Toxi
OM =xi+yj=x"I"+y’j’ = x'(cosci + sinaj) + y'(-sinai +cosoj) =
=(x'cosa — y’sina)i +(x’'sina + y’cosa)j,
TO6TO MaeMo HopMyan

x =x"coso—y sin q,

. 35
y=x'sina+y cosa, (35)
III0 BUPaXXal0Th CTapi KOOPAMHATH Uepe3 HOBi.
. . 7 . ’ .
PosB’asyoun cucremy piBusinb (35) Bignocuo x” i y', aicranemo
x" = xcosa + ysina,
(36)

Yy = -xsina + ycoso.

Dopmynu (35)1(36) i € popmynamu repeTBOPEHHSA TOBOPOTY KOODIM-
HATHUX OCeM.

ITpuxnax 3. [leperBopury piBHsHHA xy = ¢ (¢ > 0) (rpadik obepHe-
Hol nponopiiiiHoi 3ayieskHOCTi), BUGPaABIIM 3a HOBI oci GicexTpucu Koop-
OUHATHUX OCeH.

yio
Kyt nmoBopoTy o B is0My BHIIAAKY AOPiBHIOE 1 A Tomy
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2., V2

ol _ , =_x/+ I,
x 2(x y) Yy 2( y)
‘\/5 7 ’ \/5 ’ , 1 ?2 2
=—(x'-y) —(x + = —(x" - =,
Yy 2( y)z( y)z( y)
=y
2c 2¢

Orxe, Kpusa xy = ¢ (¢ > 0) € piBHo6iuHoIO rinep6osoro, AiiicHa Bich
Kol HampsAMJIeHa 3a GiCEeKTPHUCOI0 TPETHOTO i IIepIIOro KOOPAUHATHUX
KYTiB, HeHTp cuMeTpii 3HaxoquThCA HA MMOYATKY KOODAMHAT i miBoci zro-
PiBHIOIOTH V2c.

Mu po3rasgaaud OKPeMo [epeTBOPEHH [1apaeibHOTO NepeHeceHHd i
IepeTBOPEHHSA IOBOPOTY KOOPAWHATHUX oceil. MoxxHa MOCJIiJOBHO MpO-
BECTH Ii iBa NIepeTBOPEHHA: 3AIACHUTH i TOBOPOT, i MepeHeceHHa KOOP-
IUHATHUX oceli. Bka)xeMo, He po6Gisiyl KOHKPETHIUX OOUHUCIIeHb, AK MOX-
Ha 3 [ONOMOTOI0 PO3rJAHYTUX METO/iB HPUBECTH 3arajbHe DiBHAHHSA
KPHUBOi JPYroro MopagKy

Ax?+ Bxy + Cy?+ Dx + Ey+ F =0 (37)

70 KaHOHIUYHUX PiBHAHB ejinca, mapabonu i rinep6osau abo f0 BUNAAKiB
iX BUPOAIKEHHS.

3asHayMMO Hacamiepen, 10 NPU MepeTBOpeHHAX piBHAHHA (37) 3a
gomomoroio ¢popmy (33) i (35) He MoKe BMiHUTHCA NOPALOK PiBHAHHSA.
Bin, npupojgHo, He 3Moxke migBumuTUcA (TobTo cratu Ginbmie Hixk 2),
ocrcimﬂm y dopmynax (33) i (35) x i y BupaxkaroThcs JIiHiNAHO Yeped 2
y’, ane He Mosxe i morusuTuca. JificHo, AKIO MU 3 PIBHAHD (37) 3 gorro-
Moroio dopmya (33) i (35) onepxkanu 6 piBHAHHA BUTIARY A, x+B y +
+ C,= 0, To, moBepTaOYKCH 3a AONOMOTr0I0 piBHOCTEH (34) 1 (36) O BUX-
imnux 3MiHHUX x i y, Mu He gictanu 6 piBHAHHA JPYroro cTeneHsa —
puxinne pisuannsa (37). Orxe, crenins (HOPANOK) PIBHAHHA IIPU HAIIUX
mepeTBOPEeHHAX 30epiraernes.

3 I0IIOMOTO0I0 TIOBOPOTY OCeif 3aBXKAU MOKHA NMo30yTHUCSA YjleHa 3 JO-
O6yTKOM KOODJMHAT.

Iificao, miacraBasoun B piBHaHHs (37) 3aMicTs x i y ix Bupasy, srigHo
3 dhopmyaomw (35) oiepKUMO HOBe DiBHAHHA

Ax*+Bxy +Cy?+Dx' +Ey +F=0, (38)

roediuientn sxoro, i 30kpema koedinieHT B,, MicTATL TPHTOHOMETPUYHI
dyuxuii xyra o. IIpupisaiooun koedinient B, HyI0, AiCTAHEMO TPUTO-
HOMeTpUuHe piBHsAHHA. P03B’A3ylouu Horo, 3HalifleMO 3HaUeHHA KyTa
IIOBOPOTY 0., [P AKOMY A0 DiBHJHHS B)Xe He OyJe BXOAUTH N06GYTOK
KOODAMHAT i AKe MaTHMe BUTJIAL
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Ax?+ Cy?+Dx’+Ey +F=0.

Slkmo xoedinienTu A, i C, BixminHi Bix Hysd, TOAL 3aBK AU MOXKHA 32
JOIOMOTOI0 IlepeHeceHHs ocell KoopauHar [auB. dopmyau (33)] nosby-
THCA WIEHIB 3 IepPIINMMH CTelleHsAMHU 3MIHHHX KOOPAUHAT i NpuBecTH
piBHaHHA (38) a0 BUIIALY

Ax"+ Cy™+ F,= 0. (39)

IIpore 3Bizcu BuaHO, 0 ME MaeMo abo eninc (AKIo Al i C1 MawTh
OIVIH 3HAK, a F| — nporunexHuit), abo yasHe Miclie TOYOK (AKIO A,C i
F, MaoTh ofuH i Tolf caMuil 3HAK; Y TAKOMY BUIIAZKY POBOPSATH, IO MAE
Miclle BUIAJIOK BUPOMIKEHHSA eJIilica B ysABHe Micie TOYOK), aGo omHy
To4Ky (AKIMo A, i C, onHoro 3Haky i F, = 0 — BUpOMIKeHHA ejinca B
TOYKY), abo rinepGony (saxmo A, i C, pisaux smaki i F, # 0), a6o asi
npsiMi, mo nepetuHaoTheA (Axkmo A, i C, pisaux sHaxis i F =0—
BUPOJKEeHH rirepbosu y aBi npaMmi, 110 MepeTUHAIOTHCA).

HAxmo B piBuaHHI (38) onun 3 Koedinienris A4, i C,, nanpuknan C,,
obepraeTsCa B HYJIb, TOA1, AK IIOKA3aHO HA MOYATKY maparpada, MoxcHa
TaKke PiBHAHHSA 3 IOIIOMOTrOI0 IIeDEeHECeHHA OCell MPUBECTH [0 BUIIALY

n . ”2 Ilz - .
Yy =ax *npu E # 0 abo xo Burasagy ax' >+ d = 0 npu E, = 0.

¥ nepmomy BUIAJKY OfepaKyEMO napaboJiy, B APYroMy — BUPOAIKEH-
HA napabosau (ZBi napanesabHi npami, a6o ogHa npsama, abo yaBHe Mice
TOYOK).

3Bincu BHUIIMBaE, 110, K y)XKe 3a3HAYAJIOCA BUINe, OyAb-AKa KpUBA
Apyroro nopsaakry € abo enincom, abo rinmep6oioro, abo napabosolo, ado ix
BUPOIYKEHHAM.

§ 5. Hmninapuyni noBepxHi 3 TBIPHUMH, NapaielbHUIMH KOOPIHHATHHM
ocsim. Ilosepxui apyroro mopsaxy

ITepm Hix mowaTH BHBUEHHS HPOCTOPOBUX FeOMETPUYHHUX 06pasis,
BiATIOBiZHUX PiBHAHHSIM JPYroOro cTeleHd, PO3rASHEeMO OLUH CIeIiaJbHUAH
KJIac II0BEPXOHb, K1 HA3WBAIOTHCA UJAIHIPUYHNMY IOBEPXHAMH,

Osnavennsa. L{uninOpuuno nosepxnei HA3UBAEMBCA NOBEPXHS,
ymeopeHa pyxom npamoi, w0 nepemuraec 3a0any Aini i napanenvHa
3adanomy HaAnpamMKy.

Sajnana JiHig, yepes TOUKHU AKOI MPOXOANTE IPAMA, IO HepeMilyeTh-
CA, HA3UBAETHLCA HANPAMHOIO, a KOMKHE NOJIOKeHHA TaKol IIpAMOiL Ha3u-
BAETHCA MBIPHOK POITIANYBAHOI NUNIHZPUYHOL IOBEPXHi.

BuGepemo xoopAUHATHY CHCTEMY TaK, 1100 OfHA 3 ocelt, HAPUKJIAL 2,
OyJia 1rapanenbHOIO 3alaHOMY HANPAMKY, I po3riasgaTuMeMo Tol, xoua i
OKpeMMHii, aje fyKe BaXKJIUBUM BUNANOK, KOJM HAIIPAMHA JiHis JeXuTh
B IUIOIUHI, NePIeHANKYJIAPHIiA f0 3aganoro HanpaMky. Toxi 6e3 Besako-
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ro o6MeKeHHA 3arajJbHOCTI JOCHiJ»KeHHSA MOXKHa BBaKaTH, 110 HANIPSIM-
Ha JEeXXHUTh B IJIOIMKAHI XY.

Hexait B uiomuHi z = 0 piBEAHEHA HanpsaMHOI Mae BUrIAn F(x, y) =
i, oTke, TaKa JiiHif 3aZjaHA ABOMA PiBHAHHAMHU

Z=0, F(x;y)=0. (40)

IoseneMo, 1m0 po3risAAyBaHiil UuIiHAPUUHiA moBepxHi BigmoBixae
piBHAHHSA

F(x; y) = 0, (41)

T06TO 1[0 KOOPAMHATH 6Y/b-sKOl TOUKH [IOBEPXHi 3a0BOJBHAIOTE DiBHAH-
Hs (41), a KoopauEaTH OyAb-AKOI TOUKH, 110 HE JIEKUTh Ha 1IiH noBepxHi,
He 3aJ0BOJIbHAIOTh.

Hexait M (x,; y,; 0) — Gynp-ika TouKa HANpAMHOI (puc. 26).

2

Puc. 26

ITposenemo uepes M, npamy L, mapanensny oci 2, i sBubepemo Ha Hiii
IOBLIBHY TOUKY M. Roopzmna'm i€l ToukM (X, Y, 2,). SriAHO 3 npnnyu(eH-
HAM, KOOp,lIPIHaTH Touku M 3a0BONBbHAIOTE cucTemi Z = 0, F(x; y) =
Orxe, F(x,, yo) 0 i koopauuatu 104Ky M, (mpu 6yan-AKOMY 2,) 3aAo-
BOJIBHAIOTH piBHAHHA F(x, y) = 0. Takum ‘IHHOM, KOOpAHHATHU 6ynb AKOI
Touku M, npamoi L 3a10BOJNBHAIOT PiBHAHHA F(x, y) = 0. Ipore M, —
MOBiJbHA TOYKa HampaMmHOL. OTyKe, KOOPAUHATH OyAb-AKOI TOUKH 6ym=-_
sAKoi TBipHOI, TOOTO KOOPAUHATH OYAb-AKOI TOUKN poarnanysanm -
HAPHUYHOI MOBEPXHi, 3aI0BOJBHAIOTE p1BHaH1m F(x y)

Hexaii Tenep Bu6pano 6yb-aKy TOuKy M, (x1 , yl y 2 '), Luo He JIeXKUTD
Ha poarnﬂnysamn NUJiHAPpUYHiT nonepxm. Poarmmemo TOUKY
M, (ac1 , y1 ,0), moe npoexmem TOUYKH M Ha mwronunay xy. Touka M He
nemn’rb Ha 3alaHiil HanpaMHiR Jainii (1Haxme KayKyu, TOUKa M, ! Jlema-
Jaa 6 Ha sagaHiil noBepxHi). A TOMy KOODAMHATH TOYKH M He MOJKYTB
3a/I0BOJIbHATH cucTeMy piBHaAnHb Z = 0, F(x, y) = 0. Ognak nepme piBHAH-
HA HaneBHO BUKOHaHO. OTXKe, F(xl', yl') # 0. IIpore e o3Hauae, M0 KO-
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OpANHATU TOYKH Ml' (xl', yl', zl') He MOMKYTb 3aJOBOJILHATH PiBHAHHA
F(x, y) = 0; THM caMuM Hallle TBEpAMKEHHS JOBEIeHO.

OueBHUAHO, AKINO TBIpHI HUIIHAPHIHOL ToBepxHi nmapaJesbHi oci y, a
PIBHSHHSA HANIPAMHOI Ma€ BUIJIAA

y=0,F(x,2)=0,

TO PiBHAHHS DMIiHApHUYHOL moBepxHi F(x, 2) = 0.

Amnanoriveo ans nuIiHApPUYHOI moBepxHi, TBipHi sKOI napaJeybHi
oci x, maemo piBusauua F(y, 2) = 0.

Sxiio HanpaMHa € KOJIOM, AKe JIeMKUTb y ILUIOUUHI XY, 3 HEHTPOM
Touni (a; b; 0) i paniycom R, a TBipHi mapasnensni oci z, Toxi piBHAHHS
OUIIHAPUYHOL IOBEPXHi Ma€ BUIIIAL

(x —a)+ (y - b)>= R2. (42)
Taxa nmoBepxHa HABHBAETBCHA KPY208UM UYULIHOPOM.
IToBepxus
2 2
x y
a—z + b_2 =1 (43)

€ IMJIiHAPUYHOIO MIOBEPXHEIO, TBIPHI AKOI MapasenbHi oci 2, a HAIPAMHAME
€ eJinc 3 miBOCAMHE a i b Ta eHTPOM Ha IIOYATKY KOODAMHAT, PO3MileHHi
y miomuHi xy. Taka MoBepXHA HA3MBAETBCA eAINMULHUM YUNIHODOM.
Kpyrosuit nuninap moxHa, 38Bu4aifHo, po3rIaiaTi AK OKPeMUil BUIa-
JIOK eJiNTUYHOIO MUJIiHApa.
IloBepxHs, BUBHAYEHA PiBHAHHAM

y®= 2px, (44)

Ha3UBAETHCA napabonaivnum yurindpom (puc. 27),
A F-4

Puec. 27
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IloBepxHsi, BU3HAUEHA PiBHAHHAM
2 2

xq _ y_2 -1, (45)
a b
HA3UBAETLCA 2zinepbonivnum yuaindpom (puc. 28).
A*Z A
7/

s
1 i
1 ] . g 4I
N1~
il !
| 1 !
| 1 !
| ! !
} 1 :
1
|,) !
17 !
v )
{ e
N - -

Pl ”

‘x/
Kpim yxe npuBefieHux, iCHYIOTSH 1€ IIICTH THUIIiB IOBEPXOHb APYTOro
nopaiky. Ix Halinpocrimri, a60 AK NpUITHATO TOBOPHUTH, KAHOHIYHI DiBHAH-

HA, Ofep:KaHl nNpH HaHbiNIpII 3pyYHOMY JJIA BUBUEHHS IIOBEDXOHBb PO3-
Mill[eHHi oceil KOOpAWHAT, MalOTh BULJAL:

Puc. 28

2 2 2
x z .
— + y_z_ + — = 1 — eJincoln;
a b c
2 2 2
x y z . . ..
Z_+Z2 _ _Z_.=1 — oZHOMOPOXHUHHUI rinepbosoin;
2 2 2
a b c
oy 2 . .
— +35 —— = -1 — nBonopoxEMHHMI rinepbonoin;
a b c

2
+ %2_ = 2z — eninTuuuunil napabosoix;

le 8
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x2 2
X ¥ _ 2z — rinep6osriuanii mapa6osoin;
a® b
x_2 + 2.2. = -i — KOHYC 2-TO HOPSIKY.
a® v ¢?

IIpoBexemo pocnifsxeHHa GOPMH LUX MOBEPXOHb, BUKOPHCTOBYIOUN
MeTOA napajieIbHUX Nepepisis.

HAocainxenns dopmn exinmcoina. 3uaiizemo Hacammepex mepepis
ejincoiza miomuHOoK X = 0,

AZ

— . — e o . .
— ———
- ~
~

Puc. 29

¥ nepepiai (puc. 29) onepxumo ninito, BUSHAYEHY CHCTEMOKO

x = 0’ -1_)7 + ;2— =1.

Orxe, B muIomuHi yz MaeMo esine 3 nmisocamu b i ¢. Posrnsaemo Tenep
nepepi3 MOBEPXHi MJIONIMHAMH, IapajebHUMHU ILIOMUHI Xy, TO6TO 110-
muHaMu 2 = h. Y nepepisi xgicraneMo ninii, BU3HAUEHI cucTEMOIO

2
=h e da1- 2
a b c

OuesuaHo, axmpo |k|> ¢, Toai B Ilepepisi 0/1epXKUMO YABHE Miclle TOYOK,
npu |k = ¢ — touru (0; 0; ¢), axmo k> 0, i (0; 0; —¢), axmo & < 0. Axmo
Ih|< ¢, Yy IJIOUIHHI Z = h gicTaHeMmo ejinc

2 2
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2 2
x y

’ 22+ -\
al—ﬁ— bl—h

C2 2

T0OTO eJinc 3 miBocaAMH

f R’ . , h?
al——c? 1 bl—c—z.

Ilpn h = 0 niBoci eninca gopiBHioOTSE a i b, 3i 36inbIIenHam h niBoci
SMEHIIYIOThCA A0 Hyad (npu i = ¢). Burnan nosepxHi 306paxkennit Ha
puc. 29.

OueBUHO, 1[0 IOBEPXHA, AKA PO3IISAJAETHCHA, CHMETPUYHA BiJITHOCHO
KOODAMHATHHUX IJIOUINH, OCeil i MoyaTKy KOOpDAMHAT. YCA IOBEDXHS He
BUXOJUTh i3 NIPSAMOKYTHOrO Tapajejeninena 3i cropoHamu 2a, 2b, 2c,
CUMETPUYHOTr'0 BilHOCHO KOOPDAWHATHUX IJIOLIWH.

Axio a8i oci exincoiga AOPiBHIOIOTH OZHA OXHiM, TOAI eJiNCOix MOXK-
Ha ozep:kaTH obepTaHHAM eJjlilica HAaBKOJIO OGHOI 3 oceil, i cama 1oBepx-
HA Ha3MBAETBLCS TOAL eiincoizoM obepraHHA.

Hanpuknaz, akuo b = ¢, ToAi NoBepXHA Mae PiBHAHHA

x? yt+ 2t
St
a b
i Moxe 6yTH ofepikaHa oO0epTaHHAM eJimca

=1

2 2
X Yy
z2=0, 5+ =
’ a2 b2
HAaBKOJIO OCi X.
Axmo a = b = ¢, Toai piBHAHHA eNincoixa HabyBae BUMIALY

x2+ yi+ 22=al,

i noBepxH#s € cdhepolo 3 LEHTPOM HA IIOYATKY KOODAUHAT i pagiycom a.
Omsxe, chepa € OKpeMUM BHIIQJKOM eJincoifa, AKM0 Bei fioro miBoci
JOPiBHIOIOTL OJHA OJTHIH.
Jocninxenas ¢popMu OAHONOPOKHEMHEAOrO rinepbosoina. 3uaiizemo
nepepia OHOIIOPOXXHUHHOTO rimepboJioiga

x2 y2 22
—t T "7
a b c

IUIOLI[MHOI0 PUCYHKA, ToOTO miomuHow x = 0 (puc. 30).

=1
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Puc. 30

JIiHiA nepeTHMHY BU3HAYAETHLCA CHCTEMOIO DiBHAHB

2

22
x =0, g—z e =1.
¥ nepepisi maemo rinep6osy 3 miBocamu b i ¢, npugomy ziiicHa Bich
rinep6osn 36iraernca 3 Biccwo y.
PosrasgreMo nepepis noBepxHi NICUIMHOIO 2 = h, MapaJeIbHOK ILJIO-

urHi xy. B mepepisi oxepxkyemo sninioo, BUSHAUEHY CHCTEMOIO PiBHAHD

2 2 2
x° Yy h
emh gty Tt
abo cucTeMoIo
2 2
_ x y -
=h x 5+ —
a 1+% b 1+h—2
c c

Omxe, y Bubpanux napajejbHUX Iepepisax MaeMo eJirncy, miBoci aKux
3pocraioTh 3i 36inpmennam |h|. Haiimenuruit eminc (Bin HasmBaeThes
zopaosum eaincom) omepayemo npu h = 0. OueBUIHO, ONHOMOPOKHIH-

HuH rinep60J0iJ] CUMETPUYHUI BiTHOCHO KOOPAMHATHUX ILIOIUH, oceil i
II0YaTKy KOOPAHWHAT.
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Sfrmo a = b, ToAi MoBepxHs MoxKe 6YyTH yTBOpeHa o6epTaHHAM rinep-
fosnn
2 2
y z
=0, 7-7~1
c
HABKOJIO OCi 2.

Hocainxenns (popMyaH IBONOPOKHMHHEOTO rinepboiaoina. B mepe-
THHI IBOIOPOKHHUHHOTO rinepboJsioiga

x2 y2 22
._2+__—?=—]_
a b c

NJ0UMHOI0 pUcyHKa (TobTo miomuuoo x = 0) oxgep)xkyemo rinep6osay
2 2
2 y
x=0, —-3*==1 (puc. 31).
¢ b

A

Puc. 31

[epeTHHAIOYM OBEPXHIO ILIOIMHAMY 2 = h, ofiepkumo mpH |h| < ¢ yas-
He MiCIIe TOUOK, pu h = +¢ — Touku (0; 0; ¢) i (0; 0; —c), nipu |k > ¢ enincu

6 Bacunnuenxo I. II.
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IToBepxHsa, oueBUAHO, CUMETPHYHA BiJHOCHO IUIOIIHUH, Oceif i mouaTKy
KOOpAWHAT.

Hocainxenna dpopmyan exinruanoro nmapatoaoina. B nepepisi euxi-
nTUYHOro napabosoina

2 2

x y

—+ I =22
a® b’

IIOLMHOIO PUCYHKA (To6TO 1uromunoro x = () ogepsxyemo napaboay x = 0,

y?= 2b%z (puc. 32).

A

Puc. 32

IlepeTunalooun noBepxHIo miomuHamu 2 = h (h > 0), gicraremo enincu

2 2

x + Y =1
2 2
(@v2r)"  (bv2r)
Bea HOBEPXHA JIeXUTh HAX IVIOIMUHOIO XY, CAMETpHUYHA BiAHOCHO I1J0-

ImuH x2 i yz i BigHOCHO OCi 2.
HAxmo a = b, maeMo napa6oJioig obepragHa

z2=h,

x*+ y?= 2a%,
SAKU# MoXkHa AicTaru obepranuEam napabosu
x =0, y?= 2a%z

HaBKOJIO oci 2.

3asHaummo, 1m0 Bci mapaGosu, W0 0AePKYIOTHCH B Hepepisi napa6o-
Joifa o6epTaHHS IJIOINWHAMY, SIKi POXOAATH UYepes BiCh 2z, MAIOTh 3a-
raJbHUH QOoKycC.
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Jocainmxennsa (opmu rinep6osiunoro napa6osoiza. [ns 6laemroi
sCHOCTI PHCYHKa 3MiHMMO poamimieHHs oceil. BuGepeMmo 3a NJIOmMHY
pucynka momuny y = 0 (puc. 33).

AZ

Pue. 33

¥V nepepisi rinep6oniunoro napa6osnoina
2 2

x Yy
= - =2z

a® b

NJIOHMIMHOIO PHCYHKa MaeEMo napaﬁo.ny
y=0, x2=2a%2.

VY nepepisi nnomunamu x = d oxepxyeMo napaboan

b2 2
x=d, y° =-2bz+ _c21
a

V nepepisi nanomuuamu z = —|h| maemo rinep6onu

T E ey

Bces moBepxHsa Mae cigmonozni6uy dopmy.
Jocainxenasa popmu KOHyca ApPYroro nopsAnky. B nepepisi xonyca
Apyroro NOpAxKy
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x2 y2 22
<t 7T 7
a b c

IIOMMHOK x = 0 ofepsKyeMO ABi NpsAMi, 1110 IepEeTHHAIOTLCA HA TOYATKY
KoopauHart (puc. 34).

Pue. 34

b
x=0,y=x—=2
c

IlepeTuHaloun IOBEePXHIO MJIOIIMHAMY 2 = K, OZEPIHYEMO eJIincu

2 2
z=nh d >+ y > =

a.’i bﬁ

c c

IlepeTuHaOYM NOBEPXHIO IJIOU[MHAMH, AKiI IIPOXOAATEL depes Bich 2,
TOOTO IIIOIMUMHAMY Y = kX, AiCTAEMO ABI IpAMIi, 10 IepeTHHAIOTHLCA:
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x? _ 2
y= ke, ———=7,
ab

b+ Ea?
-t cVb® +ka?

ab

BHKOpUCTOBYIOUM BoKe BKasaHUl NPU BUBYEHHI KPUBUX APYroro mo-
PALKY MeTOJ NepeTBOPeHHA KOOPAMHAT, MOXXHA JOBECTH, 1o 6yab-AKa
TIOBEPXHSA JIPYTOTo MOPAAKY ABJAE c000i0 460 OAUH 3 AeB’ATH PO3rJAHY-
THX TUIiB IOBEpPXOHBb, a60 BUMAJOK IX BUPOJKEHHA (ABi IJIOIINHH, 110
nepeTHHAIOThCA abo napasesibHi, OfHa IJIOLINHA, OAHA NIPAMA, OfHA TOY-
Ka, MycTa MHOYKHMHA TOYOK).

abo

y=kx, 2 x.

Koumpoavni 3anumanns i 3ae0anns

1. fIki moBepXHi HAJNEXATH A0 MOBEPXOHb APYyroro nopaaky? Ak mox-
Ha JicTaTH IMOBEePXHIO APYroro Nopagky?

2. JlaiiTe 03HAYEHHS LUIIHAPAYHOI MOBepxHi. 3anumIiTL KaHOHIYHE
PiBHAHHA HUIIHADPIB APYroro mopaaKy (Kpyrosoro, eJilTHYHOTO, rinep-
6oniuynoro, napaboJsiuHoro).

3. BanumiTts KaHOHIUHI PiBHAHHA MOBepXHi 06epTaHHA APYroro Io-
paaky (eaincoiza, rinepboJsioija — OJXHONMOPOMHHMHHOIO Ta ABOMODPOXK-
HUHHOTO, eJinTUYHOro Ta rinep6osiunoro napaboJsoina).

4. 3anuiuiTh piBHAHHA KOHYyCa APYTroro NOPALKY.

5. fIka MHOMKHHA TOYOK IIPOCTOPY HasuBaeThes cheporo? 3anmumiiTe
piBHAHHA cdhepu 3 nenTpoM y Touui C(a, b, ¢) i paniycom R.

6. fIxa izea gocaigyxkeHHsa GOpMU HaBeIeHUX TOBEPXOHb JPYyroro mo-
pAIKy Ta ix nobyzosu?

Ipuxaaou posze’asyeannsn 3aday

3.68. SIxy mOBepXHIO BU3HAYAE B IPOCTODi PiBHAHHA:

1) x*= 4y; 2) 22= x2?

1. Pipuannsa x2= 4y BusHauac napaGosivHuil nuaiHAp 3 TBipHUMH,
napaJjieibHUMH oci Oz.

Hanpsamuolo nuringpuadoi nosepxHi € napaboaa x*= 4y, z = 0.

2. PipHsAHHA 22 = X2 MOXXHA NpPeACTABUTH Yy BHIVIAAL 2(z ~ x) = 0;
BOHO PO3KJIAfA€ThCA HA ABa piBHAHHA: 2 = 0 i 2 = x, To6TO BU3HAUAE ABi
mIoMMHEK — momuny xOy i 6iceKTpasbHy IUIOIMUAEY 2 = X, AKa IPOXO-
IuTh 4epes Bick Oy.
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3.69. CkyacTu piBHAHHSA KOHIYHOI IOBEpXHi, BEPIINHOIO AKOL € TOUKA
2 2

M(0; 0; 1), a HanpaMHOIO — eJiilc gg + % =1, z=3.

3anumemo piBraHHA TBipHOI AM, ne A(x,, Y, 2,) — TOYKa, AKa Jje-
JKHUTH Ha eJimci:

x y z-1

Xy Yo ZH-1

OCKiJNBKM TOUKa A JIeXKHUTH Ha eJjinci, To 1l KoopAWHATH 380BOJbHA-

2 2
. . X
IOTH PiBHAHHA eJlinca, To6To —2—%— + %’— =1, z,= 3. Buxounsinu Tenep x,,
Y, 1 2, i3 cucremn
2 2
x z-1 z-1 X
Al ; l = 20, + .‘_y_q_ =1; ZO = 3,

X, 25-—1 Yo zo—l; 25 9

iCTaHeMO iBHAHHA KOH ca. fi + gi- -— -(—z—ﬁ =
A P Yo 95" 9 4

3.70. IIpuBecTn N0 KAHOHIYHOrO BUTJIALY PiBHAHHA
4x?+ 9y?+ 3622— 8x — 18y — 722 + 13 = 0.
3rpynyeMo 4JieHHu 3 OZHAKOBUMU KOOPAUHATAMMU
4(x%—- 2x) + 9(y? - 2y) + 36(22— 22) = ~13.
,D;OIIOBHHMO A0 MOBHHUX KBa}IpaTiB BHpa3u B AYXXKax:
4(x*-2x+ 1)+ 9y* -2y + 1)+ 36(22-22+1)=-13 +4 + 9 + 36,
abo
4(x — 12+ 9(y — 1)2+ 36(z — 1)2= 36.

3po6uMo mapasiesbHe IEpEHECEHHA 0Cei KOOPAUHAT, e 3a HOBUI II0-
qyaToK KoopauHat Bubepemo Touky O’ (1; 1; 1). @opmynu nepeTBOPEHHSA
KOOPAMHAT MalOTh BUMJIAR X = X'+ 1; y =y + 1; 2 = 2"+ 1. Toxi piBuaHHSA
NoBepxHi HaOyBae BUTIALY

2 2 2
+ L 42 o,
4 1

Ile piBHAHHSA Bu3HAUAE eJincoi; Oro HEeHTP 3HAXOOUTHCA B HOBOMY
MoYaTKy KOOPAMHAT, a nmisoci BigmoBizuo mopisuwowTs 3; 21 1.

4x2+ 9y"2 + 362"2= 36, a6o



AHaniTuyHa reomeTpis 167

3adaui i enpasu dan camocmiiinoi pobomu

3.71. BHaiiTH KoOpAMHATH LeHTpa i paxiyc cdepu, 3aganol piBHAH-
HAM

x2+y?+22-x+2y+1=0.

3.72. CryacTu piBHAHHSA cdepH, AKA NPOXOAUTE yepes Touku A(1l; 2;
-4), B(1; -3; 1) i C(2; 2; 3), AKII0 HeHTD 3HAXOAUTHCA B IomuHi xOy.

3.73. o saxkiit ainii nepernnaeTsea KoHyc x2+ y?— 222= 0 3 mouu-
Holo y = 27

3.74. IIpuBecT: A0 KAHOHIYHOI'O BUIVIALY PiBHAHHSA

x?—y*—4x + 8y - 22=0.
3.75. fixa moBepXHsa BU3HAYAETHCHA PiBHAHHAM
4x*— y*+ 42°-8x + 4y + 82+ 4 =07
3.76. fxuit reomeTpuuHMii 3MicT piBHAHHA X2+ Y+ 27~ yz — x2 —xy =07

§ 6. IonspHa cucTeMa KOOpAMHAT HA TUIOLIMHi. Hmﬁu)lpmai ctepuyna
CHCTEMH KOOPIMHAT Yy MPOCTOPi

Mu poaraggany 4O IbOI0 Yacy TiIbKHU NPSIMOKYTHi IeKapToBi cucre-
MU KoopauHAaT. IlopsAa 3 HUMM BHKOPHCTOBYIOTECH i iHINI KOOpAMHATHI
cucteMy. B 3aayax Ha ILIOINMHI 1ie dacTillle 3a Bce TMOJSAPHA CHCTEMa
KOOpAMHAT, y IPOCTOPOBUX 3afayax — LMJIIHAPUYHA i cepuyHa KOOp-
JOHUHATHi cuCcTeMH.

Ilonspra cHcTeMa KoopaMHAT HA miaomuHi. Bubepemo Ha moniuHi
JeaKy QikcoBany Touky O — MOYaTOK KOOPAMHATHOI cucreMu abo rmo-
moc. PikcoBanuil npoMiHs (miBnmpaMa) 3 BUOpaHUM Ha HHOMY OAMHMY-
HHUM BEKTOPOM i3 MOYATKOM Y IIOJIOCi HasBeMO NOJAPHOIO 8iCClo.

Tlonoxennsa 6yab-aKoi Touk¥ M Ha IJIOIIMHI BU3HAYaTHMEMO BIIO-

PAIKOBAHOIO APOI0 YKMCEN: JOBXKUHOIO p paniyca-BekTopa OM (puc. 35)

Ay M

Puc. 35
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T BUDAKEHWM Yy pafliaHax KYTOM () Mix IOJAPHOWO BicCIO i BEKTOpOM
OM. OckinpKM Taxka cHcTEMa KOOPAMHAT PO3rIALAECTHCA TINBLKY Ha I1JI0-
mI¥MHI, TO MOYKHa BPaXOBYBAaTH i HAIPAMOK BiJJIiKy KyTa; KYT BBa)Ka€Th-
Ccf AONATHHUM, AKII0 HanpAMOK o0epTaHHA Bif moaspHOi oci fo pagiyca-
BeKTOpa O6epeThCcs MPOTH TOAMHHUKOBOI CTPIJIKH.

3ammc M (p,, ©,) TIOKa3ye, 1Mo B nesAkid pikcopaniit monsapHii cucremi
KOOPAMHAT JOBXHUHA pajfiyca-BeKTopa OM, AOPiBHIOE P, a KYT MiX I0-
nApHoIo Biccio i OM,, (mOAApHU#E KYT) ROP1BHIOE @) Yucna p, i ¢ Has3u-
BAIOTHCA NOJAPHUMH KoopauHaTaMu Touku M. Koopaunaru p, i @, no-
BHICTIO BM3HAYAXOTh IOJIOXKEHHS TOYKH Mo. 3alaHHs TOUKM Mo OIHO-
3HAYHO BU3HAYAE JIMILE YUCJIO P, — JOBXKHUHA papiyca-sekropa. Ilonsp-
HUH KYT BHUBHAYAETHCS TiNBKU 3 TOYHICTIO JO AOJaHKAa, KpaTHOTo 27.
JJia mosiroca TONAPHUA KYT B3araJi He Bu3HaueHuil. JJoBxuHa pagiyca-
BEKTOpA P AJS Pi3HHUX TOYOK IJIOIMHU MOXKe 3MiHIoBaTucs Bij 0 no +oo,
NONAPHUN KYT @ — Bif —oo 0 +oo,

Hepaxxko BcTaHOBUTH IIpaBHUJIa NEPEXOAY BiJl MOJSAPHOI CUCTEMH KO-
OpAMHAT JO JeKapToBOi 1 HaBMaKH.

PosmicTMO mouaToK AeKapTOBOI CHCTEMM KOODAWHAT y IIOJIIOCI Io-
JIAPHOI cCHCTEMH i cnpsAMyeMO Bich abcuuce ysaosx nonasapHoi oci. Toxi

x =p-cosP, y=0p-sine. (46)
Iz popmyn (46) sHaxoaumo

p=yx?+y?, cosQ=-——", sing=-——L_. “n
Jxi +y? Jxi +y°

ITonsapuuit KyT BU3HAYAEThCA ABOMa ¢opmynamu. BubGepemo oxgny 3
HUX, JicTaHEeMO ABa 3HAUYeHHdA @, AKi jgexars Mixk 0 i 2n. II{o6 BubpaTn
€auHe (3 TOUHICTIO 0 AOJAHKY, KPaTHOro 21) noTpibHe 3HAYEHHSA, BPaxo-
BYIOTH 3HAK APYyroi TpuroHomMerpuuHoi ¢yHKOII KyTa .

K i1 B nexkaprosiii cucremi KoopauHaT, KOXKHiN ginii Ha naomuHi
BiZIroBia€e piBHAHHA, AKe 3B’ A3ye P i ¢, i HABIAKM — KOXKHOMY DiBHSHHIO,
fAKe 3B’A3ye p i @, BignoBigae, Ax npaBuio, AedKa JiHifg Ha IJIOMIKH] i3
3a/1aHOIO NOJSPHOI0 CUCTEMOIO KOOPAWHAT.

Juia nobynoBu jainii, 3aganol piBHAHHAM y NOAApHi# cucTeMi Koop-
JAHUHAT, YacTillle BUKOPUCTOBYIOTh METOJ MOOYyA0BH 3a TOUKaMu — obuuc-
JIIOI0Th KOODAWHATH PAAY TOYOK JiHii i cmosyyaroTs 11i TOYKY IJIaBHOIO
KpPHBOi.

Hpukaax 1. ITob6ynysaru xinio p = 2(1 + cose).

Cxkaanaemo Tabauiio.

[ 0 E lt.. _7_t. '2—7C En b1
6 3 2 3 6
p 4 2+43 3 2 1 2-J3 0
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OckinBKH cos @ = cos(2T — @), To o6unCcIeHHA 3HaYeHHA P IPU T< Q<27
He motpi6no. Kpusa mae 6yTH CUMEeTPHUUHOIO BigHOCHO moaapHOi oci.
Hanzocsaun BiIOBiAHI TOYKH HAa PUCYHOK i 3’€JHYIOUM X NJIaBHOIO JiHi€IO,
OleP>XUMO TaKy KpuBy (puc. 36).

Puc. 36

Iia ninis HasuBaeTheA KapAioinoro.

1
Mpuxnan 2. IToGyayBary Jinito p = 3 .

Crnagaemo Tabauiio, mounHawouu 3 @ = 0 (npu @ < 0 gicramemo p< 0,
1110 HEMOJKJIMBO).

0) 0 n e 2n | 3m
2

p 0 E .T_t T § T
4 2 2

Ila ninis sasusaersea cnipaanio Apximeda (puc. 37).

Puec. 37
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Iunigapuusaa cucrema KoopauHaT. 3adiKkcyeMo B IPOCTOPi AKY-He-
Oyab Touky O (1I0YaTOK KOOPAUHAT), NIPOBEJEMO Yepe3 Hel IesKy npaMy
L, i na niit suGepemo oauanunuit Bexrop k£ (opr). IIposesemo uepes O
ILJIOUINHY @, IepNeHANKYAAPHY A0 BiKe BuOpaHoi gci, i B miit nuommHi
Bubepemo mpomine L,, mo BuxoauTe 3 O Ta OpT i Ha bOMY NPOMEHI
(puc. 38).

Ll
A M
|
|
|
i
|
I
0] P l
¢ IN
Q
L2
Puc. 38

Hexait M — poBinsHa TOuKa npocTopy, a N — ii nmpoekuia Ha mromu-
HY Q. ITonoxeHnusa Touku M y mpocTopi Terep MOXKHa OIIMCYBaTH TPhO-
Ma 4YHCJIaMH:

1) nos:xkuHO0 Bigpiska ON; -

2) kyTom @ mix mpomenem L, i Bektropom ON (KyT BifpaxoBYy€ThCA
Bim mpomeHs L2 i BBa)kaeThCA NOAATHUM, AKINO, AUBJIAUYUCH BiJ JOoAaTHO-
ro HanpaAMKYy oci L,, nosopot Bix L, 1o ON Bin6yBaeThCsA MPOTH TOAUH-
HHUKOBOI cTpiaku); -

3) npoekuielo 2 pagiyca-BekTopa OM Ha Bics L.

OTxe, MOJOXKEHHsA TOYKKM M y MpocTopi BMBHAYAETHCS MOJISPHUMH
KOOpJAMHATaMU il mpoekuii Ha mIoMMHY @ Ta amTikaTow camoi Touxku M.

KoopauHaTHUMY IIOBEPXHSIMU, TOOTO MOBEPXHAMHU, HA AKUX ORHA 3
KoopauHar 30epirae crajie 3HaYeHHA, B JaHill cucTeMi €:

1) p = const — kpyrosi nuaiHApPUYHi NOBepXHi 3 TBipHNMH, apasesb-
HuUMH oci L, (Bich 2);

2) ¢ = const — miBnOImMUHY, KPAaEM AKUX € Bick 2;

3) z = const — rUIOIMKHY, MePHEHANKYJISAPHI 10 Oci 2.

BubepeMo NpAMOKYTHY [JeKapTOBY CHCTEMY KOODAHMHAT TakK, miod ii
noyarox 6yB y Touni O, Bick abcnuc Gyna HanpamieHa no oci L, (mo-
aspHiit oci), a Bick 2 — 1o oci L,. Toxi onepxumo raki Gopmynu, saki
3B’A3y10Th AeKapToBi i nuainaApruHi KoopamHaTH ToukHu M:
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X =p - CcosQ, p=\/x2+y2,

y =p - sing, tg(p=%,

z =2z, z2=2z.
Coepuuna cucrema Koopamaar. 3adiKcyeMo B mpocTopi OyAb-AKy
Touky O (IOYaTOK KOODAMHAT), IPOBEAEMO Uepe3d Hel JesKy Bick L (mo-
JAPHY Bich) i IOMUHY @, NepNEeHANKYJAAPHY A0 oci L (eKkBaTopiajnbHa
miomuHa). IIposegeMo, KpiM TOro, miBNNCIIMEY P, KpaEM AKO1 € MOJIAP-
Ha Bick L (miBnoinyuHAa roJloBHOTO MepuaiaHa). BubepemMo Takox y mpo-
CTOPi OJUHMIIO JOBXKHUHU.

A
L

Puc. 39

TTosnoxxkenns moBinbHOI Toukm M y mpocTOpi BU3HAYATMMEMO TeIep
TAKOI0 BIOPAAKOBAHOIO TPIHKOIO YHCEJN:

1) momxxkmHOMIO r pagiyca-BexrTopa TOUKH M; _

2) kyrom O mixx nonsipsoio Biccwo L i pagiycom-BekTopom OM (Ha-
IPAMOK BiJlIiKy He dikcyeMo; KyT 6 moxke sminioBatuca Big 0 go w);

3) ABOrpaHHUM KYTOM (® Mi’K IiBIJIOIIMHOIO I'OJOBHOI'O MepHUAiaHa i
MiBIVIOWIKMHOW P, , 110 NPOXOAUTHL Uepe3 TOuKy M i mae cBoiM Kpaem
Bick L (KyT BuUMipIO€ThCA JiHIMHUM KYTOM MiXK NiBIPpAMHMMH II€PETHHY
nismiaomuy P i P, 3 niomuHO© Q; BifNik Bejerscd Bif ninii meperuny
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Pi @, sanpamok BiIiKy Takuii, AK i B quriHgApUYHiN cucTeMi KOOpAMHAT).

KoopamnHaTHUMH ITOBEPXHAMH €:

1) r = const — coepu pagiyca r 3 mearpom B O;

2) 0= const — niBkoHiuHi moBepxHi 3 BepiuHOIO B Touni O, Biccio
L y poni oci cumerpii i KyTom npm BepiuHi 26;

3) ® = const — miBmoImuHa, KpaeM AKoi € Bick L (puc. 39).

BuGepemo /ileKapToOBy CHCTEMY KOODAKHAT 3 IIo¥aTKoM y Touni O, Biccio
X, HanpAMJIeHi# mo paAMiit nepetuny miomuH P i Q, i Biccio z, HanpsiM-
JeHii no monApHii oci. PopMyau, aKi 3B’A3yIOTH eKAPTOBI KOOPAWHATH
Touku M 3 ii cchepHYHUMM KOOpAWHATAMH, HAGYBaIOTh BUTIALY:

x =r-sinf-cosw, r=qx?+y?+2%

L
x

y =r-sinf - sinw, tgo=

2

Jei+yt + 22

z2=r-cos0, cosf=

Bionosidi do 2aaeu 3

3.11. S =6 kB.oa., P=12 ox. 3.12. y = -8x. 3.13. 5x +y -3 =0.
3.14. x - 2y-6=01i2x +y— 7= 0. 3.15. 1) rouka neperuny (5; ~2);
2) npami napanensHi; 3) npami s6iralorsca. 3.16. M ,(10; -5). 3.17. Tx +
+y-6=0. 3.18.1)—2)(0——— 3)9=0.319. y = = —x — 6.

3.20. 3x — 4y + 15 = 0. 3.21. Tx — 56y + 48 = 01 32x + 4y + + 43 = 0.

3.22.1)a=—2;2)a=3ia=—3;3)a=-g—ia=1.3.23.x+2y—7=0;

x—-4y—-1=0;x-y+2=0.3.24. BC: 3x—-5y—-13=0; AB: 8x -3y +
+17=0; AC: 5x + 2y — 1 = 0. 3.25. S = 49 kB.0oza. 3.26. 5x — 3y + 2z +

75

+1 =0. 3.27. d—-—3— 3.28.7x - 11y —-2-15=0.329.x+ Ty + 10z =
=0.330.x+y+2-3=0.331.4x+3y-22~-1=0.332.x -y + 2 =0.

x=5 _y+l _z48 .. 5J_ 395 X3 _y+l_z-2
1 3 -11° 3 -5 -2

3.33.

20 x - -1
.30. =—,3.37. = = .3.38. x — - + = (.
3.36. cos ¢ 21 3.37 2 3 2 338.x-5y—-22+11=0
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4 z-52 ] ]
339, L -¥=34_z- 3.45.(x—%)+(y+%] =4.3.46. (x -

-10 13 19

2 2

- 3)2+ (y — 2)2= 29. 3.47. —;fg + 2— =1. 3.48. F (-8; 0), F(8; 0); |F,F,| =

2 2

x2 y y x2 y2
-16.349. —+L =1, =421, = +4 -1, 353
16. 3.49. ——+ 5 3.50. ——+ 351 5+ 3.53
x2 y2
(8; 3) ma (6; 4). 3.54. Timepbory ~-~%-=1. 3.55. a=+5; b= 2

F(=3; 0), Fy(3; 0); E=

;s =25, r, =4v5. 3.56. y=§x;

Safes

3 25 25 x* 1
y=-—% X=-—=; x=——=.357. —---=1.358. y+2=—7x
5 V34 V34~ 5 3 V2

ra y+2=—-\/%x. 3.59.d=38 ¢= arctg37_ 3.60. y2= —4x; x2= y.

3.61. F(5; 0); x = -5; r = 15. 3.62. y* -—100[36-1;) 3.63.M](3;3\/§),

M2(3;_3\/§). 364.y+2=-x;x=0.365. x =rcosa,y =rsina,0 < o<

2
+ ¥ =1,

< 2m. 3.66. x = 4cosg, y = 3sing, ¢ € [0; 2rn). 3.67. 9

[\'JIR
(11 [S]

3.71. C(-;—; _1 o]; r= % 3.72.(x + 272+ (y — 132+ 2= 26. 3.73. Timep-

Gosa. 3.74. x"? - y’? = 22’ — rinepboaiuaunit napabonoix. 3.75.

72
’2
x'‘ -

+2 =0 — xonmiuna nosepxma. 3.76. x = y; y = z; x = 2.

Ilpama: x = y = 2.
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Po3zgin 11
BCTYII 10 MATEMATUYHOI'O AHAII3Y

I'naBa 4. Oynkuii

§ 1. IlonaTTa MHOXHHK

OCHOBHUM IEPBUHHUM MNOHATTAM MAaTeMATHKN, 1i GyHIaMEHTOM €
NoHATTA MHOXKuHU. ClI0Ba cykynuicmo, Kaac, cucmema, Habip Ta inmi
Jy¥Ke 4acTo € CHHOHiMamu cjoBa MHOxMcuHa. IIpore HaBiTH y 1i# 3a-
rajgbHii curyaiii Mu 6 XOTiJIM HATOJIOCUTH, 1110 MHOMKHHA — AeAKi 06’eKTu
(esleMeHTH MHOYKHHM), AKi BUAiNeH] 3a 1MeBHOIO 03HAKOI0 a0 03HAKaMHU 3
iHImmuX 06’€KTiB i pO3raAALAIOTHCA AK €IHHE IIiJe.

IIpuknagamMyu MHOKMHY € MHOMKHMHA YUYHIB y KJaci, ciMm’a 3ipok Benu-
kol Beameznuili, MHOXKMHA CTOPIHOK Iiel KHMIM, MHOKMHA BCix paiio-
HaJIBbHUX Uucesa i T.1.

HanexxHicTs eeMeHTa @ 10 MHOMXUHY A IMO3HavaeThea a € A (a Ha-
JIeKUTH A0 MHOXUHHK A). AKINO a He € eJJeMeHTOM MHOMXUHU A, 1ie 110-
3HauyaeThca a € A (a He HaNEXKUTh A).

Ax110 BRaeThCA MepepaxyBaTH BCi eJleMeHTH MHOMUHY A, Ile II03Ha-
yaeThca AK A =1a, b, ...,cf, fe V QirypHUX AyKKax YKasyloTh BCi-eje-
MeHTH A. £

Hagitph aKk110 MEOXXHHA Mae 0e3JIi4 eJIeMeHTiB, iIHKOJIH MOXXHa 3po6u-
TH TaK:

N = {1, 2, 3, } — MHOXXHHA BCiX HATYPaJbHUX UUCEJ;

Z = {0, 1, £2, } — MHOKHMHA BCiX LiJHX YHceJ.

3araJyibHe NIPaBUJIO MOJIArac B TOMY, 11106, BUIIMCABIIIN JOCUTH DaraTo
eJleMeHTiB MHOXHWHM, 3POOUTH OUEeBUIAHUM NPABUJIO IX IIOAAJBIIOTO BU-
NMUCYBaHHSA.

Hatiyacrinie MHOXXHMHA 3aJa€TbCA BUPA3oM A = {a | P(a)}. Taxnii
3aTMC 03HAavae, Mo A — MHOXKHMHA BCiX eJleMeHTiB MeBHOI MHOMUHHY, AKi
3aJJOBONBHSAIOTE YMOBY P. fIkiio ymoBa P He BUKOHYETHCA AJIA ¥KOJHOTO
eJIeMeHTa MHOMKMHM, TOOTO BKA3aHa MHOMHHA A He Mac »KOQHOTO ejle-
MeHTa, BOHA HA3UBAETHCA NOPONCHLOI0 1 11o3HavaeThea O.
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Npuxnax 1. MuoxUHA {x |x? -8x+2= 0} € CYKYIHICTIO KOpeHIB
piBHsHHS x2— 3x + 2 = 0, TO6TO L5l MHOIKMHA CKJIANAETHCH 3 [BOX eJIeMeH-
Tig: 11 2.

MHOXHHA {x I 3<x< 7} € CYKYIIHICTIO BCiX umnces, AKi 3aJJ0BOJILHA-
10Th HepiBHicTL 3 < x < 7.

MHoxuHa {x lx>7 i x< 3}:@, TOBTO 1€ MOPOXKHA MHOKHHA.

SKINO KOXKEeH eJIeMeHT MHOMKHHU A € TAKOX €JIEMEHTOM MHOXXUHU B,
T0 A — migMHOxUHA MHOXKUHHU B. Ile 6ymemo mosuauatu A < B, abo,
mo Te came, BD A, fdlxmo Ac B i Bc A, T06T0 MHOXUHU A i B
MaloTh OfHI ¥ Ti cami enxemenTn, ToAi A = B. BBaXalTs, 1[0 MOPOXHA
MHOXKHWHA € NiAMHOXHWHOIO 6y AL-AKO01 i_I_{mo'l'.

Hexait A — MHOXUHa, ToAl Uepe3 A I103HAYATHMEMO MHOMKHHY BCix
eJIeMeHTiB MHOKHMHY, AKi He HanexaTh A. 1A MHOKHHA A Ha3uWBaeThCA
donosuenHam A.

Hexait A, B — muoxunu. Ilepepizom (nepemunom) Ai B Ha3uBaETL-
cA MHOXUHA A (| B ycix eleMeHTiB, AKi HAJXEXaTh SK MHOXKHHI A, Tak i
MHOXWHI B:

ANB={t|xe A i xe B}.

O6’ednannam A i B HasuBaeThCsT MHOXKHHA A |J B ycix eneMenrtis,
fIKi HaJexaTh Xxoua 06 OHIN 3 MUX MHOMKUH:

AUB={t|xe A abo xe B}

Pisnuyerw A i B HasuBaeThca MHOKUHA A\B ycix enemenris, aki
HaJIeXKaTh MHOKHHI A 1 He HaJleXKaTh MHOXKHHI B:

A\B={r|xec A i xe B}.
Jlerxo 3p03yMiTH, II0 OCTaHHE O3HAUECHHA piBH08Haqu TOMY, IO
A\B=ANB.

Ilpukaan 2. Hexait A = {1; 3; 6; 8}, B=1{2; 4; 6; 8}. 3HaiiTi nepepis,
o6’eqHanHA i pisauio MEOXUHE A i1 B.

OueBuIHO, IO HEpPepi3 ABOX JaHUX MHOXKHHE — A[)B = {6; 8}; ix o6’en-
nannsg — AUB={1; 2; 3; 4; 6; 8}, a pisnuuag — A\ B = f; 3}

MHOXH1HY, eJIeMEeHTaMH AKUX € AilicHi yncaa, Ha3UBAIOTHCH YUCLOBU-
Mu, I3 InKinbHOrO Kypcy anre6pu BifoMi MHOXKUHU: R — AilicHi uncna, @ —
panioHaneHi, I — ippanioHanbHi, Z — uijgi, N — narypanssi uncaa. Oge-
pugHo, Mo Nc ZcQc R, IcRiR=QUI.

T'eomerpuuno MHOMXHUHA AiMiCHUX uYuces R 300pa)kKye€ThCcA TOUKAMU
wucno80i npamoi (abo umcaoBoi oci), To6To npamoi, Ha AKi# BubGpanuit
TIOYATOK BifJIiKy, JoAaTHUM HANPAMOK i oguuuus macimraby.
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Mi»xx mMHOxXMHOIO AificHHX umMcesn i TOUKAMU YHCIOBOI NpAMOiL icHYye
B3aEMHO OJHO3HAYHA BiANOBiAHiCTbH, TOOTO KOXKHOMY AifiICHOMY YHCIY
BiimOBifnae meBHa Touka yKucIOBOI mpAMo] i maBmaku. ToMy uacTo 3aMicTh
“yucyio x” KaXKyThb “To4yKa x”.

Muoxuna X, eleMeHTH SKOI 3a0BONLHAIOThE HepiBHiCTE @ S X < b,
Ha3UBAaIOTL 8idpizkom (aGo cerMeHTOM) [a, b]; HepiBHiCTE a <x <b —
inmepeanom (a, b); Hepisgocri @ < x <b a6o a < x <b Ha3UBAIOTHCSH
niginmepeasamu BifIIOBigHO [a,b) i (a, b]. Ilopsap 3 n¥M pO3rJIARAIOTH-
cA HeckiHueHHi iHTepBanu i miBiHTepBaNU (-o0;a), (b5 c0), (- oo; o),
(-oosa] i [b; o).

IarepBai (a, b) BixpisusaeTsca Big Bigpiska [a, b] JIUIIIe TUM, IO oMy
He HaJeXxaThb KiHni a i b.

Taka BigMiHHicTE Bifirpae cyTTeBy posb B 6araTbox NUTAHHAX MaTe-
maruu”oro aHajisy. Kpim Toro, inrepBan (a, b) He micTuTh Hi Hai6iab-
1II0r0, Hi HaliMeHIIOro Yucjaa, ToAi AK y BiApisky [a, b] TAKUMH YUCJIAMH

€ BignoBigHO b i a. B nmoganemoMy Bci BKasaHi MHOXXKUHM 00’€XHAEMO
TepMiHOM npomixcor X.

§ 2. AGcomoTHA BETHYMHA JiliCHOrO 9ncaa

ITousarTa abcosOTHOI BeJIMYMHK YUCJa 1 HepiBHocTi, moB’A3aHi 3 a0-
COJIIOTHUMH BeJIMYHMHAMHU, IIUPOKO BUKOPUCTOBYIOTHCS B MaTeMAaTHIIi.

O3navenna. A6coniommuoio eauxuroo (abo modyiem) vucaa x Ha-
3usaemuvcsa came Lucao x, akuo x 20, a6o uucao —x, axkuwo x < 0.

AOCOJIIOTHA BEJIMUYMHA X MO3HAUAETHCA CHMBOJIOM |xl Orxe,

|x{ X, AKmo x =0,
—-x, Axkmo x < 0.

OueBUAHO, 3TilHO 3 O3HAUYECHHAM |x| 2 0. Hanpuxknapn, ‘+5| =53 1-5] =
= —(-5) = 5; [0 = 0.

Ipukaapx 1. 3aaiTn lx —\x

fAxmo x 20, To [x]zxi|x—|x||=|x-—x[=|0|=0.

Axuo x <0, TO le =-xi |x - |x]| = |x - (—x)l = |2x| = —2x.
YVKa)keM0o Ha BaXXJHUBi BJIACTHBOCTI aGCONIIOTHUX BEJIUYUH:

x| _

yl

e+ yl < |+ ok e -yl 2 fx] =l |xy| = |- b

o
id
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AGcoMoTHA BeJITMYMHA PI3HHUIL JBOX YUCeN |x - al O3Hayae BificTaHb
MiX TOUKAMu X i @ yucIoBOi NpAMOi AK AJA BHOAAKY X < a, Takix >a
(puc. 40).

e
x<a
L n >,
e
x>a
L - >
Puc. 40

A Tomy, HanpUKJIax, po3B’AZKOM HepiBHOCTL |x - a| <€, ne € >0, Oy-

IYTh TOYKU X iHTepBaNy (a - a+ e) (puc. 41), aki 3a0BOJbHAITH
HepiBHiCTL @ ~ € < X < a + € . Byab axwuil inTepnas, AKMH MiCTUTH TOUKY
a, Ha3UBAETHCSA OKOLOM MOYKU a.

/4 \ 2\
a-—¢ a a+e > .

Puc. 41 ey

InTepBan (a -8 a+ e), T06T0 MHOMHHA TOYOK X TaKHX, IO
|x - aI < e, ge € > 0, HA3UBAETHCH E-0KOJIOM MOUKU .

§ 3. Tonsarra dynxuii

IMousaTTs GYHKIIL € OCHOBHMM HE TiJIBKY B MaTeMaTHMYHOMY aHAaJi3i,
Jle BOHA BHBYAETHCA CIeENiadbHO, a it y Beilf MaTemMaTuIi B miszomy.

Oznavenna. Axwo xoxcrnomy eaemenmy x muowunu X (xe X)) aa
desKum 3aKOHOM CMABUMbBCA Y 8i0n06idHicmb neeHuil eremenm y
muowcunuY (y € Y ), modi zosopame, wjo Ha mHoxcuni X 3adano pynKryin
y = f(x)-

3MiHHY BeIMUYNHY X HA3WBAIOThH He3aJeXHOI 3MiHHOIO a6o aprymex-
TOM, § — 3aJIXKHOI0 3MiHHOI0, & JiTepa f Mo3HA4YA€ 3aKOH BiAmoBizHOCTI.
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MHuoxuna X Ha3UBAa€EThCA 06.1ACMI0 BUSHAYCHHA PYHKYIT, 8 MHOKUHA
Y — o6aracmio 3Havenv QyrKyii.

fAxmo MmuoxkMHa X creliaabHO He BKa3aHA, TO Iix 06IacTo BU3HAUEH-
HA QYHKLI] BBAXKATUMEMO MHOXKVHY TaKHX 3HAYEHDb X, IIPH AKUX DYHK-

nia y = f(x) B3arasi mae 3micr.

Hanpuxkinazg, o6iacTio BusHauenHs Gyskuii y = x° + V5 —x € niBiHTEp-
Basl (- oo} 5], OCKinBKM 5 — x 2 0.

Icnye xinbka croco6iB saganna Gpynxnii. Haitnommpenimi cepes Hux
Taki.

1. Ananimuunuil cnoci6, axmo GyHKNio 3a1aH0 GOPMYIOI BUIISAY

y = f (x). Tak, dysrnio y = x? + V5 - x sagano amamiTuuso.
He caig nnyratu dynxniio 3 if ananituunum supasom. Hanpukiaz,
ojHa GyHKIiA

x®, akmo x <0,

X +5, akmo x 20,

Ma€ ABa aHaMiTHYHUX Bupasu: x% (npu x <0) ix + 5 (mpu x > 0).

2. Tabauunuil cnoci6 moasrae B ToMy, o GYHKIIA 38426 THCA Taba1-
Iei0, KA MICTUTh 3HAUEHHA apryMeHTy X i Bignosiani sHauennsa bysxuii
f (x), nanpukaan Tabaunsa cuHyciB a60 KOCHHYCIB.

3. I'paghiunuii cnoci6 monsirac B 3o0paskenHi rpadika GyHKIii —
MHOXKYMHHU TOUYOK (X, Y ) IVIOIIUHM, aGCIUCH AKUX € 3HAUEHHAM apryMeH-
Ty X, & OpPAMHATHA -— Biamominmi iM sHaueHHs QyHKOii y = f(x). Ipu
IBbOMY cnoco6i pyHKIioHAaNbHA 3aeKHICTh 306paxyeThea JiHicio, AKY
Ha3uBawTh rpadikoM QyHKIII.

SIK10 piBHAHHS, 10 3B’ A3YE APTYMEHT X 3 PYHKIII€I0 i, He pO3B’ sI3aHO
BiJHOCHO Y, a 3afaHo y Buraazai F(x, y) = 0, Tozxi amMinny Y Ha3HWBAKOTh
HeABHOIO (pynkuiero x (Hanpukiazg, 3x — Ty = 6).

PosrnaxneMo oCHOBHI BlacTHBOCTI GYHKIM.

1. Ilapricmy i nenapricme. Pyuxnis y = f(x) HA3UBACTHLCA IAPHOIO,
AKIO AA OyAb-AKUX 3HAYeHb X i3 obsacTi BusHaueHHsa f(—x) = f(x), i
HemapHow, Ko f(—x) = —f(x). B inmomMy Bunaaky dbynkuia y = f(x)
Ha3uBaeThCA QYHKIICIO 3arajbHOr0 BUTISALY.

Hanpuxnan, ysknia y = x? € naprorw, ockigbku f(— x)= - x)2 =x*
i f(— x) f(x), a ¢yHKnia y = x* — memapmolo, ocKinbKM f(— x):
= xf =2 i flx)=f(x).

Kpim roro, nanpuxknan, dyaxnis y = x + x* e bynxuiero saranproro
BUTIARY, OCKimbkM f(-x)= (- xf + (- xf =x? -, flx)=flx) i

- x) = —f(x).
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I'padik napuoi GyHKII cuMeTpuyHMil BIIHOCHO oci OpAMHAT, a rpadik
HernapHoi GYHKOil cCMMeTPUYHUI BilHOCHO IOYaTKY KOODAWHAT.

2. MonomonHicme. PyHKIisa y = f(x) Ha3MBaeTHCA 3POCTAIOYOIO
(cnazgHo0) HA TPOMiXKKY X, AKIIO O1IBIIOMY 3HAYEHHIO APTYMEHTY 3 [bOI0
IpOoMiXKKY Bifnosinae Gisbiie (MeHIIe) 3HAUeHHA QYHKILII.

Hexait x,, x, € X i x, > x,. Toxi yHKIIig 3pocrae Ha MpoMixkKy X,
akmo f(x,)> f(x1 ), i cnaznae, aximo flx,) < f(x1 )

3pocraroui i cnagni Gyuxnii HasusaloTs MoHOTOHHUMH. Tak, QyHK-
wis y = x° npu x e (-, 0] cmagae i npu x € [0, + ) spocrae.

- 3. O6mexncenicmov. PyHK1iA f(x) HA3WBacThCA OOMEXKEeHOI0 Ha IIPOo-
mixky X, gkmo icHye take pogatHe umuciao M > 0, mo lf(x)l <M pna
6yab-axoro x € X . Hanpuxiazg, dyHrnia y = sin x o6mekeHa Ha BCiit
4ucJIoBii oci, OCKiNIBKHU |sin x] <1 gna 6yab-akoro xe€ X.

4. Iepioduunicme. Pynknia y = f(x) Ha3sMBAETLCA NEPIOANYHOIO 3

nepiogom T # 0, saxuio a4 6yas-axux x i3 obsacTi BusHaUeHHA PyHKII]
flx+T)= flx). '

Hanpuxnazn, oyuknia y =sinx wmae nepiog T =27, ocKinbku Jusa
Oyab-AKUX X sin(x + 21) = sin x . Haiimenmue gogarse uucio T, mo 3a/0-
BOJIbHSE III0 PiBHiCTB, HA3UBA€ETHCA NepiofsoM PyHKILII.

Kaacudixania ¢pynkuin. Exementapri ¢yskuii. Pynxuia y apry-
MEHTY X HAa3HBAETHCA HEABHOIO, AKIIO ii 3a/laHO PiBHAHHAM F(xy) =0,
He BHDa)XeHUM BifHOCHO 3ajieskHoi sMimHol. Hampuknaazn, dyHKIHimo

y (y > 0) sagaHo piBEsHHAM x'+y’ -x=0. (BayBaxkumo, 110 TaKe

piBHAHHA 3ajae ABi GyHKUii y = Vx — x*, sxmo y20,i y= —Jx —x*,
akipo y < 0.)

Hexait y = f(x) € dyHKnicio BiJ HedanexHol 3MiHHOI X, BU3HaUeHOI Ha
npomiskky X 3 obiaacTio 3HaYeHb Y. IlocraBuMo y BiNOBiAHICTE KOMXHO-
My y€ Y enune sHaueHHA X € X , IPU SIKOMY f(x): y . Toni dyHKIiA
x= (p(y), BU3HAYEHa HA NPOMIXKY Y 3 o6aacTio 3HaueHb X, HA3WBAEThCA
obepHEHOo0.

OckinbKH TpazuniiiHO He3aJie’KHY 3MiHHY II03HAYAlOThL 4Yepe3 X, a
(byHK1Lil0 — Yepes y, To dYHKIiA, o6epHeHa 10 QYHKLII y = f(x), HabyBae
BUTHALY Y = (p(x). Hanpuxaan, ansa ¢yaxnii y = a* obepHeHolo Gyne
dyukuia x =log, y, abo (B 3BHuUaliHUX NO3HAYEHHAX 3aJIEXKHOI i Hesa-
nexkHol amiHnOi) y = log, x.

MosxHa 10BeCTH, IO AJd 6YAb-AKOI cTPOro MoOHOTOHHOI (hyHKIII icHY€E
obeprena. I'padixky B3acMHO 0GepHEeHUX QYHKIIN cMMeTpHUUHi BifHOCHO
ficeKTpHC NEepPIIOro i TPeThOro KOOPAUHATHHUX KYTiB.

OcnoéHi enemenmapni Qyniyii TaKi:



180 Mnasa 4

1. CreneneBa byHKIis BUrIAAY y = x", Ae n — piiicHe uMcIIO.

2. TloxasHuKoOBa QYHKIisA BUrIAAY y =a*, gea > 0,a#1.

3. Jlorapudmiuna dpyuknia y =log, x, rea>0,a= 1.

4. TpuroHomeTpuusi GyHKIIl: ¥ =sinx; y = cosx; y = tgx; y = ctgx.

5. ObGepHeHi TpuroHomerpuuHi (yuxmii: y = arcsin x;y = arccos x;
y = arctgx; y = arcctgx.

3ayBa’eHH A. ABTOp HaBMUCHE BUIIYCKA€E 3 PO3TJIALY Ii OYHKIIT,
OCKIJIbKM OCHOBHI ejleMeHTapHi GyHKIII Ta ix rpadiku JeTansbrHO BUBUA-
I0Th y cepejHiil mxoni. BoHu BigirpawoTs BaXXJIuBY poJib B MATeMaTHU-
HOMY aHalisi, ToMy i PpyHKIii, ix obsacri BusHauenHs Ta rpadiku Tpeba
nobpe 3HaATH.

Akxwo aminna y sanexwcums 6id dpyzoi 3minHol seaununu U, axa y
€600 uepzy € PYHKUIEIO X, MO Y HA3UBAIOMb QYHKYic 8i0 PYyHKYIT abo
cKaadno pyHryicio. Mamemamuyro ye MONHA 3anuUCamu marw:

axwo y = f{U), U =olx), ro y = flolx)).

KaxyTs: y — cknagHa pyukuia x, U -— npomiskHuit aprymenr, x —
aprymeHr (HesaJie)xHa 3MiHHa).

Hanpuxnazn, y = cos® x, a60 y = U®, ge U = cosx -

Dynxyii, nobydoeani 3 OCHOBHUX enemeHMAPHUX PYHKYLi 3 donomo-
2010 CKIHYeHHO020 Yucaa anzebpaivnux dill i cKiHYeHHO020 wucaa Onepayiil
ymeopenna cKaadHol QYHKYIl, HA3UBAIOMbCA eleMeHMADHUMU.

Hanpuxnaz, dbyakunis

3 2
P ELS S v

€ eJIEeMEeHTapHOIO, OCKIJIbKY TYT YMCJIO Omepailiii ofaBaHHs, BifHiMaHHA,
MHOKEHHs1, AiJIeHHA i yTBOPeHHSA cKiaagHoi yHKLiI (cos® x, 52, In® x,

vIn® x - 1) ckinuense.

Enemenrapri dyHknii posnoginsiorses Ha anrebpaiuni i HeanreGpaiuni
(TpaHCUeHIeHTH]).

Anzebpaiunor Ha3suBaeThCA PYHKLidA, B AKiM HAJ apryMeHTOM IPOBO-
IHUTBCA CKiHUeHHe uMcso anre6paiunmux fiit. o anrebpaiunux dbyHRIii
HAJIEKATh:

— niJa panio”HassHa GyHKLiA (MHOTOUWIEH, a60 MOMiHOM)

— n n-~1 .
Yy=a,x +a1x +...+an_1x+an,

— npoboBo-panionanbua GYyHKIIA — BifHOIIEHHA IBOX MHOTOUJIEHIB;

— ippanioHansHa GYHKIIA — SKLIO B CKIAAAi onepamiit Hag aprymen-
TOM € 3500yTTS KOpeHd.

Bynb-sika Heanze6paiuna QyHKIiA HABMBAECTLCA TPAHCIEHAEHTHOI.
Ho Heanre6paiuHux QYHKIIA HalexaTh: NOKA3SHUKOBA, JorapudmigHa,
TPUTOHOMETPHUYHA, 00epHeHi TPUrOHOMETPUYHI.
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§ 4. 3acrocyBanns (yHKIii B eKOHOMilL

CnexTp BUKOpPUCTAHHSA QYHKIIH B eKOHOMini gocuTh mupokuid. Hai-
yacTille BUKOPHUCTOBYIOThHCH B €KOHOMIINi Taki GyHKIil.

1. Qynxruyis Kopucnocmi — 3aJIeKHICTh KOPHUCHOCTI, To6TO pe3yabTa-
Ty, epeKTy Aeskoi aii, Bix piHsa (iHTeHcHBHOCTI) 1i€l Aii.

2. Bupobruya ynKryis — 3aJMeIXHICTh Pe3yJbTaTy BUPOOHMYOI AidAb-
HocTi Bif hakTOpiB, AKi HOro 3ymMOBIIOIOTH.

3. ®yukyisa eunycky (dacTkoBUii BuJ BUpoOHMUOI MYyHKHiI) — 3a-
JIeHicTE 06cAry BUpoOHUITBA Bif HasgsBHOCTI a00 CII0XXUBaHHA pecypcis.

4. ®ynkryisa eumpam (4acTKOBHI BuJ BUpPOGHHYOI PyHKINil) — 3a-
JIEXKHICTh BUTPAT BUPOOHHIITBA Biff 06cAry nMpoaykKIii.

5. Qynryia nonumy, cnoxusarta i npono3uyii — sajexHicTh 006cA-
ry IOIMUTY, CIOXUBaHHA abo mpomoauuil moAo0 okpeMux ToBapis a6o
HocJyr Bif pisHux ¢daxropiB (HanpuKJIaL, iHK, KfoxXony i T.x.).

BpaxoByoum, 1[0 eKOHOMiYHi fgBHUINA i mpomecu oOyMOBJeHi BILIH-
BOM pis3HuX GakTopiB, ANa iX mocaifKeHHA IIMPOKO BHKOPHUCTOBYIOTH
¢yukuii 6araTbox 3MiHHHX.

Axmo snmBoM nobiuHux GaKTOPiB MOYKHA 3HEXTYBaTH ab0 BAAETHCS
sadikcyBaTH i paKTOpH Ha IEBHUX PiBHAX, TO 3aJEKHIiCTh OJHOTO OC-
HOBHOrO (haKTopa BMBYAETHCA 3 AONOMOrol (yHKHii ogHoi 3mMiHHOI.

y = f(x)

Yy A e

xX—x,
h

Af
Af

T
}.l/0= f(x0) y = f(x) Y11= flxy)
!

RV

0 Xo x X, =x + h
Puc. 42

SynuRUMOCS Ha OMHOMY BaXKJIMBOMY IIPUKJAA] 3acTocyBaHHA QYHKIII
B €KOHOMILi — sukopucmanus mabauys Qynkyiil, AKi aaoTb 3MOry
IIPOBECTH Pi3HI PO3paxyHKHM, BUKJIIOUNTH abo CIIPOCTUTH rpomiszki o6-
YNCJIEHHS.
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IIpu obumcnenHi 3 gomomorom Tabiaduibk NOBOAUTLCS CTUKATHUCA i3
CUTyaIieio, Koau apryMmeHT GpyHKuil sagagmii 3 61111010 TOUHICTIO, HiXK
nosBoJisge Tabnunsa. B TakomMy Bumanky GaxkaHo BEATHCS OO iHmepno-
Ayl — HaOJMVIKEHOTO 3HaXOIKeHHS HeBiIOMHUX 3HAueHb (PYHKIHN 3a
BimoMumu i1 3HaUYEHHAMH y 3aaHUX TOUKAX.

Hartinpocrimmm € aiHiliHe iHmMepnoaw8anH s, IPU AKOMY JOIYCKAETh-
cd, mwo npupict GyHKHiI nmpomopuiiinnii npupocty aprymenty. AKino
3ajlaHe 3HAYEHHA X JIEKUTh MiK OPHUBeJeHUMHU B TaOJUIi 3HAUEHHSIMH
X, i x, =x,+h, akum Bignosizalore 3padeHHA PyHKHil Yy, = f(xo) i

X~ %o Af (puc. 42).

Y, = f(xo) + Af , TO BBAXKamTh, 1110 f(x) ~ f(xo) +

x-x,

Benuuuanu Af BasuBalOTHCA iHMePNORAYIlHUMU NONPABKA-

»mu. I1i BermuyuHN 00UMCIIOIOTHCA 38 ZOIIOMOrow Tabauii abo HaBOAATE-
cA B AOJATKY mo Tabawuui.

fAxmo 3rigHo i3 3agaHuM 3HaUeHHAM (QYHKNil MOTPiOHO 3HANTH HAa-
6.MKeHe 3HaUeHHA apryMeHTy, To Tpeba sxificHUTH o6epHrene inmepno-
JI0BAHHA.

IIpuxaax 1. Pyuriuis y = f(x) 3ajaHa TabauIen.

x 2 2,04 2,08
y 2,42 2,88 3,38

1. BukopuCTOBYIOYH JiHilHE iHTEPIIONIOBAHHA, 3HANTH f(2,008).

2. YoMy AOpPiBHIOE X, AKIIO f(x) = 3,17

1. Maemo x, = 2; f(x,) = 2,42 x, = 2,04; f(x,)=2,88; h==x, —x,=
= 2,04 - 2,0 = 0,04; Af = f(x,) - f(x,) = 2,88 - 2,42 = 0,46.

3rigHo 3 iHTepmonAniiinoo OpPMYyJIOI0 AicTaHEeMO

2,008 -2,0

y = f(2,008) ~ 2,42 + -0,46 = 2,512,

’

2. OGepHeHe iHTEPIOJIOBAHHSA MOXKHA 3AiICHMUTH 34 Ti€0 caMolo Gop-
MYJIOIO, aJie NOTPi6GHO MOMIHATH MicusaMHM 3MiHHI X i y:

oly) = oly,) + Ag,

e x = (p(y) — HeBifoMe 3HaueHHA obepHeHol QyHKIIT.

Maewmo y,=2,88; (p(yo) =2,04; y, = 3,38; (p(yl) =208 h=y, —-y, =
= 3,38 -2,88 = 0,50; Ao = oy, )- oly, ) = 2,08 — 2,04 = 0,04.

3rigHo 3 inTeprosAniiiHOW GOPMYIIOIO AicTaHEMO

3,1-28

Y —Yo
h

x = ¢(3,1) ~ 2,04 + -0,04 = 2,0576 ~ 2,058.

>
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TounicTh 3HAXOMKEHHA HEBiJOMHUX 3HAYeHb 3 JIOTIOMOTOIO JIiHIIIHOI'O
iHTEPIIONIOBAHHA He 3aBAIK € JOCTATHLOIO, 8 TOMY BUKOPHCTOBYIOTH I1e i
iHII METOAX iHTEePIOMIOBAHHS, HATIPUKJIAL KBaJpaTUYHEe iHTePIOAIOBaHHS.

Konumpoaoni 3anumanns i 3aé0anns

1. ChopmynioiiTe o3HaueHHs GyHKUii ogHoro aprymenty. Illo Take
o6nacTs BU3HAUEHHS PyHKIII, obsacTs 3HAUYeHB?

2. fIxi ocHoBHi crnocobu 3aganHa GYyHKII?

3. fIxa pyHKIiA HA3UBAETHCA 3POCTAIOYOIO, CIIAJAHOI0, MOHOTOHHOIO,
IapHOI0, HeNapHoIo, nepioanynoo? HaBexiTe npukIagn.

4. NobyayiiTe rpadhiku OCHOBHUX €JeMEHTapHUX MYHKHIN.

5. Illo Taxe 1isa panioHajbHa QYHKIiA (MHOrOUJeH), palioHAJIbHA
(yHKILis, TPaHCUEeHAeHTHA GYHKIiA?

6. SIx 3a rpadikom QyHKil y = cosx mobyaysaTu rpadik GyHKIiR

y =cos3x,y = cosg—,y =cos3x +1?

Ilpuxaaou pose’azyeanns 3aday

4.1. 3maiiTu o671acTh BU3HAYEHHA HYHKIUIN:

a) f(x) - l_rlgl_t{_).

r) y = JZ - lg(2x -3). X
a) ®yHKLig Bu3HaueHa, axkmo 4x -1 # 0, robTo axmo X # —

D(f)=(—oo, %)U& +ooj. "

6) ®yuKia BuaHAueHa, AkmpEO x—1#0 i 1+ x>0, Tobro AKIIO
x#1 i x>-1. Orxe, 06’egHyIOUN ABa iHTepBajiu, MAEMO D(f)=

=(-1, YU +=).

B) f(x) = v1~2x + 3arcsin 3x2 1 ;

B) Ilepmuit nojanox #idicuumit npu 1-2x >0, a apyruii — npu
3x -
-1< <1. Orxe, moTpi6bHO po3B’sA3aTH CUCTEMY HepiBHOCTEH
1-2x20,
ax 1 3x -1 -1
LAt 2

2
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—l—;xsl;xz——l—.
2 3

¥ peayJasrari micranemo: X <

1 1
Orxe, obnacTio BU3HaYeHHA DYHKIIIT € Bigpisok [‘ g; ol
r) O6nacte BusHaudeHHs GYHKUIT 3HaiizeMo i3 cucremu HepiBHOCTEI

x>0, 3
3Bizcu x>§ abo xe€|—; oo |,
2x-3>0, 9’ 2’

4.2. 3HaliTH MHOXHHY 3HaYeHb QyHKIi:

a) flx)=x?-6x+5; 6) f(x)=4+5sinx.

a) BuzinuMo nmoBHUiT KBagpar, AicTraHeMo f(x) =x*-6x+9-4=
= (x - 3)2 — 4 . Ilepmuit foxaHOK € HEBiA eMHUM, a TOMY QYHKLisg Haby-
Bac 3HauyeHHA He MeHue —4. OTKe, MHOKMHOK 3HAYeHb (PYHKII] € mpo-
MIiXOK [—4; +oo).

6) [sin xl <1, a6o -1 <sinx <1. ITomHOMHUMO HepiBHicTL Ha 5 i A0-
Tamo nxo Bcix uvacTuH niel moxBiitHol HepiBHocTi 4; Maemo
-5 <sinx <5;-1<4+5sinx <9. OTixe, MHOKUHOIO 3HAYECHD QYHKITII
€ IPOMiMXOK [—- 1; 9].

4.3. 3’acyBartu napHicTh (HenapHicTs) QyHKIi:

a) f(x)=x*%x +4sinx; 6) flx)=2% +27%;8) f(x)=x?+6x°

a) 3aMiHIOIOUM X HA —X, OJEPIKUMO

f(-x)=(xf3/C x)+4sin(- x)=-2?Yx ~4sinx = —(x%/? +4sin x),
TOGTO f(— x) =~f (x) Oroxe, byHKIiA HenapHA,

6) Maemo f(_ x)=27" 4 2-6%) = 9-% | 9% | po6TO f(= x)=f(x). Orxe,
f(x) napHa.

B) Maemo f(— x)= (— x)2 + 6(— x)3 =x? -6x®. Takum uumnOM,
f(— x) # f(x) i f(—— x): _f(x) . Orxe, GyHKIiA He € Hi napHoIO, Hi He nap-
HOIO.

4.4. 3HaliTi OCHOBHI mepioau GyHKIi:

a) f(x) =cosbx; ©O) f(x) =sin6x + tg4x.

a) OckinpKu oCHOBHUIA nepiox GyHKIII cosx € 2m, To ANA DYHKIIL
T

. . 2n
f(x)= cos6x Bim mopismioe 5 ° Tooro 3

. . 2 wm . T
6) TyT nepinuii f0AaHOK Mae€ nepiox 3 = 3 a Ipyruii — 1 OueBuzHo,

1[0 OCHOBHHUM IlepiofioM naHoi (yHKEil € HaliMeHIle 3arajbLHe KpaTHe

T . N
qucea — 1 —, ToGrto 7.
3 4
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3adaui i énpasu dan camocmiiinoi pobomu

4.5, BuaiiTu ob61acTh BU3HAUEHHA GYHKIH.

1. y = arccos

1+x%°

2. y=\/4—x+l.

X

2x® +3
x-vx* -4

4. y=1g@Bx-1)+21g(x +1).
4.6. 3HafiTH MHOXUHY 3HaUeHb PYHKIIiN.

1. f(x)= 16 - x*.

2. flx)=-x* +8x-183.

3. y=

x

3. flx)= 1+x2°

4.7. 3’acysaty mapHicTs (HenapHicTs) GyHKILA.
1. flx)=x* -3x* + x.

2. f(x)=x-ctg’x.

3. flx)=1|x]+2.

4.8. 3uaiiTu ocHOBHI mepiogn GyHKIIN.

1. f(x)=sin 5x.

2, f(x) = tg3x + cos 4x.

Bionoeiodi 0o 2a1aeu 4

5.1, (o ). 2.1 2: 0)U (05 2} 3. ( ous = 2]U [2: + ). 4. [.:1,: +m}
46.1. [ 4; 4]. 2. (- 3).3. [-3; 3].
4.7. 1. Hi napua, »i menapua. 2. Henapna. 3. Ilapna.

2n
48.1. —. 2.
5 n
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I'nasa 5. I'pannng i HenepepBHicTb

§ 1. Ilonarrs rpanuni nocainoBHoCTi

36ixni mocainosuocTi. Ilouarrs epanuyi pynryii — ogHe 3 HalBak-
JUBiMIUX y BUINii maTeMaTuni. BukjaafeHHs Teopil rpaHUIlb IOYHEMO 3
posraany rpaHuni GyHKII]l HATYPAJIbHOTO APryMeHTY — IOCAiZOBHOCTI.
Osnavennsa 1. Hexail KOJICHOMY HAMYPALLHOMY YUCAY n € N nocmas-
JNeHo Yy 8i0nosidHicmb deake diliche wucao x». Todi kaxyms, wo 3adana

nocnidoBHICMb HUCEL X, Xy,Xgyeies Xy .n, A60, KOPOMKO, NOCRID08-
Hicmb {xn }

Orxe, nocaidosnicmio nasupaerses Gyuknia f(n)=x, ne N, Bu-
3HAaYeHa Ha MHOXXHMHi HaTypaJbHUX uuced. Yuciaa X;,X,, X5 .00y X,y ... €

uneHaMy (eJleMeHTaMu) IIOCHiJOBHOCTI, X, — 3arajJbHUM ii 4ieHOM (eJe-
MEHTOM), & 7 — HOMEPOM UJIeHA. .

Osnavennsa 2. ITocaidoenicme {x,,} Ha3usaemuvca 36iHH010, AKULO 0N
6yov-axozo wucaa € > 0 moxcna snaiimu makxuii Homep N = N(g), wo npu
écix n > N sukxonyembcsa HepisHicmb

|x, —al<e. 1)
UnCo @ NpH IOMY HA3WBAETHCS TPAHMIIEI0 MOCHiAOBHOCTI {x, }. s
mo3HayeHHs 361 HOCTi mocnixoBHOCTL {Jc,l } JI0 YHCJIA @ B¥KUBAETHCS 3AIINC:

limx, =a, a6o x, >a npm n — e,

n-—3co
HoBinbanii inTepBan Burasany (a —€;a +¢€), ae € >0, HasuBaeTsca
€-OKO0JIOM TOYKH a. SIKI0 Yuceilo @ — rpa’Huis MOCJaiJoBHOCTL {xn}, TO
Ansa 6yab-axoro € >0 moskua sHadiTu Takuit Homep N = N(g), mo npu
n > N yci 4ieHM IOCTiJOBHOCTI MOTPAMIAIOTh B £-0KiJl TOUKHK a, amxKe
IpU BKa3aHMX 1 3rifHo 3 HepiBHicTIO (1) BUKOHYIOTHCA HepiBHOCTL

a-e<x,<a-+e.
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Axmo nocaifosHiCTH {xn} He 36iraeTncd, TO KaKyTh, 1110 BOHA po30i-
raerbecs.

Teopema 1. 36ixHa nocaidosnicmv mae miavKu 00HY 2PAHUYIO.

Il osepgen s Ilpunycrumo cynpoTuBHe: Hexail 36ikHa mo-
CHiJOBHiCTH {xn} Mae npuHaiiMui asi pisui rparuni a i b. Toxi axa 6yas-
skoro €>0 mooxHa 3HaiiT Taki Homepum N, i N,, mo, no-nepiue,
| x, —a | € nmpu Beix n > N, i, mo-apyre, | x, —b |< & mpu BCix n > N,.

a-b
Iloxknamemo € = I—z——‘ , TOAL IIpu BCix n > max{N uN 2} OJHOYACHO
BUKOHYIOThCHA HEPiBHOCTI
a-b a-b
|5, -al< 220] g lect],

3BiIK¥ BUILINBAE, IO

la-bl=|(x, -b)+(a-x,)|<|x, -b|+|x, -al< |a;b|+|a;b|:
=|la-b/, To6T0 |@a-bl<|a-b].

OpepskaHa cynepevyHicTh JOBOOUTH TEOPEMY.

Heckinuenno maJji i Heckimuemmo Beamki mocaimoBmocti. Cepen
361KHUX IOCJiAOBHOCTEHM BMAIIMMO OOMH BAXJIUBHI KJac.

Osnavenns 3. 36ixcna do nyas nocaidoenicms {x,} nasueaemvca
HeCKiHYeHHO MA0T0. '

Pouss, AKy BifirpaoTs HecKiHueHHO MaJii B Teopii rpaHuNb, 3’ ACOBYE
TaKa Teopema.

Teopema 2. [Ins mozo wo6u nocrifosnicmos {xn} 36izanacs 0o wucaa

a, Heo6xidHo it docmamHbo, uyo6 nocnidosricmo {a,,}= {x,l - a} 6yna ne-
CKiHYeHHO Ma0i0.
DosenenHa Heobxionicme, Hexait limx, = a. Toai srigHo 3

n—roo
Oo3HauYeHHAM 2 A Gyab-axkoro € > 0 sHaijersca Takuilt Homep N, mo
npu Bcix n > N BUKOHYETHCA HEPiBHICTH

|x, —al=|(x, —a)-0l<e
A nie it 10BOAUTE, IO {an}= {x,l - a} — HeCKiHYeHHO Mana.
Hocmamnicme. Hexait {a"}z {xn - a} — HeckiHdYeHHO MaJa. 3rifiHO
3 O3HaYeHHAM 3 Aua 6yab-axoro € > 0 3HaligeTbea Takuid HoMep N, 1o
npu Beix n > N BUKOHyeThcs HepiBmicTs | @, [< €, abo |(x, —a)-0]=
=|x, —alke
Omxe, 3a 03HAUYeHHAM 2 maemo limx, =a.

n-—ee

HokJafHO BUBYMMO BJIACTUBOCTiI HECKIHUEHHO MaJIKX.



188 Masa 5

Jlema 1. AnreGpaiuna cyMa ABOX HeCKiHUEHHO MaJUX € HECKiHYEeHHO
MAaJIoIo.

oBeneHH4da. Hexait {a”} i {[3,,} — Heckinuenno manui. JloBegemo,

110 MOCHAifOBHiCTE {0, Bn} HeCKiH4eHHO Mmazia. 3ajgamo Gyab-sike quc-

no€> 0. Ockinexu {o, } i {B,} — Heckinuenno mani, To snaitnyThCs Taki
£

HOMepu N, i N,, mo, mo-mepirme, l a, l< 3 mpH Beix n > N, i, no-apyre,
€ .
|B,,|<§ npu Beix n > N, .
Bisememo N =max {Nl, N, } Toxi npu Becix n > N BkasaHi Buie He-

PiBHOCTI BUKOHYIOTHCH OFHOYACHO, & Tomy | o, B, |<|a, | +] B, I« §+
+E e,
2

Ile it o3nauae, mo {OL,l + B, } — HeCKiH4YeHHO MaJja.

Hacanidox. Anrebpaiuna cyma O6yAbL-iKOro CKiHYEHHOro uyucja He-
CKiHUeHHO MaJIUX € HECKiHUYeHHO MAaJIoI0.

Jlema 2. Jlo6yTrok aBox (ab6o Gyan-KOro CKiHYUEHHOrO YucJa) He-
CKiIHYeHHO MaJINX € HECKiHUYeHHO MaJolo.

IIponmoHyeMO unMTa4YeBi JOBECTHU I[I0 JIeMYy CAMOCTilHO.

Osnavwennsn 4. ITocaifosnicmo {xn} HA3uBaembea 06MeHeHo0, AKUL0
ichye maxe wucno K >0, wo npu ecix ne N esukonyembvca Hepis-
nicmo| x, |< K.

Y IpOTHBHOMY BHIIaAKY IOCJiIOBHICTE HA3UBAETHCA HE0OMENCEHOIO.

Jiema 3. [1o6yTOK HecKiHueHHO MaJol HAa O6MeKeHy — HeCKiHUeHHO
Masa.

Il oBepneHnH s Hexait {an} — HeCKiHYeHHO MaJa, a {x,,} —
o6MmerxeHa nocnizioBHicTs. JloBegeMo, 10 MOCiZOBHICTD {a,l xn} HEeCKiHueH-
HO Mana. Ockinbku {xn} — obMerxeHa, TO icHye Take uucio K >0, mgo
npu Beix 7€ N BUKOHyeThes HepiBicTs | x, |< K . Ockinbku {o, } —
HeCKiHYeHHO MaJa, To #is G6yas-akoro € > 0 3HalifeThCa Takuii HOMep

€ . .
N, mo | o, | < X npu Bcix n > N . IIpore Toai npu Takux n

€
o, - x, |=|a"I|x"|<K-E=a.

ITe it osnauae, oo {anxn} — HeCKiHYeHHO MaJa.

Hacanidox. [106yTOK HeCKiHUEHHO MAJIOL Ha CTajie YHCJI0 — HeCKiHueH-
HO Mana.

Inoni 3pyuyHO BMKOPHCTOBYBATM IIOHATTSA HECKiHUEHHO BeauWKol ITo-
CJIIIOBHOCTI.

O3navennsn 5. Ilocaidosnicme {xn} HA3UBAEMbCA HECKIHYEHHO 8e-
AUKOW, AKWO0 Ona 6Yydv-axkozo ywucaa E >0 moxmcna 3naiimu maxuii Ho-
mep N, wo npu ecix n > N surxonyemucs nepienicms| x, | > E.
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ITognauenHs: lim x, = o, a6o x, — o TpU n —> oo,

n-—3o

Axio mouynHaouYyW 3 AeAKOro HoMepa N ujleHU NOCJIiZOBHOCTI {xn}
Hal6yBalOTh TiIbKY AOAATHHUX (Bis’eMHUX) 3HaAYEHB, TO
lim x, = +eo(lim x, = —o0), 860 X, — +ooNIPUN — oo (X, —> —coTIPUTL —> ).

n—oo n—oo

BcraHoBUMO 3B’SI30K Mi)XK HECKiHUeHHO MaJiMMM i HeCKiHYeHHO Be-
JUKUMH.

Teopema 3. Jns Toro mob6 {o,} (o, # 0)6yna HeckiHYeHHO MaJOIO,

1

HeoOXifHO i JOCTATHBLO, 1100 -a_ 6yJia HECKiHUEHHO BEJIHKOIO.
n

HoBepeHHd. Heobxidnicme. Hexaili {0,} — HeckiHyeHHO Maia.
Bisbmemo 6yas-sake € >0 i smaiimemo Taxuit somep N, mo6 npu Bcix
n > N BuKOHyBajacs HepiBHicTb |a, [< €.

1 . .
Tlosmauumo — = E, TOALl IIPDH BKa3aHHUX BUIE 77 BUKOHYETHCA HEPIB-

€
HICTH 1 1 1
—=——>—-=F,
a,| lea,| ¢
1
3BIIIKH ¥ BUILIMBAE, IO |0~ [ — HECKiHUYEHHO BeJHKA.
n
1
Hocmammuicms. Hexait a |~ HecKiHYeHHO BesuKa. s 6yAb-saKoro

n

€ >0 icuye Takmit HoMep N, o npu Bcix n > N BUKOHYETHCS HepiB-

. 1] 1
HiCTB|—| > =.
a,| €
Toxi anst mocaizossocri {a, } npu Brasanux Bume n Maemo | o, |< €,

Tobro o, - 0 g1an > i {a"}—— HeCKiHueHHO MaJa.
IIpuxnapg 1. BukopucroByouu BU3HAUYEHHA MPAHUINL, JOBECTH, 1[0

. n
lim =1.
noep 41
] n
BubGepemo 6yab-ske yucio € > 0. OcKiapKu | x, -1 =] —-1]|=
n+1
, TO AJIA 3BHAXOM KEHHA 3HAUEHb N, AKi 3a/10BOJILHAIOTL HEPiBHiCTH

n+1
| x, -1 | < €, mocTaTHLO PO3R’A3aTH HepiBHiCTH 1 < £, 3BiKU OTpPHU-

n+
1-¢ ) 1-¢
. Orxe, 3a N MOJKHA B3ATH LiNy YacTHHY YHCJA

MaeMo 1 >
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1-¢ . o
To6ro N = [—a——-] . Toxi HepiBHicTb | x, — 1 |< € BUKOHYBaTUMEThCA AJIA

Bcix n>N. Ockinpku & — OyAb-AKe UYHUCJIO, TO AOBEAEHO, LIO
lim
no=pn+1

HAxmo, ranpuknag, € = 0,01, roai N =

=1, 3rizgHo 3 03HAYEHHAM, @ B JaHOMY NpHKJaAi nopisHioe 1.

1-0011_gq inpun>N=99
0,01

maemo |x, —1|<0,01. BayBaxkumo, 110, HanpuUKJIax, npu n <N
(n = 97,n = 98) HepiBHicTs | x, -1|< €= 0,01 He BUKOHYETBCA.

Hiiicuo, Hexait n = 98. Toxai

98 1 1 1
| g ~1= 28 g = 1oL, L
99 99 99 100
A sxmio B3siTH, Hanpukaax, n =100, Tobto n > 99, To
100 1 1 1
A== ===« —.
%100 =1 1767 101~ 101 " 100

Or:xe, HepiBHicTB | x, —1|< 0,01 BUKOHYy€eThCA JUIIE A1 HOMEPIB 7,
6inpmnx 3a 99.

Axmo, sHanpukaaz, € = 0,0001, Toxi sHayeHHa HoMepa N 361JIbIIUTE-

1-0,0001

. Hii , N =
ca. Hdiitcao 0.0001

| x, —1]< 0,0001.

Ilpukaanx 2. BUKOpHCTOBYIOUM 03HAUEHHSA, JOBECTH, IO ITOCHITOBHICTD

] =9999, i npu n> N =9999 oxgepxumo

1 .
{— € HeCKiHUeHHO MaJoI0.
n

1
BisbmeMo Oyab-sike gumcio € 3 HepiBHOCTL la, |=I o l<e nIicramemo
1 .
n> E Axmo B3atu N =|>-|, To ana Bcix n > N 6yae BUKOHyBaTHCS
£
1 4
| o, I e. (Axmo € = 10’ ozepsxkumo N =[10] =10, npu € = — maemo

4 n

15 . . . .
N=[=—2|=38 ir.a) Orxe, 3rifHo 3 03HAYEHHAM IOCHiJOBHicTL {—
HeCKiHueHHO MaJia.
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§ 2. OcHosHi BJIacTHBOCTI 30LKHHX IOCTiIOBHOCTE

Teopema 1. 36imcna nocaidosricmov o6mexncena.
HloBenenna. Hexait limx, = a. I[loknagaioun B osnauensi 2 (§ 1)

-0
€ =1, sHaitfemo Takmii HoMep N, 10 npu Bcix n > N BUKOHYEThCH
HepisHicTs | x,-a |< 1. 3Bigku mpu BKasaHUX n

lx, I=l(x, —a)+al<|x, ~a|+|al<1+]|a].

Bisbmemo K = max{l+|a || x, |,| %, |,...,] 2, [}. Toxi, ouesmano, mo
| x, |< K npu Bcix ne N, To6To 3biskna nociigosnicrs {x,} mificuo 06-
MeXKeHa.

Ha npaxTuui npm sHaxoAXeHHi rpaHUIL YUCJIOBUX IOCAiZOBHOCTEIH
YaCTO BUKODHUCTOBYEThLCH TaKa TeopeMa npo apudmeruuHi gii Hax rpa-
HUIAMH.

Teopema 2. Hexaii nocaidosnocmi {x,} i {y,} — 36ixHi, npu yvomy

limx, = a, limy, =b. Todi 36ixni i nocaidosnocmi {x, *y,},{x, -y,},

n—oo n-joo
{c -x,}, de ¢ — cmaana, {fl} — ocmannanpu y, #0,ne N,b #0, npu-
womy: Yn
1) lim(x, ty,)=axb;

2) lim(x, -y,)=a b;
3) lim(c-x,)=c-a

. X
4) lim & = =,
n—oo yn
HoBenendasa. 1. Ockineku a i b — rpanuui nocnigosuocreit {x,}
i{y,}, To 3a Teopemoro 2 (§ 1) maemo
x,=a+ao,, Yy,=b+p,,
ze {o,} i {B,} — Heckinuenno mai.
Honaroun ui pisuocti, gicraHeMo
x,ty, =atb+ (o, £8,).

3asemowo 1 (§ 1) {o, £B,} — Heckinuenno mana, a TOMy 3a TeOPEMOIO
2 (§ 1) nocainoBricTs {x, ty,} 36iracteca m0 a+b, Tak IO icHYe
lim(x, +y )=azxb.
n-—eo
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2. fIx i B nonepegHbOMY IYHKTI, X, = a+0,,Y, =b +p,. Haxi maemo

x,-y,=ab+a, -b+B,-a+a, B,

3a nemamn 1—3 (§ 1) Ta ix Hacmigkamu {0, -b+B, - a+a, -B,} —
HeCKiHYeHHO MaJa, a ToMy 3a Teopemoro 2 (§ 1) mocniposnicts{x, - y,}
3biraeTsca o a-b, Tak 10 icHye

lim(x, -y,)=a-b.

3. Hacaidox. ko mocaifoBHicTs {x,} 36ixkHa, npuuomy lim x, = a

n—oo
i ¢— craja, To 30ivkHa ¥ mocaigoBHiCTH {cx,, }, npuuomy lim (¢ x,) =
n-—eo
= ¢ -a, To0TO cTaJUii MHOMKHUK MOXHa BUHOCHTH 34 3HaK IpaHHIli.
BaacTuBicTs 4eTBEPTY PEKOMEHAYEMO JOBECTH CAMOCTiIHHO.

Teopema 3 (npo Tpu mociaigosHocrti). Hexait 3adano nocaidosrnocmi
{x,}, {y.}, {2,}; npu yvomy dasa ecix ne€ N surxonyiomvcs HepieHocmi
x, <y, <z,.

Togi, axkuio nocaigosrocri {2,} i {x,} 36ixkni o oxwiei i Tiel camoi
rpanuui, To i nocnigosricre {y,} Taxox 36ixkHa, npuaOMy

limx, =limy, = ,111_12 z,.

n-o0 n-eo

HoBepnenna Hexait limx, =limz, =a. Toxai ana nosineHOrO

n—yeo n—»e0

€ >0 MokHa 3HaiiTu Taki Homepu N, i N,, mo |x, —al< € npu Beix
n> N,;| z, —a|< enpu Beix n> N,.
IIpunycrumo, mo N = max{N,; N,}. Toai npu n > N BUKOHaHO of-
HouacHO o6naBi HepiBHOCTI i, 30KpeMa, IIPHU BKA3aHUX 7
a-g<x, 2, <a+¢
OaHak TOAi 3 YMOB TeOpPEMM BHKOHYIOThCH HepiBHOCTL
a-e<x,fYy,<z, <a+e
npu Bcix n > N, To6TO
ly, —ale
Ipu BCiX n > N, a oTxe,
limy, =a,
1o i morpibHo gAoBecTH.
Teopema 4 (npo nepexij o rpaunni y nepisuocrax). Hexaii 3adano
36ixncni nocaidosrnocmi {x,},{y,}; npu yvomy 0aa ecix ne€ N guxony-
lomsca Hepisrocmi x, <Yy,. Todii

limx, <limy,.

n—oo n—oo
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Hosenennasa Hexait limx, =a,limy, =b. lIpunycrumo cymnpo-
n-—yoo 300

. a . . .
TuBHe: a > b. BissMeMo € = , TOAl MOXKHa 3HalWTH Taki Homepu N,

a-b a-b

2

iNZ,mo|xn—a]< IpH BCiX n>Nli|y,,—b|< IpH BCiX

n > N,.

[Ipunycrumo, mo N =max{N,,N,}. Toxi upu n > N BUKOHYIOTHCA
obuaBi HepiBHOCTI i, 30KpeMa, NP BKA3AHUX N

a-b a+bd

x, >a-— = ;
2

a-b a+bd

y, < b+ = 7

a+b
Orxe, mpu n > N MaeMo Yy, < <x,, robro y, < x,. Onep:xkaHa

CYyNepeuHiCTh JOBOAUTH TEOPEMY.

3ayBasKHMO, 1[0 Y BUNAAKY BUKOHAHHS AJIS UJieHiB 36iKHIX 1OCIiqoB-
nocre#t {x,}i{y,} npu Bcix n€ N crporoi mepiBHOCTI X, < Y, mMicaa me-
pexoAy Ko rpaHHUIli CTpora HepiBHICTh, B3araji Kaxyuu, He 36epiraeTbes.

1 1
Hanpuknan, x, = —-';,y,, = +;- IIpu Bcix n € N, oueBnAHO, X, < Y,,
aje
limx, =limy, =0.
n—oco n~>oo
3MiHHA X,, YM TOCTIZOBHICTH X, X, X3,..., 3BETHCH 3POCMAIOLOI0,
AKIIO
X <Xy <X3 <.on<X, <X,y <.oon
Axnro

X, SX,Sx3<...8x,<x,,,<

n+l — 0
TO IIA HOCJifoBHiCTH Hecnadna. 3MiHHA x,, YW IOCAiZOBHiCTH
X1y X9y Xgy +o0y CNAOHA, AKIIO
X 2%, > X3 >..>%, >X,,, > s
AKIO
X, 2X,2X32...2X, 2X,,;, 2...,

TO 3MiHHa X, 3BETbCS He3pOCmarouol.
Bei nji wotupu THnYM 3MiHHEX, A AKKMX XapaKTePHUM € 3MiHIOBaHHSA
B OJHOMY HAIIPAMKY IIPU 3POCTaHHI 71, HABUBAIOTH MOHOMOHHUMU.

7 Bacunbyenxo 1. Il.
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Teopema 5. Bydv-aKa MOHOMOKHG O6MeENCEHA 3MIHHA MAE 2DAHULIO.

JlaMo reomeTpuyHe MOSCHEHHA Li€l Teopemu (CTpore AOBeAeHHSA BU-
XOAHUTH 32 MeXi boro MiApyuyHuka).

Hexait maecmo, HanipuKIaz, HeCIaAHY OGMEKeHY IIOCJIiZ0BHICTD

X, Sx, %, <...8x,<x,,, 5.,

n n+l1

npudomy | x, |< M nmns Bcix n. BissMeMo umcioBY Bich i HaHeceMo Ha
Hel WIeHu JaHoi nocaizoBHOCTI Ta uymnesao M. 3i 36insmmesHAM HOMepa 71
TOYKa, III0 300pa’kye BiANOBiAHMIL useH NOCJHifOBHOCTI X,, mepecyBaTH-
MeThCs TiBKH BIPABO, ajle BOHA He MOJKe ONMMHUTHUCH TpaBime Touxku M,
60 nocainoBHicTs 0OMexena. Teopema i TBEpAUTD, IO HOCIiILOBHICTh Mae
rpaHnnio (axka He nepesulnye M). Tak camo MoXHA NOACHUTH H iHIIL
BUIIaIKU MOHOTOHHUX 3MiHHUX (CIagHOI, HE3POCTAIOYOl).

IIpuxaan 1. IlocaigosHicTs x,=0,7,x,=0,77, x,=0,777, ..., x, =
=0,77...7... € MOHOTOHHO 3pocTawyoo, 60 x, < x,,, . Kpim Toro, ouenuz-
HO, 1110 BOHa o0MexKeHa, TOMY IO KOKHHUH 11 uyeH Giibiiuit 3a HyJIb, ane

MeHIuit 3a 74 .

_7; 7
I A T _10 0™ _7_ 7
" 10 10° T 107 L 9 9.10"]
10
axe 6 He Oyso n. OTiKe, IOCAiIZOBHICTL Ma€ rPaHUIIO; il JIeTKO 3HANTH:
. . 7 7 7
limx, =lim| — - ——— |= -,
n—oo n-e| 10 9 . 10" 9
. . n+1l
Ipuxaax 2. ITocnigosHicTs x, =2, x,= 32 )y Xy = % y ooy X, = g

MOHOTOHHO cnajHa, 6o x, > x,,,, i obmexena (1 < x, £ 2 gus 6yAb-aKo-
ro n). Orxke, BoHa Mae rpanunio. [Ipocre obuncneHHd xKae

im ™ Ctim(1+1)=1

n—ye n n—ye n
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§ 3. Ilonsrra rpannni yHkuii

Ospauenns rpanuni dysxuii. Hexaii dyuxuis y = f(x) BusHaueHa
Ha JedAKiit nigMHOxUHI X MHOMUHEK AijficHuX unucea Ri x, — rpaanuHa
rTouka MHOxuHHU X. Haragaemo, mo y Oyabp-AKoMy €-0KOJi (x, — €; X, + €)
T'PAHUYHOI TOUKH X, MiCTUThCA HeCKiHUeHHe YMCJIO TOYOK MHOXKHHH X,
IIPOTEe caMa TOYKa X, MOXe ¥ He Hanexatn X.

Osnavenna 1 (Ietine). Yucno A nasusaembes zpanuyelo pynryii f(x)
npu x — x, (abo 6 mouyi x,), aKwo 0ra dosiavHoi nocridosrocmi
{x,} c X,x, # x, (ne N), 36ixnoi do x,, 6i0nosidna nocridosnicms 3na-
vendv Qynryii {f(x,)} 36ixna do A.

Arxmo umeno A — rpaHuna GysHknii y rouni x,, TO OHIIYyTH
lim f(x) = A, a6o f(x) —» A, npu x = x,.

XXy

Hexait byHKIia f(x) Mae rpaHUIlIO hm f(x) = A, Toni BoHa, oueBn-
HO, eauHa. Ile BUnNINBac 3 TOroO, 110 a61mna nocaijgosHicTs {f(x,)} Mmoxe
MaTH Juile oxHy rpa"uiio (§ 1).

Osnavennsa 2 (Komi). Yucao A Hasusaembuves epanuyero pynryii f(x)
npu x — x, (abo 8 mouyi x, ), axuyo Oan 6yde-axozo € > 0 moxcha 3nail-
mu make wucno = 3(€) >0, wo npu écix xe€ X, axi 3a00601bHAIOMY
HepieHicmb

0<|x-x,]<3,
BUKOHYEMbCA HepiBHICMDb
| f(x)-Al<e.

OsnauenHs rpauunni GyHkuii y rouni sa Ieitme i 3a Komi exsiBa-
JIEHTHi.

3a3HaYUMO reOMeTPUYHUI 3MicT 03HAYEHHA 2, CKOPUCTABIIKCH Ipadi-
koM ¢yHKNil ¥y = f(x) (puc. 43). fAxuii 6u Maauil €-0KiJI TOUKU A He
B3ATH, Ma€ iCHYBaTH Taku# 0-OKiJ TOUKHU X, , IO KOJIX X 3MiHIOETBCH MiX
X, -8 1 x,+9, rpadik dyuruii y = f(x) sHaxoauThCA y CMy3i mIMpH-
HO1O 2 € Mix npamumu ¥y = A-¢ i y=A+e. Ilizkpecanmo, mo B Toumi
x, byaknia y = f(x) Moxe HabyBaTu 3HAUEHHSA, SKe He JOPiBHIOE A, a0
HaBiTh OyTH HeBU3HauveHOol0. ToMy B o3HaueHHi 2 iifeThbcA came IIpo
HepiBricTs 0 <| x - x, | < 8.

Onnocroponni rpanuni. IIpu gocaigxensi GyHKIii KOPUCHUMH € 1O-
HATTA OXHOCTOPOHHIX rpaHMIb.

Osnavwenna 3 (Teitne). Yucano A naszusaemovca npasow (nigoiw ) zpa-
Huuew @ynryii f(x) y mouyi x;, aKwo daa dosiavroi nocaidosrocmi
{x )X, x,>x, (x,<x,, neN), 36ixnoi do x,, 6i0nosidna nocridosnicmo
snavens pynryii {f(x,)} s6ixna do A. IIpu yvomy excusaiome 6i0nosid-
HO NO3HAYEHHA
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y A
A+e
P e - _
A D - — — . - - —— polll RN I
A-¢ { :
! i
! |
! |
' [
! |
! |
X, 9 I I x,+38 R
Puc. 43

lim f(x) =4 (x}j’{qof(x)=A),

x5 x5+0
abo
flx,+0)=A  (f(x,— 0) = A).

B oxpemomy Bumajgky, kKoau x,= 0, nNUmyTh l'uilof(x)=A
xX=

Llim f(x) = A).
x= -0

Osnavenna 4 (Kowmi). Qucno A nasusaemuvca npasow (1i6ow) zpa-
ruyero pynryii f(x) y mouyi x,, axujo daa 6ydv-axozo € > 0 3naiidems-
ca make yucao § = §(e) > 0, wo npu 8cix x, Axi 3a0060AbHAIOMb HEPiBHOCMI

O<x-x,<8 (0<x,-x<3d)
BUKOHYEMbCA HepigHicMb
[f(x)-A|<e.

Oszuavenus 3 i 4, 3sMuaiiHo, eKBiBaJIEHTHI.

3B’A30K MiX OZHOCTOPOHHIMM FpaHUIAMY i rpanunero GyHKnii BcTa-
HOBJIIOE TaKa Teopema.

Teopema. Pyuxyia f(x) mae zpanuyio 6 mouyi x, modi it mirviu
modi, koau icHylomy it npasa i nisa zpanuyi 6 yiii mowyi, axi a6izaomucs
Mixnc co6010, npu ybomy

lim f(x) = f(x, —0) = f(x, +0).
XX,

I'panvMua ¢yHkuii Ha HeckimuennocTi i Heckinuenni rpamnni. He-
xa¥t pyHKuia f(x) Bu3HavyeHa npu x > x, (x < x,).
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Oanauenna 5. Yucao A Haszusaemovea zpanuyern Gynryii f(x) npu
X—>+o0 (Xx——o00), AKWO Oas 6ydb-sirozo € > 0 moxucna snaiimu maxe A> 0, wo
npu écix x, aki 3a00601bHAIOMb HePIBHOCML X > X, X > A (x < x;, x <=A),
BUKOHYEMbCA HepiBHIiCcMb

|- Al<e.
TIpu 11bOMY BXKHBAIOTH BiANIOBiHi MO3HAUYEHHA
lim f(x)=A (lim f(x) = A),
X400 X —¥=—o0
abo
f(x)>A, x>+t (f(x)>A, x——o0).
V pasi, akmo icHyroTh rpanuni pysrnii f(x) AK npu x—3+eo, Tak i npu
x——oco, ipuuoMy lim f(x) = lim f(x)=A, To B:XMBaAIOTH IO3HAYEHHA
X —3+o0 xX—y—o0
lim f(x) = A, abo f(x)—A, x—ee.
X o0

Bume manocs Ha yBasi, mo A — neBHe uucio. Inoai apyuso poaris-
IaTh HecKiHuyeHHi rpaHuNi QyHKIII.

Osnavenns 6. Kaxcymo, wo ¢pyunryia f(x) mae ce6oeio zpanuyeio +oo
(o) npu x—x,(abo 6 mouyi x,), axwo drs 6yov-axozo E > 0 moxcna
sunaitmu maxe wucao &> 0, wo npu écix x, Axi 3a00601bHAIOMb He-
pienocmi 0 < |x—x | <8, surxonyemoca nepienicmo f(x) > E (f(x) < —E).

IIpu uUBOMY BIKUBAIOTh BiAIIOBiHO NO3HAYEHHA

lim f2) =+ (Hm f() = —),

abo
f(x)—>+eo mpu x—x, (f(x)>—o0, x—>x).
Amnajnoriugo TomMy, fK Ie 3po6JIEHO BHIIE, HECKJIAAHO BUSHAYUTH Ta-
KO OJHOCTOPOHHI HeCcKiHUeHHi rpaHuni

lim f(x) = *oo; lim f(x) = oo,

x=x5+0 x—xy-0
IIpuxaan 1. BukopucroByioun o3HaueHHs, JoBectH, o lim (3x - 2) =1.
x—1

BisrmeMo 6yap-aike yucyo € > 0. 3agaua monsArae B ToMy, 100 mo
LbOMY € 3HalTH Take 8> 0, IpK AKOMY 3 HepiBHOCTI lx — 1} < 8 BunIuBa-
na 6 sepisuicTs |f(x) — 1| = |[(3x — 2) — 1| <e¢. IlepeTBOPIOIOYN OCTAHHIO

. . €
HepiBHicTb, AicTaemo |3(x ~ 1)| <€, abo |x — 1] < 3

€ . . : ..
Orxe, SIKINO B3ATH & < — , TO JUIS BCiX X, SIKi 3a{0BOJILHSAIOTE HEPIBHICTH
|x — 1] < 8, BuronyeThca HepiBHicTs [f(x) — 1| < €. Ile i osnauae, mo
lim(3x — 2) = 1.
x—=1
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1 1 1
Axmo, vanpukaag, € = 1, To 6< 3’ AKINO £= 37 T0 8< 5 axmo €= 0,01,
10 § <0,003 i T.4.; oTxKe, & 3ameRuTh Bix €. ToMy B 03HaYeHHI rpaHULi

iHoai mumyTs & = ().

§ 4. BaacTuBoCTi rpaHHiIb

Teopema. Hexait ¢pynkyii f(x) i g(x) maromo zpanuyi 8 mouyi x:
lim f(x)=A lim g(x)=B

To0i gynruyii f(x) + g(x), f(x)g(x), fi ; (npu B # 0) maxox mawoms
zpanuyi 8 mouyi x,, npuwomy:
1) lim [f(x) = g(x)] = A = B;
2) lim[f(x) - g(x)] = A - B;
3) lim ﬂﬂ = .é...
xX-3%, g(x) B
Ilosenennsa Hexai {x}cX, x = x (xeN) — nosineHa mo-

CiOBHICTD, 36ixHa 10 x,. 3a o3HaueHHaAM 1 (§ 3), 36ikHUMU € noCTiNOB-
Hocri {f(x,)}, {g(x,)}, mpudomy ixni rpanuni — Bignosiano A i B. Oxunak

f(x,
ToAi 3a Teopemoto 2 (§ 2) mocmigosrocri {f(x)) = g(x )}, {fx)) - g(x )}, { g((i ;}

(npu B # 0) MmaloTs rpaHuiIli, 1110 AOPiBHIOKOTH BifnoBigHO A = B, A- B,

E .
3rigHo 3 o3HaueHHAM 1 (§ 3)
lim [f(x) + g(x)] = A = B; lm[f(x) gx)]=A-B; lim[D_4
XXy X=X x—ox, g(x) B

Hacanaidox 1. Ins gosiapHOro uucaa C
lim [C f(x)] = C lim f(x).

Hacanidox 2. Ona posinsaoro me N
lim [f(x)]" = [ lim f(x)}".

Or:ke, AKIO TOBOPUTH IIpo rpauuuio GyHKuii Big AoBinbHOI 3MiHHOI,
TO OCKiJIBKHK 1A 3MiHHUX, 3aJIe)KHUX BiZ HOMepa (IIOKasHHKa) 11 Teope-
MM JOBeJA€Hi, BOHHM cnpaBefauBi i Ana GyHKIii B 3aranbHOMYy BUNAAKY.
3ayBaXUMO, IIIO IIPUBeJEHi BJIACTHBOCTI MOBHicTIO 30epiraloThCsa y BHU-
najgKy ONHOCTOPOHHIX I'pPaHHMOb i rpasulb GYHKII] HA HECKiHYEHHOCTI.
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§ 5. Ilepma i apyra BaOX/IMBi rpanHuIi

. sin
Ilepma Bamxausa rpapuns. Joseemo, mpo lim —— =

. sinx
3a3HauMMO CIOYATKY, 10 GYHKIiA

x>0

X

BU3HAueHa NpH Bcix x#0.

T
IIpunycrumo, mo x€ | 0; 3| ToBsegeMo, 110 DK TAKUX X BUKOHYIOTHCS

HepiBHOCTI sin x < x < tg x.

Poarasimemo x0J10 OfMHNYHOrO pafiyca 3 meHTpoM B Touni O (puc. 44)
i mo6yayemo piBui kyru AOB i BOC 3 paxianHoiwo mipoio x. Hexaii EA
i EC — pgoruuHi n0 mporo Kojaa. OueBugHo, 1o xopjga AC, fKa CTATYeE
nyry koaa AC, MeHIna 3a 110 AyTy, KOTPpa y CBOIO 4epry MeHIa 3a JOBXHU-
Hy namanoi EA + EC. AC = 2 sin x, EA + EC=2 tg x, a 1oBKUHA LYyTHA

AC = 2x, TobT10 sin x < x < tg x.
Bepyuu no yBaru, mjo npu xe

[O;gj sin x > 0i tg x > 0, maemo

1
1< — < ,
sin x cos X
abo
sin x
cos x < <1,
3BigKN
0< l_smx <1-cos x.
x
Y A
v\
NV
C
Puc. 44

2
) L L.X X . X _x
Ockineku 1 — cos x = 2 sin? 3 < > (TYT BUKOPHCTAHO, IT[0 Sin — < —),

2 2
T
TO IPU XE [0; E]
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: 2
sinx «x

0<1- < —.
x 2

3a3Hauumo, 1110 O6UABI YaCTHHU ITiei HepiBHOCTI He 3MiHIOIOThCH, AKINO

. . n
3aM1IHUTH X Ha —X. Tomy BOHa BUKOHYETBCHA H€ TIJIBKH IIDH X€E 0;— , a

. T . n T
ii Ipu xe -—2-;0 , To6TO Ipu BCix xe —-2—;E , x #0,

. sin x
Omxe, MOKHA 3po6UTH BUCHOBOK, 110 lm(} 1- =0, TobTO
x—
. sinx
lim =1. 1
x-0 x ( )

Jpyra BaxxjmBa rpasuns. ¥ BHUINiM MaTeMaTHIli 3ycTpidaeTsca BBeje-
He e B XVII cT. yncio, AKe MO3HAYAEThCA JiTepolo e. Uncio me MoXHa
1

BUBHAYHUTH SK I'paHUIO GYHKIG f(x) = (1 + x); TIpY MPAMYBAHHI X 0 HYJIA:

1
e= lin%(l + x)*. (2)

Beakaerned, mo x # 0 i x #~1, ockiyibKM GYHKIisA He BU3HAUEHA IIPH
LUX aprymeHTax; ¢akT icHyBaHH4 I1ii€l rpaHulli npuiiMmemo Ge3 noBefeHHs.

1
Axmo B piBHOCTI B3ATH X = —, a IOTiM IIOBEPHYTHCH [0 IOIEpen-
HBLOT'O MTO3HAYEHHS He3ajleXKHol 3MiHHOi, TO AicTaHeMo

. 1 1 i

. 1 . .
Axmo ¢pyukuisa |1+ — | posrnagacThCa TiIBKM Ha MHOMKUHI HaTy.
x

pajibHUX 4Hces, To 3 dopmynu (3) BUILIMBAE, 110

1 n
e=lim|1+—1}|. (4)
n—yeo n

Crase unciio e ippanionanbue i npubausuo aopiBHioe 2,71828...
k1o unceso e 6epyTh 3a OCHOBY Jiorapu(mis, Tofi IX Ha3UBaOTL HAMY-
paavhumu. HaTypansHuil jsorapudm X mosHadaeThess CHMBOJIOM In x.
BeTaHOBMMO 3B’A30K MiXK HATYPAJIBHUMH 1 JeCATKOBMMM Jorapudmamu.
Ilna uporo, JorapudMyioun 3a OCHOBOIO € TOTOKHICTE X = al°¢.*, oxep-
s®HUMo piBHicTs In x = In a - log, x. IIpn x = e ua piBHicTL NPUBOJUTE 1O

1
=, 5
log, e na (5)
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IIpu a = 10 Ta cama piBgicTs fac In x = In10-lgxilgx = M In x, ne

= =lge.
In10 ge ©)

®opmyaa (6) 38’ A3ye HATYpaNbHI i lecATKOBI Jorapudmiu i Iokasye, uio
i morapudmu mpaAMo Mponopuiiini ogux ogHoMy. Yucnao M HasHBaAETHCHA
Mmodysiem nepexody Bin HaTypaIbHUX JIOTaDHUGMMIB 0 KECATKOBUX:

M=lge ~0,43429, % ~1n10 ~ 2,30258.

1
Hanpurnaxn, In2 =M 1g2=2,30258-0,30103 ~0,69315.

ITo uucna e IpUBOAATH O3B’ A3KHK 6araTbox NpUKIagHUX 3ajad. llpu-
BeJIeMO OfHY 3 HUX, SIKa 3yCTpiYaeThcA B €KOHOMIIIL.

3asaua npo HemepepBHE HapaxXyBaHHA npouenTis. Ha axy sennun-
Hy 3pocte Kamitan K uepe3 n poKiB npu p % piuHUX, AKINO HApaXyBaH-
HS IIPOLIEHTIB 3A1MCHIOIOTh JeKYPCHUBHEM METOJOM: IIPOIEHTHUHM IJIATIN
HapaXxOBYETHCA i JOJAETHCA A0 KamiTany B KiHII KOMKHOI'O PO3PaxyHKO-
Boro nepioay. JleKypcuBHe HapaxyBaHHA IIPOIEHTY Haibinbpm mommupe-
He B cBiTOBiM nmpakTHui.

OueBugHO, 10 Npu p % pivHUX po3Mip BKJIaxy mopiuyHo 36inbIyBa-

TUMEThCS B [l + %) pasiB, TOGTO HAIPHUKIiHIi n-TO POKY
K, =K, 1+-2].
100

Orske, kamitan K, mpu piuHoMy HapaxyBaHHI CKJIaJHUX NPOLEHTIB
arifHo 3i cTaBKoW0 p % Yepe3 n Pokim spocre A0 BexmuuEU K .

Tyr % — IIPOLIEHTHA CTABKA, BHPa)KeHa B JEeCATKOBUX Apobax;

1
SIKIII0 HapaXOBYIOTh NPOLEHTH He OJUH Pad Ha PiK, a m pas IpH TOMY

(1 + —g(—)) — CKJIAJHUI JeKypCcUBHUI KoedimieHT.

. . 1
caMoMy Iopiudomy npupocTti p % , IPOLIEHT HApaXyBaHHA 38 — YaCTH-
m

P . .
HY POKY CTAHOBHUTHMe — % , a po3mip BKJaAy 3a i POKiB Ipu mn Hapa-
m

XYBaHHAX

p mn
K =K/ll+——1.
mn 0( IOOmJ (7)
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ITornagemo, 110 DPOLEHTH HAPAXOBYIOTHCA KOXKHI MiBpoKy (m = 2),
KOXHUI kBapTaJu (m = 4), momicsuno (m = 12), koxuuit gews (m = 365),
KoxHHUN vac (m = 8760) i T.xn. HenrepepBHO (M ~> o),

Axio uncio po3paxyHKOBUX NEePioAiB IpAMYE 10 HECKIHUeHHOCTI, TO
MO’KHa CTBEPAXKYBATH, 110 Nepiog pO3PaXYHKY NPAMYE J0 HYJIA.

3uaiifemMo rpaRuIo Beuuuan K, TIpH m — oo (n — YHCJIO POKiB,
m — YHCJIO PO3PAaXYHKOBHUX mepiofiB y porri):

Km"=K01im1+——P——) =K0nm(1+ P ] =

m—eo 100-m m—ye 100m
- ..
100m 1100
= K, lim|[1+—2— | * - K,e1 (8)
0 moe 100m 0 '

Orsxce, Mu BuBesn GOPMYJNY IJIA KiHIEBOI BEJMYHHM KamiTaxy npu
HellepepBHOMY HapaxyBaHHI CKJIaJHUX NPOIEHTIB. BoHa € HenepepBHOIO
dbyHukuier i gae sMory o0YMCIUTH BeJHMUMHY Kamitany B Oyab-AKii me-
piox uacy. ‘

Ipusenemo tabaunio poamipis Briagis K, (axmo K,= 1 — rpommosa
oxuHULA, p = 5 %, n = 20 pokiB) 3riiHO 3 GOPMYJIOI0 CKJIALHUX TIPO-
ueHTiB (7) i hopmyJio0 HenmepepBHOro HapaXyBaHHS MPOIEHTIB (8):

dopmysa cKIafHUX NporeHTiB (7) Popmyna

HelepepBHOTO
HapaxyBaHHSA
npoueHrTis (8)

m=1 m=2 m=4 m=12 | m = 365

Poamip
BKkaany, | 2,6335 | 2,6851 | 2,7015 | 2,7126 | 2,7181 2,7182
rp. OA.

Pizaunsa mixk mopiuaum (m = 1) i HemepepBHMM HapaxXyBaHHSAM
He3HauHa (6au3bK0 2,5 %).

3ayBaxeHHsd. B pearpunx GpiHAHCOBO-KPEAUTHHUX OIlepalisx
HenepepBHE IepepaxyBaHHSA HPOIEHTIB 3aCTOCOBYEThCA piAko. BoHo €
JocuTh eDeKTUBHMM NIpM aHajdisi ckiaagHux dimamcoBux npobiem, Ha-
npuKJaaj npu oorpyHTyBaHHI i Bubopi inBecTunifiuux pimens.
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§ 6. Heckinuenno mai i HeckiHyeHHO BeJMKi (yHKUii

Osnauennn 1. Pynruia f(x) Ha3ueaemuvca HeCKiHUEHHO MAOI0 NPU

x—x, (a60 8 mouyi x,), AKWO lirgl flx)=0
X > 0

Heckinuenno many B Toulli (PYHKIiI0 9YacTO HA3MBAIOTH IIPOCTO He-
CKIHYEHHO MANO0I0.

Osnauenns 2. Pyuryia f(x) Ha3usaemovcs HeCKiHUEHHO 6ELUKOIO NPU
x—x, (ab6o 8 mouyi x,), akwo lim f(x) = co.

XX,

HeckiHueHHO BEJMKY B TOYIli (PYHKI[I}0O 9YACTO HA3MBAIOTEH IIPOCTO He-
CKIHYEHHO 8E€JLUKOI0.

BrnacTuBocTi HeCKiHUEHHO MaJUX Ta HECKiHUEHHO BEJIMKMX, 1IIIO BUKO-
HYIOThCA AJA OyAb-AKUX HOcJaigoBHOCTeH (nuB. § 1), cnipaBennusi i gns
(byHKIi# 3araJbHOrO BUNAJAKY, IIPH JOBEeeHHI AKX IOBTOPIOETHCA ITPOILE-
Aypa, aHaJIOTiuHa Tifl, AKOI0 CKOPUCTAJNUCS IPH HZoBelJeHHi Teopemu § 4.
IIpononyemo 3pobuTH 1€ CAaMOCTiiHO.

3azHauMMo HapemITi, 1m0 o3HaueHHd 1 i 2 maroTs micie, 3Buuaiino, i
AJS BUMAZKIB Xx—x, + 0, x—=*co, x—rc0,

IIpu mocnimxeHHi GYyHKHi# yacTO JOBOAMTLCA MAaTH CIpaBy He 3
OZHi€10, a 3 KiTbKOMa HeCKiHUEHHO MaJuMM QYHKUiAMYA B qaHi# ToUI].
Jnsa ix nopiBHAHHA BUBYAIOTh YACTKY KX GyHKIi. [JeTalbHO 3yIHNHU-
MOCH Ha IPAaBUJIaX NMOPIBHAHHSA HECKIHYEHHO MAaJHX.

Osnavennn 3. Hexaii pyrnryii o(x) i P(x) Hecxinuenno mani 6 mouyi x,.
Tonai

1) akwo lim ——= a(x)

B(x) =A#0 (AeR), mo o(x) i B(x) nasusawomoscs He-
X=X x

CKIHYEHHO MAAUMU 00HOZ0 NOPAIKY NPU XX}

2) axuwo hm B =1, mo ofx) i P(x) Haszusawombca exsisarenmuu-
x—Xxg
MU HECKIHYEHHO MANUMU NPU X—X,; 3anucyembea: ofx) ~ B(x), x—x .
a(x)

3) axwo lim ——=

=0, mo o(x) Ha3uBaeMbCA HECKIHYEHHO MAA0I0
= B(x) .

8uu4020 nopadky nopienano 3 B(x) npu x—x,. Lleii paxm 3anucyemocsa
max: o= o).

CnoeoM, o(B) € 3araJbHUM MO3HAYEHHAM JIJS HecKiHueHHO MaJol
BHIIOTO MIOPAAKY, HiX f.

Hanpukaazn, moskaa nucatu: 1 — cos x = o(x), tg x —sin x = o(x) i r.4.
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§ 7. Henepepsuicts dynxuii

3 NOHATTAM rpaHuni GyHKuii TicHo NoB’sg3aHe Apyre BajKJIUBe [TOHAT-
T8 — HenepepBHicTs GyHKNil. e mouarra dyHkuii MaTemaTuuHo BiZ06-
paska€ xapaKTepHY pucy 6araTbox sBHII, AKi MU ILIIOAEHHO CITOCTEpiracMo
B IIPAPOAi i TOBOPHMMO IIPO HUX, III0 BOHM BixOyBaloThCA HeNepepBHO: He-
nepepBHiCTh Teuil piguHM, HemepepBHiCTH, 3MiHM TeMIepaTypu, Helle-
PEPBHICThL 3PDOCTaHHA KUBOI iCTOTH, HETIEPEPBHICTh IIJIMHY Yacy i T.A.
HaM J10 IeBHOI Mipu ckJyacTu cobi ysIBJIeHHA PO 110 BJaacTuBicTh. AKIo
rpadik ¢byHKUil HenepepBHH (cyuiabHa JiHisg), TO6TO Horo MokHa Ha-
KPEecCJIUTH, He BiIpUBalouun OJiBIA Bif manepy, To it GpyHKIiA f(x) € Hene-
PEPBHOIO.

Tak, ¢pyHknia y = x2, rpadikom akoi € napabosa, HenepeppHa, a QYHK-

1
uisa y =— Ha 6yAb-AKOMY IIPOMIXKY, IO MiCTUTh TOUKY X = 0, He € Hemne-
x

pepBHOIO — rpadik il pospuBaeTbea B Touni x = 0.

Ilepexopsun 1o cTpororo o3HauYe€HHA MOHATTS HelepepBHOCTI QyHKIIT,
HaragaeMo, II0 B O3HaYeHHi rpaHuni ¢pyHkuii npu x — x, 6yxo bainyxe,
BHU3HaYeHa f(x) y Touni x = x, un mi. [Ipore AKpas neil BUNALOK, KOJIH PYHK-
Iisi BU3HAYEHA B TOUII X = X, i }Hﬁ, f(x) = f(x,), € ocOGMMBO BAXKINBUM.

Osnavennn. Pynryia f(x) Hasusaemvca HenepepeHow 6 mouyi X,
(vu npu x = x,), aKwo daa 6ydv-axoi nocaidosnocmi

Xyy Xgy weny Xy enny
30ixcHol Go x, 8i0nosidna nocaidosnicmo

f(xl)’ f(xg)’ eeey f(x,l)y-“

3Hauenb PyHKYIL 36izaembea do f(x,).
KopoTko 1e 3anucyeTsesa Tax:

lim f(x) = (x,). ©)

HenepepsricTs dynknii f(x) y Touni x = x, osHaualoTs e i Tax.

DyHKyis HenepepsHa 8 Mouyi X = X, AKWO npu 6ydv-arxomy £> 0
MoxcHa exasamu make 8> 0, wo Hepignicmb |x — x0| < 8 mazne 3a coboro
Hepignicms | f(x) — f(x,)| <e.

Orxe, nns HemepepBHOCTi QYHKIII B TOYNi X = X, HeoOxiHEe BUKOHAH-
HS TPHOX YMOB:

1) Busnavenns GyHkHii y Touni x = x,Ta B AeAKOMy OKoJi miei TouKY;

2) icuyBanHsa rpaHuni QYHKINI y il Touri;

3) piBricTs miel rpanuni sHavenHio dyHKuii y Touni x,.
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K10 He BUKOHYETHCA X0oua O OflHA 3 YMOB, TOYKa X = X, 3BEThCH MOY-
K010 po3pusy QYHKUYIL.

ChopmMynnoBaHe 03HAYEHHS HeMepPePBHOCTL QYHKIIl BUILIMBAE 3 IIO-
HATTA rpaHuii ¢ysxnii. MoxHa faTi iHINe 03HAYeHHA HeIepPepBHOCTI
¢dyHakuii, exBiBajeHTHe IMOmEpeHbOMY, ajleé 3aCHOBaHe Ha NOHATTI He-
cKinueHHO MaJjoi BeauunnaHu. 11106 itoro cdopmystioBaTil, MOTPiOHO BBEC-
T JedAKi HOBi IOHATTA.

Slkmio aminHa x HaGyBae CIIOYATKY 3HAUEHHA X, (Lie NO4amKosa éenu-
Yuna), a NTOTiM 3HAYEHHA X, (1e HO8A BeAULUHA x), TO pisHUU0 X, — X,
O3HAYAIOTh CMMBOJIOM Ax (YHTacThcA “mensra iKc”) i 3ByTH npupoc-
mom 3MIiHHOL X.

TIpunycrumo, mwo y — geaxa dpyHkuia Bixg x:

y = f(x).

Hapgaloun npupict Ax apryMeHToBi X, AicTaHeMO BianoBigHUM npupict
Ay byHKIii:

Ay = y,—y,= f(x,) = f(x,),
abo

Ay = f(x,+ Ax) = f(x,). (10)

Or:xe, mpupict ¢pynknii — e pisHHIA MiXK HOBOIO Ta IIOYATKOBOIO
BeIUMYMHOIO MYHKILIT.

TIpupict aprymenTy um dbyHKuii moske 6yt i gomarHuM, 1 Bin’eMHUM.
Hexail, HanpukJjag, y = x* i ouaTkoBa BeJIMYHHA apIyMeHTy X, = 5, a HOBa
— x,= 8. Toni npupicr aprymenty 6yne Ax = 8 — 5 = 3, a npupicT pyHKIii
Ay = 64 — 25 = 39. fIkmo x,= 5, a x, = 3, To npupicr x Gyae: Ax =3 -5 =
= —2, a npupict pyHrnii Ay = 9 — 25 = —-16.

Tlosepuemocs Tenep Ao piBHocTi (9), M0 BU3HAYa€ HelepepBHICTHL
dyuxnii y rouni x,. fkmo B3amu x - x = Ax, x = x,+ Ax, To piBHicTB (9)
3aNUIIeThCH

lim flxy+ Ax) = flx,),

60 AKIO X — X,, T0 Ax — 0. OcraHHO piBHiCTH MOXKHA MOAATH Y BUTJIALL
lim [f(xy+Ax) = f(x,)] = 0.

Bupas y kBafipaTHUX AYyKKax € npupicrom dyukuii Ay, oTxe
lim = 1i - =
lim Ay = lim [f(x,+Ax)~f(x,)] = 0,
i maemo B inmi# ¢popmi o3HauUeHHA HellepPepBHOCTI QYHKIII.
@ynryia f(x) Ha3ueaembCs HenepeperoI0 8 Mouyi X = X, AKUW0 6 yiil

mouyi HecKiHueHHO MAAOMY npupocmy apezymenmy Ax gidnosidae He-
CKiHYeHHO Manuil npupicm GyHKyil Ay.



206 naea 5
DPynkyia, Henepepera 6 Kox HilL mouyi npomixcky (a, b), Hazusacmuvca
Henepeperow HA YbOMY NPOMINCKY.
3ayBa)XHMMO, HapelITi, o piBHicTE (9), AKa BUpaXKae HelepepPBHICTE
¢yHKUil B TOYi, MOXKHA IIepenucaTy e i Tak:

lim f(x) = f(x,) = f(lim x),

60 x, = lir_l;‘lxox. TobTo axwo PyHKyia HenepepeHa, mo 3HAK ZPAHUUL i 3HAK

dynryii moxicHa nepecmasasmu.

Posrnanemo Tenep kKijbka npukgIagis.

Ilpuxaanx 1. y = x. TyT npupict pyuxuil Ay xopisHoe npupocty ap-
rymeHTy Ax. HenepepBHicTh OueBHIHA.

IIpnknanx 2. Jocniguru Ha HenepepBHicTs ynKLio y = x2. Hexait
X = X, — AKach II04aTKOBa BeJauuuHa ¥. Hagaoun aprymenty x, npupicr
Ax, nicraHeMo

Yo+ Ay = (x,+ Ax)*= x 2+ 2x Ax + (Ax)%

Biguimaiouu noyaTkoBe 3HAYEeHHA QYHKII] Y= xg , MAaTUMEMO BeJIM-
YUHY IpUpoCcTy GyHKIil

Ay = (x,+ Ax)®’— x 2= 2x Ax + (Ax)2.
0 0 0

3 niel piBHocTi BuaHO, 110 sfiKa 6 Hi Gysa QikcoBaHa BeaMuYMHA X,
SIKINO TLMBKM NPHUpicT Ax HeCKiHUeHHO Mauwmii, To Ay Takox 6yne He-
CKiHYEHHO MaJIuM.

OTtxe, y = x? € HellepepBHOIO QYHKIIIE€I0 HA HECKIHUEHHOMY IIPOMiKKY

Tak camo ZoBOAUTHCA i HemepepBHicTh GyHKUIT y = X", Ke n — HaTy-
paJIbHe YHCJIO.

Ilpuxaax 3. JloBectn HenmepepBHicTh GyHKNII ¥y = sin x. IIpu 6yas-
AKOMY X = X, MAEMO

Ay = sin(x, + Ax) - sin x,.

i . . . o-B o+p
3BifcH, KOPHUCTYOYUCH (GOPMYJIOIO Sin 0. — sin f = 2sin 5 s,
OTPUMYEMO Ax Ax

Yepes Te, 1110

A
cos| x, +——§-C— ' <11 gns 6yas-axoro o, 0.> 0, |sin of <| o]

(sBaskaroun Ha HepiBHiCTS sind < o < tgo. i Ha Te, mo |sin of £ 1), marumemo

COS| X, +7 -{sin

Ax jad

2

Ayl = 2 <21
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TOOTO
lay| <lax], lim Ay =0.

HenepepsricTs GyHKIII ¥ = sin x Ha TPOMIXKKY (—oo, o ) HOBEAEHO.
Tak camMo AOBOAMTELCA HEIEPEPBHICTh J = cos X. BiacHe KaxyuH, y 1bO-

. . 4
My noBefeHHi HeMae noTpebu, 6o cos x = sin| x + 5 I

Ciaix BUsHauMTH TaKi MaiKe OUeBHAHI TBepAKEHHS IIPO HellepepBHi
¢byHKrmii:

Arxwo f,(x) ma f,(x) nenepepeni 6 mouyi x = x,, mo cyma f(x) + £ (x)
fi(%)
fo(x)
HenepepeHa 6 mouyi x = x, 3a ymosu, wo f,(x,) # 0, mobmo x = x, He €
KOpeHeMm 3HAMEHHUKA.

Cupasnai,

}HB[fl(x) +f(x)] = }LI? fi(x) + }_l_gl fo(x) = fl (x0) + fo(x4)5

lmf, () £,(] = lim £,(2) - 1im £,02) = £, (o) (o)

lim fix) _ }Hl}o fi(x) _ filx)

=5 f(x) im0 flx)

ma do6ymox f,(x) * f,(x) Henepepsri 8 yiit mouyi; wacmra maxoxc

axmo f,(x,) #0.
Coupalounch Ha Ii TBEPIKEeHHA, IIPUXOAUMO A0 TAKUX BUCHOBKIB.
1. Ilina paunionansua dyHKNia a60 MHOrouJeH
P(x) =ax"+ax"'+..+a,_x+a,
€ HellepepBHOI QYHKIIIEI0 B 6y Ab-AKii TOUIl IPOMIKKY (—oo, o).
2. IpoboBo-panioHanbHa GyHKIIA

n n-1
_ayx" +ax

- m m-
byx™ +bx

+..+a, ;x+a,
+..+b_ ,x+b,

1

(npunyckaeThes, mo Api6 HECKOPOTHH) € HellePEePBHOIO CKPi3b, 3a BU-
HATKOM THX BapTocTe#l X, AKi IIepeTBOPIOIOTh 3HAMEHHUK Ha HYJb.

3. dyHKLia tgx = Sin ¥
cos x

HellepepBHA CKPi3b, 32 BUHATKOM TOYOK

T
x = (2k + 1)5 , k=0, %1, £2, ..., AKi N1epeTBOPIOIOTH HA HYJIb COS X.

) cosx ]
4, Oyuknia ctgx = — HelmepepBHA CKPi3hb, 32 BUHATKOM TOYOK
sin x

x=kn, k=0, =1, £2, ..., 110 € KOpeHAMH Sin x.



208 fnasa 5

Henepepsrumu € Takox QYHKII: ¥ = a* A BCIX X 3 TPOMiMKKY (— o0 , o)
Ta Yy = x° (@ — AiiicHe yncio) ana x > 0. JlopefeHHs nux GaxTiB IpyH-
TYETbCSA HAa Teopil mificHUX yMces (WYUTAY MOXKe HOro 3HAHTH B MOBHHX
Kypcax MaTeMaTHYHOr0 aHaJi3y).

o cTocyeTnecsa o6epHeHUX QYHKIIN, 30KpeMa y = W ,y=1log,x,
y = arcsin x, y = arccos x, y = arctg x, y = arcctg x, To iX HelepepBHicTb
NIpAMO BHIJIMBAE 3 TaKoi TeopeMu (nogaemo ii 6e3 gosenenHs).

Teopema. JAxwo y = f(x) — Henepepsna zpocmaiwua (abo cnadua)
dyuryia Ha 3amicHenomy npomixcky [a, b], npuvomy f(a) = A, f(b) = B, mo
Oaa Hel icnye 00H03HaYHA 00epHeHa GYHKYia x = O(y), mexc 3pocmaioua
(a6o cnadna) i nenepepena Ha [A, B].

Orsxe, 3 HemlepepBHOCTI Sin x BUIIMBAE HelepepBHICTh GYHKLII arcsin
X; 3 HellePePBHOCTi y=a* BULLIUBaAE HenepepBHicTs ¥ = log, x i T.x.

Haragaemo, mo eneMeHTapHUME QYHKIIAMHE HA3UBaOTHCH QYHKIT,
AKi MOKHA AicTaTH 3 OCHOBHHX eJIeMeHTAapHUX (DYHKIIiif 3a KomoMorowo
CKiHYeHHOro uncja apudMeTHYHUX omepaliil i cynepmosumiit.

Ha mixcraBi HemepepBHOCTI ITOKA3HUKOBO] i Sorapudmiunoi GyHKIii

1
i gpyroi Ba)kJamBoOi rpaHuIi lin(} (1+ x)= = e foBeneMO KiMbKa BaXKJIUBUX
x—

piBHOCTeit. Ix MokHa posriaszaTH Ak NPOROBKEHHS CHUCKY BAMKJIUBUX
I'PaHuIlb i yCIilHO BUKOPUCTOBYBATH, 30KpPEeMa, TTPN OOUUCIIeHH] MOoXigHmux
Bij esjeMeHTapHUX GYHKIi.

OTske, BUKOHYIOTBECHA TaKi piBHOCTI.

1. lin(l)M =log,e,a>0,a#1,30kpemanpua=e
x> x
limM =1.
x—0 x

2. lima——_—1 =Ilna,a> 0, 30kpemanpua =e

x-0 x
lim&—~ - 1.
x>0 x
3. lim(l_+_u.__a’ aeR.
x—-0 x

IMocnigosHO AoBeseMo Iii cmiBBimHOIIIEHHA.
1

=log, (1 + x); i norapudmiuna dyukuis

1. Ockinsku log_a(lj-_x_)
x

HeIlepepBHA B TOYIIi e, TO
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1 1

lim 108+ %) _ lim{log, (1 + x)] = log, [lim(1 + x)*] = log, e.

x—0 x

2. Hexait a # 1. Iloknagemo y = a*— 1, ropi a*=1+y, x = log ,(1 + y),

NpUYOMY BHACJIZIOK HemepepBHOCTI MmoxasHuKoBoi ¢yuknii y—0 npn
x—0. Orxke,

. a*-1 . y 1
lim =lim =
x50 x y~olog, 1+y) log,e

3. Hexait o # 0. Bpaxyemo, 1m0

A+x)*-1_ " -1 aln(l +x)
x aln(l+x) x

i BispMemo y = aln(l + x). BHacmigok HenepepBHOCTi JiorapmdmiuHol
dysxrnii B rouni 1 y—0 npu x—0. OTke, 3 ypaxyBaHHAM MONEPEAHiX
rpa’unb

=Ina.

eqln(1+x) ___1 ey __1

lim ———  =1lim =1;
=0 aln(l+x) ¥~>0 y

lim aln(l + x) - olim In(1 + x) .
x—0 X x—0 X

.

OcTaTo4yHO

o —
i (L0 -1
x—0 x

= 0.

Konmpoavni 3anumanns i 3aedanns

1. ChopmyroiiTe 03HAYEHHA I'PAHHUI MOCHIZOBHOCTI.

2. fIxa 3MiHHa BeJUYMHA Ha3UBAETHCA HECKiHUEHHO MaJjol0, HeCKiHUeH-
HO BeanKoio? Axuil 38’ A30K MiK HUMU?

3. ChopmyutroiiTe Ta AOBEIITh OCHOBHI TEOpEMH PO HECKiHYEHHO MAJi.

4. ChopmymioiiTe Ta ZOBEAITH OCHOBHI T€OpPEMU NPO I'PaHUIi.

5. Illo 03HAUalOTHL 3aMHUCH:

A=f(a~o0)= lim f(x), B=f(a+o) =xl_i)£1+10f(x)?

6. YoMy nOpiBHIOE IpPaHUIA BiHOMIEHHS CUHYCA MO HOr'0 ApryMEHTY
IIpY OpAMYBaHHI apryMmeHTy go 0 ?

7. $Ix BU3HAUAETHCA UHCIO € ?

8. ChopmysmioiiTe ocHOBHI BacTuBoCTi QYHKIIT f(x), Axa Mae rpaHUIIO.
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9. ChopmyoitiTe 03HauenHs rpanuni ¢pyuxuii f(x) npu x—a, e a —
rpasuyHa Touka MHOXUHMN D(f).
10. ki HeckinueHHO MaJi HA3UBAIOTLCA €KBIBAJIEHTHUMMU ?
11. fIki norapudmMy Ha3UBAIOTLCA HATYPAJLHUMUT
12, fIka GyHKUiA Ha3HBACTHCH HENEPEPBHOIO B TOYIi, Ha iHTepBaNi?
13. SIki ocHOBHI BiacTHBOCTI HemepepBHUX Ha Bifipisky QyHKLiA?

Ilpukaadu pose’azyeannsn 3aoau

ITonepedni exasziexu. 1151 3aCBOEHHA NOHATTS rpanuni GyHkmii gomi-
JIbHO BHKODHCTATH T'€OMETPHUYHY iHTepIpeTralilo: NpH IbOMY 3MiHHA
x — a 3o00paxkaeTnca “pyxoMor0” TOuKoo Ha oci Ox, a Bignosiani 3Ha-
geHHA GYHKIIT f(x) HAGMMIKAIOTHCA | 3aMHINAIOTECA SK 3aBrOoJHO 6JIM3b-
KUMHU 10 ToukU A Ha oci Oy. SIkio moBa iine npo ognobiuni rpanuni, To
B TAKOMY BUIIaJKy 3MiHHA X HaOJUIKAETHCA A0 TOUKH a 1o oci Ox 3iiBa
(x >a-o0,T06T0 Xx > a,x<a) abo cnpasa (x - a —o0, T06T0 x > a ,
x > a). Cxin sBepHYTH yBary Ha Te, [0 B O3HaYeHHi rpanuui ¢pyHRuii ne
BPaxOBY€ETbCsA 3HaYeHHA QYHKIII B rpannuniil Touni, lim f(x) me zame-

Xy,

UTH BiJ BesmumuM f(x ), Axa MoxKe it He icHyBaTH. 3BifcH BuIIIKBAE,
IO Nif BHAKOM IPAHUIl MOXKHA POOUTH TOTOKHi IepeTBOpeHHS aHai-
TUYHOI'0 BUPa3y, He 3Ba’Kal04YU Ha NMOBEAIHKY PYHKIII] B rpaHuyHii Toui
(To6TO MOXKHA CKODOYUYBATH APOOH HAa MHOMKHMK, IO II€PETBOPIOETHCA B
HYyJb B I'paHUYHIil Touni).

. . Ux

Armo limU(x) =0, limV(x) =0, To xamyTs, 1110 BUpas Ux) npu
x-a x—a V(x)
. 0
X — @ € HeBU3HAYEHICTIO TUITY o ¥ npoMy BHNIAAKY AJisl 3HAXOLKEHHS
. U N

lim V() 3aCTOCOBYIOTH CHIelliaJIbHI IPpHUIIOMH, a caM IPOIeC 3HAXOAKEHHS
x—a
TpaHNIIi HAa3WBAIOTh PO3KPUTTIAM HeBUIHAUEHOCMI.

0 oo
3ycTpiuaoThCa HEBU3HAUEHOCTI TUITY 0= 000, c0—00, 0% 17, °.

IIpu ubOMY HEBU3HAYEHOCTI TUIY 0 - 00, 00 — o0, 0°, 0o®, 1™ aBomsaTHCH
(o]

IO HeBU3HAYEHOCTI THUITY o abo —.
[ o]
5.1. 3uaittu:

2 -—
2) lim e x =8 6) limV* +3x - z);

r>-33x2 +10x+3°
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i x*-5x+1 i 2x
B lm e a7 r) U arctgdx
(2222} lim [lnCx +1) 1n x]
m lm| 5y ® lim #nGe+1)-In )
a) IlizcraHoBKa rpaHUYHOTO 3HAYEHHS apryMeHTy X = —3 IPU3BO-

IUTHL IO HeBU3HaUYeHOro supasy tumy 0/0.

Has ycyHeHHs 1iel HeBU3HAYEHOCTI pO3KJIaeMO YHCEJNbLHUK 1 3Ha-
MeHHHUK JApo0y Ha MHOKHUKH i CKOpOTHMMO Api6 Ha MHOXHHUK (x + 3).
Take CKOpOUEHHS TYT MOMKJIMBE, OCKiJIbKHM MHOXXHUK (X + 3) BigMiHHMH
Big HyNa npu x — -3:

1 _1 —3-1
i 428 #1123 hm“(x"z;) (x+3) hm“(" 1)_4-3-1)_1s
X—- 33x +10x+3 =x5-3 l x—-3 .1-. — _]_-. 8 )
3(x+3) (x+3) 3(x 3) 3(-3+1)
6) AKmo x — o, BUpas vx° +3x —x Jac HEBUBHAUEHICTh THUIY
(0 —o0) . [Ina i1 ycyHeHHS NTOMHOXXHMMO i po3fijmMo neit BHpas Ha

(Vx® +3x + x):
NS +3x—x](\/x2 +3x +x)
lim(\/x2 +3x -x)=lim(

X ~—yo0 Xx—o0 \/x2+3x+x

o x?4+8x-x?
=lim - =lim
oe Jx? +8x +x O / +_ +1
B) ¥ bOMY BUIIAJIKY Hi YHCEIbHUK, Hi 3BHAMEHHUK He MaIOTb rpasuii,
TOMY 110 00uABa HEOOMEIKEHO 3POCTAIOTD.

IlepeTBOpMMO TONEPEAHBLO BUPA3 IIiJi 3HAKOM TPaHUIli, MOAIMUBIIN
YNCeJHLHUK TAa 3HaMeHHUK Ha x2. Toxi micranemo

2{q_8 ., 1 5.1
2 _5x+1 _ x[l x+x2)__ -3+ 1
x—>w2x2+3x+7.—xl—>oa P 3 7 _1;]:_1,22 3 7 _E'
x [2+—+—x2) T

3ayBaxeHH4da. ko HaM Tpeba 3HANTH IPaHUIIO0 BiHOIIEHHS
IBOX MHOTOUYJICHIB IIPH X — oo, TO Tpeba momnepefHho NOAiJINTH YHCeb-
HUK Ta 3HaMEeHHHK Ha MaKCHMAaJIbHi CTeneHi, o0 BX04AThk B HUX. Toxai

0O,m<n,
. ax"+a _x"'+..+a a
lim 2~ 0 ={ 2 m=n,
e b x™ +b, 1 x" 4+ ...+ b, b,

oo, m > N.
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r) Ilosunauumo arctgbx = y. Toxi 6x = tgy i y > 0 npu x — 0.
3aCcTOCOBYIOUM BJIACTHBOCTI TPaHUIL i (GOPMYJIY MeplIoi BayKJIUBOI rpa-
sin o

Huni lim =1, maemo

x50

. 2x 2 tgy 2 siny 1
lim————=—1lim—— = —lim "lim
x-0 arctg5x 5y50 y 540 y y—0 COS Y

n) IleperBopumo Bupas

2x_3 4x+5_ 2x+1_4 4x+5_ 1+ -4 4x+5
2x +1 2x +1 2x +1 )
IIpu x — ~ Takuii BUpa3 Aac HeBU3HAUeHicTs Tuny 17,
Jiia ycynenusa ii 3acrocyeMo GopMyJy Apyrol BasKJMBOI rpaHMIli

lim (1 + l] =e.
X teo X

4x+5 -8y+3
T l 2x -3 - 1 14+ -4 - 1 1+ 1
ont macwo: lim| 3,77 ) =lm\Irog)=hmitry)

ge 2x+1=-4y, 4x+5=-8y+83 i y > - mnpm x — oo,
ITepexonsauu no sminHOi y, gicTaHEMO

Y] 1Y 1
[hm(l‘P ]:| ‘lim(1+—] =e"8-13=—8.
Y=o y Yy y e

e) lim x[In(x +1)-1In x]= lim xIn ;1 = lim ln(xIIJ =

1Y 1Y
=lnlim(fi—j =1nlim(1+—) =lne=1.
x x

X =00 X ->+oo
ITpu ob6uyuciieHHI rpaHUIll MH CKOPUCTAJNMCS TEOPEMOIO PO I'PAHUY-
HUH nepexin mig 3HakoM Jorapudma, OCKiNIBKY AJIA HemepepBHOI PyHKITIL
cupaseguueo lim f(x) = f(lim x).
- xX—=a x—-a
5.2. 3uaiitn:

1
a) lim (x . COS—J; 6) limx -sin l;
x—-0 X X —300 x
+1 + 3x+1 sinzx
O linTry s Dl
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. 1 . . .
a) lm& (x .cos — |=0, ockinpKku H0OYTOK HeCKiHUYeHHO MaJIOl BeJINYH-
P x

COS —|

HH x (mpu x — 0) Ha o6mekeHy GYHKIIIIO cOS— (
x x

HOIO HECKiHYeHHO MAaJoIo.
3a3”HaunMo, 110 1A I'PAHUILA He MoXKe 6yTy obuucseHa 3a JOIOMOTOIO

< IJ € BeJUYH-

. . . 1 .
TeopeMHu PO rpaHuili Jo6yTKY, ockinbku limcos— He icaye (mpu x — 0
x—-0 x

apryMeHT COS 5 3MiHIOETLCA HelepepBHO B3JNOBYK YHCJIOBOI Oci KO He-

1

CKiHUeHHOCTi, TpU OMY 3HAYEHHA COS — KoJuBaeTseA Big —1 no 11iBin
x

1 o —1, He npsAMylouM Hi J0 SKOTrO YmMcia (rpaHUIi)).

sin= .
6) limx-sinlz[w-0]=lim x - [01_1imSM¥ _ 1, (Tyr Buxomano
X0 x X0 _1_ 0 y0 y
x
. 1
3aMminy Y = z npu x — oo,y — 0.)

B) PosriisiHeMo JBa BUIIAJKM:

x+1 x+1 2 g +3
. 2" +3 o0 . 3 0+3
lim——— =|—|=1lim = =3
zoe 2% 437 £ e [2 9 0+1

’
o0

+1

X o0

ocKiasku lim [%) =0.

0
TIpu x — — MaEMO HEBH3HAUEHICTh [ 0 |» 1pu nBOMY pO3AiJIUMO YH-

CeJIbHUK i 3HaMeHHUK Ha 2 i BUKOPHCTAEMO TEOpPeMY IIPO I'DAHMILi:

§ x
i 2x+1+3x+1- 9 . 2+3(2) —2+0—2
ion 9% 4 37 o] A% (3)" 1+0
1+ %
2
x* 2x 2x
r) lim1+2x)"  =1lim (1+2x) =|1im (1 + 2x) = e°.

x—0 x—0 x>0
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5.3. llosecTu HemepepBHicTh GYHKNIL ¥ = f(x) y Touni x = 0 i Bera-
HOBHUTH XapaKTep TOYKHU po3puBy OyHKNIT y miit Touni:

sinx

; , x#0,
a) y="—7; 6) y=9 x  saxmo B) Y= 1,-
x x=0; 1
L 1+2*

a) Ilpn x = 0 dynK1id f(x) HeBU3HAUEHA, OTIKe, BOHA He HellepepBHA B

- . . . sinx
uiit rouni. Ockinexn lim
x—0 x

=1 i BignmoBizHo rpanuni pyuxuii snxiza

sin x

. . . e . sinx .
i cnpasa Bix Toukn x = 0 ckingenHi i pisHi, To6TO lim = lim =1,

x—-0 X x—+0 X
To ¥ = 0 — TOYKaA YCYHYTOTrO PO3PUBY NEPLIOTO POLY.
6) IlopiBHAHO 3 MOmepeAHiM HPUKJIAZOM TYT DYHKIiS ZOBU3HAUYEeHa
B Touni x = 0 Tak, 1o lirrg f(x) = f(0) =1, orke Taka QyHKIis HenepepBs-
HA B i Toui. =
B) Ilpu x = 0 dynkuia f(x) HeBusHauena. Ockinpkyu rpanuni GyHKIii

. . . . . 1 1
3JjiBsa i cpaBa Bif Touku x = 0 ckinueHHni, To6ro lim -=——=1;
x—>-0 2 1+0
1 1 1+ 2%
lim ~=0; (2* = 0o mpu x — + 0), T0 B Touni x = 0 byuKIia f(x)
x->+0 -
1+2*

Ma€ pO3PHUB MEPIIOro Poay.

3adawi i enpasu oaa camocmiiinoi pobomu

. . n-1
5.4. J[losecTn, 110 IPH 11 — oo TOCJLJAOBHICTD X, = —— Ma€ IPaHUI0 —

uucio 1. ITounnarouu 3 sIKOro n a6CoNIOTHA BeJIMYNHEA PisHUII Mix x i
1 He nepesungye 1074?

. . 3n+4
5.5. [ToBecTH, 110 IPU 12 —> oo MOCHIZOBHICTS X = Mae rpaHu-
"o2n+1

3
0 — YHUCJIO —.
X 2

1 5 9 4n -3
5.6. loBecTH, 1[0 IPU 11 — o NOCJAIZOBHiCTH E H 5; Z; el Y
Ma€ TpaHHuIi0 — Yuco 4.
1 1 1
5.7. loBecTH, 1110 IPU 71 — co MOCJHiLOBHICTE 1; 3 ; 3; e} on—1 e €
n —
HECKiHYeHHO MAaJIolo.
- 6x+8 2% +3x2 + 2x

. x .
5.8. lim x -8x+12° 5.9. lim ¥ —-x—-6
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x2-5x+6

5.10. >

lim

x—3

512, fim X%
e N T3x 41

Jx-1-2

lim Py

x—3o0

5.14.

5.16.

5.18.
5.20. lim (Jx+a - V).

t
5.22. lim gmx .
x50 sinnx

2 arcsin x

5.24. lim 3r

x-0

5.26. lim 5
x

x—0

x
X X
lim| —— &
ool 1+ X
x+1

I 3x—-4)s
sol3x+e

i a" -1
nl—I)% h

5.28.

5.30.

5.32.

1

lim (cos x)m *,

x—0

5.34.

cos ox — cosPx

5.11.

5.13. 1

5.15.

5.17,

5.27. 1

5.29.

x* —6x*+11x -6
P -3x+2

lim

x—-1

. 2x*+8x* +5x -6
e e i 3x +Tx—1

x3 xZ
£1_1}_}[2x2 -1 2x+1}

., Vi +1 -1
im—p——.
-0 x? +16 — 4

VI+x+x% —v1-x+x2

. 5.19. lim 3
x-0 X —-X
5.21. lim(\/xz +1-x2 -1 )
. tgx —sinx
5.23. lim———.
x—0 X
1-cos®x
5.25. lim ————

x=0 xsin2x

\/5-—\/1+cosx

sin? x

. x+1 Y™
x]E»E x -2 ’

im

x—0

5.31. lim
x>0
R |
5.33. 1}_’,’(} 3
sin x Yr-sinx
5.35. lin(}( .
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— e ex _ e—x
5.36. hm 5.37. lim———.
o1l x—1 =0 8inx

x
5.38. IlokasaTu, 1o npu x = 4 pyHKHis y=;—-—z Ma€e po3puB.

225
5.39. IToxazaru, mo npu x = 5 QyHKUia y= xx 5 Ma€ po3puB.
. 1
5.40. 3HaliTH TOYKHU PO3PUBY DYHKIII ————.
(x-1)(x-5)

ki 3 pyHKNii, HaBefeHUX HUKYE, € HEIIePePBHMMHU B Toumi x = 17
SIKiIo € NOpyLIeHHS HellePEePBHOCTI, BCTAHOBHMTH XapaKTep TOYKM PO3PUBY.

2 _ x2 -1
541.y = Z 11. 542. y={2_1’ AKIo x #1;
2, AKImo x=1.
1 1
5.43. y = . 5.44. y————i
1+2%1

Bionoeioi 0o 2aaeu 5

1 2 1
5.8. 9 5.9. 5 5.10. 5 5.11. -2, 5.12. . 5.13. «~. 5.14. oo,

1 1 1
5.15. e 5.16. T 5.17. 4. 5.18. ——; 5.19. —-1. 5.20. 0. 5.21. 0.
1 2 -2

5.22. . 5.23. —. 5.24. =. 5.25. 3- 5.26. p* - o . 5.27. -‘/—E
n 2 3 4 2 8
1 -2 1 2

5.28. =. 5.29. ¢, 5.30. ¢ ? . 5.31. ~=. 5.32. Ina. 5.33. 3" 5.34.
e a

1.5.35. 1. 5.36. e. 5.37. 2.
e
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Po3min 111
TUOEPEHIIAIBHE YACJIEHHA

I'nasa 6. Iloximni Ta andepenuianm

§ 1. TlonsTTa noxignoi

Hexait pynruia y = f(x) BU3HAYEHA HA MPOMiXkKy X = (a, b) (Mosx-
JINBO, HeCKiHueHHOMY). BisbMeMo goBinbHY TOUKY x, € X i Hazamo iif
nosinsHOro mpupocry Ax # 0 Takoro, mob x, + Ax € X . Pynxnis gicra-
He B TOYIi X, BigmosigHuit npupicr

Ay = Af("o)" f(xo +Ax)—f(x )

Osnauenns 1. IToxionow pyuryii y = f(x) Yy mouyi x, Ha3uBaembsCs
2panuys 8idHowenHs npupocmy yiel gpynryii do npupocmy apeymenmy
Ax, aKuo npupicm apzymenmy npamye 00 HYyrA. ( )

, , dfl\x

THoxigna nos3HauaeThbCsa OJHHUM i3 CHUMBOJIIB: f (xo ), y (xo ), —2—0— ,
dy : *
e D, Df (xo), Hapgani, Ax npaBuio, HafaBaTUMEMO NepeBary nepiuo-
MYy CMMBOJY, sKkuii BBiB JlarpaHik.

OToix, 32 O3HAUYEHHAM

f(x,) = lim &Y - i fleo + Ax) - f(xO).
Ax—>0 Ax Ax—0 Ax

1)
Bigsomenusa

ﬂzf(xo"'Ax)_f(xo) @)
Ax Ax

HA3UBAETHCH JUPEPeHUIANbHUM Gi0HOULEHHAM.

V BUnmazKy, KoJu rpaHuna siguouwenns (2) npu Ax — 0 He icHye,
BBaXKaTHUMeMo, INo PYHKIiA B TOUlll X, He Mae noxigHoi.

Axuo dyHKIiIA Yy = f(x) Mae MoxXimHy B KOXKHIi Touni x € X, To mo-
3HauaTUMeMo Ifo moxiany y  abo f’(x).
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Orsxe, AKmO x, — dikcoBana Touxa nmpomixky X, To noxix=a f (xo)
y pasi ii icHyBanHA — geske uucio. SIKIO moXigHa icHye B KoHiit
Touni x€ X, To f (x) yxke byukuia sig x.
dayBaxenHs l.dxmo npomixkok X — 3aMKHeHHi, HanpukJiazn,
X = [a, b] ixy=a,roy dopmyani (1) rparuusa npaBoCTOPOHHA:

f(a + Ax)— f(a).
Ax

fla)=Lim,
AHanoriuno, SKI10 x, =b, To
f’(b) = lim f(b + Ax)— f(b)
Ax -0 Ax
(rpaHunA JiBOCTOPOHHSA).
3ayBaxeHnHsa 2.3po3yMino, mo rparuns (1) icuye He gas Oyan-
AKoi QyHKWil i He masa Besikoi Toukm x,. Hanpuknax, mna dysxmii
y= le y rouni x, =0 rpanuns (1) He icHye, OCKiNnbKU AubepeHTiaIbHE
BigHOImEeHHH (2)
Ay | 1, akmo Ax > 0;
Ax -1, axkmo Ax <0.
3dayBaxeHHs 3. ko icHyloTs rpaHnni
i Tt 85)= 1) | e+ an)-ley)

Ax -0 Ax Ax —+0 Ax

TO IX Ha3UBAIOTDH BiAMOBINHO 1i60I0 i NPasoio noxidnumu Pyrryii f (x) Y
’ ’
mouyi x, i mosHavaoTh f ( ) if (x ) Ile Tak 3Bani onnoc'ropormi

noxizmwi. Hanpmcnan, ni moxizui B rouni x, = 0 mMae yHkuis f lxl

npnt{omyf()_llf() . ,
SAKI0 iCHYIOTE JiBa H npaBa moxigHii f (xo) 1. (xo), TO, OUeBUIHO,

icaye noxigua f (xo), npudomy f (xo) =f (xo) = f: (x,). Ockinbku pus

?
dbynkuii f(x)= |x| 7. (0)# £,(0), To £(0) me icaye.
dayBaxeHHasa4. KO ANa NeSIKOro 3HAYEHHA X BUKOHAHA OnMHA
3 YMOB
limé"i=+°° abo lim—[}-y-z—oo
Ax—0 Ax Ax—-0 Ax
TO KayKyTh, IO B TOYIi X, QYHKIiA Mae HECKiHUEHHY ITOXiZHY IIeBHOrO
3HAaKa.

AHaJioriyHO BCTAHOBIIOETHCA MTOHATTS OIHOCTOPOHHIX HEeCKiHUeHHUX
1

noxignux. Hanpuwxnan, ysxnia f(x) = x® y Touni x, = 0 mMae Heckinuen-
HY IIOXifHY, L0 ZOPiBHIOE +oo . JlificHO,
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1

lim ___f(0+Ax)—f(0)= lim axp = lim L 7 = too,
Ax—+0 Ax Ax—>+0  Ax Ax—+0 (Ax)§

V nomanbImoMy, K0 He 06YMOBJIIOETHCA OKPEMO, IiJ cI0BaMH “@yH-
KIIif Ma€ MOXigHy” po3yMiTMMeMO Jiniie HafBHICTh CKiHUeHHOI MOXigHO].

Osnauenns 2. Pynruyia y = f(x) , AKQ Ma€ NOXIOHY 8 MOUUL X, , HA3U-
saembcs Ouepenyiilogrow 6 movyi x,.

Onepanisa BiAmIyKaHHs NOXiHOI HABUBAEThCA JUPEPEHYIIOBAHHAM.

Teopema (Ipo 3B’A30K Mix HOHATTAMU JudepeHnitoBHOCTi i Heme-
pepsHocti). Axwo pynryia Yy = f(x) dugpepenyiiiogna 6 mouyi x,, mo
60HA 8 Uuill moyyi HenepepeHa.

HdoseneHH a. Ockinbku QyHKIiA f(x) nudepeHIiiioBHa B TOYII1
X, TO iCHy€ rpaBMIA

—

, Ay
f (xo) = Al}glo Ax
3anuuIeMo TOTOXHICTH
Ay
Ay = —-Ax
v Ax

i mepeiinemo B Hilt go rpanuni, akmo Ax — 0. icraremo
Ay ,

lim Ay = l1m 2 lim Ax =f (x,)-0=0.

Ax -0 Ax—0 Ax Ax—0
A 1e ¥ osnauae, 10 QYHKIIA Y = f(x) HemepepBHA B TOYILL X,.

Haromocumo, 1o ¢pysKIis f(x), HemepepBHa B Touui x,, He 060B’A3-

KoBo qudepesnifoBsa B i routi. Tak, pyuriia y = |x| , PO AKY HILI0CA
BHIIe, O4EBUAHO, HellepepBHa B Toulli x, = 0, mpoTe noxixHoi B 1ii Touni
He Mae.

Bigomi npuxnagu dyskuiii, axi HemepepsHi Ha BcbOMY NPOMikKy X,
IpoTe B XOAHIN To4Ii He MalOTh IOXigHOI.

§ 2. 3micT noxianoi

Ilo noHATTA noxidHoi IPUBOAATH PisHOMaHIiTHI 3asaui reomerpii, mexa-
Hiku, Ximii, exoHOMiKH, 6iosorii Ta inmux Hayk. PosrisiHeMo nedKi 3 HUX.
3amaua npo aoTnyHy A0 Kpusoi. Hexait dyuknia y = f (x) audepeH-

uifioBHa B TOULi X, , ToOTO icHye noxinHa f'(x0 ) . PiBusinna ciunoi M M,
AKa IPOXOAUTH Yepes TOUKKu M, (03 Fl, )) i M(x, +Ax; f (xo + Ax)) rpa-

¢dixka pyrknii y = f(x) (puc. 45), mae BUTAAN
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Y = 7, )+ £y +A;;C)—f(x0)'(X_xo)

ne X i Y — aminni xoopamHarn Touku ciunoi. Kyrosuit xoedimienTt
f(xo + A%) - f(x,)

Ax
HUYHE I0JIOKEeHHSA CiYyHOl BU3HAYAETLCA PIBHAHHAM

4
Y = flxo)+ £/ ) (X - x, ).

IIpama, Axka 3aKa€ThCA UM PiBHAHHAM, HA3UBAETHCS JOMUYHOK 00
epagirka Qyukryil y = f(x) y Touni x,. KyroBuit xoedimienT mormunoi
f’(xo) = tga .

Ocranus ¢opmysa IPUBOAUTEL A0 FEOMETPHUYHOTO 3MICTy HOXimHOI:
noxixgua f'(xo) bysknii y = f(x) y Touli X, ZOPiBHIOE KYTOBOMY KoOe-
dinienry moruunoi mo rpadirka dyurnii y = f(x), IIpoBeAeHOol B ToUIli
(s Flxo)).

l'eomeTpuune TiIymaveHHs nOXigHOI AK KyToBoro koedimienra no-
TUYHOI Ao rpadika GyHKIII NOmMMUpPIOETHCA 1| Ha BUNAJOK HECKiHYeHHOL
noxiasoi. ¥ nsroMy pasi JoTHuHa mapajiesbHA Oci Oy.

3anaua npo MMTTEBY mBHAKiCTL. PosrisinemMo HepiBHOMipHUI nps-
MOJTiHifiEMI pyX TijNa, IO PO3MOYMHAETHCA B MOMEHT uacy ¢ = 0. Baa-

KaTUMEMO, W0 HILNAX, IOoAOoJaHuil TisoMm 3a uac ¢, AopiBHIOE S = S(t).
Dyukuia S(t) Ha3WBAETHCA 3AKOHOM DYXy mina.

ciunoi npu Ax - 0 npsamye go f’(xo). A Tomy rpa-

Ilnax AS, akuit moposnae Tijo 3a BiApizok wacy [to; t, + At], 3HAXO0-
AUTBCH SAK

AS = S(t, + At)- S(t,).
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CepeHBOIO IMBUAKICTIO PYXY 3a IPOMIXKOK Yacy At Ha3UBAETHCs BiHO-
MeHHA

o - AS _ S(t, + At)- S(t,)
¢ At At ’
B AKOMY JIETKO BIlidHaty AudepeHIianbHe BiHOIIEHHS.
MurTeBo0 NIBUIKICTIO DYXY U(t,) Y MOMEHT {, HABMBAETHCH 2PAHUYA
ybozo sidnourenns upu At — 0, Tobro

v(to) = lim -A—S = lim S(to ks At)_ S(tO) = S'(to )
At—0 At At—0 At

Orxe, MOXigHA Bij MIAAXY 38 4acOM AOPiBHIOE MHUTTEBiil IIBUAKOCTI
npsmosiniiiHoro pyxy rina.

3agaua npo BUTpaTH BHPOGHMITEA Ta BUPYUYKy. Hexait K = K (x) —
BUTpPATH BUPOGHUIITBA OXHOPiAHOI NPOAYKIIii — JAedKa GYHKIIA KLIbKOCTI
mpoAyKIii x. 3azHauMMO, 110 KinbKocTi mpoaAyKuii x + Ax BifIOBia0TH
BUTPATH BUPOGHHALTBA NMPOAYKI K (x + Ax). Orxxe, nudepeHiagbHe BiTHO-
[IeHHSA, L0 XapaKTepusye cepefHiil mpupict BUTpaT BUPOOHUILITBA,

AK(x) _ K(x + Ax)— K(x)
Ax Ax '

Bono Big6uBae npupicT BUTpPAT BUPOOHUIITBA HA OAMHUIIO IPUPOCTY
KinpKoCTi mpoxyKiLil.

T'paunus

lim AK () = K'(x)

Ax-0  Ax
HA3UBAETLCA ZDAHUNHUMU sumpamamu eupobhuymaea.
Hexait U(x) — BHUPYUYKA BiJ IpPOoJaKy X OJMHUNB TOBapy. MipKyBaH-

Hf, aHAJIOTiUHi monepeAHiM, IPUBOAATH OO I'PaHUL]
. AUlx . Ulx ~-Ulx
lim —(—) = lim ( + Ax) ( )
ax—-0  Ax Ax—0 Ax
AKY HA3WBAIOTh 2PAHUYHON 8UPYUKOI.

=U'(x),

§ 3. Ipasuia andepentioBaHHA

ndepenuiopanas cymu, 1o6yrky it sacrku. Teopema 1. Arxuwo
Qyrryii U = U(x) iV= V(x) dupepenyiilosni 8 mouyi x, mo QyHKYil

U(x)i V(x), U(x). V(x), %—%% (8 ocmannvOMYy 8UNAOKY NPUNYCKAEMbCA,

wo V(x) # 0) maxox duepenuyiitosni 6 yiit mowyi i mawoms micye gop-
myau:
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V2
HoBenenna. a) Hagamo x neaxoro mpupocry Ax. Toni pyurmii
U i V matumyTs npupoctu AU i AV, a dyukuia y=U+V — npupicr
Ay = AU * AV. Orxe,
+
lim &% = lim AU£AV lim AU + lim AV _ U'lx) £V'(x),
Ax—0 Ax Ax—0 Ax Ax—0 Ax Ax-0 Ax
To6TO0 QYyHKIITI U (x)i V(x) AidicHo nudepeniiiosHi B Touni x i Mae Micie
dopmya a).
6) Hanamo x meaxoro mpupocry Ax. Toxi ¢pyurnii U iV MaTUMYTb
npupoctn AU i AV, a dyukuia y =U -V — npupicr
Ay=U(x+Ax) V(x+Ax)-U(x)-V(x) = [U(x + Ax)- U]V (x + Ax) +
+U(x) [V(x + Ax)-V(x)] = AU - V(x + Ax)+ U(x)- AV.
Orixe,
AU |4
A _ 2 e s ax)+ Ulx) AV
Ax Ax Ax
3azHauumo, 10 GyHKIis V(x) HellepepBHA B TOYIli X, OCKiJILKM BOHA
AudepennitoBHa B il Touui, a Tomy V(x + Ax)—> V(x) npu Ax — 0.
Tlepexoasium po rpamuni npm Ax — 0 B ocTaHHii piBHocTi, gicTanemo
Yy =UV +UV’, tobro dynxuia U -V paificHo xudepeniiiioBHa B TOUni
x i mae micne dopmya 6).

B) Hanamo x meskoro mpupocty Ax. Toxi dyurnii UiV MaTHMYTh

U
npupocrun AU i AV, a ¢pyukuis y= v npupicr

_Ulx+Ax) Ulx)
T V(x+ax) Vix)
Ilepexoasuu no rpaHuni opu Ax — (0 B ocTaHHii piBHOCTI, AicTaHeMo
,_Uv-uv’
y = ‘7—
Mae Mmicie popmyiia B).
H,ac.rtiaox. HMoxnanemo y dopmyni 6) V(x)=c, Toai V’(x) =0 i
(CU) = CU’, T06TO CTanuii CIiBMHOKHUK MOM(HA BUHOCHTH 3a 3HAK TIO-
xigHoi.

U
» T00TO QyHKIisa ; ZificHo nudepenniiioBra B Touni x i



Noxiaxi Ta AvdepeHuiany 223

JOudepenuirorannsa cknaxaoi ¢pyaxnii. Teopema 2. Hexait y = f[(p(x)]
— CKJIafiHA QYHKIIA, ne y = f (U) iU-= (p(x) — nudepeHniioBHi GyHKIiI
cBoix aprymenTis. Tounime, 30BHimHEA GyHKUis y = f (U) yrouni U = (p(x)
mae noxiany (o U) y;, = fy (U), a BHyTpiniHa ¢pyuxnia U = (p(x) Yy TOUIIL
x mae noxiany (no x) U, = ¢’(x). Toni cknagna dynruis y = f [(p(x)] pude-
peHnjiiioBHa B Touli X, mpudomy ii moxigHa o6umcaI0ETHCA 38 POPMYIIOI0

o) = £,) ¢'x),

a00 KOPOTKO
=y, Ul unu —==——-——.
v x

IoBenennsa Hagamo x gesaxoro npupocty Ax # 0. Toai dyHK-
nia U = (p(x) nicrane npupict AU, a byuxknia y = f(U) — mpupict Ay.
3a ymosu AU # 0 maemo

Ay _ Ay AU
Ax AU Ax
Ilepexogsuu B it piBHOCTI o rpanuni npu Ax — 0, gicranemo

y. = lim A _ i BY gy AY - y, U,
Ax—»0 Ax AU-0 AU Ax—0 Ax

10 # moTpibHO JOBecTH.

IIpu noBeaeHHi BpaxoBaHo, 110 GyHKIis U = (p(x) HelepepBHA B TOYIL]
X, ocKinbKK BoHA nudepeHIiiioBHa B it Touui i, oTike, AU — 0 npu
Ax — 0.

3aysBaxeHH da. [Ipunyuienns, o gocuts majomy Ax # 0 Bigmo-
Bigae AU # 0, sBuuaiino, cyrrese. IIpote skmo AU =0 (mo peui, meit
BHUIIAJ0K 3yCTpivaeThCa pifko), To hopmyny audepeHUilOBaHHA CKJIAX-
HOI ¢yHKII] HEBAXKKO BCTAHOBHTH TPOXM iHaKIIe.

Hacanidox (nudepeHuitoBanusa obepHenoi pyuknil). Hexaw dbyHrnis
x=g obepHeHa mo BigHOomeHHIO A0 GyHkuii y = flx), npnqomy
dbyuruii f(x) i g(y) MaTh DOXifgHI Bm;nosumo B TOUKAX X 1 f x
BeraHOBUMO 3B’A30K Mix MOXigHuMHu y, = f (x);ﬁ 0ix,= g LS

Ockinbku x = g[f( )] IIpH BCixX X, TO 3a IPABIJIOM nmbepenunonamm

cknanuoi dpyukumii 1= g(y)- f(x),

sBiaku g'(y)= 1 a60 KOpPOTKO X, =L qu dx 1
y)= ij,x ’ ¥ y; dy dy
dx

Ocranni dopmyan MaioTh NPOCTHH reoMeTpuuHuil smicr. Kyrosuit
Koedimient goruusnoi o rpadika Gyl y = f (x) y Toui (x; y)e f'(x):
=tgo, a kyroBuit KoedinieHtT a0 rpadika byHrOii x = g(y) B TOYIi

(y; x)- g'(y) = teB (puc. 46).
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Puc. 46

Ouesupano, mo o+ =

NS

»arTomy tga-tgB =1, abo f(x) g'(y)=1.

§ 4. lucepenniiioBricTs enemenTapunx dynkuiii

Y § 3 6ys0 posrisHyTO MpaBuIa O6UKCIeHHS HOXimHUX ANA GYyHKIii
onHiei aminnoi. Bouu narots 3MOTry 3HaXOOMTH NOoXixHi 6yab-axux eje-
MEHTAPHUX DYHKILiH.

JloBexemMo, 1o Bci ocHOBHI eseMedTapHi pysruii (3a BrHATKOM
arcsinx i arccos x ) audepeHniiiosHi Ha cBoixX o6IacTIX BHU3HAYEHHA,
IPUYOMY BUKOHYIOTBCA QOPMYJIH, AKi 3aIMIIEMO B OKPeMy TaK 3BaHY
TaBJIHII0 MOXiTHUX.

1. () =o.
2. (x“)’ = qx®t,
3. (@*) =a*lna, (e*) =e".

. (log, x), =-1—, (nx) =-1—.
xlna x

1S

’
5. sinx) =cosx.

[=2]

’
. cosx) = —sin x.

1
cos? x

7. (tgx) =
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8. (ctgx), =—— 12 .
sin” x
9. (arcsin x), S (|x| < 1).
1-x

10. (arccos x)' St (|x| <1).
1-x

11. (arctg x)’= !
1+x

. / 1

12. (arcctgx) = -

7"

1+ x?

HoBenensn . 1. Hexait Ha neskomy npomisxkxy X samaHo cran
¢ynkniro y = C. Toai nnsa gosinpuux Touok x € X i x+ Axe X (Ax 20

Maemo y = f(x)=C i y+Ay=f(x+Ax)=C. Orxe, Ay=0, a Tomy

Y _oitim®-0iy-=o.
Ax Ax-0 Ax

JJ1st CKOpOUeHHSA TOBeAeHHA HACTYNHUX (POPMYJ HOZAEMO iX Yy KOH-
CIIEKTUBHOMY BUTIJIAAL.

2. y=x" y+Ay = (x+Axf; Ay = (x + Ax Y - x%

1+_A_x_ Ol—1
£=(x+Ax)“-x“=xa_l x .

b4

Ax Ax Ax
x
A , _
lim 2L = gx®1; (x°) = ox*™?
Ax—0 Ax

(BpaxoBaHo opmymy 3 § 7 ra. 5).

x

3. y=a*; y+Ay =a**™; Ay =a*** —-a*;

A.’_/__ ax+Ax_ax __ax aA’—l_
Ax Ax Ax
lim Ay _ a*Inag; (@Y =a*lna
Ax—0 Ax

8 Bacunsuenko 1. IT.
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(BpaxoBano ¢opmyay 3 § 7 ra. 5). 3okpema, NIpH @ =e AicTaHEeMO
(e%) =e*.

4. y=log,x; y+Ay = loga(x +Ax);

Ay =log, (x + Ax)-1log, x = log, 1+£ .
x

Ax Ax
il 1 ar
loga(l + ) 1 oga(l + )

Ax Ax x Ax ’

X

. Ay 1 , 1
lim —= = ; (log. x) =
420 Ax  xlna (log, x)

xlna
(BpaxoBano dopmyny 3 § 7 ru. 5). Boxpema, npu a = e xgicranemo
(Inx) =—.
x
5. y = sin x;
y+Ax = sin(x +Ax);

Ay = sin(x + Ax)-sinx = 2siné;-cos(x +%)

. Ax Ax
2sin —cos| x + — sin =~
Ay 2 x Ax
—_—= = cos| x + — |;
Ax Ax Ax x

lim A_y =1-cosx =cosx;
Ax—0 Ay

(sinx)’ = cosx

(BpaxoBaHo nepimy Ba)KJIMBY rpaHunio (rJ. 5) i HemepepBHicTs GyHKIII
cos X).

6. [lns sHaxoMeHHA HOXigHOI PyHKIII y = cos x moxamo ii y Bursai
. 1L . . . T
y= sm(-é— - xj 1 pO3IJIAHEMO AK CKJIaAHY dyuKiio: ¥y =sinU, U = 5 x.

Tomi y, =cosU iU, =-1.0mxe, y, = cosU(—l):—cos(g—x]:—sinx,

TaK IIo (cos x)/ = -sin x.
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7. 3a mpaBuioM AudepeHIlilOBAaHHA YaCTKH MaEMO

7
(tgx) = sinx ) _ (sinx) cosx —sin x(cosx)’ _ cos’x +sinx 1
cosx cos® x cos® x cos’ x
8. AHasoriuso JoBOAUTECH, 10 (ctgx) = —— =
sin® x
9. ®yHKUia y =arcsinx(|x| < 1) € obepHeHow x0 GyHKIIi

. T . , . , ' n
x =siny |y| < 20 NpuYOMy moxifiHa x, =(siny) =cosy npu |y| < 3
He JOpiBHIOE HyJ 0. A TOMy 3a mpaBuJoM JucdepeHIilOBaHHA o0epHEeHO1

byurii
1 1 1 1 (|x| < 1)

y. = (arcsinx) = ——— = = =
(siny) cosy f1-sin’y V1-x?

. T
(tepes KopeHeM o6paHO 3HAK “+”, ocKuibku cosy >0 npu |y| < —2-).

Orxe,
= (l<1).

arcsinx) = ———
( ) 0
10. AHanoriuHo JOBOAUTHCH, IO
1
arccosx) = ——— (¥ <1).
( — (<1

11. ®dyHknia y = arctgx (xe R) ¢ obepHeHOO A0 QYHKIII X = tgy

ly| < hid , IPHUYOMY TIOXigHA x; = (tgy) = >— TpH |yl < T e AopiB-
2 cos’ y 2

HIOE HYJI0. A ToMy 3a IpaBuJioM audepeHniloBannsa obepHeHol QyHKIil
, , 1 1 1

' =(arctgx) = —— =cos’ y = = .

Y (tgy) Y 1+tg?y 1+x% .

, 1
Orsxe, (arctgx) = 5.
1+x

12. Anajnoriuso f0BOAUTHCH, L]0
1

1+x%°

Ha saxinuenssa HaBeneMo ¢opmynay AudepeHniloBaHHA IIOKa3HUKO-
BO-cTeneHeBol PyHKIii y = [U(x)]v(') yae U = U(x) >01V= V(x) — Au-
depennitosri GyHKIII.

(arcctgx) = —
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3a npaBuioM audepeHIil0OBaHHA CKJagHOl QyHKIII MaeMo

(U")’ = (e"'“”), = eV’“”[V’an + V%—lj’

TaK 1[0 (UV), = UV(V'an+V%].

Iligxpecaumo me pas, mo TaGaUIA MOXiZHUX Pa3oM 3 MpPaBHIAMU
JudepeHnilOBaHHA CKJIANAIOTh OCHOBY AM(epeHIiaJlbHOrO YHUCIAEHHHA.
Kopucryounucs HUMH, MOXHA 3HAUTH NOXiAHI Bif QyHKILiH, AKi yTBOpeHi
3a KOIIOMOroio apudpMeTHUHUX onepaniif Ta cynepnosnItiii Haj OCHOBHU-
MU eJleMEeHTapHUMHU QyHKRisgsMu, To6TO nepeiiTi Bix 6yAL-AKUX eJIeMeH-
TapHUX QYHKIIi 3HOBY Ao enemenTapaux. Ormxe, onepailis audepeniiro-
BAHHA He BUBOJUTH 3 KJIACy ejleMEHTapHUX QYyHKITiH.

§ 5. Ioxinni BHIMX NOpsAKIB

Hexait bynkuisa y = f(x) Mae noxiguy Ha npomixkky X. ko B Touni
x, € X moxigua f’ x), y CBOIO yepry, audepeHitoBHa, To il mOXigHy
Ha3UBAaIOTh NOXiOHOI0 OpYyz020 nopadky abo Opyz01w noxidwow QyHKYil
y=f(x) y rouni x,e X i mosHauaoTh OAHUM i3 CHMBOJiB: (x,),

a’f (xo) d’y 2 2
y'(x,), o dnt’ D%, D’y(x,).

Osnavennsn 1. Hexail pynkyia y = f(x) mae na npomixncrky X noxiowni
fx) ), ..., f"Dx). Txwo 6 mouui x, € X icnye noxidna pynryii
f (""1)(x), mo il Ha3ueamb noxXiOHOW0 N-20 NOPAOKY GyHKYIL [ (x) Yy mouyi

, , d*flx ar
x, i no3navaromeb 0OHUM i3 cumB0Ni6 f(")(xo) y(")(xo ), #, d—‘f’f,
x x
D"y, an(xo)'

Orxe, AKIO QyHKUiA y = f(x) Mae B Toulli X noxixgHi Ko n-ro mopaAx-
Ky Brimouno, o ™ (x)= (f"" (x)) .

O3navenna 2. Pynryisa y = f(x), Axa mae Ha Oesarwomy npomixky X
noxioni 00 n-20 nopadxy 6KAOLHO, HA3UBAEMbCA N Pa3i6 Judepenyiiios-
now na X. @yuryis, axa mae Ha X noxidui acix nopadxia, Hasusaemocs
HecKiHyenHO Ougpepenyiiiosnow na X.

3 osnadenHsa 1 GeamocepeHbO BUILINBAE, IO

[clU(x) + czV(x)](") = clU(")(x) + czV(")(x),

ne ¢, 1 ¢, — npoBinbHi crani; U(x) i V(x) — n pasiB audepeHnioHi
dbyBKOil.
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¥V 3arajpHOMY BHNAAKY AJiA OO0UYMCIIEHHA NOXiZHOI BUIIOro MOPAAKY
HOTPi6HO NONepeAHLO 3HAWTH MOXiAHI Beix HMXUMX mopaaxis. B oxpe-
MHX BUIAJKaX BAAETHCA BCTAHOBUTHU 3arajibHUN BHUpas AJA NOXigHOIL n-
ro MOPSIKY. :

Hpukaax 1. 3uaittu noxigny n-ro nopsaky pyskuii y =x*, ae€ R,
x>0.

Maemo mocytizoBHO

-2

y;=axu—1, y’=(x(0.—1)x 5 eeed
¥ =ale-1)@-2), ..., (@ —n+1)x"".

n)
3oxpeMa, npu O =-1 maemo l) =—(-:M, a mpu a=—%

(i](n) _1yn -1 ’ "

Jx (Zx)' N Ale CHMBOJIOM (n)l! [M03Ha4YEHOo AOOYTOK HATY-

paNbHHUX YuCeJl, SKi He IepPeBHIYIOTh 11 1 MaioTh 3 1 OJJHAKOBY IIapHICTb
(uanpuxaan, 711=1.3.5-7, 1011=2-4-6-8-10).

Ias supasy y=(a+bx) (a,be R) mMac micme dopmyna y® =
=o(a-1)(a-2) ... (e—-n+1)d" (a+bx)*™" . 3oxpema, mpu 0 = —1 MaeMO

( 1 ]‘”)_(-1)Pnzb"

a+bx | (@ +bx)™ ’

aIqnpu o = —

1 Y 1yen-1)up
Ja + bx 2"(a+bx)”\/a+bx.

HNpukaax 2. 3uaiT HOXiAHY n-ro nopAAKy Gyskuii y =Inx.
Bpaxogyioun, mo y = (y)*"!, marumemo

(in )" = [l) Sy,

Hpuxaan 3. 3uaiitu noxigHy n-ro nopaary ¢pyuxuii y = a”.
Maemo mocyIizoBHO

y' =a*Ilna,y" =a*(naf,...;
y™ =a*(lna).

BokpeMa, AKIIO y = e*, To y = e*.
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IIpuknan 4. 3uaitTu moxiguy n-ro nopAaxky byHknil y =sinx.
Maemo nocaigosHO

4

, . n : . . T
y =cosx=s1n(x+—2—), y =—s1nx=s1n(x+1r)=s1n(x+2-§),

” . i
Yy =-—cosx =s1n(x+3-§).

¥ 3araJbrHOMY BHIIAJKY
. . T
(sinx)" = sin| x +nZ |.
2
Ilinkom anHasoriuHo

(cos x)") = cos[x +n gj

§ 6. Indepenuian pynxuii

Hexait dyukuis y = f(x) nudeper1iiioBHa B Touni x, Tobro icuye
rpasuIsa
lim L(_’L'f_éﬁ)_:Lx) = f'(x).
Ax—0 Ax

3rigeo 3 Teopemoro 2 (ra. 5, § 1) ayua Bcix 3HAYEHBb 3 JOCUTH MAJIOTO
OKOJIYy TOYKH X MAaeMoO piBHicTHL

% = f'(x)+ (x(Ax),

ne a(Ax) — 0 opu Ax — 0. 3Bigcu
Ay = f'(x)Ax + o(Ax), V Ax — 0,
e o(Ax) — HEeCKiHYeHHO MaJjla BHUUIOTO NOPAJAKY HOPiBHAHO 3 Ax.

3ayBaxeHH A. Ko, HaBMaKy, B TOUNi X IJs IPUPOCTY QYHKIIT
Mae Micne piBHicTB

Ay = AAx + o(Ax), VAx - 0,

Je A — crana, To GyHKNis f (x) audepeHIiiioBHa B Touni x i 4 = f’(x).
HiiicHo, 3 ocTaHHKOI YOPMYJI BUNIMBAE

o(Ax)

£=A+

, VAx - 0
Ax
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f'lx)= }jgno% = A.

Osnavennn. Jupepernyianom pynryii y = f(x) Y mouyi x Ha3uBaemb-
ca 200814, JNiHillHa 8i0HOCHO Ax uwacmuna npupocmy QYHKYIL 6 yii
moyuyi:

dy = df(x) = f(x)Ax.

Hudepenniajom He3aeKHOI 3MiHHOI X BBaXKaTHMeMO HOro nmpupicr
Ax , To6T0o dx = Ax. OToxe, dy = f’(x)dx.

3ayBaxeHHd 3 ocraHHboOl dopMyanm BuUNIUBAE, L0
af
— i
dx
posymirors 1i AK BigHOmEHHA ABOX AudepeHnianiB: pudepeHIiana
¢yuKuii o nudepeHIiasa aprymMeHry.

Ockinpru dx = Ax = x — x4, TO

Ay = f(xo + Ax)— f(xo) = df(x0)+ O(Ax)

i mpu rocuts Manux Ax mae Micue ¢popmyina

Flx) = 7xo )+ (s Az,

SIKOI0 YACTO KODHUCTYIOTHCS NP HAGJMIKEHUX OGUNCIIEHHAX.
Jis 3’ AcyBaHHSA reOMETPUUHOrO0 3MicTy audepeHiliaja 3HOBY 3BepHe-
moca 1o puc. 45. ¥V tpukyrHuky M NK

NK = M,K -tgo. = f(x,)- Ax = dy .
Orxe, pudepennian GdyHKuil fopiBHIOE IPUPOCTY OPAMHATH AOTUUHOL
o rpadira bpyHKuii y = f(x) y Toumi Xx,.

3 npasuia gudepeHIiIOBAaHHA BUILJIMBAIOTE IPABUJIA 00UNCaeHDb aude-
peHunianis pyHrIi:

a) d{U +V)=dU +dv;
6) d(U-V)=VdU +Udv;
U\ _ VdU-Udv
5) d(7)= YU -V (7 (x) ).

s imocTpanii 1oBeeMO OCTAHHE MIPABUJIO.

’ 7, d d
y=f (x): d—z Came TOMy MOXiHY YacTO IIO3HAYAIOTH &% abo

Hexait y = % (V(x) = 0). Toai
U U uv-uv’ VU'dx -UV'dx _VdU -UdV
dy =d{ = |= dx = dx = = .
Ve v? v?

|4

|4
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Beraunosumo dopmyny ans nudepenniana ckiaagHol byHrii y = f ((p(x)),
Je y = f(U) iU= (p(x) — nudepeHnitiosHi ¢pyHKIii cBoix apryMeHTiB.
Orxe, Bumoru Teopemu 2 (§ 3) BMKOHAHO.

3 oxnoro Gory, dy = f’(U)dU, fe U — Hesanesxna aMiHHA, a 3 iHI10r0 —
3a BHUILE3rajlaHOI TEOPEMOIO

dy = flol)]dx = £, V) ¢'(x)dx = 1'U)av,

ae U = (p(x).

Orxe, 30BHIIMHIH BUrAag audepenniana Gysxrmii f (U) abepiraerbed i
y BUNAAKY, Koau U € GyHKIi€0, a He He3aJIeXKHOIO 3MiHHOIO.

110 BaxJWBY BJACTUBiCTL AudepeHIiasla Ha3UBAIOThL iHBAPIAHMHI-
cmio tiozo gpopmu. Ii 3pyuHO BUKOPUCTOBYBATH 1A OGUKMCIIEHHSA HOXiAHOT

dyHKuii, 3agaH0i mIapaMeTpUYHO.

Koporko 3ynuHuMOcs Ha TaKOMy cnocolbi 3ananud GyHKHil y = f(x)
3a IoIoMoroo ABoX GyHKIii: x = (p( ), y= \u( ) IIpunycrumo, 1o GyHK-
uia x = (p(t) Mae obepHeHy ¢ = d>(x). Toni, oueBUARO, Y € AeAKOI0 QYHK-
miero Big x:y =y [(P(x)] = f(x). Orixe, napa GyHKIiN x = (p(t) iy= \y(t)
BU3HAYAIOTH JAeAKY PyHKLiO Y = f (x) , 3a1aHy mapamerpuyHo. [lomomixkHa
3MiHHA ¢ IPU IBOMY HA3UBAETHCSA NAPAMEMPOM.

IIpunyecrumo, mo Gpysrnii (p(t) i w(t) — nudepeH1itoBHI B KOXKHIH
rouni ¢ npomixkky T, npuyomy \y’(t):# 0 npu Bcix t € T. Bpaxosyioun,

, d
wo dx = ¢'(t)dt, dy = y'(t)dt, a ¥, = d—Z— , MATEMEMO NOXiAHy Bix PyHKIIT,
3aaHO]l IapaMeTPHUYHO, Y BUPIAAL

,_y)

a0l

§ 7. Indepenniamm BUIIIX NOPAIKIB

Hexail dpyuknia y = f(x) n pasiB gudepeniiiopaa Ha NpoMixKKy X.
Toai y KoxxHiii Tounti x € X icHye, 30KpeMma, ii gudepennian dy = f’(x)dx,
AKUH HafaNi Ha3UBATUMEMO TAKOX JugepeHyianiom nepuiozo nopaoxy
dyrnruit f(x). OckiNBKY MpUpicT apryMmeHTy dx — BeJMYHHA CTaja, TO
dy € dynkuieo oxuiel sminnoi x. [{udepennian uiei pynxuii Hazusaru-
MeMo Jugeperyianom 0pyz020 nopadry GyHryii f(x) 1 mo3HaYaTHMEMO
d?y abo d?f(x). Or:ke, 3a o3HaueHHsM, d’y = d(dy).

Hani maemo

d?y = d(f’(x)dx) = d(f'(x)) dx = f"(x) dx?
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I, HapemrTi, AKIMO 1A QyHKLIY Yy = f(x) Bifomuii gudepennian (n—1)-ro
nopagky d" 'y, To nudepeHuianiom n-ro nopaaxky d"y ¢yHkuii y = f(x)
HAa3UBAETLCA Jugheperyian nepuiozo nopadxy Bix gudepenniana (n—1)-ro
NOPSAAKY, TOOTO

d"y = dl@"'y).
3a iHAYKIIi€0 ACHO, 1110
d'y = d(f("“)(x)dx"‘l)dx = f®)x)dx".
3 ocTaHHBLOI GOPMYaM BUILIMBAE, IO MPH AOBiJILHOMY N

(n) _ f(n)(x)= d"y s

ax"
ToOTO OXixHY n-ro nmopsaaky GyHKUil y = f(x) MokHA noxATH AK BixHO-
meHHa i1 audepeH1iana n-ro NOPAAKY IO Nn-ro creneHs gudepeHiiana
apryMeHTy.

3ayBaxeHH a. Jubepenniaau n-ro nopagry (n 2> 2) BXKe He
MalTh BJAcCTUBOCTi iHBapianTHOCTi ¢hopmu. MificHo, BxKe nnpu n = 2, 3
onHoro 6oKy, axkmo U — He3asexHa 3MiHHA, MAEMO dzy = f’(U) du?. 3

inmoro, a4 ckgaguoi GyHruii y = f(U), pe U = (p(x), MaEMO
d%y = d(f(U)dU) = d(f'(U))dU + f(U)d(@U) = "(U)dU? + f(U)d*U,

ne d*U = ¢(x)dx®.
Onepyrouu 3 gudepeHitiatamMu, 3pyYyHo 00UHUCAIOBATYA NOXiAHI BUIIUX
nopaakiB Bixg ¢yHkuii, sasmanol mapaMeTPMYHO 3a AOMOMOIOI0 JBOX

dynxni: x = o(t), y = v (t).

g KOHKPEeTHOCTI 3ynmMHMMOCHA Ha BUINAAKY 3HAXONKEHHS Apyroi
noxigrol y” = f'(x), BBaXKA4M, 0 GyHKIIil (p(t) i \u(t) aBiui gudepeH-
nifosri i ¢(t)#0.

Maemo nocmigosuo dx = ¢'(t)dt, dy = ' (t)dt i

d*x = ¢"(t)dt® + ¢'(t)d%t;
dy = y'(t)de? + ' (t)d*%.
OCKiJIBKH X — HeaanekHa aMinna, To d’x =0 i TOMY

d%t =— (p”(t)dtz.
10}

Orxe, OCTATOUHO
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o dy eyt vty Gidar

~dx? @@)Par (@'@)f ar®
_ 9ty )- ¢ ()y'(t)

) (') '

y

§ 8. ExoHomiynmii 3micT noxianoi. BUKOPHCTAHHA NOHATTS MOXiAHOI
B €KOHOMiLi

Panime (§ 2) 6yn0 BcTaHOBIEHO, IO TPOAYKTUBHICTD Mpalli € MOXigHOW0
AK(x)
Ax
YKae rpaHMWYHi BUTPATH BUPOOHUIITBA 1 XapaKTepuaye HabIuxKeHo J0AaT-

KOBi BUTpPaTH Ha BUPOGHUIITBO OAUHUIL AOJATKOBOI IPOAYKILii.
I'pannuni BuTpaTn 3ane)xaThb BiJ piBHA BHpoOHHNTBA X (KinbKicTh
NPOAYKILil, 110 BUPOOIAETHCA) i BUBHAYAIOTHCHA HE CTAJTMMHU BUPOOGHUYMU-
MU BUTpPaTaMH, a Jiuie sMiHHUMY (Ha CUPOBUHY, NAaJMUBO i T.A.). AHaJo-
riyHO MOYKHA BUBHAYMTH I'PAHUYHY BUPYUKY (§ 2), rpaHuununii 1oxix, rpa-
HUYHUH NIPOAYKT, rPAHNYHY KOPUCHICTH Ta iHIII rpaHUYHI BeJUYNHY.
I'pannyHi BeMYMHN XapaKTepU3yIOTh He cTaH (1K cymapHa abo ce-
peAHA BeJIMUUHU), a Ipoliec, 3MiHM eKoHOMiuHOro o6’ekra. Otaxe, 1o-
XigHa BHCTYIaE€ AK MBUIKICTH 3MiHM [JeAKOro eKoHoMiuHoro o6’ckra
(pouecy) 3a yacom afo BifHOCHO iHIIOro AOCHiMXyBaHOrOo (axTopa.
IToTpi6HO BpaxyBaTH TaKOXK, III0 EKOHOMiKa He 3aBXIH JA€ 3MOT'Y BUKO-
PHCTOBYBATH 'DAHUYHI BeJIMUYMHYU Yepes HeMOALIbHICTh 6araTrhox 06’ eKTiB
38 eKOHOMIYHHMMH PO3paXYHKaAMH i AMCKPETHICTh eKOHOMIUYHUX IIOKAa3-
HUKIB 3a yacoM (HampuKJajx, piYHNX, KBapTAJbLHUX, MiCAYHHUX i T.7.).
Paszom 3 TuM y pafi BUNajAKiB MOMHA He 3BEePTATH yBaru Ha JUCK-
PETHiCTh NOKA3HUKIB i e)eKTHBHO BUKOPHUCTATH I'PAHNYHI BeIUUNHHU.
Hna pocaimkeHHs eKOHOMIYHMX 1mpoueciB i poss’sasyBaHHs iHIINX
NPHUKJAAHUX 3aJja4 YaCTO BHUKOPHCTOBYIOTH IOHATTS €JIaCTUYHOCTI
byHKIii.
Enacmuunicmio ¢pynryii E,(y) HasMBa€ThCA rpaHULA BiAHOIIEHHS
BigHOCHOrO npupocty GyHKIII y 0 BiTHOCHOI'O IPUPOCTY 3MiHHOI X 1IpH
Ax — 0

obcary BupobieHoi npoaykuii 3a wacoMm, sxa gopisxioe lim , BUpa-
Axr =0

. [Ay Ax x .. A x
E_ (y)= lim e Nl =—-11m-—y-=—-y'. (3)

Ax—0 Yy X y Ax-0 Ax Yy
Enacruunicte GyHKHII ToKasdye HaAOMHMIKEHO, HA CKiJbKK IIPOIEHTIB
aMminuThea QyHKOia y = f(x) npu amini HesanexHoi aminuoi x Ha 1 %.
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3a3HaYMMO BJIACTHBOCTI enacTuvYHOCTI QyHKIi.
1. ExacruunicTe QyHKIT gOopiBHIOE OOYTKY HEe3aJIe’KHOI X Ha TeMII
3aMinu QYHKIII:

’

_ r_ Y
T, =(Iny) =y

TOGTO
E. (y)=xT,. 4)

2. EnacruunicTs n00yTKY (4acTk¥) ABOX (YHKIIH AOpiBHIOE cyMi
(pisHu1i) esacTUyHOCTEN! HUX HYHKIIIH:

E (u-v)=E_(u)+ E_(v), (5)

E(%J = E, (u) - E,(v). (6)

EnactuuHicTs GyHKIiiT 3aCTOCOBYETHCA NPH aHaNis3i momurty i cmo-
kuBaHHaA. Hanpukiaj, enacTUYHICTH NMONUTY Yy BiAHOCHO LiHM x (abo
noxony x) — xoeoiieHT, 10 BU3HAYAETHCA 3a hopmyJioo (3), AKU mo-
Kasye HabJIMIKeHO, Ha CKiJIBKM NPOIEHTIB 3MiHUTHCA NOMUT (06cAr cro-
JKUBAHHA) IpH 3MiHi winu (abo goxony) Ha 1%.

Ak esacTHYHICTSL MOTUTY (38 A6COMIOTHOIO BEIUUHHOIO) |Ex (y)[ >1,
TOAL MONUT PaxXyIOTh €JIaCTHYHHM, AKIIO |Ex(y)| =1 — "elTpaJbHUM,
AKIIO lE,c (y) <1 — HeemacTUUHUM BigmocHo ninu (abo moxoxy).

Ipuxaax 1. SanexHicTs MiK BUTpaTaMu BUpOOHUINTBA k i o6carom
npoaykuil ¥ MoXkHa BHpasUTH GyHKIiEw k =50x —0,05x% (rp. ox.).
Tpeba BUBHAUUTH cepefHi i rpaHMUHi BUTpaTH HNpu 00csa3i mpoayKuii
10 oguHULE.

DyHKIi0 cepeHiX BUTpAT (Ha OOHHMITIO IPOAYKILiT) MOXKHA BUpa3u-

TH BijHOIIEHHAM kB, = % =50-0,05x* mpu x =10. Cepexni BuTpaTu

(Ha OQUHUIIO MPOAYKILiT)
k,(10) = 50 - 0,05 -10° = 45 (rp. ox.).

@YHKIi0 TPAaHUYHKX BUTPAT MOKHA BUPA3UTH HoOXinHolo k'(x) =
=50 - 0,15x% ; npu x = 10 rpaHMYHi BUTPATH CTAHOBIATB: k'(x) = 50 —
-0,15-10° =385 (rp. on).

OTxxe, SKIO CepeHI BUTPATH HA BUPOOGHUIITBO OAMHULI INPOAYKILT
CTaHOBAATH 45 rp. oA., TOAI rPAaHUYHI BUTpaTH, TOOTO JOJATKOBI 3aTpaTn
Ha BHPOOHUIITBO JOJATKOBOL OJUHHUI TPOAYKIIii Ipu AaHOMY piBHI BH-
pobrunTea (o6casi Bupobsenol npoaykuii 10 ox.), craHoBaaTs 35 rp. oA.

IIpuxnan 2. 3anexHicTh MiK COGIBAPTICTIO OAMHUIIL TPOAYKLIL i (THUC. I'DPH)
i BUITyCKOM TNIPOAYKIil X (THC. 'PH) BUpaxkaeThes QpyuKiicro ¥ = —0,5x + 80.
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3HaNTH eJacTUYHICTb cobGiBapTOCTi IpH BUIIYCKY IpoAyKIii Ha 60 THc. rpH.
3rigao 3 hopmyow (3) enacTuuHicTh coGiBapToCTi

-0,5x = x
-0,5x+80 x-160"

E.(y)=

IIpn x =60 E, _;(y) =-0,6, To6To npu BUnycKy mpoAyknii zHa
60 Tuc. rpu 36inbiieHHa ¥oro Ha 1% npussede 40 3HMXKeHHs coGiBap-
rocti Ha 0,6% .

Ilpuxaax 3. O6car npoaykuii ¢, Bupobaennit 6puragoo pobiTHUKIB,
MOXKHA OHHCATH PIBHAHHAM

—%t" 4_?1:2 +100t + 50 (og.), 1 <t <8,

fe t — pobounii uac, rox. OGUNCIUTH MPOAYKTUBHICTS paui, MBUAKICTL
1 Temnu ii 3MiHUM yepe3 roAMHY Iicjd nHouaTKy pobGoTH i 3a roaguHy a0 ii
3aKiHYeHHSd.

ITponyrTHUBHiCTS palli BUPAXKAETHCA TMOXiAHOIO

2(t) =u'(t) = -gt2 + 15t + 100 (oa./rox.),
a mBHUAKicTH i TeMn 3MiHM IPOAYKTHMBHOCTI -— BiAnosisHO moximHOIO
2'(t) i norapudmiunolo noxiguomw T,(t) = [ln z(t)]:
_2@) _ -5t +15 _ 2t-6

T, (=20 - -
2(1) —gtz +15t+100 t* =6t

10 (om./ron.),

e 2'(t) = -5t + 15(ox./rox.2),
Y sanani momeHTH yacy t, =1 i f, =8 -1 =7 BignosigHo Maemo:
2(1) =112,5 (ox./rox.), 2'(1) =10 (ox./rox.?), T,(1) = 0,09 (ox./rox.),
i

2(7) = 82,5 (ox./ron.), 2'(7) = -20 (oa./ron.?), T,(7) =-0,24 (ox./rox.).

Orxe, HA KiHenb pobOTH MPOAYKTUBHICTH Npali CyTTEBO 3HUMKYETL-
cd; IIpU 1bOMY 3MiHa 3HaKy 2'(¢) i T,(?) i3 “mmoca” Ha “MiHyc” cBifuuTH

1Ipo Te, OO0 NiABUINEHHSA MPOAYKTHBHOCTI Ipani B nmepuri roguuu pobodo-
ro AHSA 3MiHIOEThCA 11 3HH)KEHHAM B OCTAHHI IOAWHH.
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p+8
p+2
nponosunii s = p+ 0,5, 1e g1 s — kinekicTs TOBapy BigmoBiAHO KyMITE-
HOTO i NPOMOHOBAHOrO Ha IIPOAA’K B OJUHUIIO Yacy; p — HiHa ToBapy.

3HalTH:

a) piBHOBa)XHY 1iHy, TOOTO 1{iHy, IpH AKiH monuT i nponoaunii BpiBHO-
BaYKYIOThCH;

0) enacTUYHICTE MOMUTY i mpomoauil AnA 1iel iny;

B) 3MiHY foxoAy npu nigsmineHHi inu Ha 5% Bix piBHOBa)KHOI.

p+8
=p+0,5,
D) p

i

IIpuxaax 4. IHocaiguo BcranoBieHo GyHKIII monury g =

a) PiBHoBa)XHa IjiHa BHUBHAYAETHLCA 3 YMOBU g = S§;

3BigKyM p = 2, To6T0 piBHOBaXKHA 1[iHA AOPiBHIOE 2 I'P. OA.
0) 3HaiifeMo eJacTHYHICTh 3 INONUTY i mporoaunilii 3a opmysoro (3):

_ 6p ) __2p
R T P L A TF

Jna pisHOBa)XHOI inm p = 2 MaeMo
E,.(8)=-03; E, _,(s)=0,8.

Ockinbku 3106yTi 3HAUEHHSA €JACTUYHOCTL 3a aBCOJIIOTHOIO BEJIUYM-
HOw0 MeHWIi 3a 1, Toxi i monuT, i nmpomosuuii JaHoro ToBapy Nnpu piBHO-
BaXKHiN (puHKOBIi#) 1iHi HeenacTuuHi BigHOCHO 1inu. Ile o3Hauae, 1110
3MiHa IjiHK He npu3Beze A0 piskol aminm nmomury i nponosunii. Tak, npu
nigsuinensi uinm p Ha 1% nonur amMeHmuTbes Ha 0,3% , a nmponoaunis
nigsumurses Ha 0,8%.

B) IIpn nmigsumenni uinu p va 5% Bixg piBHOBAXKHOI IOIUT 3MEH-
muTeesa Ha 5-0,3 =1,5% , oTare moxix apocre Ha 3,5% .

ITpuxnan 5. Sk nop’sizaHi rpasuyHi i cepeHi noBHi BuTpaTH mignpue-
MCTB2, AKIIO eJIACTUYHICTh MOBHUX BUTPAT AopiBHIOE 1?

Hexail moBHi BUTpaTH mignmpueMcTBa Yy BUpPaMXKAaOThCA (GYHKIi€IO
y = f(x), ne x — obcar npoaykuii, mo sunyckaerbes. Toni cepegui sur-

paTé y, Ha BUPOOHMITBO OAMHHII IPOAYKLil Y, = % . 3rigHo 3 dpopmy-

Jo10 (6) emacTuuHicTh yacTKH ABOX GYHKIiN nopiBHIOE pisHHLi 1X enac-
TUYHOCTEM, TOOTO

E,(s,) = E{-Z—} E,(y) -~ E(x) = E,(5) - 1.
3ymoen E (y)=1,0rxe E, (y,)=1-1=0.
IIe osuauae, 1o 3i 3miHOI0 06CcATY MpoAYyKIii X cepeaHi BUTpaTH Ha

OAVHUIIO IPOAYKILI] He 3MiHIOIOThCA, TOOTO Yy, = y_ ¢, 3BifKM Yy = cx.
. . X,
T'paBWYHI BUTPATH NiANPHEMCTBA BUSHAUAIOTLCA TIOXigHOIO ¥y = c. OTxe,
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Yy =y,, To6TO rpAaHUYHI BUTPATH AODPiBHIOIOTH CepeqHiM BUTpaTam (3a-
YBaXHMO, OI0 1ie TBEPAKEHHS CIIPaBeJIUBe JIUIIe AJA JiHiHuX QyHRIIH
BUTpAT).

Koumpoaoni 3anumanns i 3a60annsa

1. ChopmyutoiiTe o3HaueHHA NoXigHOI PyHKMII y = f(x) y Touni x,.
2. Y YoMy moJISiTa€ reOMeTPUYIHMI, MeXaHiUHU Ta eKOHOMiuHwMit 3MicT
noxiguoi?
3. 3anumiTe piBHAHHSA JoTHYHOI o rpadika byHKuii y = f(x), aka
Mae IOXiJHy B TOuIi 3 abcrucoo X, .
4. IIlo Mo2xHa cKas3aTH PO HelmepepBHiCTh GYHKIiI, AKA Mae moxXin-
HY B Toulli X,?
5. CdhopmyroiiTe 03HaUeHHA JIiBo1 Ta npasol noxizuux. aiiTe reo-
MeTpPUYHY iHTeprnperanio.
6. IIlo Take moxigHa APYroro, TPETLOro, 7n-ro NOPAAKY GYHKIii?
7. HaiiTe o3HaueHHA AudepeHniioBHocTi PyHKIil B TOYLi.
8. Illo Take nudepennian pynkuii y = f(x) y Touni x,, audepen-
niay Hedase:KHOI 3MiHHOI x?
9. ¥ yomy nmoJssirae reoMeTpUYHUM 3MicT agudepenmiana?
10. Ona axkoi dyHkuii gudepennian 36iraerses 3 ii npupocrom?
11. Sk 3acTocoByIOTH AudepeHUian A0 HAGIMMKEHUX OGUMCIIEHb?
12. IITo Mmu posymiemo mixg iwBapiamTHicTIO opMu mepuioro aude-
peHuiana?

Ilpuxaadu pose’szyeannsa 3adau

6.1. He xopucTyouucsk popMyaamMu fudepeHiloBanHA, 3HAWTH MoXigHi
byHKIiN:

a) y=2x® +5x% —Tx - 4; 6) y = Jx.

a) Hapamo aprymenty x npupict Ax # 0. Toxi y orpumae npupict
Ay :

Y+ Ay = 2(x + Ax)® + 5(x + Ax)® - T(x + Ax) - 4.

3uaiifeMo nmpupicr GyHKIIi:

Ay = [2(x + Ax)® +5(x + Ax)? —T(x + Ax) — 4]~ [2x° + 522 ~Tx —4]=
= 6x’Ax + 6xAx? + 2Ax® +10xAx + 5Ax? — TAx.
CriagaeMo BiHOIIIEHHSA
Ay
Ax

=6x2 +6xAx +2Ax% +10x + 5Ax - 7.
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3HaxXoAUMO rPaHUIIO I(LOTO BiAHOIIEHHS IPU Ax — 0

hmA— lim (6x2 + 6xAx + 2Ax% +10x + 5Ax - 7) = 6x% +10x - 7.

Ax-0 Ax Ax—>0

0) 3HaxoauMo mpupicT PyHKIIL:

=Jx+Ax — \/;c_
3Biacu
Ay _ \/x + Ax \/_
A Ax
i
. Ay . \/x +Ax — \/_
lim =% = lim
Ax—0 Ax  Ax-0
Oroxe,

' = lim x+Ax—x 1 1
A""°(Ax)(\/x+Ax+«/~) AH°Jx+Ax+J— oz

6.2. 3naiitTu noxigHi GyHKIiNH:

a) y=+vlnx +1 +ln(\/;+1);

6) y =cos’ x;

x
B =Intgl = |;
)y ng[2)

sin? x
T) y=—F—;

vecos2x
n) y _ xcos x :

e) x® +lny - x%? =0;

x=t"+3t+1,

€) 5 R

y=3t"+5¢t° +1.

a) Ilpn nudepenniroBanui noTpibHoO BpaxysaTH, 1[0 HePLINE JOJAHOK
€ CTeNneHeBo QYHKIIEo (y = \/'1; ), if aprymenT — cyma Jorapudmiugoi
dynxnii i cranol (v =lnx + 1), a apyruil gopanox — Jyorapudmiuna
dyuruisa (y =lnu, ge u = JVx + 1):
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, 1 1 \/— '
= — —_— 1 =
PN ey J§+1(x+)
__ 1 1 1 _ 1 1 L
2/lnx+1 % (x+1)2Jx 2J/x | xnz+1) VJx+1

6) Lle cknagna ¢yHKnis BuAY y = u®, e u = cos x (u Ha3UBAETHCA
TIPOMi’KHUM aprymesTom). Bukopucrosyioun dhopmyny audepeHIiroBaH-
HA cKJIaaHoI dyHKIii, gicTareMo

(lnx + 1)' +

¥, = ®), (cosx), = bu'(-sin x) = -5cos* xsin x;
B) Tyt rakox cknagHa dyHknia y =Inu, ge u =tgv,v= % Toni

Y’ 1 1 1
' = (Inu),(tgv),| =| =-— ==
¥, = ( u)u(g)v(z)x 4 ooy

1 1 1 1
to X 2{ xY2 sinx
g 5 cos ( D)
r) 3rigHo 3 npaBmJIOM AU(EpPEHIIIOBAHHA YACTKM ABOX (QYHKIii

y = (sin?® x)'Vcos 2x ~ sin? x(v/cos 2x)’

cos 2x

Bpaxosyiwoun, o
(sin® x)’ = 2sin x(sin x)’ = 2sin x cos x = sin 2x,

(eos 22 = ——— (c082x)’ = —— (- sin 22)(2x)’ = ~ 02X

24Jcos 2x 2Vcos 2x Jcos 2x ’

OTPUMAEMO

,_ sin2x cos’x

Jeos® 2x

) 3a npaBHJIOM NU(PEPEHITiIOBAHHS CTEIMeHEeBO-ITOKA3HUKOBOI QYHKIIT

cos® x-1

2
y =cos’x-x +x° % .1ln x(cos® x)' .

BpaxoByoun, mo (cos® x)' = -2 cos x sin x = —sin 2x , gicranemo micns
epeTBOpeHb

2
2 [ cos® x .
y' =x "(——lnxsm 2x]_
x
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MoskHa 6yno 6 momepegHbO mpoJsorapudpmMysaTH 3agaHuil BUpas 3a
OCHOBOIO €:

Iny =cos® xIn x,
a moTiM npoaudepeHnioBaTH O6KABI YACTHHY OCTAaHHBOI PiBHOCTI HO X.
Ockinbku y € dyHKuiewo Big x, To lny € craagHolo GyHKIiEO X i
(ny) = —1—y’ . Orxe,
y

’

. 1
Y _ _2cosxsinxlnx+cos? x—.
x

y
TobTo

, cos? x .
y =y[ —ZcosxsmxlnxJ:
x

2
2 fcos®*x
= x°* "(————sm 2x1n x).
x

e) Ilpu audepenniroBanni HesTBHOI pyHKIiI BpaxoByeMO, 0jo y — QYH-
KIisg Big x.

Omxe, (Iny) = iy'; (x%e¥) = x%e¥y’ + 2xe".

Hudepenniroemo mo x o6uBi yacTUHU piBHOCTI:

’

3xt+ ¥ _ x*e'y’ — 2xe¥ =0,

T00TO
Y= (2xe? —3x%)y
1-x2ye’

¢) 3a npasusoM audepenniroBanua GyHkKIii, 3a7aHol mapaMeTpUYHO,

a ToMy 3HaAWJAEMO
y, =15t +15¢%;
x, =8t* +3.
Orxe,
, _15t* +15¢%

. - 5¢%.
3t°+3
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6.3. O6uucauTy 3HaYeHHs moxigHol dyHKUil ¥y = f(x) npu x = —:
a) y=e"sinx;

6) y = In 1 +ctgix.

a) Ilonepennso 3Haiinemo noxinny saganoi GyHknii: y’ = (e*sinx) =
=e*sinx + e* cosx , & moriM obumcaeMoO ii 3HaYeHHA B ToUli X =

r
%

NEANE I ) 32 2
y =e![sin=+cos— |=e?| —+— |;
4 4 4 2 2

y(g}ﬁez

6) IlonepenHs0 3a3HAYUMO, 110 Y = %ln (1 + ctg’x) . Temep

1 1 1 1 1
= ———— (1 +ectg’x) == ——— 2ctgx| - = —ctgx;
v 21+ctg2x( g) 2 1+ctgix g[ sinzx)J &
Omxe, y [ & |=—ctgT = 1.
THE y(4) c1;g4 1

6.4. 3agaHo KpuUBYy y = sz — x. Crnactu piBHAHHSA JOTUYHUX: B

TOYKax nepetuny ii 3 npsamow 3x + 2y —4 = 0 ; napanensHo i nepnesgu-
KYJISIDHO 10 i€l mpsaMoi.

SHaiifleMO TOYKH IIePeTHHY ABOX JIiHil, PO3B’A3aBIIM CHCTEMY PiBHAHD:

—i——x
y 4 s
3x+2y-4=0,
3BiKM
{xl =2, {xz = —4,
v =-1 Yy, =8

. . R | S .
3Huaiinemo noxigny dynknii y’ = Ex —1. 3HauenHsa noxigHoi B 3Hail-
aeHux toukax y'(2)=0; y'(-4)=-3

PiBHAHHA JOTHYHUX 3TifHO 38 dhopmyroo (15) (1. 3)y+1=0iy—-8=
=-3(x+4)abo3x +y+4=0.
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. . . . 3 .
Kyrosuii xoedinieHT 3aganoi npaMoi k = -5 a AOTUYHOI, ITapaJiesib-

Hol 3ajauiii mpsawmiit i mepmeHguUKyaApHOI A0 Hei, — BigmoBigHO

3 . 1 ..
ky =k = _5 ik, = -; = § . Tomy Touku, B AKHNX JOTHYHA IO KPUBOI

napajieabHa 3aJaHifl npami#l i NepueHAMKYJIApPHA O 3aAaHOl HIPSMOI,
3HaXO4ATHCA 3 PiBHAHB

, , 2
fy=ga-1=-2, f@)=gx-1=3
. . . . 10 . y
3BiKHM BiAmoBizHO X, =-~1 1 X, = 3 3HailieMo OpAMHATH KPHUBOI B
ofep:KaHMX Toukax f(-1)= 5 f(lo) g . PiBHARHSA noTUYHUX
5
——=—-—=(x+1),
¥-3 ( )
2 10 _ =
a606x+4y+1~01y+9 3(x ), abo 6x -9y -25=0.

6.5. 3uaiiTu npupicr i gudepexiian QJyHKn;i'i y=2x*-8x npu x =10
i Ax =0,1.
IIpupict dyuruii

Ay = f(x + Ax) - f(x) = [2(x + Ax)? - 3(x + Ax)|- [22? - 3x]=

= Ax(4x + 2Ax - 3).
Oudepenuian dyHrmii
dy = f(x)Ax = (4x - 3)Ax.

IIpu x =10 i Ax =0,1 maemo Ay =3,72 i dy = 3,70. Piénnuﬂ Mix
Ay i dy cranosuts jgume 0,02, a6o 0,5%.
6.6. 3uaiitu audepennian GyHKmii

y =§\/49—x2 +%arcsin;.

dy = f(x)-dx = l\/49—x2 +£;(—2x)+£~l; dx =
2 2 949 - x? 2 T %

= V49 - x%dx.
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6.7. O6unciuTy HabaMxKeHO: a) sin 46°; 6) 4/16,64.
a) Ilpuitaasmu f(x) = sin x, sHaiigemo f'(x) = cos x i BigmoBigHO MO
¢dopmysan npo HabamxeHi oGUNCIEeHHSA

sin(x + Ax) = sin x + cos xAx .

Bpaxosyoun, mo sin 46° = sin(45° +1°) = sin(g + 1—8710—° ] , BisbMeMo
x =§1‘- iAx=—"L
180°
Toni

. . T
sin 46° = sm[-— +

zsin£+ T -cosﬁ=ﬁ 1+ T .
180° 4 180° 4 2 180°

6) Orpumaemo croyaTky HaGamKeHy QOPMYJy AJs OOUMCIeHHA KO-
peHiB Oyab-akoro n-ro creneus. Iloknanaoun f(x) = ix , IicTanemo

1 11 ix

f(x)==x" =
n nx

i BigmoBigHo 10 § 6

n
Ux + Ax z’s‘/;+£Ax,
nx

abo

nx

Yx+Ax = '\‘/;[1 + ﬂ]
¥V 3agaHOMY INpUKJIagi

Vx + Ax =%~[1+%].

X

3a x BizpMeMO uuci0, Haibinbin 6ausnke g0 16,64, ane mob Gyso
Bigome \/;, pu oMy Ax Mmae OyTu focratrHso manum. OueBuaHO, Tpe-
6a B3saTH x =16, Ax = 0,64 (upore, HanmpukJax, He x = 9, Ax =T7,64).
Orxe,

,64

1/16,64 = 4\/16[1 + f 6 J: 2-1,01=2,02.
3 momoMorow audepeHIliana MOXHA PO3B’S3aTH 3aKady BU3HAUYEHHSA
abcostorHol Ta BigHOCHOI moxMGOK PyHKIIT 3a 3asaH00 MOXKUOKOIO 3HA-

XOMKeHHA apryMeHTy. Hexait moTpi6Ho oGumcanTi 3HAYeHHS 3agaHOL
bysrnii y = f(x) npu geaxomy SHaYeHHi apryMeHTy X, , AificHa Beiu-
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YMHA AKOro HeBijiomMa, a Bifjome Jidiie Horo HaGiam)KeHe 3HaUYeHHA X 3
abCoJII0THOIO MOXNOKOIO IAxl = |x — x1| . ko samicTe gilicHOro 3HAaUEH-
HA f(x;) Bi3pbMeMO BeJIMYUHY f(x), TO MU NIPUIYCTHMOCS IIOXUOKH:

If(x) - F(x,)| = |Ay| = dy = F(x)Ax.

Ay

IIpu npoMy BigHOCHY mOXUOKY PyHKIIL Oy = ‘— MOXXHa 004YUCINTH
y

(pu goctaTHRO Maaux Ax ) 3a ¢opmyJsow

Ay| _|dy| _|f'x)ax| _|xf'(x)| |Ax
By == = || = = = 7
Y y\ ‘y NOREEGCIE: - ()
abo
8y = |E, (y)[5x,
Ax|

ne

E. ( y)l — eJIaCTHUHICTh GYHKII (38 aGCOIOTHOIO BEJIMYUHOIO); O, =

BilHOCHA MOXUOKa 3HAXOIKEHHA apryMeHTy X.

6.8. Burparu 6ensuny y (i) aBromobinga Ha 100 KM HLIAXY 3aJieXKHO
Big mBuAKoCTi x (KM/rof.) omucyiorbca QyHKnicw y=18-0,3x+
+0,003x°.

OuinuTH BifHOCHY NOXUOKY OOUMC/IEHHA BUTPAT GEH3UHY IIPHU IITBUJ-
kKocti x = 90 xM/rox 3 Tounictio Ko 5 %.

3HaiiieMo esacTHYHICTEL GYHKHIT (32 a6COMIOTHOIO BEJIMYUHOIO)

_|xf@)| _ | x(-0,3+0,006x) |
[7(x) | [18-0,3x +0,003x*|

|E, ()

IIpu x = 90 |Ex=90(y)| =141, i 3a dpopmysoio (7) BignocHa nmoxmbra
oy=141-5=171%.

6.9. 3 axoro TouHicTIO MOXKHA 00uucauTH 06’ eM Ky, AKIino ii pagiye
BHUMipAHUMA 3 TOUHiCTIO 0 2 % ?

06’em ryui pazaiyeca x f(x) = %nx3 . BHaitgemo f'(x) = 4nx?:

|xf'(x)| _ xdnx? _
| f(x) | 4t

|E, () =

i sa popmyoro (7)
Oy =36x=3-2=6%.
3HAUYHUM HEJOJIiKOM 3aCTOCYBaHHA AudepeHIliajla B HaGAMMKeHUX

pO3paxyHKax € HEMOXKJIUBiCTh O6GUNC/IeHHA 3HaUeHb QYHKLIN 3 Hamepes
3ajaHoI0 ToyHicTO. 1]pOro HefOJIiKy HeMae IPHU BUKOPHUCTAHHI pAAis.
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3aoda4i i énpasu dan camocmitinoi po6omu

3HaiiTH NoXigHi GyHKILi.

5
1 2
6.10. y =[ 1-:_3; ) . 6.11. y=x*8In*x-4Inx+1).

6.12. y=3x'Inx-x° 6.13. y=42+e* +3.

x(1+x2).

6.14. Yy=In W 6.15. y =41 +3x%)°%.
vl + 2x

6.16. y=x°1In®x. 6.17. y=1In
x+1

6.18. y=e®(J2xr-1). 6.19. y=In@Bx? +V9x* +1).
2x +1

6.20. y =sin(x® +2%). 6.21. y =Intg YR

6.22. y=1n,/1—ti1l'—x. 6.23. y=2hx,
1-sinx

6.24. y =107 6.25. ¥ = =Intg 2 - %
ety = : o 2 2 2sin’x
6.26. y = 2arcsin x-2 —V2 +4x - x2.
J6
6.27. y =cosxyl+sin? x. 6.28. y =+1-x? arccosx.
6.29. y =arctgv4x® -1. 6.30. y =log, sin® x.

31. y=-ctg?X _2Insin X,
6.31. y g 5 B

SHaiiti noxizni dyHxnii i o6uMcINTH IX 3HAUEHHA PH X = X,.

6.32. y= 1% 1
. . = b X, = .
1+x2 0
3 _ -1 1
6.33. y= 2x 3x+\/; , X, = =

X 4’
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. T 1+tgx
6.34. y =sinxe™*, x, = . 6.35. y=In f————, x, = 0.
y =sin 0= 5 Y 41 tgx 0

6.36. CryacTu piBHAHHA ZOTHYHOI JO KPHUBOI Y = x? —2x:

a) B Toukax nepetruny ii 38 mpamow 3x +y —2 = 0;

6) napaJsienpHOl 1il npsimiit i nepneHgMKyIApHOI Ko Hel.

6.37. 3HailiTu KyT Mik KPUBUMH y = x — x° 1 npsMon y = 5x.

4t +3

+3

BHMIpPIOETBCA B METPaXx, a t — y CeKYHAax. 3HalTH MBUAKICTh i mpHuCKoO-
peHHs Tija B MOMeHT ¢ = 6.
3uaiTi noxiAHi Big HeABHUX GYHKIIHA.

6.39. x°+y®-38xy=0.

6.38. Tino pyxaeTbca nmpamoiiniiino 3a sakonom S() = , A€ §

6.40. sin(y —x*)-In(y - x*)+2{y-x* -3 =0.

6.41. x¥ +y’lnx-4=0. 6.42. xsiny+ysinx =0.
3HaiTi noxinHi Bix GyHKIiNA, 3aaHUX TapaMeTPHUYHO.

x =acost =e ¢ si
6.43. { o8t 6.44. [¥=¢ sinb

y =asint. y = e’ cost.

6.45. 3uaittu npupicr i audepennian ynruii y = x* + 2x + 3 y Touni
x =1 npu Ax =0,2.

6.46. O6uucautu npupict i Audepernian GyHKUil y = x® — x y Touni
x =2 npu

a) Ax =0,01; 6) Ax=0,1.

6.47. 3unaititu abCOJIOTHY NOXUOKY ,Ay —dy! i BigHOCHY MOXHUOKY
Ay —-dy

Ay

niasom B 3amaui 6.46.
6.48. 3uaiiTn AudepeHuianmy 3agaHnX QYHKIIHA:

a) y = Varcsin x + (arctgx)?;

cos x

1-x%

6.49. BuxkopucToByouHn NOHATTA AudepeHIiiana, o6uuciaIuTn:

a) arcsin0,51; 6) cos61°; B) ¥/33; r) e"*.

, AKi JomycKamThCA NIpH 3aMiHi npupocty dyHkKnii i audepen-

1.
6) y = 2 cosx; B)y:
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6.50. BukopucToryoun MOHATTA audepenniana, a’scyBaTh, 3 SKOIO
TOUHicTIO HeoOXizHO BUMipATH pajiyc Kpyra, 1106 HOTo IOy MOXHA
O6yJy0 BU3HAUUTH 3 TOuHicTIO Ko 10 % ?

BuxopucToByloun nmoHATTA AudepeHmniaga, BU3HAYUTH, Ha CKIJIBKHU
IIPOIIeHTiB 3MiHHUTHCS BeJUuYNHA cTeneHsd 2,13! npu 3miHi ocHOBH cTere-
HaA Ha 5 %.

6.51. O6ear npoaykuii U (yM. of.) mexy nporsaroM po6oduoro ZHS €
dbyBKIiCcO

U = -t® -5t + 75t + 425,

Ae t — 4ac, roj. 3HalTH NPOAYKTHUBHICTH Hpali uepes 2 rof. micis mo-
4yaTKy poboTu.

6.52. 3asnexHicTh Mik BuTpaTamu BUpPOGHUITBA Y (TIp. OX.) i obca-
roM MPOAYKILil, Mo BUpPOGaAE€ThCA, X (04.) BUpaMKaeThca QYHKII€I0

y =10x - 0,04x>.

BusnaunTtu cepexni i rpaHuuHi BuTpary npu obcasi npoxykmnii, mo
JOpPiBHIOE 5 Of.

6.53. ®ynkuii monuty g i mpomoaunii s Bix HinM p BupamaoTHCH
BiATIOBiIHO piBHAHHAMH

g=T7-pis=p+1.

3HatiTu:

a) piBHOBasKHY I[iHY;

0) esacTuuHicTh monuty i mponosuiil Aia miel minw;

B) 3MiHY moxozay (B mpoueHTax) Npu IigBUILeHHI ninW Ha 5 % Big
pPiBHOBaXKHO1,

Bionoeidi 0o 2aaeu 6

5(x% +2x — 1)1 + x%)*

6.10. - . 6.11, 32x° In’ x.
1+x)
4x 4 2
2x* -3x° -1
6.12. 9x’Inx. 6.13. — 5 . 6.14. 2% —3%%¥ —1
42+ e*)? x(x* -1)
6.15. — % 1

————. 6.16. x’Inx(3lnx+2). 617. — — |
241 + 3x? ¥ inx@nx+2) x(x+D(x+2)

6.18. ¢'*. 6.19. 76’6:. 6.20. (3x% +2% In 2) cos(x® + 2).

9x* +1
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1 623 g 2271
cos X In® x

6.21. cos ec 2x+1 . 6.22. -1In 2.

1
sin® x

6.24. 10"""-1n10[tgx+ ad ] 6.25.
Cos™ X

.
6.27. — 2sin® x

x
v2+4x—x2- \ll+sin2x.

6.28. — [1 +

6.26.

1

'x\/4x2 1

6.30. %-ctgx. 6.31. ctg®=. 6.32.0. 6.33. 13.
n

d arccosx |. 6.29.
1-x?

1
2cos2x
6.36.a) y+1=0; 6x+y+4=0; 6) 12x+4y+1=0;

6.34. ¢***(cosx —sin® x); —1. 6.35. ; 0,5.

12x - 36y - 49 =0. 6.37. tg‘(pu— 6.38. 0,13 m/c; —0,026 m/c?.

y .
2x1n x

6.39. y' = (x> —yx-y?). 6.40. y =2x. 6.41. ¥’ = -

+
6.42. y =-YOOSTTSIY o 1o _ctat. 6.44. o
xcosy +sinx

6.45. Ay =0,84. dy =0,8;

x=1 x=1

Ax =02 Ax =0,2
6.46. Ay = (3x% - 1)Ax + 3x(Ax)® + (Ax)?; dy = (8x® - 1)dx;
a)Ay = 0,110601, dy = 0,11; 6) Ay = 1,161,dy = 1,1.

6.47. 2) |Ay - dy| = 0,000601; Ay—[;—‘ii‘ = 0,0055;
y
6) Ay - dy} = 0,061; 'A“’—"dyl = 0,0526.

Ay
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1 + 2arctgx

6.48. a)
2/ arcsinx(1-x?) 1+

dx;

1 i 2 _ s
6) —2 %% .In2. sin x dx; B) (x* —1)sin x + 2x cos x

cos? x (1-x2)?

6.49. a) 0,513; 6) 0,485; B) 2,0125; r) 1,03¢ = 2,8.
6.50. 5%; 15,5%. 6.51. 43 ox./rox. 6.52. 9 rp. ox.; 7 rp. ox.
6.53. a) 3 rp. oa.; 6) E(g) = -0,75; E(s)=1; B)+1,25%.

dx.
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I'nasa 7. 3acrocyBaHHs MOXiTHMX 10 AOCHIKeHHS (QYHKLiMA

§ 1. 3aranapni BaacTHBOCTI (pyHKUiH, HemepepBHHX HA 3aMKHEHOMY
NPOMIXKKY

Hasoxumo Ge3 qoBefieHHs ABi TeopeMH, AKi BUpaKaloTh iICTOTHI BJac-
THBOCTi, IPUTAMAaHH] HenmepepBHUM QYHKIiAM. ¥ mojaabpbmioMy IIpH AO-
BeJIeHHi TeopeM cIiMpaTMMeMoOcs Ha IIi TeoOpeMM fAK Ha OUueBUAHI GhaKTH.

Teopema 1 (npo Haitbinbiie i HaliMeHIIe 3HaYeHHA DyHKiT). Jrwo
@ynryia f(x) nenepepsna Ha 3amkHenomy npomixcxy [a, b], mo eona
Habyeae HA YbOMY NPOMIKNKY npuHalimui o0un pa3 ceoe€i Hailbinbwiol i
CB0€T HAUMEHWOT BEAULURU.

Crpore moBefeHHA Hiei TeopeMu (AK i HACTYHHOI) IPYHTYETHCA Ha
Teopil AificHuX uncen. My oOMeXuMOCA NOACHEHHAM ii 3MicTy, BUKODH-
CTaBIIX IPH UBOMY reoMeTpHUYHE 300parkeHHA QYHKILIH.

Teopema TBEpPAUTSH, 110 Koau GbyHKIis f(x) HenmepepBHA HA IIPOMiIXKKY
[a, bl, To icuye Ha HEOMY nIpUHaliMHI OfHA TaKa Touka X, (puc. 47), WO ANs
BCiX 3HAYEeHb X 3 IPOMiIKKY @ < X < b BUKOHYBaTUMeThcA HEPiBHiCTH

f(x) < f(x).

3nauenna f(x,) — ue Halbinbma Benmuuuna dyHKNii f(x) HAa mpo-
MixkKy [a, b]; ii mosnaualors JiTepoo M:

fx) = M.

3a THX caMHUX YMOB TeopeMa TBeDAWTHL IIPO iCHYBaHHA NPUHaNMHIL
onHiei Takol Touku X, Ha TIpOoMiXKYy [a, b], mo A BCiX 3HaUYeHbL X 3
PO3TJISHYTOTO MPOMi’KKY BUKOHYBATHMETHCS HEPiBHiCTh

f(x,) < f(x).

3nauenHa f(x,) — me HaliMeHmma BenxmduHa Gynknii f(x) ma npo-
Mixkky [a, b]; ii nosHaualors JiTeporo m.
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U a
Ya
~
&
, <)
| o/
|
| : I >
X ~2 0] x; 2
) >
Puc. 47 Puc. 48

Mosxe spaTucd, 110 TBePAKEHHS TEOPEeMHM 30BCiM oueBMAHEe i TpuBi-
anpHe. OZHAK JOCUTH B3ATH BiIKpUTHI npoMiskok (a, b) — i Mmu nepeko-
HaeEMOCH, 1[0 TeOpeMa CTa€ HeNPaBUJILHOKI. Po3ryiineMo, HaIpUKJIaZ, Hele-
pepBHY GyHKLi0 f(x) = x? (puc. 48) Ha BigkpuTOoMy mpomixkKy (—2, 2).
Bona nabysae HaliMeHmIol BeauuynHM (HyJIb) y Touli x = 0, aje He MOXKHA
BKa3aTH TaKy TOYKY, JJs AKol QyHKIisa Mae Halbinplly BeauduHy.
Copasai, siky 6 He B3N MM TOYKY X, JiBilre npasoro Kinus x = 2 (a6o
MpaBopyd JIiBOro KiHIA x = —2), 3aBK AU 3HANAEThCA iHIA TOUKA, HATIPH-
x, +2

2
Mae 6inbury Beu4uHy, aHix y Touni x = x,. kim0 6 Toukn x = -2 Ta x = 2
He OyJM BUKJIOUEHi, TOOTO AKINO 6 MU poariaganu GyHKnio y = x2 Ha
3aMKHEHOMY IPOMiXKKYy [—2, 2], icHyBaJia 6 Haiibinbina BeinunEa QyHKIiL
4 (f(x) = 4) axk y 1BOX TOYKax: X = -2 Ta x = 2.

ko B3sATH, HAIPUKIAL, QYHKIIIO y = X, AKa € HeNepepBHOIO B Oy Ab-
AKOMY BiIKPHTOMY IIDOMIiXKKY, TO HEBAYKKO [IEPEKOHATHCSH, [0 BOHA HE
Jocsrae B HbOMY Hi HaiibiabIioro, Hi HaliMeHMIOro 3HAYEHHA,

Teopema 2. Txwyo pynryis f(x) HenepepsHa Ha 3amKHeHOMY NPOMidHc-
Ky [a, bl i mae na Giozo Kinysax npomunexcri snaxu, moémo f(a) - f(b) <0,
Mo 80HA NPUHALMHI OOUH PA3 CMAE HYAeM 8Cepeduri ub0z0 NPOMINKY.

IIpunycrumo, mpo f(x) — HenmepepsHa GyHKLia Ha npomixkky [a, b] i
mo f(a) > 0, a f(b) < 0 (puc. 49).

Teopema TBepAMTE, 1110 icHYe npuHaiiMHi ofHa Touka £ BcepeauHi npo-
mixky [a, b] raka, mpo f(§) = 0. 3 puc. 49 BugHO, 1m0 nepexin yHKuii Big
JojaTHOTO 3HaYeHH4 f(a) no 3Hauenus f(b), 3Barkaoun Ha HelepepBHICTD
KpuBoi — rpadixka HenepepBHoi GyHKIil, Bixbygersca 3 0608’ I3KOBUM
nepeTuHOM oci Ox mpuHaiiMHi B ogHi Touni &. PoapusHi dyuknii (pucy-
HOK 50), B3arani raxyuu, He MalOTh Iiel BaacTuBocti. 3 Teopemu 2 sk
HACJIiJOK BUIIJIMBAE TPETS BaXKJINBa TEOPEMa PO HemepepBHicTh MyHKIiI.

KJag x,= (mocepeanui Mixk x = x, Ta x = 2), B AKil QyHKNiA y = x?
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vy

Puc. 49 Pue. 50

Teopema 3 (npo nmpomikHi sHavyeHHa GyHKUil). Jrwo pyrkryia f(x)
HenepepeHa Ha 3amKHeHoMY npomixcky [a, b}i mae Ha lioz0 KiHyAX HepiGHi
Mize coboio 3navenns f(a) = A i f(b) = B, mo 6cepeduri npominky eona
Habysae npunaimni 00un pa3 6ydv-arxozo wucaa C, w0 micmumoca Mmisx
A ma B.

HdoBepneHHasa Hexait A< B (upunymenua B < A He 3MiHO€ cyTi
mipryBans). Togi A < C < B.

3anposasguMo AOMOMIMHY QYHKIIIIO

F(x) = f(x) - C

Ha npomiskky [a, b] nsa pyHKIiA HenmepepBHa, 60 HerlepepBHa HA HBOMY,
3a NpunyuieHHaM, f(x). Oguak F(a) = fla) ~C=A—-C < 01i F(b) = f(b) —
- C= B~ C > 0. Or:xe, 3a Teopemoio 2 ¢yukiuisa F(x) craec HyJseM npu
nesikomy x = &. Tomy

FE) =f€)-C=0,

tobT0 f(§) = C. Lle i1 TpeGa GyJo KOBeCTH.

Teomerpuunuit amicr miei Teopemn raxkmit: 6yan-axka npama y = C,
napajienbHa oci Ox, neperHe rpadik ¢yuxuii f(x) npuraiiMHi B oxHiit
Touni, AKIO TibKH C MicTuThea MixK A = f(a) ra B = f(b). Ha puc. 51
MaeMo Tpu Takux Toukm: £, &, ra &,.

Teopemy 3 uyacTo GOpPMYIIOIOTH TAK: Henepepana ¢pymcum nepexo-
O0avu 8i0 00H020 3HAUEHHA 00 IHUL020, HAGYBAE YCIiX NPOMINCHUX 3HA-
YyeHs.,

3Buuaiino, pospuBHa MYHKIiA He Mae Takol BiaacrtuBocTi. Mix 3Ha-
yeHHAMU A, Ta B, (puc. 50) nemae sHauenHsa PyHKHil (BoHa iX He HaGy-
Bae), 306paskeHOl HA I[LOMY PUCYHKY.
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Yy A
B=f(b)l..._
K
7
Y=C >
A= fla)
x

o a & &, & b
Puc. 51

Teopemy 2 MOXKHA 3aCTOCYBATH A0 HaGJINIKEHOTO OGUHCIEHHS KOPEHIB
piBHAHHA. 3HAYEHHA X = X, IIPM AKiit dyHKIiA f(X) cTae HysxeM, 3BeThCA
KopeHeM (QyHKNii abo kKopeHem piBHaAHHA f(x) = 0.

§ 2. Teopemu npo cepenne 3HaYeHHA

HocnimxkenHa GyHKOiH 3a JOIOMOrOI0 HOXiJHMX TPYHTYIOTHCA HA
NesIKNX OCHOBHUX TeopeMax HuepeHIiaJbHOro YuCIeHH .

Teopema Posna. Hexail pynruyia f(x) Henepepsna na 6idpizxy [a,b],
Ougpepenuyiiiosna na inmepeai (a,b) i f(a) = f(b). T0di icnye npunaitmmi
00Ha mouka ¢ e (a,b) maxa, wo f(c)=0.

HoBengeHH a. 3a Teopemoro 1 HenepepBHa Ha [a, b] dyHKUia f(x)
HabyBa€ Ha HbOMY HalibinbIoro sHaveHHda M i HaliMeHIIIOro 3HaYeHHA M.

Agmo m=M, to f(x) — crama ans Beix x € (a,b) i sa Touky
ce (a,b) MOXXHa B3ATH 6YAb-AKY TOUKY iHTepBaxy (a,b).

Axmo m < M, To npuHaiiMHi ofHe i3 3HayeHL m abo M gocAraerbes
y BHYTpiIIHi# Touui ¢ Bigpisky [a, b], To6T0 B TOUIi, AKA HANEXKUTE iHTED-
BaIy (a, b). Hexait, nanpuknaj, y Touni ¢ pyuxuis f(x) nHabysac HaliMeH-
moro 3HadeHHsa. JloBexemo, 1o f'(¢) = 0. IificHo, ANA KocUTh Maaux
Ax # 0 Touka ¢ + Ax € (a,b), IpuYOMy

Af(c) = f(c + Ax) - f(¢) 2 0.
Tomy npu Ax >0

Af() VA CINNOPS
Ax -7

Ax

0if(e)= lim
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anpu Ax <0

Af(c) , :
< i =
ax <0110 = lim,

Ockinbku GyHKLiA f(x) AudepenuniioBHa B Touui ¢, To f(c) =f’ (¢c) =
= f’_(c¢) = 0. Teopemy HoBeneHO.

T'eomeTpuuyHOo Teopema Posiia o3Hauae, IO cepen yCixX AOTHUYHUX O
rpadika dysruii y = f(x) suaiigerscs NpuHaMHI OfHA, NapajieJbHa oci
Ox.

¥ rouni ¢ dyHKuia f(x) HabyBae HaliMeHIIOro suaueHHs (puc. 52).

Teopema Jlarpanxka. Hexail ¢pynryisa f(x) Henepepsna Ha 8i0pi3ky
[a,b] i Ougpepenyiiioena na inmepeani (a, b). Todi icnye npunaiimui o0na
moukKa ¢ e a,b) maka, uo

f(b) - f(a)

Af(c) <0
Ax

= f'(c).
b-a
HdoBegeHH a. PosrnsgHuemo Ha [a,b] JOTOMiKHY (DYHKIliI0
F@) = 1) - fta) - LS8 g,

OueBnznHo, F(x) 3aa0BosbHAE BCi BUMoru Teopemu Posnnsa. Bona Hemne-
pepBHa Ha [a b] SIK PisHMIA JBOX HElePepPBHUX Ha [a,b] byrruiit f(x)

i f(a)+ —/—— f(b) f(a) “——-(x - a) ; nudepenniiiossa Ha (a,b), npuuomy F'(x) =
- () - f‘”’—’“’? i F(a) = F(b) =
b-a
y A
A B
Y1 10 ,
fta) = f(b) i
f(o) |
A i
T f (@) E
(0 c > ’ —>
@ b x o a c b x
Puc. 52 Puc. 53

Orsxe, 3a Teopemoro Pois icHye mpuHaitMHI ofHa TouKa ¢ € (a,b)
TaKa, mo F'(¢) = 0, To6TO

f(d) - f(a)

filc) - Py

=0.’
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f(b) - f(a)
b-a

3Bigcu = f'(¢), mpo # morpi6uo Gys0 KOBECTH.

T'eomeTpuuno Teopema JlarpaH:xa o3HAYAE, IO cepef YCiX MOTHUYHUX
no rpadika pyrKnii y = f(x) 3Haiigernca npuHaiiMHi ogHa, mapanenbHa
ciuniit AB, sixa cnonyqae Touku A(a, f(a)) i B(b, f(b)). Cupasni (puc. 53),

. f(b) - f(a) . N ,
BigHOIIEeHHA ? € KYTOBUM Koedinientom ciunoi AB, a f'(c) —
KyToBuM KoedinienTom poruuHoi g0 rpadika, npoBeseHoi B TouIi
(¢, f(¢)). I1i xoedinienTn piBHi, oT:xe, foTHYHA i ciuna AB xiitcHo napa-
JIeJIbHi.

daysaxennsa 1. Teopema Posis € OKpeMUM BUIIAKOM TEOPEMH
Jlarparxa, axmpo f(a) = f(b).

daysaxeHnsasa 2 Piericrs f(b)-f(a)=f'(c)(b-a),c e (a,b)
HABUBAETLCA gopmyaow Jlazpanna. i moxna samucaTn if Tpoxu iHax-
me. OueBuano, mo c=a+0(b-a), e 0<H<1. Omxe, f(b)-f(a)=
=fa+0(b-a)b-a),ne0<0<1.

IIpuiteapmn @ = x,b = x + Ax, MaTUMEMO

Ay = f(x + Ax) — f(x) = f'(x + 6Ax)Ax,

me 0<O6<1.

Hacanridox. Hexait pynxnia f(x) pudepenniiioBna Ha nmpomixkky X i
f'(c) = 0 npu 6ynw-axkomy x € X, Toni f(x) wa X — crana. [diiicHo, He-
xa#l x, — ¢ixcorana Touka X, a x — iforo foBinnHa TouKa. 3a Teope-
momwo Jlarpasaxka f(x)—f(x,) =f'(c)-(x - x,), Ae ¢ — mesika Touka, aKa
3HaAXOAMTBHCA Mix x, i x. Ockineku f'(x) npu 6yab-sxkomy x € X, To
f'(c) =0, aTomy f(x)=f(x,) =C npu Bcix x € X.

Teopema Komi. Hexailt ¢pynryil f(x) i g(x) Henepepsni na 6idpisky
[a, b]i dugpepenuyiitosni na inmepesani (a,b), npuvomy g'(x) = 0 6 ycix mou-
Kax x € (a,b). Todi icnye npunaiimui odna mouxa c € (a,b) marxa, wo

f) - f(a) _ f(c)
gb)—gla) £'(o

Il oBeneHHa. CnouaTKy 3ayBauMo, mo g(b) — g(a) # 0, OCKiNTbKH
Yy nporusiexHoMmy Bunagkry (g(b) = g(a)). 3riaxo 3 reopemoro Posnsa, gua
dynknii g(x) sHaligerbca nNpuHaWMHI OfHA TOYKa c € (a,b) Taka, 1m0
g'(c) = 0. A e cynepeunTs TOMY, 1110 g'(c) # 0 B ycix Toukax (a,b). Hani
posriassHeMo Ha [a,b] nonomixkHy pyHKUiIO
f(®) - f(a)
g(b) — g(a)

OueBugno, F(x) sagoBonsusac Bei Bumoru Teopemn Posns. Bona Herne-
pepBHa Ha [a, b] Ax pisEuNA ABOX HelepepBHUX Ha [a, b] pynKHiit f(x)

F(x) = f(x) - f(a) - (g(x) - g(a)).
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if(a)+ ———————-f(b) —f(a) (g(x) - g(a)); nudeperuiiiosna Ha (a, b), npuuomy
g(b) - g(a)
' 1 f(b) - f(a’) '
F = AL AN A Sl i
(x) = f'(x) 20 2@ ° (x)

i Fa)=F®)=0

Or:xe, 3a Teopemoro Poss, icHye nmpuHaiiMHI oxHa To4Ka ¢ € (a,b)
Taka, mo F'(¢) = 0, Tobro
f®) - f(a)
g(b) - g(a)

3Bigcu, ockineku g'(c) # 0, Aicranemo dopmysy Komri

f(b) - f(a) _ f'(c)
g -g@ g
mo # norpibHO gOBECTH.

3aysBaxeHH da Teopema Jlarpanxka € OKpeMHM BHOAZKOM
Teopemu Komri, axmo g(x) =x

f'(e) - g©=0

c € (a,b),

§ 3. [Ipasuaa Jlonirans

TIpu pocnimxenni dyukuiil yacTo BUHMKAE norpeba 3HAXOAUTHU Tpa-
f(x)
g(x)
I0TH 0 HYJs a60 N0 HeCKiHueHHOCTi. 3HAXOMPKeHHsI TAKUX I'pAaHUIb Ha-
3UBAIOTH PO3KpUMMAM Hedu3Hayerocmell, Haitbinbi npocTuMu it edek-
TUBHHMY METOXAMH PO3KPUTTS HeBHU3HauUeHOcTell € npasuiaa Jlomitana.

Teopema 1 (mepire npaBuio Jlomirana). Hexaii ¢pyuryii f(x) i g(x)

HI/IIIi ,qpoﬁy » YHCEJIbHUK 1 3HAMEHHHK SIKOTO0 opu x — a Ipamy-

Oupepenuyiitosni na inmepeai (a, b); limo f(x) = lin}o gx)=0igx)=0
Ha (a, b). Todi axwo ichye (cKinueHHa a0 HeCKIHYEHHA ) 2PAHUYA

f'(x) _

x—9a+0 g (x)

TO rpaHubA lim f(x) TakoX icHye i lim M =
x—>a+0 g(x) x->a+0 g(x)

HoBenesnsna Hexait x e (a,b) i —0 <K < +oo. JloBUBHAYNMO
dbyurnii f(x) i g(x) y Touni a, noknasmu f(a) = g(a) = 0. Toxi Bonwy,
OYeBUAHO, CTAHYTH HellePePBHHMMHU Ha BiApisky |a,x| i 3amoBonpHATH-
MyTh Ha HbOMY Bci BuMoru Teopemu Komi (gus. § 2). A Tomy 3HaiAEeTH-
cdA Taka Toyka ¢ € (a, x), 110

9 Bacuibuenko I. I1.
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1) _ f(x) - f(@) _ 1)
g(x) g(x)-gla) ¢g'(c)
Akmo x - a+0, To it ¢ - a+0. Iepexogaun g0 rpa”Huni B oc-
TaHHil piBHOCTi, MaeMoO

1@ _ gy 1O _ iy 1)

lim m —— =K,
x—>a+0 g(x) L'—)a+0 g (C) x—>a+0 g'(x)
110 # morpibuo xosecTH.
BaysaxenHnasa 1. Teopema 1 goBenena maa npaBUX TpaBUIb.
Bona smmaersca icTurHOW0 # AMA NiBMX i ZO rpaHMIi B3araii.
3dayBaxeHHSsa 2. TBepaxeHnHa Teopemu 1 3anuimaerbes B cuii,

- . . 1.
AKMIO g = oo(too) . JlificHO, Bi3bMEMO, HAIIDUKIAK, g = 0. Hexait t = — i

x
F() = (—1—) G(t) = (1), Toxai
t t
f

(%) _ o FO) _ o F() _

2
lim t lim f'(x)

t
e g(x) -0 G(t) >0 G'(t) >0 1 1 xow g (x)
t? g ¢

IIpu poskpuTTi HeBU3HaueHOCTeH iHIIOrO THIY Aie Teopema, AKa Ha-
BOAUTHCA Oe3 MOBeIEeHHA.
Teopema 2 (npyre npaBuso Jlonirtansa). Hexaii ¢pynrcyii f(x) i g(x)

dugpepenyiiiosni na inmepsaani (a, b); limof(x)= limog(x)=oo i

g'(x) # 0 na(a, b). Todi, axwo ichye (Heckinuenna abo ckinvenna) zpa-

rHuysa lim f,(x)=K, mo ezpanuys lim =) maxox icHye i
x—a+0 g (x) x—a+0 g(x)
f(x) _
x—9a+0 g(x)

3ayBaxkeHHs K0 TeopeMu 1 3aJMINAIOTHCA B CUJI i A Teopemu 2.
Tpamnaersea, mo aua noxiguux f'(x) i g'(x) BUKOHYIOTBCS YMOBU OfHI€l
3 TeopeM; ToAi npasuia Jlomitans MO HA 3aCTOCOBYBATH IOBTODHO:

x "(x
ml@ _y I@ @)
x—»a g(x) x-a g(x) xoa g (x)
Baarani npu BUKOHAHHI BiANOBIZAHMX YMOB II0 IPOLEAYPY MOKHA
3aCTOCOBYBaTH KijibKa pasis.
Teopemu 1 i 2 3acTocoByOTECH A0 BHMAAKiB, KOMM 06uABI QyHKMII

f(x) i g(x) mpr x — a DPAMYIOTH OAHOYACHO /IO HYJS a60 JO HeCKiHYeH-
HOCTi.
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f(x)

BignosifHo sHaxomxenHs lim (—) HaSUBAIOTh POIKPUMMAM HEBU-
x—a g(x

3HaYenocmeil TUIIY 6 abo —.
00

0
3a AOIIOMOT'OI0 TOTOXKHHX NEPETBOPEHDb O OCHOBHUX BHIIaAKI1B 6 abo

oo kY3 .. . o0
— MOKHA 3BECTH i HEBUBHAUEHOCTI IHIIMUX THUIMIB; O - oo, 00 — oo, 0°, 1°°,

o0

HeBusnaueHicty 0 -0, TO6TO 700yTOK f(x)g(x), me limf(x) =0,

lilrl g(x) = o, 3BOAUTHCH A0 BUTIALY % abo -—: 3a opmMysIamMu
1 1

= :——, ab = .

f(x)g(x) = f(x) 2 abo f(x)g(x) = g(x) 0

HeBu3HAYEHICTH oo — 0o 3BOAUTHCA JO BUTIALY 0 3a JIOTIOMOTrOI0 Ie-

peTBOpeHHS

1 1], 1
) - &(x) = L’(x) } f(x)} REECK

Hesusnagenocti 0%, 1%, «° MawoTs Mmicue npu posrasani ¢GbyHKIin
[f(x)] &), axmo byHKnia f(x) npamye Bignosiguo 10 0, 11 +o0, a g(x)
— Bianmosigao 1o 0,°° i 0, Akmo x — a . Sk TpaBUIIO, BAKOPHUCTOBYETHCSA
piBHiCTB

(]

[f(x)]g(x) = eg(x)lnf(x)

i cnpaBa 3BOAUTHCA N0 PO3KPUTTSI HEBU3HAYEHOCTI BUIAAY O - oo y 1O-
KasHUKY.

Hpuxaax 1. 3naiitu Taki rpanuni:
e’ -1

a) —
-0 arctgbx

2
6) lim In 3x ;

Xy

., tgx—sinx
B) llmg—.
x=-0 x3

a) UncenbHUK i 3HAMEHHUK NIPAMYIOTH A0 HyJd, AKIo X — 0, a romy

0
Ma€eMO HEBU3HAYEHICTh THIY o Bukopucraemo npasuio Jlomitana, To6-
TO PO3rJIAHEMO FPAHHUIIO BifHOIIEHHSA HMOXiAHUX 3afaHUX QYHKIiH:
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. e -1 . 2e** 2
lim =lim =—_,
x>0 aretghx x>0 __ 1 5 5
1+ 25x2
ockinprm e2* 51 i ———-1———2— — 1, axkmo x — 0.
1+ 25x

oo

6) HeBusnauenicts Tuny — . 3acrocoBywoun ABiui dopmyay Jlomira-
oo

JIs1, JiCTAHEMO

21nx

1
Z —_—

tim 2%~ 1im = 2im2E _ 2y 2 o,

e g x>0 3x 3 xoe g 3 x-o= 3x

Ha xosxHOMYy erami 3acTocyBaHHs npaBuJa Jlomitansa caig Kopucty-
BATHUCA TOTOYKHUMU IE€PETBOPEHHSIMHU, SIKi CIPOLIYIOTh BijHOIIEHHS, a
TaKoK KOMOIHYIOTH Ije IIpaBuJIO 3 O6yAb-AKMMH IHIIMMH crocobGamu 00-
YHCJIEeHHS I'PAHUIb.

—1 _ _cosx 3
. tgx-sinx 0 . cos®x 1 1-cos’x
) lim HEZSINT H Spimeos’x 7 Ly 1-cosx
x50 x 0 x50 3x 3 x-0 x* cos® x
3BiJILHUMO 3HAMEHHHK APo6y Bifi MHOMHHUKA cos? x, ockigbKHU BiH
mae rparunio 1 npu x — 0. PoskjageMo 4yHCeJbHUK AK PisHUII0 Ky6iB

1-cos®x = (1 - cosx)(1 + cos x + cos? x)

i 3BiBHMMO umMcenbHUK Bix MHOxHUKA (1 + cosx + cos® x), sikuit mMae
rpanunio 3 npu x — 0. Iicasa Takux cupouieHs AicTaHeMo

lim 3 = lim > — ] =1im ==
x50 x x—0 x 0 x>0 2x 2

BHROpHCTOBY!O‘IH IIepury BaXXJMBY I'PAHUII0, OTPMMAEMO OCTATOUYHY

tgx —sinx _ . l—cosx_[O] . sinx 1

. 1
BigmoBiAb - Bike 6e3 mpasmia Jlomitans.
IIpuknanx 2. 3HaiiTu rpaHuni:

a) lim (x*In x);

6) lim -1——-—1—;
=0{x e -1

B) lim x®

x—0

an

) hm (tgx)
~3
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2x
A) lim|1+—| .
X300 X

a) Tyt Mu maemo HeBU3HaueHicTh TUNY O - o, IIpeacTaBuMo 706YTOK
[==]
Y BUTJIAAL YACTKY, & MOTiM, 3400YBIIH HEBU3HAYCHICTL THIIY —, 34CTO-

oo

cyeMo npasuJio Jlonirasns:

-

Inx 1
. 2 _1: =1 - _ 1 2 =
e =l =Ty =Ny =0
x? x?

6) lle HeBM3HAUEHICTh THIY oo —oo, Iljis TOro m06 3HANTH FPaHUIIO
¢$yuxnii, npusegemo apobu K0 3araJsHOr0 3HAMEHHHKA, a MOTiM, OTpH-

MAaBIIIV HEBU3HAYEHICTh THITY -6 ,» 3acTocyeMo npasuJjo Jlomirans:

ef -1-x . e -1 . e* 1

im . p - =lim———— = —,
=0 x(e* -1) x-0¢e* -1+ xe -0e*(24+x) 2

B) lle HeBusHauenicTs Tuny 0°. ITosHaummo gaHy QyHKLiO Yepes y,
ro6ro Y = x*"", i nponorapudmyemo ii:

Inx
T
sin x
OGuucauMo rpasHuIlio orapudma JaHoi GYHKIiI, 3aCTOCOBYIOUH npa-

Iny =sinxInx =

(o]

sujio Jlomitanda (TyT MaeMo HeBU3HAUEHIiCThL TUIY — ):
o0

1 .2
. . . . sin®x
limlny = lim =lim X =-lim———~— =
x-0 x>0 x50 __ 1 .CcoSx =0 X COS X
sin x sin? x
. [sinx
=-1li in x - =0.
-0 x cosx

Orixe, limy = e’ =1.

r) Ile HeBuBHAYeHiCTH THIy . BiseMemo (tgx)?*™™ = y i mposora-
pudpmyemo:

Iny=Cx-n)lntgx = ln#
2x -1
3acrocysasmu npasuio Jlonirang, xicranemo:

11

—L_ a2

limlny = lim =1imm=_1imﬂ_@___

x> X . 1 xo _ 1 .9 x-»% 2sinxcos x
2x -1 (2x - m)?

Intgx
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3BiJIBHUMO 3HAMEHHUK BiJl MHOXKHUKA Sin X, OCKiJIbKY BiH IpAMye A0

1, axmo x —» & :

2

i -— .
—hmg§:ﬂL=[9==—mng&LlLE=m
x>§ 2cosx 0 s~ —2sinx

to6To lim y = €° = 1.
x—)g

n) Ile nesnanaueHicTs Tuny 1°. Beegemo nosHadyeHHs

2x
y= (1 + l) .
x
Toni Iny = 2x - ln(l + %) € HeBU3HAUEeHiCTIO TUNY oo - 0 . IleperBopu-
Mo BUpas Ilny mo BUraARy

Inf1+1
Iny =2 1
x
3riguHo 3 npasusom Jlonitana orpuMaeMo
1 (-1
1+ 1 x2 1
limlny =2lim —%— =21lim = 2.
X —>+o0 Xx—>+o0 _ L X =00 1 + “1‘
x2

X —>+oo] x

2x
Orxe, lim y= lim(l + l) = ez_

§ 4. Nocnimkenus dpyHkuii

YMoBH MOHOTOHHOCTI (PyHKILiH

O3navenna 1. Dynruyia f(x) Haszusaemuvca 3pocmarnyoin (cnadHow)
Ha deaxomy npomixcky X, aKuio 0aa 6ydv-aKux Xx,%X, € X (x, < x,) 6u-
rwonano HepisHicmb f(x,) < f(x,) (6idnosidno f(x,) > f(x,)).

Teopema 1 (moctaTHi ymMoBu MOHOTOHHOCTi). Jruwjo ¢ynruyia f(x)
dugpepenuiiiosna na npomixexy X i f'(x) >0 (f'(x) <0) na X, mo pynx-
uia f(x) 3pocmarua (cnadua) Ha YbOMYy NPOMINCKY.

IIosepenn s Hexall ansa kouxkperHoeTi f'(x) > 0 Ha X i X, %X, —
6yab-Aki Touku 3 X, npuuoMmy X, < X,. 3a ¢opmyJsowo JlarpaHxa
f(xz) - f(xl) = f’(C) '(xz - xl) s A€ C E (xp xz) .
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Ocximkm f(c) > 01 %, — x, > 0,710 f(x,) — f(x,) > 0, 860 f(x;) < F(x,),
ToOTO QyHKNiA f(x) 3pocrae Ha X.

Bunanok, akmpo f'(x) < 0 Ha X, gocaigkyeTbes aHAJIOTigHO.

YMOBH JIOKAJBHOTO EKCTPEMYMY

Osznavenns 2. Touka x, HA3UBAEMbCA MOYKOI CMPOZ02Z0 LOKALLHO-
20 MiHimymy (maxcumymy) pynryii f(x), AKwo npu écix x + x, 3 des-
K020 300Ny MOYKU X, BUKOHYEMbCA HepiéHicMb

f(x) > flx))  (F(x) < f(x,)).

AHaJoriuno, AKINO B IeAKOMY 3-0KOJIi TOYKH X, BUKOHYETHCH HEpPiB-
HiCTB

f(x) 2 f(x)  (f(x) < f(x,)),

TO TOYKA X, HA3WBAETBCA MOUKOI JOKALLHOZ0 MiHimMymy (marcumy-
My ). HacTo AJA CKOPOUEHHS CJIOBO JIOKAJIbHUII He BXKUBAIOTH.

Touxkn MiHiMyMy @i MakcumMyMy DYHKIII Ha3WBAIOTH TOYKAMHU E€KCT-
peMyMmy, a 3Ha4eHHsa QYyHKUII B UX Toukax — ii ekcTpemymamu.

Teopema 2 (meobxinHi ymMoBM ekcTpemymy). kw0 mouka X, € mou-
K010 excmpemymy pyrryii f(x) i e yilt mouyi pynryis dupepenyiiiosna,
mo f(x,) = 0. -

HoBenenHa Hexai aisa KOHKpeTHOCTI X, — TOYKA MAKCHUMYMY;
TOAL IPM AOCUTH MaJIUX Ax (,Ax| <8) fxy) 2 f(xy +Ax) i Ay = f(x, +
+ Ax) - f(x,) £ 0, a orxe,

, . Ay
f+(x0)_A]1~_1_I"r}OX; SO’

y . Ay
= — >
f'(x,) hqm_o oy 2 0.

Ockineku pyuknia f(x) mudepenniiioBHa B Touri Xy, TO
F(%) =1 (%) =1"(x)=0.

Bunapok, komu x, — Touka MiHiMyMy, ZOCHIIKYETHCA AHANOTITHO.

Teopema 2 mae mpocTmii reoMeTpuyYHUI 3MicT: KoTMuHA 10 rpadika
sudepennifiosnoi QyHrnii y Bignosiguiit Touni mapanensHa oci Ox.

3daysaxennsa 1. fdxmo f'(x) =0, To 3BizcH Ie He BUILIUBAE, LI0
X, — TOuKa excrpemymy. Hanpuxnan, ana ¢ymruil f(x) = x° noxizma
f(x) = 3x% i f'(0) = 0. Hpore x, = 0, oueBHIHO, He € TOUKOIO EKCTPEMYMY.

3ayBaxennasa 2. Touka x,, B Akiit dynknia f(x) Heamdepes-
iit0BHA, TaK0X Mosxe GyTH TouKoI0 excTpemyMy. Hanpuxaan, GyHnkuis
f(x) = |x{ He mMa€ noxigxoi B Touni x, = 0, aje ns Touka € AnA Hei TOY-
KOI0 MiHiMyMmy.

Touku, B AKMX NOXiZHA KOPiBHIOE HYJIO, HA3NBAIOTHCSH cmayionapru-
mu. CranioHapHi TOYKH, a TAKOXK TOYKH, Ae DYHKIis BU3Ha4YeHa, aje 11
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NnoxifiHa He icHye, HasMBAKWOTLCA KpumuuHumu. Came cepej HUX cJim
IIYKATH TOYKH €KCTPEMYMY.

Teopema 3 (gocTaTHI YMOBH CTPOroro €KCTpEMyMy HIepIIOro THIY).
Hexaii ¢ynkuia f(x) Henepepsna 8 desarxomy O-0Koai mouxu x,:
(x, — & x4 + 8) , Oughepenyiiiosna y HLOMY, KPiM, MONCIUEO, CAMOL MOLKU
%o. To0i, akwo f(x)<0 (f(x)>0) npu x,-8<x<x, i f(x)>0
(f(x) < 0) npu x, < x <X, + 3, Mo mouKa x, € MOULKOI0 CIMPO2020 MiHiMmy-
ny (maxcumymy ).

KopoTko uio Teopemy GOpPMYyJIIOIOTh TaK: SAKINO B TOYIi X, MoxigHa
3MiHIoe 3HaAK 3 “MmiHyca” Ha “mmroc” (3 “miioca” Ha “minyc”), To x, —
TOUYKa CTPOroro MiHiMymy (MakcuMyMmy).

OHosepxen H a. Hexallt ana xoHkperHoctri f'(x)<0 npu
Xg—-0<x<xy1f(x)>0 npu x, <x<x5+30.

CrnouaTky posrisHeMo x € (x, — 9 x,). 3acrocyemo dopmyay Jlar-
paHxa no dysknii f(x) =a Bimpisky [x,x,]. MaeMo

f(x) = f(x) = f(e)x - x,),

ae ¢ € (x, — 0;x,). Ockinbkn f(c) <0i x—x, <0, T0 f(x)~-f(x5) >0,
abo f(x) > f(x,) mpn x, -6 < x < x,.

Slkmo x € (x,;x, +9), TO, 3acTocoByloun (opmyay Jlarpamxa mxo
dyukuii f(x) Ha Bigpisky [x,;x], MaTumemo

f(x) = f(x,) = f(d)x - x,),

ae d e (x,;%, +8). Ockinbku f(d)>0 i x—x, >0, 0 f(x)—f(x,) >0
abo f(x) > f(x,) mpu x, <X < x5 + 0.

Otrsxe, Ais 6YAb-AKOTO X # X, 3 0-OKOJNY TOUKH X, f(x) > f(x,), a ne
i1 o3Hauae, 110 TOYKA X, € TOYKOIO CTPOroro MiHimymy.

Bunagox 3mMiHu 3HaKy noxigHoi 3 “miaroca” Ha “MiHyc” JOCHiZKYETH-
cs aHaJIOTigHO.

Baysamennsa 3. Axmo f(x) Mae onHaKOBi 3HAKK Ha iHTepBasax
(%o — 8, %,) 1 (x95%, +3), TO X, HE € TOIKOIO CTPOTOTO EKCTPEMYyMY.

Teopema 4 (npyra JocTAaTHS O3HaKa eKcTpeMyMmy). Axuo 8 oxoxi
mouku x =2x, Opyza noxidna nenepepena, npuwomy f(x)) =0, a
f'(x,) # 0, mo pynkyia f(x) mae 8 mouyi x = x, MaAKCUMYM, AKUWO
f7(xy) < 0, i minimym, axwo f’(x,) >0.

ODosepgenHa Hexait f'(x,) < 0. 3Bakaoun Ha HellepepBHiCTh
f’(x), icHye HeAKHil OKiJl TOUKHN X,, B AKOMY f"(x,) < 0. Tomy B npomMy
okoJi pynkuia f'(x) 6yne cnagHow, 60 i moxizna — f"(x) — Bin’emHa.
Ipore npu x = x, f'(x,) =0, orTske npy mepexozi (3;1iBa Hanpaso) uepes
TOYKY X, GYHKOiA f'(x) 3MiHloe 3HaK 3 “mmoca” Ha “Mimyc”. A ne o3Ha-
Yae, 10 B TOUYIi X, QYHKIiA Mac MaKCHMyM.

Amnanoriuno gopoautnca mo Ko f(x,) =0 i f7(x,) > 0, 1o f(x,) —
MiniMmym GysKIil f(x).
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Axmo B geaxift kpurnunii Touni x = x, ’(x;) = 0, To Apyre mpaBu-
JIO He 3aCTOCOBHE i JOCHIyKeHHS CJIif IPOBOLUTH 3a AOIIOMOrOIO Nepiol
noxiznoi (cnupamouuch Ha TeopeMmy 3).

Npukaax 1. JocaiguTy Ha MAKCUMYMH Ta MiHiMyMu

f(x) = x° —5x* +5x% + 2.

1. Bnaxogumo moximHy f'(x) = 5x* — 20x® + 15x%.
2, IIpupiBHIOEMO TIOXiIHY A0 HyJA i 3HaxoauMo ii KopeHi, To6TO KpU-
THYHI TOUKU:

x'—4x® +3x* =0, x*(x* -4x+3) =0, x,, =0, x; =1, x, =3.
3. ObuucaoeMo Ipyry NOXigHY

f7(x) = 20x® - 60x® + 30x.

4. IligcraBasoun y BUpa3 Apyroi noxixxoi safizeHi kopexi mepiol
noxiguoi, gicraneMo

f7(0) =0 (mpaBmio He 3acTocoBHe), f'(1)=-10<0 (Makcumym),
£7(3) =90 > 0 (mimimym).

Yepes Te mo npu x, =0 f"(x,) = 0, BjaeMocs o mepIuoro npasuia.
Maemo npn x < 0 f(x) = 5x*(x —1)(x —3) >0, mpu x>0 (ane x <1)
f(x) = 5x*(x — 1)(x - 3) > 0.

IloxizHa He 3MiHIOE 3HAKa, eKCTPpeMyMYy B Toulli x = 0 Hemae.

3a nmomomMorow teopil MaKkCcUMyMiB Ta MiHiMymiB dyHKIil po3B’a3y-
I0ThCA YMCJEHHI 3a/1a4i 3 reoMeTpiil, eKOHOMiKHM, MeXaHiKHK TOILIO.

3HAXOMKeHHA HAWMEHIIOro i HauGinpmoro saavens. SyMUHAMOCS
Ha NUTAaHHI OpO BiAIMyKaHHSA HaWMeHIIOTO # HaK6GiabLIOro 3HaYEHD
dyuxnii f(x), HenepepsBHOi Ha BiApisky [a, b]. 3a Teopemoro 1 (gus. § 1),
Taka QYHKIiA 0608’ A3K0BO HaOyAe HUX 3HAYEHb Y AeAKUX TOUKaX [a, b].
Ile MoxKyTEH 6yTH AK BHYTPiIlIH]1 TOUKY BiApiska, Tak i foro KiHmji.

Omxke, 1Js BilIIYKAaHHA HaliMeHINTOro (HA#6ipIIOro) 3HaYEeHHA Helle-
pepBHOi Ha [a, b] byERIii f(x) morpibHO 3HaNTH Ii TOKANBLHI €eKCTPEMY-
mu Ha (a, b) i mopiBHATH iX i3 s3Hauennamu f(a), f(b). HalimeHnmie (Haii-
Oinpuie) i3 Mux 3HaveHb i OyAe HaiiMeHITUM (HaMGIILIINM) S3HAYEHHAM
dyukuii f(x) Ha Bigpisky [a, b].

Moxke craTtucs, mo Gyaknia f(x) Ha (a, b) 30BciM He Mae TOUYOK eKc-
TpemyMy. B nupomMy Bunazky ii HaiiMenine (HaitGinbllie) aHaueHHA Oyne
cepej 3HaueHs f(a) i f(b).

IIpu npakTryHiit poboTi caig MaTn Ha yBasi, [0 OCKiNbKHK HaliMeHIIE
(Hait6inpire) 3HAUEHHA JOCATAETHCA B KPUTHYHUX TOYKAaX a00 Ha KiHIAX
BiIpisKy, TO He OTPi6HO mepeBipATH AOCTATHI yMOBU HasgABHOCTI €KCTpe-
MyMy GYHKIIl y KpUTHYHUX TOYKax. [JoCUTh Jullle 3HAHTH 3HAYEHHA
dbyrruil B ycix KpUTHMYHUX TOYKAX i MOPiBHATH iX 13 3HaUYeHHAMHU [(a),
f(b) . Halimenme (xHaiibinpiie) 3 HUX i Oyge HaliMeHIIuM (Han6iabmInM)
3HaueHHAM byuxruii f(x) =a [a, b].
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Hpuxaax 2. 3 nysKTy A, AKuil JeXUTh Ha JiHil Dpamoainiiinoi aa-
Ji3HULi, B IYHKT B, 1110 3HaX0AUTHCA Bij 1iel ninii Ha Bigerani [, norpibao
NepeBO3UTH BaHTa)Xi. BapTocTi mepeBo3y ofuHMII BaHTAXKY HA ONUHMU-
1110 BiacTani sanisHuneso i moce nopiBuioOTH BignoBiAHO Mmin (m <n).
Mo saxoi Toukn M sinii sanisHuni caig npoxyacry moce, 1106 TpaECIOp-
TYBaHHS BaHTaXy 3 A 1o B 6yJso Haibinpin exoHoMiyaumM?

C M A Cc A M

Puc. 54

Hexait AB=s,BC=1,aCM=x,o1i CA = V52 - I?, MA=+s? - 1> - x
i BM =+1* + x* (puc. 54, a). BapricTh epeBeseHHs k OXMHUL BAHTAXKY
no moce BM cranosuts knyi® + x? , sanisaumeio MA — BigmoBigHO

km(Vs® —1* — x). Baranbua BapTicTh Q(x) TPAHCIODTYBAHHS BAHTAXKY

Q(x) = knvi® + x? + km(Js® - 1% — x).

3HaiifeMo HaliMeHIIe 3HaueHHA niei GyHKnii npu x € (0;vs? — I2).
Bepyun noxiguy

, knx E (nx-m\/l2 +x2)
Q(x)=——=-km =
NTE NI

i mpupiBHIoOUN i1 HyJ10, AicTanemo piBHAREA nx — mviZ + x? = 0, pos-

m
B’S130K fIKOTO BU3HAYAE €UHY KPUTUIHY TOUKY X, = —\/__= Jlerxo
2 2
n®-m

IlepeBipuTH, 1m0 NTOXigHA B il Touni 3MiHioE 3HAK 3 “Minyca” Ha “rtioc”.

OTike, AKINO —\/._in-——_— <Vs? —-1*, 10610 CM < CA, TO TIpu X = X, =
2 2
nt-m
m

= 2 2 BapTiCTh TPaHCHOPTYBaHHS BaHTa)Xy 3 A B B HaliMenmia.

n -—-m
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m [.2 2

fAxmo npu _‘n‘;‘? 2Vs" =1, 10610 CM >CA (puc. 54, 6), To
mmoce CJiji, 0OYeBUAHO, IPOKJIACTH B3/I0BXK IpaAMoi BA.

OnyxiicTs, yrHYTIiCTh Ta TOYKH NeperuHy Kpusoi. BixnocHo Gyakmii
f(x) , rpadik sixoi mogaHo Ha puc. 55, MIPUMYCKAETLCA, 10 BOHA MAE Here-
PEPBHY ApPYry NOXimHY.

Osnavennsn 3. Kpusa 3eemocs onykaowo (yznymow) 6 deaxiit mouyi
M, axuwo 8 oxoai yiei mouku aexcums nid (Had) domuunow, npogedenoo
6 mouyi M (ua puc. 55 y rouni M, kpusa onykjaa, M, — yruyra).

KpuBa 3BeTnhCs ONyKJOI0 (YTHYTOIO) Ha AEAKOMY IIPOMiMKKY, SAKIIO
BOHA OonyKJa (YrHyTa) B yCiX TOUKAX I[bOT'0 IIPOMIXKKY.

y A

M,

x
>

Puc. 55

Ilpu moGynpoBi rpadika AyKe BayKJIMBO 3HATH, Ha AKUX HPOMIKKaxX
rpadik dyHKUii f(x) onmyknuii i Ha AKUX BiH yrHyTHi.

Teopema 5. T kw0 a npomixcky (a, b) dpyza noxiona pyrxuyii 8id’emua,
mo xkpusa y = f(x) onyxaa nHa yvomy npomixcky; akwo f’(x) dodamra
Ha (a, b), mo kpusa yznyma.

Ilogamo nunre geAKi MipKyBaHHS reOMETPMUYHOrO xapakrepy. AKimo
CKpi3b Ha IpOMIXKKY (a, b) f"(x) < 0, TO e 03HAaYae, MI0 camMma GYHKLiA
f'(x) cnagua. OTke, cniafac Ha PO3TJIALYBAHOMY IIPOMIXKKY KYTOBHI KO-
ebinienT goruunoi (tgo ) xo kpmuBoi i, 3BUUAITHO, CIIafa€ H KyT O, YTBOPIO-
BaHWH JOoTHUYHOIO 3 Biccio OX (puc. 56).

U A
M

Puc. 56
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x
>

a o b
Pue. 57

OueBupHO, KPMBA B yCiX TOuKax MPOMiMkKY (a, b) posramoBaHa mmif
IOTHYHOIO, TOOTO BOHA OIIYKJIA.

fAxmo f"(x) > 0, To Taki cami reoMeTpUYHi MipKyBaHHA HOBOAATH, 1[0
Kpusa Gyne yraytoio (puc. 57).

Osnavennsn 4. Toukra, axa 6i00KpeMAIOE ONYKILY HACMUHY Henepepa-
HOI KpueBoi 6i0 yzHymotl “u HABNAKU, 36eMbCA MOYKO0I0 Nepezuny Kpusol.

Ha puc. 55 Touka M, € TOYKOIO NeperuHy. ¥ TOUKax NeperuHy Jo-
TH4YHA NIepeTUHa€e KPUBY, 00 3 ofHOro GOKY Bif 11ieil TOUKHU KPHBA JIEKUTH
i ZOTUYHOIO, & 3 APYroro 60Ky — Haj Helo.

Teopema 6. Trxwo f'(x,) = 0 y deaxiit mouyi x = x,, a npu nepexodi
yepes Yio mouKy ys noxi0na 3MiHI0E 3HAK, MO MOYKA KPUBOL 3 a6 CUUCOI0
X, € MOYKOI0 nepezuny.

JToBenxeHH a. IIpunycrumo, mo B rounti M 3 afeuucow x = x,
f"(x,) = 0 i aminiOE 3HAK, HampuKIaj 3 “mrioca” Ha “miryc”. Tozi riBo-
py4 Bigx M KpuBa yrHyTa (f’(x) > 0), a IpaBopyY — OIIYKJa (f'(x) < 0).
Or:ke, B Touni M Kpusa 3MiHIOE€ YIHYTICTB Ha ONYKJICTh, a TOUKa M €
TOYKOIO IIEPErnHY.

IIpukaax 3. 3uaiiT TOUKYU MEepEeruHy Ta BUSHAYUTH IPOMIKKH OIIYK-
JocTi Ta yrayTocTi KpuBoi y = x°.

Maemo y’' = 3x%, y" =6x.

HOpyra noxiaua crae nynem npu x =0, fAxmo x <0, Toy” < 0; axmo
x>0, y>0.

Orsxe, HA NPOMIMKKY (—oo; 0) Tpadik onyKJINil, & HA TPOMIKKY (0; 00) —
yraytuii. Touka xpusoi 3 abcriucoo x = 0 € TOYKOIO Ieperuny.

Ipuxxan 4. JocaiANTH HA TOYKY NIeperuHy KpUBy y = x*.

Maemo y =4x®, y"=12x%. Ipu x=0 y"=0. Hocaigxyemo
aMminy snaka. IlIpu x <0 y” >0 (kpusa yrayra), mpu x <0 y" >0
(kpuBa Te)x yrayra). JIpyra noxizua me 3MiHIOE 3HaKa, KpUBa He Maec
TOYOK II€PETHHY.

Acumnroru. [focaigkennna rpacdika dyskuii 8 uimzomy. IIpu Bu-
BUEHHI NMOBeAIHKM QYHKIII, AKIO x — +oo—c0) 860 MOBIN3Y TOUOK pPO3-
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PHBY ADYroro poay, 4acTo TPAILIAETHCHA, 110 rpadik GyHKOIl AK 3aBrogHO
61M3bK0 HabiMaKaeThes A0 Tiel ym inmoi npamoi. 1Ii npami HasuBaOTh-
cA acumnmomamu.

O3navenns 5. IIpama x =a HA3UBAEMbCA 8eDMUKAALHOI ACUM-

nmomoro zpagira pyuryit y = f(x), axwo xoua 6 00Ha 3 zpaHuUyb hm f(x)
abo lim f(x) neckinuenna.

x=2a-0

Hanpukaan, ipsima X = 3 — BepTHKAJbHA aCHUMIITOTA rpadika GyHKIil

1 . 1
, OCKiIbKK lim =400, lim = =00,
x -3 x93+0 x — 3 *x-3-0 x — 3
Osnayvennsn 6. IIpama y = kx +b Hasusaemvcs noxunow acumnmo-
moio zpadpixa Qyrryii y = f(x) npu x — +oo(—o0) , AKUWLO

lilﬂo[f(x) —kx-b]=0 (lirpw[f(x) —kx —-b] =0).

y:

Teopema 7. Jas mozo w06 npama Y = kx +b Oyna noxunow acum-
nmomoio zpadira Gynryil y = f(x) npu x — +oo(—oo), HeOOXiIOHO it Oo-
cmamubo, Wo0 icHYysaru eparnuyi

W)

X=3+o0 X

( tim 28 iy Jim (7(2) - k1 = b}

=k; “’I},[f(x) —kx]=0b,

HoBenensasa HeobxiOnicmv. i KOHKPETHOCTI poarisagarume-

MO BHUII4JIOK, SAKIIO X — +oo . Hexalt Y = kx +b — moxuyia acuMIITOTA
rpadika GyHKuii y = f(x) npu x — +oo . OCKiNBKH
f(x) _f(x)-kx-b b

+k+—=;  f(x)—kx =[f(x)—kx-bl+Db,
x x x

TO 33 O3HAYEHHAM
f (x)

lim —=

X to0

=k lim{[f(x) - kx] =
X oo

Hocmamuicmeo. Hexau icHyIOoTH rpaHuni, BkasaHi B Teopemi. Tozxi 3

gpyroi rpanuni BumauBae, mo lim[f(x) - kx —b] =0, a Tomy npsma
s s X = +oo .

Y = kx + b AificHo € noxuJsow acumnroro rpadika pysHRHii y = f(x)
OPH x — +oo,

IIpu pocaimxenni rpadika GyHKIIL B IIiJiloMy peKOMeHAYETHCH, Ha-
TIPUKJAJN, CXE€Ma, 3a AKOI0 CJIiJ 3HalTH:

1) o6nacTs BusHaueHHA PYHKUil, i1 TOUKKM pO3PUBY # MPOMiXKKHM He-
epepBHOCTi;

2) acumnroru rpadika QyHKIil;
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3) TOYKM JIOKAJTBHOTO EKCTPEMYMY (DYHKITIT;

4) npoMi’XKH MOHOTOHHOCTI QyHKI}T;

5) TOUKH IeperuHy, IPOMiKKH ONYKJIOCTi ¥ yrHYTOCTi.

Bpaxoryroun gociigkenus, nodbyaysatu rpadik dpyurmii.

ITopanok mociimkeHHA AOLINBHO O6UpATH BiAIIOBiHO K0 0cObJIMBOC-
Teil dyHKuii. IIpu po3B’si3aHHI KOHKpPeTHOI 3afaui OKpeMi MYHKTH MOX-
Ha Jenio PO3UINPHUTH, a AesSKi MOXYTb BUSBUTHCH 3aiBUMH.

§ 5. 3acrocyBanHs noxinHoi B eKOHOMiYHiil Teopii

PoarasineMo nesaki npuKJIagy 3aCTOCYBaHHSA ITOXiAHOI B eKOHOMiUHiM
Teopii. 3BepHEMO yBary Ha Te, 1o 6a30Bi 3aKoHM Teopii BUpo6HHUITBA i
CIIO}KHWBAHHA, MONUTY i NMpomosulii € NpAMUM HACJHiIKOM MaTeMaTU4-
HHUX TeopeM, chOpMYJSIbOBAHUX Y Liit riasi.

CrniouaTKy po3rjisiHeMO €eKOHOMIUHY iHTepnperaliio Teopemu Pos.

Oaun 3 6a30BHUX 3aKOHIB Teopil BUPOGHUIITBA € TAKMM: ONMUMATLD-
HU OnA 6upobruUKa piéenb 6UNYCKY MO6ADY 6UIHALAEMBCA PIBHICMIO
ZPARUNHUX 6umpam i 2PDARUYLHO020 00Xx00Y.

To6ro piBeHb BUIIYCKY X, € ONTHMAaJbHUM /Ji BUDOOHHKA, SAKIIO
MS(x,) = MD(x,), ne MS — rpanuuni BurpatTd; MD — rpaHUYHHIH
nmoxinx. dyukuiro npudyTry mosaauumo C(x) . Toxi C(x) = D(x) — S(x) . Oue-
BHUJIHO, 1110 ONTUMAaJILHUM PiBHEM BUPOOHHMITBA € TOM, IPK AKOMY IpUOy-
TOK MaKCHM&JIBHUH, TOOTO TaKe 3HAYEHHSA BUIIYCKY X, , IPH AKOMY GQYHK-
uig C(x) mae ekcrpeMyM (MakcumyMm). 3a TreopeMoio Posnna B uiit rouni
C’(x) = 0. Ockineku C’(x) = D'(x) - S'(x), Toni D’(x,) = S’(x,), To6TO
MD(x,) = MS(x,).

Jpyre Ba)kJuBe NOHATTSA Teopil BUPOOHUIITBA — Ii€ PiBeHb HAWOGLNbII
€KOHOMIYHOr0o BUPOOHMIITBA, IPU AKOMY CepefHi BUTpaTH 3 BUPOOHMUII-
TBa TOBapy MiHimansHi. BigmoBigHmii ekOHOMiuHHII 3aKOH TBEPAUTH:
pieéenv Halbinbw eKOHOMIYHO20 6upObHUYMEa 6u3HaLaEmMbCA
pienicmio cepednix i zpanuunux eumpam.

OrprMaeMo II0 YMOBY AK Hacaifok teopemu Posansa. CepenHi Butpa-
S(x)

1 AS(x) BU3HAYAIOTHCH AK , TOOTO BUTPATH 3 BUPOOHUI[TBA TOBA-

Py moxineHi Ha BUpOOJieHy Horo KinbkicTs. Mimimym miel Bemuuunu
JOCATaEThCA B KpUTHUHIN Touni dyukuii y = AS(x), Tobro 3a ymoBHU
S'x-S _

AS'(x) = o 0,

aBigku S’x - S =0, abo S’ = S , To6T0 MS(x) = AS(x).
x

IToHATTA ONYKJIOCTI QYHKIIIT TAKOMK 3HAXOAUTDL CBOIO iHTEPHIPETAIio
B eKOHOMIiuHi# Teopii.



3acTocyBaHHa NOXIAHUX A0 AOCHILXEHHN BYHKUIR 271

OxauH 3 HalBiZOMIMIMX EeKOHOMIYHMX 3aKOHIB — 3aKOH CHaZawyoil
JoximHoCTi — (POPMYIIIOETHCS TaK: i3 36iAbUWeRHAM 6upobHUYMEa 00-
damxoea npodyKyis, ompumana Ha KO¥CHY HOEY 0JUHRUYIO pecypcy
(mpy0060z20, mexnonNO2ZiLHO20 i M. iH.), 3 JeAK020 MOMeRmMY cnadae.

A
IamumMu croBamu, BeJIMYUHA Ay , e Ax — mpupicr pecypey; Ay —

NIpUPiCT BUOYCKY NPOAYKIii, 3MeHIyeThCA Ipu 3pocTaHHi x. OTxe, 3a-
KOH CIIaJardoi JoXifHOCTI GOpPMYJIIOETECS TaK: @pynkyia y = f(x), axa
supascae 3anexHicme eunycky npodyxyii 6id exnadenozo pecypcy, €
dynKYiclo, onyrnorw 6zopy.

Hpyrum 6a3ucHUM MOHATTAM eKOHOMiuHOI Teopii € ¢hyHKNiaA KOpUC-
Hocti U =U(x), Be x — ToBap; U — xkopucHicTs. Ila BenruunHa pyxe
cy6’eKTHBHA AJIS KOXKHOTO OKPEMOro CIIOKHUBaya, ajie JOCTaTHbO 06’ €KTUB-
Ha ONSA CYCIIiJILCTBA B LiJIoMy. 3aKOH CIafardol KOPHUCHOCTi TaKUH: 3i
3pocmannram Kinvkocmi moeapy dodamroea xopucricmsv 6i0 KoxHOL
H060% 11020 00unuYi 3 dearxozo momenmy cnadae. OueBUgHO, Neii 3a-
KOH MOXHa chopmyiioBaTy Tak: QynKyif xopucrnocmi € Qynkyicro,
onyxnorw 6ézopy. Y Takiil mocTaHOBIII 3aKOH CIafaidol KOPHCHOCTL €
BiATIPABHOIO TOYKOIO /I MaTeMaTUYHOTO AOCJHifKeHHA Teopii monury i
MpONo3uILii.

IIpukaan 1. BupoOHUK peanisye cBOIO NPOAYKILiIO 1O LiHi p 3a oxu-
HHUII0, 4 BATPATH IIPH IOMY 3aa0ThCA KyHid4HOIO 3aIeXKHICTIO

S(x)=ax+Ax®(a < p, A>0).

3HalT ONTUMAJBHUN AJA BUPOOHHUKA OOCAr BHUIIYCKY IPOAVKIT i
BiznoBigHu# oMy npubyTOK.

ITosHauyumo obcAr mpoaykiii, o BHHYCKaeTI:CH uepes x. Ckaagemo
dyukuio npubyrky C(x) = px — (ax + Ax’), e px — noxix Bix npo,nyfcuu,
1[0 peasi3yeThes.

1. Buaxogumo C'(x) = (p — a) - 3Ax>.

2. 3HaxoauMo KpuTHUHi Toukm: C'(x)=(p-a)-3ix*> =0, 3BigKHK

_ |P—a p—-a
X, = o (ApyTy KPUTHYHY TOUKY X, = — m

3micTom 3azmaui).

He po3rjasajgaEeMo 3a

3. 3naxogumo ¢’(x) = —6Ax i BusHauaeMo 3HAK ADPYTOl noxigHOI mpu

-a _
Xy = p3)\‘ ; C p37\.

<0 (y maromy Bunajgkry C’(x) < 0 npu 6yasb-

’ -a
axomy x > 0). OTxe, mpu x = P I npubyrok C(x) MaKCUMaNbHMUIL.

4. 3HaxoauMO MakKcuUMyM GyHKIil (TO6TO MaKCHUMAaJbHMHE PO3Mip

npubytry) C p—a =(p—a)p—a.
pubytry) C,_ .. ‘/ Y 3\/§—U7L
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IIpukaanx 2. Kaniran B 1 MApA rpH. MOXKHA PO3MicTHUTH B GaHKY Iijg
50 % piurmx abo iHBeCTYBaTH Y BUPOGHUITBO, IPUYOMY eheKTUBHICTH
BKJIAAY ouikyeThesa B poamipi 100 %, a BUTpaTH 3aa10THCS KBAAPATHY-
HoIo 3aJyiekHicTio. IIpubyTox obknagaersca nogaTkoM y p % . Ilpu axux
3HAYEHHAX p BKJAJ y BUPOOHHUITBO € Oinbin edeKTUBHUM, HiXK ducre
poaMiineHHs Kamitany B 6aHKY?

Hexait x (mypx rpH.) iHBecTyeThCA Y BUPOGHUIITBO, a (1 — x) — pos-
mimyersest nig nponesaTu. Toxi posmimenuit KamiTan yepes pik craxe

(1-x)(1+£0—]=§—§x,

100 2 2

. . 100
a Kamirtaj, BKJafAeHUH y BUPOGHUITBO, — x |1+ 100 = 2x. Burparu

CTAaHOBJIATEL ax’, To6TO MpUOYTOK Bif BKIaAY y BupobuuTBo C = (2x — ax?).
Tloparkm cranoBaATE (2x — ax?) % , TO6TO YucTHil TpUGYTOK cTaHe

[1 - %J@x — ax?).

3arajbHa cyMa yepes pik

A =23 i 1oL \@x-ax?) =
2 2 100

=§+ 2 1—-—1—)—— —E x—a 1——B— x2.
2 100 2 100

ITorpiGHO 3HAKTH MaKkcuUMaJibHe 3HAYeHHd Iiel pyuKuii Ha Bigpisky
[0; 1].
Maemo

A(x)=0 mpu x, = H
2q(1- L2
100

A"(x)=-2d/1- 2L |<o,
100
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T06TO BriflHO 3 APYI'OI0 JOCTATHBOIO YMOBOIO €KCTPEMyMy X, — TOYKa
MaKCHUMyMY.
o6 x, Hanesxano Bixpisky [0; 1], Heo6XifHO BUKOHAHHS YMOBH

100 ) 2

Orixe, AKmO p > 25, TO BUTiAHIiIIe HiYOTO He BKIAJATH Y BUPOGHUIL-
TBO i poamicTmTH Bech KamiTam y GaHky. fkimmo p <25, Toxi MoxHa
[IOKAa3aTH, 1[0 IPA X = X,

0<2(1——E—)—§-<1,a60 p<25.

2
3 Hhﬁ]_%] 3
Alxg) =5 + > = A),
4({ __P_]
100

TO6TO BKJIAA Yy BUPOGHUIITBO € GBI BUTIAHUM, HidK PO3MillleHHA Beiel
CYMH IiJi IPOLEHTH.

Konumpoavui 3anumanns i 3a60anna

1. flxa GyHKIiA HA3MBAETHCA CIAAHOIO (HE3POCTAIOYOIO), 3POCTAI0UOI0
(mecnagHo0) Ha npoMixKy [a, b]?

2, Illo Take MPOMiXKKKM MOHOTOHHOCTI PYyHKIII?

3. ChopmymoiiTe HeOOXiAHY Ta HOCTATHIO O3HAKU 3POCTaHHA (cHa-
JaHHA) PyHKIil Ha npoMixkky (a, b).

4. ChopmyioiiTe 03HaUEeHHSA MaKkcuMymy (MiniMymy) dysKIii.

5. flka HeoOXxizHA yMOBa eKcTpeMyMy Audepenniiiosrol dyHkuii f(x) ?

6. Hassite mocraTai yMOBM eKcTpeMyMy DYHKIIL.

7. Koau rpadik audepenuitosrnoi dynkuii f(x) HasuBaeThCA ONYK-
JuM (YyTHYTHM) Ha IPOMiIKKY (a, b)?

8. CéhopmynaroiiTe mocTaTHi yMOBM OnykKJocTi (yrayrocrti) rpadika
dyHKIii.

9. Bunuurite muan gocaimxenna Gyuxuii f(x) .

Ipuxaaou pose’szysanns 3adau

7.1. BussauuTi IPOMIXKH MOHOTOHHOCTi QyHKILil

3
f(x) =—£6—+8x+1.

O6sacTh BUBHAUEHHSA (—o0,00) .
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2
3HaxonuMO HOXizHY f'(x) =—52—+8 i posB’sazyemo HepiBHOCTI

x2

2
__2_+8>O Ta —%+8<0.Hpn |x|<4 noxigHa f'(x) > 0, a mpu |x|>.4

noxigHa f(x)<0.

Otoxe, B inTepBaui (—4; 4) dyukuia spocrae, a B igTepBanax (—o<; 4) i
(4; ) — cnagae.

7.2. Jocaigntu Ha eKCTpeMyM QYHKIi0

x .
’
1+ x?
a) O6sacTh BUBHAYEHHSHA (—o0, ), 3Haxoaumo f'(x) i BUBHaAUaeMo KpH-
TUYHI TOYKHU

a) f(x) = 6) y = (x - 5)e”.

y 1-x?
f(x)=———(1+x2)2;
1-x

1 + x?)?
1-x2=0;

2 =1,

Orxke, x;, =1, x, =-1.
3acTOCOBYIOYH IIEpIlle IIPABUJIO JOCHIAKEHHSA Ha eKCTpeMyM, OyayeMo
Tabauo.

(--1) | -1 (-1; 1) 1 (13+0)
’ - 0 + + -
Y min max
\ 1 / 1 \
y=- E y= E

6) O6s1aCTh BUBHAUEHHSA (—oo0;o0) . BHAXOAUMO NOXiAHY Y = (x — 4)e”.
IIpupiBHioeMo ii 1o HyJs 1 3HAXOAWMMO CTAliOHADHY TOYKY:

e (x—4)=0; x=4.
3acTOCOBYIOUH JpYyTre IIPAaBUJIO, 3HalAeMO0 APYTY NoXizHy i gicranemo
f"(x) = (x - 3)e”.

O6unciuMo 3HAYEeHHsA APYroi moxigHoi B cramiomapsiii Toumi. Ilpn
x =4 MaeMo

y'(4) = (4 - 3)e* >0,
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OTIKe, 3TifHO 3 JOCTATHLOIO YMOBOKO APYroro TUIY, B Touli X =4 QyHK-
uid Ma€ MiHiMyM
4

Yo = (4 -5)e* = —e".
7.3. BuaiiTu Haitbinbie i HafiMeHIe 3HAUeHHA GyHKIIT f(x) = 3x — x°

Ha Biapisky [-2; 3].
D(f) = R . 3HaxoAMMO MOXifHY

f(x) = 3 - 3x%;
3-3x" =0,

T0o6TO X =*1 — cranioHapHi TOYKH.

Busnauaemo 3HaueHHs GyHKHii B iux Toukax: f(1) = 2; f(-1) = -2.

O6uncII0EMO 3HAUeHHA NaHol GYyHKIL Ha rpaHunsix npoMixky: f(-2) = 2;
f(3) = -18.

3 oTprMaHMX YOTHPLOX 3HAYEHBL BUOMpaeMo HalbinbIle i HaliMeHIe,
Orxe, HaliGinble sHaueHHA QYHKIIT Ha 3agaHoMy Bigpisky AopiBHIOE 2,
a HaliMeHmre —18.

7.4. 3HailiTH TOUKY meperuHy Ta inrepBaym onykjocti GpyHKHil
f(x) = arctgx. :

Bmaxoammo moxigmy fi(x)= : ! > Ta Apyry moxiamy f7(x)=
+Xx
2x

= ————— 16yayemo TabauIIo, Bpaxosywoun, mo f’(x) = 0 npu x=0.

1+x%

x (=23 0) 0 (0; + o)
y’ + 0 -
y U ~ A

Orixe, Ha TPOMIKKY (—o0; 0) rpadik GyHKII] yTHYTHH, a HA TPOMIXKY
(0; + 00) — onykuuii. Touka x = 0, B AKii Apyra noxigHa sMiHOE 3HAK 3
“nuoc” Ha “miHyc”, — TOYKa NeperuHy rpadika.

x-2x+3
x+2
a) JocmigxyBaHa GyHKIiA Mac BePTUKaIbHY acuMnTory x=—2. Oue-
BUIHO,

7.5. 3aliTy aCUMNTOTH KPUBHX: a) Y = ;0) y= xZe7*.

x*-2x+8 _ x*-2x+3 _

1
x—-2+0 x+2 x—>-2-0 x+2

dYHKIIisT Ma€ pO3pUB APYTOro poAy.
3HAX0AMMO IOXMUJY ACHMIITOTY Y = kx + b:
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2
k—hmf() lim-tﬂ:l;
Xt g xote x(x + 2)

2
b= 11m[f(x) kx]— lim Eﬁk——?——x = —4,
Xy oo x+2

Orixe, Y = x —4 € NOXWJIOK ACUMIITOTOX KPUBOL

x2-2x+3

x+2

6) OuesnaHO, BEPTUKAIBHUX ACHMIITOT KPUBa Y = x’e™* He Mae. fkmo
x —> o0, 70 y = 0. Orxxe, Bich OX € rOpU3OHTANBHOIO ACHMIITOTOIO HAHOL
Kpusoi. JlocnifuMo HAABHICTL MOXUJIOI ACHMIITOTH;

2,-x

k= lim = lim 2 =o.
Xt x40 %

OTike, € TINLKH ropu30OHTANIbHA acummrora y = 0.

7.6. Mocainuru dynknino y = x’e =g nobyayBaTu il rpadik.

1. ObnacTs BU3HAYEHHS (—oo; o) . DYHKINiA NAPHA, OCKLTBKY f(~X) = f(x)
i rpadix ii cumerpuuHui BiAHOCHO Oci opAuHAaT.

2. BepTUKaIbHUX ACHMIITOT HEMA€E, OCKLIBKY DYHKIiA BU3HAYEHA [IPU
BCix mificHMX 3HAUEHHAX X.

IToBeninka pyHKIil HA HeckiHUEeHHOCTI:

2 0o 24/
x =[——}=lim ) tim 2% = lim L 0.

X4 ¥ X >0 (ex )’ Xt Qarp¥ Xorteo pX

Yepes napHicTs pyHKIil l1m f(x) =0, To6ro npama y =0 (Bick abe-

IIMC) — TOPM3OHTATIbHA ACHMIITOTA.
3. ExcTtpemymu i1 inTepBasM MOHOTOHHOCTI:

Y =2xe™ +x%e ¥ (-2x) = 2¢ (x — x°);

y'=0 mpu x — x* = 0;

x(1-x%)=0
x=21,x=0,
TOGTO KPUTHYHI TOuKM X, = -1, x, =0, x, =1,

3Hakyu noxizuoi sobpakeHo Ha puc. 58.

y
y

+ — -+ —
P | ~ o _~» 1 ~
Puc. 58
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Orxe, x = —1 € TOUKOIO MaKCUMyMY, X = 0 — TOuKOI0 MiHiMyMy, x = 1
— TOYKOI MaKCHUMyMY:

fon = f(-1) =1,
e
o =f(0)=0,
fo = f) = 1.
e

®ynknia spocrac Ha inTepBanax (—e; ~1) i (0; 1) i cmagae na (—1; 0) i
(13 +eo).
4. InTepBasm OMYKJOCTI Ta YTHYTOCTi i TOUKM IeperuHy:

Y =2 (2x)(x — £%) + 2e7 (1 - 3x%) = 2e7 (2x* — Bx? +1);

+\/5J_r\/’1_7.

"=0 npu x =+
Y 2

3uaku apyroi moxianol so6paxeHo Ha puc. 59.

Yy —_{_Y——_YW
Y Uit N _ds-fir U As=ir 0 e L
2 2 2 2

Puc. 59

OraKe, PYHKIIS OMyKJIa HA iHTepBajax

_\/5+\/ﬁ _\/5—\/1_’; ; \/S—Jﬁ \/5+\/ﬁ
2 2 2 7

2

i yrHyTa Ha iHTepBajIax

L _NBAIT
’ 2

9+°°9
2 U 2

5T =317 | V5T
—

5+417

x =t -———é————— — TOYKU HEePEeruHy.

5. f(0) = 0. PiBuanus f(x) =0 wMae efunuii poss’as3ok x = 0, Tob6TO
rpadik GyHKIII IPOXOAUTH Yepe3 IOYATOK KOOPJUHAT.

Ipadix ¢yuruii HaBegeHo Ha puc. 60.
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Ay
| N 1 1|
| i | { [
I N L N
V51T -1 o 1 5+417 x
2 2
Puc. 60

x
7.7. Jocaigutu dyHKIi0O ¥ = 1 nobyxyearu il rpadik.
x —

1. O6nacts BusHaueHHs (—oo; 3) U (3; + ). [lana dyHKIia He € Hi nap-
HOIO, Hi HEITaPHOIO.

2. Nocnipsxysana QyHKLis Ma€ BepTUKANILRY acuMnToTy x=3. Oue-
BHUIHO,
x* -5 . x*-5

lim = +4oo, lim
x—-3+0 x — 3 x=3-0 x — 3

Orxe, B Touni x=3 GyHKIiA Maec po3pus apyroro poxy. Haii
x* -5 . x*-5

lim = 400, llm = ~00,
x40 ¢ — 8 X g0 — 8

= © .

3HaXOANMO HOXHUJY acuMNToTy Yy = kx +b:

—l1mf()~—1 _i

- 1.
x=te g X =300 x(x 3) ’

Xyt A — Xt A —

2
= hm [f(x) kx]— l1m[x _35 - x): lim 3x —35 =3.

x2-5
x-3

Omxe, y = x + 3 € NOXMUJIOI0 ACHMIITOTOIO KPUBOI ¥ =

, (x-5)(x-1)

3. O6uncaumo moximmy ¢Qysknii ¥ = (x - 3)° i poss’sxemMo

piBasHHA ¥ =0:x =5, x = 1.
Hocxigxyroun sHaK NMOXifHOI, CKIagaeMo TaGIHUIIO.

x (=3 1) 1 (1;3)] (3;5) 5 (5; + =)

y + 0 - - 0 +

v | TS I N L |
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4. 3HaxX0xUMO ADYTyY moxizmuy Yy’ = -(——éFx—
x —
Baunmo, mo pisaanaa ¥~ =0 KOpeHiB He Ma€, OTXe TOUOK ePEeruHy
He icuye. Byayemo tabaunio.

(_°°, 3) (3’ + °°)
¥ - +
M ()

2

5. PiBaanna f(x) = 0, TobTO X oo 0, mae aBa xopeni x = +5 .

Orxe, rpadik nmepeTmHae Bich abCIiUC y TOUKAX X; = —\/5_, x, = J5.
Ha migcrai go6ytux ganux 6yayemo rpadik pynkuii (puc. 61).

vt

10f ==~ =

A 4

Puc. 61
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3adaui i enpasu oaa camocmiiinoi pobomu

OGuucaINTH Irpanni, BAKOPUCTABIIM IIpasuio Jlomitand.

x® —4x? +5x -2

7.8. lim— 5 .
=1 x° —Bx° +7x -3

7.10. hmz;%arcﬂ-
Ve e -1

x—0

7.11. lim

x—1

7.9. lim X~ %1%

x —tgx

In(x —-1)
ctgnx )

3acTocoByouu npasmio Jlomitasns, o0OUHCIANTH rpaHMIll (IOIEepeaHbO

NPUBOAAYM iX O HEBU3HAUYEHOCTEH THUIY [6] abo [

7.12, linrll sin(x — 1)tg g x.

7.14. lim(— - ]

7.16. lim(m — 2x)°**.

1 tgx
7.18. lim(—) .

x—0| x

Hocnigurtu Ha ekctpeMyM (QyHKILIT.
7.20. y = 2x® —6x% ~18x + 7.
2

x=
2

722, y = xe

7.24. y = 2x° — 3x2.

Z} )

7.13. lim x(e* —1).

X0

7.15.

7.17.

7.19.

lim(ctgx _1 )
x>0 X

ln(v‘—l)

lim x

x>0

X
lim[l + i?) .
X ool X

_3x*+4x+4

7.21.
y 2 +x+1
7.23. y=——0.
Inx

SuailiTu Haiibinbie i HaliMenie sHaueHHA QYHKLiHR Ha Bigpiskax.

7.25. y=x*-2x*+5, [-22].
7.26. y = arctg L%, [0;1].
1+x

1-x+x2

1 2,OSxSl.
+x—-x

7.27. y =
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7.28. TloTpi6HO BUALIATH NPAMOKYTHY ILIoOLy 3emJi B 512 m?, o6ro-
poauTH il Oropokero i po3fiJiuTy Oropokeio Ha TPH piBHi uacTuUHU napa-
JleqbHO OnHiH i3 cropim muomi. Axi MaoTe OyTH PO3MipW IUIOIIAAKH,
mob Ha o6yZOBY OroposKi mimJa HaifiMeHIIa KiJbKiCTH marepianiB?

7.29. BikHo Mae (hopMy IPAMOKYTHHKA, 3aBepIIEHOr0 MiBKPYI'OM.
BagaHo nepumerp p uiei ¢irypu. IIpn axux poamipax x iy CTOpiH IIpH-
MOKYTHHKA BiKHO NpONyCKaTHMe HaiO6inpmy KiapkicTs ceitaa?

3HafiTH TOYKM MEPeTHHy # iHTepBaJM BUNYKJIOCTI GYHKIiH.

7.30. y = x* -5x” + 3x - 8. 7.31. y = xe®™ +1.
7.32. y =2x" +1Inx. 7.33. y=Y(x-2)° +3.
3uajiTu acumnroTu rpadikip GyHKIiH.
7.34. y=—3———2. 7.35. ¥y = +x2.

2(x +1) 1-—x?
7.36. ¥y = szaln"f 7.37. y = xe”.

x°+1

IIpoBecT TOBHe AOCTifKeHHS sajaHMX GYHKNi# i mobyaysaru ix
rpadiku.

1 3
7.38. y = — + 4x°. 7.39. ¥y = T
x 3—x
(x-1)°
7.40. y = x* - 122" + 36x. 7.41. Y= @i
_x? e*
742, y=2xe ? 7.43. y=—.
e
2x -1
7.44. Y = 7.45. y = 2

(x -1 x
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Bionoeiodi do 21aseu 7

78l 7.9 1 710E 7.11.0. 7.12 _2 7.13.1. 7.14 1
. . 2' . . 2' . . 3' - . . . . Tt' . - . . . 2'
7.15.0.7.16.1.7.17. €. 7.18. 1. 7.19. 1. 7.20. y,.. =17 npu x = -1;

8

— npu x =-2.
1 1 3

7.22, Yoo = _J_ opu x=1 Yy, =——= mnpu x=-1. 7.28. y,, =e

e Ve

mpu x =¢; 7.24. y . =0npu x=0;y,,, =-1 npux=1. 7.25.13i4.

Ymin = 47T mpu x=3.7.21. y,. =4 npu x =0; Y, =

3 2
7.26. M =2, m=0.7.27.11 =. 7.28. 16 mi 32 m. 7.29. x = L,
4 T 5 5 950 4+
y= E(P -x - ?)- 7.30. Touku neperuny (—; — W); inTepBany: onyx-
5
auii — (—oo; 5) , YPHYTH — (—g; o), 7.31. Ha (—o0; ~1) — onyx-

auit, Ha (—1; +e0) — yrayrtuit; M(-1;1 —iz) — TOYKAa Ieperuny. 7.32.
e
Touka neperuny (%; % ~1n 2); kpuBa onykJa Ha iHTepBani (0; %) , YTHY-
1
Ta Ha (”2"; *) ., 7.33. Ha inTepsani (—eo; 2) — omykicTs, Ha (2; +o0) —

yrayricts, M(2; 0) — rouka neperuny. 7.34. x = -1; y = %x -1. 7.35.
x=1 x=-1. 7.36. Acumnror Hemae. 7.37. y=0; y = x. 7.38. Bu-

. 1
3HayYeHa CKpisp, KpiMm x =0; y,, =3 npu x = 3 MaxkcumyMmis Hemae.

Touxa neperuny rpadika (—72; 0). Acumnrora x =0. 7.39. Busnaue-

Ha CKDisk, KpiM x = +4/3. T'padik cumeTpnunmii BifHOCHO NOYATKY KO-

opauHat. Y. =-4,5 mpu x =3, y,.. = 4,5 npu x = -3. Touxa neperu-
Hy rpadika (0; 0). Acumnroru x = i\/g i x+y=0;7.40.y, =32

npu x =2; Y., =0 npu x = 6. ®ynxuis spocrae Ha inTepBai (—oo; 2) i
Ha (6; =), cnanae — Ha (2; 6) Onyksa Ha inTepBani (—eo; 4), yrayTa — Ha
(4;%0). Touxa meperuny (4; 16). 7.41. Busnauena ckpise, Kpim
npu x =5, y,.. =0 nmpu x=1. Abcuucu Touox me-

ey o2
x'—_nymax_27



3acToCYBaHHA NOXIGHNX DO AOCHIAXEHHS QYHKLUIA 283

peruny rpadika 5+ 2\/5 Acumnrory x =-1 1 y=0.7.42, Bussaue-
Ha ckpisb. 'padixk cuMeTpnuHHil BifHOCHO IIOYATKY KOODAHMHAT;

Ymax = L npu x =1; Ypin = ——1— npu x = —1. Touru neperuny rpadi-
Je Je

3
ka (0; 0), (‘/3_; J3e ?) i (—\/g; —3e 2), Acumnrora y = 0. 7.43. Bu-
3HaveHa CKpisb, KpiMm x =0; ¥y, =€ npu x =1. Makcumymie Hemae.
I'padik He mae Touok neperuny. Acumnrotu X = 0; y = 0. 7.44. Busnaue-

Ha CKpisk, KpiMm x =1; y,,, =-1 mpu x = 0. MakcumyMmiB HeMae. Touxu

meperuHy rpadika (——;—; —g) . Acumnroru x =1,y = 0. 7.45. Ypax ==
Je 3
npu x = e; (eve; ) — rouka neperuny; X =1; y =0. — acumnrTo-
2e\/;

Tu (pasi).
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YACTUHA IPYTA

Po3min IV
IHTETPAJIHE YNCJIEHHA

I'nasa 8. Hepu3navenwmii interpan

§ 1. Iepsicha Ta ii BracTusocTi

OcHoBHOIO 3afauero AMdepeHIialbHOrO YHCHEHHA € 3HAXOIYKEHHS
noxigHol Bif sagamoi ¢pymkuii. PisHoMariTHI muTanHA BUIIOI MaTeMa-
TUKM Ta 1i 3aCTOCyBaHHA y disuni, maTemaruui, 6iosorii, exonomini npu-
BOAATH R0 obepHeHOi 3ajaui, AKa NOJArac y BiAmykanHi GpyHKUii 3a ii
IIOXifHO0. 3 MaTeMATHYHOI TOUKHU 30py AJIA 3aKaHOl HyHKL] f(x) cain
BHalTH TaKy QynKuino F(x), moxigHa sikoi nopismioBana 6 f(x).

Osnavenna. Pynryisn F(x), susnauena na npomixcry X = (a, b) (Mmoxc-
AUB0, HECKIHUEHHOMY ), Ha3uBaembca nepsichow Gynryii f(x) na yvomy
NPOMINCKY, AKULO ONA KoHcHO20 x€ X noxidna F'(x) icnye it cnpasdicyemves
pignicms F'(x) = f(x).

Onepania BizmykaHHA nepsicHOl ana 3aganoi GyHKUII HA3UBAETHCS
inmezpyeannanm. (Haragaemo, mo onepania Bigmyxauus noxigHol Hasu-
Ba€ThCA Jugepenyinsannam). Omxe, onepanis inrerpysanus € oGepHe-
HOIO 0 AudepeHnioBanHsa. Cnocobu iHTerpyBanHA DPYHKIIM BUBUAIOTE-

CA Y PO3ALNI BMINOI MaTeMaTHKM — iHTerpajbHOMY uucieHni. Hampu-
4

x
knan, dynknia F(x) = — — nepgsicua pyuxnii f(x) = x* na R, ockinbku
4
[%] =x® mas Bcix xe R; ¢dynxruis F(x) = cos’ x — mepsicHa

dysxnii f(x) = —sin 2x ma R, ockinbkn (cos® x)" = —2 cos x sin x = —sin 2x
and BCix x€ R.

BraxxeMo ocHOBHI BiacTUBOCTI nepBicHOI.

1. Axkmo F(x) — mnepicHa dynxuii f(x) Ha mpomixkky X, To F(x)
HenepepBHa Ha npomixky X ¢yekuis. Cupasai, dyakuia F(x) Mae no-
XifHYy B KOXHiM Touni ¥ € X, a ToMy if € HelepPePBHOIO B KOKHiN Toumi
xe X,
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2. fAxmgo F(x) — nepsicHa dyHKUii f(x) Ha npomixkky X, To QyHKIiA
&(x) = F(x) + C, ne C — noBinbpHa cTaja, TAKOXK mepBicHa dyHKOII f(x)
Ha npomixky X.

Cnpasgi, @’(x) = (F(x) + C) = F'(x) = f(x) .

3 miei BJIACTHBOCTI BUIIIWBAE, IO ONepalis iHTerpyBaHHS He € OX-
uosxHauHow. HacTymHa TeopeMa BCTaHOBJIIOE, 110 c000I0 ABIAE Habip ycix
nepBicHHUX 3aJaHOl GyHKHII.

Teopema. Jxwo F(x) — nepeicna @pynkyis f(x) na npomixry X, mo
dosiavry inwy nepsicny P(x) pynryii f(x) na npominry X moxHa no-
damu y euzaadi &(x) = F(x) + C, de C — dosirvra cmaaa.

HoBeaeHHa. 3a o3HaueHHAM nepsicHol F'(x) = f(x), @'(x) = f(x) .
3uaiemo noxigny oyakuii @(x) - F(x):

[@(x) - F(x)] = ®(x) - F'(x) = f(x) - f(x) =0

zna Beix xe€ X . 3a Hacaigkom o Teopemu JlarpaHaxa, na QYHKIIA
craya Ha mpoMixky X, To6to @(x) — F(x) = C. Orxe, @(x) = F(x) + C, ne
C — poBinpHa crana, 1o i morpidHo 6yso xosecTH.

3 TeopeMM BMILIMBAE, 1[0 MHOxUHA dyHkuiit F(x) + C, ne F(x) —
onHa 3 ImepBicHUX GyHKLiH f(x), a C — nOBiJbHA cTajna, NOBHICTIO BUYED-
mIye Bech Habip mepsicHuUX GyHKNi f(x).

OaHax HaBiTh JOCHUTH IPOCTi PYHKII] MOMKYTb He MaTH nepBicHOL. ¥V
riaBi 9 6yje goBefeHo, 110 6y/b-sIKa HellepepBHa Ha IIPOMIKKY QYHKIlis
Ma€ Ha HbOMY IIepBicHY.

§ 2. Hepu3nauennii inTerpaj Ta iforo BJIaCTHBOCTI

Osnavennsn. Hegusnavenum inmezpanom pyurxyii f(x) Hasusaemocs
MHOJNCUHA 8Cix il nepsicHUX.

Il HeBU3HAUEHOTO iHTErpasia BIKUBAIOTH TO3HAYEHHS J f(x)dx . Orxe,

MaEMO J.f(x)dx = F(x) + C, ne F(x) — 6ynb-aka nepBicHa dyHKLii f(x);
C — poBijgbHA cTana. '

3HakK I HA3MBAETHCA 3HAKOM HEBU3HAYEeHOro iHTerpaja; GyHKIia
f(x) — miginrerpansHol0 QyHKIiew; Bupas f(x)dx — mifiHTerpajJbHUM
BHPA30OM.

ChopmMyni0eMo HAWBaXKJAMBIML BJI 4 ¢ T U B O ¢ T i HEBU3HAYEHOTO
iHTerpaina.

1. IoxigHa HeBM3HAaueHOro iHTerpaJjia AOpiBHIOE HifiiHTerpanbHi
dyuxnii; audepenuia Bif HeBU3HAUEHOTO iHTerpasa AOPiBHIOE HmifliHTe-

rpajbHOMY BHpa3y, TOOTO (Jf(x)dx)' = f(x), djf(x)dx = f(x)dx.
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Cnpasni,

([ fx)dxy = (F)+ €Y = F'(x) = f(x);
d| f(x)dzx = ( [ Hx)dzydx = f(x)dx.

2, HeBusHaueHwuil iHTerpan Bix audepenniana geaxoi yuxrnii gopis-
HIoE cyMmi miei dymkmii i mosimsmoi cranoi, To6TO IdF (x)=F(x)+C,
Cnpaspi, ockinbku dF(x) = F'(x)dx , TO de (x) = IF '(x)dx = F(x) +C.

3. Crasnit MHOKHMK MOKHA BUHOCHTH 3-11iJ 3HaKa inTerpasa, To6T0

AKIo k = const # 0, To jkf(x)dx = kj f(x)dx .

Hiitcao, Hexal F(x) — nepBicHa dyukiuil f(x), To6ro F'(x) = f(x).
Toni kEF(x) 6yme nmepsicHow GyHKUil kf(x): (EF(x)) = EF'(x) = Ef(x).
3Bizcu BumInMBae, 110 kj' f(x)dx = E[F(x)+C] = kF(x) + C,= ka (x)dx , ge
C, = kC.

4. Hepuanauenuit inTerpasn anreGpaiunol cymu ABox GyHKIIiil Aopis-
HIO€ anrebpaiunii cymi iHTerpanis KoMKHOI 3 X QyHKHi! okpeMo, TO6TO

[[fx)g(0)] dx= [ f(x)dx+ [ gla)dx.

Crpasgi, Hexait F(x) i G(x) — mepsicHui dyuxnii f(x) 1 g(x): F'(x) = f(x),
G'(x) = g(x), Toai dynknii F(x) = G(x) ¢ nepsicaumu Qyaxnii f(x) = g(x).
Orxe,

[F(x)dzx + [ gx)dx = [F(x) + C,] £ [G(x) + C,] {F(x) £ G)] +[C, £ C,] =
= [F(x) £ G+ € = [[f(x) £ g()] dx.

§ 3. Tabnuis 0CHOBHHX HEBH3HAYEHHX iHTerpais

I3 osHaueHHA HEBU3HAYEHOrO iHTErpajia BUIIMBAIOTL TaKi GopMynH,
AIKi HajaJsi Ha3uBATMMEMO MalbAUYHUMU iHMmezpanamu;

a+l

wq. X
1. .[x dx—a+1

+C  (a=-1). 2. Jd7x=1n|x|+C.

3. ja*dx:i_m (0O<a=1l) 4. Je"dx=e"+C.
Ina

5. !cosxdx=sinx+C. 6. Isinxdx=—cosx+C.
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7.‘[ df = tgx + C. 3_j- x = —ctgx + C.
cos” x

9. j dx arctgx + C. = arcsin x + C.
1+ x?

x-1
x+1

+C. 12, I_Jg\/—i—;=ln‘x+w/xzili+c.

3ayBaskuMO, 1110 Bei JOpMYJIH CIpaBeJINBI Ha TUX NMPOMIXKKax, /e BU-
aHaveni BigmoBifni pyuruii. Hanpukaax, ¢dopmysna 2 crnpaBemyiuBa Aasd
JIOBLILHOIO IIPOMIXKKY, 110 He MicTHTb Touky x = 0; dopmyna 8 cmpa-
BeJIJIMBA HA KOMHOMY 3 inTepsaniB surasany (kx; (k + 1)n), ge k € Z, Tomto.
Meton GeanocepesHboro iHTerpyBaHHA 0a3yeThCcA caMe Ha 3acCTOCy-

BaHHI TabJUYHUX iHTErpasiB i OCHOBHMX BJIACTHBOCTell HEBU3HAYEHOTO
iHTerpajna.

Hpuxaag. O6uncanTu:

a) J’ \/x_‘/i"\/—-

dx; 6) j dx, B) jtg xdx; T) I [2——-—) dx.
Jx

migcrasi BnactuBocTti 4 Ta TabauuHoro iHrerpasa 1 maemo

I%/“f

1
a) 3ayBa)XMMO CIIOYATKY, IO -x *, Beigcn Ha

1 21 7 3
dx = Jx“dx— Ix 4dngx6 —ix“ +C=—$—x§/_—§‘§/x_3+c.

3
2 _ 2 _
1 x°+1 2=1_

xt+1 x?+1 x*+1
crusocTeit 3, 4 Ta Tabnuunux inrerpaJis 1 i 9 maemo

Iz2+ dx = Idx ZI

B) 3ayBasKuMO, 110 tgix =

6) BpaxoByiouu, 110

, Ha migcrasi BJa-

= x - 2arctgx + C .

-~ 1, sBizcu Ha migcrasi BaracTUBOCTI
cos” x

4 rta Tabnrmurux inrerpasnie 1 i 7 maemo

Itgzxdx=f —J.dx—tgx x+C.

COS X
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-X

e - . .
r) Bpaxosywouu, upo e*| 2 - = |= 2¢* — x™°, Ha mifcrasi BiacTHBO-
x

creit 3, 4 ra TabauuHux iHrerpasis 1 i 4 maemo
—x -2
x e — x _ -8 - x X - x 1
Je {2——36—3}dx_2_[e dx Ix dx = 2e —_2+C—2e +—2x2+C.

Ax 6auuMo, MUCTETBO iHTEerpyBaHHSA NOJArac B YMiHHI 3a J0mOMO-
T'OI0 BJIACTUBOCTEI HeBU3HAYEHOTO iHTerpaja nepeTBOPUTH MiAiHTerpais-
HUP Bupas ao tabauunoro. IToTpi6HO foMorTucsA, o6 BiH cTaB TaKUM,
AK B OZHOMY 3 TabauuHUX iHTErpasnis, abo cnouarky xoua 6 cipocTHBCS.
Jssa mporo 3acToCOBYIOThCS Pis3Hi MeToaM iHTerpyBaHHA.

§ 4. Meron 3aminn 3mMiHHOT

¥ 6araTbox BUNaJKax BBeAEHHS HOBOI 3MiHHOI iHTErpyBaHHSA Ja€ 3MOTy
3BECTH 3HAXOMKEHHS NAHOTO iHTerpaja IO 3HAXOMKEHHA TabJINYHOrO
inrerpana. Ile# cmoci6 HasmBaeTbCA Memodom 3aminu 3miHHOT abo Mme-
modom nidcmanosrku. Bin 6asyerbea Ha Takiit reopemi.

Teopema. Hexail ¢pynryia x = ¢(t) susnavena i dugepenyiilosna Ha
npomixcry T, a npomincox X — muoxncuna ii 3navensv. Hexail pyuryis
y = f(x) susnauena na npomixcrky X i mae Ha Hvomy nepsicuy F(x). Todi
Ha npomixcky T ckaadna pyuryis F((t)) € nepsicroio pynryit f(o(1))-¢'(t),
mobmo

[ 1 @) -¢)at = Floy) + C. (1)
HoBepneHHsa. 3rifiHo 3 npaBuoM AudepeHIilOBAHHA CKIagHOI
dyukuii, Bpaxosyioun, mo F'(x) = f(x), nicranemo
(Fo) = (F(@(t), ¢'(t)dt = (1) ¢'(2), teT.

OTxe, dyHKUia f(o(t))-¢’(¢) mificuo Ha npomixkky T Mae ofHiewo 3i
cBoix nepsicHux dyHKIi0 F(9(t)), To6TO BUKOHAaHEe cuiBBifHOMIEHHS (1).
Ockinbkn

F@() + C = (F(x) + O) .y = [ (0)dx]

TO piBHicTS (1) MOKXHA TOAATH y BUTIALL

[f@axl,_, = [f @) ¢wa:. @

Dopmysa (2) Ha3UBAETHCA POPMYA0I0 3AMIHU 3MIHHOI Y HeBU3HAYE-
HOMY iHTerpaJi. 3ayBasKuMo, II0 Y BUNAAKY JiHifiHOI mifcTaHOBKM 3a
YMOBOIO, 1110 F(x) — mepBicHa ¢pyHKuil f(x), maemo
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j flax)dx = %F(ax) +C. (3)

. t . 1 .
Cnpaszi, moxkjaagaoun x = — (roai dx = —dt), 3rigHo 3 popMyJIor0
a a
(2) mnicranemo

jf(ax)dx = —l—jf(t)dt = 1 Ft)+C= 1 F(ax)+C.
a a a

IIpuxnan 1. O6unucauTy iHTerpann:

dx | dx dx
a)Ja2+x2, 6)Ix2_az’ B) J‘—’\/zz—"";.

Maemo, BpaxoBywouu ¢popmyry (3):

d 1
? J-az +xx2 =;j

1+ d e

3
d(* X 1

o [l (§)—~—~——H
a a

+C=1n|x+\/x2ia2|+C,

Amnajnoriuxno J\/— = arcsm — + C,a=#0.

ITomupenuii TaKoX cI0Ci06 TOTOIXHOTO IIePEeTBOPEHHA MiXiHTerpaIbHO-
ro BHpa3y 3 BUAiNeHHsaM AudepeHniana HOBOI 3MiHHOI iHTerpysaHHs.
Ipuxaan 2. O6uucauTy iHTErpaNn:

a) Ix Vx? + 2dx; 6) thxdx, B) _[ de

10 Bacunsuenxo I. II.
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6

a) J.x25\/x3 +2dx = %I(ﬁ +2ffl’d(x3 +2)=§£’C_3_%%E+C =
=is\/(x3 +2f +c. °

18

Icaye me ogue HecKIanHUI, ane KOCUTE eQEeKTHBHUIL IPUIiOM obumc-
JICHHA iHTerpaJis, akuii 6a3yeThca Ha OueBUAHIN Popmy.Ii:

=) d(f(x))

) dx = 1n|f(x)l +C, abo J = 1n|f(x)| +C. 4)
6) Ockinbru tgx = sin x i (cos x)’ = —sin x , 3a dopmynoio (4) micra-
HeMO, BPaxOBYIOUH, 1110 d(cos x) = —sin xdx,
j tgxdx = J'M 1n|cos xl +C.

cosx
B) 3aysammumo, mo d(x® +1) = 3x%dx, a ToMy 3a ¢opmy.iolo (4)

x dx J'd(x + 1)
x*+1 3 x°+1
PosrasiHeMo me KijgbKa npuxaagis, noa’aaannx 3 pisHUMU THIAMH
nifcraHoBoK. Po3B’A3yBaHHS NpPUKJaLiB Hafasli HaBeJeHO Y KOHCIEK-
THBHOMY BHUIJIAAL — IIiCJAA yMOBU BKA3aHO MHiJICTAHOBKY Ta 3po6JeHO
HeoOXximHi iHIII BUKIAgKH.
Ipuknax 3. O6uucauTu inTerpaan:

dx . dx 5 >
a) '[1+\/x+1’ 6)fJ1+ex,B)J'Ja - x%dx.

1n|x3 + 1| +C.

x = 2tdt *

)'[1+«/ﬁ—

_2jdt 2j—_2t—21n|t+1|+c=2Jx+1—21n(1+Jx+1)+c;

Vi+e* =t;x=In(t*-1)

6) J‘__dx__ 9% I dt =
Ji+e* e* =t* ldx—t 1dt (¢ 1)t
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dt t-1 1+e* -1
P (LI L k| B P e & P
Jtz*l t+1 Vi+e* +1

x =asint; (x| <a
B) j\/az —x%dx = I I - =az.|‘cos2 tdt =
dx = acos tdt;ltl < 3

2 2 2
-8 =9 ;.92 =
=3 j(1+cos2t)dt_ 2 t+ 1 sin2t+C =
a? x  x
=Z arcsin— +=va’ -x* +C.
2 2

o

§ 5. Meron inTerpyBanns YaCTHHAMH

OnunM 3 ePeKTUBHUX METOAIB iHTerpyBaHHA € iHTerpyBaHHA 4acTH-
Hamu. Bin 6asyerbcs Ha Takiil Teopemi.

Teopema. Hexaii ¢pynkyii U(x) i V(x) susnaveni it dugpepenyiilogHi
na npomixcky X; Kpim mozo, Ha YbOMY NPOMINCKY ICHYE nepeicHa Pynryii
V(x)-U'(x). Todi na npomixky X icnye nepsicna i ¢pynryii U(x)V'(x),
npuvomy 6uKoHAHA Gopmyna

_[U (x)V'(x) dx = U(x)V(x) - _[ V (x)-U'(x) dx. (5)

IDosenennsa @ynkuia U(x)V(x) €, oueBULHO, OAHIEIO 3 IEPBICHUX
dyurnii U’(x)-V(x) + U(x)-V'(x) Ha npomixkky X, a TOMy

J.(U'(x)V(x) +U(x)V'(x))dx = U(x)V(x) + C.

3 ypaxyBaEHAM NPHUNYLIEHHS PO iCHyBaHHsS mepBicHOI (QYHKIi
V(x)-U’(x) i BracruBocreit 3, 4 HeBU3HAUEHOrO iHTErpaja MaTUMEMO I0-
TpibHy dopmyay (5). ’

Ockinbku U'(x) dx = dU, V'(x) dx = dV, To dopmyny (5) moxkHa 3Bec-
TH IO BUTJIALY

jUdV: U-V—deU. (6)

Came dopmyna (6) HasuBaeThCA POPMYA0I0 iHME2PYBAHHA LACTMULA-
Mu, a iHTerpyBaHHsa 3 i1 BUKODUCTAHHAM — [HMezpYBaAHHAM HYACMUHA-
Mu. 3a poromororo 1iei GpopMysaM iHTerpyBaHHA BHKOHYETHCS HE OJDa-
3y. 3HAXOJKEeHHA JAHOTO iHTerpaja 3BOZUTHCH A0 3HAXOJKEHHS iHINO-
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ro. OcHoBHuIt 3micT dhopmynu (6) nossrae B Tomy, mob y pedyasbrati ii
3aCTOCYBaHHA Iei HOBUY iHmWE iHTerpan BuasuBca abo TabaUYHUM,
abo craB xoua 6 npocriie gaHoro.

Ha npakTuni ana sacrocyBanHs ¢opmynu (6) migiaTerpanbHuii Bu-
pas po3buBalOTh Ha B2 MHOKHUKA. OIMH 3 HUX MO3HAYAIOTH Yepe3 U, a
inmmuit — uepes dV. Ilotim gudepenuioBanHaM 3HAX0AATL dU, a inTer-
pyBaHHAM — OGyHKOilo V. 3BuuaiiHo, nmpm aHaxisi migiaTerpasbHOrO
Bupagdy 3a U caix OpaTm Taky yacTuHy migiHTerpanbHoi GyHKIII, ska
npu AudepeHniloBaHHI He AyXe yCKJIATHIOETHCH, a 338 dV — TaKy YyacTHHY
HiiHTerpaIbHOrO BUPasy, AKa JIETKO iHTerpyeThes. 3ayBasKiNMo, HapewTi,
10 ImpH 3HAXOMKeHHi QyHKUil V noBinbHy crany BBoguTH He ciaix. Ha-
AaJii pO3B’A3YyBaHHA NPHUKJIANIB HABEAEHO ¥ KOHCIEKTUBHOMY BUIJISAL —
micya ymoBM BKasaHo Bupasu U, dVidU, V.

Hpuxnan. O6uucauty interpann:

a) Ixsin 2xdx; 6) J.ln(x?‘ +1)dx; B) j\/xz ta’dx; 1) J-xza"dx.

U =x;dV =sin2xdx

1 =——-xCcos2x+

. 2 d —
a)jxsm xax dU:dx;V=—§cos2x 2

+ljcos2xdx =—lxcos2x+lsin2x+C;
2 2 4

=In(x® +1);dV = dx

2
6 2 = = 1 2 1 - d =
)jln(x *hdx=| 2x2dx;V=x xIn(x? +1) 2j1+x2dx
1+x
=xIn(x? +1) - 2Ix_11_1 =

= xIn(x? +1) - 2x + 2arctgx + C;

U=+vx*+ta?;dV =dx 2
B)I j\/x ta’dx = U= xdx V=g —x\/x2ia2—j—\/_% x=
Jeita i

24
=xvJxit j(i—a—)ﬂ—dx 2 x? +a ~Ita

J dx

Vx*ta® Va*tal

3sinen 2I = xvx? +a® + azji— . Bepyuu 5o yBarm peayiasraT
vx? ta®
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npukaany § 4 (npukinax 18), gictanemo
2
I =_[ x*> +a’dx =126-\/x2 ta® igz—ln

Iaomi MeTop iHTerpyBaHHS YacCTHHAMM JOBOAUTHLCA 3aCTOCOBYBATH
Kinbka pasis.

x +Vx2 ta®

+C,

U=x%dV =a*dx

2 _x 1 2 x 2 x
r) |x‘a*dx = : [=—xa*——"—|xa'dx =
J dU =2xdx;V =2—| lna lna-[
Ina
U=x;dV =a*dx 1 ., 9 1 i
= 1 ,|=—xa" ———| —xa” -
aUu =dx;V = —a Ina Inallna
Ina

2x 2 x
lnaja ) (lna 1n2a+ln3a)a +C.

3ayBakuMo, IO 3arajibHi MeTOAU iHTerpyBaHHs 3aCTOCOBYIOTL He
ma6gouHo. BOHH He BKa3ylOTh a6CONIOTHO TOYHOIO LLIAXY, AKHUM CJif
#rH, mo6 obuucauru imrerpan. Ak 6ayumo, yacTo MOTPiOHI nomnepenHi
anrebpaiuni mepeTBopeHHs nigiHTerpanbHol GyHKnii. B npuHnuni KoXK-
HUi iHTerpaJ BUMAra€ CBOr0 BIACHOrO Hmixxoay, moTpibui IIeBHiI HAaBUYKH
B imTerpyBaHHi.

ITpoTe icHYIOTH [OCUTH LMIUPOKi KIacu GYHKIiH, JJIA AKHX BUKOPHC-
TOBYIOTh CTAHAAPTHI NMPUHOMHM IX MEepPeTBOPeHb i 3BeJleHHs A0 Tabiud-
HHUX igTerpaJis abo HJIA IOAAIBIIONO 3aCTOCYBAHHS 3araJbHUX METOLIB
inTerpyBanHA. PosrnsneMo AedKi TMNM TaKMX QYHKIIk.

§ 6. InTerpysanns pamioHATbHHX T2 ippamioHANLHMX ApoOiB i3 KBa-
JPATHHM TPHYICHOM Y 3HAMEHHUKY

P(x)

Hexaii cin :;Haﬁ'mj. R(x)dx, ne R(x) = T ibrre
ax” +bx+c

, mpuuomy P(x) —

MHOTOUJIEH 71-TO CTeleHs (a # 0) , TOBTO
R(x) = a,x" +a1x"“2+ e 18X+,
ax"+bx+c
IIpoBoAAuM AiJeHHS MHOTOWJIEHIB 3 ocTavuelo, AicTaHeMO

+
R(x) = Q(x) + -—;'%:—c-,
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e Q@(x) — MHOTOUJIEH, 1[0 MA€ CTEeIliHb MEHIINH, Hi’XK CTeIliHb MHOrOUJIe-
Ha P(x).

Inrerpysannsa Q(x) He BUKJINKAaE TpyAHOILiB. OTiKe, IMIIAETLCA 3HAUTH
bx+gq
ax’ +bx+c

Byab-axkuii iHTETpas TAaKOro BUTJIAAY 3BOAUTHCA [0 3HAXOMKEHHS
OAHOTO YM JBOX BKa3aHWX HM)KUE CTAHJAPTHUX iHTEerpasis:

d d d
J.x;a; szfaz; Jx+a)2 -[ :C+J:12;

(zue. § 4, npuknan 1). dasa nporo B 3HAMEeHHUKY IifiHTerpaJbHol QyHKII
cnix BUAiMMTH NOBHUI KBaZpaT i BUKOHATH OYEBUAHY 3aMiHy 3MiHHOI.
Hpnxnan 1. O6umcauTn; iHTer'paJm:

)J- )J J‘ x+2
x? +2x+3 “Tx+10° x® +2x+2
dx d(x+1) x+1
= = —=arct +C;
OF P I(x+1)2+2 I(354,1)244,/2‘) J‘arcg 7z
6).[ dx _J- dx x—l—t J‘ dt  _
x* —Tx+10 )2 9 |dx=dt 2 (3)2
x - = -1
4 2
1 t‘§ 1. |x=5
=—In—={+C==1In +C;

)_[ x+2 lej‘d(x +2x +2) J' d(x+1) _
2% +2x+2 x% +2x +2 (x+1)* +1

= Eln|x + 2x + 2{ +arctg(x +1)+C.
IIpuxkaax 2. O6uucauryu iHTerpaau:

5x -3

a) ) dx.
‘[\/ xX+4x - J‘w/x +2x+5 ° '[\/2x2+8x+1 *

dx _ dx - d(x - 2) _
a)'[\/—x2+4x—3 j\/l—(x—:z)2 le—(x—Z)z

= arcsin(x — 2) + C;
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x+1
6) = ln’x+1+\/x2+2x+5l+C.
I\/ +2x+5 '[\/jc+1)2+4

Jlo po3rIAHYTHX BUIIE THIIB iHTErpasiB 3BOAATHCA TAKOXK 3araJipHimmi

. X +
1HTerpajamn: J‘ \/—pb—q-
ax” +ox+c¢

rasuyTo B § 4 (mpukaaz 1);

5
B [5E8 5x-3 _Iz(4x+8)—13 dx__5_J~d!2x2+8x+l)_
V2x® +8x +1 V2x® +8x +1 47 Jox? +8x +1

13 dx+2) 5 o a7 18
_EJ = _2J2 +8r+l-—=
(x+2)2—[—)

V2
/2 1
+ /X +4x+2

+C.
V 6igpmn cKIAZHUX BUOAAKAX AJA 3HAXOMIKEHHS iHTerpaja THITY
2 . o
JR(x, vax® +bx+c )dx BHKODHCTOBYIOThCA TificranoBku Eitnepa, ne R

— pamnioHanbHa QYHKIIA Bix x i s/ax2 +bx+c.

Axo KBagpaTHUHN TPHIeH ax® + bx + ¢ He POBKJIAJAETHCA HA MPOCTi
MHOMXHUKH, i oCKinbKH ax’ +bx+c¢ >0, To a > 0, ZOUiNBLHO IIOKJIACTH

Vax®+bx+c=t- \/Zx , IicJIg 4Ooro miji 3HaKOM iHTerpajia 3aJUMIATh-
ca panioHanpHUR Apib.
Axmo Tpuunes ax® + bx + ¢ mae aiiicHi i pisHi kopeHi x, i x,, OULIBHO

noxnactu vax® +bx +¢ = t(x — x;) (y pasi, AK110 x, =X, Vax® +bx+c =

= ‘x xll \/; a OTiXe, IiJ 3HAKOM iHTerpaja 3HaXOONTHCHA PallioOHAJbLHA
dyHKUia Big x). BKasaHi mifcTaHOBKYM MalOTh Ha3By BiANOBiAHO mepuiol
Ta Apyrol migzcranosku Eiinepa.

Ha sakinueHHA 3ayBa)KUMO, L0 OGYKCJIEHHA iHTErpajiB 3a JOMOMO-
roio nizcranoBku Eiisepa, K IpaBMiIO, JOCHUTH TPYAOMICTKE, & TOMY MH
He IIPABOAUMO NPHUKJAAIB 3 IX 3aCTOCYBAHHSAM.

IIponoByeMO YMTauyy PO3MJIAHYTH CAMOCTifiHO TaKi MpUKJIagH.

Mpuxaax 3. O6uucauru iHTerpanu:

xdx
a) 6)
‘[1+\/x v 2r12 j\/7x 10 — x2

dx az+x0,p=# O) OKpeMH# iX BUIAJOK pO3-

Injx + 2+
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§ 7. InrerpyBanns apo0oBo-pamioHaNbHUX QYHKIji

HdpoboBo-panionanbHi dyHKIil R(x), AK BifoMo, 3anucyoThCsa ¥ BHU-

raani R(x) = {%, e P(x) i @(x) — MHOTOUIeHH BiLIIOBIHO CTEIIEHIB M
x
in.
SAximo m > n, T0, BUKOHYIOUHU JiJIEHHS, [iCTAHEMO
P@) e B@
Q(x) Q(x)

Tyr T(x) — nina yacTuHa — MHOrOUNEH, P (x) — MHOTOWIEH cTenend,

P (x)
MEHIIIOTO 3a CTeNiHb MHOrOuJIeHa @(x), ToOTO Qx) — npaBUJIbHA APO-

6oBo-panioHanbHa (QyHKIid.

InrerpyBanHust Muorousnesa T(x) He nonae HigKuX ckaagHocreit. Tomy
3ajlauya iHTerpyBaHHs NPoOOBO-panioHANbHUX (QYHKIIA (GAKTUUHO 3BO-
JUTHLCA [0 iHTErpyBaHHSA NPaBUJBHUX APOOOBO-pallioHaNbHUX DYHKILiH,
HABYMBHINCH iHTErpyBaTH SIKi MOXKHA JIETKO IPOiHTErpyBaTH i JOBiNbHI
IpoboBo-panioHaNbHi GYHKIT.

IHTEerpyBaHHA NPaBUIBHUX APOGOBO-palioHANBHUX (QYHKIIH 6a3yeTHCA
Ha IX posKJIaflaHHI Ha CyMy IPOCTHUX APOOOBO-pallioHAJBLHUX (QYHKINH
YOTHUPHOX THUMiB:

A
1) A . 2) _; 3) j\lx+N; Mx+ N ’
X" +px+q (x2+px+qy

x-a (x - (x)
ne A, M, N, a, p, ¢ — niiicui uncaa; p?— 4q < O (TpuuneH x2 + px + ¢ He Mae
HOiicHux KopeHiB); k=2, 3, ....

Y nosHOMY Kypci BUIMIOL anreb6pu AOBEAEHO TaKy TEOpeMy.

Teopema. Bydv-axuil npasunvruil payioHarbruil Opi6 posrxaadacmo-
A Ha cymy Haunpocmiwux pauioHasbHux 0pobie, woegiyienmu AKuUx
MONCHA 3HAlMU MemodoM HeBU3HAYEHUX KoediuicHmis.

Or:ke, iHTErpyBaHHS pPalioOHAJIBLHOTO APOOY 3BOAUTHCA O iHTETPYBaH-
Ha MHorowleHa T(x) Ta cymu Hallnpocrimux panioHansHux apobis. 3a-
3HAYMMO, 10 BUIJISIL HAUIIPOCTiINX ApO6iB BU3HAYAETHCS KOPEHAMH 3HA-
MeHHHKA Q(x). Moxxausi Taxi sunagxku.

1. Kopeni 3HaMeHHNKa AiiicHi i pisni, To6TO

Q(x) = (x — o )(x — ay)..(x — ).

B (x)
Q(x)

YV nromy BHIIagKy

PO3KJIaieThCs Ha CyMy Hainpoctimux npobis

Hepnoro THUILy:
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Pl(x)z A + A, " A

Qx) x-a, Xx-—a, m+x—an’ 0

HeBU3HAYEHI KoedinieHTH A,, A,, ... A, BHAXONATH 3 TOTOMKHOCTL (0.

x® - 2x +2
Ipuraax 1. O6uncauru I———“—xa T ox? _8x dx
X' -2x+2

. 3 2 - — —_— = - =
Ockinpkm x* + 2x% = 8x = x(x + 4)(x — 2), T0 5 o

A A A
I U IO S
x x-2 x+4
3 ocTaHHBOi piBHOCTI 3HalizeMo crani A, A,, A,. IIpusismu xApobu
MpaBoi YACTHHM IO 3arajbHOrO0 3HaMEHHNKA, OTPMMAEMO DPiBHICTh

Ax-2)(x+4) + A, (x + 4)x +A (x—2)x=x*-2x+2,

1
aBigku mpu x = 0 Maemo —8A, = 2iA=-—. fxmo x = 2, T0124A,=2

4
. 1 ) 13
iA,= g fArugo x = —4, Toni 24 A, = 26, To0ro A, = —.

TTepeTBOPHUBIIY OCTAHHIO PiBHiCTH K0 BUrIAny (A, + A, + A)x*+ (24, +
+ 4A,- 24,)x — 8A, = x*— 2x + 2, 3ayBa)uMoO, 1[0 BOHA MOXJINBA JIAIIE
TOAl, KOMK KoedillieHTH NpPHU OAHAKOBHUX CTeIleHAX X B 060X YacTHMHAX
piBHOCTi OHAKOBi, TOOTO

A -k
A +A, +4A; =1 4
24, +44, - 24, = -2 = A2=é— :
-84, =2 13

=1z

Toxi

x*+2x*-8x 4

x Ex+4 _6— x—-2

J-x2—2x+2 dr 1de 13¢ dx +1 dx =—lln]x|+
4

+£ln|x + 4[ +llnlx - 2| +C.
12 6

Hagenenunit MeToJ iHTerpyBaHHS Ha3WBAETHCHI METOJOM Hesu3Haue-
Hux rKoegiyienmis.
2. Kopeni snamennuka zificui, npuuoMy AefKi 3 HUX KpaTHi, To6TO

Q(x) = (x - a)(x - P)*.
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. .. B(x) . . .
Toxi api6 ) PO3KJIAAETHCA Ha CYMY Ha#mpocTimux aApo6is nepio-
x
ro Ta Apyroro THUIIiB:
P A B B B
™ _ 4 BB, B ®)
Qx) x-a x-B (-pf  (-B)
Koedinientu A, B, B,, ..., B, 3HaX0AATH 3 TOTOKHOCTI (8).

3. KopeHi sHaMeHHMKA JilicHi, IpUMYOMY [eAKi 3 HUX KpaTHi; KpiM
TOro, 3HaMEHHMK MiCTHTb KBaJpPaTHUI TPUUWIEH, AKHUH He PO3KJIALAEThCS
Ha MHOXHMKH, T06T0 Q(x) = (x — a)(x — B)* - (x* + px +q) .

.. P(x) . .
Y upomy BUnanky api6 oo POBKJIAJAETLCS HA CYMY HAUIIPOCTIIIuX
x
ApobiB IepIioro, Apyroro Ta TpeThHOTO THIIiB:
Px) A B, + B, Dx+ E )
Q) x-a x-Bp T (x-pf x+pr+q
xKoedinientun A, B, B,, ..., B,, D ra E 3HaXOOATb 3 TOTOXHOCTI (9).
I 2. 06 | P
ukaanx 2. ObuucauTn | ——F———.
P . X -x'+x-1

Ockinpku x* -x’+x-1=x(x-1)+x-1=(x2+1)(x-1), ToO
x Ax+ B C
2 TN T T2 t—.
(x“+1D(x-1) x“+1 x-1

3a aHaJOri€ 3 momepefHiM NPHUKJIAAOM MAEMO

x —
A (® +1)(x-1)
= (Ax + B)(x — 1) + Clx” +1) . 3HaMeHHUKH B 060X YaCcTHHAX PiBHi, TOMY
(x® +1)(x-1)
i uncenLHUKM MalOTh OyTH piBHI, TOOTO X = (Ax + B)(x — 1) + C(x2 + 1).

H}cmox=1,'romaemoC=—;-.ﬂxmox=0,'ro B=%.meox=—1,'ro

a=-1
2
OTxe, PO3KJIAIAHHA Tenep Ha0yBae BUTIALY
*x, 1 1
x __2 2,2 _ 1 x 1 1 1 1
e +1)(x-1) (x*+1) x-1 2 x2+1 2 x*+1 2 x-1

Iurerpyioun mio piBgicTs, AicTanemo
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Zil)x-1) 2

j xdx 1,[ Jgdx +l 2dx +l dx =—'1‘1n‘x2+1l+
( x2+1 29x*+1 27x-1 4

+ 1 arctgx +lln|x - 1‘ +C.
2 2

4. 3HaMeHHHMK MiCTHTBL KBaZipaTHUI TPHUYJIEH, AKUH He PO3KJIaNa€Th-
cf Ha MHOXXHHUKH i Ma€ KpaTHicTs [
Q(x) =(x-0)* - (x* + px +q)'.
B (x
Q(x)
mUX ApobiB YOTHPHOX THUHIB:
P (x A A B,x+ D B,x + D
1( ) - 1 + + k + 1 1 + 2 2

Y uromMy BUmaAKy Apib PO3KJIAafacThCA HAa CyMy HaHmpocTi-

Qx) x-a T (x-of xP+pr+q (ipreqf
B D
__.J_Ji_’___[, (10)
(x2 + px + q)
KoebinienTM A, ..., A,, B,, D,, ..., B, D, 3HaxofaTh 3 roroxHocTi (10).
3 2
Ipukaax 3. O6uucauru J x + x2 4: +1
(x*+1)
x> +x2-4x+1 Ax+B Cx+D
=— + .
(x? +1f 41 (x41f

Bnaitnemo KoedilieHTH 3 ypaxyBaHHAM JAOCBiny, HabyToro B Iole-
pennix npukaagax. Orpumaemo A =B =1,C =-5; D=0.
Orxe,

jx3+x2_4x+1dx=Jx+ldx—J 5xdx _1.[2xdx+

(x* +1)° x*+1 P+ 20 x%+1
dx 1 2xdx 1 5
+ -5 = |—=—=== 2 —
Ix2+1 2-[(x2+1)2 2ln|3c +1|+arctgx+2(x2+1)+C



300 Mnasa 8

§ 8. InterpyBanns ippanionaabux (yHKuii

ITosHaitoMMoOcCs CIIOYATKY 3 IIOHATTSM panionansHol ¢yskuii R (u, v)
Big ABOox 3MiHHUX u i v. 0o dyHKIiI0 MOXXHA AicTaTH 3 HUX 3MiHHHUX i
JeAKUX CTANUX IIJISAXOM AOAABAHHSA, BifHIiMaHHsA, MHOXKeHHS 1 AineHns
Hag HUMH. TaKomw €, HaNpUKJIaA, GyHKIiA

4u?v® + Tw?
3u® +0°
Hexaii saminni ¢ i v e pyrkniamu sminzoOl x: ©u = @(x), v = Y(x). Toxi
cknanHa ¢yrroia R[o(x), y(x)] HasuBaeTbCcA payionarvHolo QyHKyieo
Bim ¢ i w.
PoarnsimeMo inTerpanu Bix peaxux ippanionansHux ¢yHKIiM i moka-
JKeMo, 1110 BAAJIO Mizi6paHi miAcTaHOBKY Jal0Th 3MOTY iX 3BECTH IO iHTer-

paJIiB Bix panioHansHUX Apo6iB. BifHOCHO TaKMX MiJCTAHOBOK KaXXYTh,
110 BOHU paiioHasisyioTs faHi iHTerpasu.

R(u,v) =

Iarerpanu surnany IR(x, '\‘/;) dx, ne R — pauioHanbHa ¢GyHKIiA Bif

xi ¥ x,ne N, panioHasi3yioThCs HiICTAHOBKOIO £ = W . fAxmo y miginre-
rpajnbHy GQYHKIiI0 BXOAATH PAAUKAaIH 8 PiBHUMY NOKA3HUKAMH, TO CJIif
3aCTOCYBATH aHAJIOTIYHY 3aMiHy 3MiHHOI, IPUYOMY N Ma€ AOPiBHIOBATH
CHiJIbHOMY KPAaTHOMY BCiX IIUX IIOKa3HUKIiB.

dx
Npuxnax 1. O6uncauTu Im .

V miginTerpanbHy GYHKIII0 BXOAATH PAAUKAIHN 3 ITOKasHuKamu 2 i 3.
Ix maiimenine crisisHe KpaTHe AopiBHIOE 6, 4 TOMY iHTerpas HabyBae BUIJIS-

ny JR(x, Q/;) dx i moxe OyTH palioHasi3oBaHMi NiZICTAHOBKOWO ¢ = Q/;:

t=§/;c_;x=t6_ 3

dx t®
__ax =6|———dt=6 dt =
JJ;+y; dx = 6t°dt J1t3+t2 '[t+1

=6J'(t2 —t+1—&1—) dt=6J.t2dt—6jtdt+6jdt—6'[%=

=2¢°-3¢* + 6t~ 6ln|t+ 1+ C=2Jx - 3Yx + 6¥x ~ In|¥x + 1]+ C.

n
Interpanu Burnany J R(x, }L:Z ]dx , ke R — panioHanbHa QYHK-
cx

oisA Bix x i "\f ax +b ne N, palioHami3yIoThCH MiACTAHOBKOIO = "‘} ax +b
cx+d’ ’ cx+d’
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I 2. 06 nj ox
PHKJIAX JYUCJIHUT 1+ x + 1
BizpmeMmo ¢ = 1- . Toxui x——z, x=—-‘—1—tg§t—7.
+x 1+1¢ A+t°)
Orxe,
J- 1-x dx ettt 4 “‘2_[ t’dt
l+x x+1 T2 (1+tY)? 1 +1t%
dt 1-x 1-x
==-21dt = -2t + 2arctgt + C=-2 + 2arct +C
-[ * 1+1¢? aarctet + 1+x g\ll+x

§ 9. InrerpyBanns TpuroHOMETpPHYHKX (PYHKLLH

PoarnsmeMo iHTerpanu BUraAny

Jsin mx cos nx dx, J.sin mx sin nx dx, Jcos mx cos nx dx (m # n).

BoHu erko o6YKUCAIOITLECA IIJIAXOM BUKOPUCTAHHS TPUTOHOMETPHY-
HUX GopMyJ1, AKi BUpPaKaoTh KOOYTOK TPUTOHOMETPUUYHNX DYHKILi ye-

pes BiznoBizgHi cymu i 3BeleHHAM JO iHTerpajiB BUIVIARY jsin kx dx i

Jcos kx dx.

Hpukaan 1. O6uucautu Isin 2x cos 5x dx.

Ockinbku sin o cosp = —;— [sin(u —B) +sin(a + B)], TO

. 1pr. . 1p . 1¢ .
Js1n2x cosdxdx = 3 I[sm Tx+ s1n(-—3x)] dx = 3 J sin7xdx — 3 j sin 3xdx =

= _Lcos7x + —l—cos3x +C.
14 6

B3aysaxeHHa Jna neperBopeHHA IHIIMX JBOX iHTerpaiis
BHKOPHCTOBYIOTh (GOpPMy NN

sina sinf = 1/2 [cos(0—B) — cos(a+B)];
cosa. cosp = 1/2 [cos(a—B) + cos(a+B)].

IaTerpanmu BuUrIALY Jsin’"x -cos” xdx, e m,ne N, Jerxko obuucio-

IOThCS, SIKII0 M i n — NapHi, Yyepe3 BUKOPUCTAHHA TPUTOHOMETPUUYHHUX
dopmya:
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.2 1-cos2x 2 1+ cos2x . sin 2x
sin*x = ———; cos*x =———; sinxcosx = ——
2 2
Skmio xoua 6 OAMH 3 IOKA3HUKIB m i n — HenapHui (HAUDPUKJIAK,

n = 2k + 1), To, Bpaxosyioun, 1o cos?x = 1 — sin%x, Mmaemo
jsin"‘x -cos” xdx = Isin’" x-cos™ x-cosxdx = jsin’" x(1 —sin® x)* cosxdx.

Orxe, Taki iHTerpasm Jerko oGUUCIIOBATH 3a LOIOMOI'OIO ITi/ICTAHOB-
Ku t = sinx.

puxaang 2. OGUUCAUTH Jsinz xcos® xdx .

¥V samomy Bunagky m = 2, n = 4. Ilepersopumo niginrerpansry GyHK-
1ilo KO0 BUIVIALY

2
J‘sin2 xcos* xdx = I(sin x cos x)° cos® xdx = j(% sin 2x) . _l_J_r%)s_Zx dx =
= —Jsm 2xdx + — Jsm 2x cos2xdx = —Jlosﬂdx +

+ ljsin2 2x - ld(sin 2x) = —}—Idx - -l-Jcos4xdx +
8 2 16 16

+—Ism 2xd(sin 2x) —-1—6x—61—4s1n4x+418-sm 2x + C.

Iurerpanu BUrIAAY IR(sin x,cos x)dx, ne R — pauioHanpHa QyHK-

x
nis Bix sinx i cosx, panmiomamisyloTbcs mizcramoskow ¢ =tg —2—,
—n <x<mn, Cuopasnxi,
. X x
2sin = cos— 21;g£ 9
sinx = x2 2x = 2__ x
cos? X +sin?E 1+tg2% 1+t
2 2 2
. 2 X
cos’E —gin?E  1-tg? X 1—y
COosSXxX = i i = 2 = 1 5 M
cos? X +sin? X 1+t E 1t
2 2 2
2
x = 2arctgt, dx = > dt.
1+1¢
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- 2
Omxe, JR(smx,cosx)dx J. [1+t2 ,i+z2 J1+ dt _Jr(t)dt, ae

r(t) — panionanbHa GYyHKNiA Bix £.

dx
4sinx+3cosx+5

Hpuxnang 3. O6uucauTu J

tgX=t, —n<x<n

dx _| 2 \ _
4sinx+3cosx+5 : 2t 1-t 2dt
sinx=——,C08X =>—=;dx =
1+ 1+¢ 1+¢
dt
2
=92 1+t =9 -
-[4 2t 3. 1-t" o j2t2+8t+8
2
1+£° 1+t
=j dt =- 11+C=———1 +C.
(+2f  t+ tg X +2
2
Iligcranoska ¢ = tg %’ —n <X <7, xoua it € yHiBepcaibHOIO, IPOTE

MPU3BOJUTL, AK IIPABUJIO, A0 TEXHIUYHO CKJIAJHUX BUKJIAJOK. A TOMY IIPO-
aHaJi3yeEMO KiJbKa OKpeMHX BHIAJAKiB Oinbm mpocroi pamionasizamii
inTerpanis, posraanyTux suiie. Hexait niginrerpasbHa GyHKIIA Mae OTHY
3 TAKMX BJIACTUBOCTEIL:

1) R(-sinx, cosx) = —R(sinx, cosx);

2) R(sinx, —cosx) = —R(sinx, cosx);

3) R(—sinx, —cosx) = R(sinx, cosx).

Ous o6unciieHHa iHTerpasa R(sinx, cosx)dx 3pydyHO BUKOPHCTOBYBa-
T BiIOBifHO TaKi ninc'raﬂomm: t = cosx; t = sinx; t = tgx.

IIpuxnan 4. O6uncauru j dx
cos? x
Y mamowmy Bunagky R (- sinx, cosx) = — R (sinx, cosx) nie migcraHOB-
Ka t = cosx. Maemo
:.. 3
sin® x
dx =- =- dt + dt—————+C—
J cos? x '[ I J 33 t
1 1
=—— - +C.

3cos’x cosx
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Koumpoasni 3anumanns i 3a60anns

1. IITo Take mepBicHa QyHKIinA?

2. JlafiTe 0O3HaYeHHA HEBU3HAYEHOrO iHTErpaJa.

3. Axi ocHOBHi BIaCTUBOCTi HeBU3HAUYEHOrO iHTerpana?

4. Y yomy mosiAra€ MeTOJ iHTerpyBaHHsA YaCTHHAMM Ta METOJ 3aMiHU
3MiHHOi?

3adaui i enpaeu das camocmiiinoi pobomu

Bukopucrosyioun 6e3nocepeiHe iHTerpyBaHHs, 3HAUTH iHTerpaiu.

8.1. Jﬂ:—%ﬂdx. 8.2. j\/ad_x 8.3. [Y(8-3xf
x* +1

1+x

Vv1-x?

Merogom 3aminm 3MiHHOI OGUMCAMTH iHTErpau.

8. | %dx. 838. | ‘/;‘/_; o

8.4. Jx+2

dx. 8.5. [=———

Zxdx

\le +1
. 8.12. J'x Ja - x¥dx.

dx
8.6. jm dx. 8.9. j

Vi+Ilnx

xInx

8.10. j dx. 8.11. j

xVx —a

1+x dx.

8.13. [—

MeroznoM iHTerpyBaHHS YaCTUHAMM OGUMCJINTH iHTerpamiu.

8.14. fxcosz xdx. 8.15. Iarctg\/;dx. 8.16. Jxln xdx.

8.17. [(x + De“dx. 8.18. j In” xdx. .19, [XaretE ;.

V1 + x?

O6uucaurn iHTerpanu BiJ panioHaJ BLHUX Ta ippamioHadbHUX APOGiB
3 KBaQJPAaTHUMH TPHUUJEHAMHU ¥ 3HAMEHHHUKY.

820 [ 2 __ g1 [—4L __ gga [ Bx-Dix
x“+3x-10 x—x"-25 4x° ~ 4x - 17
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(x — 2)dx

————. 8.24, j-——i———-
x* - Tx+12 V12x - 9x* -2

(3x —1)dx 897 J' xdx .
vai +2x+ 2 V3x? -11x + 2

Ob6uncanTH iHTerpanau Big parioHaabHUX QYHKIIHA,

8x-11

V5 +2x —x?

8.23. j 8.25. j

8.26. |

2—

8.28. | ___Xax _ g99 j—z—’f‘—l-’f—— 8.30, [ -38x+2)dx
(x +1)2x +1) 2x* -38x -2 x(x® +2x+1)
x°+1 —_=

8.31. jx ——ydx. 8.32. Jx(x T 838 j1+x

dx.

2 2
J—= *2x+6 5. 8.35. j__i_sil_
(x=-1)(x-2)(x - 4) (x-1)%x+3)
O6uyucauru iHTerpaJm Bix ippanioHanbHNX GyHKIiN.

dx
dx. 8.317.
+J_ I\/1 2x —~41-2x

8.38 J"l__x_f_ 8.39 J'u______ “1+xdx
» . 1+x x . . . 3r—-"-‘1+x 3

O6yuCaUTH IHTErpaJu Bif TPUrOHOMeTpUYHUX GYHKIIIH.

sssj

8.40. Jsm xcos® xdx. 8.41. J.Sln X dx. 8.42. jcoss xdx.
cos? x
dx dx
8.43. M. 844, [—3% _ gas. [—9%
j x)? -[5—3cosx J‘5+4tsinx
.2
8.46. | _dx . 8.47. | sin” xdx
5—-4sinx +3cosx 1-tgx
Ob6uucauTH inTerpaau.
8.48. [D01Y gr .49, [edx. 850, [ X
Vl-x (2x — 3)W4x — x*

8.51. Jarcsmxdx 8.52. Jlnx 1)dx _ 8.53. J xe*dx

In® x Ve

8.54. J'Sln\/_dx 8.55. Jm
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Bionoeiodi 0o 2aaeu 8

8.1. C- 3:\/; ~ e +1njx| 8.2. %%/(x‘* +1f +C.

5 = 1 5
8.3. C—3—3(8—3x)5. 8.4. —2-x+zln|2x—1|+C.

8.5. arcsinx — v1 - x2 + C. 8.6. lnLl_1 +C.
vx+1+1

8.7. 2ij+ﬁarctg x;2 +C.

8.8. x+g-§/;?+;%/x—2+2\/2+3%/§+6Q/§+61n‘§/32-1]+c.
8.9. -231-(3e*r _atfer +1)° +C.

8.10. 2/1+Inx —Infln+f + 201+ Inx -1+ C.

1 .
8.11. C-—;arcsmfc—‘. 8.12. -‘z—(x2 —2N4 - «* +2arcsin%+C.

2 2
8.13. C—M. 8.14. = + Lrsin2x + Leos2x +C.
3x? 4 4 8

2

8.15. xarctgyx — Jx + arctgy/x + C. 8.16. -Di— @Inx-1)+cC.

8.17. xe* +C. 8.18. — 8 (gln2x+3lnx+2J+C.
27Jx% \ 4
8.19. V1+x* =‘:1rctgx—ln(x+\/1+x2 )+ C. 8.20. %mx"‘z +C.
X +
8.21. %arctg 1-2x . .

8.22. g[ln@xz —4x + 17)+ —;——arctg 2x4— 1} +C.

8.23. In (x—4f +C. 8.24. Larcsin 3%

| - 3] 3 J2

+C.



HesuaHaueHui interpan

307

8.25.

8.26.

8.27.

8.28.

8.30.

8.32.

8.34.

8.35. -

8.36.

8.37.

8.38. 1

8.39.

8.40.

8.42.

8.43.

—8Y5+2x — x* - 3arcsin —— + C.

J6
3\/x2+2x+2—41n‘x+1+\/x2+2x+2\+C.

\/3x —11x+2+——1nx—1—1+ —Hx+E +C.
6 3 3
|x+1|
In +C. 8.29. —lnx 2 2x +1(+C.
Nrsl e~ 2 22 +1]
2
In d + 6 +C. 8.31. x+—1—+ln(x 1)2+C
x+1] x+1 |x|
m—t_ . c sss lin —(-"—Jii+-—a ctg2X 2L c

Jx? +1 6 x*-x+1 43

3Infx - 1|~ 7Injx - 2| + 51n|x - 4|+ C.

NE)

1 8 .5 lx-1
4(x-1f 8x-1) 32 |x+3

gi\s/?—2\/;+6§/——6arctg6 x +C.

In +C.

—J1-2x -241- 2% ——21nl4\/1—2x —1)+c.
| 1+x-Vl1- x‘+2arctg X .c.
Is/1+x+\[1 x| 1+x
63/(1 + x) (1+x)2_1+x+ 1v+x e
16 5 7 4
L cos? x(3cos? x - 5)+ C. 8.41. tgx +Lainox 324
15 4 2
ix+—1—sin2x cos“;)c+—5—cos2x+—1—5 +C.
16 12 4 8
_ 1 ¢ 844 larcte 2teE |+
cosx —1 2 2
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8.45.

8.47.

8.48.

8.50. -

8.51.

8.53.

8.54.

5tg£+4

2 arctg——-z———— +C. 8.46. 1
3 3

+C.

2—tg£

. 2
cos x(cos4x —sin x) — _;11_ 1n|cos x —sin x| +C.

1 . X+
Earcslnx— 2
1 |x+6+v60-1527|
J15 | 2x -3 | )

1l aresinx g5y x o
| x Inx

-

8

|
In
|

l1+e* -1
+

vi+e® +1

2(sin \/; - s/;c_cos \/;)+ C. 8.55. - i In

2xV1 + ¢ —4V1+¢* —2In C.

tg = |+

1

8 sin

2 X

2 =% +c. 8.49. 3e§/;(§/;c_2_—23{/;+2j+c.

+C.
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I'nasa 9. Bu3naveHi Ta HeBIaCHi iHTerpasu

§ 1. IonstrTs: Bi3HAYEHOIO iHTerpasa, ioro reoMeTpHdHMIA T2 (iBHIHMIA 3MiCT

BusHayeHMit iHTerpajs € OfHUM 3 OCHOBHMX MOHATb MaTEeMATHYHOI'O
aHaJi3y i IHUPOKO BUKOPUCTOBYETHCS B PI3HUX rajiy3sX HaAyKHU i TexHiKHU
Ta B eKOHOMIUHMX AOCJiZKeHHAX. [0 MOHATTS BU3HAYeHOro iHTerpana
npuBoAAThL 6arato 3agadu. Ock nesaki 3 HUX.

OGuncaeHHs IIONIi KpMBOJiHiliHOl Tpanenii. Hexait Ha Bigpisky [a,b]
BH3HAaYeHA HemepepBHa QyHKIia ¥ = f(x); BBakaTuMeMo, 1o f(x) >0
ansa 6yap-axoro X € [a, b]. dirypy, obmesxeny kpuBowo y = f(x), Binpiskom
[a,b] oci Ox, npsamumMu X =a Ta X = b, Ha3UBAIOTbL KPUBONIHILLHOO Mpa-
neuieio (puc. 62).

y4‘

N

g
7
\\.

&R
= v
o

»
v

a xN Xg .. . Xp-1 Xp oo o Xp-1 b

Puc. 62
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Ina obunucnenna miomi F uiei xpupoxinifimoi Tpamenii mopimmmo
Biapisok [a, b] ZOBiNBEHO Ha N YACTUH TOUYKAMH X ,X,,...,X,_, 33 YMOBHU Q@ =
=X, <X, <X, <o <X, <X, <. <X, = b. Hexait Ax, =x,—x,_,,ne k=
=1, 2,..,n — AOBXHHA& IMX YaCTHH, a HaMbiNpiny i3 HuUX pisHUIL Y
MORXANBUIOMY ITO3HAYATHMEMO A, TO6TO A = max|Ax,,| .

Yepes KOXHY TOUKY JiJICHHA IPOBEJEMO NPAMY, I1apajebHy OCi Op-
IWHAT, A0 lepeTUHy 3 KPUBOW ¥ = f(x).

i npami posginars miomly Tpamenii Ha n eJleMEHTapHUX YaCTUH
(By3pKMX KPUBOJIiHiIHUX Tpameliil). 3aMiHEMO KOXXHY €JIeMEHTAapHY
Tpameiilo MPAMOKYTHHUKOM 3 OcHOBoo Ax, Ta Bucoroio f(§), e &, —
6yAb-sIKe YMCJI0 3 MPOMIXKKY [x, , X,], ToOTO X, < &ks x,. [1noma KoxHO-
r'o TAKOro NpAMOKYTHHKA AOPiBHIOE f(E_,k)Axk.

CyMa nJioln BCiX IuX NMPSAMOKYTHUKIB

FEAT, + FEJAT, + o + FEIAT, = 3 FEIAL,;

il MOXKHA pO3MIAZATH AK HAGJAMIKEHY BEJWUMHY ILIONII KPUBOJiIHIHHOL
Tpanenii, To6To

F = if(&,,)Axk.
k=1

Ilsa dopmyna 6yme TUM TOUHiImIOW, UMM MeHINa BenuuuHa Ax, . Illo6
gicratu TouHy GopMysay AJA obuuciaeHHsA miaonli F kpusoniniinoi Tpa-
nenii, moTpi6HO B 3amucaHOMy HaGIVMKeHHI IepeiTh o I'PaHuI, KOJIH A
npamye ao 0. Orxe,

F = lk{,rr(};f(ﬁk)Axk- (1)

O6uncaenns po6orn aminnoi cuiu. Hexail noTpi6HO BUBHAYUTU PO-
6oTy A, AKY BUKOHYE 3MiHHa cunu P = f(x) npu nepeminieHHI MaTepiaib-
HOI TOYKH B3A0BX npamol Ox Big x = a 1o x = b, IPpUYOMY HAIIPAM CUJIHU
36iraeThcA 3 HAIPAMOM PyXYy. SIK i B nonepegHpOMY HDPHUKJIALi, moAiIM-
MO L{iJIKOM JIOBIJIBHO IIIAX b—a HA n 4acTHH, ITO3HAUMUBIIY TOYKH IIOXI-
ay a = x,< x, < %, < .. <x,=b.

IInsix posi6’erbes Ha n Ainanok [x,, x,1, [x,, x,), ..., [x,_, ] . [x,_, x ).
IlpunycTuMo, 10 BKasaHi AiNAHKY JOCTATHHO MaJi i Ipu IepecyBaHHi
Touku M y MeKaX KOMKHOTO NPOMiKKy cuia P 3azHae He3HAUHHUX 3MiH i
nopisHIOE (Tai MipKyBaHHA Bejerbed Aad k-1 ginsanku, fe k=1, 2,..., n)
P = f,), ne § — omua 3 Touok mpomixky [x, , x,]. 3rizHo 3 TakuM
npunyuieHEAM pobora Ha k-it ainanni maaxy AA,=fE)Ax,.

IIpoBiBmu Taki MipKyBaHHS AN BCixX n RINAHOK, AicraHemo HAGIM-
xeHy BenuuuHy poboru: A = f(§))Ax, + f(§,)Ax,+ ... + f(§,)Ax,, abo

n

A=2, i)z,
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SIkmo A—0 (A = max|Ax,|), Toai aminna cuna P Ha NPOMiXKKY Ax,
MaJo Bifpisusernhes Bix crasnoi. Tomy o64yuciIeHHs AiliCHOTO 3HaUeHHSA
poGOTH 3MiHHOI CHUJIM 3BOAUTHLCA A0 OOUMCIIeHHA rpaHuii miel cymu npu
A—0, To6TO

A= §grg;f(ék)Axk. 2

§ 2. O3naueHHs BH3HAYEHOTO iHTErpasa Ta WOro eKOHOMIYHMI 3MiCT

Tpauuiio cymu tuny (1) Ha3UBAIOTL 6U3HAYEHUM IHME2PATOM.

Ilo posrisigy NpUBELEHUX CYM 3BOAATHCA He TiNbKU 3amadi Ha 00-
YHCJEeHHSA IO Ta poboTH 3MiHHOI cusn, HaBeleHi BUILle, a ¥ iHmIi yunc-
JIeHHi 3ajayi cyJacHOro IIPHPOJO3HABCTBA.

Y 38’A3KYy 3 UM DOTPiOHO AAaTHU CyTO aHaNiTUUYHEe O3HAYEHHS BU3HA-
YyeHOro iHTerpasa, abCcTparyio4yuch Bif KOHKpPeTHHX (pi3MYHUX YU reo-
MeTpUYHUX 3axa4y. Hexait f(x) — HemepepBHa QPYHKIiA Ha 3aMKHEHOMY
npomixkKy [a, b]. Po3i6’emo npomixkok [a, b} ninkom poBinbHO Ha n yac-
THH TOYKAMU @ = X, < X, < X, < ... < x = b. ¥ KOKHOMY NPOMiXKKY
[x, ,» x,] RoBxuUHOW0 Ax, = x,~x, , 06epeMo NOBiIbHY TOUKY &k i o6umcau-
Mo BifnoBinue sHavenna gynkuii f(§,), k=1, 2,..., n:

x, s <x,.

n
Hapemri yrBopumMo cymy z f(€,)Ax, , AKY Ha3UBAIOTh IHTErpaJIbLHOIO

k=1

cymoro 1A pyHKIil f(x) Ha Bigpisky {a, b].

Osnavenna. AKuwo icHYE CKIHYEeHHA 2PAHUYA IHMEe2PANbHOL CYyMU NpU
A, wo npamye 0o nyra, HezaaexHo 8id cnocoby nodiny eidpisxa [a, b] Ha
wacmuHnu ma do6opy mouok &,, mo ya zpanuya Ha3ueaemvca gu3naxe-
HuM inmezpanom 8id gynryii f(x) na npomixky [a, b} i noznaraemocsa

f s

Orxe,

n b '
lim 3" (&A%, = [f(x)dx. 3)

V usomy Bunanky byHKLUig f(x) 3BeThCA iIHTErPOBHOIO HA IPOMIMKKY
[a, b]. Yucaa a Ta b —BiATIOBiIHO HUKHA TA BeDXHS Me’XKa iHTerpysas-
HA; f(x) — miginrterpansHa pyHKuia; f(x)dx — migiHTerpanbHUiT BUpas;
Bixpisok [a, b] — npoMikoK iHTerpyBaHHsA; X — 3MiHHA iHTerpyBaHH4.
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Yu icHye rpaHuig interpanasHoi cymu, Koau A—>0? I skmro icaye, To
Konu?

Hns HenepepBHMX GQYHKIiH Ha npoMikky [a, b] BignmoBins nosurus-
Ha. CrnpaBeasuBa Taka Teopema. Sxuwo ¢yHruia f(x) Henepepsna Ha
sidpisry [a, b] ab6o o6memxncena i mae cCxiHueHHY KilbKicmMb MOYOK po3pu-
8y Ha ybOoMy BiOpI3KY, MO ZPAHUUA iHMezPANbHOL CYMU icHYE, mobmo
¢ynruia f(x) inmezposna na [a, b].

JoBeneHHA cHOPMYJIBOBAHOI TEOPEMM UHTAY MOKe 3HAMTH B Ginbmn
JeTalbHUX Kypcax MaTeMaTHYHOTO aHaJisy. Po3rasggaouy BIacTUBOCTI
BM3HAYEHOIO iHTerpasa, OyeMo CIMPATHCS Ha 3rajaHy TeOopeMy fK Ha
6e3cyMHiBHY iCTHHY.

3rigHo 3 nuM o3HayeHHAM piBHOCTI (1) Ta (2) MoxkHa 3anucatu y
BUTJIALL

b b
F = [fx)dx; A= [fxadx. )

Busuauennit inTerpas gonyckae pisue disuune Taymauenasa. Hampu-
KJjana, ne pobora 3MiHHOI CHJIH.

Busnauenuii inTerpas fonyckae pisHe reoMeTpuuHe TIyMadeHHA, OHe
3 HUX -— IJIOIla KPUBOJiHINWHOI Tpamnerii.

BusnaueHU# iHTerpas fONycKae pizHe eKOHOMiuHe TIIYMadYeHHs, OJHe
3 AKHUX HABEeJEHO HUIKYE.

Exonomiunwii 3mict inTerpana. Hexail pyukuis y = f(x) onucye sminy
MIPOAYKTHUBHOCTL HE€AKOTO0 BUPOOHMIITBA IIPOTATOM 4Yacy. 3Haijgemo o0-
car npoaykuii U, supobaennit 3a npomixkok uacy [0; T1].

3a3HaYMMO, 110 KOJIM IPOAYKTHUBHICTS HE 3MiHIOETHCA HPOTSATOM Yacy
(f(t) — crana dyuknis), To obear npoayxuii AU, Bupo6ieHol 3a aesKuit
MIPOMIXKOK uacy [¢, t + At] sagaersca popmyioio AU = f(t) At. Y zarasbHOMY
BUMAAKY ClipaBefauBa HabnvskeHa piBHicTs AU =~ f(§) At, me & €[t, t + At],
Axa Oyge TMM TOUHillIA, YUM MeHIe Af.

Posi6’emo Bigpisok [0; 7] Ha mMpOMiXKKH YACY TOUKAMU:

0=t <t <t,<..<t=T.

Hnsa obeary npoayxnii AU,, supo6yenoi sa npomixox uacy [¢,_, t,],
MaeMo

AU ~f(E) AL, ne &, elt, ., t ] At=t,~t _,k=1,2,3, .., 1

Omke, Us) AU, = D f(5,) At,.
k=1 k=1

fxmio A—0 (A = maxAt,), KoxHa 3 BUKOPHCTAHUX HaBIMIKEHUX piBHO-
creif crac OLJILIII TOYHOIO, OTIKE

y=lim ; f(E,) AL,
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BanOBy}O‘IPI O3HAYE€HHA BM3HAYEHOIO iHTeI‘paJIa, ,lIiCTaHeMO

T
U = [f(t. )

T
TobTo aAKmMoO f(f) — OPOAYKTHUBHiCTH IIpani B MOMEHT i, TO If(t)dt —_—
0

obcar BupobieHol npoaykuii 3a mpomiskok [0; T, 110 uuceTbHO NOPiBHIOE
miomi mig rpadgikom dyuknii y = f(t), Axa onucye 3MiHy IPOAYKTHB-
HocTi mpami 3 yacom uporsarom [0; T], ockinbku ofepskaHuil iHTerpasn
BHU3HAUaE IJIOINY KPUBOJiHiiiHOI Tpanenil.

§ 3. OcHOBHi BJACTHBOCTi BU3HAYEHOTO iHTErpasia Ta ioro o0uHcIeHHs

3 03HauUeHHA BU3HAYEHOIO iHTerpaja Ta OCHOBHHUX TeOpeM IIpO rpa-
HUIl BUIJIMBAIOTh TaKi BJIACTHUBOCTI. '

1. Busnauenuii inrerpaJ Big oguanuHoi ¢pyHknii fopiBHIOE NOBXKUHI
NIPOMIiKKY iHTerpyBaHHA:

j‘dx=b-—a. (6)

n
Hiiicuo, akmo f(x) =1 na [a, b], To Z Ax,= b — a i rpanung craiuoi
k=1

JOpiBHIOE i cTamii.
2. fAxuto dyHKis f(x) inrerposua Ha [a, b], To ays Oyab-sIKOTO YKCHA O

b b
[af(x)dx = o f(x)dx. ™
a a

OCKUIHLKM cTasmuil MHOYKHMK MOKHA BHMHECTH 34 3HAK TPaHMIN, TO, IIe-

pexoaauy a0 rpanuni npu A—0 y piBrHOCTI Zaf(&,,)Ax,l = “Z fE)Ax,,

nicranemo dopmyay (7). k=1 Pt

3. fIxkmo dyuxnii f(x) i g(x) interporni Ha [a, b], To f(x) + g(x) Tarox
imrerpossi Ha [a, b] i

b b b
[17(x) + g)ldx = [ f(x)dx +| g(x)dx. @)

4. jf(x)dx =0. 9)

5. j.f(x)dx = —jf(x)dx. 10)
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4 b
6. Axuo Jf(x)dx i Jf(x)dx icHyw0OTB, TO

]'f(x)dx + j'f(x)dx = jf(x)dx . (11)

7. fIxkugo dyrknii f(x) i g(x) inrerposani Ha [a, b] i f(x) < g(x) gna
Bcix x€(a, b], T0

b b
J’ f(x)dx < j g(x)dx . (12)
8. Teopema npo cepedne 3nauenna inmezpana. SIkmo QyHKIisa

f(x) HenepepBHa Ha [a, b], To A1 MeBHOI TOYKH ¢ € [a, b] cipaBaXKyeTHCA
piBHicTB

b
[f(x)dz = f(e)® - a). (13)

Hexait m — nalimenmie, a M — Haii6inbine 3HaveHHa QysKOii f(x) Ha
[a, b]. Toni m <f(x)<M pns Bcix x € [a, b], a Tomy 3a Bnactusoctamu 1, 2, 7

b
mb-a) < jf(x)dx < M —a). 3Bigcu maemo m < jf(x)dx <M.

HenepepBHa Ha [a, b] byrKUis f(x) HaOyBae Bcix npommumx 3HAYeHb MiXK

1
m i M, a Tomy 3HaiifeTsca Taka Touka ce [a, b), mo f(¢) = m_[f(x)dx .

9. fAkmo byHkruis f(x) HemepepsHa Ha [a, b] i F(x) =Jf(t)dt, TO

F'(x) = f(x) pnsa scix xe [a, b].
Ilns noBeleHHS 3aCTOCYEMO BU3HAUEHHS IMOXigHOI.
Ilepenycim dyukuia f(x) HenepepsHua Ha [a, x], akmo x€ [a, b]. Hexaii
x+Ax
Ax — upupicr aprymenrty x. Toai AF = F(x + Ax) - F(x) = jf(t)dt -
x+Ax

—j f()dt = jf(t)dt (srizso 3 BinactusocTiO 6).

* BacrocysaBmu BracTusicTs 8, icraemo
AF = f(c)((x + Ax) - x) = f(c)Ax,

IIPHYOMY C JIEKUTBb Mi x i x+Ax. Tenep maemo

Fe) = lim 27 = lim f(c).
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Ockinbkn y Tounmi x dyHxuis f(x) semepepsua, to limf(c) = f(x).
c—X
Hapemri, lim f(x) = En%) f(c), ockinbKY ¢ JeXUTh MiK x 1 x+Ax.

10. Ocnosna popmyna inmezpanbH0Oz0 LUCLEHHA. Axmo pyHKIia
f(x) HemepepsHa Ha [a, b], To cpaBIXKyeTHCA hopmyia HeioTona — Jleit0-
Hinma

b
[ F)dx = o(d) - ofa), (14)

ne ¢(x) — posinbHa nepsicHa GyHKHIT f(x).

Cnpasni, sa Biacrusictio 9 dyHKUia F(x) = Jf(t)dt nepBicHa Aasa
dyuknii f(x). Tomy @ (x)=F(x)+C, ne Ce R — nosispHa HepBicHa
dyukuii f(x). 3sigcn

b a b
ob) - (@) = (C + [F(Ba) - (C +[ f(1yde) = [ ().

MDpumirtk a. Piauumio @(b) — ¢(a) wacTo no3Ha4yaOTh CUMBOJIOM

o(x)

b
a -

n
Hpukaax 1. O6uncauTu J.sin xdx .
0

n
Maemo Jsin xdx = —cos x|$= —(cosmt—cos0)=2.
0

11. ®dopmyna inmezpyeanns wacmunamu. xmo dpysxuii U(x) i
V(x) HenepepBHi Ha [a, b] i MmaloTs HemepepBHi NOXiAHI, TO

b b

j U(x)V'(x)dx = U(x)V(x)|’ - j U'(x)V (x)dx. (15)
Copaszi, ockineku (U(x)V(x)) = U'(x)V(x) + U(x)V'(x) , To 3a dopmy-

noo Heroorona — Jleitbuina J(U (2)V(x) + U(x)V'(x))dx = Ux)V (x)" .

Iani 1o JTiBOI YACTHHY CJiJ 3aCTOCYBATH BJACTMBIiCTh 3.

Ipukaax 2. O6uncIuTH Ixz In xdx.
1
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e U=Inx; dV =x%dx
Ylnxdx = 3 | =
Jl‘x n dU:d_x.; =x—
x 3
3 e e 3 3 e
=| X Inx —-l-jx“’d—x=3-— 21 = Leer 41y,
3 L 31 x 3 9 1 9

12, ®opmyna 3aminu 3minnoi y eusnavenomy inmezpaani. SIxmo:
a) dyuknia x = @(t) HellepepBHa Ha NpoMikKy [0, B] i Mae Ha npoMy
IIPOMiKKY HellepepBHY moxinay; 6) ¢(a) =a,0B)=b i ¢(t) e [0,B] 3a
ymoBH t € [a,B]; c) dyukuis f(x) Henepepsra Ha [a, b], To

b B
[F0dx = [ fom)e@)dt. (16)

Hexait F(x) — nepsicra ¢yHKIii f(x) Ha [a, b] (BoHa icHye 3a BracTH-
BicTIO 9).

Toni F(9(t)) — nepsicra dyuxuii f(¢(t))¢'(t) na [o, B].

Cupasai,

(F(e(®)) = F(e(t)'(t) = f(9(t)9'(2).

3acrocyBaBuiu Asiui popmyny Heorona — Jleit6rina, aicrazemo
B b
[ Fee @t = F(o(B) - F(o(@)) = F(b) - F(a) = [ f(x)dx.

NEY
Hpukaax 3. O6uncautn ij 1+ x%dx.
0

3acrocyemo BaacTusicTs 12.
tdt

NEEEE

Busnauaemo HOBi Mexxi. 3 piBHocTi t=+vx%+1 maemo t=1npu
x=0;t=2 npm x =+/3.

Ilosmauuemu v1+x% =¢ , 8HaigemMo x = Vt2 -1, dx =

OTxe,
t e . tdt £ 8 1 7
I= 2—1 = 2 = = —_———= =,
‘!t t,/t2_1 'l[tdt 3b 3 3 3
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§ 4. Habmokene o0unclIeHHs BU3HAYEHUX iHTErpais

Ilna neAkux HemepepBHUX HixinrerpansHux byHruii f(x) He 3aBx AU
MO’KHAa 3HAMTH IepBicHY, BUPAMKEHY Uepes eJleMeHTapHi GyHKNil. ¥ nux
BHNAJKaX o0uMCIeHHSA BU3HAUYEHOro iHTerpasa 3a ¢opmysioro HeloToHa
— Jleit6uina Hemosxause. B ycix mux BHmagkax 3aCTOCOBYIOTH Pi3HO-
MaHiTHiI MeToau HabGJIMKEHOTO iIHTEeIrPYBaHHS, AKi al0Th 3MOr'y BUKODH-
CTOBYBATHM CY4YacCHY OGUHMCJIIOBAJIbHY TexXHiky. Popmysm, mo ix 3apas
nogamo, 6a3yOThCS Ha TAYMaYeHHI BU3HAUEHOrO iHTerpasa SIK IIONIL
KPUBOJiHiiHOI Tpamenii Ta HabGJMKEHUM MOro IpeJCcTaBIeHHAM iHTe-
TPAJbHOIO CYMOIO:

b n
[fedx = FEAZ,. )
a k=1

Ines Takoro merogy reomMeTpudHoO 06asyeThcsa Ha TOMY, 1o rpadik
f(x) samingeThca 6M3bKOIO 10 bOro rpadika Jginiero. B ogroMy Bumnan-
Ky (mipu BuBOJi hopMyJn NPAMOKYTHHKIB) rpadik f(x) 3amiHseTsCa CTY-
niryvacroo samanoio (puc. 63). B iHmmoMy Bunaaxy (npu BuBoxi ¢popmy-
Jn Tpanenii) rpadik f(x) 3aMiHAETHCA JAMAHOK, BIKCAHOIO B Iieil rpadik
(puc. 64). Ilpu BuBoai ¢popmynu CiMIcoHa JaHKHK 3ragyBaHOi JlaMaHOL
3aMiHSI0TBCA AyraMu rapabos Apyroro cremneds. Husxue BUKOPHCTOBYETh-
cdA MO3HaYeHHd Y, = f(x,) .

3
Y4 B

Puc. 63

1. Cknazemo inTerpansHy cymy, AKa Bianosigae moapi6uennto [a,b]
Ha n DiBHUX yacTHH i BUGOpY ToUYOK &, = X,:

D F(EIAT, = Ax(y, +Y, +- +,)-

k=1



318 Mnasa 9

A B
Yo Y1 Y, Y3 Yy Ys
a Xy Xy X3 x4 b x
Puc. 64

3Bifcu BU3HaYeHMH iHTerpas MoKHa obumcaioBaTH 3a GOPMYJIOO

b
Jf(x)dxzzrzl—g(yl F Yy et Uy (18)

AKY Ha3UBAIOTh POPMYN0I0 npamokymuukie. Yum Ginbine 6yme n, TMM
b-a

MeHIINM Oyge Kpok Ax = i mpaBa yacTuHA 3anucaHoro Habau-

skeHHA Oyne naBaTy GiNbII TOYHE 3HAYEHHSA iHTerpasa.

2. Posi6’emo npomixoxk [a, b] Tax, AK i B nonepejHLOMY BUNAAKY, i
BIumeMo B KpuBy AB smamany (puc. 64). Buacaigox Taxoi mobymoru
JicTaHeMO n Tpamenii, cyMa o AKUX HabJauKeHo fac 3HaYeHH iHTe-

b
rpaJia Jf(x)dx :

b
[ fydx = 2 ;'yx Ax 4 B ;yz Art .+ yn_12+ Y pg,

abo

b

[f(xyazx = én_a(y_o%g_ FY ety ] (19)
a

OCTaHHIN BHpa3 Ha3WBAIOTh QPOPMYAO mpaneyiii.

3. fIxmo Biapisok inrerpysanus [a, b] noginuru Ha MapHy KinbKicTs
piBHEX uacTuH (To6TO 2n) i mo3nauutn Yy, = f(x,), ne x, =a+Ax-k —
TOYKH noxginy, k=0, 1, 2, ..., 2n, ToAi BU3HAUEHHUI1 iHTErpal MOXHA
obumcauTn 3a GOPMYJIOI0
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b-a
J.f(x)dx = —G'n_[yo Yo +2(Yy + Yy et Ygp o) T AY e Yse )] (20)

AKY Ha3UBalOTh opmynoi Cimncoua.

I1s hpopmysa gae 6inbln TouHe 3HAUYEHHA BU3HAUYEHOTO iHTerpaja Tomy,
o s ii JoBeJeHHs BUKOPUCTOBYIOTh METOX n1apaboJI, 3a AKMM Ha KOX-
HOMY Binpisky [x, ,,x,] Tpu 3HaueHHa yHKNII f(x)BXOmATH A0 iHTe-
rpajbHOi CyMH.

Ha npuxnaai dopmyau Tpamenii pos3rjisHeMO MUTAHHA NPO OIiHKY
noxuOKu Bif ii 3acTocyBaHHsA, OCKINIBLKY Ge3 1poro popmysna 6yse MaTu
JIIIE AKiCHUM XapakTep.

TlosnauuMo uepes G, BUPa3, AKKii CTOITh y mpaBiil YacTuHi Gpopmysrn
b
j f(x)dx - o,

tpanenii. Toxi A = — abcoaroTHa moxubxka Bif 3acrocy-

a
BaHHA (popmynu tpanenii. ITosgHaunmo yepes M MaxkcUMajibHe 3HAYEHHSA
Moayas Apyroi moxiaHoi f7(x) mnimimrerpanproi QyHKUilI y = f(x) na

[a,b], Tobro M =max|f'(x)|.
xela,b]
¥ 6iapm FeTaJbHUX Kypcax BUIOL MATEMaTHKU AOBEAEHO, 10

ac-9"
12n*

Hpuxaazx 1. O6uuciauru inrerpaa I = |sin xdx , TouHe 3HaUEHHA SKOTO

°'———»Nl=

LOPiBHIOE OTUHMUIIL.
3rigHo 3 hopMysaMu:
1) npamoxymHuuxis npu n = 3 aicrasemo

T T T
I=— +y, + =—|sin—+sin— +s1n 1,237;
6 (y1 Yy +Y; ) 6( 6 3 D) )
2) mpaneyiii npu n = 3 ORePKUMO
1=2{% %Y,y by, |=Z(2+43)=0,967;
6 2 2
3) napa6on npu n=2 MaeMo
T
I= 1—2—[_1)/0 +y, +2y, +4(y, +y,;)] = 0,99951,

3ayBaxXxumo, 10 BCi TpM GopMyaM THM TOuHiIri, yuMm Ginbire n, i ix
abcosroTHA MOXUOKA NpU 11 — oo NPSAMYE A0 HYJs BiAmoBiAHO JO O3Ha-
YeHHA IIOHATTA BU3HAUYEHOr'o iHTErpasa.
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§ 5. HesnacHi inTerpamm

3rigHo 3 TeopeMoIo icHyBaHHS BU3HAUEHOro iHTerpana, eH inTerpan
icHye, AKII0 BUKOHAHO YMOBH!

1) Bigpisox inrerpysanusa [a,b] ckinuennuii;

2) niginrerpanbHa GyHKIiA f(x)HemepepBHa aGo ofMexeHa i mae
CKiHYeHHY KiJIBbKiCTH TOYOK DPO3PUBY.

fIxmmo xoua 6 OfHA 3 YMOB He BUKOHYEThCA, TO BUHAUEHHIT iHTerpas
HAa3UBAalOTh HEBAACHUM.

SIKIII0 He BUKOHYETHCA TepIIa yMoBa, TOOTO b = o abo a = —~ , abo
a =— Ta b =, TO iHTErpaju Ha3UBAIOTHCH He8NACHUMU inmezpana-
MU 3 HeCKIHYEeHHUMU MeHcaMu.

SIK1I10 He BUKOHYETHCA JIAIIE APYra yMOBa, TO NifiiHTerpasbHa QyHK-
nia f(x) Mae TOYKY PO3pPHBY APYroro poay Ha BifpisKy iHTErpyBaHHHA

b
[a,b]. ¥V npoMy BHUDAAKY If(x)dx Ha3NBAIOTb HEBAACHUM iHmezparom
a
6i0 pospusnoi pyHKyil abo 6id PynKyii, HeoOMmelceHoL 6 moukax 8idpisry
inmezpysanHa.
1. Hecxinwennuti npomiscox. Hexait dyukmia f(x) nenepepsHa ais
BCix BapToOCTeit x 3 npoMikKy [@, =), Toni BusHAUEHNit iHTErpAT

b
1) = [f(x)dx,

fAKe 6 He 6yso b 2 a, icHye.
fIxmio icHye rpanuns imrterpana I(b), Komu b —> oo, TO ii 3BYTH He-
enachum inmezpasonm Bin dysknii f(x) y Mexax Bin a 0 i mosHaua-

I0Th CUMBOJIOM jf(x)dx. OTxe, 32 O3HAYECHHAM

a

o b
J’ f(x)dx =lim j f(x)dx. (21)

SIxuo rpasuIA icHy€E, TO iHTErpas j f(x)dx 3BernCa 306iNcHUM, IKILO
a
Hi — po36ixcnum. KpiM 11boro, B epInoMy BUNAJKy roBOPATH TAKOX, 110
iHTerpas AK HeBJACHUI Mae 3MicT, B APYroMy — IIO iHTerpaJs He Mae
aMicTy (ffoMy He MOXXHA IIPUNHCATH AKYCh YHCJIOBY BEJIMUUHY).

Ipuxaax 1. OGuucauty inTerpan je""dx.
0

Maemo
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o b
J‘e"‘dx =lim|e*dx =lim[l —e®]=1
o b0 b
¥V unoMy BHnaaKy HeBiacHMi inTerpas 36isHuii. Moro mosxua BBa-
JKaTH 34 BeJIMYMHY miouli ¢irypu, obmesxkenoi miniamu x = 0, y =0 i
y=e”
HesnacHi iHTerpanu ans iHmMux HecKiHYeHHHUX IPOMiKKiB BU3Haua-
IOTh TaK Camo:

j f(x)dx = lim j f(x)dx, j f(x)dx = lim j f(x)dx. (22)

b—)m a

2. Heobmedxcena ¢pynryin. Hexait dyuxuia f(x) menepepsHa, a oTxe,

it inrerpoBHa Ha npoMmixkky [a,b -Bl, ne B — Oyan-ake AK 3aBrogHO
MaJie fofaTHe 9UCJIO0, ajie HeobMerkeHa Ha nnpomiskry (b — B,b) . Toxi, axmo
5-p

icHye rpanuis inTerpasa Jf(x)dx npu § — +0 (B > 0), To il HasmBawTHL

a

HeeaacHuMm inmezpanrom Bij Heo6MerxkeHOi pyHKIIl i mo3HAYAOTH

b b-B
[f(x)dx = lim [ f(x)dx. (23)

Iurerpan sBeTbecs 36idcHUM YN PO30iNcHUM 3aJieKHO Bif TOTO, icHYE
YM Hi 'PAHMIA IPaBOi YaCTHHH OCTAHHBOL piBHOCTI.

t odx

17';\/1 x?

B oxoni x = 1 miginrerpanena pyHKnia HeobMerxeHa. O'rxce,

IIpukaan 2. O6uucauTH iHTerpas

j dx lj-ﬂ dx
A /1 —x? B—+0 J /1 — 2
1-B 1
= [}in}) arcsinx}, = %in}) I:arcsin(l - B) —arcsin -—] =
—+ = —>+

. .1
=arcsinl —aresin — = — - — = -,

fHxkmo dynknia f(x) HeoOMexkeHa B OKOJI TOYKM @ i Ha IPOMiXKKY
a < x < b HemepepBHa, TO 3riflHO 3 O3HAYEHHAM

Jf(x)dx = 11m If(x)dx

a+(l

11 Bacunsbuenxo I. II.
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1
IIpuxaan 3. O6uucautu inrerpan J dx .
o Vx

B okoni x = 0 mizginrerpansHa pyHKIis HeobMexkerna. OTxe,

1 1
dx dx /
!). VX £ x

a—+0 a—+0

iHTerpas 36i:xHMII.

§ 6. 3acTocyBaHHA BH3HAYEHMX iHTErpasip

O6uncaenns niaom. ko Ha Biapisky [a,b] dyuruis f(x) =0, To
arifHo 3 dhopmyoio (3) oburcaeHHA WIOINi KPUBOIiHiHOI Tpanenii, 306-
pakeHol Ha puc. 62, Mo)xHa 3HAUTH 3a GOPMYJIOIO

b
F= jf(x)dx. (24)

fIkmo na Bigpisky [a,b] dymruia f(x) <0, To KpuBoIiHifiHA Tpame-
nid, obMexxeHa KpUBOIO f(x) , Biapiskom [a,b] Ta nmpamumu x =a i x =b,
Oyne posmimeHa Hmxkue oci Ox. ¥ mpoMy pasi BusHaueHuit imrTerpas

b

J f(x)dx 6yne <0. ITpoTe monia € HEBi'€MHEOIO BeJIMYMHOIO, TOMY ILIOILY
a

KpuBoJiHiliHOI Tpamenii, po3aMimenoi Huxkue oci Ox, Tpeba 3HAXOZUTH
3a opmyJsoio

b
F = —[f(x)dx, (f(x) < 0), ab0 F = - (25)

b
J' f(x)dx

Armo f(x) Ha Biapisky [a,b] kinbka pasis aminlOE cBiil 3HaK, TO
inrerpay Ha Bifgpisky [a,b] Tpeba po3buTu Ha cymy inmTerpaiis 3a gacr-
KoBuMu Biapiskamu. InTerpan 6Gyze momaTHMM Ha THUX BiApiskax, ge
f(x) 2 0, ra Bin’emHUM TaMm, e f(x) < 0 . Imrerpan no siapisky [a,b] nae
Pi3HHIIO MO, IO JIEXKATh BHILE Ta HIXKYe oci Ox.

Oraxe, m06 ofepsraTu cyMmy 1ol (6e3 BpaxyBaHHA PO3MiIlleHHA BigHOC-
Ho oci Ox), Tpeba 3HalTH CyMy a6COMIOTHHX BENWYVH iHTerpajis 3a 4acT-
KOBUMU Bijgpisxamu abo o0umciauTu inTerpas Bif aGCOTIOTHOrO 3HAYEH-
HA QyHKIii, To6TO

b
F = [lf(x)fdx. (26)
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k1o Tpeba obuncUTH IITONLY (irypH, oOMekeHoi Kpusumu y = fi(x),
y = f,(x) Ta npamumu x = a, x = b (puc. 65), ro mpu f,(x) = fi(x) 1i

MoO’KHa 3HaWTu 3a popmysoro

b
F = [[£,(x) - f,(0))dx. @7

y4
y = fx)
[]
]
i y = fl(x) L .
O' x=a x=b x
Puc. 65

Ipuxnax 1. O6uucyuty oty dirypu, oomesxeHoi rpadixom pyHKuii

y = sin x i Biccio abcuuc y = 0 3a ymosu 0 < x < 27.
Maemo y 20, axkmo 0<x<7,i y<0,arxmo n<x<2x.

Orxe,

2n
2n

n
T
J(— sin x)dx = —cos x|0+cos X

F=Jsinxdx+ =4,
0

n

n

Hpuxaan 2. O6uucaury mwiony obxacti, obMexeHoi minisMu y = sin X

2
Ta Y = ;x (puc. 66).

3apani AiHil nepeTHHAIOTLCA B TOUKAX 3 abeuucamu x, = 0 Ta X,

OTxe, arifHo 3 popmynoto (27), maemMo

2 |2

(sinx——z—x)dx =(—cosx—x—) =1—E.
n 4 4

F =

0

O et |

2
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Puc. 66

IIpuxkaanx 3. O6uucautu niomy ¢irypu, ob6meskeHoi rpadiramu
byHkniin y =2 - x*; y = x (puc. 67).

3HallleMO TOYKH IepeTUHy 3ajaHuX JiHii. Jlasa mboro poss’sixeMo
CHCTEMY PiBHSHB:

y=x
y=2-x°,

sBigkm x, =-2; x, =1.

Puc. 67

Inomy 3uaiifgemo sriguo 3 popmynaoro (27)

r x3  x? ' 9
P ffe-e-xlde=(2e- 222
2

JoBxHHA XyrH KpHBROi. [J08uno0i0 Oyzu HA3UBAETLCA TPAHUIT JIOB-
SKMHM BIIMCAHOI JlaMaHOI JiHil mpy HeoOMe)KeHOMY 3MeHIIIeHH] JJOBXKH-
HU ii JaHOK.
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Buatitu gosxuny L ayru y = y(x), a < x < b, ge y(x) — HenepepBHa
audepenniiossa Gpyukuia =Ha {a,b].

Posi6’emo [a,b]na yacTurM TOuKaMu moxiny x, (puc. 68). Bnumemo
B Yy KpuBoi a <x <b gpamany JiHilo Tak, mo0 abciucu ii BepmuH
6ysau x,. [osxuHa ofHiel nanky gamanoi (srizao 3 Teopemoro Ilidaro-
pa i ¢opmynoro Jlarpamoka)

2
A B
MM, = (Axk)2 +(Ay,)? = Ax, 1+[A—ikj =Axk\'1+y2(§k)~
u k

¢ —— — —
@ — — — ——— —

v

Q¢ ——
S ———————

0]

Hosxuna namanoi M M M,..M, = 2,[1 + Y2 (E)Ax, .
k=1

Omrxe,
n b
L= 13“32’/1 + ¥ E)Ax, = [Y1+y7dx, (28)
% %=1 a

A = max|Ax,|.
1<k<n

Hacanidox. ko nyra sagmana mapamerpuuHo x = x(t), y = y(t),
o<t <P, To il JOBMKUHY 3HAXOAATE 32 POPMYJIOIO

8
L= j ' (t) + Y2 (t)dt. (29)
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y
/
(0] 1 tx
\
Puc. 69

Ilpuxkaax 4. OGuucauru KOBKHUHY Ayrum Kpusoi y® = x°, axugo

0<x<1 (puc. 69).
3

3 piBusanHA y® = x* sHaxomuMmo y =+ vVx® =+ x? (“mmoc” — Bepx-
HA JaHKa, “Minyc” — HMMKHA) O6GYMCANMO JOBXKHUHY OAHiel yacTuHM i

momMHOMXHUMO 11 Ha 2. OTxe,

1 1 3
= 2y = 9x,;, .16 1.9 ' .2 _
L 2_‘[./1+y dx 2! 1+ 2Edx =22 (1+7x) |0 27(13\/'1"3 8).

HOpukaang 5. O6GYUCAUTU HOBMXKWUHY AYr¥ OAHiel apKu LUKJI0ILH
x=a(t-sint), y=a(l-cost), 0 <t < 2rn (puc. 70).

Y A

0O Ta 2na X

Puc. 70

3 piBHAHHA IUKJIOiAM 3HaxoAuMO x'(t) =a(l—cost), y =asint.
Axuro x npobirae Bigpisok [0; 2ra] , mapamerp ¢ npobirae sigpisok [0; 2x].
OrKe, ZOBXKHUHA AYTH
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2na 2r 2r
L= [ 1+y*(x)dx= | x'z(t)+y'2(t)dt=aj\/(1—cost)2+sin2tdt=
0 0 ]

2n T
=2af sin—édt =—4acos1 =8a.
0

0

2

06’emu Tin. Hexait HaiiMenmna i Hait6insma aGcuucu To4oK Tina Oy-
AyTh a i b. IIpunycrumo, mo S(x) — IJIOLa Hepepisy Tisa MJICIIUHOIO,
[epIeHJuKYJIApHOW A0 oci Ox, AKa nepeTuHae ii B Touni 3 abcuucomo x
(puc. T1).

Ya

y = f(x)

)Y

Pue. 71

Posi6’emo [a,b] Ha yacTMHHM TOUKaMu MOJiny X, i mpoBezeMo ILJIO-
muru X =x,. IloGyayemo pumiainapn 3 ocHoBamu S(x,) i BucoTamu
Ax, =x,,,-X%,. QG’eM rakoro muiinapa — S(x,)Ax, (puc. 71).

OT:xe, 006’eM Tina

n b b
V= lim Y S(x)Ax, = j S(x)dx; V = jS(x)dx. (30)
max|Ax,| >0 ~ < ’

1<k<n
3ayBaxeHH 4. ko Tigo o6MexeHe MOBEPXHEI0, OAEPXKAHOI0 Bij
obepranHA KpuBol ¥y = y(x) HaBkoJo oci Ox, i IomMuHAMHE X =a; X =b
(puc. 71), Toai nepepis iforo JIOIUHOI, DePIeHAUKYJIAPHOIO A0 Oci, me-
peTHHAae 110 Bick B Touni 3 abcmucoo x i € Kpyrom pajgiyca y(x), a romy
S(x) = my*(x). Orxe, 3rigso 3 dopmynow (30), 06’em Tina obepraHHS
MO’KHa 3HaiTH Tak:
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V= njy dx, (31)

a IJIOIY IOBEpXHi obepTaHHA —

nos

F._, =2=n j Y1 + ¥ (x)dx. (32)

IIpuknax 6. O6uucinuTu 06’em Kyuai pagiycom R.

IToMicTHBIIN EHTP KyJi HAa MOYAaTOK KOOPAHHAT, MU 3MOYXEMO PO3-
IAgaTH HOro AK TiJIo, oOOMeKeHe ITOBepXHelo, OfepKAaHoI0 Bii obepTaHus
niekona y = VR? — x* ma [-R, R] maBkouo oci Ox. Or:xe,

4
~nR®,
3

IIpuxaanx 7. O6uuCANTH IJIOLTY [1OSICY, YTBOPEHOTO 06ePTAHHAM ITiBKO-

R 3 R
V =n[(R? - x%)dx = 2n(R%x - )| =
R 3 0

nay=+vR*-x?, —-R<a < x<b< R, nasxoo oci Ox.

x R?
T ':.__._._.._.._..; e _ - .
YT Y R - 1t 1+y R? — 2

b
Tomi F._ = anjdx =2nR(b-a).

nos
IIpuxaanx 8. O6uucauTe 06’eM Tina, yrBopesoro obepranusam ¢irypu,
o6MeskeHOl KpUBUMY Y = 2x — x°, y = 0: a) HaBKOJO oci Ox; 6) HaBKOJXO
oci Oy.
Kpusa y = 2x — x* neperunac Bics Ox y Toukax x = 0;x = 2, oTxe,

2 5\ 12
v, =nj(2x—x2)2dx= g B
) 3 5

]

16
pond —‘n’
15

1

v, =wfl b T=yf - 0= vy oy -

0

JA-y)’

_4nj,/ dy_—4nj(1 vy d(1-y)=-4n YA ¥ Sy

2 0
-_8 ¢ =8
= 31&/(1 y) |0—31T,.
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3aysaodxeHH 4. [ina obuucaeHHs V, BUKOPHCTAaHO (OPMYIy
d
vV,= n_[ [x§ (y) - xX(y)ldy; ¢, d — mexi inTerpysanus 3a amiHHOIO Y, A€

¢

x, Ta x, OTpUMaHO 3 y = 2x — x*; y=1-(x-1)*; x =1+ 1~y .Omxe,

x,=1-Jl-y; 2, =1+1-y.

§ 7. BUKOpHCTAHHA BU3HAYEHOTO iHTErpasa B eKOHOMili

Paninre My posrnsgajy eKOHOMIiUHME 3MicT BUBHAUYEHOTO iHTerpana,
AKWH BUpa)kae o0car BupoOieHol NpoAyKIii npu Bigomiit dyrKnii npo-
IykTuBHOCTI npani. HaBegeMo iHIIIi mIpUKJIagy BUKODHCTAHHA iHTerpa-
Jla B €eKOHOMIIIi.

Axmo y dyaknii Ko66a — Hyraaca (quB. ri. 10) mokaacTH, 110 BU-
TpaTu mpani € JiHiAHOW0 3ajieKHicTIO Bif uacy, a BUTPaTH Kamirany
HesMiHHi, Toxi Bona Habepe Burasny r(t) = (At + B)e® . O6car Bumymie-
Hoi mpoaykuii 3a T pokiB

T
R= j (At + B)e®dt. (33)
0

Ipuxnax 1. 3uaittu o6cAar npoayKitii, BupobieHoi 3a TPU POKH, AKILO
dyuxuisa Ko66a — Jlyriaca mae suraan r(t) = (1 + 2t)e*.
3riguo 3 popmyiow (33) obear BupobaeHol TpoAYKILil

3
R= j (1 + 2t)e™dt.
0

Buxopucraemo Meron inTerpyBaHHA yacTuHamu. Hexait U = 1 + 2¢;

dv = ¢"d . Togi dU = 2dt, V = [ e*dt = ie‘“ .

Orxe,
3

(Te'? - 1)—%5“ =

0

1 4

4° i

R=(1+2t) 1

3 3
0| =e*. 2dt =
-]

1 12 1 12 1 12
, (7Te 1) 3 (e 1) 3 (13e 1).

Hocnigxyouu kpusy JIopenya — 3aJIeKHICTh IIPOIEHTA AOXOAIB Bif
NIPOLIEHTa HAceJIeHHd, wo Mae ix (kpuBa OBA, puc. 72), Mu MoxxKeMo o11i-
HHUTH CTYNiHb HEPIBHOCTI B po3mofiyi xoxoxiB HaceneHHs. IIpm piBHO-
MipHOMY pO3mOAiji K0oX0AiB KpuBa JlopeHIla BUPOIKYETHCA B IPAMY —
6icextpucy OA, a romy mioma ¢irypu OAB Mix GicexTpucorwo OA i Kpu-



330 Mnaea 9

Boto Jlopenna, BifHecena jo oy TpukyTHuKa OAC (koedinient [xini),
XapaKTepuaye CTYIIiHb HepiBHOCTI B poanoaiai 1oxoAiB HaceneHHA.

YA
100 (1) % A
Yacmka \
doxodie :
)
1
)
b
!
i
1 C x
‘ >
o 100 (1) % Yacmka
HaceneHHs
Puc. 72

Hpurnax 2. 3a JaHUMHU JOCHIKEHHA B PO3NOAiNi 10X0AiB B OfHiN 3
nepsxas kpusa Jlopenna OBA (puc. 72) moke 6yTH onucaHa DiBHAHHAM

2 .
y=1-+v1-x?, ge x — yacTKa HaceJeHHH, y — YACTKA JOXOAiB HaceJeH-
ug. O6uucanru Koedinient xiHi.

S, S,
OueBunno, xoedpinienr Mxini (puc. 72) K =248 =1 - —084C -
OAC SAOAC

=1-28,,,c5 OCKiNbKU S,y4c = % ,

1 1 1 1
SOBAC =J(1—Vl—x2)dx =Idx—-J.\/1——x2dx :1—f\/1—x2dx =
0 0 0 0

1+ cos2t
2

=|x=Sint ‘=1_ dt =

dx = costdt

V1-sin® ¢ costdt =1-

0RO o | 3
O o | 3

1= Ygnar )| =1L B0 E
2l "2 22 4

0
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Bpizen K = 1-2 1—% = 1—2+-’2E ~ 0,57.

JocTaTHLO BUCOKE 3HAUEHHSA Kk IOKA3ye CYTTEBO HEPiBHOMIDHHUM PO3-
MOAIN AOXOAIB cepeli HaceJIeHHA B AepiKasi.

BrsHadeHHs OYATKOBOI CyMHM 3a ii KiHIIeBOI0 BEJIMYMHOIO, OJEepPKa-
HOIO depes yac ¢ (POKiB) mpu piuHoMy npoueHTi (IpolleHTHi# cTaBIi) p,
Ha3UBAETHCH OUCKOHMYBAHHAM.

Bazaui TAKOro THIY 3YCTPiUalOTHCA NPHU BU3HAUEHHI eKOHOMIYWHOI
e(PeKTHBHOCTL KaliTaJbHUX BKJIAAEHb.

Hexait K, — kiHneBa cyma, ofiep<aHa 3a i pokis, i K, — cyma, 110
JUCKOHTYEThCA (II0UaTKOBA cyMa), AKY y (diHaHcoBoMy aHanisi HasuBa-
IOTh MenepilHbL0 8apmicmio OYiKyBaHMX B MaiiOyTHbOMY I'DOLIOBUX
HaAXomxeHb. AKIo MpoIeHTH IPOCTi (3aCTOCOBYIOTLCA A0 KaniTaJbHUX

BKJIajJieHb B MeKax JIMIIle OgHOro (hinarncosoro poky), To K, = K (1 + I—(I)%) s

e ﬁ — HOMiHaJIbHA PiuHA MPOIEHTHA CTABKA, BUPa)XeHa B JeCATKO-
. K

BUX japo6ax. 3Bigcum K, = —-2—.

P
1+-£-
1+ 700’

V Bunaaky ckiagHux nponeHris K, =K0(1+——-£——)’"" , 4 TOMY
K 100m

n

K, = —2——, 1e m — 4ucjo pospaxyHKOBUX nepiofis y poui.
100m
Hexait mopiyauii 40Xif, 110 HAAXOANATH, 3MIHIOETECA 3 YaCOM i OIH-

. . . N - . P
cyeThea QyHKIico f(n) i nmpu BignoBigHi# npomenTHi craBii 100 mnpo-
LeHTH HapaxOBYIOThCA HelepepBHO. BpaxoByioum paHinie HaBeJeHUI

npuknag (poazin I, ra. 5, §5), MoKHA MOKas3aTH, 110 B NbOMY BUIIALKY
IUCKOHTOBaHMH noxig K, 3a uac N ob6uucHoeTbesd 3a GOpPMYJIOI0

N _Pn
K, = j f(n)e °dn . (34)
1]

Hpuxaax 3. 3HafiTH JUCKOHTOBAHUM AZOXij 3a TPHU POKM IpPH IIpO-
neHTHIi# crasui 6 %, axio noyaTkosi (6a3oBi) KamiTaJoBKJIaAeHHA CTA-
HoBuau 10 mMuH rpH i mnadyerbes IMopiuyHOo 36inbITyBaTH KaliTaso-
BKJIAJIeHHA Ha 1 MJIH I'pHUBEHb.

OueBuHO, 0 KAIiTAJOBKJIAJEeHHA 3afaloThed GyHKkIiew f(n) =10+
+1-n =10+ n. Toxi ariguo 3 dopmyJomo (34) AUCKOHTOBAHA CyMa BKJia-
JeHL Oyne

3
K, = [(10 +n)e™*""dn.
0
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Inrerpyioun, gicraremo K, = 32 MJIH IrpH.

ITe osHauae, mo AN HapaXyBaHHs OJHAKOBOI CyMH, IO YTBOPHUJACH
yepe3 TPU POKM, IMOpiuHi kamiTanoBkJsazeHHA Bix 10 mo 13 muH rpH
PiBHO3HAYHI OJJHOYACHOMY IIOYATKOBOMY BKJIaAy 32 MJH I'PH IpU Tik
camil IPOIeHTHI# cTaBIi, [0 HAPAXOBYEThLCA HEIIEPEPBHO.

Hexaii Bizoma GyHKIiA ¢ = t(x), AKA OMHUCYE 3aTPATH YaCy Ha BUTOTOB-
JIeHHA HPOAYKTY (BUpOOY) 3aJIe’KHO BiJf CTeIlleHi OCBOCHHA BUPOGHUITBA,
Jie X — NOPsAKOBHil HoMep BupoOy B naprii. Toai cepeanniit uac ¢, , Bu-
TpayeHUH HA BUTOTOBJIEHHS OJHOTO BUpOOY B Iepiof OCBOEHHSA Bix X, Ko
x, BUpOGiB, 06UHCIIOETECSA 38 TEOPEMOIO IIPO cepexHe 3a hopmyoio (13):

boep = ———1——— Jzt(x)dx. (35)

ITo cTocyernca PpyHKIil 3MiHM BUTpAT Yacy Ha BUTOTOBJIEHHS BUPO-
6y t = t(x), TO 4aCTO BOHA MA€E BUIJIAL

t=ax?. (36)

Jle @ — BUTpATH Ha Iepmiuit Bupi6b; b — mokasHUK BUPOGHMUOTO IpoIiecy.
IIpuknanx 4. 3uaiiTu cepefHiit uac, BUTpaueHNH HA OCBOCHHSA ONHiel
meTani B nepion ocBoeHHd Big x; =10 mo x, =21 gmerasneil, npuiHABIIK
y dbopmyuii (36) a= 60 (x8), b=0,5.
BuxopucroByouu Q)opmyny (36), micranemo

1 60 21 120
t 60x 2dx = 80 a% J21 - 410
P 21 10 j 11 | ( )
= 10,9(4,58 -3,16)=10,9-1,42 = 15,48 (xB).
3 inancoBoro ananisy BifioMo: SKIO MPUNAHATH, 110 AOXOAH i BUTpa-
TH 3[AIiICHIOIOTHECS HeNepepBHO IIPOTATOM 7 POKiB i sKio (R - C At

(pisHuns foxoAiB i 3aTpaT) 3HAXOAATHCA B iHTepBai (t, t+ At), TOAL Te-
_P, P
nepimus Bapricts TB = (P, -~ C,)Ate 1 | ne e % _ koedinient nuc-

KOHTYBaHHA, ¢ — KiJNbKiCTh POKiB XKHUTTA NPOEKTY.
ITouaTkoBa BapTicTh IpH HenepepBHil kamitanizamii

. -2y n Py
lim 3" (B, - C,)Ate ' = [ (P, - C,)e 10'dt,
0

p . .
¥ Bunaaky, AKIIO 100 cTraja, TenepilllHsa BapTiCTh

X P
TB = [(P,~C)e ™ dt.
0
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fIkmo P, - C, = q = const, Toai

T o_P -2,
TB=qfe 0'dt= -1 [e 00 —1].
0 _P_
100
Orxe,

i
100

¥V saranpHOMY BHUIAAKy iHBecTuii O6yayTs Burigni, axmo TB > C,
TOOTO AKIIO IPUBeJieHa BapTicTh iHBecTHUINiH Oiysbllle HOYATKOBUX Kalli-
TaJbHUX BKJAJEHb.

OTxxe, TenepilllHa BapTiCTh 3aJIeXXUTh BiJ Tprox (axTopiB: pisHuni
PiYHUX XOXOAIB i1 BUTpAT ¢; TEPMIiHY KHUTTA MPOEKTY 7 i BEIMUNHHU NPO-

-_P
TB=-9 [1-¢ 100 J

. p
LEeHTHOI CTaBKU —
100

TB = f(g,n,~£-).
f(g.m 765)
Konmpoavni 3anumanns i 3aedanns
1. ChopmynioiiTe 03HaUYeHHA BHU3HAUYEHOIO iHTerpaJsa.
2. ¥V yomy noJsisira€ reOMeTPUYHNUHA TA €eKOHOMIUHUH 3MiCT BUBHAUEHO-
ro inrerpana?

3. fIki ocHoBHi BiIacTMBOCTI BH3HAYEHOTO iHTerpana?
4. IIlo MoXXHA CKa3aTHU MPO 3aCTOCYBAHHSA BHU3HAYeHOro iHrerpaJa?

Ilpukaaou po3e’azyeanns 3aoau

9.1. O6uncauTu:

9 a
a) fxs 1-xdx; 6) JxZ\/az - x%dx;
]

B)

O

3
x -arctgx - dx ; r) I(x -2)%dx.
0

a) Buxonaemo saminy ¢t = ¥1 - x . Tozpi x = 1-13, dx = -3t3dt; SAKIIO
x=1,T0t=0;aKmo x=9,T0 t =-2.
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9 -2 0
Orxe, jxi/l _x-dx = j(l —t%).t.(-3t%)dt = 3](1 —t%)t3dt =
1 [i] -2

4 7
=g/t _*t_
(%)

6) Bisbmemo x =asint, OStS-TZL. Ockineku va® -x* =acost,
dx = acostdt, T0

0

--669.
667

~2

a
JxZVaz -x*dx=a*

W2
sin® tcos® tdt = -‘-f—l—_].sin2 2tdt =
0 0

© 03]

z
2

z 4
=28—Z (1- cos4t)dt=%—(t—%sin4t)

0

B) 3acTocyeMo (GopMysy iHTerpyBaHHS YaCTUHAMH

fo‘arCt x-dx = Uzarcfii‘x;dvzi(;x "‘x—zarCt xlﬁ_l\/f xz dx =
B gy = v s | TR, Ty T T
1+x 2 0
V3 J3 3
x_1 17 dx _m_+3 .1 _2n_+3
=3 2.([dx+201+x2—2‘ 2+2arctgx|0 =3 5

r) dopmanbHe 3aCTOCYBAHHSA MHiACTAHOBKU f = (x —2)° Ha BChOMY
Bigpisky [0; 3] npusBese 10 HEIPABUILHOTO Pe3YJIbTATY, OCKiNIBKH 00ep-

HeHa QYHKIiA x = ¢(t) ABO3HAuHA: x =2 * \/; , ToOTO hYHKIIA X Mae ABi

JIaHKH, X, =2 — \/;; x, =2+ Jt. Ilepma He MoXe HaOyBATH 3HAUCHHS
x>2, a apyra — 3HaueHHsa x < 2. II1o6 3x106yTy npasuyibHUI pe3yabTarT,
NnoTpibHO po36NTH JaHWil iHTerpana Tak:

3 2 3
j(x —2)%dx = j(x —92)%dx + j(x — 2)%dx
0 0 2

i B mepmiomMy iHTerpaJii mokJgactm x =2 — \/? , & B APYyromMy x =2+ \/;
Toxi nicranemo

=jx 2)dx——jt =—Ifdt—
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8 1 . .
Orxe, I = 3 + 3 = 3. el pesynpTar IpaBUILHUM, Y YOMY MOYKHA BIIEB-
HUTHCH, SKI0 00unCcauTH iHTerpan 6e3nocepesHbo:

3 _ 33
j(x_2)2dx=£x__2.)_. =l+.8_=
3 3 3

0 0

3.

Omxe, 3pobuMo Take 3ayBaxkeHHa. Croci6 HiZCTAHOBKM MOXKe IpH-
3BeCTH [0 IOMMJIKH, AKINO He BUKOHaHO yMoBy 12 (§ 3).

9.2, O6uucauTy miomy Girypu, oomMexeny aidiamu x=0, x=2, ¥ = 2%,
y = 2x — x* (puc. 73).

OcKiIbKHM MakKCUMyM QYHKIII y = 2x — x? nocsiraerbes B Touni x = 1
i popismioe 1, a dyuknia y = 2* 2 1 na Bigpisky [0; 2], o

2 2 2
x _ 27 x3 - 3 4
F=.£[2 -(Zx—xz)] dx—m‘o—( —?] Io_m—g.

Y

)
[y
N

x
Puc. 73

9.3. O6umcauru miomy dirypu, obmexenoi yimismm x+y =0,
y =2x— x* (puc. 74).
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Puc. 74

BnaiifeMo abcmucy TOYOK mepeTuHy mapaGomn y = 2x — x° i npamoi
Yy = —x, Po3B’sa3yemo piBHAHHA 2x — x° = —x , 3HaxoAuMoO X, = 0;x, =3,
Orxe,

3 3\ ®
F:_[(zx—x2+x)dx= 32 2 || 22T _ys
) 2 3 6

]

9.4. 3uaiitu nuomy dirypu, obMesxkeny gimigmn x = -2y*;x =1 - 3y°
(puc. 75).

Pue. 75

x =-2y%,

PoaB’saxxemMo cucteMy piBHAHB i sHaliyleMo OpAMHATH TO-

2

x=1-3y

4YOK MepeTHHy KpuBux y, =-Lijy, =1,
Ockimpku 1-3y* > -2y° npu -1<y<1, 1o

3

F=_1fl[(1—3y2)—(-2y2)]dy=2 v-%1| =%



BuanaueHi Ta HeBnacki iHTerpanu 337

9.5. Buaittn 06’eM Tina, yTBopeHoro ofepraHHsM HaBxojJo oci Ox
dirypu, obmexenoi kpusomwo y? = (x — 1) i npsamoro x=3 (puc. 76).

A

y

v

Puc. 76

3 3
V= njyzdx = ch(x -1)*dx = %
1 1

9.6. O6uncauTH IJOLLY ITIOBEPXHi, YTBOpeHOoi o6epTaHHAM AyrU Kybiu-
HOl nmapabosu y = x® maBkouso oci Ox Bij IMOYATKY KOOPAMHAT AO TOYKH
x=1.

V upomy Bumaary y’ = 3x2; \f+ y* = \/1 +9x* . Omxe,

—2njx V1 +9x* dx——(lO\/—_ 1).

3adayi i enpasu 0aa camocmiiinoi pobomu

OGuucanTH BU3HAYEH] iHTerpaiu.
a) 6esnocepeaHe 3acrocyBaHHsa dopmyaun Hrlorona — Jleitbnina:

1 1

9.7. [J1+xdx. 98 -0[(x2+1)
© dx dx

99. [ £ _. 910 [——_.
el e

6) samina 3aminHOl y BU3HaYeHOMY iHTerpaui:

9
Jxdx L xd

9.11. f— 9.12. [_X2* |

V-1 J‘1+\/;

0
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9.13.} xdx 9.14. j Jerdz

sVl+x Ve +e* .
R

9.15. | x*VR? _x*dx; (R>0). 9.16. j x*x? ~1dx.
0 1

e 2 1
9.17. [ X 9.8, [ XX
o l+x
InTerpyBaHHAM uyacTHHaMU OGYHCAMTH iHTErpai.
2 e-1
9.19. jxcos xdx . 9.20. [In(x + 1dx.
0
a7 3 n
9.21. 9.22. |x®sinx-dx.
Z!. Ya? + x? ‘([
JE 1 2 -x
9.23. [arctgx - dx. 9.24, [**e"dx
0 0
O6umncauTy HeBaacHi iHTerpanu.
9.25. &, 9.26. j 2xdx
1 x x +1°
1 2 dx
9.27. [xInxdx. 9.28. [——.
n X" —4x+3

O6uncauTu naomy dirypu, obmexeny JiHigamu.
9.29. y=x%y=2-x% 9.30. xy=5;x+y =6,

931. y=3x-x*;y=x-x. 9.82. y=0;y=sinx;y=cosx.

3

9.33. y=x2;y=33—. 934. Y =2x+1L;x-y-1=0.
1 x?
9.35. ¥y = 1t x — Y= 5 936. y=e“;y=e;x=1.

Obuncanutu 06’e€Mu Tijn, yrBopeHux ofepranHaM (irypu, o6MexeHol
Ainisgmu.

9.37. y=4-x%,y=0,x =0, e x>0, naBKoso: a) oci x; 6) oci y.

9.38. y=e*;x =0;x =1;y = 0 HaBKOJNO: a) oci x; 6) oci y.

9.39. y = x%;y =1;x = 0 maBKoJoO: a) oci x; 6) oci y.

9.40. y = i;x =1;x =4;y =0 HaBKoOJO: a) oci x; 6) oci y.
x
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9.41. y =Inx;y = 0; x = ¢ HaBKOJO: a) oci x; 6) oci y.
942, y= —1-—}—2-;x =1;x = -1;y = 0 HaBKOJO: a) oci X; 6)b oci y.
+x

OGUMCINTH [OBXKUHY Ayru JiHil.
9.43. y=Inx Bix xl=\/§ RO x, =J§.

2
x
9.44. y=? Big x, =0 g0 x, =1.
9.45. y* =(x+1)° Big x;, =0 g0 x, =4.
t3
9.46. x=—3——t;y=t2 +2 Big t, =0 no t,=3.
9.47. x =(t>-2)sint +2tcost,y =(2-t*)cost+2tsint Big ¢, =0
a0 t, = 7t
Oﬁqucnmn mwronyi NOBepXOHb, YTBOPEHUX 0GepTaHHAM HaBKOJIO OCi
Ox nyr KPUBUX.

1
9.48. y = x° Big x=0 5o x=—2-,
9.49. y® =4ax Big x =0 go x = 3a.

Bionoeidi do 2aaeu 9

2
9.7. g(\/'é—l). 9.8. i. 9.9. -53/16 ~1). 9.10. g 9.11. 7+2In2.

5 32 e+vl+e® 2 .
9.12. —-2In2.9.13. —.9.14. In———————, 9.15. —R’.
3 3.3 .9 n 7 9.15. -
J2 T
9.16. 464Y% . 9.17. —. 9.18. ~.9.19. ~~1.9.20. 1.
15 8 2
141a°*%a n 2¢e-5
921, — - " 922 n®-6m.9.23. —-In2, 9.24. =
20 mobn el e
1 ' , 1 ) . 8
9.25. § . 9.26. Po3sbixunit. 9.27. - Z . 9.28. Po3zbixuuii. 9.29. g
8 16
9.30. 12-51n5. 9.31. 3" 9.32. 2- 2. 9.33. 2%. 9.34. 3
1 1 et —
9.35. ~——.9.36. e+--2.9.37. 256 . g..9.38 M& —D.op
2 38° 15 2
6n  3n e’ +1)

9.39. —; 5 9.40. 12m; 247, 9.41.

7 ;e —2).
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b4

9.42. "“‘; D rin2. 9.43. 1+ %ln % . 9.44. 0,5[v2 +In(1+2)].

670 n® 61mn
9.45. o - 9:46.12. 9.47. 5 9.48. Jro0 (k3. ox.).
9.49. §—6-na2.

3
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Po3ain V i
GYHKIIII BATATBOX 3MIHHUX. PAIN.
TUOEPEHIIAIIBHI PIBHAHHA

I'nasa 10. @yukuii 6ararsox 3MiHHUX

§ 1. O3navenns, rpaHMIs T HenepepsHicTh QyHKuii

IIpakTHuHi 3aCTOCYBaHHA MaTeMATHKH BIMAraloTh BUBUEHHS (QYHKUII
JBOX i OijibIlle He3aJeXKHUX 3MiHHHX.

Posrasinemo medki npukJgaau ¢pyHKIiN 6araTbox 3MiHHUX.

1. ®ynkuia Z =a,x, +a,x, +...+a,x, +b, pe a,,...,a,,b — cramui
yMcJa, HAa3UBAETHCS JiHillHO0M0. Ii MOXKHA PO3MJISAATH AK CyMY N JiHIAHNX
GyHKUiN BiTHOCHO 3MIHHUX X;,...,X, .

n
2. ®dyuknia Z = 1 Zb‘.,.x,xj (b, — crani yucsa) Ha3UBAETHCA K8ao-
PAMULHOI. L=t

Ha Bixaminy Bix nimiliHoi xBagpaTuuHa QYHKIiA He PO3KJIaLaEThCA
Ha cymy GYHKIi# oxHiel 3miHHOI.

3. Panime Oyna BusHaueHa (PYHKI|iA KOpPUCHOCTI — ofHe 3 6a30BUX
MOHATH eKOHOMiuHOI Teopii. BaraTrosumipHuii ii anasor — ne pynxnia
Z = f(x,, Xy5...,X,) , 5IKA BUPAXKa€ KOPMCHIiCTb Bin n Io6yTHX TOBapis.
Yacrime BChOro 3ycTpivaroTses Taki il Buau:

n
a) Z = Zai In(x, -¢,), ze a, >0, x;, > ¢, 20, — norapudpmiyna QyHK-

. i=1
s,

n

6) Z=21aib (x-c) ", ne a, >0, 0<b <l x,>¢20.
=1+ 7Y

Taka GyHKIif HA3UBAETLCA PYHKYIEI0 CMALOL eAACTMUYHOCT.

4. Tako)X HA BUIAJOK N 3MIHHMX y3arajJbHIOETHCA MOHSTTA BHDPOO-
Hu4ol GYHKILT, IO BUpakae pe3yibTaT BUPOGHINYOI AiANIBHOCTI 3aJI€3KHO
Bijg dakTopiB x,,X,,..., X, , AKi #oro 06yMOBJIOIOT.

HagsezeMo BuAM BHPOGHMYMX QYHKIiM, AKi HalluacTime 3ycTpivaoTs-
¢s (Z — BeJIMYMHA CYCHiJBHOrO NPOAYKTY; X, — 3aTpPaTH mpaui; x, —
obcsar BUpobHUYNX HOHAIB), B3ABIIY JJISI IPOCTOTH I = 2:
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a) dyukuia Ko66a — Hyzaaca:
Z =byxlxy; (1)
6) dyukuia 3i cmanow eracmuyunicmo 3aMineHHA:

k
Z = eo[eleB + ezx;B}B ' )

Y niit rsaBi 6yJeMo BecTH BHKJIAAKHU IEDPEBAXKHO AJA GYHKIiH ABOX
3MIHHUX (n = 2), IPY bOMY NPAKTUYHO BCi IOHSATTA i TeopeMu, chopmy-
JbOBaHi ANA n = 2, JEeTrKO NepPeHOCATbCA i Ha BHUNAOK n > 2. OxgHak
pO3ryIAA BUIIAAKY ABOX 3MIHHUX J8€ 3MOr'y BHKOPHCTOBYBATH HAOUHY
reoMeTPHYHY iJI0oCcTpanilo OCHOBHHX MOHATH NAHOIL I'JaBuU.

O3snavenna 1. 3minna z 36emovca GYHKUIEI HE3ANEHHUX IMIHHUX X
ma y, axwo xoxcriilt napi (x, y) 3 desaxoi o6racmi ix aminu eidnosidae
nesmne 3HAYEHHS BEAUYUHU 2.

CumBosiuHO (YHKIiA ZBOX 3MiIHHUX Mo3HauyaeThesa 2 = f(x,y) abo
2z = F(x,y). Cykynsicts map (x, y) BeJIMUMH X Ta Y, AJA AKUX BUSHAUEHA
dyrkuia z = f(x,y), ssersesa o6aacmio icnysanns pyrniyii. Axmo ana
byuxnii oxuiel aminHol o6sacTio icHysaHHA 6YyB OAMH YM Kiabka
IpoMiKiB, To ana GyHKUIl 1BOX 3MiHHUX o6GJsacti icHyBaHHA, Sk xaji
no6auuMo, MOXKYTh MATH HalipisHoManiTHimII dopmu.

IIpuxaax 1. Busnauury obnacts icHyBaHHA GyHKIIL 2 = /1 — x% — v,

OueBupgHO, 2 HalyBaTuMe AiliCHUX 3HAuUeHL JMINE TOXAI, KOJH
1-x%*-y? >0, robro konmu x° +y* <1,

ITio HepiBHiCTH 3a40BONILHAIOTE KOOPAMHATH BCiX TOUYOK, L0 JIEIKATH
Ha ToJii kpyra 3 pajiycom 1, BkJrouaiouu i TouKku HOro KOHTYpY, TO6TO
TOUKH KOJIa:

+y’=1.

Hpuknan 2. Bussauntu o6nacTs icHyBanua 2z = V4 —x? +,1-y° .
Hlyxanoro obsacrio 6yae npsMoKyTHUK (puc. 77). Copaszi, 3 HepiBHO-
creit 4—-x*> >0 ta 1-y* >0 maemo
x? <4, yi <1,
abo
2<x<2, ~-1<y<1.

Orxe, no o6aacTi BusHaYeHHs QyHKIII HasexaTh BCi TOUKH, 1110 3HA-
XOIATHCA Ha MOJi NPAMOKYTHHKA, BKIIOUAIOYH TOYKH KOHTYDPY (IIpsMo-
KYTHHKA).

I'padikom dyrknii ABox 3MiHHUX 2z = f(xy) € JAeska MOBepXHS.

Hanpuknaa, rpadikom dbyrrnii

z2=41-x%-y*
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'y

-1

Puc. 77

¢ miscepa 3 pagiycom 1, poamimieHa Haj IJIOMMHOIO xOy (puc. 78).
fIx1o cIpoeKTyBaTH BCi TOUKM i€l MOoBepXHi HA IJIOMIMHY x0Oy, nicra-
HeMO Kpyr 3 pajiycom 1 i 3 meHTpoM HA MOYaTKY KOODAHHAT. A e
AKpas i € 06acTi0 BUSHAUEHHA QYHKUIL

Puc. 78

IloBepxus, AKa BiANOBia€ PIBHAHHIO 2 = f(x,y), 6yne mIpoeKTyBaTHCA
Ha miomuHy xOy B o61acTh BU3HaUYeHHS QyHKIII 2 = f(x,y).

SIx Gauumo, rpadix GyHKuil ABOX 3MIHHMX — 3HAYHO CRIaxHIIITUH
06’ckT, Hik rpadix GyHknil oxniei aminzoi. Tomy icrye cmocib 306pa-
sKeHHA QYHKIII ABOX 3MIHHUX, AKHH [OJAra€ B TepeTuHi MOBepXHi
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2 = f(x,y) nnomunamu 2z = C (C — KOBiNBHe UMCJIO), HApATENbHUMH
nyonuHi x0y.

Osnavenna 2. Jliniew pisna ¢ynxuii z = f(x,y) Hazusaemvcs MHO-
Huna mouox (x, y) nrowunu xOy, 8 sKux Gyuxuis nabysae 00Hozo i
mozo camozo sHavenns C i susnavaemocsa cnisgionowennan f(x,y) = C.

ITpu pisaux C gicranemo pisni nimii piBus gis gamoi yskruii. Bouu
YTBOPOIOTE TOomorpadiuny kapry rpadika ¢yHkuii f. Skmo subpaTtu
uncna C,,C,,...,C, Tak, mo6 BOHM yTBODIOBATH apHPMETHYHY mporpe-
cito 3 pisaunero d, To oTpuMaEeMo pap JiHi# piBHA, MO B3a€EMHOMY pO3Mi-
INEHHIO SIKUX MOX¥HA CyANTH npo rpadir ¢ynxuii. Tam, ge ainii poamimy-
I0ThCA TycTiie, pyHKNiA 3MiHIOETHCA WIBUAIIE, a Je pigmie — byHxnia
3MIHIOETbCA NOBiNBHilIe (IOBepXHA moJorima).

Hpuxnan 3. [To6ynysatu rpadik byuknii 2 = x* +y? +1.

Bisememo: z=1, roxi x* +y* +1=1, 10610 %% +y* =0 — 1e TouxH
(0; 0); 2=2, Toni x*+ y2 =1 — ne Koso 3 HeHTPOM Ha IOYaTKy KOOp-
AuHaT i pagiycom 1.

Cim’10 sHalimenux nini#t piBus so6paxeHo Ha puc. 79. Axio renep
KOYKHY 3 JiHi#l posmicTuTy y Bianosigwii niomuni, To xicranemo 300pa-
*XeHHA rpadika bysknii z = x* +y* +1 (puc. 80).

YA

RY
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A

Puc. 80

®yuknii Tprox i GisblIe HesaseKHUX 3MIHHMX 300pasuTu rpadiuHo
B IIPOCTOPi HEMOMKJIUBO.

Kosxni#t nmapi x,,y, aprymenris pynknii f(x,y) sigmosizae Ha mio-
IMHI eBHA TouKa M 3 KOODAUHATAMU X,4,Y, , 4 TOMY 3aMicTk TOrO, 1106
FOBODUTH NIpO 3HauyeHHs GyHKUil f(x,y) IpH BeJIMYUHAX X =X, Ta
Y = Y, , MOKHA Ka3aTH IIpo 3HaYeHHA QYHKIII B Touni M(x,,y,) .

IIpunycrumo Temep, mo Gynxuisa f(x,y) BusHauyeHa B fedkiit obaacri,
AKa MicTUTL TOUKy M(X,,Y,) , 38 BUHATKOM, MOJKJIHBO, CaMO] Iiiel TOUKH.

Osnavennsn 3. Cmana b 3semvcsa zpanuyerr pyuryii f(x,y) npu
X = Xg, Y > Yo AKWO O 6YOb-aK0i nocridosnocmi mowok (3 obaacmi
susnauenna Qyuryii) (XY, (Xg0Ys)s (X3, Y3)s...n(X,,Y,), ..., 6iOMiHHUX
6i0 M(x,,y,) i aki npamyoms do mouxku M(xy,Y,), 6idnosidna no-
caidosnicmv (2, Y,)s (X5, Yz) F(X55Y3)s s [(X,5Y,), ... 3HAUEHD QYHKYIL
3aexcdu npamye do b.

KopoTko 1e 3anucyIoTh TaK:

lim f(x,y)=b. 3)

¥—=Vo

Ina dysruii ABox sMinHUX, Ak i gna dyrknii oxniei sminnoi, sanpo-
Ba/PKYIOTh TIOHATTA HemepepBHOCTI pyHKUii.
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O3navennsa 4. @ynryisa f(x,y) 36embca HenepepsHorw & mouyi
M(xy,y,) , axwo eona suznaiena 6 o6racmi, wo micmums mouxy M, ma
8 camiit mowyi M, i }iﬂl flx, y) = (x5, 4,) .

PR

DyHKIiA 3BeTbCA Henepepanow 6 deaxiil obaacmi, AKIIO BOHA Helle-
PePBHA B KOXHii Touni miei obsacri.

s dysknil 78ox 3MiHHMX cIIpaBeJIMBi TeOpeMHu PO MPAHUIII0 CYMH,
J00YyTKY Ta YacTKHM, BCTAHOBJIEHI paHim ans GyHkuii oguiei smimmoi.
CrnpaBefIuBUMY AJIs1 HeIlEPEPBHUX QYHKIIM (3a IEBHUX YMOB) € TRKOXK
TeopeMH IIpo HaWbinpIly Ta HalMEHINY BeJWUYUHY, MMPO NMPOMiXHi 3Ha-
yeHHA Ta iH. Ha ix dopmymoBanHi it noBegenHi cnunsaTuca He 6yaemo,
60 11e BUXOAUTD 3a MEXi AaHOro miApyYHHUKA.

VY BiBHIM ITOHATTA npupocTy GYHKLII, MOMKHA aTH O3HAUEHHS HeIle-
pepBHOcTi dyHKUII B iHmii dopwmi.

Hexait x, Ta y, — nouarxosi BapTocTti aminmux x ta y. Hagmamo
UuM 3MiHHHM npupocTH Ax rta Ay, TOGTO MOKJIaZEeMO X =X, + Ax,
Yy =y, +Ay. Toai

Az = f(xy + Ax,y, + AY) — (x4, Y,)

IO € nNOGHUM npupocmom Gyuryii f(x,y).
SIxio HamaeThCA PHUpICT, IPUMipOM, JIHIle 3MIHHIM X, 8 Y 3aTUIIAETHCA
HEe3MiHHOI0 BeJUUYUNHOIO, TO

A,z = f(xy + A%, Y) ~ (%0, Y,)

HIO € YacmuHHuUM npupocmom Gynryii f(x,y) 3a 3minHOw X.
Tak camo

Ayz = f(xoY, + Ay) = (x4, Yo)

— yacTUHHUHN npupicr pysruii f(x,y) 3a sminmHOW0O Y.

O3navennn 5. Pynryia f(x,y) 3semvca nenepepsnow 6 mouui
M(xy,Yy,), AKWO HecKiHYeHHO MAUM NPUPOCTIAM SMIHHUX X MA Y 8i0no-
gidae HecKiHueHHO manuil npupicm ¢pynruyii, moémo

Lm{f(x, + A%, yo + Ay) — (%o, Yo)] = 0 -

Ay—0
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§ 2. YacTuaxi noxiaui

Hexait z = f(x,y) € QyBKIico BijJi ABOX He3aJeKHUX 3MIHHUX X Ta Y.
VrBOpHMO YacTHHHMI npupict yHKuii f(x,y) 3a sMiHHOIO X:

A,z = f(x + Ax,y) - f(x,y)

(IPHIIYCTHMO, L0 Y 3aJIMIIAETHCA HeBMIHHMM) i PO3TJIAHEMO BiHOIIEHHS
Az _ f(x+Axy) - f(xy)
Ax Ax )

SIK1II0 icHye rpaHULA LHOTO BiXHOMIEHH, KO Ax NPAMYE A0 HyI4,
TO BOHA 3BEThCHA YACTHHHOIO NOXiaHOW0 QYyHENIi 2z = f(x,y) 3a smiHHOIO X

0z
y Touti (x,y) i mos3HauaeTbCA CHMBOJIOM fi(x,y), abo == .

ox
Orxe,
fx+bx,y) -~ f(xy)

Ax
AgajoriuHe o3HaYeHHS 4YacTHHHOI moximmoi 3a y:

flx,y + Ay) — f(x, )
Ay )

Omixe, wacmunHoWw noxidnow 3a x 6i0 Qyukyii z = f(x,y) 3semuvca
noxiona 3a x, o064uUCAEHA 3 NPUNYUWEHHAM, W0 Y — cmara.

flx,y) = gg})

fy’(xv y) = ETO

YacmunHow noxionow 3a y 8id0 pynkyii z = f(x,y) 3eembca noxiona
3a y, 064UCIeHA 3 NPUNYUWLEHHAM, WO X — CmMaaa.
Ipuxaan 1. 3uaitTu yacTuHHI noxinni QyHKOil

z=x"-8xy-5y° —x +4y +3.
] 0z
Posrnanaoud y AK CTaly BEJIWUYHHY, AICTAHEMO -a; =2x-3y-1,
0z
Amnanoriugo, AK1I0 X — cTajaa, Ma€Mo W =-3x-10y + 4,
Y

43
Ipukaan 2. 3HaiiTy yacTuHEI noxinHi dynknii z=3"".
Maemo

: 0z
_a.i=3r‘u‘ In3-4x%y°. Z =g In3-3x*y®
x ' dy
YacruaHi noxigxi ¢yuKIil 7BOX 3MIHHMX MalOTh IIPOCTE reOMeTpUY-

He TiyMaueHHs. Hexait piBusinHs noBepxHi, 306pakenoi Ha puc. 81, €

z=f(x,y).
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Puc. 81

IloGynyemo mromuny x=x,. Bona neperHe moBepxHI0 To AeAxiit
kpusiit AB. BisbmeMo Ha niff Kpusiit fosinbHy Tourky M i mobynyemo B
Hi#t foruuny 10 AB. ITosHauumo yepe3 § KyT, AKMIt JOTMUHA YTBOPIOE 3
Biccio O'L , napasnensHoto oci Oy.

SIKI[0 ImIyKaeMO YaCTHMHHY MOXiJHY MO X, TO NPHIIYCKAEMO, II0
y =const, ckaximo y = y,; AKIo GepeMO YaCTHHHY NOXiAHY IO ¥, TO
IPUITYCKAEMO, 110 X = const , ckaximo, x = x, . IIpu amini ¥ nepecysaemo-
Cs y IUIOIIMHI X = X, IT0 KpuBit AB, posib opauHaTH Bigirpae z. OcKigbku

0z dz . . dz
- =|— |x = X, , a 3BUYaliHa noxigHa — = tg § , HPUXOAUMO IO BUCHOB-
dy [dy} dy
0z . 0z
Ky, IO 5!/- = tg B . Aranoriuno MoxHa ITOKA3aTH, IO a =tgo, ge oo —

KyT, YTBOPEHHH JOTUYHOIO o KpuBoi CD 3 Biccio, mapayensHolo oci Ox.

§ 3. oBuuii npupicr i nosumii udepenuian
Hexait maemo dyuknio gBox smirHMX

z=f(x,y).

flkmo x ra y micTaroTs opgHOYacHO mpupocTy Ax iAy, To pisHHUIO
f(x + Ax,y + Ay) — f(x, y) 3ByTB, ik GyJ0 3a3HAYEHO B § 2, MOBHUM IIpH-
pocroM QyHKIIT i mosnavaoTs cumBosOM Az .

ITpunyctumo, mo B posriaaysaHiit Touni (x,y) bysknia z = f(x,y)
Mae HenepepBHi yacTuHHI noxigxi. [ToBHuit mpupicr pyurLii z = f(x,y)
MOXXHA 3aIMCATH Y BUIIALL
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Az = f(x + Ax,y + Ay) — f(x,y + Ay) + f(x,y + Ay) - f(x, ), (4)
ZOZaBHIM IO mpaBoi wacTuHH i BigHABIIM f(x,y + Ay).
Bupas

f(x +Ax,y + Ay) - f(x,y + Ay)

€ pisHMIero MiK BOMa BapTocTAMHM GYHKIUIT 3MiHHOL X (IpyrHil apryMeHT
Yy + Ay € Heaminuum). 3acrocoByroun hopmyny Jlarpanska, AictanemMo

) flx +Ax,y + Ay) = f(x,y + Ay) = Axf (X, y + Ay), 6
e X — NpoMi)XKHA BapTiCTh apryMeHTy, 110 3HAXOAUTBECA MK X Ta X + Ax.
Tak camo BuUpas

f(x,y +Ay) - f(x,y),

AKUI MOXKHAa PO3TVIAZATU AK PisHUINI0O ABOX Baprocrteil MyHKUil oxHiel
aminHOI y (Ipu cTasioMy Xx), Ha mifcrasi Tiei camoi ¢opmyan Jlarpanxka
Habepe BUTVIARY

f(x,y + Ay) - f(x, y) = Dyf,(x, ), (6)

lie y — IpOMiKHa BapTicTh apryMeHTy Mixk y Ta y + Ay .
Bepyuu go ysaru pisHocri (5) Ta (6), MoxHa 3amucaTH:

Az = Axf)(%,y + Ay) + Ayf,(x, 7). (7
3a npunyieHHAM YaCTUHHI MOXixHi HemepepBHi, OTIKe,

lim Gy +AY) _ofxy) . (% F) _ 9f(x.y)

ﬁ;:g ox ox ,2;33 dy oy

6))

(X Ta Y 3HaXOAATHCA BiAmMOBiKHO MiK x Ta X+ AXx, yra ¥y + Ay, a Tomy
ko Ax —» 0i Ay — 0, To BOHM IPAMYIOTH BiAIIOBiTHO KO X Ta ¥).

Axmio 3MiHHA Mae rpaHuIio, To i1 MOKHA NOJATH SAK CyMYy Iiel rpa-
HUIi Ta HeCKiHUEHHO MaJIOl BeJIMUMHU, OTKe piBHOCTI (8) MoXkeMo 3anu-
caTH y BUTJIALL

of(X,y+4y) _df(xy) of(x,y) _ of (x,y) +B,
ox ox * dy dy

Ie o # B — BesMuMHH, IO NPAMYIOTE A0 HYJs, Ko Ax —» 0 i Ay - 0.
Ha nigcrasi pisrocrei (9) pisnicTs (7) HabyBae BUrNARY

Az = f{(x,y)Ax + f,(x, y) Ay + 0Ax + BAY . (10)
BissmeMoO AJiss 3pyUHOCTI

9

p = V(8x)" +(Ay)* .
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|Ax|____|L<1 i Msl. Axmo Ax =0 i

P J(Ax) +(Ay) Y
Ay — 0, ro i p — 0. CupaBensuse i o6epHeHe TBEDIIKEHHA.
Cyma meprux JBOX JOZAHKIiB npasoi yactuaM piBHocti (10) € TosnoB-
HOIO YaCTHHOIO IpupocTy GyHKILiT, AKa BisgpisHaeThesa Big Az Ha HecKiHUYeH-
HO MaJly BHIIOTO IOPAAKY MOPiBHAHO 8 P (IpHnycKaeThCs, 3BMYaiiHO,

Quesuzso,

. L A
mo fl(x,y)#0 i f;(x, y) # 0). Copasnai, BigHOIIeHHs 28X npaAMYE 10

Ax
Hynsa npu p = 0, 60 o HECKiHUenHO Masa, 8 —— — BeJIMYMHA 0OMeKeHa

(mMeH1Ie a60 KOpiBHIOE OAMHUIL). BA
Y

Osnavenns 1. I'onosna wvacmuna n%enoeo npupocmy Qynryii f(x,y),
mo6mo eupas f.(x,y)Ax + f (x, Y)Ay, sgemvcs noenum dugepenyianom
Pynryii i noznavaemovca cumsorom dz.

Orxe, 3a O3HAUEHHAM,

dz = f;(x, y)Ax + f,(x, y)Ay . (11)

Osnavenns 2. Axuio nosnuil npupicm pynruyii f(x,y) moxna noda-
mu y euznadi pienocmi (10), mo Qynryia seemovca dupepenuyiiiosnor 6
mouyi (x,y).

fAx BugHO 3 TONepenHBOrO, QYHKIiA 6yae TubepeHIifIOBHOIO B TOULi

Tak camo IIepeKoHyeEMOCH, 10 H - 0.

M(x,y) , axmo ii yacTunni moxigni = Ta ™ y 1i#i Tou1li € Hemepeps-
X Y
HuMHU. IIpupocTy HesasemHUX 3MiHHUX Ax Ta Ay 3ByTh Audepenniana-

MU He3aJeKHMX 3MiHHUX X Ta y i Mo3HAualoTh BifinmoBigHOo yepes dx Ta
dy. Tomy noBHU audepeniian Habysae BUrIALy

dz = f(x,y)dx + f,(x, y)dy, (12)
ato
dz=£dx+a—zdy- (129
ox dy
Ax6u mu manu byHknio u = f(x,y, 2) 3 HelepepBHUMH YaCTUHHUMU
du Ju Ju

noxXigHuMM Fl ay 3 ™ i moBHui#t gudepenuian Mas 61 BUTAAL

ou du Ju
du=—dx+—dy+—dz. 13
ox Iy 0z (13)
3Baxkaioun Ha piBHicTs (11), pisnicTs (10) MoxHA MofaTH y BUrAAA]

Az = dz + aAx + BAy. (14)
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3Bigcu Gagmmo, 1m0 AJS AOCTATHLO MaJux Ax Ta Ay 6yae cupaBenin-
BOIO HabsuKeHa PiBHICTD

Az = dz. (15)
Ipuxaax 1. 3uaiitu noBuuil Audepennian GyHrmii
x+y
x-y’

= arctg

3HaliileMo YaCTHHHI NMOXigHI

92 _ 1 % ___ v .
ax" 2 — e 2,20
1+(x+y) (x-y) x"+y

x=-y
9z _ 1 2x _ x
v 2 (x— 27 2,2
y 1+(x+y]( Y x+y
x-y

Orxe,
dz = 2z—dx-l—a—zdy = ______xdg—yczix .
ox oy x*+y

Mpuxaax 2. 3uaiiTy noBuMit Audepennian GyHKmil

U = 2yx + 3y°427%.
L
Maemoa—U-Z —1\/: ———2\/_+6y§/_ aU y2.§23.

Omrxe,

2
dU=-aa£d + Y gy +9Edz——dx+(2\/5+6y%/z—2)dy+25.
2

oy 0 Jx

Ipuxnax 3. O6uucanTn HabauxKeHO 3Miny QyHKIII

dz.

_x+3y
y—-3x
1pu 8MiHi X Bix x, = 2 10 X, + Ax = 2,5 rayBix Y, =4 1o y, +Ay =3,5.
3riguo 3 ymoeamu 3agaui Ax =0,5, Ay =-0,5.
Buaiinemo wacTHHHI noxigHi ganoi dyukiii. MaemMo
éz_ Uy -38x)-(3)(x+3y) _ 10y | Qz_ _ 10x
dx (y - 8x)° w-30" dy  (y-3x)°
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TOMY
_ 10ydx  10xdy
(y-3x)° (y-3x)°
O6uncaurmo dz B Touni M(x,y,) = M(2, 4):
_10-4 10-2
1ot 0510 -
(-2) (-2)

Otxe, srinuo 3 popmysoo (15), maTumemo Az = 7,5.

§ 4. Ilosna noxigua

Hexait z = f(x,y) — ¢yHKUisa IBOX apryMeHTiB X Ta y, HPHUYOMY
x=¢t), y=wy({) — nudepenniitosri dyukuii no ¢. Axmo y Bupas
dyHKIil 2 mizcTaBUMO BUpPasu X Ta y uepes ¢, AicraHeMo PyHKHi0 ogHiel
3MiHHOI %:

z=flo(t), (@)= F(2).

: . . . dz
ITocraBumoO co06i 3aBAaHHsA 3HAWTH HOXiAHY Bix 2 mo t:Et_' IIs no-

xizHa i 3BeThCA NOBHOW0 NOXiOHOIO.

IIpunyctumo, mo f(x,y) Mae HenepepBHi YacTHHHI noxigHi B poaris-
nyBaHii Touni. SIkio HazaMo npupict At aprymesty ¢, To X, y Ta 2 ficra-
HYTb Biznosixni npupoctu Ax, Ay ta Az. 3rigno 3 dopmy.romo (10) moxe-
MO HAIIUCATH

Az = fl(x,y)Ax + f,(x, y)Ay + aAx + BAy .

Hopinmemu o6uaBi yacTuHu 1iei piBHOCTI Ha At, MaTuMeMO

al% gy

’ Ax , Ay
= X, Yy)— + X, Yy)—+ +pPp—. 16
(%, y) v 1,(x,y) Ar A7 BAt (16)
3a npunymenuam GyHrnii ot), wy(t) — nmbepenuiﬁonni, oTKe,
Ax dx Ay
lim — =¢'(t) = —; lim —= =
Ar—0 At (P( ) dt At—0 At \V( ) t
limo 2% = o; B AV _o,
A0 At Az—»o

60 o i1 B npaMyOTH KO HYJA, KOJIU Ax i Ay npamyioTs fo Hyasa. Ocranne
He BUKJIMKAE CYMHIBY, 60 3 icHyBaHHA noxiguux ¢(f) ta y'(¢) Buminsae
HellepepBHicTs x i y Ak dyukuii Big . OTXKe,
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. Az _dz ax y
Hm—=—¢ =fi(x y) +f(x,y) : 17

OcTaHHIO piBHiCTH MOXKHA 3allNCATH 1le H TaK:

E__aidx 0z dy
dt ox dt oJydt’

V romy BHNaAKy, Koam x = t i, oTke, y = y(x), popmyna (17) HaGysae
BUIJIALY

a7)

dz _ a_z Jz dy

dx dx 8y dx’

fIxmo z = f(x,y), ae x = x(u,v), y = y(u,v), Toai yacTHHHI nmoxinui
02 _ dz ox dz dy  0dz _o0z ox dz dy

Jz _o2 ox 92 9z ox (02 %Y 18’
3 9x ou 9y 9u’ v 9x v oy ov 1s)

(18)

. 2 2,2 .
IIpuxaan 1. 3HaiiTn %, akmo z=3""Y ,me x =acost, y=asint.

Maemo

2.-*% dx+3_z y =3 |n3. 2. (—asint) +
dt ox dt dy dt

2,2 2,2
+3*" In3-2y(acost) =2aln3-3* ¥ (ycost— xsint).
Bupasumo x i y uepes t, gicranemo

dz
2 -2n3- 3" (asintcost —acostsint) =

dz dz
IIpuxnax 2. 3uaiitn = Sx g KO 2= In(x* -y?), me y=e*.
0z 2x . L.
Maemo Eviler BuxopncroByioun GopMyay NoBHOI MOXiAHOI,
x x*-y
MaeMo
ii_z__g_z_ oz dy _  2x _ 2ye" _ 2(x—ye’)
der ox dy dx x°-y® xi-y? x? -y?
0z 0z
Hpuxaax 3. 3uaiitu 5;; 3" grmo z=x>+y’, fe x=u+v,

y=u-v.
3riguo 3 dpopmysioo (18°) maeMo

1/,12 Bacunpuenxo I. II.
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g—z=2x~1+2y-(1)=2(u+v)+2(u—-v)=4u;
u
0z
a_v=2g‘:.1+2y-(—1)=2(u+v)—2(u—v)=4v.

§ 5. Moxinna 3a nanum HanpamoM. I'pagient

YacruuHi noxiaxi parors “mBuakicts aminn” dysxnii f(x,y) B Ha-
npsaMax, IapajeJbHUX KOOPDAMHATHHM ocAM. IIpore wacro OyBae, mio
norpi6Ho 3HaTHM WIBHAKicTs 3MiHM f(x,y) B OyAab-akomy Hampami. fAx
nobauumo gpani, fudepeHiitioBHa GYHKIIA Mae€ MOXigHY B AOBiNIBHOMY
Hanpsami.

YA l

P(x + Ax, y + Ay)
y + Ay y Y

[}
[}
1
' .
>
0 x x + Ax ¥
Puc. 82

Ha posinwHi oci I BissMemo dikcoBany Touky M(x,y) i aMiHHY TOUKY
P(x + Ax, y + Ay). Ilozuauumo uepe3 ¢ KyT, 11{0 HOr0 YTBOPIOE Bich [ 3
Biccio Ox, a yepes P — Bixcraus Touku P Bix Trouku M (puc. 82). YrBo-
PHUMO BigHOLIEHHSA

f(x + Ax,y + Ay) - f(x,y) .

Y
k1o icuye

Iim f(x+Ax’y+Ay)_f(x9y)’ (19)

PoM p



®yHkuji 6araTbox 3MiHHUX 355

KoJyx TouKa P 1o oci [ gabnuskaersca 10 M, TO 110 TPaHUIIO 3BYTh NO-
xiOnow 6i0 Qyuruii f(x,y) 8 mouyi M 3a nanpamom |l i I03HAYAIOTH

of
CHMBOJIOM . "
Hexail f(x,y) Mae HenepepBHi yacTHHHI nmoxigni — Ta - .
e ox dy
Toura P HabGamkaeThea 1o M mo npsamiii [, oTxe
Ax = pcos,
Ay =psin Q.
TakuMm yuHOM,
lim [+ A% Y + AY) - f(xY) _
p—o0 p
. fix,p)Ax + f(x, y)Ay + 0Ax + BAY
=1lim Y =
p—0 p
- i FE WP oSO+ [j(x, y)psin + ap cos@ + Ppsing _
p—0 p

4 4 .
= f(x,y) cos 0 + [, (x, y) sin @.
$Ix 6aunmo, 3a TUX YMOB, K1 HaKJafeHO HA YacTHHHI moxinni pyHKmii

f(x,y) , rpanuug (19) icaye, a TOMy OCTaTOYHO

%—i = f{(x,y)cos @ + f,(x,y)sin @,

abo
% _ a—zcostp+ksin(p
ol ox dy ) (20)
ITe i € mykaHMM BHPA30M IOXiZHOI 3a JaHHUM HANIPAMOM.
0 d i
Axkmo ¢=0, to cosp=1, singp=0 i -£-=-a—; Axmo (p=§, TO
o sino=1iZ=2 4 .. .90z 0z
cos¢=0, sing=117 FE TXKe, JACTHHHI moxigni % i %y € II0-

XigHumu 3a mojzaTHUMY Hanpamamu oceil Ox ta Oy.

Y ¢dixcosaniit Touni noxigna e pyukuieo kyra @ . Ilocrae nuranHs: B
AKOMY YK HaIpAMi NoxifHa Mae HauGinpmy BeMuuHy? IHaKNIe KAXKyIH,
B AKOMY Hanpami pyukmisa f(x,y) xHalmsuiue sapocrac? Ha ne nmuranasa
HeBayXKO BigmosicTw.
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Mnaea 10
5
PosrissHeMo BEKTOD g, AKMI Ma€ 3a MPOEKIlil Ha KOOPAMHATHUX OCAX
of . of
BeJIMYUHHN —— 1 a_
ox y

(uactuHHI noxigui dyukuii f(x,y), obunucneni B
Tounii M(x,y)).

JoBxKKHa, Y1 MOAYJIb, I{LOT'O BeKTOpa OyAe

ROEOROEOE

IIpaBy uacTuny piBHOCTI (20) IOMHOMXHKMO i TOAiNMMO Ha
Hicranemo

gl.
dz .QE
?_ o % cosor %y —singp.  (21)
’ EANES Y (o
ox dy ox dy
QOuesugHo, npib
’ 2 2
0x _ ox

(&6 A

IOpiBHIOE KOCHHYCOBi KyTa (nosnaqgmo 1eit KyT uepes ) ), 110 HOro yTBo-

-

2z
PIOE BEKTOD

dy
8| 3 Biccio Ox, a 1pi6 " Jae BeJIMIMHY CHHYCA I[LOTO CaAMO-
ro Kyra.
Or:xe, .
0z 9z
aT"’C=cos)u; Q_?—=sin7».
Ig g

—

ITigcraBnsroun i BUpasu B piBHicTs (21), maTumeMo

8|

a

=

g

(cosAcos@+sinAsin@) =

cos(A — ¢). (22)
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0z
3 piBnocti (22) 6aunmo, 0 HaWGiAEITY BEIMYUHY IOXIAHA = MAaTH-

ol

Mme ToAi, Koam cos(A — @) =1, To6TO TOAi, KOMU Bich [ 36iraeThCs 3 BEKTO-

-

pom \gl.

N

&,

0z 0z

Be}c'rop AKUK Mae 3a HpOBKIIll Ha KOOPAMHATHHUX OCAX T ox Ta ., ay

i Bkasye HampsM HafimBmAmoro spocraHHsa ¢yHKuii f(x,y), sserscs
zpadienmom @yrkyii B Touni M i mozHa4aeTHCA CMMBOJIOM
f - a —
g grad f(x,y) = — z+ é} (23)

fIx1mo 6 My posrasgany GyHKHio Bix TPHOX 3MiHHMX U = f(X,Y,2), TO
1A TmoxigHoi 3a HanpsimoMm [ micranu 6

9 osas ¥ cospsdF
TR cosa+ay cosP+ > cosy, (24)

Ke cosa, CcosP, cosy — HampsMHi KOCHHYyCH [, a auda rpafieHTa Maau 6
BUpAas

gradu = a—xl+-———]+———k. (25)

Hpunxaax 1. 3uaiity noxizny Gyuknii u = xy 22% y rouni M (8; 2; 1)
y HanpsAMKy BekTopa MN , ne N (5; 4; 2). ’
Buaitnemo BekTop MN i iforo HanpAMHiI KOCHHYyCH:

MN=1=(5-3)i +(4-2)j +(@2 -1k =2i +2j +k;

cosP=—; cosy:%.

Wb

2 2

COS Ol = —pmm————— = —;
Jor+22 412 3

O6uncaIMMO 3HAYEHHS YACTHMHHUX NOXiAHMX y Touui M:

a_u_ 2,3, du

= ’ —=2 ; —_"3 ’
o y % xyz® 32 xy*2%;
du du
(5o (&)= (5 -
du 2 1
— =4.= 12— 36 - —_22—-
Omme, 5y =23t 2 3t 373"

'/,+12 Bacunsuenxo I. IL.
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IIpurnanx 2. 3radiTu KyT Mix rpagienramu QyHKnDiH 2, = ,/xz +yt i
2, =x~ 3y+,/3xy B Touni M(3; 4).
Maemo 92 _ 2x . 9% 2y

ox 2,x2+y2 ’ —5!/—=2,/x2+y2 .

Y rouni M 92, =§; ai =é—.
ax vy O oy » 5
s} gradz, ==i + 45
TKe, 1z 5
AwnaJjoriuyso
92 =1+ 3y ; 92 =-3+ 3x
ox 2,3xy dy 23xy

2, 34 _, az2 _ 3,88 _ 9
ax |, 2J33 ” 2v/3.3.4 4’

grad z, = 2i - %]_

3 2
|gradzl|= (g] +[

Ockinpku

S
;/N
!

[y

lgradz,| = 4+%=%,
3_4 9

§ 6. TlonsTTa Npo yacTHHHI NoXinHi pisHKX NOPsIKiB

Hexait z = f(x,y) — ¢yHxuia Big gBox smimHUX x Ta y. 1 vacTurHi
noxinmi f/(x,y) Ta f (x,y) — Hajami X HABMBATHMEMO YACMUHHUMU
noxzauumu nepuiozo nopﬂaxy — B 3araJIbHOMY BUNAAKY € QYHKIisIMHU
Bizg x Ta y, i Mu MokeMoO HIyKaTH Bif HUX yacTuHHI noxiggi. ictanemo
YacTHWHHI NMOoXixHi Apyroro mopsaaxy:
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82 2 2 2

_ _ _ 9%z
Fs = fre (%, 9); —a 3 M ERIH 3 = £ (X, Y); —— Syox

Mnyuu pani, MoxKHa BUSHAYNTH ITOXiJiHI TPETHOTO MOPALKY, YETBEPTO-
ro i T.m.

TIpupoaHO TOCTAE MUTAHHA: YM 3aJEIKUTHL Pe3yJabTaT AudepeHIio-
BaHHA (YHKII] KiTbKOX 3MIiHHMX Big mopaaKy IudepeHIilOBaHHA 3a

= fyx( ’y)

. . .. 9%z . o* .
pisuumn 3aminaumu? Tobro, HanpuKJIaA, HOXiAHL i TOTOMXHI1
. dxdy Jydx
uy Hi?
CupaseginBa Teopema (chopmysrioeMo il 6e3 JoBefeHHA): AKUWLO0 Hac-

o’z 0%z
MUHHI noxiOHi 5= i 5= HenepepsHi 8 daniit mouyi, mo 80HU Hanes-
dxdy ' oyox pep ut,

HO pi8Hi Mix cob0i0:
o’z _ 9%z
dxdy Jdyodx’

Ipuxaax. 3HaiiT yacTUHHI DOXigHI Apyroro mopaaky Bix dyHKIII
z=x" +xy® -5xy® +y°.

Maemo
92 3?4 y*-5y°; % 2xy - 15xy* +5y*
ox * dy
9%z 9%z 3
—Z =6x; — =2x —30xy + 20y°;
ot oy* Y Y
822 9 82
= - 15 M = 2 15
dxdy YTV g T YTV

sk 6auumo, f,,(%,y) = f,.(x,1) .
Hus dyuruil z = f(x,y), audepenniiiosuol y trouni M(x,y), 6yio
BBeJIeHO NOHATTS AudepeHiana ¥ ofgepxkaHa dbopmyia (12)

dz = f(x,y)dx + f,(x, y)dy .

HasusaTuMemo Bupas dz nudepeHniajgoM Mepiioro nopaaxky. Jomo-
BUMOCA MO3HAYATH AudepeHiag ditepamu d Ta o.

Hexait pyuknii f.(x,y) Ta f,(x,y) sudepennifiosni B rouni M. Poa-
rasagatuMemMo dx Ta dy Ak crani MHokHuUKHN. Togpi dyHknia dz byne
dbyHK1i€0 ABOX 3MIHHUX X Ta Y, AudepeHnifioBHOIO B Touni M(x,y). 1i
audepeHIian Ma€ BUTIAL

8(dz) = 8ff.(x. y)dx + }(x, y)dy] =[x, ydx + £(x, y)dy] «Bx +
+[fixe )z + £(x, y)dy] Sv.
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Hudepennian &(dz) Bixg audepeniiana dz y rouuni M, B3ATHH npu
dx = dx, 8y = dy , nHasuBaeTsCH dugeperyianom 0pyzoz2o nopadry GyHKYiL

z =f(M) y Touni M i noznauaernca d’z. Orxe, ¥d2),, ., = d’z;

Sy=dy

d*z = (fldx + f,dy) «dx + (f/dx + f/dy) ,dy = [, (dx)? +1, dxdy +
+ 11 dxdy + £, (dy)® = f7, (dx)* +2f,, dxdy +, (dy)*.

Amnanoriuno audepennian d’2) sig d?z, saanii npu dx = dx, Sy = dy,
Ha3UBAEThCA dughepenuyianom mpemuvozo nopadky ¢pynryii z=f(M) i
no3”avaeTseda d3z i v.x. Toai

d’z = f;;(d.xc)3 + 3f;y(dx)2dy + 3er'I'l2dx(dy)2 + fy';(dy)a.

Popmyia g d"z Haragye po3kJaj ABOUJIeHa B n-MYy CcTeleHi 3a ¢op-
mysoo Herorona. Tomy il MOXKHA 3anmucaTi CHMBOJIIYHO

d o .Y
dz=|—dx+—d \Y).
z [ax x+ay y} f(x,y)

o X
Hanpuxknaz: sHaitta d?z gas ¢yHriil 2 = arctg—.

N et S =x2+y."’—2y2 _ X -yt
Foxtay?t’ o 2yt (x2+y2)2 (xz+yz)2’
G v e e
g2, _ = 2xy(dn)’ + (x? - y?)dxdy + 2xy(dy)?

(x2 +y2)2 .

§ 7. Makcumymu Ta MiniMymMn yHKiii BizZ 1BOX 3MiHHHX

Osnavennn. Maxcumymonm pynruii f(x,y) ssemvca makxa seauruna
f(x4,Yo) yici pynryii, axa 6invwa 3a eci 3Haverns, wo ix Habysae dana
dynryis 6 6ydv-axux moukax, docmamuwvo 6ausbkux 00 mowxu M(xy,Y,).

Inaxme kaxyun, Gyaknia f(x,y) mae B Touni M(x,,y,) MakcuMyM,
AKII0

flxy + Ax,y, + Ay) < f(x4Y,)
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abo
f(x, + Ax,y, + Ay) — f(x4,) <0, (26)

AJIf JOCTaTHBO Maiux Ax i Ay 3a abGconroTHOIO BesmuuHOW© (puc. 83).
AZ

x M(xo, Yo)
Puc. 83

Tak caMmo roBOpATh, 0 f(x,y) Mae minimym y Touni M(x,,Yy,), AKI0

f(xo + Ax, Yo + Ay) > f(xoY,) @27

JJIA LOCTATHLO ManduxX Ax i Ay 3a aGCcoNOTHOIO BelnumHOIO (puc. 84).
Maxcumymu i MiniMmymu QyHKil ABOX umM Ginbine 3MiHHHX 3BYThCA
(ax i gna ¢pyukuii oguiel sminHOl) excmpemymamu Gynryii.

A2

—
>

9 y

X M(xO) yo)
Puc. 84

Inoni 6ynoBa dyHKIii nae aMory 6e3 JOAATKOBUX HOCJiAKeHb BU3HA-
qyury ii ekcTpeManbHi Touku. Hanpuknan, yuknia z = x? + y2 Mae€ oue-
BUAHUI MiHiMyM “Hyas” y Touni M(0;0) — Ha mouaTKy KOOpDAMHAT, a
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dyurnia z = /1 —x? — y? Mae oueBHgHUI MaxcUMyM (BiH ZOPiBHIOE OAH-
HuLi) B Tilt camiit rouni. Ha xans, taki dyHruii € BuBATKOM, i TOMY
IIO0CTa€ MUTAHHA PO BCTAHOBJEHHS HeoOXiZHMX 1 mocTraTHiX yMOB ekc-
TpeMyMy PyHKIi.

Hexait dpynruia f(x,y) B Touni M(x,,y,) Mac MaKcUMyM, ToOTO
JIOCTATHBO MaJUX 3a abCOJIIOTHOIO BEJWYMHOI0 Ax i Ay:

f(x, + Ax, Yy, + Ay) — (x4, Y,) < 0.

IIpunyckaemo, 1o f(x,y) Mae HemepepBHi YaCTHHHI NOXiAHI nepioro
MOPAIKY.

SK1o MU BBayKaTHMEMO Y 3a CTaJly, IOKJIABIIN, HANIPHKJIAL, Y = Y, , TO
BCe OLHO BUKOHYBAaTHUMETHCS HEPiBHICTH

f(xo + Ax, yo) - f(xo, y()) <0

JIJIS1 JOCTATHBO MaJuX Ax 3a aBGCOJIOTHOIO BEJIMYMHOKI. A 1e 03HAYaE, Mo
dyukuia oxniei smimmoi f(x,y,) Mae MaAKCHMyM IpH X = X;, i Tomy
noxifna ii, B JaHOMY pasi yacTHHHA NMOXiHA MO X — f; (%45 Yo), Ma€ BOpiB-
HIOBATH HYJeBi B Touni M.
. . /’
Ananoriuno fosoguthesd, mo i f,(x,,¥,) =0.
Bucnosok. SIxkuo nudepenuiiiosua dyHknia f(x,y) Mae eKCcTpeMyM
y Touni M, To B ui#f Toulli BUKOHYIOTECA PiBHOCTI
T oo Lo (28)
=0; =0,
ox Iy

Touky, K19 AKUX BUKOHYIOTbCS PiBHOCTI (28), 3ByThCH KPUMUYHUMU,
abo cmauyionaprumu, mouxamu. Konn 6 mu Manu audepeH1iioBHY DyH-

Kuio Bif Tphox 3amiHHUX u = f(X, Y, 2) , TO HeBaKKo OyJio 6 joBecTH, 110 B
TOYIll eKCTPEMYMY

Jou ou ou
— =0 —=0; —=0.
ox Jdy 0z (29)
VYmosu (28) uu (29) € Tinbku HeoOXiZHUMU.
. . . . 02 0z
Hanpuknajn, dyHKIisg z = xy Mae 4yacTUHHI noxigHi P =y, > =x,
Y

AKi mopiBHOIOTHL HYTIO B Touni M(0; 0), ayse HeBasKKO IepecBiguuTHCS,
110 I1A TOYKA He € eKcTpeManabHo0. CripaBii, AKIIo OyaeMo HaxaBaTH X i
Y AOCTATHHO MaJii BiIMiHHI BiX HyJsi 3HaueHHs ORHOTO 3HaKa, z Oyne
IONATHHUM, SIKIIO Pi3HMX 3HaKiB — Big’emumm. Or:re, HepiBHiCTb (26) un
(27) He BUKOHYeTheA. Touka M(0; 0) He € eKCTpeMaJIbHOIO.

HocTaTHi yMOBH eKCTpPeMyMy AN QYHKIIII 6araTh0x 3MiHHUX MalOTh
3HauHO GiJbIN CKAAaAHUI XapaKTep, Hix ans ¢byuK1ii ogHiel aMinHOI, a
TOMY IpPHBeAeMo i yMOoBH 0e3 moBejeHHs i summe ana GyHkKmii aeox
3MiHHUX.
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Hexait pyuxmia 2 = f(x,y) HemepepBHa pa3oM 3i CBOIMM YaCTUHHHU-
MU [OX1JHMMH IIEPIIOro i APYroro Nopsaakis i rouka My(x,,Y,) € cra-
1ioHApHOK TOUKOMO niel pyHknii, Tobro

Z.(x0,Yo) = 0; z;(xo’ Yo) =0

O6unciuMo B Touli M, 3Ha4UeHHS IHIIUX YACTHHHUX OOX1THUX
dyuknii f(x,y) i mosnauumo ix jitepamu A, B, C:

=20 (My); B=2[,(My); C=z,,(M,y).

flkmo AC - B? >0, To dymrnia f(x,y) mae B Touni My(x,,Y,)
eKCTpeMyM; MaKcumyM, akimo A <0, i migimym, axkmo A >0 (3 ymo-
B AC — B? >0 BumiuBae, mo A i C 060B’sA3KOBO MAalOTh ORXHAKOBI
3HAKH).

Axmo AC - B* <0, To Touka M, He € TOUKOIO eKCTpeMyMy. fKm1o

AC — B? = (0, TO HiZKOro BUCHOBKY IIPO XapakTep CTaIiOHAPHOI TOYKH

3po6UTH HeMOXKHA i MOTPiOHI KozaTKOBL nocmnmem{a

Hpuxaan. Jocaiguti GyHKIiO HA eKCTPEMYM: 2 = 2x® + xy® + 5x° +y°.

3HaiizeMo cranioHapHi Touku ¢yukuii. Cucrema piBHaHB (28) Mae
suraag 6x% + y? +10x = 0; 2xy + 2y = 0. 3 apyroro piBHaHHA y = 0 abo
x = -1 . IlizcraBiAioun mo 4epsi 1i 3HaUeHHsA B neplie piBHAHHSA, 3Ha-
nemo yotMpu cramioHapui rouxku: M,(0;0); Mz(—%; 0); M,(-1;2);
M,(-1;-2).

Ipyri yacTuuHi nmoxigHi naHol GyHKIII:

2 2 2
92 _yoxi10; 22 —ay; L2 _9xsa.
ax? 0xdy u?

¥ rouni M, maemo A=10; B=0; C=2. Tyr AC-B? =20>0;
oTie, TOUKa M, € TOYKOI0 eKCTPEeMyMY, a OCKiTbKHU A iC poparui, To i
roukor MimimMymy. ¥ rToumi M, sigmosiguo 6yme A =-10; B=0;

C= —-i; e TOYKa MakcumMymy. SIkmo nepeBiputu Touku M, i M, , To
3 3 4
BOHU He € TOUKaMH excrpemyMmy (B Hux AC - B? <0).

§ 8. Haiibinbmie i HaiiMenme 3Havenns GyHKuii

Ilnst Toro mo6 auaitTi HaitbinbIme abo HailMeHIIe 3HAYEHHS Herepep-
BHOI yHKIII 2 = f(x, y) B o6bmeKeniit samMrHyTiit o6nacri, morpibro 3Hail-
i BCi Makcumymu abo mimiMmymu GyHEKLIL, AKi JocAraloThCA B cepequHi
nieil obnacti, a Takox Haiibinbme a6o HalimeHe 3sHaueHHA GYHKUIl Ha
mesxki ob6nacti. Haitbineiie 3 ycix mux umces i 6yae mykaHuM Hal6ingb-
I¥M 3HAYEeHHAM, a HaliMeHIle — Ha¥MeHIIINM.
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IIpuxaan 1. 3HaiiTu HalbGinblle Ta HaiiMeHIne 3HaYeHHA GYHKIII
: 2 2
z=x"+2y° +4 B xpysi x° +y® <4.
3HalieMo KPDUTUYHI TOYKH:
oz 0z

—=2x, — =4y, = x=0, =0.
x w7 y

Kpuruuyna rouka O(0; 0). 3Hauennsa PyHKuii B KpuTHuHiN Toumi

» = 2(0; 0) = 4.

Tenep p;ocmzmMO noBefinKy GyHKIII Ha rpasumi obracri x? + y =4.
3sigcn x* =4-y?, ye[-2; 2]. HigcraBumo :maqemm x?% y BUpas Aas 2.
OnepkumMo (bymcuuo onHiei sminnoi z = 8 +y*, ye[-2 2]. Tenep dyH-
KIidg 2 € QyHKIicl0 oJHOro aprymMeHnTy y, i Mu mykaeMo Haibiabime i
HaliMeHIle 3HaueHHda niei ¢pyHKNIl BHa Bigpisky [-2; 2]:

z,=2y.

Orxe, z; =0, akmo y = 0. Bignosigue sHauenud 2: z = 8. 3uaiigemo
Tenep 3HavyeHHA (QyHKOiI 2 Ha kiHmax Biapiska. Ilpm y=12
2=8+4 =12, IlopiBHioOuM 3700yTi 3HaueHHdA 2 = 4, 2 = 8, 2z = 12,
G6auumo, mo Haiibinbile 3HaveHHA QYHKIII 2, .= 12 nocAraeTscd B TOY-
kax M,(0; -2), M,(0;2), a nalimeHIiue 3HayeHHA GYHKIIl 2. = 4 xo-
caraerbea B Touni O(0; 0).

Ipukaax 2. 3HaliTy HabGinbme Ta HaliMeHlle 3HAUeHHA QYHKNII
z2=x+y®-38xy Bobmacri 0<x<2 -1<y<2.

3anaHa 06/aCTh — NPAMOKYTHHK.

1. 3uaiifeMo YacTHUHHI MOXiAHI TepIIOTro NOPAAKY i CKJIageMo cUcTe-
My PiBHAHBL BULY

dz A ?3_ 2
ax—3( y)=0; ay—3(y x)=

x* -y =0,
y?—x=0.
Posp’asyoun cucteMy piBHSHL, 3HAHZEeMO cTalioHapHiI TOYKM
P, (0; 0), P,(1;1). 3nauenna ¢yukuii B qux toukax: 2, =0, 2z, =-1.
2. Hocaigumo dyukmio Ha mesxi obmacri:
a) npu x = 0 mMaeMoO 2 = ys; usa GYHKIiss MOHOTOHHO 3pocTac i Ha
kinnax Biapiska [-1; 2] HaﬁyBae 3HAYEHHSA Zly_ =L 2| =8
6) npu x = 2 maemo z = 8+ y° — 6y 3HaAeMO 3HAYEHHS 111e1 q)ymcuu
B c'raulonapnm touni i Ha KiHnAX Bigpiska [-1, 2]. Maemo 2’ = 3y® — 6;
2=0 mpu y* =2 a60 B HaHii obmacrti mpu y = J2 zl = 8—4\/5;_
2., =13 4,

HalM

abo
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B) ipu y=-1 Maemo z2=x"-1+3x i 2/ =3x>+3>0; dyukuia
MOHOTOHHO 3POCTAa€ Bif szo =-1 no zL_Z =13;

r)upu y =2 Maemo z = x° +8—6x; 2 =8x2-6; 2 =0;npm x =2
d, 5=8-4/2 4, =8 4 =4

3. ITopiBHAemo Bci 3HalAeH] 3HaYeHHA QYHKILII: 2
-1); z,,,,= —1 y Tourax (1; 1) i (0; —-1).

3ajaua 3HAXOKEHHS MaKCHMMyMiB Ta MiHiMmymiB ¢yHKIi# 6araTbox
3MiHHUX 3HAYHO CKJIaJHimIe aHajioriuHol 3azaui ans ¢yHKIil oxHiel
aminHoi. 3ajzaui 3HAXOMKEHHA MOAIOHMX eKCTPeMYMiB NpHUCBAYEHUH
crneniasbHUH PO3JiM MaTeMaTUKN — BapiamiiiHe YHUCJIeHHS, a8 TAKOXK KOM-
IJIEeKCHA UCIUILIIHA — MOCHifMKeHHSA onepaniii. BoHa npucssiueHa mno-
HIYKY ONTHMAJbHUX PO3B’SA3KIB Yy Pi3HHUX, Y TOMY YMCJIi Ii EKOHOMIYHHX
3ajJavax, B IKMX JOCJiIKYBaHA Ii1boBa (PYHKIIisA KiJTBbKOX 3MIiHHHMX Ha-
OyBae HaibisbiIOr0o 460 HAaMMEHIIOTO 3HAYEHHSA.

=13 y Touni (2;

Ha#6

§ 9. Ipo nesiki 3acrocyBanus (yHKiii 6araTboX 3MiHHUX B eKOHOMIYHii
Teopii

OrpuMmaHHs 00’€KTUBHOI i AOCTOBipHOI OUiHKM iHBecTHLiHHOIO IIpoO-
eKTy mepenbavuae peTeabHUH (hiHAHCOBO-eKOHOMIUYHUI aHAJII3 BKIAEHHA
Kowrris. OgHUM 3 BapiaHTiB TAKOTO aHAJI3y € OIiHKa YYTJIMBOCTI iHBeC-
THUIIAHOrO MPOEeKTy, TOOTO CXUJLHICTH NPOEKTY A0 PisHUX (hakTOpiB.
OcHOBHHUI HiAXiA K0 aHANi3y YyTJMBOCTI IIOAATAE B PO3PAXYHKY IpUOyT-
KOBOCTI ITPOEKTY B yMOBaxX Haibijpi #iMOBipHOro mporsHosy 3MiHM oc-
HOBHMX mapaMeTrpiB BUPOOHUIITBA. 3aBRAHHA I[LOT'0 aHAJi3y moJsArae B
TOMY, 11100, BUOpaBIITH HAMOJIbII CYTTEBI TapaMeTpH, BUSHAYUTH i1X BILJIUB
Ha BapTiCTh MPOEKTY IPU 3MiHi BeJIMUYUH IIUX IIapaMeTpis.

dopMasibHe BUSHAYEHHS YYTJIHBOCTI:
x, dy

sy =2 %
oy ox,’

(30)

Ie Yy — TOYATKOBHI mapaMeTp ImpoeKTy (iioro okpemo B3ATHi abo iHTe-
rpaJbHHI NOKa3HUK edexkTuBHOCTL); X, (i =1,2,..) — BHyTpilmHi 3amMinHi
nmapaMeTpH IIPOEKTY.
. dy . . .
YacrroBa moxifHa e ¢ dyuKIieo uyTauBocTi abo koedinieHTOM
i :Ci

BILINBY NapaMeTpa X, Ha ITOKa3HUK IIPDOEKTY. BignomenHA —, BBOAUTL-

cA IJ1A HOPMYBaHHA 1 fae aMmory 300yt BeinuuuHy S y BilHOCHHX
ONUHUIIAX.
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Asnanizy yyrausocti nepeaye dinancosa oliHKa iHBecTHIiftHOrO IpPO-
€KTY, B XOJi AKOI pO3paxOBYIOThCA TaKi MOKAa3HUKU: CyMa eKCIyaTa-
niffHUX BUTpPAT, BUPYYKa BiJ peanisanii npoayxnii, npubyrok i mogaTkm,
uycTa mpuBeseHa sapricrs (471B), BHyTpimiEA HOpMa perTabesbHOCTI,
TepMiH oKynHOCTi. YyTAUBiCTH HPOEKTY MOXKHA OLiHIOBATH 3a KOXXHUM
3 IIUX TIOKa3HUKIiB.

Hai6iabin y3araJsHIOI0YNM MOKA3HUKOM ROILIBLHOCTI peasrisanii Toro
Yy iHIIOro iHBECTHUIIHOrO IPOEKTY € YMCTA NpyBejieHa BapTiCTh:

L ¢
YB=Yy ——, (31)
@+
ne C, — uucTuit rpomoBuil norik manpukinni nepioay ¢; T — xurre-

BMII IIMKJ iHBECTHI[IHOTO IPOEKTY; ' — CTaBKa AUCKOHTYBaHHSA.

Yncruii rpoIIOBUM HOTIK BUBHAYAETHCS AK Pi3HUIA Mix Joxozamu i
BUTpaTaMM Bij peasnizanii iHBecTHIiiHOrO MPOEKTY i BKJIOUAE AK J0XO0-
au — npubyrok Bix BupoGHUUOI gisapHOCcTi (P) i amoprusaniiiai Biapa-
xyBaHus (Am), Ak Butpatd — iHBecTunii B KamitansHe BUpOOHHUIITBO,
T06T0 BiATBOPEHHA OCHOBHUX (oHAIB, siKki BUGYBaloTh 3a neit nepiog ().
OTike YMCTHUIH I'POIIOBUI MOTiK BU3HAYAETHCA 3a PopMyJI0I0

C,=P+Am-1. (32)

YucTuii npubyTOK y 3arajJlbHOMY BHUIJIAAI BH3HAUAEThCA TaK:

P=[x.c-a+b.X)+ L] 1--—NL, (33)
1009

ne X — obeAar BUPOOHUIITBA IPOAYKILII B HATYpaJIbHOMY BupaskeHHi; C —
niHa npoaykiii; A — yMOBHO-IIOCTI#HI BUTpATH HA BUILYCK NPOAYKLIi; b —
YMOBHO-3MiHHI BUTpPaTH Ha OAMHUILIO OpOoAYKLil; L — nikBifauilina Bu-
pyuKa Bix npomaxy o6’exra; N » — Aloua cTaBKa ONOJATKYyBaHHS IIPH-
6yTKy mignpuemcts (30 %).

IligcraBumo dopmyny (33) y dopmyay (32) i cnpocTumo BUpas:

C,=07-X-(C-b+0,7-(L-A)+Am 1. (34)

Haii6inbIl CyTTEBHU BOANB HA BeJUYUHY I'POIIIOBOrO IMOTOKY, 4 OTHe
i ma YBII, 3xiiicHI0I0TE 00cATr BUPOGHUIITBA NIPOAYKIII B HATYpaJIbHOMY
BHpaKeHHi i uina npoxyrnii.

BseaeMo mosHaueHH:

B=0,7-(L-A)+ Am 1. (35)
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Tonai

T

YIIB =ZO,7-X-(C—tb)+B’

=0 1+r)
Buxonsuu 3 Bupasy (36), MoxxHa BU3HAUUTH YyTnuBicTs 11 B npoek-

TY 10 3MiHM 06cATy BAPOOHMIITBA NMPOAYKIil B HATYPAJbHOMY BUDaXKeHHI,

3MiHM [[iHM TPOAYKIi i BUGOPY BeTMYMHH CTAaBKU JUCKOHTYBaHHA. Jlid

ILOT'0 3HAWZEeMO YaCTKOBi moxixHi:

Jo4IIB ET: 0,7(C -b)

(36)

oX @a+ry S
atIH 07 X
38
,2‘(1+r) (38)
B < X (C- B
o911 _2( )07 ( b) + (39)

ar & 1+ 7)™

Vei ni napamMeTpu MOMXYTh 3MiHIOBATUCH AK KOXKEH OKPEMO, TaK i oqHO-
yacHo. B mepuioMmy BUIaAKy AOCTATHLO BUKOPUCTATH BiANOBiAHY mOXinHy
[JIE BHAXOMKEHHSA YyTJINBOCTL Bisnmosiguo no ¢dopmyau (30). ¥V apyromy,
KOJIM OHOYACHO 3MiHIOIOThECA BCi TPU TapaMeTpH, NOTPi6OHO BUKOPUCTATH
YyTJIMBICT 32 TPHOMA 3MIHHUMM, KA BiANIOBifae rpajieHTy:

(40)

grad(qHB)={aan JdYIIB aan}.

X ~ oc ' or
Tozi Biggocuy aminy YIIB, 3yMOBJIeHY HEBeJIUKHUMH i He3aIe:XKHUMU

abcoioTHUMY BiaxunenHamu napamerpis X, C, r(AX, AC, Ar BiznosizHo),
MOKHA BU3HAYUTH TaK:

1 [YmB JYIIB JYIIB
Ko = : AX + AC+ Ar|, 4
e = g [ X aC or r] (41)
AYIIB

Bemumunna Kypp =

€ KoedimieHTOM uyTaMBOCTI iHBecTHILii-

HOr'o MPOEKTY 3a KpuTepieM uucrol npusegeHol BapTocTi. Bin mokasye,
B siKifi Mipi Bigxunenmss BuGpaHHMX mapaMeTpiB BILINBAIOTE HA 3MiHY
YJIB, mo gac 3MOry Bu6paTu oguH a00 KiJbKa IPOEKTiB 3 6araTbox MOMX-
JUBHUX.

PosriasHeMO NPUKJIAJ PO3PAXYHKY Y4YTAMBOCTI iHBEeCTHMHINHUX IIpO-
eKTiB 3a kpurepiem YIIB (raba. 1).
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Tabauuya 1

IToxasruxn Buglilg;g::nﬁ A Hpo;RTH C
Yucra npusBeneHa Bapricts (YI1B)| Tuc. rpa 91,3 2439,4 | 860,1
TepmiH dpyHKIiOHYBaHHSA
Bupob6Hnunx moryxkHocrei (T) POKHA 3 4 6
OGcear Bupo6uunTsa (X) THUC, WIT. 47 45 15
VYMOBHO-3MiHHI BUTpaTn Ha
OAMHUIIO NPOAYKII (b) CpH/WIT. 30 180 90
Ilira npoaykuii (C) rpH/IIT. 65 380 90
CraBka AMCKOHTYBaHHA (r) %o 20 23 25
MoxnuBi 3MiHM napameTtpis 1%
X + - +
C - + -
r - + -

Pospaxyemo koedinient gyrtnusocri 3a kpurepiem YITB a8 KOMXHO-
ro iHBecTHIIAHOTO NIPOEKTy. Pe3yibTaTH po3paxyHKiB 3anmuiemo B Tab-
auuHii dopmi (Taba. 2).

Tabauysa 2
5 MIB | Synp | a4mB
% AX, AC, Ar. © aX ? ) , K
g T % aC or uns
IIT. THC. I'DH THc. rpH/
= -y mer. THC. I'DH
A 470 | -0,00065 | —0,01 0,05 69287,4 -313,90 0,20
B | —-450 0,0038| 0,01 0,34 77112,0 | —-4610,75 0,04
C 150 | —0,0018 | —-0,01 0,18 30985,5 | —2294,60 0,007

MoxnuBi 3MiHM ITapaMeTpiB IIPOEKTY BU3HAYAIOTHCA HA OCHOBI eKc-
NepTHHX OIiHOK. IIpn nboMy 3aBAaHHA eKCIIePTiB 3BOAATHCA [0 TAKHX
JBOX HAIIDSAMKIiB:

1) BusHauuTH HAWGLIBII CyTTEBI MapamMeTpH, 110 BIAWBaioTs, Ha YIIB;

2) BUBHaUUTH HaUbiNbI HMOBIPHI HAIPAMKY 3MiHM I[UX IapaMeTpis.

Y pospaxyskax 3a ¢dopmysow (41) ans sicrTaBjeHHS pe3yabTaTiB
BiiHOCHI 3MiHU nmapaMeTpiB MawTb GyTH piBHi (Hanpuxkaax, 1 %).

3nalifene 3HaueHHs K.,, HRae 3Mory ouinuru ydyrausicres YIIB
o sminu napamerpiB X, C, r. OueBnaHo, Halbiabiny crifikicTs Mac Toit
NPOEKT, AKOMY BiAnosizae minimManbHe 3HaueHHs Mmoxyas K., (mpo-
exr C).
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Iins nigBUIEeHHA TOYHOCTI PO3paXyHKiB MOXKJINUBe BpaxXyBaHHA WMO-
BipHOCTi Ipy BU3HAYeHHI HATIPAMKIB 3MiHM mapameTpis.

AnasoriuHo MOXKHa BpaxXyBaTH BILTUB i iHmux napametpis Ha YIIB
IPOEKTy (HAIIPUKJIAZ, BUTPAT Ha BUIIYCK IPOAYKIii, 6aHKiBCbKOrO HpoO-
LIEHTY, CTAaBKH NOJATKY Ha npubyTok Ta iH.).

§ 10. YmoBHHii ekcTpeMyM (yHKUII JBOX 3MIHHHX

o nboro yacy Mu po3rJIAfaiy eKcTpeMyMu GyHKIIil, BBaKawo4u, 1o
Ti 3MiHHI, BiJ SKHMX BOHA 3aJ€XXNUTh, HeaalexHi Misk coboro. Taki ekcrpe-
MYMH Ha3UBaWOThL abcoaiomuumu. IlepefizeMo 10 po3rjaaay TOro BUIIaL-
Ky, KOJH 3MiHHi, Bif AKUX 3aJie)KUTh GMYHKIiA, 3B’A3aHI AeAKUMU
CHiBBiZHOIIIEHHAMH. ‘

Hexaii Tpe6a 3HaiiTH eKcTpeMyM (YyHKIII

z=f(x,y) (42)
3a YMOBH, 1110 3MiHHi X, ¥ 3aJOBOJIbHAIOTh YMOBY 3B’ SI3KY
o(x,y) =0. (43)

Axuro pyuriis (42) 3a ymosu (43) Mmae eKCTpeMyM, TO TaKuil ekcrpe-
MyM Ha3WBAETbCA YMOBHUM, aB0 8i0HOCHUM.

TeoMeTpUUHO Ile MOXKHA PO3YyMiTH TaK: PyHKIia 2 = f(x,y) onucye B
npocropi Oxyz neAKy NOBEPXHIO, a piBHAHHA @(x,Yy) = 0 3amaec B uboMy
MpocTopi UMJIHAPUUHY IIOBEPXHIO 3 TBipHOIO, IapaJjieabHoo oci Oz, Ha-
MPAMHOIO0 AKOI CJYXXHTb KpHBa, 110 BU3HAYAETLCA PiBHAHHAM (43) y
maomuHi xOy . AKIo JiHiA HepeTUHY I¥X ABOX MOBEPXOHb Ma€ BHYTpill-
HIO TOUKY 3 HaMeHI010 a60 Haibinbmion anjaikaToo, To KaXyTh, 110 B
ik Touni pyuKiis 2z = f(x,y) Mae BinnocHuit, a6o yMOBHMIA, eKCTPEMYM.

IOna nocnimxenns yuxuii 2z = f(x,Y) Ha YMOBHHY €KCTPEMYM MOM-
Ha 3HaliTH QyHKHio Y = y(x); poas’ssaswn piBuauus (43) BigHoCcHO ¥,
nigcrasuTa Y = y(x) y piBuaHHA 2 = f(x,y) i ogep)xaHy QyHKIi0 ofHiel
aminHOl 2z = f(x, y(x)) mocaizuTu HaA eKcrpemyM. Taxkuii crocif 3Haxo-
JPKEHHSA eKCTPEeMYMY 4YacTo AOCUTH CKJAAHUH, OCKiNbKM noTpibHO 3HA-
XOAVITH aHAJITHYHUI pO3B’A30K piBHAHHA ¢(x,Yy) = 0. Tomy Mu posris-
HeMO iHIINI MeTOJ 3HAXOMKEHHS YMOBHUX €KCTPEMYMiB — MeTOJ MHOX-
HuKiB Jlarpanxa.

Onsa gocnimxeHHs ¢GyHKIii (42) Ha YMOBHHIl €eKCTPEMYM CKJIaZEeMO
dyuruio Jlarpasxa

F(x,p) = f(x,y) + ho(x, ), (44)

Je A — MHOXHHUK Jlarpamxa.
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Heo6xignai ymosu excrpemymy”’. Hexait M,(x,, y,) — TOUKa yMOBHO-
IO eKCTPpeMyMy (bymcuu z = f(x,y) 3a ymoBu ¢{(x,y) = 0; icuyrots Heme-
pepBHi moxigmi f,,fy,([),,,wy y Touni M, i mesxomy ii oxoni, mputomy
9,(x,Yo) #0 abo ¢ (x4, Y,) # 0. Toai icHye Taxe uneno A, mo Tpiiia
yuces (Xq, Y, A) € KDUTHYHOWO TOUKOIO hyHKIil Jlarpanxa F(x,y), T06-
TO 3a0BOJILHSAE CUCTEMi DiBHAHB:

F;(xhy) =0, Fy,(x’ y) = 07 (P(x, y) =0, (45)
abo

)+ A0 () =0, f/(x,y)+Ae,(x,y) =0, o(x,y)=0. (46)

HocraTai ymoBu excrpemymy”. IIpunycrumo, mo: 1) M (x,,y,) —
KpATHYHA TOuKa QyHKii (44) and mesxoro A, T06TO BOHA 3a40BOJILHSIE
HeoOxinui ymosu; 2) pyukuii f(x,y) ta ¢(x,y) asiui HemepepBHO AUDe-
peHIIioBHI Ha MHOXMHI, II[0 MiCTUTBL TOUKY M:

d*F(M,)= A(dx) + 2Bdxdy + C{dyY, (47)
2 2 2
ne A= Q“F—Q:—J—Q), B= ﬂg\!&), C= J (MO), dx, dy 3an0BOJB-
. ox dxdy oy’
HSAIOTh DIBHAHHSA 3B’ SA3KY
9, (x01 Yo )dx + ‘P,y (xo’ Yo )dy =0. (48)

Axuio npu npomy 1) d F(M )> 0, To byHKLIiA 2z = f(x y) MAa€ B TouIi
M, ymoBHUi MinimMym; 2) akmo d F(M )< 0, To B Touni M, dyHKuis
Ma€ YMOBHUI MaKCHMYM.

IIpuxnax. 3"HaiiTu ekcrpemyM GyHknii 2z =xy 3a ymMoBH, LIO
3x+2y=1.

Cknagemo dyukniro Jlarpanmxa

F(x,y) = xy + M(3x + 2y - 1).

Heo6xifHOIO YMOBOIO €KCTPEMYMY € CHCTEMAa PiBHSAHD

F yisn=0, Foxiom=0 S8r+2y=1,
ox dy
1 1 1 11
)\‘——-— =—’ = ,
3BiIKM 3HAXOJHUMO 12 6 Yy 1 . Orxe, Touka M, (6 4) €

KPHUTHYHOIO TOYKOIO i F(x, y) =xy — 1—12~ (3x +2y — 1)_

* IloBefleHHA MOXCHA 3HAHTH B MiADYYHUKAX, Je IIi TUTAHHA BUKJIAAEHO JA0-
KJaajuimre.
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Ins rToro mo6 8’scyBaTH XKOCTATHI yMOBH, 3HaXOAHMO, INO

o°F 0°F 0°F .
— =0, —= 0, dy 3aJ0BOJBHAIOTH, DIBHAHHSA
ox* oy’ axay P
aB’sizky 3dx +2dy =0, To6TO dY = ——dx Toai d?F(M, )= -3(dx) < 0.
Or:xe, QYHKIiA 2 = XY 3a yMOBH, 1o 3x +2y =1 pocsarae B TOYNI
1
M, é i YMOBHOT'O MaKCHUMYMY Zpax 2 1

3ayBasxesnH a Merog Jlarpana MomMPIOETHCA HA BUNAL0K
IOBiBHOrO YMCsIa 3MiHHMX i fOBLIBHMX yMOB 3B’aA3Ky. Hexait sapano
dbyukuio u = f(x,;,...,x,) i ymosu 3B’ ABKY

(pi(xl,...,x")=0,l=1, 2,...mym<n, (49)
Toxai ¢pyuknisa Jlarpanxa MaTuMe BATJIAN

F=f+M0Q, +X,0, +...+A,0,, (50)

a Heo6GximHa yMOBa eKcTpeMyMy Gyfe 3azaHa CHCTEMOIO DiBHAHD BiHOC-

HO 71+ m HEBLIOMHX Xi, ..., X, Ay ey At

F. =0,
F;z = 0’
S -
F =0

§ 11. Meroz1 HaiiMeHIIHX KBAIPATiB

TIpu 06pobLi excriepUMeHTANbHUX AAHUX BUHUKAE IoTpeba aHATITHYHO
OIIMCATH Pe3YJLTATH €KCIIePUMEHTANBHUX AocHifKeHb. OqHUM i3 crocobis
OZiep’KaHHSA TAKNX (POPMY.JI € MeTOJ HaliMeHITNX KBaapaTiB. Posriaaxnemo woro.

Hexait HaM Tpefa BCTAHOBUTH 3aJI€KHICTH MiX ABOMAa BeJHMYUHAMHU X
Ta y, A AKUX 3 eKCIIEPHMEHTY BiJOMO, III0 3HAYeHHA X, BiZTIOBiZaIOTH
3HaYeHHAM V. Ili pesyabTaTi eKCIiepUMEHTY IIOJaHo Y BUrasai Tabammi.

x l X, I X, | ............ l X I ..........
y i U | Ys ‘ ............ I Y, i ..........

Posraianemo (X;,y,;) AK IPAMOKYTHI KOOPAMHATY TOYOK Ha ILJIOIIMHI.
ITpunycTuMo, 110 TOYKH, B3ATI 3 TAGAMI, PO3MIiIlleHO HA IJIOLIMHI TaK, SK
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MOKa3aHo Ha puc. 85. ¥ nboMy BMIALKy MOKHA IPUIYCTUTH, IO MiXK X
Ta y icHye niniiina 3asexHicTs

y =ax+b. (52)

yA
UA .
Y,
Yo
Y1

s

— 4 4 + + >
X, X, X3 X... X
Puc. 85
Ockinpxu Touku (X, ¥,),...,(x,, y,) He JeKaAThb TOUHO Ha NpaMiii, a

aumre 6ina Hel, To dopmyia (52) Habamxena. Tomy, nizcraBngoun sHa-
YeHHA KOOPAMHAT TOYOK y BUpa3 ax +b -y, picrameMo pisHocTi

ax, +b-y, =¢,,

ax, +b-y, =¢,, (53)

ae €, &,...,€, — 4Yucia, 0 3aJal0Th BeJIMUHNHY BiAXHUJIeHHA BiATIOBiz-
HOI TOYKHY Bif mpsimol i HasMBaOTLCA noxubramu.

ITorpibno nmixiGpaTy koedinientTu npamoi a i b Tak, mob ni moxubKU
Oynu SKHANMEHINMMY 3a aGCOIOTHOIO BeJIMYNHOW. [/ 1bOro it BUKO-
PHCTOBYIOTH METO/] HaMIMEHIIINX KBaAPAaTiB.

ITosnauumo
S=gl+el+...+€. (54)
Bpaxosyroun BUpa3u 4Js1 HOXUOOK €, ...,£,, 3agani B (53), gicTranemo
S = (ax1 +b—y1)2 +...+(ax, +b—yn)2,
TOBTO

S=> (ax, +b-y), (55)

i=1
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Tyr x;, y, — 3ajgaHi uucna, a koedinieHT a Ta b — Hesigomi, Aki
HeobX1IHO 3HAWTH, CKOPHCTABIINCH, YMOBaMH MiHiMyMy S. OTxe, S MOXKHaA
BBaXKAaTH QYHKIi€w Big aminumux a Tta b i mocaigurn mio dyHKIio Ha
MiHiMyM.

Maemo

N = S =
g_a=2 (axi+b—yi)xi’ %6‘=2 (axi+b_yi).
i=1 i=1

IIpupiBuaBmy Ui yacTUHHI MOXiAHI 10 HyNs, AicTaHeMo JiHiNHY cuc-
TeMy [IBOX PiBHsAHBL 3 ABOMA HeBifomMuMmu a Ta b:

n n n
ay x}+bY x, =Y xy,
i=1 i=1 i=1
n n
ain +bn = Zyi.
i=1 i=1

Cucrema (56) Ha3UBAETLCA HOPMAABLHOIO CUCTIEMOI0 MemOOYy HAllMeH-
wux keadpamis.

Poas’sizasumu cucremy (56) BizrocHo a Ta b i migcraBuBmu ix y ¢op-
myay (52), aicragemo piBHAHHSA myKaHoi npsamoi. ITokaxemo, 1110 po3s’aa-
Ku (a,b) cucremu (56) marorp minimym dbyuruii S i3 dopmyau (55).
Cmpasni,

(56)

0’8 & 9%S N 0’
A= =2 2 B= =2 ., C=—=2n.
da* Z‘ i dadb Z’ i ob?

Orxe,

n n 2 n n
A=AC—32=4n2xf—4[inJ =2Y ¥ (x,-x,)> 0.

i=1 i-1

. . 9’8 . .

Ockinpkn A>0 1 A= o >0, To B Touni M(a,b) dyuxkuia S mae
a

MiHiMyM.
HNpukaan. Hexait B pe3yabTaTi eKCIIepUMEHTY OJlep:KaHi I’ sTh 3HAa-
YeHb X T4 BiANOBiAHUX IM 3HAUEHb Y.

x | o | 1 | 3 | 5 | 8
y | v | 1 | 4 | 5 | 7
IllykaTumemo GYHKI[iOHAJBHY 3aJIeKHICTh MiXK X Ta y y BUraaxi

y=ax+b. aa Toro uob s3amucaTy HOPMAJIHLHY CUCTEMY METOAY Hai-
MeHIIuX KBajparis (56), o6uucaIUMO 3HAYCHHS CYM IpHU n = 5:
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x, =16, iyi =186, ixf =100, ix,yi =95,
i=1 i=1 i=1

5
i=1
Tonxi cucrema (56) matume BUrIAL

100a +16b = 95,
16a + 5b =16.

Posp’asyiouun mio cucremy, suaxogumo a = 0,897, b = 0,328, Orxe,

piBHsIHHA npsamoi: y = 0,897x + 0,328.

3ayBaxeHH 4. SIKmo Touku, B3AT 3 Tabaui faHKMX, posmimeni
TaK, [0 MIXX X Ta y MOXXHa NPUNYCTHTH HapaboiiuHy 3ajeXHiCTH
y = ax® +bx + ¢, T0 KoedinienTu a, b, ¢ Tpeba NIYKATH 3 YMOBH MiHiMy-
My dyHKIiT S:

Szi(axf +bx, +c—y,.)2.

i=1

. a
SAxmo Touku 3 Tabnuni JaHNX HaGIMXKAIOTECA 10 rinepbomu ¥ = —+ b,
. . x
ToAi dyHKnia S mMaTuMe BUIIAL
2

- a
S::e; P 78 P

i

Konmpoavni 3anumannsn i 3a6danns

1. Jafite o3HaueHHs PYHKIII ABOX Ta TPHOX 3MiHHMX.

2. ITo HasuBaeThCA 06J1aCTIO BUBHAYEHHSA PyHKHIT KiTbKOX 3MiHHNX?
Haiite reomeTpryHe 300pa)keHHsa (QYHKIII ABOX abo TPHOX 3MIHHUX.

3. Illo HasMBa€eTHCA JiHi€IO PiBHA, IOBepXHEeIO piBHA?

4. fIx BuU3HAUYAETHCA TPAHULA Ta HelMepepBHicTh GyHKuii ABOX
aminaux?

5. Illo HasWBaeTbCA MOBHHUM, YACTMHHHMM NPUPOCTOM (YHKIiI
KinpKoX 3MiHHMX?

6. ChopmyioiiTe 03HAYeHHA YacTHHHOI noxignoi. Axuil il reomer-
puuHuit amicr?

7. IIlo nHasuBaeThcs MOBHMM audepenniagom ¢ysknii 6araTeox
aminaux? fAxi sacrocyBanusa Mae noBHu aAudepennian mpyu HaGIMKEHIX
obuncaeHuax?

8. HaiiTe o3HaueHHs MOXiAHOI Big ckaamsol GyHKIIL.

9. fIk BUBHAUAIOThCA YACTHHHI MoXigHi BUNMX nopankis?

10. JaiiTe o3HauyeHHA IOXiZHOI 3a 3aJlaHUM HAIIPSMKOM.
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11. IIlo Take rpagieHT GyHKNii?

12. fIx BM3HAYAETHCA eKCTpeMyM (PYHKIII] 6araTbox 3MiHHHUX Ta AKi
yMOBU HOTO icHYBaHHA?

13. fIx sHaxoxzuTH Halbineine Ta HaliMeHine 3HaYyeHHS GYHKOII B
3aMKHyTiil o6macTi?

3aodaui i enpasu 0asa camocmiiinoi pobomu
3nHaiiTi obyacti BU3HAYeHHA QYHKILIH.

2 Y _ 1
10.1. z = -—?—b—z. 10.2. 2—m.

10.3. z = In(y® —4x+8). 10.4. U = Ja® —x* > -2 .

3naiity ninii piBua GyHKUi# Ta nobyxyBaTH ix.
10.5. z=2x+y. 10.6. z=xy. 10,7, 2=

xr+y?
3HalT! yacTuHHI moxigui GyHKOil.

10.8. z = (5x%y - y® + )% 10.9. z = In(x + yx% + y*).

y
10.10. z = x y+3i. 1011, z2=—2 . 10.12. U = x*.
‘/; arctg%

10.18. U = (sin x )",
3nafiTy noBHI gudepeHiaau GYHKIi.
10.14. z = x°y* - x%y® + x*y*. 10.15. z = arcsin %
10.16. z=IntgZ . 10.17. U = x*.
X

10.18. 3maiiTu 3HaueHHA NOBHOro audepeHmniasa GpyHKNii
_ 2 2 _ Q. — 4 = . —
z—x+y—,/x +y’,axkmo x =3; y=4; Ax =0,1; Ay =0,2.

Xy
*
ERE

-y

10.19. 3uaiiTi 3HaueHHs NOBHOTO JudepeHniana GyHKIiL 2 =

akmo x=2; y=1, Ax=0,01; Ay =0,03.
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dU

10.20. U = e  ne x =sint, y=1¢°, Pk
1. U 2 2 dz
21.z2==—In— e U=tg°x, V=ctg®x, —=7
10.21 2y e g g dx
0z dz
10.22. z = x%y, =cosx, —=7, —=29
Z=xy,ney ox dx
0z 9z
10.23. z = x*y —y’x,ne x =U cos V, =UsinV, —=7, —=7?
vy y U v
%z 9%z

10.24. z = x* + xy® —5xy® + y°, moxasaru, mo 5 - axdy  oyox '

9’z 9%z 9%z . .
3uaittn —a?; -a—x—ég; 8—2 Bif 3apaHuUX QYHKIi.
Y

1
10.25. z = 5\/(x"’ +y°)°. 10.26. z=y'

10.27. 2= it A . 10.28. z = arcsin(xy) .
x+y
10.29. 3naiitTu noxigny dynknii z=x® -3x%y +3xy® +1 B Touni

M (3; 1) y nanpsaMmky Bektopa MN, ge N (6; 5).
10.30. 3Hnalitu noxiany dyurmii U=arcsin—~~f—2 B TOYUi
X +y
M (1; 1; 1) y nanpamry Bekropa MN, ne N (3; 2; 3).
10.31. 3naiitu moxigny ¢byHKnil 2z = In(x® + y*) B Touni M (3; 4) y
HanpsMKy rpagieHrta QyHKuii z.

10.32. z = arctg % . 3uaittu gradz y Touui (x,,Y,) -
., ‘w . 1
10.33. 1) 3uaiitu TouKy, B sAKi# rpagient pynknii z = In(x + =) gxo-
y
piBHIOE | — %]_, 2) 3HallTU TOYKY, B AKUX MOAYJb rpajicHTa GyHKUI

3
z = (x* + y*)? nopisxioe 2.
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Bionoeidi do 21aeu 10

10.1. — +‘Z7 <1, 10.2. Bes niommHEa 38 BUHATKOM TOYOK KOJIa

Wty = Rz. 10.3. y° > 4x-8. 10.4. Kyna x* +y* + 2* <a’. 10.5.
Cim’s mapanenpHux npamux 2x+y=c. 10.8. g_z = 30xy(5x’y —
x

-y +7)2;g—2 =3(5xly - y® + ) (5x* -3y*). 10.9. 9% _ —1—;
Y

0x x? + yz

dz _ Yy 0z dz _ x 1
Wyt et eyt 1010 50T %/_4  2fy Vx
10.11 ‘Qi = Y ; a_z =- al
TTox ey y)arctg Ly Wy arctg Ly
y_ 3

10.12.-8-q—=-y—x’ 1; a—U 1x In x; §—=—lx Inx. 10.13. a—U-—

ox 2z dy =z 0z 0x

) 1 oU . " . U . 2 .
= yz(sin x)¥*"" cos x; S = z(sin x)¥* In sin x; o = y(sin x)** Insinx .
y 2

10.14. dz = xy|2y® — 8xy® + 4x°y)dx + (4y’x — 3yx® + 22%)dy]. 10.15.

g2 YX XY 1046 gz 2(xdy — ydx)

yyy* - x* x2 sin(gxi)

. 10.17. dU = x* '(yzdx +

1
+zx In xdy + xy In xdz) . 10.18. 0,08. 10.19. % . 10.20. eont2° (cost —

4
_6%). 10.21. ——. 10.22. % _9rcosx; 22 = x(2cosx -
sin 2x ox dx

— xsin x) . 10.23. ;; 3U%sinV cosV(cosV —sin V); g% =U¥sinV +
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2 2 2 2 2 2
+cosV)1-3sinVcosV). 10.25. 92 _2x +2y° d2_x +2y

ax2 ’x2+y2 ’ ayz - ’x2+y2 ’

2 2 2
J 2 adl 10.26. 92 _InyMny+1) ., 972

axdy N ) ox? x* oy®

_Inx(inx-1) ii.my, 0’2 Inx-lny+1 pinziny

y? > oxdy xy
1007, L2 My 2 dx . 3z _2x-y)
Tt (x4 ' (x+y)? dxdy  (x+y)
too8 Q2o xy ¥y 9%z 1
28. 53 (—“—(1 Z 2ty ’ PYE ‘/(1 B x2y2 )? ’ dxdy \/(1 _xzyz)s :
10.29. 0. 10.30. [ ) =1, 1031 Z-2. 1032 Ul Yy
a ), 6 a 5 Xy Y,

| o

1 3 7
10.33. 1) (_ 5; Z)’ (5’ - ); 2) Touru, axinexars ma ko x° + y? =

W |
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I'nasa 11. Paam

§ 1. OcHoBHi 03HaYeHHS

IlpunycTuMo, [0 HaAM AaHA HeCKiHYeHHa MOCTiJOBHICTHL yuceN
UyyUy,UsyeeeyUyy ..., TORI CUMBOJ

U, +u, +uy+...+u, +...,a60 nz:;un, 1)

3BETHCSH HECKiHYeHHUM pAOOM, a60 IPOCTO pAAOM, & UHUCHA U, , Uy, Ug s-..
ooy U,y ... — UTIEHAMH DAAY.

Bupas, 110 Bu3Hauae n-i wier pagy (1) npu 6yae-akomy n=1, 2, 3, ...,
3BETHCH 3G2AJLbHUM YJEHOM DALY i nosHadaerbes u,. Tak, saraabHUM
YJIeHOM PALY

1 1 1 1
€
ool
n n2-

ko Bci yienu pAxy — 4ducia, pan 3BeThCA YUCA08UM, & SKILIO BOHU
byHRII — @yukyionarvrum. My BUBYATHMEMO CIIOYATKY YHUCJIOBI PAAK.
Ilepiiie NIPUPOAHE 3AIMTAHHS: [0 PO3YMiTH Hif cyMmoro pady? Bearaysno
Gyso 6 BBaxkaTH 3a cymy pany (1) Toit peayneTart, 1m0 foro Aicrasemo,
BHKOHABINY BKasaHi omepanii fofaBaHHsA. AJoke nux onepani#t 6eamiu i
BUKOHAHHA iXx — piu He3xilicHuUMA.

11106 migidiT 10 O3HAUEHHA IOHATTA PO CyMY PAAY, YTBOPHMO TaK
3BaHi ¥acmkKosi cymu.
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8 =u;;
Sy = Uy + Uy;
Sy = U, + U, + Uy;

U U FU LU

»
|

L X R R R RN

Cyma s, € 3MiHHOIO BeJIMYUHOIO, 1[0 3MIHIOETHCA Pa30M 3 n. SIK 3MiHHA
BEeJIMYMHA NPY HeoOMeKeHOMY 3DOCTaHHI 7 BOHA MOe IPAMYBATH 10
IIeBHOI rPaHMIi, MOXe HeoOMeXKEeHO 3POCTATH, MOXe, HAPEIITi, KOJINBATH-
cd, He NPAMYIOUYH Hi o AKoI rparnni. Akuio s, npamye 1o nesHoi rpa-
HHIL §, KOJIU N HeoOMeXeHo 3pocTae, To6To

lims, =s, (2)

n—soo
To paj (1) 3aBeTsca 36idcHUM, a YUCTO § — HOTO CYMOTO.
Y nsomy i TinBKHK B 1bOMY pasi nuInyTs

ul+u2+u3+...+un+...=s,a602a"=S. 3)
n=1
Axio s, He Mae rpaHuIL, PAX 3BEThCA PO3CIHCHUM.

Pizuuimo mMixk cymoto s pazay i cymoro S, TepIInX WOro 4ieHis 3BYTH
3aAUWKOM PARY 1 IO3HAYAIOTH CUMBOJIOM T, . OTxe,

s§~8,=r,, 4)
abo
rn = un+1 + un+2 + un+3 to
r, — uerTa HOXHGK&, AKY 3p06PIMO, B3ABIIIN 3a HaﬁJIHH{eHy BEJINYUHY

CYMH DSAAY CYyMy S, MepHINX YJIeHiB I{bOr0 pAAy.

3 NOHATTAM HECKIHYEHHOIrO DAYy MM BKe MaJH CIDPABY B eJeMeH-
TapHii anre6pi nmpu BuBYeHHI nporpeciit. Ik IpUKIAL POraAAHEMO pAan
(a #0)

a+ag+ag® +...+ag"t +... (5)
— TEeOMeTPUYHY IIporpeciio 3i 3BHAMEHHUKOM g.

CyMy mepmnx 4yeHiB bOTO PAXY AK CyMYy 7 II€PIINX YJIEHIB reoMer-

puuHOl mporpecii moxHa oGumMcauUTH 3a BizoMoro dhoOpMYIIOI0
_a-ag"
1-g

n

IIpunycrumo cniouatky, 110 lg[ <1,roxmi limg" =01i
lims, = 2 .
o 1-g
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Oraxke, AKINO |g| < 1, reomerpuyHa nporpecisa — 36ixkxHUN pAx i oro cyma

JIOPiBHIOE .Arxmo g=1,T0 §, =na — o IpuU n — o — DPAN pPoO3-

1-g
6ixxauit. Axkmo g = -1, To pAx Mae BUrIsA ¢ —a+a—a+... i S, AOpiB-
HI0€ abo a, abo HyJesi, 3aJIeXXHO Bij TOro, HeapHe Yy ITapHe YNCJIO n. Y
IbOMY BHNAAKY S, € BeJIMYMHOIO OOME’KeHOI0, ajie A0 IeBHOi rpaHMui
BOHA He TIPAMYE, pAL PO3GLKHUI.

3 o3HadyeHHA cyMmu pany (1) BUOINBalOTh TAKi BUCHOBKM.

Bucnosoxr 1. fIkmo pag (1) sbiraerscd, To iforo saraJibHUi 4eH u,
NpAMYE 0 HyJs IpHU HeoOMe)KeHOMY 3POCTaHHi n.

Cupaeai, sikmo lims, = s, To it lims,_; = s. IIpore

n—oo n—eo

sn—sn_l=(ul+uz+u3+...+un)—(u1+u2+u3+...+un_1)=u

ne
Orxe,

lim(s, —5,_,) =limu, =0, (6)

n—oo n-—yo0

IpsaMyBaHHSA [0 HYJS 3aTAJILHOTO 4ieHa DALY € Heo0XiOHOI0 YMmo8010
abixknocri psaay. SAKmo u, He NpAMYyeE A0 HYJIA, TO PAJX He Moxe OyTH
361HUM, BiH poat‘)mu-mn. Boguouac ymosa (6) He € noc'ra'rl-moro. BOHA
MOJe BUKOHYBaTHCS, a pAj 6yne po3biskHUM.

SIk npukian posriagHEMO 2apMOHillHUl pad

1 1 1 1
1+ =4+ =+—+...+—+.... 7
2 3 4 n

HasBa pARy HOACHIOETHCA THUM, 1[0 UMCJIO € 3BETHCA cepedHim 2apmo-

HillHuM yuces a Ta b, AKIO

1 1(1 1

¢c 2la b

Jlerxo nepecsigunuTHCs, 110 KOxeH 4yiaeH pany (7), mounHaouu 3 Apy-
Toro, € cepefHiM rapMoHiifHUM ABOX cycifHixX #oro wieniB. Hanpuxian,

1 1|1 1 1
—1——5 I+I ,T06T09=E(8+10).
9 8 10

Jlerko scranoBuTu, 1o pax (7) poabixkHuii, xoua

limu, = liml =0.

n—yeo n—eo 11
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Ile moxxHa noBectu Bix cynmpoTusHOro. Bisnmemo, 1110 paz (7) s6iraeToes
i foro cyma mopiBHIOE 5. 3BiiCH BUILIMBAE, 1110

lim(s,, —s,) = lims,, —lims, =s-5=0.
n—wx n-w n—-w

Taka piBHicTh cynepeuuTs HepiBHOCTI

1 1 1 1
So, — S, = +. .. t—>n ——=—.
n+1 2n 2n 2

Orsxe, rapMOHiHMI paAg po3biraerned.

CnuauMocs, HapemrTi, e Ha [eAKUX BHCHOBKAX, 1[0 BUILTHUBAIOThH 3
O3HAYEHHA CYMHU DALY.

Bucnosok 2. Slxkmo papn (1) sbiraersca i mae cymy s, To i psj
au, + au, + aug +...+au, +... Tex 36ixHUI i Mae 3a cymy as.

Cnpasnai,

G, =au, +au, +...+au, =as,,

oTxe,
limo, =limas, =alims, = as.

n—o n-—»w© n—m
Bucnosox 3. Ha 36ikHicTh psily He BIJIMBAE Bigkunanus (abo goxa-
BaHHSA) HA IIOYATKY KiJIBKOX HMOro 4jeHis.
Cupaszi,

lims, = lim(u,+u, +us +u, +...+u,) =u, +u, +u, +£Ln;(u4 +otu,),

n—w© n—w

orxe lims, Gyme icuyBaTu um Hi 3anexHo Bij Toro, um icmyBarume

n—x

lim(u, +...+u,), 60 cyMa NOYATKOBUX TPHOX WIEHIB AK CTANa BEJMYHNHA
n—x

He BIIIMBAa€ Ha 30i’KHicTh yu pos3bixkHicTL pany.
IIpuxaanx 1. Jocxigury Ha 36ixHICTD pPAA

1 1 1 1
+ + ot
1-2 2-3 3-4 n(n +1) )
1 1 .
Yepes Te 1o —— , CYMY N IepIIuX YJeHiB JaHOI'0

nn+l) n n+l
PALY MOKHA 3anucaTtu

1 1 1 (1 1] (1 1) (1 1)
s, = + +...+ e ] I B R £ T
" 1-2 2.3 n(n+1) 1 2 2 3 3 4

)
+] == .
n n+l
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Ilicnsa 3BefgeHHS MOAIGHUX HicTaHEMO

Orxe,

1ims,,=lim(1-— 1 ]=1; s=1.
n+1

n—>x n—x

fIx 6aunmo, pan 36ixuut i foro cyma nopisHioe 1.

§ 2. Pamu 3 pogaTtHUMH 91eHaMH

IMuranus npo 36ixHicTs UM PO36GiKHICTH YHCIOBOTO PAXY HAWNPOC-
Tile po3p’A3yeThCA AIs PAAIB 3 AoAaTHUMH yieHamu. Ili paan Baskiansi
me # TOMy, L0 0 BUX, AK nofaummo aani, 3BoxsThbCA Oararo iHmuxX
THIiB pagis. fkmo

Uy Uy +ug+...+u, +... 8)

€ pAAOM 3 JOZATHHMH YJIeHaMM, TO CyMa HOTO NepIIMX YJeHiB
8, =U; + Uy, +...+ U, AK 3poCTaloya 3MiHHA NpPHU HeoOGMeKeHOMY
36insimensi n a6o IpAMYe 40 NeBHOI rpaHuni (Akmo s, obMexkena), abo
CTae AK 3aBTOAHO BEJMKOIO (psaa posbiraernca).

36ixkHicTh UM PO36iKHICTL pAAY 3 OAATHUMHU UIeHaMM Halyacrime
BCTAHOBJIIOIOTH, IOPiBHIOIOUN HOr0 3 PALOM, PO AKUIl HaneBHe BiioMo,
mo BiH 361xuUH (a6o pos3bikHMit).

Teopema npo nopisHauas panis. Hexait maeMo ABa pAau 3 10AaTHU-
MM YJeHAMK

Uy +Ug+ oo+, +..0, 9

Uy +U, +U5 +...+ U, ..., (10)

Hruo, novunaiouu 3 dearxozo n, cnpasoHyemovces Hepisrnicms
v, <u, (11)
mo, koau 36izaemucs pad (9), 36izacmoca i pad (10 ), axuso posbizaembes
pad (10), mo @ nozomie 6yde posbizamucsa pad (9).

He o0MexXyiouu 3araabHOCTi, MOYKEMO BBAXKATH, 1110 HepiBHICTH CIIpasB-
IKyeThCA MounHaoun 3 n=1. ¥ npoTuBHOMY pasi MOKeMO BIAKHHYTH
Ti mepiui 4ieHy, I SKUX HepiBHicTS (11) He BUKOHYETHCA (BUCHOBOK 3).

IIpunycTHMO CIOYATKY, 110 paf (9) 36ixkHuli. 3anpoBagHUBIIX IO3HA-
YeHHS
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S, =U +U +U; +... U,

O, =V + U, +U3+...+ 0,

n

MaTHMeMO Ha mifgcrasi HepisHocti (11)

o, <8,.

ITpore lim s, = s (3a npunymennam paz (9) — 36ixkHNI), orke,

n—eo

c,<s,<s,

T06TO O, € o6MexeHo 3MiHOI0. 3BiZCK BUILUINBAE, 10 O, MA€E IPAHHUIIO,
paxn (10) 36ixumii.

fxmio pap (10) pos6ixuuit, To6T0 G, —> =, TO i OrOTiB 6yAE PO3GikK-
HUM pazx (9), 6o s, 20,.

IIpuxxan 2. Pag 1+ L + L +.+ 1 +... posbiraeTscs, 6o foro
V2 3 Jn

. . - 1 1 -
YJICHW He MEHIII1 Bl YJIEH1B TapMOHINHOI'O pAAY [— < —— |, a rapMOH1U-
n

Jn

HUHR psaj po3GiHWMIi.
IIpuxaax 3. HocaiguTu Ha 36iskHicTh pag

1 1 1 1
1+ +—5+.. 5+ ————F ..., 12
A n*  (n+1)° 12)
36ixkHiCTD pany
1 1 1
— +—+ — + 13
2* 8 n®  (n+1)° (13)

BUIIJIUBAE 3 TOrO, 110 HOro WwieHu MeHwi 3a (BifnosigHi) ynernu 36isxHOrO
pany
1 1 1
—+ +...+
1-2 2.3 n(n+1)
1 1
5 < .
(n+1) n(n+1)

ey

A ne o3Hauae, mpo 36iraeroes i gauuit pag (12), 6o Bin BigpisHAeThCH
Big pany (13) auine nepimuM wiIeHOM.
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§ 3. O3naka /I’Anambepa 30iKHOCTI YHCJIOBOrO psALY

Hexait maeMo pajg
U +uy +..tu, Ut (14)
3 IODATHHMMU 4JIeHAMH.

I’ AnamM6epoBy O3HAKY Haluacriliie 3aCTOCOBYIOTH B TaK 3BaHiil zpa-
HuuHiil ¢popmi. KO icHye

lim Zask = ¢, (15)
n—oo u"
to ipu | <1 pan (14) a36ixuuit, upu [ >1 — psanx posbixkuuii. Axmgo

l =1, To BUnajoK cCyMHiBHUI, Tpeba BAATHCA A0 IHIINX O3HAK.

IliticHO, CIMpPAOYUCh HA BJACTUBICTH I'DAHUIL, 3aBXKAM MOXKHA Aibpa-
T Take N, 110 AK TiApbKU n > N , BUKOHYBaTHMETbCSA HePiBHICTH
Unnt
u

<Ee, (16)

n

3BiAKM

u
l-g<—l <clte.

u,

Hexait |l <1. Baasmu € > 0 rake, u1o6 [ +€ <1, maTumemo

Ynr o q.

un

A B Takomy pasi psaz (14) s6iraerbess. Yueno [ + € Bigirpae TyT poJs g.

Hexait Tenmep [ > 1. Mu moxemo ni6patu Take € >0, mo6 [ —-€>1,
Tob6TO €<1-1.

Toxai

u
1<l-g< -2t

pAA po3bikHMA.
Hpuxkaan. Hocnigutu Ha 30iKHiCTS DAX

+ ..., (17)

Tyt
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Orxe,

n-1
lim Upy _ lim (n+1)3 . |1 1
noe u,  no= ndt nel 3 n

O | e

pazg 36iraerncs.

§ 4. 3naxonepemixmi psmu. O3naxa JleiiGuina

Papn ssetbesa sHaxonepemiicHum, AKIIO HOTO WJIEHW IO Yepai TO AO-
naTHi, To Bix’eMHui; Takum Gyzne pan

Uy — Uy + Uy~ U+t Uy, — Uy, +..., (18)

Ae BCi 4neHH u,,U,,Us,... JOJATHI.

Osnaka Jleii6mina. Jrus0 uaenu sHaKonepeminrozo pady nocmiiino
cnadaiomy 3a a6CONIOMHOI0 6EIUNUHOI | NPAMYIOMb O HYAA NPU N—oo,
mo pad 36izacmoca.

Bisememo cymy 2n uneniB paay (18): s,, = (u, - Uy)+(uy —uy)+...
..+ (u,, , —u,,). Boua nogatna — s,, >0, 6o, sBakawoum Ha Te IO
Uy >Uuy, >ug >..., [OAATHOIO € PI3HUIA B KOXKHIM ayxui i 8i 36inbmen-
HAM n cyma s, Oynme spocraTH.

Onnax, 3 iHII0T0 GOKY, AKIIO 8, 3altMcaTHl y BUrasmi

S = Uy = (U ~Ug) = (Uy —Us) — ... = (Uyy_y — Uy, )~ Uy, ,
baunmo, mo S,, MeHme u, npu Gyab-akomy n. OTxe, S, € 3MiHHOI
3poCTaioyoo i o6MexeHo0. 3a BiJOMOI0 03HAKOI0 BOHA MAa€ IPAHUILIO
lims,, = s, npuaomy s <u, .

n—e

BisemeMo Tenmep menapuy kinekicTs unenis 2n+1. Maemo

Sans1 = San T Ugpiy.

3a yMOBOIO

limu,,,, =0.

n—yoo

Bepyuwu ue no ysaru, gicrazemo
lims,, ., =lims,, +limu,, ., =s.
n—oo n—oo n—ec
Orxe, s, npu HeoOMeKeHOMY 3POCTAHHI 1 MPAMYE A0 OAHiel # Tiei

caMol rpaHuIi, He3aJIeXHO Bif TOro, uu n mapHe, uu HemapHe. Pax (18)
36iraeTnca.
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3 1m0#HO AOBEJEHOI 03HAKY BUIIJIIMBAE YK€ BAXKJIMBUH IPaKTUYHUHI
B8UCHOB0K: TIOXKOKA IIpu o6uncieHHi cyMu 30iKHOr0 3HAKOIEePeMisKHOro
pALy He IepeBUINYE 3a aGCONIOTHOIO BEJIMYHHOIO NepHIOro BiAKUHYTOTO
YyjeHa i Mae MOro 3HakK.

Cnpasgi, 3anumioK psany 7, = t(u,,, —U,,, + U, 3 —U,,, +...) 38/I0BOJIb-
Hfe Bci yMOoBHY 03HaKH JleiOHina, AKINO iX 3a0BOJIBHAE CAM PAL:

|r'1‘ = (uﬂ+1 YY) tUp g —Upy T ) <U,. -

Ipuxxax 1. Paxg 1 - % + % -+ (- 1 +... 36ixkHUIi 3a 03Ha-
n

koo Jleitbuima: usenu Horo mocTifiHO cmajaTh i 3araJbHHUN 4YiIeH

1

1 .

(-1)"" = > 0, gosu n — . Bumora Toro, 1106 YIeHH 3HAKOIEPEMisKHO-
n

I'o pALy NocTiitHO (MOHOTOHHO) cnajaju, icToTHa.
Ipukaag 2. ITorpi6uo o6uncauru 8 Tounictio no 0,01 cymy 36ixuoro

pARy
Fev 11 1,
~ n4 24 34 44 ¢
1 1 1
Tyr u; = — > ——, ajue Bxe u, = — < ——. OTxKe, cymMy HaIIOro
81 100 256 100 1 L 1931
pagxy npeacrasiasie S, 3 Tounicrio 10 0,01: S=S§; =1- 54- + -é; = 129"

npudomy S < S, , ockinbku BenuuuHa r; = S~ §; < 0 mMae 3HaK yeTBep-
TOTO WIEHY PAAY.

§ 5. 3nako3minni paau. AOCOMIOTHA Ta YMOBHA 30LKHOCTI

Pan 3BeThCA 3HAKO3MIHHUM, AKINO cepel Horo 4jeHiB € K NORATHI,
Tak i Bin’eMHi uneHu.
Hexait MaeMO 3HAKO3MIiHHUN DAL,

Uy + Uy +Us +o U, 19)

n

Teopema. Arxuwo 36izaemobcs pad

|u1|+|uz|+|u3|+...+|u,,|+..., (20)
ciaadenuil 3 abconlomuux eenuiut yaerie pady (19), mo 36izaemucs i
pad (19).
Bizsmemo

S, =U, +U, +tU; +...+ U,

0, = [uy| + Jua| + us| + ... + [ue,
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ITosnmauumo uepes s, cymy BCix mOZaTHHX, a uepes S — CyMYV BCix
. 3 " . n y
Bi/’€MHUX WIeHIB cepel NepINNX 7 YIEHIB AAHOrO PALY, TOGTO

s, =8,—-8,, C, =8 +5s.

3a IPUNYLEHHAM G, Ma€ IPAHUINIO, OT!KE MAIOTh rPaHuNi s, i st A
Ile O3HAYAE, {0 icHye rpanvns i gaa s,. Teopemy moseneno. O6epHene
TBepJXeHHA Hecupasegiuse. JlaHuil 3HaKO3MIHHMI paAjxg Moxe OyTn
8612KHNM, a CKJIaZieHu# 3 aGCONIOTHUX BEJIMUYMH HOTO UJIEeHiB — po36ik-
HUM.

Osnavennsa 1. Pad 3e6emucs a6conomuo 36ixcHum, axuyo 36izacmocs
He miavKu 8in cam, are ii pad, ckaadeHuil 3 abCOROMHUX BeLULUH (1020
unenie.

Osnavenns 2. 3HaK03MiHHUL PAO 36eMmbCA YMOBHO 36iNCHUM, AKULO
cam pad s6izacmucs, a pad, ckradenuil 3 abCONIOMHUX 8eAUYUH 1020
YJenis, po3bicacmuca.

n

s 1
ITpuxnan 3. Pax 2 - 3 36iraeTnca abCoOMIOTHO, OCKiNbKY 36iracThes
n=1
o0 1 n
pan Y= |.
n=1 2

Npuknan 4. Pag ZT 30iraeTbca 3a osHakoiwo Jleit6uina. IIpore
n=1
PAfL, CKJIaleHUH 3 aGCOMIOTHNX BEAMUYUH HOro ujieHiB, posbiraerbes sK
rapMoHiftuuit pag. Otxe, faHuit pax 36iraeTecsa yMOBHO.
BecranoButu abconoTHY 361HICTH YHCIOBOrO pALy 4acTo-rycro
Bla€TbCA 3a AOIOMOroI0 o3Hakm JI’Anambepa, posriasgaouy rpaHuIo
MOAYJNA, TOGTO

n

lim[YrsL (21)

.
n—oe
uﬂ

Axmo raka rpaHuns icaye i memma Big 1, To pax (19) abconioTHo
30LKHMA.

§ 6. OynkuionansHi paay

Pag u, +u, +ug +...+u, +... 3BeTbC PYHKYIOHANLHUM, SKINO HOTO
WIeHU € QYHKIOiAMHU Bif x.
Hexait Ham gaHo GyHKUiOHANLHUI pAX

u(x) +uy(x)+...+u (2)+..., (22)

YIeH! AKOro € QYHKIiAMHU Big x, BUSHAUEH] Ha AeAKOMY NPOMiXKY (a, b).
Bisbmemo Oynb-fike 3HaYeHHA X = x, 3 MPOMiXKY (a, b) i o6umuciuMo
1 HBOTO WieHH psany (22). Toxi
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Uy (xg) +up(xg) + ...+ u,(x4) + ... (23)

— UNCNOBUIHN pAX. YTBOPUMO

8, (%) = uy(xp) + uy(xp) + ...+ 1, (x) .

Axmro icaye hms (x,), TO KaxyTb, mo pax (22) s3biraeTsea B TOULL

x=xy,1 103HAYAIOTE HOTO cymy depes s(x,). fAx 6auumo, 3 pyHKIliO-
HaJbHOrO paAny (22) MoxHa yTBOpUTH 0easliu yncioBux pAAiB, Gikcyoun
Ty 4M iHIIY BeJIMYUHY X 3 OPOMiKKY (a, b).

CyKymHIiCTh TMX YHCJIOBUX 3HAYEHb X, AJNA AKUX GyHKIiOHANIBHMI
pAx 36iraeTbes, 3BeThCA 06.1acmio 30iHHOCMI IHOTO PANY.

OueBuzHO, 10 06JacTh 30iKHOCTI PALY HAJNEXKUTH IIPOMIMKKOBi, Ha
AKOMY BH3HaYeHi wieHu dyHKIioHanbHOro pany. Cyma pany B obiacTti
30isxHOCTI 6yae Aesixo0 GYHKIIEIO Bif X, ToMy ii MO3HAYUAIOTH CUMBOJIOM
s(x).

Ipuxnanx 5. Teomerpuuna nporpecia 1+ x + X+ +x (3Ha-
MeHHUK Iporpecii x) 36iraerbcs aasa Oyab-AKOI BEIUYUHH X, |x| <1, T0b-
To Ko ~1 < x < 1. OTixe, obsacTio 36iskHOCTi pagy € npomixok (-1; 1),

n-1

1
a cyMa psRy KOPiBHIOE . (zus. § 1), Tak 10 MOXKHA MHUCATH

1

1 -
=l+x+x2+... +x"!
1-x

+... (24)

Ha npoMixkkKy (—1; 1). 330BHi 1KOr0 IPOMiKKY QYHKIiA - 3BUYANHO

1-
icuye, ane pax (mpasa yacTHHA PiBHOCTi) po36iKHEMIL 1A |x| 21 ipisHicTs
(24) BTpauae 3micr.
Ak i gnsa 361KHAX YNUCIOBUX PAAIB, ¥y BHOaaKy 36ixnocti pyrKmio-

HAJILHOT'O PALY MO3HAYAIOTH

8(x) - s,(x) =r,(%),
abo

8,(x) +71,(x) = s(x),

i dysknio r,(x) =s(x)—s,(x) = u,,,(x) +u,,(x) +u, 4(x)+... HA3uBa-
I0Th 3AAUUWKOM DAJY.
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§ 7. Crenenesi psau

OxpeMum, ane Kyxe BaXKJIMBUM BHIAAKOM QYHKIIOHAJIEHAX PAAIB €
creneHeBi panu. Cmenenesum padom 3BeTbCA PYHKIIOHATLHUN P BH-
TAny

g +a(x-a)+a,(x-a)’ +..+a,(x-a)" +.... (25)

Crani ay,a,,a,, +,a, -+ — Koepiyichmu cmenenegozo pady.

Yepes Te 1m0 3aBKAU MOXKHA 3po6UTH 3aMiHy X —a = x', Mu oyzemo
Hazali MaiiKe BUKJIIOYHO 3aifMaTHCs BUBYEHHAM CTeleHeBHX pAnis
BUIJIALY

@y +a,x+a,x” +axd . raxt 4. (26)

ITpu x =0 Bci unenn pany (26), kpiM mepmoro, CTAIOTL HYJASMH, OTHKE
cyMa psiny icuye i nopiBHioE a,. Inakime Kaskyun, 6yAb-AKNH CTeIEHEBUI
pan opu x =0 36ixuMii.

3’AcyeMo Tellep MUTAHHA IPo 061acTh 3G1XKHOCTI CTeeHEBOTO paxny,
AKMit 30iraeThecs He TiABKY mpu x = 0, a it IpU 3HAYEHHAX X, BiAMiHHUX
Big HyJd.

Teopema AGena. kw0 cmenenesuii pad

2 n
a, +alx+a2x +...+a,,x + ...

36izaembes npu x = x, # 0, mo 6in abconrmno 36izacmvca npu cix
3HAYeHHAX X, ONA AKUX

SNE
i Haénaku, AKwo po3bizaemuvca npu x = x,, mo 6in posbizamumemscs
npu 6cix 3HAYEHHAX X, ONA AKUX
J#l > el
HdoBepxeHH a Hexait pan (samicTs x BizeMeMoO Xy)
2
Qo+, + X, +...+ax, +... (27)
30ixkHMit. Toxi iforo saranpHU unen u, = a,x; NpAMye N0 HyId (Heob-

xizHa ymoBa 36ixHocTi, § 1) npu n — «, OTKe iCHYE TaKe JOLATHE YHCIO
M, o

<M | (28)

maa Beix n(n=1, 2, 3, ...). Cupaszi, xonu 6 Takoro yucaa M He MOKHA
6y7n0 BkasaTH, TO 1e 03HAYAIO 6, IO cepej 4JeHiB PANY € AK 3aBrOLHO
BeJIMKi 3a aGCONIOTHOIO BEJIMYMHOIO i BOHM He NPAMYIOTH [0 HYJIS npu
3pocTaHHi n.

a,%
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IleperBopumo paz (26) o surasany (MHOKKMO i Ainumo Ha xj)

2 n
X 21 X nl X
Ay + X — [+ apxy | — | +...ta,x, | — | +...
Xo Xo Xo
i posryIAHEMO psAM, CKJIafeHnil 3 aGCONIOTHNX BeJIMYMH HOTO 4JIeHiB:
2 n

a, %, [ +.... (29)
%o

X 2
lag| + |ayxo|—] + |az,
Xo

X
Radl R
Xo

3Ba)kaloun Ha HepisHicTh (28), YJeHHM IBOro PAAY MeHIII Bif Bixmo-
BiZHMX uJeHiB 36iKHOrO pALy

M+Mg+Mg2+...+Mg"+...,

x .
ae g =\—| <1 (reomerpuuna mporpecis iz 3HaMeHHHKOM g < 1).
Xo
Orixe, paj (26) 3biraeTocsa abCONMIOTHO AJS BEIUUNH |x| < |x0| , TOOTO
IJISL X 3 IPOMIiXKKY

= o] < x < ||
Ilepexomnumo Temep xo Apyroi uacturm Teopemu. Hexait npu x = x,
pan (26) posGiskuuii. Toxi Bin Gyae posbiraTucs i mpu |x| > |x0| , 60 AKOH

BiH 36irascs npu x, 110 3aJOBOJILHSIE HEPIBHICTH |x| > |x0| , TO 3a IIEPIIOIO0
YaCTHHOIO TeopeMH BiH 6yB 6u abcosoTHO 36ikHUM y Touni x,. A mme
CyIepeYuTh YMOBi, 1m0 B Tounmi X, paj posbixxuuit. Orxe, pAx posbi-
racThCA i B TOUIi X.

Cruparounuch Ha TeopeMmy AGessi, MOXKHA 3POOUTH BICHOBOK: iCHYE Take

pomaTtHe ynucao R, mjo npu |x| < R maemo Touxku ab6cosroTHOL 3613KHOCTI, a

pu |x| > R — Touku po306i’KHOCTi cTeneHeBOro pAAy.

Ipomixkox (—R, R) aBerhes inmepsanom 30ixHocmi, a yucao R —
padiycom 36ixcHocmi creneHeBoro paxy. fAkmo R = 0, iHTepBan BUpO-
IKYETHCA B TOUKY, Koau R = oo, iHTepBasioM 36i:KHOCTi € BCA WHUCIOBA
Bick. ¥ mpocTux BUMagKax pafgiyce 36i3HOCTI MOKHA BU3HAYUTH, KOPUC-
Tylouucs o3Hakomw [’ AnambGepa.

Hexait maemo paz (26). PosrnsaneMo pAf, cKIafeHUN 3 aGCONIOTHUX
BeJIMYUMH HOTo UIeHiB:

lao] +[asli| + laslf + .. +|a,

o+ (30)

Ile pAZ 3 AOZATHUMHU YJeHAMM; MY Ma€eMO IIPABO 3aCTOCYBATH O3HAKY
I’ Anambepa mas BcTaHOBJeHHs ioro 36iskHocTi. OToxe,
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el

. \u . 1 . la

lim|—2+Lf = lim " = lim n+l le .

n—oo un n—e |a""x‘ n—)ool an
an+1

IIpunycTumMo, 0 FPAHNIA BiAHOMIEHHS __a

n

icHye mpu n — co.
Tlo3nauatouu il yepes L, MaTUMEMO

a

lim{=2+Lx] = Lx| |

noel @,
3a oznakoio JI’ Anambepa paz (30) 36ixanit Toai, Konn L|x| <1, ro6ro

1 . . . 1
KOJIH |x| < T’ i poabikuul, KOJIH lei > 1, To6T0 KONMU |x| > - Orxe,

11
AT A inTepsasoM 36iKHOCTi CTemeHeBOro psxy, a #oro paaiyc

36ikHOCT

= lim—2—. (31)

IInranHs npo 36ixHiCTs pAAY HA KiHIAX NPOMiXKKY, TOOTO IpU X = -R
ra x = R, samumaerbca BigKpuUTUM. BOHO BHMpIlIyeThCA OKPEMO AJA
KOJKHOTO KOHKPETHOTO CTelleHeBOI'0 PAAY.
o n
Mpuxaan 1. Pan 2 l(f Mae pagiye 36ixkuocri R = lim 3+l =3.
n=1 n{ 3 n—yeo n
O61acTio 36i2KHOCTI aHOr0O PAAY € NMpoMixkok —3 < x < 3.

TIpuxknang 2. Pax 2 nlx" s6iraerbca auiie B Touni x, = 0, ocKiabKH
n=1
R=0.

el n

x
IIpuxaan 3. Pan Z—n—' 36iracThCA IPHU BCiX X, OCKiNIbKH R = oo,
n=1 *
B iurepsaini 36ixkHocTi: 1) cyma cmenenesozo psady € HenepepeHoio
dynruyielo; 2) cmenenesuil pad MOXHA NOLLEHHO inmezpysami, To6TO

AKIIO0

f(x)=a, +a,x +a,x" +...+a,x" +..., (32)
TO
a;x’ | a,x’ a,x""!

If(x)dx=C+a0x+ 2 + 3 +...+ ,’l‘+1 +..., (33)
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ne —R <x < R; 8) cmenenesuil pad moxra nowrenno dupepenyirneamu,
T0OTO KOJIK AJsA X 3 npoMixkKy (~R, R) cupaBenausa pisuicrs (32), To

f(x) = a, +2a,x + 8a,x* +...+na,x" " +.... (34)

IIpu npomy inrepBan 36ixxkHOCTi paxy (33) un pany (34) Toi cammii, 1o i
pany (32).
HJoBenenus mioitHo chopMySILOBAHUX BJIACTHUBOCTEH CTENEeHEeBUX PANIB
YUTaY MOXKEe 3HAWTH B OiJIbIII MOBHHUX Kypcax MaTeMATHYHOTO aHaJJi3y.
Pazn (33) Ta (34) 3HOBY 2K TaKM € CTENEHEBUMMH PAAAMH, i TOMY oIle-
painii mo4JeHHOTo iHTerpyBaHHA Y¥ AUGMEPEeHIilOBAHHA MOMKHA 3aCTOCY-
BATH 10 HUX IIOBTODHO.

§ 8. ®opmyna i pan Teitnopa

®opmyna Teilnopa nae 3Mory mojaBaTH HaOJAMMKeHO QYHKIII y BU-
TJIAAL MHOTOYJIEHA 1, KOPHUCTYIOUNCH UM, CKJIAfATH TabJaUIi Jorapudmis,
3HaYeHb TPUIOHOMETPUYHUX (DYHKIIiH, KOpeHiB i T.mm.

®opmynaa Teiinopa gas maorousena. Hexait f(x) — mMHOrousex cre-
TeHd n: '

f(x)=a, +a,x+a,x* +a,2° +...+a,x", (35)

ne a4,a,,4a,,...,a, — CTai.

IloksaBmu B piBrocTi (35) x = 0, aicranemo

a, = f(0).
Hudepenninioun ToroxHicTs (35) no x, MaTuMeMo

f'(x) = a, + 2a,x + 3a,x* +...+ na,x"".

ITpunitaasmu Tyt x = 0, gicraHemMo 3HAYeHHHA 4,:
a, = f(0).
Hpyre pudepeHiloBaHHA fa€
f(x)=1-2a, +2-8a,x + ...+ (n - )na,x"%,
inpux=0
(0
o =1O
1-2
IIponor:xyroun nocaizoBHo 1i onepaiii, 3HaiigeMo
"0 V(o
oL@ 17O
1-2-3 1-2-3:-4
ir. n. Ioxixgua n-ro nopanry Gyzne

13 Bacunsuenko 1. I1.



394 fnasa 11
f®(x)=1-2.83---(n-na,,

TO6TO — BenMuMHA cTana, Tak mo i f*’(0)=1-2-3..-na,. 3Biacu

__ ™
"7 1.9.8...n" (36)
HMincrasnaouu 3Halizeni sHaveHHa KoediieHris ay,a,,...,a, y pis-
Hicts (35), aicranemo
(n) 0
f(x) = f(0)+f(0)x+f( ) +...+———f——(—)———x", 37

1.2.3.--n

ITe € okpemum BUMALKOM (bopmynn Teitopa 1yisi MHOrOYJIEeHA.

®opmyana (37) BigpisHaerncs Big dhopmyan (35) auumie crocobom 3a-
nucy koedinienrtis. IIpore mu Gaunmo, mo KoedilieHTH MHOrousena
TIIPOCTO IOAAIOTHCA Yepe3 Horo 3HadeHHs i 3HAYEHHA HOro MOXiAHUX y
Touni x = 0.

MosxHa mogaTu koedillieHTH MHOrouieHa yepes Horo sHaueHHA i 3Ha-
4YeHHA HOro noxigHux y 6yab-sakiit Touni x=a, BigMinHii Bix Hy150B0OI.

Hanpuxinan,

f(x)=A, + A(x-a)+ Ay(x-a)’ +...+ A (x —a)". (38)
Hicranemo gopmynry Teitnopa dns muozounena:
fr (a) 2 " (a) n
f(x) = f(a) + f'(a)(x - a)+ ( -a) +---+m(x—a) . (39)

IIpu a = 0 BoHa nepeTBOpwOETHCA Ha Popmyay (37).

Npnkxax 1. Poskmactu muoroune f(x)=x*—-5x°+x>-8x+4 3a
cTeneHaMu JgBousieHa x — 4. Tyr a = 4.

Maemo

f(4) = -56; f(x) =4x® -15x" +2x-3; f(4)=21;
f(x)=12x* -30x+2; f"(4) =

7(x) =24x - 30; f"(4) = 66;

P (x) =24 f"(4)=24.

IlincraBnarouu Bupasu Koedimicuris y dopmyay (39), maTumMemo

- 3 -
T2 234(x %,

f(x) = —56+21(x—4)+_13§2_(x_4)2 .\

abo
f(x) = (x—4)" +11(x - 4)® + 37(x — 4)? + 21(x —4) - 56.
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®opmyna Teitmopa nas posinpnol gpynkrnii. Popmyna (39) cripaBen-
JMBA JUIe AJIA MHOTOUJIeHa i 4o inmux QyHKIiN He 3aCTOCOBHA. OpHak
I PYHKIL, 10 Ma€ NOXifHI A0 n-ro NOPAAKY BKJIIOYHO B TOUIll X = a,
MOKHA, 3BHYAIIHO, BUIMCATH TIPABY YacTUHY piBHOCTI (39), Tinbku 3100y-
it BMpa3 He KopiBHIOBaTHMe HaHiil pyHKUii. BussiageTbcs, MmO 3a NeB-
HMX YMOB Ieil BUPa3 Aae HaGIKeHy BeuunHy GyHKIil i moxubka Ha-
GAMMKeHHS MifAacTbCa CTPOriid OIiHIN.
Ipunycrumo mo GyHKuia f(x) Mae IOCAiAOBHI noXinHi A0 (n + 1)-ro
HOPALKY BKJIIOYHO B J€KOMY IIPOMiXKY, 110 MiCTHTE TOUKY X = 4.
Toxai MmoxkeMO HanmucaTH
” (n) n
f) = @)+ F @) -a)+ LD (x—ay 4.+ [@E=0)
1-2 1-2--
ne popaHok R (x) — pisHHLs MiK QyHKIi€ f(x) Ta MHOTOYJIEHOM
” (n)
f(a) +f’(a)(x—a)+f—(—“l(x—a)2 +...+—fl)—
1-2 1-2:--n
Bupas ansa ¢pysknii R,(x) — ii 3BYTb 3AAUWKOBUM LIEHOM — 1A€
BeJMYMHY IOXMOKM mpu 3amii ¢ysknii MHOrouwrenom (41). Jlarpanx
3aIIPONIOHYBAB 3aJUIIKOBUI YJIeH Y BUTJAAL

+ R, (x), (40)

(x—-a)". (41)

R (=170 (o gy

(n+ 1) ' (42)
Migcrasagioun itoro y dopmyay (40), aicraremMo piBHICTH
(n) _ n (n+1) _ n+l
1) = (@) + F(@)x - @) + ...+ [ @EZA)"  FT O -0 - 45

1-2.3n  1-2.3--n(n+1)’

AKa 3BeThcH opmynoio Teilaopa i3 3a UULKOBUM LNEHOM Y POpML Ja-
zpamica.

Pisnicts (43) BizpisHsaeTscsa Bix dopmynu (39) TinpKku ocTaHHIM Yie-
HOM: BiH Mae Taky caMmy gopmy, Ak i iHuil wieHy, ase noxifHa oGuncieHa
He B TOULi X = @, & B IIPOMiXHi# Touui ¢ Mixk a ta x. Akmo a = 0, To
HiCTAHEMO OKpeMHil yXe BaXXJWBUI BUnajok dopmynu Teisopa:

4 2 (n) (n+1) n+l

F) = 1)+ PO+ LOF Ly T7O ) 77 OFT

1.2 1-2---n 1.2.3.--(n+1)
e ¢ — uYucio, L0 3HAXOAUTHCSA Mik HyJeMm Ta x. IHOml samucyioTb B
npoMy BHOaAKy ¢ =0x, 0<6<1.

Ipnkaan 2. Buaiitu dopmyay Teitnopa npu a = 0 ana pyHKUii
f(x)=e".

Maemo

fxy=e*, @ =e..,fPx)=e", " (x)=e".

(44)



396 Mnasa 11

ITpuitaasinu x = 0, gicranemo
f@®=e" =1, f(0)=1, fx)=1,.,7f"0)=1.

Orxe, hopmyna Teiinopa (44) ana GyHKIIT e* MaTUMe BUTAL

x2 xa xn eexxn+1

e“f=1l+x+—+——+...+ + .
1-2 1-2-3 1-2-3+n 1-2:3---(n+1)
Hpuxaaz 3. 3uaiitu dopmyau Teiinopa ana bysknii f(x) npua = 0:
a) f(x) = sin x,
3 5 _1)yr-1,.2n-1
ud + X -+ ()™ R,,
1-2.3 1-2-.3-4-5 1-2-3---(2n-1)

(45)

sinx =x -

(46)
ne
sin[6x+2nﬂ]
R = 2]
" 1.2.83(2n-1)-2n

6) f(x)=(Q1 + x)", ne m — Oynb-AKe AificHe umcio (BiamMinHe Bij 1ino-
ro ZOAATHOrO),

xZn, (47)

’

mm-1) , mm-1)(m-2) ,

Q1+x)" =1+mx + %4 S
1-2 1.2-3
mm -1 m-ntl) ., p, (48)
1-2.3.--n
ae
m(m-1)...(m-n+1)(m-n)1+06x)" " .,
R = .
(%) 1-2.3.-n(n+1) x" (49)
B) f(x) = In(1 + x),
In(1+x)=x—£+£_£+...+£+R(x) (50)
2 3 4 - n n ’
ne
R (x)=+ A0 h
" - n+1 ’
r) f(x) =cosx,
x2 x“ (_l)nx.?n

cosx=1-

+ -+ +R,(x),
1-2 1.2-3-4 1.2-3---(2n-1)2n
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e
cos [ex +(@2n+1) —’25]

(2n +1)!
Mpuxnan 4. 3anucata QYHKLIO y

R, (x) =

2n+1

=3%/x y BUrAaai MHOrO4JEHa II’A-
TOro CTeleHs BifHOCHO ABoujeHa X —1.

1
O6yucanmMo 3HaueHHs QYHKIIL f(x)

= x3 Ta Ii moxigHUX MO m’ATOrO
HOPAAKY BKJIIOUHO OmpH X, =1:

=1 f’(x)=l f(1)— ; f(x)——%x 3, f"(1)=—3;

10 -2 80 80
f7(x) = PR 3 f(l)—— f"’( xX)=-—=x 3, s 7)) =-—;
. 81 81
880 -5 880
X H =
7 (x)= MO 343"
Orxe, 3a popmyJioto Teitsopa gicranemo
10
-—1+— - ——(x-1*+ -1)* - -1)*+
Ve (x-1) 92v(x D+ o g g 4x(x b’
880 s
+243‘5!(x-5) +R,,
" (c) 12320 -Y
me R, = 6§ (x—l)“:—mc 3(x-1)°% 1<c<ux.

Hpuxaax 5. O6uucauT 3 TOUYHICTIO 70 10~ HabamxkeHe 3HAUEHHSA
§29.

3anumeMo 3afaHuil KOPiHb Tak:

320 =427+ 2 =#27(1+-2%j =

Buxopucracmo 6inomiansauit poskian (48)

Hexann x = 7 i m = —, micraHeMoO

. 2.2.2.5 2'.5
+ —-——t..+ R, |-
1 81 81
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, 3Ha-
XOOMMO

3-2.2

R, | < —~ a7 < 0002, 3[1'%2|<5-3'—2;—2—'3—'é

81°

< 0,0003.

Or:xe, anst oOUKCIEHHA i3 3aaHOI0 TOYHICTIO AOCTATHBO B3STH TPU
4jeHHu, AKi mepenyioTes sanumkry R,, TobGTo %/59— ~ 3(1 + 0,024 -
-0,0006) = 3,072.

Pan Teinopa. Ilpunycrumo tenep, mo pyuxnia f(x) mae noximni
BCiX MOPAAKIB y AeAKOMY IIPOMIXKKY, III0 MiCTUTh TOUKY X = a. Toxi pis-
HicTs (43) Oyne cupaBenBa i OYAb-AKOTO X 3 ILOT'O IIPOMIXKKY 1 BJs
Oyab-AKOTO Nn.

IToznaunmo

0
" (a) (x-a) (52)

Pn(x)=f(a)+f(a)(x—a)+...+m s

oTHxKe,
f(x)=P,(x)+ R, (x).

3anumkosuit uwreH R, (x) = f(x)— P,(x) nae BeJUYHHY IOXUOKHU, AKY
pobumo, Gepyun P,(x) sa HabaumxkeHy BapricTh GyHKUiI f(x). Aximo
BeJIMYNHA 3aJMIIKOBOrO 4ieHa R, (x) HeoOMexkeHO IPAMYE JO HYJIS IIPU
30iMbIIeHH] yHuca n, TooTo

limR, (x)=0, (53)

KOJIM HeoOMesxeHO 36iabmyeThea KinbKicTh uieHiB MHOrounena P, (x),
o ix 6epemMo ansa obuucaeHHa QYHKIII, TO 1le 03HAYAE, 10

lim[f(x) - P,(x)] = 0.
Or:xe, dyHKIiA f(x) € cyMOIO pARy (AKIO BUKOHYETHCA PiBHICTS (53))

f(n)(a)

f() = f(@) + fl@)x ) + .t oo

(x-a)" +.... (54)

Biun mae uasBy pady Teiinopa 0as ¢ynruyii f(x).
Axmo B3aTu a = 0, gicraseMo okpeMuil iforo BUNaJ0K:

B , f/Ox* 0"
f@) = FO) + F(O)x + bk

Sk BugHO 3 monepenHboro, pax Teisopa 306parkye naHy (GPyHKIi0 TOAL

(55)

i Tinbku TOAI, KoM hm R, (x)=0. fdxmo hmR (x) # 0, To xou psaj (54)
uH (55) moske OyTH 361mHnM npore fioro cyma He fOpiBHIOBaTHME f(x).
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§ 9. Po3Bunenns fedaxnx enementapuux Qynkuiii B pan Teiiopa
Ta HaO/DKeHi o0uHCAeHHs

1. Tpeba possuuyTtu B pan Teinopa f(x)=e". V § 8 (upurnan 2)
BCTaHOBJIeHO hopmyiy (45)
2 n Bx _n+l

. x X e*x
e =1+x+——+...+ +
1-2 1-2.83-n 1-2.3--n(n+1)’

Aae

8x ..n+1

e x
1-2.3.-n(n+1)’

e . Y . ]
IIpu 6yap-axiit dixcopaniii BeuunHi ¥ =a e ° — oOMeXKeHa BeJTUYNHA
(mMenma 3a e npu a > 0 i 3a oguHumio npu a < 0). Yepes Te mo pax

R, (x)=

2 n n+l

x x x
1+x+ +...+ + +...
1-2 1-2-83--n 1:2:3---(n+1)

n+l

x
a6coIoTHO 36iKHMI A BCiX X, HOro 3aranbHui YWieH T 5 o 7o . 11
A ’ 1.2:3(n+1)

IpAMYE [0 HYJA OpU n — oo Ta 6yAb-AkoMy x. A Tomy i R,(x) npamye
IO HyJS OpU n — o AJas 6yas-sikoro x. Maemo ocTaToyHO AisA OyAb-
SAKOTO X

2 3 n

x x x
ef=1l+x+—+ +

eit——+
1-2 1-2-3 1.2.3--n

(56)

flxkmio y dopmyai (56) BisbMemo x = 1, micTaHeMO HeCKiHUEHHUH pAL

U1 4HMcJia e:
1 1
e=1+1+—+
1-2 1-2-3

Yum 6inpine BizbMeMo 4jeHiB Iboro psay, THM TouHime Oyzne 3Ha-

yenHda e, Ilpu n = 8, T00TO B3ABIIN
1 1 1
+ +...+

1-2 1-2-3 1-2.3-4.5-6-7-8
i BUKOHABIIY BiANIOBiAHI OOUMCIEHHA, MATUMEMO

e~ 2,71828.

+ e,

ex1+1+

Binbir Touna BeIMYKUHA

e =~ 2,718281828459045.
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2. Ananoriumo 3rigHo 3 dopmynoio (46) maeMo

x3 x°

sinx=x- + — e
1-2-3 1-2-3-4-5

(57

SIk mpukJax obuncInMO sin12°. V pagiaumiit mipi
p p

OTHe

3 5
T K
. o .. m (15) (15)
sinl2” =sin— = — - +
15 15 1-2-3 1-2-3:-4.-5

Hicranu uucinoBmit 3HaKonepeMikHuit pag. O6mexkyoounch JBOMa 4ie-
HaMUu paxRy, 3Han1eMo

sin12° = 0,207910.

3 AKo10 TounicTIO MM Aicramn sin 12°, CKiMLKM TYT NPABMILHUX 3HAKIB?
Psan saaxkonepemixkuuit, moxubka He IepeBuilye 3a aGCOIIOTHOIO BeJINYH-
HOIO IIepuioro 3 BigKuHyTHX uieHiB (§ 4)

&)

—— x0,000003 ,
1-2.3-4-5

oTXe, Hepili I’ATh JeCATKOBMX 3HAKiB NPABUJIbHI.
3. Po3BuHEeHHA 3rigHO 3 hopmysnolo (48)
mim-1) , m(m-1)(m-2) ,

1+x)" =1+ + + +.
(1+x) mx 1.5 x 12.5 x (58)

cupaBefJnBe IJIA 3HAYEHB X, 1[0 CIAPABIXKYIOTh HepiBHICTH |x| <1.Pax
(58) 3BeThCA GiHOMHUM padom. AKUI0 m € UiAUM JOZATHUM YUCJIOM, TO
pan (58) mepepuBaETHCA HA WIEHI n = m i MepeTBOPIOEThCA V BifoMy 3i
mKinbHOrO Kypey dopmyany 6inoma HeioTona.

3a pomomoroio paay (58) anobyBaroTh KOpeHi 3 6yAb-AKOIO TOYHICTIO.

IIpuxaan 1. Ipunyctumo, mo Tpeba obumcautn 369 . Bammmemo
el KopiHb y BUIIIAAL

1
%/@:3J64+5=3J43+5=4s1+%=4(1+-5—)3,

43
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, i Tomy arigno 3 popmyroro (58)

1
V panoMy BUNAAKY m = —é, x =

MaTHUMEMO

R L ___é(é'l](iji

1.2 64

O6MeKUBINNCH TPHOMA YWICHAMHU PO3BHUHEHHS, JicTaHEeMO
369 ~ 4,10144 .

3a TabaHuUAMH i3 cbOMa 3HAKAMH 269 ~ 4,1015659 .
4. Ona dyHKOil f(x) = cosx MaeMO pAX

2 4 6

X X X
—1- -
cosx=1-13%1234 128456 (59)

Npuknag 2. O6uucaIUTH 3 TOYHICTIO RO 107 cosb’.
Banumemo poskaan GyHKnii f(x) = cosx 3a dopmynomw (59) i nixcra-

2
2n k3 1
BUMOBHEL X = 5 - —— = — . MaTMeMo cos5’ —cos——l —+
4

360 36 36 36
L ! 1
+| = =+
(36) 4!
1

2
Ockinpxu X l— = 0,003808, LI R 2,5-107%, obme:kumoca
36 2! 36 ) 4!

OIBOMA 4JIeHAMU PO3KJAaAy, Ipu IbOMY IIOXPI6Ky MOKHA OI[IHUTHU TaK:

4
|R4|=cos6xx4S T _1_<2,56.
4! 36, 4! 10
n ? 1
Omxe, cosb’ ~1~-| —| -==1-0,00381 = 0,99619.
36 2
5. PiBHicTb
In(1 x 2 x 60
nl+x)=x—-—+——-"—+...
l+x)=x st 31 (60)

cHpaBeAJuBa JJIs BCiX X, M0 BiANOBiAaOTH HepiBHOCTi

~-l<x<1.
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3oxpema, Iipu x = 1 MmaeMo

m2=1-1,1 1. =
2 2

§ 10. Jeski 3acTocyBaHHA CTeneHeBHX PALiB

InTerpyBamns ¢dynxuii. Bigomo, 1110 He KoxkHa eneMeHTapHa (QyH-
Rnizs{ inTerposHa B ejeMeHTapHuX GyHKNiax. Hanpukaanx, ¢yHKnia
€™ HemepepBHA IIPH BCix x i Ma€ nepsicHy, AKa He € eJleMeHTapHOIO QYHK-
iero.

X
IIpuxaax 1. Inrerpan Je‘*zdx 0o6uUMCcIUMO Uepe3 DPO3KJIaJaHHA
[
niginrerpanbHol (PYHKIIII B cTeneHeBHi pAJ i moujeHHe HOro iHterpy-
BaHHA. ko B TorokHocTi (56) samimmtm x Ha -x°, To micTamemo
piBHicTB

o0 n ..2n
- _ ZM, (61)
n=0 n!

AKa Mae Miclle npu Beix x. IHTerpyemo 1ioro nouseHHo, onepxumo ¢op-
Myy

2n+1

_[e"dt 2( 1" Itz"dt Z( h

n=0 n!
AKa r1pu 6YJ.II>-SIKOMY X Ja€ nmpeacraBJeHHA 3a3HAUYEHOI'O iHTerpana Y BU-
I‘JIﬂ}Ii HECKiHUEeHHOro CTEIeHEeBOT0 pany.

. . . sinx
Hpuxaax 2. 11106 o6uncauty B Mexxax Big 0 no x inrerpan Big pa

posKJazeMo 10 GYHKIiI0 B CTEIEHEeBUH DAL,
o0 l)n x2n
2n+1)

. sin x
Hinenuam pany (57) va x xicranemo =

ITouseHHUM iHTErpyBaHHAM 3Ha17111eM0

x x
. t oo 1 ntzn oo _1 nx2n+1
J-sm dt:ZJ'Ldzz (-1 _
ot ion 2n+ 1)t =S@Cn+1)(2n+1)
Po3kpurra HeBM3Hauenocteit, OGuncnenHsa rpanmui Gynxnii sa go-
IIOMOTOI0 CTEHEeHEeBOro PSAAY 1JIIOCTPYEMO IPUKIAAOM.
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cos2x -1
Hpuxxan 3. [loTpi6uo o6umcauru rpagumio L = lim m _%T .
x>0 ¢ x

PoaskaanemMo B cTeneHeBi pPAAN OKPEMO tII’IC(EJH::I-II/IIC i 3BHaMeHHUK APO-
6y i BI/IJUJH/IMO B HMX 3arajJbHUU MHOXHUK x

cos2x—1 _ (L=gpdx’ + 55162 -1 xz(—2+%x2—...)

. = =
f-1-3xr  (143x+2x2+.)-1-8x x*(2+2x+.)
21 2 2
Cxoporumo api6 Ha x%, moriM MOKJIageMo B npaBiii yacTuHi miel
pisrocTi X = 0 i, KOPHUCTYIOYNCH HETIEPEPBHICTIO CYMH CTeIIeHeBOTO PAAY,
4

nicragemo L = 9

§ 11. Qopmyan Eiinepa

Ilns gificHUX 3HAUYEHL X MM BCTAHOBUJIN TaKe po3BuHeHHSA (§ 9):

Jc2 x3 x* x°

T=ltx+— + + +
12 1-2.3 1-2.3-.4 1:2:-3-4-5

3a aHajoriero 3 mielo piBHICTIO NpUtMEMO SK O3HAUEHHA QYHKIIL e¥
(i3 cyTO yABHUM IOKA3HMKOM) TaKy PiBHICTb:
. .2 s 13 214 s \D
SRS/ C) B ) I (') R "))
1 1.2 1.2.3 1.2.3-4 1-2-3-4-5

(CupaBepiuBicTs il 06rpyHTOByETHCA B Teopii pAAIB 3 KOMIIEKCHUMU
YjleHaMH4, BUKJAAEHHS AKOI BUXOAUTH 34 MeKi 1[bOro MiApYyYHHUKA.)
IIpote

i2=-1, ¥=iti=-i, i*=i*i’=1, *=i'"i=iiT A,

a ToMy

e =1+iy—>—-i + +i — e,
1-2 1.2.3 1-2.3.4 1.2-3-4-5

abo

2 4 3 5
O PR AR A P (P A )
1-2 1-2-3-4 1.2.3 1-2.3-4-5

B3paskaroun Ha piBHocti (57) Ta (59), MokeMO HanucaTH

e¥ =cosy+isiny. (62)
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Ao B 1ifi dopmyni saminuTé y Ha -y, 3HaHAEMO, BPaXOBYIOUU
napHicTk GyHKNii cosy i memapwicTh siny,

e = cos(—y) +isin(-y) = cosy —isiny . (63)

®Dopmyan (62) Ta (63), aki Mo’ A3yI0TH MOKA3HUKOBY QYHKIIiIO 3 TPHU-
TOHOMETPUYHUMH, 3BYTh opmyramu Eiinepa. llizninie Mmu numu dop-
MyJIaMU CKOPHUCTAEMOCH.

Konmpoavni 3anumanns i 3aedannsn

1. IITo HasuBA€ETHCS YUCIOBUM pAxom?
2. IITo Ha3WBaETHCA N-10 YACTUHHOIO CYMOIO YHUCJIOBOrO pPAAYy?
3. Axuit yncnoBMit paAx HasUBAETHCA 30iKHUM?
4. ITTo € HeoOxinHOIO yMOBOIO 30iKHOCTL uKUCIOBOrO PARY?
5. HaasiTh gocrarHi ymoBu 36i3xHOCTi, AKi 6a3y10ThCA HA NOPiBHAHHI
pAanis.
6. Hassith o3naky I’ Anambepa 36i:kHOCTI pAAiB.
7. SIki psigu HazuBaOTLCA 3HaKonepeMixkuuMu? Hasexite mpukiagu.
8. Chopmysaroiite o3Hary JleiibHiua 36ixkHOCTI 3HaKOIEpeMiKHUX
paxis.
9. fki 3sHakonepeMikHi pAIN Ha3MBaAIOTHCA A6COMIOTHO 301:KHUMMU?
YMoBHO 36i:xHUMHU?
10. [aitre 0o3HaueHHs CTeNeHEBOro pany ta obsacti foro 36iskHOCTI.
11. fIx suaiiTu obsacts 36i)KHOCTI cTeneHeBoro paay?
12. 3anuuiiTe po3kjIafaHHA B cTeneHeBuil paj GyHKLil e*, sin x, cos x,
1+x)", Ind +x).
13. Ak szabesmeuyeTscst HEOOXiHA TOUHICTD IIPU 3aCTOCYBAHHI cTene-
HEeBUX DPAAIB y HaOMHKEHUX o0umcieHHAx?

Ilpuxaaou po3e’szyeanns 3adau

o0 5nxn
11.1. Hamucatu nepiui Tpu 4ieHH PAXY Z__—_n23" , 3HAWTH iHTepBaN
n=1
36i>kHOCTi pagy i pocaignTy ioro 36ikHicTe Ha KiHUgX iHTepBady.
Bepyun nocaigosHo n =1, 2, 3, ..., sanuinemo et paja y Buriaagi
5x . 52 x? N 528 - 5" x"
1.3 22.32 3%.3° 7 p?.3"
HOnsa snaxopxenHsa obmacti 36ikHOCTiI pAAy 3acTocyeMo 03HaKy
JI’AnambGepa
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5, 11 n? 5
= —|x lim——= —|x|
3" lnio=(n+1)* 3

1 _.n+1 2 n
. u | | 5t n?. 8
lim|—241 = lim
now| w, | noel(n+1)7 8" 57

Nanuit pag abiraerscs aGCONIOTHO DKM THX 3HAUYEHHAX X, AKi 3aj0-
BOJIbHSIIOTH HEDiBHOCTI

S1d<1, a60 || <2, a60 - 2<x <2,
3 5 5 5
Iocaigumo 36ixHicT Ay Ha KIHIAX ofepkanoro intepsany. Ilpn

- 1)
X = —-g na}[}{n paxR HaﬁyBae BHUTIARY 2 n
n=1

OcTanniii paj 3HakonepeMi>kHuil; abconOTHA BeIUYUHA 3arajJibHOrO
yjIeHy IPAMYE A0 HYJS, AKIIO L — oo,
Ormxe, arifgHo 3 ozHakolo Jleiibuina 361 HOCTi 3HaKONEePEeMIKHIX PAAIB

. . 3 . .
ueit pax 3biraerbes, Tobro x = —-g HaJeXUTh obJacTi 36i2KHOCTi KaHoro
pAARy. -
Ilpu x = s et psx HabyBae BUIAALY z? i 36iraersca 3rigHO 3
n=1

03HaKoo mopisHaHHA (11).

3 3
Orixe, — 5 <x< E — obGacTs 30i2KHOCTL faHOTO pAAY.

sind/x

11.2. O6uucauTn j dx 3 tounicrio g0 0,001.

3anuiiemMo m,um'rerpanbny dyuxnio y BUrIAAl cTeNeHeBOro pAAYy.
Baminumo B posknazi pynkuii sinx Ha sin Yx maemo

el 2 N O
3l

5! [t
Toxni
2 4
x 3! 8l m
2 4
1 . 3 1 2 3 3
JSln\/;dxzj. x3_..1_ x__f_ dx =
. ox : 3 5 M
7 1
1 x  3x% 3x? 1 1 1

+ —+ ... 3——+ - +
3t 515 LT 6 200 11760

0
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Ojpep:xaHMil 3HAKONEPEeMiKHUII pAJ 3aJ0BOJIbHSE YMOBH TeOpeMH
Jleit6rina. OckinbpKu yeTBEepTUH HOro 4jeH 3a abGCOJIOTHOIO BEJIUUHHOI
meHme Hix 0,001, To gaa 3abesmedeHHS 3aJaHOI TOUYHOCTiI AOCTAaTHBO
BubOpaTu nmepuri Tpu wienu. Toxi

3
jsm‘/— ~3-1, 1 _og34,
6 200

3adaui i enpasu daa camocmiitnoi pobomu

3HaiiTi cymMu psAAiB, AOBiBIIM, 1110 BOHU 36iraiorscd.

= 1 S 1
11.3. z; @n-1@2n+1) - 114 2; @n-1)@2n+5) "
Hocnigutu 306ikHicTs PAAIB 3a JOOMOr0OX O3HAKU NOPiBHAHHSA.

= 1 = 1 = 1
11.5. 2;2 — . 1L6. Z;3n—1 117, ;—m(nn)-

” 1
11.8. 2; ESTEIVIE
Iocaiguru 36iHicTs pAAiB 3a gomomorow oguaku [I’Anambepa.

2
11.9. Zzn.nlo Z(2n+1), 11.11. Zg—n. 11.12. Z(HI);

n=1

) 2 1-3-@n-1)
11.13. 2; o ,n! 1114, T

n=1

HocaiguTh, AKi 3 BKasaHuX psAAiB 36iraroThca aOCOMIOTHO, SIKi YMOBHO,
AKi po3bixkHi:

11.15. Z(—l)"+1

1
1Il+ —
-

2n-1"

w ;’y—a

n+l 2n’

+1
11.17. 2( 2218, 2( 1)"*‘ .11.19. Z( 1)

_1"__
11.20. Z{( )J;‘

3ualiTi ob6sacTe 361’KHOCTi cTeneHeBUX PsAiB.

11.21. Z( 1)"+l . 11.22. Z

n-1
n=1 0

. 11.23. 3 2rig2e,

n=1
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n

11.24. i(n—m""x"". 11.25. i
n=1

n=1

x w n
—_—— nx
D 1126 21( )",

11.27. PosknacTi MHorouneH x° +3x®—-2x+4 3a cremeHsaMH ABO-
yneHa x+1.

11.28. Poaxnactu MHOTOWIeH x'° —3x° +1 3a cTeneHAMH ABOYIEHA
x -1 1

11.29. Hamucaru dopmyay Teitsiopa n-ro nopaaky aad Gysxuil y = P
AKIO X, = —1.

11.30. Hanucaru dopmyny Teiinopa n-ro HOPAAKY AJA GYHKIil
y:,/;,mcmo x, = 4.

11.31. Posknactu byHKnio y = l y pap Teiinopa B OKOJi TOYKH
x
x = 3.
11.32. Poskaactu dyuknio y = x’e” y pan Teilnopa B OKOJi TOUKH
x=0.

11.33. 3maitTu nmepmi m’arte wieHiB psaay Teitnopa gna GYyHKNIL
y = e** B okoui Touxkn x =0,

PosksiacTi B cTeneHeBMil paJ 34 CTeMeHAMHN X PyHKIIi:

11.34. y=¢>.11.35. y=e™*.

11.36. y = cos’x . 11.37. y =In(10+ x).

O6umcanTi HaOJUKEHO:

1
11.38. % 3 rounicTio xo 0,00001. 11.39. cos18° 3 Toumicrio Ao

0,0001. 11.40. Y130 3 Tounicrio go 0,001. 11.41. In1,04 3 TouHicTIO
o 0,0001. 11.42. In5 3 rounictio g0 0,0001.

O6uucanuTy HabIMKEHO 3HAUYEHHA BH3HAYEHUX iHTerpajis, B3ABIIN
BKasaHe YKCJIo WieHIB posKIady miginrerpanbHoi dyHkruii; smaiitTu mo-
XUOKY:

1

2 ex
onz e dx (3unenm). 1145, | 4%
0,1

X

11.43.

dx (3 unenn). 11.44,

DR Sy [
O S

sin x

0,2
(6 ugenis). 11.46. O6uncauTu .f dx 3 tounicrio mo 0,0001.
(4]

X

01

11.47. O6uucautu je -1
0

dx 3 rousnictio xo 0,001.
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Bionoegidi do 2aaeu 11

1 1 1 1 1 1 1
11.3. S =—(1———-); s=1.114 8§ =2[1+2+2- -
"2 2n+1 2 " 6[ 3 5 2n+1
1 -——1——-—; S=-2—§-. 11.5. 36ixkunii. 11.6. Posbixanii.
2n+3 2n+5 90

11.7. Pos6isxkauit. 11.8. 36ixumnit. 11.15. 36ixkauit ymosHno. 11.16. 36ix-
Huit abcosorso. 11.17. Poa6iskuuii, 11.18. 36ixunit abcosmorso. 11.19. Pos-

6isxmuit. 11.20. 36ixuuit ymosso. 11.21, -1 <x<1,11.22. -10< x <10.

11.23. —\—/2—_2—<x<—‘g—§. 11.24. —%<x<%. 11.25. -1<x<1.

11.26. x =0. 11.27. (x +1)® - 5(x +1) + 8.
11.28.  (x—1)'° +10(x —1)° + 45(x - 1)® + 120(x — 1)" + 210(x - 1)® +
+249(x -1)* +195(x —1)* +90(x ~1)® +15(x - 1) = 5(x - 1) - 1.

(x+1)"!

11.29. —1-(x+1)—(x+1)% == (x +1)" + (1™
[-1+08(x+1)]

n+2?

0<6<1.

-4 (x-49° (x-4) ey Cr DA

11.30. 2 + )
64 512 nl(n - 112"

+ Rn,

ne 0<6<1. 11.31. 5—;+—-...+(—1) . AR

3 4 n+l 2 4
11.32. 2+ 4% 4 v % . 11.33. d1-* 4% _ |
TR n-1) 2

2 n-1 4
11.34. 1420+, L@ L 11385 1-x24F_
21 (n-1) 2

2(n-1
n+l x(" )

+ED (n-1)

4 2n-1 _.2n
s 1136 1|22 -89 L ymZ 2T
2 4l @n)!
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2 n
A A | (L . S
10 2-10° n-10"
11.39. 0,9511. 11.40. 5,066. 11.41. 0,0392. 11.42. 1,60940. 11.43.
0,3230, noxubxa 0,0001. 11.44. 0,24488, moxubka 0,00001. 11.45. 3,518,
moxubka 0,001. 11.46. 0,1996. 11.47. 0,102.

11.37. 1n10+[ +:| 11.38. 0,81873.
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I'napa 12. /IndepenuianbHi piBHAHHA

§ 1. OcHoBHi nonaTTS

IIpu BuBYEHHI PiBHUX ABUIL NPUPOAU AYyIKe PiKO BRAETHCA 3HAUTHU
3aKOH, AKHI BCTAHOBJIIOE 3aJIEXKHICTh MK ITyKaHuMM BesmuunHamu. IIpore
B 6araThoxX BUMAJAKAaX € MOXKJIUBICTh BCTAHOBUTH 3aJIEIKHICTH MidK Besu-
ypHaAMH Ta iX noxizaumu abo audepenmiagamu.

IIpu nBEOMY OLEPIKYIOTHCA PIBHAHHSA, B AKMX IMIyKaHa GYHKIiA 3HAXO-
AUTbhCA Il 3HAKOM roximuol abo audepenuiana.

HeroroxxHe cniBBiIHOIIIEHHSA, B AKe HeBioMa (GYHKNOIA BXOAUTH IIiJ
3HAKOM IOXizHOl abo mudepeHniana, Ha3UBAETHCA JugepeHyianbHuM
PDIBHAHHAM.

ITosnauuMmo uepes x He3aJeKHY 3MiHHY, Yepes y — HeBigomMy GYHK-
1iro 1 3anuIIeMo CIiBBiAHOIIEHHSA:

dy
— =x+y:*
1) dx Y;

2

d’y 2
2 +oy” =0;
)d ]

x2

3) x%dy + (x + y)dx = 0;

dy dx
dx dy

Ilepii Tpu piBHOCTI € AMdepeHIiaTEHUMY PIBHAHHAMH, a YeTBEPTA —
audepeHniaJbHOI TOTOXKHIiCTIO. SIKLITO HeBigoMa byHKIiA, 1110 BXOAUTH
o pudepeHIiaJbHOTO PiBHAHHSA, € QYHKITi€I0 6iablne Hixk oxHiel 3MiHHO],
To AudepeHniasbHe PiBHAHHA HA3UBAETHCH PIGHAHHAM Y YACMUHHUX
noxionux.

4) -1=0.
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Och nDpuKJIagu TAKUX DiBHAHB:

du Ju ’u  , 0%
—+x—=0; —=a"—.
ox ot ox ot
Mu posrasigaTuMeMo Taki fudepeHIiagbHI PiBHAHHA, B AKHAX IIYKa-
Ha QYHKIiA € DYHKIico aue ogaiel HegarexxHol aminnoi. Taki pisHaHuA
Ha3WBAIOTHLCA 3BUYAHUMH IU(epeHIianbHuMH DIBHAHHAMU. Byan-ake
PiBHSIHHA IBOTO KJIACY Ma€ BUTJIAN

Fx,u, v,y ..., y¥" 2,y = 0. 1)
Topaakom audepeHialsHOrO PIBHAHHEA HABUBAETHECA NOPANOK Hall-
BHIIO] MOXiZHOi HeBimoMOi QYHKIII, AKa BXOAUTH B JlaHe piBHaAHHA. OTxe,
piBusauuA (1) — me 3BUuaiiHe nudepeHniaIbHe PIBHAHHSA N-ro MOPSAAKY
(n — wijse JogaTHEe YMCIO).
Posp’sa3kom nudepeniiansbHoro piBHAHHA (1) HasuBaeTbCA TaKa n
pas audepeHuiiioBsa GyHKLig y(x ), Aka, Oyayun mizcrasiaeHa B Iie DiBHAH-
Hf, IIEPeTBOPIOE HOro B TOTOMXKHICTH, TOOTO

Fx, y(x), ¥ (%), y" (%), «ver y" P (x),y™(x)) = 0.
2

§+Ay=ﬁ

Tpadik po3s’sa3Ky 3BUUaNHOrO AMGepeHnialbHOTO PiBHAHHA Ha3U-
BAETHCA [HMEZPALbHOI KPUBOI 1ILOTO PiBHAHHS. BuABIAETBCH, IO
pisusana (1) mae 6eaniu poss’askis. CiM’sa po3B’A3KiB, AKa 3aEXUTH
Bifl n DOBLIBHUX NMapaMeTpiB, HAZUBAETLCHA 3d2ANbHUM D036’ A3KOM DiBHAH-
Hs (1). Ilpouec 3HaxoaKeHHs po3B’A3KiB piBHaHHA (1) HasuBaeThCA iHTe-
rpyBaHHAM ILOrO PiBHAHHA. P03B’A30K piBHAHHA (1) MoXe 6yTH y ABHO-
My Buraazai y = y(x) abo B HeasHomy — G(x,y(x))=0. PiBHaHHA
G(x,y(x)) =0, axe BU3Ha4ae po3B’ 130K y(x) piBHAHHA (1), Ha3uBaeTbHCA
iHTerpaJioMm 1bOTO piBHSHHA.

PosrnsHeMo PiBHAHHA NEePUIOro NMOPAAKY, PO3B’d3aHe BiJHOCHO IIO-
XigHoi,

Hanpugiazn, GyHknis y=sin 2x € po3s’A3KOM PiBHAHHA P

¥ =f(xy), (2)
ne ynxuia f(x,y) susHadeHa i HenepepsHa B obaacti D 3aMiHHEX X Ta
y. Hexait y = ¢ (x) e po3B’s13xoM 115010 PiBHAHHA Ha iHTepsadi (a, b).

Teomerpuuna iHTepnperanis piBusuusg (2) Ta #Horo po3B’A3Ky
y = ¢ (x) monarae y Takomy. I'padik pysruil y = ¢ (x) Mae B KOxHi cBOl
rouni gornuny (60 ¥ = ¢ (x) — audepenuiioBHa), KyT HAXUIY AKOI A0
N0JaTHOTO HAnpAMKY oci Ox nosHaummo uepes o . B koxHii Touni A (x, y)
imrerpansHoi KpuBoi Y = @ (X) BeIMUUHHU X, Y Ta y’ =tgo 3a piBHsAH-
usm (2) 38’a3aHi cuiBBiZHONIEHHAM

tg o = f(x, y). 3)
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Orxe, nudepeHuianbHe PiBHAHHSA (2) BCTAHOBJIIOE 34JEKHICTL Mi
KOOpJAMHaTaM¥ JOBiNbHOI TOUKHU A iHTerpasbHOI KPHBOI i KYyTOBUM KO-
edinienTom i1 moruunHoi B Toumi A.

PiBuicts (3) Bu3Hauae B KOMHiil Touni A (x, y) obaacti D BeKTOp
(moBinbHOI NOBMKWHH, BiAMiHHOI Big HyJas), sIKMil yTBOPIOE HAIPSAMOK
k =tgo 3 momarHuM HanpAMKOM oci Ox. MHOXHMHA BCiX TakuX Bek-
TopiB B o6sacti D yrBOpIloe mosie HanpAMKiB piBHAHHA (2). Byab-ska
inTerpajibHa KpHUBa I[LOTO PiBHAHHA Ma€ Ty BJIACTHBICTE, 1110 HANIPAMOK i1
OOTHYHOI 30iraeTbcAd 3 HAIPAMKOM HOJIA Yy BiAmoBigHi#n Toumi obsaacri
D. 3 reomeTpUIHOI TOYKH 30Dy 3iHTerpysaTu piBHAHHA (2) 03HAUAE TaKe:
noTpibHO mobGynyBaTH Taki KpuBi, 106 BOHM JOTHKANUCA O BEKTOPiB
noJisl B KOXKHIiN ¢Boi#f TouIi.

Ipuxnan 1. Posrasnemo pisuanasa y’ = 2x. Omxe, tg o = 2x, npux =0

1 n . .
maemo o =0, npu x = 3 MaeMo O = 1 InrerpanpHi KpuBi yTBOPIOIOTHL

cim’ro nmapabosn y = x*+c. Ha puc. 86 nposegeHo AoTHUHI X0 oxHiel 3
napa6os B TouIi A.

Ry

IS

Puc. 86

3anaua Komri. Is 3agmaua noasarae B ToMy, mo6 3HAHTH PO3B’SI30K

Yy = y(x) piBusinusa (2), AKUM 3aJ0BOJILHAE YMOBY
y(x) = Yo 4)
Yucna x, i y,HasuBalwTbcA nouamkosumu danumu 3adaui Kowi.
T'eomerpuuno 3agaua Komi mosnsrae B Tomy, 1mo6 suaiiTyu inTerpaabuy
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KpHUBY piBHAHHA (2), AKa DPOXOAUTE Yepe3 GiKcoBaHY TOUKY Ay(Xg,Y,)
obnacri D.

V Teopii i sacTocyBaHHAX Ba)kJHMBe 3HaueHHA Mae Taka npobiema:
CKiNBbKM iHTerpaJpbHHX KPHUBHX DiBHAHHSA (2) IPOXOAHUTH 4Yepes3 3alaHy
TOURY Ay(x,,Y,) obmacti D.

CnpaBejiuBa TaKa TeopeMa iCHYBAHHS Ta €JUHOCTi AJIA PO3B’A3KY
piBHsHHA (2) 3 TOYATKOBOIO YMOBOIO (4).

Teopema. Hexail maemo pienanus (2)iobracme D, 6 axiit pyrnryil
of (x,y)

dy

flx,y)i eusnayueni i nenepepeni. Hexaiit Ay(x,,y,) — dosirvha

mouka 3 o6aacmi D,. Todi icnye edunuil po3e’a30x

y=0¢(x) %)

pienanusa (2), axuil 6u3naveHuil 8 0eaKomy oOKoi mouKu X, i 3a0080.1b-
HAE nowamrosy ymosy ¢ (x,) = y,.
Hpuxaang 2. PosrnaHeMo piBHAHHA

ay _
—o=2y. (6)

HMoro npasa uactuna f(x,y)= 2\/; HernepepBHa npu Y 2 0, To6TO ¥
BepxHi#l miBmiomwuni, BKIOyaloun Bick Ox (obBmacTs D;). ®yuxuia

1 ie .

f = —= menepepsHa npu y > 0, To6T0 Y BepxHiil MiBIIOINH], BUKIIOYAIO-
y

uu Bick Ox (o6nacts D,). PiBuanna (6) mae cim’io po3B’A3KiB:

Jy=x+C, (N
ne C — pmoBinbHa crana. @opmyia (7) HA3UBAETHCS 3aTaJIbHUM PO3B’A3-
KoM piBusauuasa (6).

TeomerpuuHo po3s’ 30K (7) aBJisge coboo ciM’io niBnapabos B obacTi
D, (puc. 87).

BesnocepeEL010 MiICTAHOBKOIO EPEKOHYEMOCK, 110 DiBHAHEA (6) Mae
posB’a30k y = 0, AKKH He MOXKHA OAEPIKATH Hi IPH AKOMY 3HAUEHHI
noBinsHOI crasnoi C. Po3s’a30k y = 0 HABUBAETHECH OCOGIMBUM PO3B’A3KOM
piBHAHHA (6).

IpunycTumo, 110 4epe3 KOMKHY TOUKY o6aacTi D), MpoXoAUTHL €AMHA
iHTerpanbHa KpuBa piBHAHHA (2). 3azanvHuMm po3e’a3Kom piBHAHHA (2)
B obJsiacTi D, HasuBaeThCcA PYHKIiA

y=0¢(x,0C), 8)

saka: 1) € po3s’aA3xkoM piBHAHHA (2) IpH BCiX 3HAYEHHAX NOBiABHOI CcTa-
n0i C; 2) nae poss’aszox 3agaui Komri 3 foBiIbHUMY II0YATKOBUMHU JaHHU-
Mu (x,, Y,) 8 o6nacti D; mpu signosignoMy 3HaYeHHI C=C,.
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V)

Puc. 87

JacmuHuHuM po36’a3KoM PIBHAHHA (2) HABUBAETHCA PO3B’ 30K LLOTO
piBHaHHSA npu dikcoBaHOMY 3HaueHHi Besuuunu C.

s 3HaXOI)KeHHsa YaCTUHHOTO PO3B’fA3KY, AKWUIH BigmoBimae mouar-
KOBit ymosi, norpi6Ho migcTaBUTH X, i ¥, V PiBHAHHA (8) i BUBHAUUTH
C = C, 3 piBHAHHS

Yo =9 (x4,C). 9)

Ilyxannit yacTHHHEMH PO3B’ A30K MaTUMe BUTMIALR Y = ¢ (x, C,). Ocobau-

8uM p036’A3K0M PIBHAHHSA (2) HA3UBAETHCA TAKUI OT0 PO3B’ 130K, AKUHU

He MOXe OyTH ofiep’KaHuM Hi mpu axomy sHaueHHi C. OT:ke, BUXOAUTD,

110 iHTerpajibHa KpHBa, AKa BiAnoBizae ocobJauBOMY pO3B’A3KYy, IIPOXO-
JUTH 11033 00JsiacTio eAuHOCTI 3axa4yi Komri.

§ 2. HaiinpocTiuti TvnH piBHAHb NEPIIOro NOPSIKY

PiBHAHHEA 3 BiOKpPEeMIIOBAHMMM 3MiHHEHMH.
Tax Ha3WBAIOTLCA PiBHAHHA BUIVIAAY

a(x)b(y)dx + a,(x)b,(y)dy = 0. (10)

1
IlomHOXUMO OGHMIBI YacTMHM UBOr0o PiBHAHHA Ha — . Toxai
b(y)a,(x)

nicraHeMo piBHAHHSA

o) 4 BW g, g

, 11
a,(x) b(y) b
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B AKOMY KoedimienT 6ina dx sasemuTth aAuine Bin x, a KoedimienT 6ins
dy — Tinbku Big y. FoBopaATsh, o B piBHAHHI (11) 3MinHI BifiOKpeMJIeHi.
Pipuamnsa (11) MoxxHa mepenucaTu B Takuit cnoci6:

T a(x) RX0)
d [ gx+ [ 22 gy | =0,
ial(x) * I by)
3BiIKY OZIepKYEMO
T ax) oy
jal(x) dx + j—b(y) dy =C, (12)

o

ne C — poBijgbHA cTaja.

®opmyna (12) nae saranbuuii inTerpan pisaanna (10).
Ipuxaax 1. PosrasHemMo piBHAHHA

xyl+y*dx+yvl+x*’dy =0,
ne a(x) = x; b(y) =1+y?; a(x)=V1+2%; b(y)=y.

ITicas BigokpeMyeHHS 3MiHHUX MaTHMEMO

Yo

x
dx + —2 dy =
J1+x? ﬁ+ v’
InTerpyioun, 3HaX0AUMO 3arajJbHui iHTerpasn
Vi+x? +y1+y% =C.

Mu cropucranuchk popmysown (12), npuitaasmu x, = y, = 0.
Onuopigae piBHAHHSA. PiBHAHHA

0.

d
Y - f(xy) (13)
dx
Ha3uBacETHCA onnopimmM, AKIITO0 BHROHyeTbCﬂ TO’I‘O)KH'ICTI:
ftx,ty) = f(x,y), (14)

ne t — JOBIILHHUYM napamMeTp.
Ile piBHAHHSA 3a JONOMOIOI0 IiCTAHOBKH
y=ux (15)
3BOIUTHCA 0 PIBHAHHA 3 BiJOKPEMJIOBAHNMHU 3MiHHMMH BiHOCHO U ix.

Mpuxaanx 2. PosrnaHeMo piBHAHHSA

dy ‘P y ,
—_— = 4+ =
dx x x (157
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d d
3 (15) sHaxogumo 2 o—us x—ﬁ; ¥
dx dx x
Tenep piuauaa (15°) naGysae Burasagy

du
u+x———=u+«/;,
dx

TOOTO
du
x— =+u.
dx
Mu gicranu piBHSAHHA 3 BiJOKPEeMJIIOBAHMMHU 3MiHHUMU
du _dx

Ju
ITlicns iHTEerpyBaHHA MaTHMEMO

1
2u2 =lnx+InC=1nCx; u

1

1 1
=In(CxP; u=In*(Cx).

N[ =

1
IoBeprarouncy 10 CTapuX 3MIHHHX, OCTATOYHO BHAXOAMMO y = x In*(Cx )2 .
Ile i € saranxpHUM po3B’si3koM piBHsHHA (15).
Jliniiige pisaaana. PiBusauus purasany

Y’ = P(x)y + Q(x) (16)

Ha3WBaETbCA JiHIAHUM BifHOCHO mWyKaHOl GyHKIIT Ta il nmoximHoi.
SIkmo @Q(x) =0, To PiBHAHHSA HA3UBAECTLCA JiHIHHUM OJHOPiAHUM:

y' = P(x)y. an

Poss’a30k piBaanns (17) mae BUrasAa

0

mZL = j P(Q)dC. (18)
Yo

Y niHifiHOMY OZHOpifHOMY piBHAHHI 3MiHHI BiOKpeMIIOIOTHCS.
3 dopmyau (18) BuniuBae

JPag f Py
y=y,- e =C.e" . 19)

HosinpHa crana C € 3HAYEHHAM Yy DU X = X,

Bynemo Tenep imTerpyBatu HeogHOpisHe niniiine pismsmua (16) Tax
3BaHMM MeTOAOM Bapianii poBinbHOI cranoi, To6TO y BUIAAAI HOGYTKY
Jdearol ¢pynknii C(x) Ha PO3B’AB0K BIAMOBIAHOIO OAHOPi[HOrO PiBHSHHS.

Koucranry C poss’asry (19) ognopianoro pisasarnsa (17) mu 3aminu-
Mo Ha ¢yHKHilo C(x) i B TakOMy BHIMISAI IIyKaTHMeMO pPO3B’SA30K
HeoxHOpifHOrO piBHAHHS (16). [lokarkeMo 1 HA KOHKPETHOMY IPUKJIAAL.
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IIprkaan 3. PosrasHeMo piBHAHHA xy' -2y = 2x*.
InTerpyemo BignmosiZiHe ofHOpiAHe PIBHAHHA:
dy dy dx

xy -2y =0; x = y; __1/——27

Inly| = 2Injx| +InC; y = Cx”.
Bpaxaemo C dpynxrmiero Bia x. IligcraBngemMo y KiHleBe piBHAHHSA:
dy _ dC) .
dx dx
2 x% 4 C(x)2x% - 2C(x)x® = 2x*; dC(x) = 2xdx;

+ C(x)2x;
dC(x)
dx

Clx)=x*+C;; y=x"+Cx%

Ilo ninifinoro piBHAHHA 3BOANTHCSA piBHAHHA Bepmyuni:

Y =Px)y+Qx)y"; n#l. (20)
3amina 3MiHHHX
z =y (21)
npuBOAUTL piBHAHHA (20) Ko diniliHoro BigHOCHO 2@
1
2 = P(x)z+ .
m— (x)z + Q(x) (22)

. ’ Xy
Ipuxnan 4. Posrasinemo piBusHHEa Y + 1- 2 = x\/; .

PospinuMo o6uaBi yacTHHHU PiBHSAHHSA Ha \/; :

1,
Srianera

A
. dz 1 dy . e
3amina z = \Jy; — = ——=—= UPUBOAUTH e PIBHAHHA IO JIHINHO-
dx 2‘[; dx
ro HEOZHOPiIZHOTO BiZHOCHO 2:
dz x
2— S 2= X.
dx 1-x

Pose’s3yeMo BiznoBigHe oxHOpifHe piBHSHHA i MeTozoM Bapiamii
NOBiJbHOI cTaNol 3HAXOAUMO PO3B’A30K HEONHODIJHOrO DiBHAHHA,
PiBugeRg B moBHMX gudepenniarax. Ao B piBHaAHHI
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P(x,y)dx + Q(x,y)dy =0 (23)
BUKOHYETBLCSA TOTOXKHICTH

oP 0Q
_—=, (24)
dy dx
TO piBHAHHA (23) HA3MBAETHCA DIBHAHHAM Yy MOBHMX AudepeHIiaiax.
3aranbHMit iHTerpas piBHAHHA B NOBHUX AudepeHIianax Mae BUTJISA]

x ¥
u(x,y) = [ P(x,y)dx + [Q(x,,y)dy +C. (25)
*o Yo
¥ uiit popmyni npu inTerpysanni pynruii P(x,y) smixna Y poaria-
Ja€eThCcAd AK napaMmeTp.
Ipnxaan 5. Posraanemo pisuauua (x° + 2xy)dx + (x2 + y*)dy = 0.
Tyr maemo P = x* +2xy; Q=x%+ v

oP aQ

Otoxe, 3 2x; . 2x.

Tak mo ymoBa (24) BUKOHYeTHCSA.

Ans ofep:kaHHA 3araJbHOTO iHTerpaja CKopucTaeMocs (GOPMYJIO0
(25). Hexait x, = y, =0, Toxi 3HaAX0AUMO

x Yy
u(x,y) = f(x2 + 2xy)dx + Iyady =C,
0 0

abo

3 4
X oy y+¥L -,
3 4

Onnax Bupas P(x,y)dx + Q(x,y)dy =0 He 3aBKIU € MOBHUM nude-
penniasom. Ilocrae MUTaHHA, YU MOXKHA 3HANTH TaKy GyHKUi0 u(x,y),
mo6, MoMHOXXUBIIK Ha Hei JiBY uacTuHy pisrocTi (23), nepeTBopuTH ii B
NOBHUHN AudepeHIia.

IMomHuOxKUMO piBHAHHSA (23) Ha ZeAKNH MHOXHUK u(x, y) i Bumara-
TUMEMO, 06 oepxKaHe PiBHAHHSA 6yJIO PIBHAHHAM y TOBHUX AN(EpeH-
miajgax.

Has nporo Heo6xifHo 3aK0BONBHUTH YMOBY (24), KA XI5 PiBHAHHS

w e, y)P(x,y)dx +ux, y)Q(x, y)dy = 0 (26)
Ma€ BUTJIAL

J _9¢.
g(u-P)— ax(” Q), 27
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abo
Inp
oy

Pipusinnd (28) € piBHAHHAM y JYaCTHHHUX IOXimHMX Aus GYHKII
u= u(x,y , AKA HA3UBAEThCA IHTErpyBAJbHAM MHOXXHUKOM DiBHAHHS
(23). Poss’sizanud piBHsAHHA (28) — 3azava, BJIaCHE KaXXy4H, He 3aBXKAU
Jlerina, Hix poss’a3aHHdA piBHAHHsA (23). Bixblre Toro, oNUH 3 eI€MEHTIiB
y mporneci po3p’asaHHs piBHAHHA (28) € pO3B’A3aHHAM 3BUYAWHOTO AM-
¢epenuiansuoro pisaanHa (23). IIpore Hemae 3araJJbHOro MeToly AJA
BiIIyKaHHA iHTEerpyBaJILHOI'O MHOKHHMKA. B IeAKNX BUNAAKaX BAAETD-
cA migiébpaTh MHOMXHUK u(x,y) TaK, mob ymoBy (27) Oyn0o BHKOHAHO.
Toxi inTerpyBanus piBHAHHSA (23) MOXKHA NIPOBECTN 3 AOIOMOroio ¢op-
myan (25). Baarani xaxyuu, saximo P i @ MaloTh HenepepBHi YaCTHHHI
noxixui i He JOpPiBHIOIOTHL HYJIEBl OLHOYACHO, TO iHTErpYBAJbHUK MHOX-
HUK icHYE.

¥V neskux Bumagkax OyBaloTh KOPUCHUMY Taki mpmitoMu.

Mpuxaax 6. 3anumemo akui-HeOyAL BUpPa3 2 = Q\X, Y ), 10 3aNeKUTD
Bix x Ta y (Y YaCTMHHOMY BHIIAJKY MOKHA B3ATH 2 = X, 460 z = y, abo z =
= xyiT. in.). MoKHa AisHATHCA, YU iCHYE iHTErpyBaNbHUE MHOXKHUK, 10
3aJIEXKUTH TINBKHY Bix 2, i AKIO icHye, 3HalTH #oro. g 11b0ro noTpibHO
y piBHaHHI (27) nigcrasutm W =| z). SKImo B oflep)KaHOMY PiBHAHHI
BHAaE€ThCcA Nmo3byTHcAa X Ta Yy, TOOTO NPHBECTH DiBHAHHA A0 BUTIAAY
U (}1, u'z,z)= 0, To iHTerpyBaJbHUIl MHOXMHHK, 3aJIEIKHUH Tinbku Bix 2,
icHye i loro Mo)KHa 3HANTH.

Hexait naHo piBHAHHA (2y + xy® )dx + (x + xzy"’)dy =0.

Yu icHye iHTerpyBanbHMI MHOMKHUK, 110 3aJI€KUTh TIIBKY Bif 2 = x?
IToMHO¥HMO DiBHAHHA Ha |l = u(z) i sanuinemMo ymMoBY TIOBHOTO Auce-
penuiana:

dlnu 0@ OP
. = _ . 28
@ dx dx dy (28)

p.2

-Gyl = e 2t
OckinbKu

TO ITicJIA CIPOIIEHb AiCTAHEMO

u(@+3xy®)= [p; (x+2%y% )+ u(l +2xy° )],
w o+ xy?) = L+ xp? ).
Cxopouymooun Ha 1+ xy? i saminioloum x Ha 2, AicTaHeMoO [ = |, - 2;

[ = Cz. Crana C — poBinsHa. Baspmu C = 1, ogepskumo | =x — inTe-
rpyBajibHMI MHOMXKHUK.
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§ 3. OcobmuBi TOYKH i 0COO/HMBI PO3B’A3KN PIBHSHHS NEPILIOTO MOPAIKY

Y BumafKax, KOJU MOPYHIYVIOTHCA YMOBH TEOPEMH iCHYBaHHS Ta €LU-
HOCTi pO3B’A3Ky AudepeHunianbHOro piBHaHHA Yy = f(x,y) (byHKUidg

of(x, y)
d

f(x,y) un nepecrae 6yTH HellepepBHOIO a00 BU3HAUEHOIO B OKOJII

AesAKol Tourku obsacti D), po3B’a30k piBHauHA Y = f(x,y) HasMBaeTbCA
0co6uBuUM, & TOUKH, B AKMX HOPYINYIOThECA Il yMOBH, — 0co6ausuMu. 3a
XapaKTePHUMHU O3HAKaMM i TOUKM IOAIJIAIOTH Ha TaKi Tumm: By3o0J,
ciayo, ueHTp, Goxryc.

PosryisineMo ogHOpigHe piBHAHHA

dy _ax+by (29)
dx cx+dy
nea, b, ¢, d — niticui napamerpu; A=ad—-bc# 0. Touka x=0; y=0
Oyne ocobamBo0 st piBHAHHA (29).
3a momoMorowo AeAKHMX JAiHIMHUX IepeTBopeHb piBHAHHSA (29) Moxe
6yTu 3BefieHe [0 HANMPOCTIHIMX BUAIB.

1. Y _o¥ oo (30)
dx x

3a Z0mOMOroI0 MiICTAHOBKM Y = ux ILie PiBHAHHSA 3BOJUTHLCA N0 PiBHAH-

HA 3 BiIOKPEeMIIOBAHUMHU 3MiHHUMH, PO3B’I3KOM SIKOTO € Kuist y = Clx|” .
y

Maemo y’ = iaC[x]u'l SHxmo C20i0<1,70 limy =o, limy=0.
x-0 x-0
Oraxxe, Bei inTerpanbHi KpHBi PiBHAHHSA TPOXOAATHL Uepe3 0COBIUBY TOUKY
(0; 0) i maroTs (3a BUHATKOM JiHii ¥ = 0) ofHy i Ty caMy JOTHYHY — Bich
Oy (puc. 88).
dAxmo o > 1, To faHe PiBHAHHSA MOMXHA MepPeNUCATH Y BUTIAAL

dx 1 x
=
dy oy
i roai rpadiune 306paxkeHHs iHTerpaJbHUX KPHBUX MOXKHA OTPUMATH
nosoporoM Ha 90°. OcobiuBa Touka (0; 0) y IUX BUNAAKAX HA3UBAECTHCSH
ey3aonm (puc. 88). fAxmro o =1, To 3aragpHMil PO3B’A30K JAHOTO PiBHAH-
HA Yy =Cx. lle B’aska npamux. KoskHa inTerpaneua kpusa miei cim’i
(npu dixcoBanomy sHaueHHi C) IPOXOAUTHL Uepe3 MOYATOK KOOPAMHAT i3

CBOIM KyTOBUM KoedinmieHToM. OcobiuBa TOYKA B ILOMY BHIAaAKY Ha-
3UBAETHCA 0COOIUBUM BY3JIOM.
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Puc. 88

2. Axmo o <0, TO B bOMY BHIAAKY lir%|y| = oo, OTKe, Bci iHTE-
x—

rpajbHi KpuBi, 3a BUHATKOM ABOX (a came: Jinii x =0; y =0), He npo-
xonars uyepes Touky (0; 0). Taka ocobiauBa TOuKa HA3HBAETHCA Cid0M

(puc. 89).

Ua

v

SN

Puc. 89
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3. W _x+y, (31)
dx x

3a jmomoMorom 3aMiHM y = ux pPiBHAHHSA 3BOAUTLCH A0 pPiBHAHHA 3

BIIOKPEMJIIOBAHUMH 3MiHHMMH, PO3B’I3KOM SKOTO € § = x(ln’x| +C). Ilpu

LBOMY liné y=0, lina y =lim@1+C+ ln|x|) = —co, Omore, Bci inTerpansui

KpUBi IIPOXOAATH 4Yepe3 IOYATOK KOOPAMHAT i MaloTh Bick Oy, Aka €
CHiNIbHOIO JOTUYHOWI. Y IbOMY BUIIAAKY OCOGJMBA TOUKA HABMBAETHCH
8UPOONHCEHUM BY3NOM.

d x+
C 9y _x+By (32)
dx PBx-y
SIkmo nepefiTn 1o MoONAPHUX KoopAMHAT X = pcosh; y =psind, To
piBHAHHA HaGyBa€ BUTIANY

dp _
dao
Inrerpansui kpusi — ne norapudmiuni coipani, axi HakpyuyoTECS
Ha 1mo4aTok KoopauHaT. OcobiuBa TOUKA TAKOI CTPYKTYpH (BUIDAAKHU
B> 01ipB < 0) nasusaersca goxycom (puc. 90).

Bp = p = CePe,

Y 4

"

—/

Puc. 90

2\

Ry

[

. d x
5. fAxugo B = 0, To NaHe PIBHAHHA MaTHMe BUIJIAL E—y— = — -, 3arajib-
y

x
HUM iHTerpajoM AKOro € pyHKuis x? + y2 = C
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IHTerpanesHi KpUBi B IbOMY BUIIAJKY — Lie OHOIIapaMeTpUYHa cimM’a
KiZ 3 meHTpPOM Ha IOuYaTKy KoopAuHAT, a ocobamBa touka (0; 0) Hasu-
BacThea yewmpom (puc. 91).

Va

(s
\

Puc. 91

§ 4. Oxpemi Tunu 1udepeHnia bHIX PiBHAHD NEPUIOro NOPAIKY

Hesaxi maknpocrimi audepenuianbui piBHAHHA, K0 AKUX MOXifHA Y
BXOJUTE B CTeIeHi, 61IbIIOMY 3a OJUHUIN0, MOKYTh OYTH 3BefeHi 0 iHTe-
IPOBHHMX BBEJCHHAM JIeIKOT0 MmapaMerpa p:

y = xf (') + ¢(y’) — piBusuHsa JlarpaHxka; (33)

y = y'x + o(y") — pisuauaua Kxepo (34)
(piBHsiEHA (34) € YaCTUHHUM BUIAAKOM piBHAHHSA (33)).

IIpuknan 1. Poss’szaru pisusauusa xy’? — 2yy’ + 4x = 0.

s . . xy' 2

Po3p’a3yemo piBHAHHA BiHOCHO Y: Y = > + v

Hexait 4y =p,
dx

orike dy = pdx. Topi y = %x + 2x . Audepennioouu 3a x, nicasa cnpo-
p

IIeHHA AicTaHeMo
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pdx = %xdp + %pdx +2p7'dx — 2p~*xdp.

3Bimcu
—l-xdp - lpdx + 2dx _ 2x(21p =0,
2 2 P p
a6o
A FIFETFU S PR S Y
p 2 2 x p
po3B’A3KOM fiKOro € X = Cp, abo p = C,x . Orxe,
2
SGx 2% y =Cx? 1
2 Cx C
Ipnxnan 2. Poss’asary piBHsaHHA y = y™* + ' — 3.

’ . d . ,
Hexait y' = g—‘li =p. Toxmi dx = ——;j . Higcrasnsaioun y' = p y 3anane
x

PiBHAHHA, 3HalizeMo audepenuian: dy = (4p° + 1)dp.
Otxe,

dx=[4p*+1 |dp= x= 4p?+L dp=2p* +In|p|+C.
( p pJ I} b 3 |l
Taxkum unnOM, Y napaMerpuuHiit Gopmi poa3B’A30K Mae BUTIAL

4
= gpa +1n|p|+C,

y=p'+p-3,
ge p= 3—;1{: 3a mapamMeTpH B AeAKHUX BUIAAKaX MOXHA GPAaTH TPUIOHO-

meTpuYHi byHnknii, Hanpukaan y’ = ctgt, y’= tgt Tomwpo.

§ 5. ncepenuianbhi piBHANHA BUIMX MOPSIKIB

Haiinpocrimri (inrerposni) Tunu nudepenniaaranx pisHARL BUIMUX
nopsakis. Hasenemo nmpukiagn oKpeMUX TUNIB iHTerpoBHMX AudepeH-
1iaJbHUX PIBHAHD BUIMUX MOPSAIKIiB.

Hugepenyianvhe pienannsa muny y™ = f(x). Po3p’A30K piBHAHHSA 1Iy-

. . -1 . -2 _
KaeMo mocnigosum imrterpysanusm y" " ='[f(x)dx+Cl, y" =

= [[f@dx+ ¢, ]dx + ...
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. . , . w_ D .
Ipuxnan 1. 3uaiity saranbHmit po3s’A30K piBHAHHA Y~ = — +2sinx.

x
Inrerpyroun nocniforno, Mmaemo:

b (5 .. __ 5 :
y _j(x—4+251nx)dx——§—2cosx+cp

, 5 5 .
y =J‘,:—F—2cosx+cljldx= ot ~2sinx + Cix + C,;

(| 5 , _ 5 C,x’
y—Jl:az——2smx+clx+C2:|dx———6—x+2cosx+ 2 +Cyx +C,.

Hugepenyianvue pienanns muny F (x, y=-v, ym) = 0, a6o ym= f(x, yn-n).
Hosnauumo y»V = p(x). Toxi y™ = (y" VY =p’ (x). Orxe, F (x, p (x),
P’ (x)) = 0 € piBuaHEAM nepiuoro NOpPAAKY BifHOCHO p (x).

Ipuxaax 2. Posp’asatu piBHaHEA y” = (y”)2.

] ” __ 3 " — LAV ) . d_p (_1!_)‘ —_ 2
Hexait y” = p(x). Toai y”(x) = (y") = p'(x) = dr Orxe, dr p°.
Poapinatoyn sminHi, 3anumemo 1121 =dx; - 1 =x+C'; p=- !

»
x+C,

OCKinbKM p=y’=i(dy) ) =-In(x + C,") + C,*,

ay Toﬂ——J‘ dx
dx\dx dx x+C/’

Y= H—ln(x +C)+ C;]dx =—(x+C)In(x+C" )+ x +C," +C,'x + C;.
Mosnauumo C,*=C;;1+C,'=C,; C," +C;’

=C,. Maemoy = —(x + C,)x
XIn(x + C,) + Cyx + C,.
Hupepenyianvue pisnanns muny F(y, i, y”) = 0. Iosrauumo v’ = p(y).
Toxi

»_4d, . d dp d d
dx dx dy dx dy
Orxe, F(y, p (¥), p’(y)) = 0 — piBHAHHA nepmoro IOPAAKY BiTHOCHO
().

Ipuxnan 3. 3ualiTn poss’a30K AudepeHIialbHOTO piBHAHHA Yy =
=Wy -vy.

Hexait y = p(y). Toxi y” = pgﬁ. OTxe, Maemo ypj—p =p® - p;
Yy Yy
p=0.

14 Bacunpuenxo 1. II.
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d
ITopinarwoun sminxi, aictanemo ) pl ; Inp~1)= InC," y, 3BinKH

p= 1+C1 y. IligcraBasapoyu 3amicTb p noro 3HAYEHHS, OJEPIKHMO

d * * * .

Y 1+¢'y. Beiaxn —%Y _ —dx, In(1+C'y) =C x+C, . Orse,

dx 1+C'y
(o 1

" * _x 1 .
1+C1 Yy =e02+Clx.HKII.I0HpI/II7IHHTPI —_— =C1; _.__T=CZ’ TO y=C1e Cy
C, A

+C,.

JliniliHi ogHOPiAHI piBHARAA 3i cranmumu Koedinienramu. Pipusanns
ay+ay +ay +.. +ay"=0, (35)

ne ag, a,, a,, ... @, — AiACHI uyKucia, HA3HBAETLCA AiHIILHUM OOHOPIOHUM
JugepenyianvHum pi6HAHHAM 30 cCMaauMUu Koediyicnmamu.

Teopema 1. Axwo y,, y,, Yy o Y, — MiHIUHO He3aNEHCHI YACMUHHI
pose’asku pienanna (35), moy = Cy, + Cy,+ .. + Cy, — 3azanrvhuil
P038’a30K ybozo pienanua (C, — dosinvui cmani).

YacTUHHI PO3B’A3KM IIYKAEMO y BUIVIALL y = e**,

s BU3HaYeHHA KoedinmieHTiB B MaeMo xapakTepuCTHYHe PDiBHAHHA

a,+ak+ak+..+ak =0. (36)

3arajbHU po3B’A30K AudepeHuianbHOro pisHAHHA (35) 6yayeTnhca
3aJIe’KHO BiJl XapakTepy KopeHiB piBHAHHS (36). MoxuBi Taxi Bumnazg-
KH.

1. ¥Yci kopeni piBuanusa (36) aidcHi i pisHi; Toal po3s’a3xom piBHﬁHHﬂ
€ cyMa BCiX YaCTHHHUX poaB’ﬂsxiB acame: y=Ce"* +Cpe"* +...+Ce"

Hpukaanx 4. 3HailTH PO3B’A3OK PiBHAHHEA 2y + 5y’ + 2y = 0 C}c.na,ne-
MO XapaKTepUCTH4He piBHanHA 2k*+ 5k + 2 = 0, KOpeHAMU AKOrO €:

k,=—2; k,=- 5 .

1
Tomy y, =Ce™, y,=C,e ?. Ore, 3aranbHUN DPO3B’AZ0K:

1,
y=Ce ¥ +Che 2.

2. Cepen AificCHUX KODEHIB XapaKTepUCTUYHOTO PiBHAHHS TDPAILIAIOTHCA
AificHi kopeni kpaTtHOCTL M. Toxi poss’askom gudepeRNiaNbLHOrO PiBHAHKA €
y=Ce" +Cye™ + .. +(Cy +Cppx + Cpxt® + ...+ C,px™ )e" +...+ C e
Jie KpaTHICTL i-r0 KOpeHs AOpiBHIOE m.

IIpuxaan 5. 3uaiiTu poss’A30K AudepeHIiafbHOTO PiBHAHHA

- b5y” + 6y” + 4y’ - 8y = 0.

XapakTepucTUuHe PiBHSAHHA AJs HbOTO Gyae k! — 5k + 6k2+ 4k — 8 = 0.
Kopeui niporo piBusaus k,=-1, k,= k,= k, = 2. Orxe, 3araJbHUIil pO3B’a-
30K Au(epeHIianbHOro piBHAHEA — y = C,e™* + C,e?* + C,xe* + C, x%?%.
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3. Cepe/i KOpPeHiB XapaKTEPUCTUYHOTO PIBHAHHA TPANISIOTHCH NIPOCTi
KOMILIEKCHI KopeHi. YacTHHHUI PO3B’A30K AJIS TAKOI'O KOPEHs Ma€ BHU-
AR

y =(C,cosp x + C, ,sinB x)esn=,

me o i B — xoedimienTm xommirexcHoro xopena k, =o, + ip .

IIpuxknax 6. 3uaitTn po3s’A30K AudepeHiaTbHOrO PiBHAHHSA

y"+ 6y +13=0.

Kopeni xapakTepuctuuroro pisusauusa k% + 6k + 13 = 0 — xoMIuiekce-
HO cupsAXeHi uncia k, = -3 + 2i, Ifz2 = -3 - 2i. OTxe,

y = (C,cos2x + C,sin2x )e™3*,

4. Cepel KOpEHiB XxapaKTePHUCTUUYHOT'O PiBHAHHSA € KPaTHI KOMILIEKCHI
KopeHi. Po3B’A30K TAKOro PiBHAHHA PO3TJIAHEMO Ha NPpUKJIaji.

Ipuxkaan 7. 3uaiiTu 3araabHUl pO3B’A30K PiBHAHHSA

y'-y"+ + 8y” - 8y” + 16y’ — 16y = 0.

Maemo xapaxkTepucruuHe piBasunda k°— k'+ 8k%— 8k%2+ 16k - 16 = 0.
Kopinp k=1 — ouesuguuii, orxe (B ~ 1) (k* + 8k% + 16) = 0, abo
(k-1)(K*+4)*=0. 3sincu k, = 1, k, = k, = 2i, k, = k, = —2i.

YacTuuHi po3B’asku: y,(x) = €%, y,(x) = €%, y (x) = xe*™, y (x) = e¥*,
Y (x) = xe ?*, abo y (x) = e*, y,= cos2x, y, = xcos2x, y, = sin2x,
y,= xsin2x. Tomy y = C,e* + C,cos2x + Cxcos2x + Csin2x + C,xsin2x =
=(C, + C,x)cos2x + (C, + C,x)sin2x + C,e*.

Heonuopinui giniitai nudepenniansui pisaaans 3i craaumu Koedi-
uiearamu. PiBHAHHS

y+ay*V+ .. +a,_y +ay=f(x) 37)

Ha3MBAETHCA HEOOHOPIOHUM JAiHillHUM OupepeHyiaNbHUM DIBHAHHAM 3i
cmaaumu woeiyienmamu, axuio f(x) # 0.

Teopema 2. Jxwo y(x) — dosiabHuil yacmuHnHuill po38°A30K HEOOHO-
PidHoz0 pieHAHHA, Y(X) — 3azanbHUil p036°A30K 6i0n08i0H020 00HOPIOH020
PIBHAHHA, MO 3az2anbHUil PO36’A30K NiHilLHO20 HeOOHOPiOH020 PiIBHAHHA
Ma€ 8u2znad

Y = Yolx) + §(x) . (38)

PoarinsuemMo KijbKa BUTIAAKIB.

1. IIpaBa uactuHa f(x) € noniHomom crenena m, Tobto f(x) = b, + b, x +
+ b,x? +...+ b _xm™

¥ oMy BUNAAKY YACTHHHHUM PO3B’ 30K IIYKAIOThL Y BUTIAAL I (x) =
= x4, +Ax +..+A_x™), e r — IOKa3HUK KpaTHOCTi KopeHa k£ =0y
XapaKTepUCTHUYHOMY DiBHAHHI; A, — HeBU3HaUeHi KoedinieHTH, AKi 3Ha-
XOAATHCA i3 cucTeMM DiBHAHL. Y TBOPEHHSA ii po3risiHeMo Ha IPUKJIAL].

IIpuxknan 8. Poas’sizatu piBuanusa y’— 4y’ + 13y = x2.



428 Mnasa 12

XapaKTepUCTUYHUM DiBHAHHSAM BiATIOBiZHOrO OXHOPiZAHOTO DiBHSAH-
A € k* — 4k + 13 = 0, xopeHi saKkoro k, = 2 + 3i, k,=2 — 3i. Orxe,
3araJibHUH pO3B’SA30K BiANOBIZHOTO OAHOPiNHOTO PiBHAHHA Y (X) =
= e%*(C,cos3x + C,sindx).

IIna BiAIIyKAaHHA YACTHMHHOI'O DPO3B’A3KY HEOZHODiAHOIO DiBHAHHS
[IpaBy YaCTHHY MOXHa moxaTu y BUrasgi f(x)=0-+0:x + x% Orxe,
AKmo J(x) = A, + A, x + A,x*, 10 §(x) = A +24,x, §'(x) = 24,.

HigcraBnaiouu 3amicTe FJ(x)Ta ii moxigwol BixmoBigHI 3HaYeHHSA B
JiBy yacTUHY AudepeH1iadbHOTO DiBHAHHA, MacMo 24, — 4(4, + 24,x) +
+13(A, +Ax +Ax?) = 0+0-x+ x° IIpupisaiooun KoedilieHTH MPH
OMHAKOBUX CTEIIeHSX X NPaBoi Ta JiBOI YacTHH, IicJs AeAKUX CIPOIIEHb
OTPHMAEMO

24, -44, +134, =0,

134, -84, =0,
134, =1,
3Bigku Ay, =—, A = 8 y Ay = ———6—. OTixe, YaCTUHHUI PO3B’A30K
13 169 2197
mae Buraany J(x) = ~—6— + -§£- + x—z ; 3araJbHUH PO3B’A30K AaHOTO
2197 169 13

piBHHHHﬂ 3anuiueMo Tak:
6

1
y(x) = e?*(C,cos3x + C,sindx) + Ex2 + 60> 21907

2. IIpaBa uyacTtuHa f(x) € GyHKuico e™, TobTo f(x)=>be™" +
+b,e™ +.. +be™.

YV npoMy BUNAZKY YACTUHHHUI DO3B’A30K IIYKAEThCA y BUIIALI
J(x) = A, + Aje™ + A,e™ +..+ A e™, ne KoedinieHTH A, BU3BHAYAIOTD-
Ccsl 32 TAKUM CaMHM METOAOM, SIK i B IOIMepPefHbBOMY BUIAJAKY, AKIIO
cepeJ KODEHiB XapaKTepPUCTUYHOrO PiBHAHHA HeMae KPATHUX KOPeHiB i
Bci kopesi aiiicHi. Taxk camo po3B’a3yeThbCs PIBHAHHA 1 Y BUDAJAKY, KOIU
[IpaBa YaCTHHA 3aJIeXKUTH Bij sinx i cosx.

Hpuxaanx 9. Po3s’asaru pisuanusa y"— 5y’ + 6y = 4sin2x.

BianosiaHe xapakTepuCTHYHEe DiBHAHHA Mae KopeHi k, = 21 k, = 3.
BaraabHUM po3s’A30K OAHOPiAHOrO piBHAHHA: Y, = C,e*+ C,e*. Ockinn-
KM XapaKTepUCTHYHE DIBHAHHSA He Ma€ KOMILIEKCHOT'O KopeHs 2i, TO Ja-
CTHHHUH PO3B’A30K HIYKATUMeMO y BUIUIAAL J(x) = A, cos 2x + B, sin 2x.
Mincrasnsiouun § y AaHe piBHsHH:A, MatuMmeMo (24, ~ 10B,)cos2x — (164, -
~ 4B,)sin2x = 4sin2x. 3Bigku

24, -10B, =0,
164, — 4B, = 4.
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5 1
A =—; B =—,
Orxe, 4, 19 1579

- 5 1 . .
Taxum umHOM, y(x) = 1_§ cos2x + 1_§Sln 2x; piBHSHHA Ma€ TaKW 3a-

TalbLHUHA PO3B’A30K:
5 1 .
=C,e* +C,e%* + —cos2x + —sin 2x
y 1 2
19 19

3. TIpasa uacTuna f(x) — e cyma abo go6yTok nmoniHoma i GyHKmii
eBx 960 e (acosPfx + bsinPx). ¥V upoMy BUNanKy 4acTUHHUII pO3B’A-
30K Mae€ TaKuii caMuii BUraAn, Ak i f(x), BiapisHawouucs Tinsku Koedini-
€HTaMH, AKIIO £ = & + i} He € KOpeHeM XapaKTEePUCTUYHOIO DiBHAHHS.

IIpuknax 10. Po3p’ssatu piBusauua y” + 4y + 3 = 65xcos2x.

BigmosigHe xapakTepucTHYHE DiBHAHHA Mae KopeHi k, = —-11i k,= —3.
Orxe, 3araJIbHUM PO3B’A3KOM OJHOPiAHOrO PiBHAHHA €: Y, = Cie™ + Cze'3’.
YacTUHHUN DPO3B’A30K IIYKAEMO y TAKOMY BHDIARL: F(x) = (Ax +
+ B)cos2x + (Cx + D)sin2x . Toai §’ = (A -~ 2Cx - 2D)sin 2x +(C + 2Ax +
+2B)cos2x; §"=(-4C —4B -4Ax)sin2x + (4A — 4D — 4Cx) cos 2x.

ITizcrasasgioun 3aMicTh j Ta ii moXigHMX 3HAYEHHA B 3a/laHe PiBHAH-
HA, MicJs JeAKHUX cIpouieHs matTumemo: [-(A + 8C)x + (4A - B — 4C —
—8D)Jsin2x + [(8A ~ C) x + (4A + 8B + 4C — D)]Jcos2x = 65xcos2x.

IIpupiBHIOOYM KoedinieHTH nmpaBoi Ta JiBOl YaCTMH NIPH BiAgmosiz-
HHUX TPUroHOMeTpHUYHUX QYHKIiAX sin2x i cos2x, gicranemo

—(A+8C)x+(4A-B—-4C-8D) =0,
(8A —C)x +(4A + 8B + 4C - D) = 65x,

3BifiKu, npupiBHIOIOUM KoedinieuTnt mpaBol Ta JiBOl YaCTUH IIPHM OXHA-
KOBUX CTENEHAX X, OTPUMAEMO

A+8C=0,
4A-B-4C-8D =0,
8A - C =65,

4A+8B+4C-D =0.

Orxe, A =8, Bzﬁ, C=-1, D=ﬁ,
65 65
TakuM 4YHMHOM, 3arajJbHUM DPO3B’A3KOM HEOJHOpPifHOro JiHiliHOrO

piBHAHHA Oyne

y=Ce ™ +Che™™ +|8x+ 188 ) cos2x + [ - x + 312 \sin 2x.
65 65
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4. Y BUNAIKY, KOJH cepell KOPEHiB XapaKTEPHCTUYHOTO DIBHAHHA €
Kopeni = a + if kpaTHOCTi r, a IpaBa YacTUHa Ma€ BUraaj f(x) =
= e*[P (x)cosPx + @ (x)sinPx)], yacTHHHUII PO3B’ABOK IIYKAEMO Y BU-
raasi g(x) = x"e® - [P (x)cosPx + @ (x)sinPx] (TyT P (x), Q,(x) — mHoro-
wieHM creneHA k = max (n, m) 3 HeBU3HAUEeHUMHU Koedinienramu).

Tlpnkaan 11. Poss’asatu piBusuuA y” + 4y = 4(sin2x + cos2x).

Bixnopinue xapakTepucTUYHe piBHAHHA Mae Kopeni k =0+ 2i, k, =0 - 2i.
Omxe, 3araJIbHUM poaB’aaxom ofHOpiHOrO piBHAHHA Oyzne: y, = C cos2x +
+ C,sin2x. YacTUHHNI PO3B’A30K HEOHOPIAHOTO PiBHAHHA myKaTume-
MO y puraagi j = (A cos2x + Bsin 2x)x (JOMHOXKYEMO Ha X, OCKLIBKM
KOpeHi XapaKTepHCTHYHOro piBHaHHA +2i 36iraloTbea 3 Koedinientom
o y YHKIiAX sinax, cosax mpaBoi 4acTHUHMU).

IlincTaBisioun B laHe DiBHAHHA SHA4YeHHS §J, U, U, Maemo —4Asin2x +
+ 4Bcos2x = 4sin2x + 4cos2x, 3Bigkn A = -1, B=1. Orke, y = x (sin2x —
~ cos2x). Takum unHOM, 3aranbHuil pos3n’as3ok y = C,cos2x + C,sin2x +
+ x(sin2x — cos2x).

Ilpnknan 12. 3uaiiTu po3s’sa30K piBHAHHA y'— 4y’ + 4y = xe®*

KopeHi BiAnOBifHOro XapaKTepHCTMYHOIO DiBHAHHA k, = k,= 2. O’r)xe,
s3araJbHU# posB’ﬁaoK onxHOpiznOTO piBHAHHA: Y, = (C, + C ,x)e. Hac-
THHHM PO3B’ 30K HEOAHOPiAHOTO PiBHAHHS MOAAMO y BUTIAAL y = x*(A, +
+ A x)ez" (ZOMHOXMMO Ha X%, OCKIJIBKY ITOKA3HUK €KCIIOHEHTH O = 2 y
npaBm yacTuHi 36iraeThca 3 KopeHeM xapax'repnc'mqnoro piBHSHHA
kparHocti m = 2). IlincraBnsioun samicts §, ¥', §" Biamosigui sHa-
yeHHA y 3ajgaHe AudepeHNiaNpHe PIBHAHHA i CKOPOUYIOUH Ha e o6uABi

1 ~ 1 3,
yactrHy, gicraaemMo A = 0, A, =—. Orxe, Yy=x¢€ *. TakuM YUHOM,
0 1 6 6

y = (C, + Cyx)e™ + é x3e?*

5.V 6inbmI 3araJbHOMY BHIAAKY 3aCTOCOBYETHCS MeTO] Bapianil fo0-
BiNIbHUX cTanux, a6o Merox Jlarpanika, CyTh IKOTO NOJISITAE Y TOMY, 110 B
po3B’A3Ky Bigmosignoro oxHopixHoro piBHsHHA y = Cy, + C,y, + ...
... + C y, xoedinientu C, 6epyTscs AK 3anexHi Bif x. [ 3HaXOAKeH-
HA C, CKIaneMo CUCTEMY

-

dC, dc, . dC, 0
U dx + Y, dx Yn dx »
y! dC1+ ,dC2+ . 'dC"—O
) e e T ’
(n-19¢ @m-1dC (-1 4C,
Y ax TV o Tt T = f(x),
3 AKOI CIIOYaTKy BUSHAYAIOTH —— , 4 TOTIM IiCJIA iHTerpyBaHHsA — C(x).

dx
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INpuxaax 13. 3uaitTy pos3s’sa30K piBHAHHA §" + y = tgix.
BignosisHe onHoOpiAHe piBHAHHA Ma€ Takuil poss’asok: y = C."y, +
+C," y,=C," cosx + C,” sinx. Bukopucrosyiwouu mMerox Jlarpan:xa, 3anu-
memo: y = C,* (x)cosx + C,” (x)sinx. Jina snaxomsenua C (x), C,'(x)
MaeMo
(C;Ycosx +(C,) sinx =0,
—(C;)'sinx +(C,;) cosx = tg*x,

a3Bigku (C,*) = —tg2xsinx, (C,") = tg2xcosx, abo nmicaa iHTerpyBanusa
1 2

C =- —-cosx +C;; Cz'=1ntg(§+%)—sinx+02.

CosXx

OT:ke, 3araJbHUM PO3B’SI3BKOM DiBHAHHA Oyae

y=(— 1 —cosx+C1)cosx+|:lntg(£+£)—sinx+02:|sinx=
cosx 2 4

= C,cosx + C, sinx + sinxIntg (-32i + '2) -2,

§ 6. 3anavi Ha ckiazauns AugepeHiaTbHIX PiBHAHD eKOHOMIYHONO 3MICTY

Mopaeas onTumisanii CTaBKH IIOJATKY. 3ajaya onTuMizanii craBku
MOJATKY BUHHMKAE HA OCHOBi 6araToakTOpPHOro aHaNi3y 3 ypaxyBaHHAM
pi3HHX YMOB, B AKHX MAOTh AiATH mignpueMcTsa. e i axicTs obsaxHan-
H, i kBasidikalia pobiTHUKIB, i TpaHCTIOPTHI Ta iHIUI yMOBU pOoGOTH.

Hexait x — amiHHa nmuTOoMMX BUTpaT BUPOOHNKA NPOAYKHil, x € [x,,
x}; I — nuToMa LiiHa IPOAYKIiT, X, <x, < I]; k(x) — craBKa IOJaTKy
Ha mTpubyToK, 0 < k(x) < 1.

YacTra nuToMoro npudyTKy (IpubyTKY 3 OAMHUII NPOAYKUil), sika
3AJIMIIAETECH ¥ PO3NOPAMKEHH] MiANPUEMCTBA, CTAHOBUTH

Ax) = (1 — k(x)) (I — x).

3pobumMo IBa NpUNYUIEHHA: 1) cTaBKA IOAATKY 3MEHHIIYETHCA 3a QaK-
TopoMm 36inburenus BuTpart: k'(x) < 0; 2) noxix smMenmyerhca 3a GaKkTo-
pom abinsmenus surpat: J'(x) < 0.

Exodomiunuil aMicT nux piBHSAHBL: UMM BHINi OMTOMiI BUTPaTH, THM
MEHIIIi TOZAaTOK i YacTKa JOXOAY, IO 3AJIUINAETHCS MiJIIPUEMCTBY.

Hexait y(x) = 1 — k(x), ToAl 3 ypaxyBaHHAM NPHUOYIIeHb MAaEMO

0<iy_< y

dx IL[-x"
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Hexait U = U(x) — npesika byukiia ynpasiainaa (0 < U(x) < 1); roai
OCTaHHE CHiBBifHOIMEHHA Moxe 6yTu npejcraBieHe y GopMi piBHAHHA 3
BiIOKpEeMJIIOBAHMMY 3MiHHUMH

dy _ U(x)
dx IH-x
sKe MOXKe 3aCTOCOBYBAaTHCH IPY MOJeJIOBaHHI CTABOK IOJATKY.

Hexait U(x) =U = const; Toai nicia BiZoKpeMOBaHHA 3MiHHUX
Ma€EMo

b

i11: v dx.
y LO-x
3Bigcu
Iny=-Uln(lJ -x)+InC
abo

y=CIl-xy?,0<U <1,

Axmo U — 0, craBKa II0J]aTKy 3MEHIY€EThCH, 30LIBIIYETHCS YaCTKA IIPH-
6yTKY B POSMOPAAMKEHH] niAnpueMcTsa i HaBnaku — axmo U — 1, craska
HnojaTKy 361IbIIyeThCs, iIHTeHCHBHIIIE HAIIOBHIOEThCA GlomxeT (puc. 92).

A (x) K(x)

y(x)

X0 X1

Puc. 92

HonuT i npono3unis. Ik BifoMo, nonuT i IPOIO3NIiA — eKOHOMIUHI
KaTeropii ToBapHOro BUpOGHUIITBA, AKI BUHUKAIOTH i GYyHKIiOHYIOTH Ha
puHKY, Vv cdepi ToBapHoro oominy. Ilpu upomy nmonur — mnpeacraBjieHa
Ha PUHKY IoTpeba B TOBapax, a MpONo3ullid — MPOAYKT, AKUH € HA PUHKY
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a6o Moxke O6yTH mocTaBJeHUH A0 HLOoro. OJHUM 3 eKOHOMIUHHMX 3aKOHIB
TOBAPHOTO BUPOOHUIITBA € 3aKOH HOIINTY i NPONO3UIii, AKUNA IIOJIATAE B
€JHOCTi TIONUTY 1 mpomo3unii Ta ix 06’¢KTHBHOMY IIPUBEAEHHIO A0 BiAmoO-
BigHOCTI.

Poaraanemo Taky 3agauy. Hexaii mporAarom feaxoro (Z0OCTaTHbBO ZOB-
rOT'0) Yacy CeJITHUH IIPOJAE HA PUHKY GPYKTH (HanpuKJIaz, a6iyKa), npu-
YoMy TIpojae ix micyia 360py BpoKalo, 3 TH)KHEBMMHU mepepBamu. Toxi
IpU BiZTIOBigHMX 3amacax QPYKTIB y CeJIIHMHA THUKHEBA IPONO3UILisA
Oyzne 3anexaTH AK Biff ouikyBaHOI IIiHM HACTYNHOTO THIXKHS, TaK i Bix
nepenbadyyBanol 3MiHM IiHHM HACTYIHOTO THXKHA.

SIki10 HaCcTYmHOTO THKHA nepexbayaeTbes, M0 IiHA Biaje, a B IOAAJb-
oMy HiffHiMeTbCH, TO HpONnO3uiis Oyae CTPHUMYBATHCA 32 YMOBU IIEPEBH-
LIeHHSA OYiKyBaHOIO IiABUINEHHA I[iH HAJ| BUTparaMu 30epiranus.

IIpu unroMy mpomosuuii ToBapy HaMOIMIKUYOTO THIKHSA THUM MEHIII,
YuM OiJIBIIMMH OUiKYIOTHCA B IOJAJIBINIOMY IIiABHINEHHA IIiH. I HaBna-
KU, AKI0 HACTYIIHOr'O THIXKHJ IiHa Oye BHCOKOIO, & IIOTiM ouikyeThed i1
CIiaji, TO Npono3unia 36inbmuTECA TUM Oinbine, yuM 6iyibie OUiKy€eTHCH
BHMIKEHHS IliH Y I0JaJILIIOMY.

Axumo nmosnauuTu yeped P 1niny Ha GpPYKTH HaACTYIIHOTO THXKHA, a
yepes P’ — Tak 3BaHy TeHAeHIil0 ¢GopMyBaHHA UiHM (TOXigHYy UiHM 3
YacoMm), TO K HOMHT, TAK i IpOno3ulisa 6yayTs GYHKIIAMYA XX BeJH-
yuH. [Ipu nboMy, K MOKA3ye MPAKTHKA, 3aJEXKHO Big pisHux paxTopis
MOMMUT i IPONIO3HUIiA MOXKYTh OyTH pisHUMU GYHKIIAMY iKY i TeHAEHIIT
¢opmMyBaHHA LiHU.

B okpemomy BuUmagKy oAHA 3 TaKMX (QYHKIii 3amaeThca JiHilHHOIO
3aJ1€KHICTIO, MATEMaTHYHO 3aMIMCAHOIO CITiBBifHOeHAM y = ap’ + bp + C,
Ie a, b, C — pesiki aisicui crani. Toai akuo, HaIpuKIan, y AaHiil sagaui
niHa Ha PPYKTH CoYaTKy cTaHOBMUJA 1 I'pH 3a 1 Kr, yepes ¢ THIKHIB BOHA
oyxna yxe p(t) rpH 3a 1 Kr, a MONMT ¢ i IPOIIO3UIiA § BUBHAUYAJIHUCH BiAIIO-
BiHO CHIiBBiAHOIIEHHAMU

q=4p" - 2p + 39, s=44p' + 2p - 1.

HOns toro mrod momuT BifgmosigaB Ipomosuiii, morpi6HO BUKOHAHHSA

piBHOCTI
4p" - 2p + 39 = 44p’ + 2p ~ 1.
3Bigcu mpuxoammo no AudepeHIiaJbHOrO PiBHAHHA 3 BiZoKpeMJio-
d 1

P -
p-10 10
InTerpyioun, 3HAXOANMO, ILIO

BaHMMMU 3MiHHUMMU:

=——\|dt+Incg;

d 1
J P —p10 10
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1
— m— —— +1 .
In ]p 10/ 1 t + Inc;

p—10=ce_7“‘;p=ce'ﬁ +10.

Hmlno BpaxyBaTH Mo4yaTKosi ymosu p = 1, npu ¢ = 0 nicranemo 1 - 10 =
=Ce™’;C=-9.

t

Orxe, p=-9e¢ ™ + 10.

TakuM YMHOM, SIKINO BMMAaraTi, INo6 Mid MONHUTOM i NpOMO3HUIicio
Bech 4yac sbepiranacs piBHOBara, noTpi6Ho, 1106 NiHa 3MiHIOBajIack BiAmo-
BiZHO IO ozepxkaHol GopMyan.

EdexTuBHicTS pexiamu. [IpuIycTIMO, 1110 TOPrOBeAbHIMY MiANPHEM-
CTBAMH peaJisyeThca MPOAYKUisA B, Ipo AKY B MOMEHT uacy ¢ i3 umcia
moTeHUiEUX NOKynuiB N 3Hae juure x noxkynnis. Ilpunycrumo JaJti, mo
I8 TpUCKOpeHHA 36yTy mpoxykiii B Gynu maHi pexJamHi o6’sABU 11O
panio i TeneGauennwoo. Hazami imdopmanis npo NpoAyKIii0 PO3NOBCIO-
IPKYETbCA cepefl IIOKYNIIiB 3a XOIOMOIOI0 CIILIKYBaHHS OANH 3 ONHHM.

3 BeJIMKMM CTYIIeHeM [JOCTOBipHOCTI MOYKHA BBAXKaTH, IO MiCIsA pe-
KJIAMHUX 06’ B IIBUAKICTb 3MiHM KiJIbKOCT] 3HAIOUKX PO NPOAYKIio B
IpoHopHiiiHa AK KiTbKOCTI 3HAIOYMX IIPO TOBAP MOKYIIB, TAK i KinekocTi
NOKYIIIiB, AKi PO HHOTO IIle He 3HAJHU.

SIKIO MPHUIIYCTHTH, IO YaC BiAPAXOBYETHCA MiC/NA PEKJAMHUX 00’AB,

N
KOJIM Ipo ToBap iHdopMoBaHi 7 YOJIOBiK, TO NPUXOAUMO A0 AHdepeH-

uiasbHOrO PiBHAHHA 3 BiJOKPEMJIIOBAHNMMM 3MIHHUMM!

dx
— =kx(N -x
4 x( )

3 IOYATKOBHMMHU YMOBAMU X = Ny , AKmo t = 0.
Y
V piBHsaHHI kKoedimienT k — ue koedinienT nponopuiiinocri. PiBHsAH-
Hf MO’KHA IIepenucaTH B TaKkuii croci6:

_4x _ kdt,
x(N - x)
OIEPIKYEMO
J’——dL— =kfdt+C,
x(N - x)
abo

%j(—i—+N1_x]dx=det+C.
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Ilicnsa iHTErpyBaHHS MaTUMEMO

1
———(1n|x| - lnlN - x|)= kt +C;
N
1
—In =kt +C.
N N-x
x
Hpuitnasuu NC = C,, NIpuxoaumo 10 piBHOCTI = Ae™ e
c N-x
A=e",
fIkmo ocraHHe pDiBHAHHA pPO3B’A34TH BIHOCHO X, TO AicTaHeMO

Aeth
Ae™ +1 1+ Pe
B exonomiuHill jgiTepaTypi Take PIBHAHHS Ha3UBAIOTb PIBHAHHAM
JIO2iCMUYHOl KpUBoi.
Axio BpaxyBaTu Tenep nIoYaTKOBi YMOBHU, TO PiBHAHHSA NePeNUIIEeThb-
cA y BUIIAAL
N N N
—=———— e P=y-1,860 x = —m———.
Y 14 Pe Nk’ 1+ (y-1e ™™
3a3HaumMMo, IO A0 aHAJOTiIYHOTO PiBHSHHSA 3BOAUTHLCSA B OKPEMOMY
BHIIAJKY 3ajauya IIpO IOUIMPEHHA TEXHOJOTIiYHUX HOBHUHOK.

. 1
crniBBigHomweHHa X =N —r > Jie P= Z .

3adaui i enpaeu daa camocmiiinoi pobomu

3iuTerpysaTu audepeHuiaabHi piBHAHESA.

12.1. sinxcosydx + cosxsinydy = 0. 12.2. (1 + y?>)dx + xydy = 0.
123. xy 1+ x>y =1+ 3% 124. (1 + y?) dx = xdy. 12.5. ¢y’ = x/y.
12.6. dy = ytgxdx. 12.7. (1 + y?)xdx + (1 + x*)dy = 0.

3HaliTH 3araJbHUil i YACTUHHUIE PO3B’SA3KH.

12.8. 2yVx =y;x=4,y=1.129. (1 + e*)yy' = e*; x =1,y = 1.

1210. Y’ =ycosx; x =0,y = 1. 12.11. y'\/l -x2=1; M[l;g).
Poss’agsatu audeperniaibHi piBHAHEA.

1212, y'=Zscos?. 1213, y=Y+%. 1214 ¥ =ym¥
x X x y dx X
12.15. xdy - (y + x* +y® )dx = 0. 12.16. (2x* + 3xy*)dx + y*dy = 0.
12.17. (x + y)dx — (x — y)dy = 0. 12.18. (3x% + 6xy + 3y?)dx + (2x2+
+ 3xy)dy = 0. 12.19. xydx + (x? + y?dy = 0. 12.20. y*dx + x(x — y)dy = 0.
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BualiTH YACTUHHMIT iHTerpay 3a HOYATKOBUX YMOB, e BOHM BKasaHi.
12.21. (x2 + 2xy — y?)dx + (y* + 2xy — x*)dy = 0, M(1; —-1).

12.22. xy’ = yln : M(1; 1), 12.23. (y+,/x2 + )dx—xdy = 0; M(1; 0).

12.24. x%’ = 2xy 3; M(—1; 1).
3uaiiTy 3aradbHUI iHTerpan, a y BUIaAgKax, Je 3aJlaHo II0YaTKOB1 yMo-
BM, YACTUHHUH iHTErpa.

12.25. y'+ly =8x.12.26. y’ cos? x +y =tgx; x=0,y=0.
x

12.27. xy’ — 2y = 2x*. 12.28. xy’ + 3y = x%. 12.29. y’ + ycosx =
= ginxcosx; x =0, y = 1.

Poas’a3aTy piBHAHHA.

12.30. (2x + y)dx + (x + 2y)dy = 0. 12.31. (3x* + 6xy — 2y’)dx +
+ (8x%— 4xy — 3yH)dy = 0.

Po3B’sas3aTy piBHAHHESA Ta 3HANTH YACTUHHUI PO3B’A30K, AKIIO BKasa-
HO IIOYaTKOBi yYMOBH.

12.32. y” = Inx. 12.33. y” = 1/x. 12.34. y'V = x? +3sinx. 12.35. y” -
-y =0.12.36. y" =y + x. 12.37. x%y" = (y")*.

PosB’asaTy piBHAHHA Ta 3HAWTH YACTWHHI PO3B’A3KM, KOJIM 3aJaHO
MOYaTKOBI yMOBH.

12.38. y” + 3y’ + 2y = 0. 12.39. y” + 4y’ + 13y = 0. 12.40. y" - 5y" +
+ 4y =0.12.41. y” + 3y” — 4y - 12y = 0. 12.42. y” - 2y” = 0.

Po3B’si3aTH piBHAHHA.

12.43. y” + 3y = 9x. 1244, y” - 3y’ + 2y = €. 1245. y" - Ty + 6y =
= sinx. 12.46. y” + y = ctgx. 1247, y'V + y" = x* + x.

Bionoeidi do 2aaeu 12

12.1. cosxcosy = C. 12.2. x*(1 + y*) = C. 12.3. (1 + x¥)(1 + y*) = Cx%.
124. y=tgInCx. 12.5. y* —x* = C. 12.6. ycosx =C.

12.7. arctgy+-—1n(1+x)—C 128. y = Ce'™ ,y-—e .12.9. yi-1=

e +1

=2In T 12.10. y=Ce™*, y=e"*, 12.11. y=arcsinx +C;

y = arcsin x. 12.12. y = x(2arctg Cx + '72£ +a(2n-1))y = x(g + mn).
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12.13. y = £x,2In | x | +C. 12.14. y = xe®*1, 12.15. Cx? = y + Jx? + y*.
12.16. 2x% + y® = Cyx? + y° . 12.17. arctg- Inyx®+y? +C.

¥
12.18. 3x* + 8x°y + 6x°y® = C. 12.19. y2(2x* + y*) = C% 12.20. y = Ce~.

1 1
1221, x +y = 0.12.22, y = xe'*.12.23. y = E(Jc2 -1).12.24. y = Cx* + L
2 1 C 2 -t
y=2x +-;. 12.25. y=;—+x 12,26, y=tgx-1+e %"

12.27. y =x* + C,x*. 12.28. y = %xf’ + % 12.29. y = 2¢ *"* +sinx - 1.
x
12.30. x® + xy +y® = C. 12.31. x* + 32’y - 2xy* - y® = C.

2
3
12.32. y = %[lnx -1+ Cx+C, 1238 y = 2 InVx + Ct + Cux 4 Gy

6

12.34. y = ;:E+3sinx +%xa + Cszz +Cyx +C,.12.35. y = ~xIn(x +

» d
+C,)) +1In(x + C,) + C,x + C,. lokanactn y” =2. Togi ¥ = i
x2 2
12.36. y=Cle‘+Cz—x—7. 12.37. y=C, 2+Cx+C -C, (x+
+C)Inf{x+C |. 12.38.y=Ce™ +Ce™™. 12.39.y = ¢ (Ccos3x +
+C, sin3x) . 12.40. y = Ce* + Cye™ + Cye®™ + Cye . 1241, y = Ce™™ +

+C,e% +Cie™. 12.42. y=C, +Cx +Ce’*. 12.43. y=C, +Cpe™

1
12.44. y = C,e* +(C, — x)e*. 12.45. y = ;{;—(5x +Tcosx) + Cie* + C,e®,

|cosx—1!

— cos’ x.
|cosx + 1|

. . sinx
12.46. y =C, cosx + C,sinx +sinxcosx +

2
12.47. y = C, + Cyx + C; cosx+C4sinx+f—2(x +2x —12).
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I'nasa 13. Kparui inTerpamm

§ 1. Ilonsiiinuii inTerpan

3azaua npo o6’em ymiaiagpuysoro 6pyca. Hexait norpi6ro 3naiTu
o6’em Tina B, obmexxenoro mosepxuamu 2 =0, 2 = f(x,y) Ta nuniu-
JIPUUYHOIO TIOBEPXHEIo 3 TBipHUMY, I1apajieJbHUMH oci Oz, HaupAMHUMHU
AKUX € Mmexa | obmactTi A, B fAKill HemepepBHa i1 gomaTHa GQYHKIiA
z = f(x,y) (puc. 93).

3a DONOMOroI0 CiTKM KYCKOBO-TUIAAKUX KPUBHUX 00sacTh A po3bupae-
MO HA CKiHUEeHHe YMCJIO YacTHH A4, (k =1, 2, ...,n) 3 mwiomuHaMn AF,
(posburTa 3, ); Hexail A, — Halibinpmuit 3 giamerpis obnacreit 4, , aki
ozepaxyloThcsa mpu poaburri J,. Ilix miamerpom obaacri Tyr i agani
posyMiTuMeMo HaibinbIly BiACTAHL MiXK TPAHHYHUMH TOYKaMU 1iei 06-
nacri. ITobyayeMo mUIIHAPUYHI ITOBEPXHi, HANPAMHUMHU AKHUX € Jinii
noxiny obaacti A; npu uboMy TBipHi napanensHi oci amnikar. Tak nunis-
JApuvuHi ToBepxHi poabuBaioTh UMIiHAPUUYHMII 6pyc B Ha n ejeMeHTap-
HuUX yacTuH AB,. 3aMinuMO KOXKHHUH 3 eqeMeHTiB AB,,...,AB, numin-
IpOM 3 IJIOCKMMHK OCHOBaMH, HapageabHuMu nnomuHi Oxy . Bucora
LWIIHAPA AOPiBHIOE OAHIM 3 arUIiKaT BiAIOBLAHOIO €JIeMEHTA HUKHBOL OCHO-
Bu muiingapa. 06’em k-ro umiaigapa JOpiBHIOBATHME f(N k)AFk, ne N, —
noBinbHa dikcoBana Touka AA, . Cyma 06’eMiB TakuxX MUIIHADiB BU3HA-
4yuTh 06’€M CTyIiHYAcTOro Tina:

G, = if(Nk)AFk .

IIig 06’emom muingpuuHOro 6pyca B po3yMiTHMeMO IPaHUII0 CYMU
06’emiB ymaingpie o, opu A, — 0:
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2 A
z = f(x, y)

Y —»

Yy
x o
N; A
Puc. 93
V=}i_)0 f(Nh)AFk=IIf(M)dF’
" k=1 A

ne A, =maxd,, d,=diamAA, (k=1,2,...,n).

1<sksn

T'paruni TAKOTO POAY HABUBAIOTL NOJGIIlHUMUY iHMezpaiamu i TIO3HA-
Y4aloTh TaK, K IOKA3aHO B MpasBiif yacTHHI piBHOCTI.

Busnauenns noxsiiiHoro inrerpaJa, Horo eleMenTapHi BJaCTUBOCTI
it o6uUNCHeHHA B NeKAPTOBUX NMPAMOKYTHMX KoopaunaTtax. Hexait A —
obMerxkeHa 06J1aCThb IJIOMIMHY X, Y 3 KYCKOBO-IJIAIKOIO MeXelo, a PyHKnis
f(x,y) BusHaueHa it obmMexeHa Ha A. 3a JOIIOMOrOI0 CiTKH KYCKOBO-IJIaz-
KHUX KpUBHUX 00JacTh A po3bGuBaeMo Ha CKiHUYeHHe YMCIO YacCTUH
AA(k=1,2,...,n)3 nnomamu AF, (po3burra 9§, ); nexait A, — Haibinb-
muil 3 giamerpis obiacreit AA,, siki ogepkylOThCH IIpU po3buTTi §, . B
KOKHiil 3 obnacreit BubupaeTsca KominbHa Touka N,(x,,y,)(puc. 94).

n
Yucao G, = 2 f(x,,y,)AF, craBuThCA ¥ BiAMOBiAHICTL KOXKHOMY PO3GHUT-
k=1
TI0 8, i HABMBAETHCA iHMeEZPALLHOI CYMOI0 posbumma O,.
K110 iCHYE rpPaHMILA IIOCIiJOBHOCTI iHTerpaJbHUX CyM G, ipu A, — 0,
1110 He 3aJIeXKUTh BiJ cnocoby po3burrsa obnacTi A Ha eeMeHTapHi Mixo6-
nacti AA, i Big BuGopy Touok N,(x,,y,)€ AA,, TO BOHA HAa3WBAETHCH



440 Mnasa 13

nodeiiitnum inmezpanom Bix pyHkuii f(x,y) no obaacti A i 1o3HAYAETD-

cs yepes H f(x,y)dxdy.
A

Orxe,

jjf(x’ y)dxdy = )l‘il_l;lozf(xk’yk)AFh’
n 20 ko1

A

ne A, =max d,, d, =diam A4, (k=1,2,3,...,n).

Hexaii cioyaTKy motpi6Ho oGumcsmTy NogBifHUH iHTerpan _U f(x,y)dxdy,
e A ~— NPAMOKYTHHUK: 4
A={(x,y):a£x$b,c$ysd}.
Hpunycrumo, mo f(x,y) HellepepBHA, a OTKe, i iHTerpoBHa B IILOMY

NPAMOKYTHHUKY Ta Ha0yBa€ B HbOMY HEBil’€MHUX 3HauYeHb.
Toxi 3 ypaxysauuam gopmyau (30) ri. 9

V= jS(x)dx,

e S(x) -- mioia nepepisy Tija INIOIIMHOIO, IEePIEHAKKYJISPHOIO I0 Oci
O,, 1m0 IpoXoaUTh Yepes TouKy X (puc. 95); V — o06’em Tina 3 ocHOBOIO
A, obmesxxeHnit 3Bepxy nosepxHew 2 = f(x,y), a 3 60KiB — NJoMMHAMHA
x=a,x=by=c,y=d.

OcKinbKH el nepepis € KPUBOIiHiiTHOO Tpanenieo, 0OMekeHOI0 3BepXy
rpadikom pyuKLii 2 = f(x,y) (x — dixconane), ¢ <y < d, To MaeMo

d
S(x) = [f(x,y)dy.
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OTrxe, OCTATOYHO

[[fx yydzdy = jdxf fla, y)dy.

A a ¢

dopmyna, 3BuuaitHo, 36epiraereesd i y Bunagky, koau byHkuis f(x,y)
B A 3HaKO3MiHHA.

z=f(x,y)
2 A 1
1 |
1
1
r
] 1
(I
1 Si(%)
1
! S c d
O : E /, /' ’y
a ------.L..J/:.’__. - .-..,L’:__
I l/ ,/I
__________ | M e
x /’I "I
b [ e e

Puc. 95

O6uuciieHHs HOABiMHOro iHTerpasja 3BONUTHCA OO OOUYMCIIEHHS IIO-
BTOPHHX iHTerpajiBs: axmo A= {(x, Y) |a Sx<b y(x)<y< yz(x)}
(puc. 96), roxi

b Ya(x)
[[fex,yydxay = [dx [f(x,y)dy, (1)
A a y(x)
T006T0 MOABIMHUY iHTerpas Moxke OyTH O0UMCIIEHHMI B pe3yJbTaTi ABOX
TIOCJII JOBHO IPOBEJEHMX NMPOCTHX iHTerpyBaHb. IIpuuomy criouatTrky o6-
YUCJIIOETHCA BHYTPiMIHIHM iHTerpas 3a aMiHHOO y (¥ — mapameTp), a Ofep-
JKAaHUH pe3yJbTaT iHTerpyeThcs 3a X.

Amnagoriuna gopmyna mae micue, sixio obnacte A = {(x, y) |x1(y) <x <
Sx<x(y),cLy< d} (puc. 97):

[y = fay [ reevax. @

¢ n(y)
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YA

o
Puc. 96

OTxxe, o6uMcIeHHA MOABIMHOrO iHTEerpasa 3BOAUTLCA 10 O0UYNCIeHHA
BismoBigHOro moBTOpHOro iHTerpaia (1) abo (2).

VA
x =x,(y)
d ' % =x,(y)
c
o >

Puc. 97

Ipuxaan 1. O6uucaurn inTerpan H(ze Y+ 8xy3)dxdy, MONIMPEHUNI
A

HA IPAMOKYTHUK A:1<x<2;3<y<4.
Ileit inTerpasn nopiBHIOE

4 2
H(Gx“’y +8xy®)dxdy = jdyf(6x2y +8xy®)dx.
A 3 1
Ins pynxuii 6x’y + 8xy?, axa posrnanaersea ax Gynkmnis Bixg x npu
mocriiiHOMYy Y, nepsicHow0 6yne dyurnia 2x’y + 4x°y®. Tomy
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2
=2
[ 6%y + 8xy*)dx = 20y + 4xy?)| =14y +12y°
1 :
i mam moABiiHUE iHTErpan

4 =4
j(14y+ 12y%)dy = (Ty? +3y4)l5=3= 574.
3

Mu iHTerpyBaJiy CIIOYaTKy 3a X, a IOTiM — 3a Y, TO6TO KOPUCTYBaJIHU-
cst popmytoto (2). Ilpore moxkHa 6yso 6 iHTerpysaru crmodatky 3a Yy, a
notim 3a x, To6T0 BUKOopuctaTy dopmyay (1). ¥ ubomMy BUIAIKY

2 4 2 4 2
jdxj(exzy +8xy®)dy = j (3x2y? + 2xy*)| dx = _[ (21x* + 350x)dx = 574
1 3 1 3 1

TOGTO OTPHUMYEMO TOH CAMHH DPe3yJILTAT.
IIpuxaan 2. PoscraBuTu Mexxi iHTerpyBaHHsA ABOMa crnocobamu it

obuucauTH moABiiHuMM iHTerpan I = J-J.sin ydxdy, akuio obaactsb iHTe-
A

rpysaHHs ob6MexxeHa JiHismu y = 2x, 2y = x, x = (puc. 98).

A A

Puc. 98
A ofuncieHHsS 3a4aHOro iHTerpasa cKkopucraemocs dopmyomno (1)

T 2x

I= ”sinydxdy = Idesin ydy =j(—cos y) x dx =
A 0 x 0 2
2
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=f cos——cost dx = 2sin£—lsin2x
2 2 o

meo LS oﬁtmcne}mﬁ JaHoro imTerpasna ckopucrarucs gopmysoso (2),

n
Tox=£ix=2y npn0<y<g,x=nix=%nanSyS2n.O'rme,

n

=2sin£=2.
2

obnacts A Tpeba po3byTu Ha nBi obnacti, micas 0rQ MaeMo
9 2n n

Hsm ydxdy = jdy J.sm ydx +Idy_[sm ydx =

2 2
2n 2n
Y \os yi.
+ | (x)| sinydy = -Z [sinydy + || - |sinydy =
J'()2 ydy (y 2] ydy J[ 2) ydy

2 2

2y

sin y(x) dy +

c!—.w

n

L I L

0o |2

2r 2n

3 . 1 . .
= —z-lysmydy—g ;':ysmydy+1tjsmydy =

2 2

21:
ysinydy — = jysm ydy.

2n
=-n(cosy)|, +
2

o'—,mla

3
2

2
Ocranuiil inTerpasn npoinTerpyemo 3a dactTunamu u = y; dV = sin ydy;
du=dy; V = -cosy. Tomy

g 3 1 2n
+-2— cosydy+§(ycosy),[ -

2

O 3 | A

”sin ydxdy = -n— 3 (y cosy)
' 2

0
2n

—chosydy=—n+%+n+%=2,

2
TO6TO MU AicTasu TOM caMuil pe3yabTaT, HIo M paHime.

Hpuraaxg 8. O6uucauTu nogsikauit inrerpan I = H s/;ydxdy , SIKIIIO
A

obnacTs A obMexeHa KpuBuMu Y = x°, y=2-x°, x =0,

O6macTe iHTerpyBanuga 306paxeno Ha puc. 99. Ina obuucienusa 3a-
IaHoro inrerpaJa, sk 6a4nMMo 3 DONEPEAHLOr0 IPUKJIALY, Kpalle CKOPH-
cratuca dopmyoo (1):
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Jx

1
dx = J-z—- [(2 - x*)* —x“]dx =
0

2-x*

Lf\[;ydxdy = ;[dxzj::/;ydy = ;f\[;(%z—)

1
=j‘(\/;c-2—2x2\/—;)dx=[§—xg—ix%) =
s 3 7 .

2
x

16
21"

Pue. 99 Puc. 100

e 1
Ipuxnaan 4. 3MiniTE OpAAOK iHTerpyBanusa. I = J.dx J. f(x, y)dy.
1 Inx
Cnouarky mobyayemo ob6JiacTh iHTerpyBaHHa A. Busnauumo Kpusi,
AxuME o6MeskeHa g obnacte: x =1, y =1, y = Inx abo x = ¢’ (puc. 100).
Mesxi inTerpyBanHst BUOMpaeMo 3a 3MiHHOIO Y, AJIA IHOT'O CIIPOEKTYEMO
ob6iacts A Ha Bifpisok [1, 0] oci Oy. A6cnyica x y mUX MeXkaX 3MiHIOETH-
ca Bix 1 1o x = e¥. OTaKe, 3MiHUBINY IIOPANOK iHTErPpYBAHHSA, MATUMEMO

1 e¥

e 1
j dx ff(x, y)dy = dejf(x, y)dx.
1 0 1

Inx

Hpukaanx 5. 3MiHiTL MOPAROK iHTErpyBaHHA.

IR P 0
I = Idx Jf(x,y)dy + J‘de.f(x, y)dy.
0 -1 0

-2
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ITo6ynyemo obimacTh iHTerpyBaHHa A, fiKa oO6Me)XeHa KPUBUMU

y=v2-x*, y = x® Ta Biccio Ox (puc. 101). Mexi inTerpysanas Bubu-
paemo 3a 3minaoW Y. Crpoextyemo obsiacts A Ha Bigpisoxk [0; 1]oci Oy,

Ha SAKOMY X 3MIiHIOETHCHA Big —,/2«_1/2 bifo} —\/; . Orxe,
1 -y
I=[dy [f(x y)dx.
0 —J2-4*
IIpuxnanx 6. 3MiHUTH NOPAJOK iHTEerpyBaHHA # OOUMCINTH MOABIHHMIA
iHTerpana

I= j.dxzf(x"’ +y)dy + j-dx3:|-x(x2 + y)dy.
0 0 1 0

YA

-J2 -1 o) 142

Puc. 101 Puc. 102

ITo6byayemo obnacThs iHTerpyBaHHA A, AKA 00MeXeHa KPUBUMU
Yy =2x,y =3—x ra Biccio Ox (puc. 102). Cnpoexryemo obaacte A Ha

Bigpisok [0; 2] oci Oy, Ha ssiKOMY X amiHIOETBCH Bij —‘g— o 3-y.
Orxe,

3-y 2 x3 x=3-y
I= jdyj(x +y)dx = J.[—é_+ny dy =
¥ 0 *=f
2
2 2 _ 4 3 e
_ [ 9)3 y oyt Loy _B-y)f ¥t 8. P 5L
o 2 12 96 2 21 6
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§ 2. Jleski 3acrocyBaHHsi NOABIHUX iHTerpafis

06’em Tina. Panimme (§ 1) 6yJ0 po3rasaHyTO 3afavy Ipo 06’eM IUIiH-
Apu4YHOro Tiga. 3pobyry dhopmyny

V= [[fey)dzdzy 3)
A

3aCTOCOBYIOTh A0 o0unciaeHHA 06’ €My MUIIHAPUYHOrO Tijla, TBipHI AKOTO
napajnensHi oci Oz i aAxe o6mexxkeHe 3HU3Y obnactio A minomuuu Oxy, a
3BEepPXYy — IIOBEPXHEI0 2 = f(x, y)> 0, ne pysruia f(x, Y ) HemepepBHa B
o6aacti A (puc. 103).

Za z=f(x,y)

Puc. 103

HOpuxaaxg 1. OGuucautu o6’em Tina, o6MexeHOro NMOBEPXHAMMU
z=x"+y%,2=0,y=1,y=2x i y = 6—x. 3anane Tiyo o6MeKeHe 3Bep-
Xy uacTUHOI0 napabosoiza obepravHa z = x° + y2, a 3HN3Y — YacCTUHOIO
nromuHu Oxy, BmimieHow mixk npamumu Yy =1, y =2x, y =6 — x.

3a dopmyaomw (3)

V= {J.(x2 + yz)dxdy,

Poascrasasaioun Mexi inTerpyBadHs B IOABiIiHOMY iHTerpaJi, gicracMo

4 6y 4 3 6-y
V=deJ'(x2+y2) dx=_[(%+xy2j dy=
1 y 1 s
2

2
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=ﬂ(6_‘-‘i+y2(6-y)—y—3—f-]d ~7gld

24 2 32

IInoma miuockoi dbirypu. dxnojo f(x, y) =1, (x, y) € A, To MUIiHAPHY-
He Tin0, 06’€M IKOTO OGUMCHIOETHCSH 3a (hopmy010 (3), IEPETBOPIOETLCS B
OpaMui MUIIHAD 3 BHCOTOMO, KA AopiBHIOE 1. O6G’eM TaKoro muJIiHApPa
Y1CeJbHO AOPiBHIOE IJIONIi HOTO OCHOBH:

F, = [[dzay, 4)

IIpuxxan 2. O6uncauru mwiomy obaacri A, obMexkeny Jimiamu xy = 4
ix+y=5.

O6sacte aBasie co6010 irypy, o6MexxeHy 3uuay rinepboJomo xy = 4,
3BepXy — npaMoo ¥ = 5 - x. Poap’sa3youu cymicHO piBHAHHS rinep6o-
JIM ¥ IpAMOI, 3HAXOAUMO TOUKM ix neperuny: M,(1; 4), M,(4; 1). Maemo

F= ”dxdy jdxjdy j( x——)dx—;(15—161n2),

§ 3. Iorpiiinmii inTerpan

HoTpiitanit iaTerpas ra foro 069NCIeHH B NeKaPTOBUX NPAMOKYT-
HUX KoopauHaTtax. Hexail 3ajana o6mexxeHa mpocToposa obJjacts B, mexa
K01 € KYCKOBO-IJIaAIKOI0 NoBepxHew. [Ipunrycrumo, 1o pyuxkuia f(x,y, 2)
BU3HaUYeHa i1 o6MerkeHa B obsacti. 3a ZOMOMOro BUOOPY CiTKH KYCKO-
BO-TJIAAKHUX IIOBEPXOHBb OYAYETHLCA leAKe po3buTTa obaacTi B Ha CKiHUeHHe
uncio yactud AB, (k=1,2,...,n) 3 o6’emamu At,.

ITompiiinum inmezpanom Bin HenepepsHoi dyuxuii f(x,y,z) nmo o6-
MeKeHill 3aMKHeHill nmpocToposiit o6sacTi B HA3UMBAETLCA TPAHUIA HO-
CJNiJOBHOCTi BiANOBiAHMX iHTErpasbHUX CYM IIPM NPAMYBAHHI A0 HYJIA
Haibinpmoro 3 niamerpiB d, obnacteil AB,, AKIIO LisA 'PAHUILA He 3aJie-
JKHUTB Bif ciocoby po3burrs B Ha migobnacti AB, i BUGOpY mpoMikHHX
TO4YOK N,:

”J.f(x, Yy, 2)dxdydz = lxl_l;r(} i f(x,,y,, 2,)AT,, (5)
B k=1

ne N,(x,,y,,2,) € AB,, A = maxd,; d, =diam AB, (k=1,...,n).
Bnactusocti morpifinux iHTerpaniB aHasoriuni BjilacTHBOCTAM mO-
IBifiHUX imTerpaiis.
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Hexait B — unninapudHe Tijlo, IPoeKIiaA AKOro Ha IUIOLUIUHY XY €
obiactio A i sike oOMexKeHe 3HU3Y IOBEPXHEI Z = 2,(x,Y) , a 3BepxXy —
z = 2,(x,y) (puc. 104), Toxi

z A
0)——— >
by y
X
Puc. 104
2(x,y)
j [[1x,y,2)dxdydz = j [axdy [f(x,y,2)d2. ()
2 (x,y)

InTerpyBaHHAM 1O 2z NOTPiIiHMN iHTerpas 3BOAUTHCA AO MOABiAHOrO

inTerpana 3 o6aacri A. fIkuro obnacte A = {(x, y)]a Sx<by(x)sy<

L yY,(x) } = {(x, y)lc Sysd,xy) <x<Lxy) },TO

”j f(x,y,2)dxdydz = IdxyzjxéyZZ(I,;)(x, y,2)dz =

a Wix)  2(xy)

= j dyxzjy()ix%(]i?(x, y, 2)dz. (N

¢ () (xy)

Mpuxaan 1. O6uncauru 'f” (x + y + 2)dxdydz, axmo obracts B obme-

B
sKeHa muomuHaMu x+y+2=1,x=0,y=0,2=0.
Maemo
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I-x  1-x-y

Hj(x + y + 2)dxdydz = Idx Idy I(x +y+2)dz=

1 1-x 2
= J'dx! [xz+yz+%]

1-x

1 2
y={dx | |:(x - (x+y)+ (l_x—_y)}dy -
0 0

z=1-x- y

2

2=0
1

=J[(x+y) _(xty) A-x-y) } e

0 3 6 0

j[ Lo ]dxz[l £ _uJ

5 6 6 6 12 24 0
1

1 1 1 1
—— — + p—

"6 6 12 24 38

IIpukaax 2. O6yucautu iarerpan [ = H'fzdxdydz TIOoIIUpPEeHUN Ha
niBrymio pagiyca R (z = 0).

O6nacte A € kpyrom x’+y? <R?, Tomy a=-R,b=R, y,(x)=
=-VR? - x?, y,(x) = VR® —x°. AnnikaTa HMXHBOI i BepXHBOI rpaHumi

niBkyui 6yae z,(x,y) =0, 2,(x,y) = \/Rz -x* - y2 . 3a popmyoio (7) 3ua-
XOANMO

I= de Rjdy ’ szlz= de Rj R-xoy'y,
-R

- 'R2_:2 0 -R - 'RZ_xZ

1% Tl 2 f 2
== (Rz—xz)y~———:l dx == |(R*-x%)?dx =
B T

3 1
= 2 lx(R2 —x?)2 +§sz(Rz —x?)2 4—1?-R4 arcsini
3|4 8 8 R

-R
IMpuxxax 3. O6uucaurH inTerpan I”ze"d‘c , AKINO obiacTs oOMexKeHa

B
moBepxHAMU x =1, x =2,y  +2*=1,2=0 (2 > 0).
3a ¢opmy.toro (6) maemo

N 2 1
m ze*dxdydz = H “dxdy [2dz= 3 j e*dx [(1-y*)dy =
0 1 -1

i

_l 2_ 1 = 2 __]; 2_ _£
—2(e e).fl(l y)dy—z(e e)(y 3J

-1
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=%e(e-1)[(1~31-)+1-%]=%e(e—1)(%)=§e(e—1)-

3adaqi i enpasu dan camocmiiinoi pobomu

13.1. BukopucToByOUM BU3HAaYEHHA MOABiitHOrO iHTerpasa, 10BeCTH
CIpaBeJINBiCThL MOTO BJIACTHBOCTEM:

a) sinidHOCTI: “ [f(x, y) * g(x, y)]dxdy = H f(x, y)dxdy i—”g(x, y)dxdy;
A A A

Hcf(x, y)dxdy = c”f(x, y)dxdy (c € R);
A A

0) afUTHBHOCTI: Hf(x y)dxdy Hf(x y)dxdy +H f(x,y)dxdy, sxrmo
A=A VA,.
Oﬁtmcnm'u TIOBTOPHI iHTerpaJm

Y2y ydx
13.2. jdxj(x+y)dy 13.3. jdny P

13.5. _z[dyl]y *dx. 13.6. j dxjyxdy

0
Hannca'rn PiBHAHHA xpanx AKi obmerxyioTh obiacTi iHTerpyBaHHs

IaHWX MOBTOPHUX iHTerpanis, i noﬁy,uysa’m i obxacTi.

. 13.4. Td(p]rz sin? @dr.
0 0

13.7. j dx j f(x,y)dy. 13.8. j dx;]:(x y)dy. 13.9. j dx 2];@ y)dy.

-V1-x?
1

13.10. jdx j’f(x y)dy. 13.11. j dx jf(x y)dy.

13.12. de jf(x, y)dx.

-1 -1-2y

3BecTH NOABiMHWIE iHTerpaJs ” f(x,y)dxdy po noBTOpHOrOo ABOMA

crocobamu. A

13.13. A — TpukyTHHUK 3i croponamu x =0,y =0, x+y = 3.

13.14. A — xpyr x* + y® < 2y.

13.15. A — TPpUKYTHHK 3i cTopoHaMu Y =X,y =2x, x +y = 4.

13.16. A — mnaparnenorpam 3i croponamu Yy=2x,y=x+4,y=
=-2x+1,y =-2x + 6.
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13.17. A — obrnacrs, o6MexeHa KPUBUMH y= 3x2, y =6-3x.
3MiHnTn HOleIOK iHTeI‘pyBaHHﬂ B TAKUX NOBTOPHUX iHTerpajax.

13.18. j dx _[f(x y)dy + j dx j f(x, y)dy.
1 —x? Inx

e
13.19. fdx ff(x, y)dy + jdx [ f(x,yyay.
0 0 1 0

2-y

1 Yy 2
13.20. fdy jf(x, y)dx + j dy ff(x, y)dx.
e
13.21. Idyjf(x y)dzx + fdy 2J'f(x y)dzx.

ObumenmTH nomamm m'rer'panu
13.22. ”(xz +y?)dxdy, axmo A — mapajesorpaM 3i CTOpPOHaMH
A

y=x,y=x+a,y=a,y=3a.
13.23. nydxdy, AKImo A — obnacth, o6MexkeHa KPUBOIO ¥ = sinx i

Bigpiskom 0 < x < 7.

13.24. H x\/;dxdy, AKmo A — obsactb, o6MesxeHa fBoMa napaboJia-
A

Mu y=x%, y=-x*+1.
O6GuUCIUTH NOABIMHUM iHTerpyBaHHsAM mJomyi obiacreii.
13.25. O6nacti o6merxenoi xpupumu Y = 5x, y = x, x = 1.
13.26. O6nacri obmexenol niniamu y = \/;, y= 2«/;, x =4.

Obuucnury nmoABifiHMM iHTerpyBaHHAM 06’€MH TiN, 06MeXKeHUX Ha-
HUMU IIOBEPXHAMHU (IapaMeTpH, IKi BXOAATH B YMOBHU 33444, BBAYXKAEMO
JONaTHUMH):

13.27. MNaomuuamu y=0,2=0,3x+y=6,3x+2y =12, x +y +
+2=6.

13.28. luniuapamu y = \/;, y= 2\/;i miaomuuamu 2 =0, x + 2 = 6.

2

. x .
13.29. Huninapom e +y® =linnomuuamn 2 =12-3x -4y, z=1
PoscraBuru Mexi iHTerpyBammsa B morpifimomy imTerpaui

_m.f (x,y,2)dxdydz nns obnacreir B.
B

13.30. O6nacte B — Terpaenp, o6MeskeHuit miomuHamu X + 2y +
+32=6,2=0,y=0,x=0.
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13.31. O6macTs B o6Mexena moBepxHamu x° +y° =z, z = 4.
2
13.32. Obnacte B obmexkeHa IOBEPXHAMU xT +y?=1,2=12-3x-

-4y, z=1.

13.33. O6nacts B o6Mesxena mapabosoinamu 2z = x2 + y2, z = 2x% + 2y%,
HUHHAPOM y = x° i MJIOmUHOW Y = X.

OO6uncyauTu inTerpaau.

13.34. :‘fdxj-dyj'xayzdz. 13.35. Jz.dedyTzdz.

J; 2(a x)
13.36. j dxjdijyzdz 13.37. j dx j ydy j dz.
Y 3zapauax oﬁtmcnn'm no'I'pmHHM lHTeI‘DYBaHHﬂM 06’emu Tin, o6Mme-
JKEHUX JaHUMU NMOBEDXHAMH.
13.38. ITnomunamu x =0,y =0,2=0,6x +4y +32=12.
13.39. Bupisanum 3 kyni  x® +y® + 2° < 86 umairgpom x® +y® <9.

Bionoeioi 0o 2a1aeu 13

152 na® 1
13.2. 3 - 13.4. 5 13.5. 3 . 13.6. 24.

1837. y==Vl-x%;y=Lx=-1;x =0,

13.8. x+y=\/§;y=\/1—x2;x=§;x=0
13.9. y=2-x;y=+v2x - x°.

13.10.y=——1— 4-x*;x=0;y=0.

V2

13.11. y=6-xy =2x; x =0.
13.12. x =y x=-1-2y;y=0; y =-1.

13.13. jdx3jxf(x, y)dy = jdny(x,y)dx.
0 (1} 0

1+V1-x? 2y-y*

13.14. J.dx JLx ,y)dy = jdy !(x,y)dx.
-1 1-V1-x? 0 _fay-y?
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4

13.15. j‘dxzjif(x, y)dy + ?dx4]xf(x, y)dy = ?dny (x,y)dx +
o 3 ; : ° 25
x+4 x+4

f(x y)dx. 13.16. jdx jf(x y)dy + jdx jf(x, )dy +

-1 ~-2x+1

4

+
Mg__ﬂwlm
Nltt___1|

Z
14 6y

N [

-2x+6

dx jf(x,y)dy jdy [fe,ydx + jdy [
1-y

3 y-4

WI&L__ﬂNIw

2 2

y -y
1 6-3x 3

13.17. jdx jf(x y)dy = jdy jf(x,y)dx+ jdy jf(x,y)dx

-2 3x? ¥
3

3

13.18. jdy f(x,y)dx 13.19. jdy jf(x,y)dx

1-y ¥
2-x vo-x?
13.20. jdx jf(x,y)dy 13.21. jdx jf(x,y)dy 13.22. 14a".
2
13.23. = 13.24, — 16

13.25. 2. 13.26. ? 13.27. 12.

8-

2 " 15v2
—_— —(6 x-2y)

8
13.28. 4 «/5 13.29. 22n. 13.30. jdx jdy jf(x y,2)dz.

lJ4 x* _
2 12-3x-4y
13.31. jdx | j’f(x y,2)dz. 13.32. jdx jdy jf(x,y,z)dz.
4-x2 xP+y? -2 1 1
2

x 2x% +2y°
1
13.33. jdx jdy J.f(x,y,z)dz 13.34. 7 a‘b’c?,

x* 224y
10 4

a
13.35. 48. 13. - -
5.4 36. 30" . 13.37. T
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